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The atomic Leibniz rule

Ben Elias, Hankyung Ko, Nicolás Libedinsky and Leonardo Patimo

Abstract. The Demazure operator associated to a simple reflection satisfies the twis-
ted Leibniz rule. In this paper, we introduce a generalization of the twisted Leibniz
rule for the Demazure operator associated to any atomic double coset. We prove that
this atomic Leibniz rule is equivalent to a polynomial forcing property for singular
Soergel bimodules.

1. Introduction

We introduce a generalization of the twisted Leibniz rule which applies to Demazure
operators associated with certain double cosets. We call it the atomic Leibniz rule, and it
should play an important role in an eventual description of the singular Hecke category by
generators and relations. This result is the algebraic heart which we extract from singular
Soergel bimodules and transplant to their diagrammatic calculus.

1.1.

In this paper, we work with general Coxeter systems and quite general actions of these
groups on polynomial rings. For ease of exposition, in this section, we assume that R D
QŒx1; : : : ; xn�, with the standard action of the symmetric group W D Sn. Let si be the
simple reflection swapping i and i C 1, and let S D ¹s1; : : : ; sn�1º be the set of simple
reflections. There is a Demazure operator @si

WR! R defined by the formula

(1.1) @si
.f / D

f � sif

xi � xiC1

�

This operator famously satisfies a twisted Leibniz rule

(1.2) @si
.fg/ D si .f /@si

.g/C @si
.f /g:

Because the operators @si
satisfy the braid relations, one can unambiguously define an

operator @w associated with any w 2 Sn by composing the operators @si
along a reduced

expression. When computing @w.fg/, one could apply the twisted Leibniz rule repeatedly
to obtain a complicated generalization of (1.2) for @w . We discuss this in §2.2.
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What we provide in this paper is the natural generalization of the twisted Leibniz rule
to the setting of double cosets. In double coset combinatorics, the analogues of simple
reflections are called atomic cosets. We prove a version of (1.2) for Demazure operators
attached to atomic cosets.

1.2.

We recall some definitions so as to precisely state our first theorem. Let .W; S/ be any
Coxeter system. For any subset I � S , let WI be the parabolic subgroup of W generated
by I . We assume that I is finitary, i.e., that WI is a finite group. Let RI � R be the
subring of polynomials invariant underWI . Let wI denote the longest element ofWI . For
two subsets I; J � S , a double coset p 2WI nW=WJ will be called an .I; J /-coset. Any
.I;J /-coset p has a unique minimal element p2W and a unique maximal element p2W
with respect to the Bruhat order.

In Section 3.4 of [7], we introduced a Demazure operator @pWRJ !RI for any .I;J /-
coset p. In fact, @p is equal to @w for w D pwJ 2W . Normally one views @w as a map
R ! R, but when the source of this map is restricted from R to RJ , then the image is
contained in RI . When I D J D ;, so that p D ¹wº for some w 2W , then @p D @w .

In [9], we introduced the notion of an atomic .I; J /-coset. Briefly stated, a is atomic if
• there exist s; t 2S (possibly equal) with s … I and t …J such that

I [ ¹sº D J [ ¹tº DWM:

• WM is a finite group, a D wM and wM s D twM .
In particular, the subsets I and J are conjugate under both a and a. If f 2RJ , then

a.f /2RI . We also have a D awJ , so that @a is the restriction of @a.
When I D J D ;, the atomic .I; J /-cosets have the form ¹sº for s 2S . Atomic cosets

in Sn can be described using cabled crossings. For example, the permutation

a D � � � ;

or .678123459 : : :/ in one-line notation, is a prototypical example of a for an atomic coset
a; in this example WI Š S5 � S3 � � � � and WJ Š S3 � S5 � � � � and WM Š S8 � � � � .

1.3.

Our story began with the defining representation of Sn over Q. Then we considered the
polynomial ring R, its invariant subrings, and the structure derived therefrom. Alternat-
ively, one can start with a realization of a Coxeter system .W; S/, which is effectively
a “reflection representation” of W over a commutative base ring k, equipped with a
choice of roots and coroots. From this representation we construct its polynomial ring R,
Demazure operators, etcetera. See §3.1 for details.
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For each realization1, Soergel defined a monoidal category of R-bimodules called
Soergel bimodules, and proved that for certain realizations2 (that we call SW-realizations)
one obtains a categorification of the Hecke algebra. Soergel bimodules and related cat-
egorifications of the Hecke algebra are objects of critical importance in geometric repres-
entation theory. The following is the first main result of this paper (Theorem 5.10).

Theorem A (The atomic Leibniz rule). Let .W; S/ be any Coxeter system equipped with
an SW-realization, or the symmetric group Sn withRD ZŒx1; : : : ; xn�: Let a be an atomic
.I; J /-coset and let � be the Bruhat order for double cosets3. For every q < a, there is a
unique RI[J -linear operator on polynomials denoted T a

q , satisfying the equation

(1.3) @a.f � g/ D a.f /@a.g/C
X
q<a

@q.T
a
q .f / � g/

for all f; g 2RJ . Polynomials in the image of T a
q are appropriately invariant, see Defini-

tion 3.8 for details. When a is fixed, we will often write Tq WD T
a
q .

The motivation for this result will take some setup, so please bear with us.

Example 1.1. We let e denote the identity element. Let s be a simple reflection and let a
be the .;; ;/-coset ¹sº. There is only one coset less than a, namely q D ¹eº. We set
T a

q .f / D @s.f /. Note that @a D @s and @q D id. Then (1.3) becomes

@s.fg/ D s.f /@s.g/C @s.f /g;

which recovers the twisted Leibniz rule.

For more examples, see Section 2. There we also give an example of a non-atomic
coset p for which no equality of the form (1.3) can hold (with p replacing a).

Remark 1.2. Though we can prove the existence and uniqueness of such a formula, we
do not have an explicit description of the operators Tq . We consider this an interesting
open problem. A more accessible problem is to compute Tq on a (carefully chosen) set
of generators of RJ , which we accomplish in type A in Theorem 6.3. This is useful com-
putationally because it gives enough information to apply the atomic Leibniz rule for any
pair of elements in RJ (see the discussion of multiplicativity in §1.6).

Remark 1.3. In §3.3, we prove that the atomic Leibniz rule for one realization implies the
atomic Leibniz rule for related realizations (e.g., obtained via base change, enlargement,
or quotient). The atomic Leibniz rule also depends only on the restriction of the realization
to the finite parabolic subgroup WM associated to a. Thus Theorem A implies the atomic
Leibniz rule in broad generality for realizations of Coxeter systems in both finite and affine
type A, and in finite characteristic as well, see Example 3.19.

1Soergel’s construction depends only on a reflection representation of W , and not a choice of roots and
coroots. Elias and Williamson gave a presentation of Soergel’s category in [14] which depends on a choice of
realization. The Demazure operators also depend on the choice of roots and coroots.

2Specifically, the base ring k should be an infinite field of characteristic not equal to 2, and the representation
should be (faithful and) reflection-faithful.

3The Bruhat order on .I; J /-cosets can be defined by q � a if and only if q � a. See Theorem 2.16 in [8]
for equivalent definitions. Note that q need not be atomic, so @q need not equal (the restriction of) @q .
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1.4.

Our second main result is a connection between the atomic Leibniz rule and the theory
of singular Soergel bimodules [19]. Like Soergel bimodules, singular Soergel bimodules
are ubiquitous in geometric representation theory, appearing, e.g., in the geometric Satake
equivalence and other situations where partial flag varieties play a role. Specifically, we
connect the atomic Leibniz rule to a property called polynomial forcing, whose motivation
we postpone a little longer.

Let us first be more precise. Singular Soergel bimodules are graded bimodules over
graded rings, but we ignore all gradings in this paper. To an atomic coset a as above,
one can associate the .RI ; RJ /-bimodule Ba WD RI ˝RM RJ . This is an indecompos-
able bimodule; there are also indecomposable .RI ; RJ /-bimodules Bq associated to any
.I; J /-coset q, which we will not try to describe here. Then Ba has a submodule called the
submodule of lower terms, spanned by the images of all bimodule endomorphisms of Ba
which factor through Bq for q < a.

Atomic polynomial forcing is the statement that 1˝ f and a.f /˝ 1 are equal mod-
ulo lower terms in Ba, for any f 2RJ . Williamson has proven for SW-realizations (see
Theorem 6.4 in [19]) that singular Soergel bimodules have “standard filtrations”, which
implies atomic polynomial forcing for SW-realizations. Polynomial forcing (see Defini-
tion 5.7) is a generalization of atomic polynomial forcing for a bimodule Bp associated
with an arbitrary double coset p. Using [8, 9], we prove Theorem 5.13, which says that
polynomial forcing for any double coset is a consequence of atomic polynomial forcing.

The restrictions imposed on SW-realizations are significant as they rule out some
examples of great importance to modular representation theory, e.g., affine Weyl groups
in finite characteristic. An almost SW-realization (Definition 4.21) is a realization over a
domain k such that one obtains an SW-realization after base change to the fraction field
of k. An example is ZŒx1; : : : ; xn� with its action of Sn. The second main result of this
paper is the following equivalence (Theorem 5.5).

Theorem B. Let .W; S/ be a Coxeter system equipped with an almost SW-realization.
Then the atomic Leibniz rule is equivalent to atomic polynomial forcing.

We deduce the SW-realization case of Theorem A from Theorem B and Williamson’s
theory of standard filtrations.

1.5.

Let us now explain the motivation for our results.
The diagrammatic presentation for the category of Soergel bimodules, developed by

Elias, Khovanov, Libedinsky, and Williamson [4, 5, 14, 16], has proven to be an important
tool for both abstract and computational reasons. This diagrammatically constructed cat-
egory is typically called the Hecke category, and is equivalent to the category of Soergel
bimodules for SW-realizations. For non-SW-realizations the category of Soergel bimod-
ules need not behave well, but the diagrammatic category does behave well, and continues
to provide a categorification of the Hecke algebra. The ability to compute within the Hecke
category has led to advances such as [2, 13, 15, 17, 18, 20].
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The authors are in the midst of a concerted effort to define the singular Hecke cat-
egory, a diagrammatic presentation of singular Soergel bimodules. The framework for
such a presentation was developed in [12], but this framework lacks some of the relations
needed. In [10] we described what should be the basis for morphisms in the diagram-
matic category, called the double leaves basis, and proved that it descends to a basis for
morphisms between singular Soergel bimodules for SW-realizations.

Once the remaining relations are understood, proving that the diagrammatic category
is correctly presented reduces to proving that double leaves span. An important part of that
proof will be diagrammatic polynomial forcing, which is like polynomial forcing except
that the submodule of lower terms is replaced by the span of double leaves associated to
smaller elements in the Bruhat order. We abbreviate diagrammatic polynomial forcing to
DL-forcing. It is DL-forcing which is our true goal in this paper.

For an atomic coset a, one can identify End.Ba/ with Ba as bimodules. In §4.2.3,
we explicitly compute the submodule DL<a � Ba corresponding to the k-linear subspace
of End.Ba/ spanned by double leaves factoring through q < a. The following theorem
(Corollary 4.33 and Theorem 5.5) is proven by direct computation and is the reason we
discovered the atomic Leibniz rule in the first place.

Theorem C. Let .W; S/ be a Coxeter system equipped with an almost SW-realization.
Then the atomic Leibniz rule is equivalent to atomic DL-forcing.

In other words, for a given f 2RJ , we prove that 1˝ f � a.f /˝ 12 DL<a if and
only if the atomic Leibniz rule holds for f and any g 2RJ .

For an SW-realization, the results of [10] can be used to prove that DL<a agrees pre-
cisely with the submodule of lower terms (see Corollary 4.19). In §4.4, we use some
novel localization tricks to extend this statement to almost-SW-realizations. Therefore,
DL-forcing agrees with polynomial forcing for almost-SW-realizations, thus Theorem C
implies Theorem B.

1.6.

One is still motivated to prove DL-forcing (or equivalently, the atomic Leibniz rule) for
almost-SW-realizations and more general realizations. We now discuss how this process
is simplified by Theorem B.

Let us say the atomic Leibniz rule holds for f 2RJ if (1.3) holds for that specific f
and all g2RJ . It is obvious that if the rule holds for f1 and f2 then it holds for f1C f2. It
is not obvious that if it holds for f1 and f2 then it holds for f1 � f2, thus the formula (1.3)
is not obviously multiplicative in f . However, atomic polynomial forcing is obviously
multiplicative in f . Our equivalence in Theorem B is proven on an element-by-element
basis, from which we conclude that the atomic Leibniz rule is actually multiplicative.

As a consequence, the atomic Leibniz rule can be proven without relying on William-
son’s results, by checking it on each generator f of RJ . We perform this computation in
type A in Section 6, for carefully chosen generators f , via a direct and elementary proof.
The operators Tq are simplified dramatically when applied to these generators.

On the one hand, this proves Theorem A for the symmetric group over ZŒx1; : : : ; xn�,
and consequently for other realizations (see Remark 1.3). Via Theorem C, this implies
DL-forcing in the same generality. On the other hand, it also gives a computationally
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effective way to apply the atomic Leibniz rule (or polynomial forcing), even if one does
not know the operators Tq in general: decompose f as a linear combination of products
of generators, and apply the atomic Leibniz rule for generators one term at a time.

2. Examples and remarks

In this section, we give some examples of atomic Leibniz rules, in the relatively small
Coxeter groupW D S4. The reader is not expected, and in fact discouraged, from attempt-
ing to check these examples immediately. In a later section, we introduce methods that
will considerably simplify such computations. Rather, we present these examples only to
illustrate the level of complexity that arises even in small cases.

The reader will not miss out on anything important if they skip directly to Section 3.

2.1. Examples

Our examples take place in W D S4. We let s D .12/, t D .23/, and u D .34/ denote
the simple reflections. We give the examples without justification first, and then discuss
the verification afterwards. We require that Tq.f /2R

K for some K � S depending on q
(precisely: K D q�1Iq \ J ).

Notation 2.1. Let I � S and s 2 S . Whenever s … I , we write Is for the disjoint union
I [ ¹sº. When the meaning is unambiguous, we denote subsets of S by juxtaposition: for
example, su stands for ¹s; uº and sut for ¹s; u; tº. Accordingly, we write Rst WD R¹s;tº,
and by an .su; st/-coset we mean an .¹s; uº; ¹s; tº/-coset.

Example 2.2. There are three .su; su/-cosets in S4: the maximal one p which is atomic,
the submaximal coset q with q D t , and the minimal coset r containing the identity. We
claim that for f; g 2Rsu, we have

(2.1) @tsut .fg/ D tsut.f / � @tsut .g/C @sut .Tq.f / � g/C Tr .f / � g;

or in other words,

@p.fg/ D p.f / � @p.g/C @q.Tq.f / � g/C @r .Tr .f / � g/;

where
Tq.f / D su@t .f / and Tr .f / D @tsut .f / � @sut .Tq.f //:

Note that (obviously) Tq.f /2R D R
; while (less obviously) Tr .f /2R

su. These are the
invariance requirements.

Remark 2.3. Iterating the ordinary twisted Leibniz rule, it is not hard to deduce the exist-
ence of a formula of the form

@tsut .fg/ D tsut.f / � @tsut .g/C
X

x<tsut

@x.Tx.f /g/

for some operators Tx WR! R. This equality is generalized in Lemma 2.7 below.
What is not obvious is that, when f; g 2Rsu, this formula will simplify so that only

the terms where x D sut and x D 1 survive.
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Example 2.4. There are two .tu; st/-cosets in S4: the maximal coset p which is atomic,
and the minimal coset q containing the identity element. We claim that for f; g 2Rst , we
have

(2.2) @stu.fg/ D stu.f /@stu.g/C @tu.Tq.f / � g/;

or in other words,
@p.fg/ D p.f /@p.g/C @q.Tq.f / � g/;

where
Tq.f / D st@u.f /:

Note also that Tq.f / 2 R
t .

It helps to look at an example of a non-atomic coset, to see that Leibniz rules are not
guaranteed.

Example 2.5. We return to the notation of Example 2.2. Note that r is the only coset less
than q, and @r is the identity map. Let us argue that there is no naive analogue of (1.3)
for @q . If there were, it would have to have the form

(2.3) @sut .f � g/ D sut.f /@sut .g/C T .f / � g

for some operator T . By evaluating at g D 1 we have T .f / D @sut .f /.
Note that f; g 2Rsu. Iterating the twisted Leibniz rule (cf. Lemma 2.7), we have

@sut .f � g/ D sut.f /@sut .g/C @s.ut.f //@ut .g/C @u.st.f //@st .g/(2.4)
C @su.t.f //@t .g/C @sut .f /g:

Only two of these five terms are in (2.3). If g is linear and @t .g/ D 1, then the sum of the
three missing terms is nonzero for some f . Thus (2.3) is false.

However, now suppose that f 2 t .Rsu/ instead of Rsu. Then many terms in (2.4)
vanish, yielding

@sut .f � g/ D sut.f /@sut .g/C @sut .f /g:

This is compatible with (2.3), with T D @sut .
In view of this example, there is hope of finding some generalization of the atomic

Leibniz rule to some non-atomic .I; J / cosets q, letting f 2 q�1.RI /. Be warned that the
coset q considered in this example has various special properties, see Remark 3.12.

The examples above can easily be verified by computer (all the equations are Rstu-
linear, so one need only check the result for f and g in a basis). They can also all be
verified using (1.1) and (1.2), but this is a very tricky exercise. Doing this exercise may be
very instructive for the reader, and emphasizes the difficult and subtlety in these formulae,
so we encourage it, and provide some helping hands.

We begin with a few helpful general properties of Demazure operators, which hold in
general when mst D 3 and msu D 2.
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Lemma 2.6. We have

@s.s.f // D �@s.f /; s@s.f / D @s.f /; @s.@s.f // D 0;(2.5)
st@s.f / D @t .stf /; s@t .sf / D t@s.tf /; s@u.f / D @u.sf /;(2.6)

˛s@s.f / D f � sf;(2.7)
@st .sf /C @ts.f / D t@st .f /:(2.8)

Note that ˛si
D xi � xiC1 above.

Proof. The reader can verify these relations directly from (1.1).

Most of these formulae are well known. Meanwhile, we have not seen (2.8) before;
we only use it in Example 2.10 below. With these relations in hand, one need not refer to
the original definition (1.1) again, and need only use the twisted Leibniz rule.

Here are some example computations using (2.5) and (2.6):

@s.t@s.f // D �@s.st@s.f // D �@s@t .stf / D @s@t .tstf /;

@s.t@s.f // D @s.ts@s.f // D ts@t@s.f /:

Let us consider Example 2.4. It helps to observe that

@st .u.f // 2 R
st and @stu.f /2R

stu;

under the assumption that f 2Rst . One way to see the equality (2.2) is to expand both
sides using the twisted Leibniz rule. Since g 2Rst , any terms containing @st .g/ or @s.g/

or @t .g/ or @su.g/ are zero. Now compare the coefficients of g, @u.g/ and @tu.g/ respect-
ively. On the left, the coefficient of g is @stu.f /, while on the right, the coefficient of g is

@tust @u.f / D @ts @utu@u.f / D @tstu@tu.f / D st @su@tu.f /

D stu@stu.f / D @stu.f /:

We have applied (2.6) repeatedly and used that @stu.f / 2 R
stu. Thus the coefficients of g

are the same on both sides of (2.2). We leave the other coefficients to the reader.
Example 2.2 is the hardest. One should first prove the following statements under the

critical assumption that f; g 2Rsu:

@tsut .f / 2 R
stu; @ts.ut.f // 2 R

st ;

@su.tsu.@t .f /// D tsut.@sut .f //;

t.@sut .f // D tsu.@sut .f //;

tsuŒ@sut .f / � t@sut .f /� D tsu.˛t@tust .f // D .˛s C ˛t C ˛u/@tsut .f /;

@tsu.tf / D @tsu.�˛t@t .f // D �.˛s C ˛t C ˛u/@tsut .f /:

We leave these verifications, and the deduction of (2.1) therefrom, to the ambitious reader.
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2.2. Leibniz rules for permutations

A natural question is raised: for which double cosets p does one expect an equality of
the form (1.3) to hold? Given the discussion in Example 2.5, one might ask instead: for
which double cosets q does (1.3) hold under the alternate assumption that f 2 q�1.RI /?
Note that f 2 q�1.RI / is equivalent to f 2RJ for atomic cosets, and also for more gen-
eral cosets called core cosets. We believe these are interesting questions, even though
these more general Leibniz rules currently lack a clear connection to the theory of singu-
lar Soergel bimodules.

A special case would be when I D J D ;, so that double cosets are in bijection with
elements w 2W ; all such cosets are core. We start with the following well-known lemma.

Lemma 2.7. Let w 2W and f; g 2R. Let w D s1 : : : sn be a reduced expression, and for
e D ¹0; 1ºn, we define the element we D s

e1
1 : : : s

en
n . For e D ¹0; 1ºn, let

� e
i D

´
si if ei D 1;

@i if ei D 0;
and ‚e.f / D � e

1 ı �
e
2 ı � � � ı �

e
n.f /:

Then we have

@w.fg/ D
X
x�w

T 0x.f /@x.g/; where T 0x.f / D
X

e jweDx

‚e.f /:

As a special case, T 0w.f / D w.f /.

Proof. This is just an iteration of the twisted Leibniz rule.

To summarize, we obtain a generalized Leibniz rule of the form

(2.9) @w.fg/ D w.f /@w.g/C
X
x<w

T 0x.f /@x.g/;

for operators T 0x WR ! R (depending on w). The formula for T 0x one derives in this way
is seemingly dependent on the choice of reduced expression for w, though the operator
only depends4 on w. In practice, confirming the independence of reduced expression can
be quite subtle. We are unaware of a formula for T 0x which is obviously independent of
the choice of reduced expression.

Meanwhile, one can also deduce an equality of the form

(2.10) @w.fg/ D w.f /@w.g/C
X
x<w

@x.Tx.f / � g/;

for some operators Tx WR! R. We are unaware of any previous study of the operators Tx

and the formula (2.10).

4Abstractly, the nilHecke algebra is the subalgebra of End.R/ generated by R (i.e., multiplication by poly-
nomials) and by Demazure operators. It is well known that the operators ¹@w º form a basis of the nilHecke
algebra as a free left R-module. Letting mf denote multiplication by f , (2.9) can be viewed as an equality

@w ımf D mw.f / ı @w C

X
mT 0x .f / ı @x

in the nilHecke algebra, which rewrites @w ımf in this basis. Consequently, the coefficients T 0x.f / in this linear
combination depend only on w and f .
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Remark 2.8. Later in the paper, we also discuss an atomic Leibniz rule similar to (2.9)
rather than (2.10).

Here are some examples.

Example 2.9. Let s D s1 and t D s2. When w D ts, applying (1.2) twice gives

(2.11) @ts.fg/ D ts.f /@ts.g/C @t .sf /@s.g/C t@s.f /@t .g/C @ts.f /g:

An equivalent formula is

(2.12) @ts.fg/ D ts.f /@ts.g/C @t .@s.f / � g/C @s.s@t .sf / � g/C @st .sf / � g:

By applying (1.2) to the second and third terms on the right-hand side of equation (2.12),
and with a little help from (2.5), one obtains (2.11).

Example 2.10. With notation as above, when w D sts, applying (1.2) thrice gives

@sts.fg/ D sts.f /@sts.g/C @s.tsf /@ts.g/C @t .stf /@st .g/(2.13)
C @s.t@s.f //@t .g/C @t .s@t .f //@s.g/C @sts.f /g:

More honestly, applying (1.2) thrice gives the above except that the coefficient of @s.g/ is
@st .sf /C s@ts.f /. By applying s to (2.8), one obtains

@st .sf /C s@ts.f / D st@st .f / D @t .st@t .f // D @t .s@t .f //:

This is how one deduces (2.13).
An equivalent formula is

@sts.fg/ D sts.f /@sts.g/C @ts.@t .f / � g/C @st .@s.f / � g/(2.14)
� @t .@st .f / � g/ � @s.@ts.f / � g/C @sts.f / � g:

To verify that (2.14) and (2.13) agree, apply first (2.12) to the term @ts.@t .f / � g/, and
then apply (2.12) with s and t swapped to @st .@s.f / � g/. After some additional massaging
using (2.5) and (2.6), one will recover (2.13).

3. Atomic Leibniz rules

3.1. Realizations

We fix a Coxeter system .W; S/. We let e denote the identity element of W . Recall the
definition of a realization from Section 3.1 of [14].

Definition 3.1. A realization of .W;S/ over k is the data .k; V;�;�_/ of a commutative
ring k, a free finite-rank k-module V , a set�D¹˛sºs2S of simple roots inside V , and a set
�_ D ¹˛_s ºs2S of simple coroots inside Homk.V;k/, satisfying the following properties.
One has ˛_s .˛s/ D 2 for all s 2S . The formula

s.v/ WD v � ˛_s .v/ � ˛s

defines an action of W on V . Also, the technical condition (3.3) in [14] holds, which is
redundant for most base rings k.
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For short, we often refer to the data of a realization simply by reference to the W -rep-
resentation V .

Example 3.2. The permutation realization of Sn over Z has V D Zn with basis ¹xiº
n
iD1

and with dual bases ¹x�i º. For 1� i � n� 1, one sets ˛i D xi � xiC1 and ˛_i D x
�
i � x

�
iC1.

Example 3.3. For a Weyl group W , the root realization of .W; S/ over Z is the free
Z-module with basis �. One defines �_ so that the pairings ˛_s .˛t / agree with the usual
Cartan matrix of W .

Example 3.4. Let .k;V;�;�_/ be a realization of .W;S/, and I�S . Then .k;V;�I ;�
_
I /

is also a realization of .WI ; I /, the restriction of the realization to a parabolic subgroup.
Here �I D ¹˛sºs2I , and similarly for �_I .

Given a realization, let R be the polynomial ring whose linear terms are V . We can
associate Demazure operators @s WR ! R for s 2 S , which agree with ˛_s on V � R,
and are extended by the twisted Leibniz rule. For details, see Section 3.1 of [14]. For each
finitary subset I � S , we also consider the subringRI ofWI -invariants inR. The ringRI

is graded, and all RI -modules will be graded, but we will not keep track of grading shifts
in this paper as they will play no significant role. The background on this material in [7]
should be sufficient.

Definition 3.5. A (balanced ) Frobenius realization is a realization satisfying the follow-
ing properties, see Section 3.1 of [7] for definitions:

• it is balanced;
• it satisfies generalized Demazure surjectivity;
• it is faithful when restricted to each finite parabolic subgroup WI .

We assume tacitly throughout this paper that we work with a Frobenius realization.
The main implication of these assumptions is that, when I � S is finitary, the Demazure
operator @wI

WR ! RI is well defined and equips the ring extension RI � R with the
structure of a Frobenius extension.

The left and right redundancy sets of an .I; J /-coset p are defined and denoted as

LR.p/ D I \ pJp�1 and RR.p/ D p�1Ip \ J:

An .I; J /-coset p is a core coset if I D LR.p/ and J D RR.p/.
For any .I; J /-coset q, in [7] we define a Demazure operator

@q W R
J
! RI :

By definition, @q is the restriction of the ordinary Demazure operator

@qw�1
J
W R! R

to the subring RJ . After restriction, the image is contained in RI , see Lemma 3.9 in [7].
Note that qw�1

J D q if and only if q is a core coset.
As in [6], for x; y 2W , we write x:y for a reduced composition, where `.xy/ D

`.x/ C `.y/. We also use this notation for the reduced composition of reduced expres-
sions, or the reduced composition of double cosets, see [6] for more details. Demazure
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operators compose well over reduced compositions: one has @p:q D @p ı @q , as proven in
Corollary 3.19 of [7].

Remark 3.6. The element wJ is an involution, so wJ D w
�1
J . We write qw�1

J above to
emphasize that q D .qw�1

J /:wJ .

Remark 3.7. Some results from [7] require further that the realization is faithful, rather
than just faithful upon restriction to each finite parabolic subgroup. In particular, the set
¹@pº as p ranges over .I; J /-cosets need not be linearly independent when the realization
is not faithful.

A multistep .I; J /-expression is a sequence of finitary subsets

I� D ŒŒI D I0 � K1 � I1 � � � � � Km � Im D J ��:

The definition of a reduced multistep expression, and of the .I; J /-coset that it expresses,
can be found in Definition 1.4 of [6]. When I� is a (reduced) expression which expresses p,
we write p˛ I�.

3.2. Precise statement of atomic Leibniz rules

Definition 3.8. SupposeM is finitary, s2M , and t D wM swM . Let I D ys WDM n s, and
J D yt WDM n t . Let a be the (atomic) .I; J /-coset containing wM . We say a (rightward)
atomic Leibniz rule holds for a if there exist RM -linear operators T a

q from RJ to RRR.q/

for each .I; J /-coset q < a, such that for any f; g 2RJ , we have

(3.1) @a.f � g/ D a.f /@a.g/C
X
q<a

@qw�1
J
.T a

q .f / � g/:

We encourage the reader to confirm that T a
q .f /2R

RR.q/ in the examples of Section 2.
We continue to write Tq instead of T a

q when a is understood.

Remark 3.9. We say “an atomic Leibniz rule” rather than “the atomic Leibniz rule”
because we are defining a prototype for a kind of formula. If one specifies operators Tq

such that the formula holds, then one has produced “the” atomic Leibniz rule for that coset
a (indeed, we prove in Theorem 5.5 that such operators are unique for certain realizations).

The difference between (3.1) and (1.3) is subtle: we have written @qw�1
J

instead of @q .
The difference between @qw�1

J
and @q is only a matter of the domain and codomain of

the functions: the former is a function R! R, while the latter is its restriction to a func-
tion RJ ! RI . Meanwhile, Tq.f / lives in RRR.q/. The inclusion RJ � RRR.q/ is proper
unless q is core. It is therefore inappropriate to apply @q to Tq.f / � g. Having altered
notation so that the domain of the operator is appropriate, we still need to worry about the
codomain, which we address in the following lemma.

Lemma 3.10. With notation as in Definition 3.8, we have @qw�1
J
.Tq.f / � g/2R

I .

Proof. Recall from Proposition 4.28 in [6] that any .I; J /-coset q has a reduced expres-
sion of the form

(3.2) q˛ ŒŒI � LR.q/��:qcore:ŒŒRR.q/ � J ��:
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Let z be the .I;RR.q//-coset with reduced expression

(3.3) z˛ ŒŒI � LR.q/�� :qcore:

Since (3.2) is reduced, by Proposition 4.3 in [6], we have q D z:.w�1
RR.q/

wJ /; so that

qw�1
J D zw

�1
RR.q/:

Consequently, the same operator @qw�1
J
WR ! R restricts to both @q WR

J ! RI and

@z WR
RR.q/ ! RI . In particular, this operator sends RRR.q/ to RI .

Further elaboration will be helpful in subsequent chapters. By Lemma 3.17 in [7],
the reduced expression (3.2) implies that the map @q is a composition of three Demazure
operators. Recall that @ŒŒI�LR.q/�� is the Frobenius trace map RLR.q/! RI , often denoted
as @LR.q/

I . Recall also that @ŒŒRR.q/�J �� is the inclusion map RJ � RRR.q/. We denote this
inclusion map �RR.q/

J below. So we have

(3.4) @q D @
LR.q/
I ı @qcore ı �

RR.q/
J :

By (3.3), we have
@z D @

LR.q/
I ı @qcore ;

which agrees with the restriction of @qw�1
J

to RRR.q/. Thus one has the following reformu-
lation of (3.1):

@a.f � g/ D a.f /@a.g/C
X
q<a

@
LR.q/
I @qcore.Tq.f / � �

RR.q/
J .g//:

Now the polynomial Tq.f / appears more appropriately in the “middle” of this factoriza-
tion of @q . This discussion of the “placement” of the polynomial Tq.f / will play a role in
our diagrammatic proof of polynomial forcing.

We are now prepared to discuss another version of the atomic Leibniz rule, using the
factorization (3.4). It should not be obvious that these two atomic Leibniz rules are related,
though the equivalence with polynomial forcing will shed light on this issue.

Definition 3.11. Use the notation from Definition 3.8 and from (3.4). We say that a left-
ward atomic Leibniz rule holds for a if there exist RM -linear operators T 0q from RJ to
RLR.q/ for each .I; J /-coset q < a, such that for any f; g 2RJ , we have

@a.f � g/ D a.f /@a.g/C
X
q<a

@
LR.q/
I .T 0q.f / � @qcore.�

RR.q/
J .g///:

Remark 3.12. The fact that Tq.f / lives in RRR.q/ and not in RJ is easy to overlook, but
overlooking it is dangerous. We have attempted to prove atomic Leibniz-style rules for
more general families of cosets (core cosets, cosets whose core is atomic, etcetera). Each
time what prevents one from bootstrapping from the atomic case to more general cases is
the fact that Tq.f / does not live in RJ . The generalization in Example 2.5 has the special
feature that the lower cosets are all core, so that their right redundancy equals J . (It also
has the special feature that qcore is atomic.)
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3.3. Changing the realization

We argue that the atomic Leibniz rule for some realizations implies the atomic Leibniz
rule for others. Given a realization, one can obtain another realization by applying base
change .�/˝k k0 to V , and choosing new roots and coroots in the natural way. We call
this a specialization. Here are two other common ways to alter the realization.

Definition 3.13. Let .V; �; �_/ be a realization of .W; S/ over k. Let N be a free
k-module acted on trivially by W . Then .V ˚N;�˚ 0;�_ ˚ 0/ is a realization, called
aW -invariant enlargement of the original. More precisely, the new roots are the image of
the old roots under the inclusion map, and the new coroots kill the summand N .

Definition 3.14. Let .V; �; �_/ be a realization of .W; S/ over k. Suppose one has a
decomposition V DX ˚ Y of free k-modules, such thatW acts trivially onX , thoughW
need not preserve Y . Note that the coroots necessarily annihilate X . Then .Y;�;�_Y / is a
realization, called a W -invariant quotient of the original. Here, we identify Y as the quo-
tient V=X , and � represents the image of � under the quotient map. The functionals �_

kill X , so they descend to functionals �_Y on Y . We also make the technical assumption5

that ˛s induces a surjective map Y � ! k.

Example 3.15. Let .W; S/ have type zAn�1, with simple reflections si for 1 � i � n.
Let V be the free Z-module spanned by ¹xiº

n
iD1 and ı. Let ¹x�i º [ ¹ı

�º denote the dual
basis in Homk.V; k/. With indices considered modulo n, let ˛i D xi � xiC1 C ı, and
˛_i D x

�
i � x

�
iC1. This is a realization of .W; S/ called the affine permutation realization.

Note that
Pn�1

iD0 ˛i D nı, which isW -invariant. Let X be the span of ı, and Y be the span
of ¹xiº

n
iD1. Note thatW does not preserve Y , since the roots are not contained in Y . There

is a valid W -invariant quotient .Y;�;�_Y / which agrees, upon restriction to the parabolic
subgroup Sn generated by ¹siºn�1

iD1 , with the permutation representation.

Example 3.16. Continuing the previous example, let yi D xi � iı. Then we can also
view V as having basis ¹yiº

n
iD1 [ ¹ıº, and ˛i D yi � yiC1 for i ¤ n. Upon restriction to

the parabolic subgroup Sn, we see that V is isomorphic to theW -invariant enlargement of
the permutation representation of Sn (with basis ¹yiº) by the W -invariant span of ı.

Indeed, W has n distinct maximal parabolic subgroups isomorphic to Sn as groups.
A similar construction will show that the restriction of V to any maximal parabolic sub-
group (a copy of Sn) will be isomorphic to an invariant enlargement of its permutation
representation.

Lemma 3.17. If a rightward (respectively, leftward ) atomic Leibniz rule holds for a
Frobenius realization, then it also holds for specializations, W -invariant enlargements,
and W -invariant quotients.

Proof. Let R be the ring associated to the original realization, and Rnew be the realization
associated to the specialization, enlargement, or quotient. All three cases are united by
the fact that Rnew is a tensor product of the form R ˝A B , where A � R is a subring
on which W acts trivially, and B is a ring on which W acts trivially. For specializations,

5This assumption is required for the W -invariant quotient to satisfy Demazure surjectivity.
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we have Rnew D R ˝k k0; for enlargements, we have Rnew D R ˝k RN , where RN is
the polynomial ring of N ; for quotients, we have Rnew D R ˝RX

k, where RX is the
polynomial ring of X , and k is its quotient by the ideal of positive degree elements. For
w 2W , its action on Rnew is given by w ˝ id. The roots in Rnew are given by ˛s ˝ 1, and
the Demazure operators @new

s on Rnew have the form @s ˝ id.
The important point in all three cases is that for each I � S finitary, we have

RI
new D R

I
˝A B:

We now prove this somewhat subtle point. There is an obvious inclusionRI ˝A B �R
I
new,

so we need only show the other inclusion.
It is straightforward to verify that the new realization satisfies generalized Demazure

surjectivity. A consequence is that the typical properties of Demazure operators are sat-
isfied. For example, the kernel and the image of @new

s are both equal to Rs
new, and @new

s is
Rs

new-linear. It follows that @new
I is also RI

new-linear.
Suppose that g2RI

new, and write gD
P
fi ˝ bi . Choose someP 2R with @I .P /D 1,

which exists by generalized Demazure surjectivity. Then

@new
I .P ˝ 1/ D 1˝ 1 in Rnew.

Thus
g D g@new

I .P ˝ 1/ D @new
I .g � .P ˝ 1// D

X
@I .fi � P /˝ bi ;

and therefore, g 2RI ˝A B .
The rest of the proof is straightforward. Fix an atomic coset a. For each q < a, given

operators Tq for the original realization satisfying (3.1), we define Tq; new WD Tq ˝ id.
By linearity, we need only check (3.1) for Rnew on elements in RJ

new of the form f ˝ b1

and g ˝ b2 for f; g 2RJ . It is easy to verify (3.1) for Rnew on such elements, since all
operators (like a or @qw�1

J
) are applied only to the first tensor factor, where we can use

the atomic Leibniz rule from R. We conclude by noting that Tq; new has the appropriate
codomain as well.

We do not claim that any statements about the unicity of the operators Tq will extend
from a realization to its specializations, enlargements, or quotients.

Lemma 3.18. Let .k; V; �;�_/ be a realization of .W; S/. If one can prove an atomic
Leibniz rule for the restriction of V to WM , for all (maximal) finitary subsets M � S ,
then an atomic Leibniz rule holds for W .

Proof. Every atomic coset inW lives withinWM for some finitaryM (which lives within
a maximal finitary subset), and the same atomic Leibniz rule which works for WM will
work for W .

Example 3.19. Suppose one can prove an atomic Leibniz rule for the permutation realiz-
ation of Sn over Z. Then by enlargement, one obtains an atomic Leibniz rule for the affine
permutation realization restricted to any finite parabolic subgroup, see Example 3.16.
By the previous lemma, an atomic Leibniz rule holds for the affine permutation realiz-
ation of the affine Weyl group of type zAn�1.
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4. Lower terms

In this section, we give an explicit description of the ideal of lower terms for an atomic
coset using the technology of singular light leaves.

4.1. Definition of lower terms

Definition 4.1. Let

I� D ŒŒI D I0 � K1 � I1 � � � � � Km � Im D J ��

be a multistep .I; J / expression. To this expression, we associate a (singular) Bott–
Samelson bimodule

BS.I�/ WD RI0 ˝RK1 R
I1 ˝RK2 � � � ˝RKm R

Im :

This is an .RI ; RJ /-bimodule. The collection of all Bott–Samelson bimodules is closed
under tensor product, and forms (the set of 1-morphisms in) a full sub-2-category of the
2-category of bimodules. This sub-2-category is denoted SBSBim.

For two .RI ; RJ /-bimodules B and B 0, Hom.B; B 0/ denotes the space of bimodule
maps. Moreover, Hom.B;B 0/ is itself an .RI ; RJ /-bimodule in the usual way.

Inside any linear category, given a collection of objects, their identity maps gener-
ate a two-sided ideal. This ideal consists of all morphisms which factor through one of
those objects, and linear combinations thereof. In the context of .RI ; RJ /-bimodules, the
actions of RI and RJ commute with any morphism, and thus preserve the factorization
of morphisms. Hence the morphisms within any such ideal form a sub-bimodule of the
original Hom space.

Definition 4.2. Let p be an .I; J /-coset. Consider the set of reduced expressions M� for
any .I; J /-coset q with q < p. Let Hom<p denote the ideal in the category of .RI ; RJ /-
bimodules generated by the identity maps of BS.M�/ for such expressions. Then Hom<p

is a two-sided ideal, the ideal of lower terms relative to p. The ideal Hom�p is defined
similarly.

So Hom<p.B; B
0/ is a subset of Hom.B; B 0/, and is a sub-bimodule for .RI ; RJ /.

We write End<p.B/ instead of Hom<p.B;B/ � End.B/.
We now focus on the case of atomic cosets. We use the letter a to denote an atomic

coset and let ŒŒI �M � J �� denote the unique reduced expression of a. We let

Ba WD BS.ŒŒI �M � J ��/ D RI
˝RM RJ :

Because Ba is generated by 1˝ 1 as a bimodule, any endomorphism is determined by
where it sends this element. Thus

End.Ba/ Š R
I
˝RM RJ
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as .RI;RJ /-bimodules, via the operations of left and right multiplication. Hence, End.Ba/

Š Ba as .RI ; RJ /-bimodules6. It is easy to deduce that Ba is indecomposable (when k is
a domain) since there are no non-trivial idempotents in End.Ba/ Š Ba.

4.2. Atomic double leaves

The goal of the section is to describe a large family of morphisms in End.Ba/ called
double leaves, most of which are in End<a.Ba/ by construction. We use the diagrammatic
technology originally found in [12] and developed further in [10].

We assume a Frobenius realization, see Definition 3.5. In particular, the ring inclusions
RI � RJ are Frobenius extensions. Under these assumptions, a diagrammatic 2-cat-
egory Frob is constructed in [12], and it comes equipped with a 2-functor to SBSBim.
This 2-functor is essentially surjective, but is not expected to be an equivalence; the cat-
egory Frob is missing a number of relations.

Double leaves are to be constructed either as morphisms in Frob, or as their images in
SBSBim, depending on the context.

The objects in Frob are indexed not by multistep expressions but by singlestep expres-
sions. An .I; J / singlestep expression is a sequence

I� D ŒI D I0; I1; : : : ; Id D J �

where each Ii is a finitary subset of S , and each Ii and IiC1 differ by the addition or
removal of a single simple reflection. We use single brackets for singlestep expressions,
and double brackets for multistep expressions.

Throughout this section, we fix I � M D I s � S finitary, and let t D wM swM and
J DM n t , so that

a˛ ŒI;M; J �

is an atomic coset. We also fix the .I;M/-coset

n D WI eWM :

4.2.1. Elementary light leaves for atomic Grassmannian pairs. By definition of atom-
ic, a D wM . Then for an .I; J /-coset q, the condition q � a is equivalent (see The-
orem 2.16 in [8]) to q � wM , which in turn is equivalent to q � n D WM :

For an .I; J /-coset q contained inWM , the pair q � n is Grassmannian in the sense of
Definition 2.7 in [10]. Associated to such a pair, a distinguished map called an element-
ary light leaf is constructed in Section 7.3 of [10]. The map (and codomain of the map)
depends on a choice we make now: we fix a reduced expression Xq of the form

(4.1) Xq D ŒŒI � LR.q/�� ıX core
q ı ŒŒRR.q/ � J ��;

where X core
q is a reduced expression of qcore.

6We have ignored gradings in this paper. Using traditional grading conventions for Bott–Samelson bimod-
ules, End.Ba/ and Ba are only isomorphic up to shift. The identity map of End.Ba/ is in degree zero, while
1˝ 1 2 Ba is not.
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Definition 4.3. Let q be an .I; J /-coset contained in n. The elementary light leaf associ-
ated to Œn; q� (and Xq/ is the .RI ; RJ /-bimodule morphism

ELL.Œn; q�/ W BS.ŒI;M; J �/! BS.Xq/

sending the generator 1˝ 1 2 RI ˝RM RJ D BS.ŒI;M; J �/ to the element 1˝ WD 1˝
� � � ˝ 1 2 BS.Xq/. Equivalently, ELL.Œn; q�/ is defined by the diagrammatic construction
in Section 7.3 of [10] (see also Lemma 8.10 in [10]).

We refer to [10] and [12] for a diagrammatic exhibition of morphisms between Bott–
Samelson bimodules. The morphism ELL.Œn; q�/ is determined by the condition that its
diagram consists only of counterclockwise cups and right-facing crossings, as in the fol-
lowing diagram.

LR.q/ RR.q/

I M J

In our examples, we color the simple reflection s in strawberry, and t in teal. Some-
times s D t , which will force us to change our convention.

In type A, the expression X core
q takes a simple form, and thus ELL.Œn; q�/ could be

described more explicitly.

Example 4.4. Let WM D SaCb be a symmetric group, for some a ¤ b, and let I D ys be
such that WI D Sb � Sa � SaCb . Then J D yt is such that WJ D Sa � Sb � SaCb . As
will be explained in Section 6 (equation (6.1)), each .I; J /-coset q in WM has a unique
reduced expression Xq of the form (4.1).
(1) If q D WI eWJ , then we have

q˛ Xq D ŒŒys � ys yt �� ı Œys yt � ı ŒŒys yt � yt �� D Œys � t C s�:

Here we have

ELL.Œn; q�/ D :

(2) If q D WIwMWJ , then we have

q D a˛ Xq D ŒI;M; J �:

Here we have ELL.Œn; q�/ D idBS.ŒI;M;J �/.
(3) Otherwise, we have

q˛ Xq D ŒŒys � ys yk ỳ�� ı Œys yk ỳ � yk ỳ � yt yk ỳ� ı ŒŒyt yk ỳ � yt ��
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for distinct s; k; `; t 2M . Here we have

ELL.Œn; q�/ D :

Here is a non-type A example.

Example 4.5. Let .W; S/ be of type E6, where S is indexed as in the Dynkin diagram

6543

2

1

Let M D S and s D 3. Then wM3wM D 5, and thus

a˛ Œy3C 3 � 5� D Œy3;M; y5�

is an atom. For the .y3; y5/-coset q < a with reduced expression

q˛ Xq D ŒŒy3 � ¹4; 6º�� ı ŒC3 � 4C 5C 2C 1 � 6 � 2 � 3C 4 � 5� ı ŒŒ¹1; 4º � y5��;

the elementary light leaf ELL.Œn; q�/ is

1 2 5 3 4 5 2 1 6 2 3 4 5 3 2 6

4.2.2. Atomic double leaves. There is a contravariant (but monoidally-covariant) “dual-
ity” functor D from Frob to itself defined as follows:

• it preserves objects and 1-morphisms,
• on 2-morphisms, it flips each diagram upside-down and reverses all the orientations.

This functor is an involution.

Definition 4.6. Given q � a and b 2RRR.q/, the associated right-sprinkled double leaf
DLLr .q; b/ is the composition

(4.2) Ba
ELL.Œn;q�/
�������! BS.Xq/

b
�! BS.Xq/

D.ELL.Œn;q�//
����������! Ba:

The middle map in (4.2) uses that Xq has the form (4.1): the map is multiplication by the
element

1˝ ˝ b ˝ 1 2 BS.ŒŒI � LR.q/�� ıX core
q /˝RRR.q/ R

RR.q/
˝RJ RJ :
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In diagrams, we have

DLLr .q; b/ D b

Definition 4.7. Given q � a and b 2RLR.q/, the associated left-sprinkled double leaf
DLLl .q; b/ is the composition

(4.3) Ba
ELL.Œn;q�/
�������! BS.Xq/

b
�! BS.Xq/

D.ELL.Œn;q�//
����������! Ba;

whose diagram is

b

The maps provided here (when b ranges over a basis for RRR.q/ or RLR.q/) are the
same as the “double leaves basis” from [10]. This is verified in the following remark,
intended for a reader familiar with [10].

Remark 4.8. Let us verify that

DLLl .q; b/ D DLL.q; .Œp; n; q�; 1/; .Œp; n; q�; 1/; b/;

where p is the identity .I; I /-coset, by following the stages in Chapter 7 of [10]. First,
we construct LL.q; .Œp; n; q�; 1//. The single step light leaf for the first step Œp; n� is the
identity map since Œp;n� is reduced. Since the left redundancy for p and n are the same, In
the second step, we have the coset pair Œn; q� which is already a Grassmannian pair, thus
the single step light leaf is the elementary light leaf ELL.Œn; q�/.

Then we choose Xq D Yq and take the dual map for the upside-down light leaf from
BS.Xq/ to Ba. Altogether we obtain the double leaf of the form (4.3). No rex moves were
used at any stage of the process.

Moreover, for each q � a, there is one subordinate path with terminus q, namely
Œp;n;q�. It follow that the morphisms DLL.q; .Œp;n;q�; 1/; .Œp;n;q�; 1/; b/ form a double
leaves basis in the sense of [10].
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Remark 4.9. We know that End.Ba/ is an .RI ;RJ /-bimodule, so it is natural to ask how
the actions of RI and RJ interact with the bases presented in Propositions 4.18 and 4.20.
For g 2RJ , we claim that

(4.4) DLLr .q; b/ � g D DLLr .q; b � g/:

Consider the diagram in Definition 4.6, and right-multiply by g 2RJ . Since g is also
in RRR.q/, it can be slid from the right side to the region where b lives.

However, the left action of f 2RI is more mysterious. For fixed q, it does not preserve
the span of ¹DLLr .q; b/ j b 2R

RR.q/º. Indeed, the comparison between the left action
and the right action is controlled by polynomial forcing for BS.Xq/, which involves lower
terms.

Similarly, for f 2RI , the left action on left-sprinkled double leaves is straightforward,

f �DLLl .q; b/ D DLLl .q; f � b/;

whereas the right action of RJ is mysterious.

4.2.3. Evaluation of double leaves. The following crucial computation links double
leaves with the description End.Ba/ŠR

I ˝RM RJ . Let�J
M;.1/

and�J
M;.2/

be dual bases
of RJ over RM , where we use Sweedler notation.

Lemma 4.10. The double leaf DLLr .q; b/ coincides with multiplication by the element

@qw�1
J
.b ��J

M;.1//˝�
J
M;.2/:

This can also be written as

@
LR.q/
I @qcore.b � �

RR.q/
J �J

M;.1//˝�
J
M;.2/:

Proof. The proof follows immediately from Algorithm 8.12 in [10]. It is proven exactly
as Lemma 6.10 in [10].

A similar computation involving left-sprinkled double leaves gives the following.

Lemma 4.11. The double leaf DLLl .q; b/ coincides with multiplication by the element

(4.5) @
LR.q/
I .b � @qcore.�

RR.q/
J �J

M;.1///˝�
J
M;.2/:

Example 4.12. If q � a is the minimal .I; J /-coset, namely q D WI eWJ , then we have
two cases.

(1) When t WD wM swM ¤ s, we have

q˛ ŒI;K; J � D ŒI � t C s�

forK D I \ J . In this case, both left and right redundancies areK, and for b 2RK ,
the double leaf DLLr .q; b/ D DLLl .q; b/ is the left diagram in the equality

b D @K
I .b ��

J
M;.1// �J

M;.2/:
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Thus we have

DLLr .q; b/ D DLLl .q; b/ D @
K
I .b ��

J
M;.1//˝�

J
M;.2/

(see equations (89) and (91) in [10]).
(2) When wM swM D s, we have q˛ ŒI �. In this case, we have LR.q/ D I D RR.q/,

and for b 2RI , the double leaf has a capcup diagram

b :

Thus we have DLLr .q; b/ D DLLl .q; b/ D b ��
I
M D �

I
M � b.

Definition 4.13. For an atomic coset a˛ ŒI; M; J �, let DL<a denote the k-linear sub-
space of End.Ba/ spanned by right-sprinkled double leaves factoring through q < a. More
explicitly, we have

DL<a WD Spanq<a¹DLLr .q; b/ j b 2R
RR.q/
º

D Spanq<a

®
@qw�1

J
.RRR.q/

��J
M;.1//˝�

J
M;.2/

¯
:

Lemma 4.14. We have DL<a � End<a.Ba/.

Proof. By construction, every double leaf associated to q < a factors through a reduced
expression for q, and thus lives in End<a.Ba/.

We also note a consequence of Remark 4.9.

Corollary 4.15. For each g 2RJ and b 2RRR.q/, we have

@qw�1
J
.b ��J

M;.1//˝�
J
M;.2/ � g D @qw�1

J
.b � g ��J

M;.1//˝�
J
M;.2/:

In particular, DL<a is a right RJ -module.

Proof. This follows from (4.4) and Lemma 4.10.

4.3. Double leaves and lower terms: part I

The main result of [10] is that double leaves form a basis for morphisms between Bott–
Samelson bimodules. However, [10] relies on Williamson’s theory of standard filtrations,
which relies on several assumptions originally made by Soergel.

Definition 4.16. We call a realization a Soergel–Williamson realization, or an SW-realiza-
tion for short, if it is a Frobenius realization (see Definition 3.5), and it also satisfies the
following assumptions.

• The realization is reflection faithful, i.e., it is faithful, and the reflections in W are
exactly those elements that fix a codimension-one subspace.

• The ring k is an infinite field of characteristic not equal to 2.
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Remark 4.17. Abe [1] has recently developed a theory of singular Soergel bimodules
that works for Frobenius realizations, without the extra restrictions of an SW-realization.
One expects that the results of [10] can be straightforwardly generalized to Abe’s set-
ting. For simplicity and because of the current state of the literature, we will work with
Williamson’s category of bimodules.

Proposition 4.18. Assume an SW-realization. Let Bq be a k-basis of RRR.q/, for each
q � a. Then

¹DLLr .q; b/ºb2Bq

gives a basis of End�q.Ba/=End<q.Ba/ over k. In particular,

¹DLLr .q; b/ j q � a; b 2Bqº

is a k-basis of End.Ba/, and the subset indexed by q < a is a basis for End<a.Ba/.

Proof. This is a special case of Lemma 8.35 and Theorem 7.49 in [10], as confirmed in
Remark 4.8.

Corollary 4.19. Assume an SW-realization. We have

DL<a D End<a.Ba/ D
M
q<a

@qw�1
J
.RRR.q/

��J
M;.1//˝�

J
M;.2/:

In particular, DL<a is an .RI ; RJ /-bimodule.

Proof. As DL<a is the span of double leaves factoring through q < a, the first equality
follows from Proposition 4.18. The second equality follows from the linear independence
of double leaves. Since End<a.Ba/ is an .RI ; RJ /-bimodule, so is DL<a.

Similarly, double leaves provide a left-sprinkled basis.

Proposition 4.20. Assume an SW-realization. Let Bq be a k-basis of RLR.q/, for each
q � a. Then

¹DLLl .q; b/ºb2Bq

gives a basis of End�q.Ba/=End<q.Ba/ over k. In particular,

¹DLLl .q; b/ j q � a; b 2Bqº

is a k-basis of End.Ba/, and the subset indexed by q < a is a basis for End<a.Ba/.

4.4. Double leaves and lower terms: part II

Definition 4.21. An almost-SW realization is a Frobenius realization, together with the
following assumptions.

• The ring k is a domain with fraction field F .
• After base change to F , the result is an SW-realization.
• Finitely-generated projective modules over k are free.
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Example 4.22. The defining representation of Sn over Z is an almost-SW realization, see
Lemma 5 in [3].

Example 4.23. The root realization of a Weyl group is almost-SW when defined over
kDZŒ1=N � for small N (ND30 will suffice for all Weyl groups by Proposition 8 in [3]).

Lemma 4.24. Let I � S be finitary. Then RI is a free k-module.

Proof. As a polynomial ring over a free k-module V , R is a free k-module. By the
assumption of generalized Demazure surjectivity, R is free as an RI -module when I � S
is finitary. Thus RI is a direct summand of R, and is therefore projective as a k-module.
Since both R and RI are finitely-generated as k-modules in each graded degree, we
deduce that RI is also a free module over k.

Our goal in this section is to generalize the results of the previous section to almost-SW
realizations. In all the lemmas in this section, we assume an almost-SW realization. First
we note the compatibility of base change with most of the constructions above.

We let R be the polynomial ring of the realization over k, and let RF WD R ˝k F be
the polynomial ring of the realization after base change. Let RI

F � RF be the invariant
subring.

Lemma 4.25. We have RI
F Š R

I ˝k F .

Proof. There is a natural map RI ˝k F ! RF , and since scalars are W -invariant, the
image lies within RI

F . The map is injective since F is flat over k. We now argue that
the map RI ˝k F ! RI

F is surjective. If f 2RI
F , then there is some c 2 k such that

cf 2R (e.g., letting c be the product of the denominators of each monomial in f ). Clearly,
cf 2RI , whence f is the image of cf ˝ 1

c
.

Let Ba;F D R
I
F ˝RM

F
RJ

F . If I� D ŒŒI D I0 � K1 � I1 � � � � � Km � Im D J �� is a
multistep .I; J /-expression, let

BSF .I�/ WD R
I0

F ˝R
K1
F
R

I1

F ˝R
K2
F
� � � ˝

R
Km
F
R

Im

F :

Lemma 4.26. The natural inclusion map BS.I�/! BS.I�/˝k F is injective. We have
BSF .I�/ Š BS.I�/˝k F . As a consequence, we have an injective map

(4.6) Hom.BS.I�/;BS.I 0�//! Hom.BSF .I�/;BSF .I
0
�//:

Proof. By our assumptions from §3.1, RI is free over RK whenever I � K. We fix a
basis ¹bI;K

i º for this extension. Hence the Bott–Samelson bimodule BS.I�/ is free as a
right RIm -module with basis

(4.7)
®
b

I0;K1

i1
˝ � � � ˝ b

Im�1;Km

im
˝ 1

¯
:

It is also free as a right k-module by Lemma 4.24. So base change is injective on bimod-
ules. Notice that ¹bI;K

i ˝ 1º is a basis of RI
F over RK

F . Hence (4.7) gives also a basis
of BSF .I�/ over RIm

F . Since it sends a basis to a basis, we deduce that the natural map
BS.I�/˝k F ! BSF .I�/ is an isomorphism.
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The localization functor gives the map in (4.6). For a morphism � between bimodules
over k, let � ˝ 1 denote its image, a morphism between bimodules over F . The restriction
of � ˝ 1 to the subset BS.I�/ � BSF .I�/ is the original morphism �. Hence if � ˝ 1 is
the zero morphism, so is �.

Lemma 4.27. For q � a and b 2RRR.q/, let us temporarily write DLLr;k.q; b/ for the
double leaf as a morphism between Bott–Samelson bimodules over k, and DLLr;F .q; b/

for the double leaf as a morphism between Bott–Samelson bimodules over F , where for
the latter we identify b with its image in RRR.q/

F . Under the map (4.6), we have

DLLr;k.q; b/ 7! DLLr;F .q; b/:

Proof. The calculus from [12] for interpreting diagrams is invariant under base change.
Alternatively, Ba is generated as a bimodule by 1 ˝ 1, and the elementary light leaves
ELL.Œn; q�/ are determined uniquely in their Hom space by the fact that they send 1˝ 1
to 1˝ � � � ˝ 1. This property is preserved by base change.

Lemma 4.28. Let Bq be a basis of RRR.q/ over k. Then the set ¹DLLr;k.q; b/ j q �

a; b 2Bqº is linearly independent. Let DL<a;k and DL<a;F be defined as before for their
respective realizations. The map (4.6) induces an isomorphism

(4.8) DL<a;k˝k F
�
! DL<a;F :

Proof. By definition, DL<a is the span (over k or F ) of the double leaf morphisms.
The map (4.6) restricts to a map DL<a;k ! Hom.BSF .I�/; BSF .I

0
�//. By the previous

lemma, the image of this map is contained in DL<a;F . Thus one has an induced map
DL<a;k˝kF ! DL<a;F .

Note that the basis Bq is sent by base change to a basis ofRRR.q/
F over F . The elements

¹DLLr;k.q; b/˝ 1º (ranging over the appropriate index set) form an F -spanning set for
the left-hand side of (4.8), and are sent to ¹DLLr;F .q; b/º, which form a F -basis for
DL<a;F by Proposition 4.18. Thus the map (4.8) is an isomorphism, and the elements
¹DLLr;k.q; b/˝ 1º are linearly independent over F . Consequently, ¹DLLr;k.q; b/º are
linearly independent over k.

Lemma 4.29. We have

DL<a;k D
M
q<a

@qw�1
J
.RRR.q/

��J
M;.1//˝�

J
M;.2/:

Proof. The span in Definition 4.13 is indeed a direct sum of subspaces, by the linear
independence shown in the previous lemma.

Henceforth we return to the k-linear setting by default (i.e., in the absence of a sub-
script). Now the question remains: is the inclusion DL<a � End<a.Ba/ an equality over k,
knowing that the result holds over F? In Corollary 4.33 below, we prove that the answer
is yes.

Lemma 4.30. For any � 2 End<a.Ba/, there is some n2k such that n� 2 DL<a.
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Proof. In view of Lemma 4.26 and (4.6), we can regard both DL<a and End.Ba/ as
k-submodules of End.Ba;F /, which we identify with Ba;F . We have that End<a.Ba/ �

End<a.Ba;F / by definition. Meanwhile, Corollary 4.19 holds over F and thus

End<a.Ba;F / Š
M
q<a

@qw�1
J
.R

RR.q/
F ��J

M;.1//˝�
J
M;.2/:

So any � 2 End<a.Ba/ is a F -multiple of an element of DL<a. Multiplying by the denom-
inator, there exists n 2 k such that n� 2 DL<a.

We continue with a divisibility lemma on Demazure operators, which ensures that
Demazure operators do not “produce” additional divisibility by elements of k.

Lemma 4.31. Let b 2R and let n2k. If n j @wM w�1
J
.bg/ for all g 2RJ , then n j b.

Proof. Assume that n − b. We need to find g 2RJ such that n − @wM w�1
J
.bg/.

Recall from Lemma 2.7 that for w 2W and f; g 2R, we have

@w.fg/ D
X
x�w

T 0x.f /@x.g/

for certain operators T 0x defined over k, where T 0w.f / D w.f /. Let W J be the subset of
elements in W which are minimal (for the Bruhat order) in their right WJ -coset. We have
@x.g/ D 0 when x …W J and g 2RJ , so we have

@w.fg/ D
X

x�w; x2W J

T 0x.f /@x.g/:

We apply this formula when w D wMw
�1
J . Let W J

M D W
J \WM . Since n − b, then

also n −wMw
�1
J .b/D T 0

wM w�1
J

.b/. So there exists some y 2W J
M (not necessarily unique)

which is minimal with respect to the property that n −T 0y.b/. Now we have

(4.9) @wM w�1
J
.bg/ D

X
x2W J

M

T 0x.b/@x.g/ �
X

x 6<y; x2W J
M

T 0x.b/@x.g/ .mod n/:

Recall that `.xwM /D`.wM /�`.x/ for all x2WM . Let zDy�1wM so that y:zDwM .
We have

`.wJy
�1wM / D `.wM / � `.wJy

�1/ D `.wM / � `.y
�1/ � `.wJ / D `.z/ � `.wJ /;

thus the left descent set of z contains J . By Lemma 3.2 in [7], we have Im.@z/ � R
J . By

our assumption of generalized Demazure surjectivity, we can choose PM 2R such that
@wM

.PM / D 1. Set g D @z.PM / 2 R
J and note that @y.g/ D 1.

Let x 2WM . If x:z is not reduced, then @x.g/ D @x@z.PM / D 0 by equation (27)
in [7]. If x:z is reduced, then

`.wM / � `.yx
�1/ D `.x:y�1wM / D `.x/C `.wM / � `.y/:
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It follows that `.yx�1/ C `.x/ D `.y/, so yx�1:x D y and, in particular, x � y. This
means that @x.g/ ¤ 0 only if x � y.

Finally, we plug g D @z.PM / into (4.9) and observe that @wM w�1
J
.bg/ � T 0y.b/ 6� 0

.mod n/.

Now we can prove that DL<a, as a submodule of End.Ba/, is closed under division by
elements in k (when that makes sense).

Proposition 4.32. Let � 2 DL<a and assume there exists n2k such that 1
n
� 2 End.Ba/.

Then 1
n
� 2 DL<a.

Proof. If n is a unit in k the result is trivial, so assume otherwise.
Let � 2 DL<a and assume that 1

n
� 2 End.Ba/ Š R

I ˝RM RJ . We can write

� D
X
q<a

@qw�1
J
.bq ��

J
M;.1//˝�

J
M;.2/

for some unique bq 2R
RR.q/. For clarity we choose to unravel Sweedler’s notation. Choose

dual bases ¹ciº and ¹diº forRJ overRM relative to the Frobenius trace map @J
M . We have

� D
X

i

X
q<a

@qw�1
J
.bq � ci /˝ di :

Since di is a basis of RJ over RM , any element of RI ˝RM RJ is uniquely express-
ible as

P
i fi ˝ di for fi 2R

I . In particular, if n divides
P

i fi ˝ di , we have

1

n

X
i

fi ˝ di D

X
i

f 0i ˝ di

for some unique f 0i . Then
P
fi ˝ di D

P
i nf

0
i ˝ di , and by the unicity mentioned before,

this implies that nf 0i D fi for all i:
Consequently, � is divisible by n if and only if, for all i , we have

n j
X
q<a

@qw�1
J
.bq � ci /:

We want to show that all the bq are actually divisible by n, so that 1
n
� 2 DL<a.

Assume for contradiction that there exists a minimal r such that n − br . Let z be such
that z:rw�1

J D wMw
�1
J . Then by similar arguments to the previous lemma, we have

0 � @z

�X
q<a

@qw�1
J
.bq � ci /

�
� @wM w�1

J
.br � ci / .mod n/

for each i . The subset ofRJ consisting of those c for which @wM w�1
J
.br � c/� 0 (mod n) is

evidently anRM -submodule. Since this submodule contains a basis ¹ciº forRJ overRM ,
it must contain all of RJ . Thus

n j @wM w�1
J
.br � g/

for all g 2RJ . By Lemma 4.31, we deduce n j br , leading to a contradiction.
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Corollary 4.33. For an almost SW-realization we have DL<aDEnd<a.Ba/. In particular,
DL<a is an .RI ; RJ /-bimodule.

Proof. The containment DL<a � Enda.Ba/ was already shown in Lemma 4.14. Now
pick an arbitrary element  2 End<a.Ba/. By Lemma 4.30, there is some n 2 k such
that n 2DL<a. Then  D 1

n
.n /2End<a.Ba/, so by Proposition 4.32, we deduce that

 2DL<a.

5. Polynomial forcing and atomic Leibniz

5.1. Polynomial forcing for atomic cosets

Now we explain the concept of polynomial forcing. We consider first the case of an atomic
coset

a˛ ŒŒI �M � J ��:

Recall that aJ D Ia and LR.a/ D I , since a is core. Thus there is an isomorphism

RJ
! RI ; f 7! a.f /:

Definition 5.1. Let a be an atomic coset with reduced expression ŒŒI �M � J �� and let
f 2RJ . We say that polynomial forcing holds for f and a if we have

(5.1) 1˝ f � a.f /˝ 1 2 End<a.Ba/:

We say that polynomial forcing holds for a if (5.1) holds for all f 2RJ .

Lemma 5.2. Suppose that (5.1) holds for f1 and for f2, with both f1; f2 2 R
J . Then it

holds for f1 C f2 and f1f2.

Proof. Additivity is trivial, because Hom<a is closed under addition. Now consider the
following:

1˝ f1 � f2 � a.f1 � f2/˝ 1D .1˝ f1 � a.f1/˝ 1/ � f2C a.f1/ � .1˝ f2 � a.f2/˝ 1/:

Since End<a.Ba/ is closed under right and left multiplication, both terms on the right-hand
side above are in End<a.Ba/, and the result is proven.

Before continuing, let us contrast polynomial forcing with an a priori different notion.

Definition 5.3. Consider DL<a from Definition 4.13. We say that DL-forcing holds for a
and f if 1˝ f � a.f /˝ 12DL<a � End.Ba/. We say that DL-forcing holds for a if it
holds for a and f , for all f 2RJ :

For an almost-SW realization, DL-forcing is equivalent to polynomial forcing, since
DL<aDEnd<a.Ba/ by Corollary 4.33. In general, it is not obvious that DL-forcing is mul-
tiplicative. The proof of multiplicativity in Lemma 5.2 relied on the fact that End<a.Ba/

is an .RI ; RJ /-bimodule, whereas DL<a is only a priori a right RJ -module.
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5.2. Equivalence

Now we prove the equivalence between atomic Leibniz rules and polynomial forcing. To
formulate an intermediate condition in the proof, which is also of importance for the next
section, we agree to say the following. Given an atomic .I; J /-coset a and an element
f 2RJ , an atomic Leibniz rule for a and f is said to hold if there exist elements Tq.f /

such that equation (3.1) is satisfied for all g 2RJ . Since this condition is stated for one
polynomial f at a time, there is no requirement that Tq is an RM -linear operator.

Proposition 5.4. Let a˛ ŒI;M; J � be an atomic .I; J /-coset, and let f 2RJ . We have
a rightward atomic Leibniz rule for a and f if and only if DL-forcing holds for a and f .
Moreover, for an almost-SW realization, if DL-forcing holds for a and f , then the atomic
Leibniz rule is unique, i.e., the elements Tq.f /2R

RR.q/ in (3.1) are uniquely determined.

Proof. Note thatRJ �RM is a Frobenius extension, see Section 24.3.2 of [11]. The trace
map is

@J
M WD @wM w�1

J
D @a:

Let �J
M 2R

J ˝RM RJ denote the coproduct element (the image of 1 2RJ under the
coproduct map), which we often denote using Sweedler notation. Then equation (2.2)
with f D 1 in [12] implies that

1˝ 1 D @a.�
J
M;.1//˝�

J
M;.2/:

Multiplying by a.f / on the left, we get

a.f /˝ 1 D a.f / � @a.�
J
M;.1//˝�

J
M;.2/:

Meanwhile, equation (2.2) in [12] implies that

1˝ f D @a.f ��
J
M;.1//˝�

J
M;.2/:

Thus we have

(5.2) 1˝ f � a.f /˝ 1 D
�
@a.f ��

J
M;.1// � a.f / � @a.�

J
M;.1//

�
˝�J

M;.2/:

Letting g D �J
M;.1/

, a rightward atomic Leibniz rule for a and f gives

@a.f � g/ � a.f / � @a.g/ D
X
q<a

@qw�1
J
.Tq.f / � g/:

Thus we have

1˝ f � a.f /˝ 1 D
X
q<a

@qw�1
J
.Tq.f / ��

J
M;.1//˝�

J
M;.2/:

which lies in DL<a by definition.
We prove now the other direction. We have

1˝ f � a.f /˝ 1 2 DL<a :
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By (5.2), we obtain�
@a.f ��

J
M;.1// � a.f / � @a.�

J
M;.1//

�
˝�J

M;.2/ 2 End<a.Ba/:

By Corollary 4.33, we have that End<a.Ba/ D DL<a, and by definition of DL<a, we
deduce that

@a.f ��
J
M;.1//˝�

J
M;.2/

D a.f / � @a.�
J
M;.1//˝�

J
M;.2/ C

X
q<a

@qw�1
J
.Tq.f / ��

J
M;.1//˝�

J
M;.2/(5.3)

for some Tq.f / 2R
RR.q/. For an almost-SW realization, Lemma 4.29 implies that the

Tq.f / are unique.
Note that �J

M;.1/
and �J

M;.2/
run over dual bases of RJ over RM . The elements B D

¹1˝ �J
M;.2/
º form a basis for Ba, when viewed as a left RI -module. Thus in order for

the equation (5.3) to hold, it must be an equality for each coefficient with respect to the
basis B. Hence we conclude

(5.4) @a.f ��/ D a.f / � @a.�/C
X
q<a

@q.Tq.f / ��/

for all � ranging through a basis of RJ over RM .
Using the linearity of (5.4) over RM , we deduce that it continues to hold when � is

replaced by any element g 2RJ . Thus the atomic Leibniz rule for f is proven.

Theorem 5.5. Assume an almost-SW realization (see Definition 4.21). Let a˛ ŒI;M; J �

be an atomic .I; J /-coset. Then the following are equivalent.

(1) A rightward atomic Leibniz rule holds for a.

(2) A leftward atomic Leibniz rule holds for a.

(3) For a set of generators ¹ciº of the RM -algebra RJ , a rightward atomic Leibniz rule
holds for a and each ci .

(4) For a set of generators ¹ciº of the RM -algebra RJ , a leftward atomic Leibniz rule
holds for a and each ci .

(5) Polynomial forcing holds for a.

Moreover, in this case, there are unique operators Tq; T
0
q that satisfy atomic Leibniz rules.

Proof. First, we observe that polynomial forcing holds for f 2RM . Clearly 1 ˝ f D
f ˝ 1. Moreover, a � WM so a.f / D f .

That (1) implies (3) is clear.
Suppose that (3) holds. By Proposition 5.4, DL forcing holds for all ci . By Corol-

lary 4.33, DL-forcing for ci is equivalent to polynomial forcing for ci . By Lemma 5.2, the
subset of RJ consisting of those f for which polynomial forcing holds is a subring. As
explained above, this subring includes RM , so if it includes ¹ciº then it must be all of RJ .
In this way, (3) implies (5).

Suppose that (5) holds. Once again, Proposition 5.4 and Corollary 4.33 imply that, for
each f 2RJ , a rightward atomic Leibniz rule holds for f , with the elements Tq.f / 2
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RRR.q/ being unique. To prove that a rightward atomic Leibniz rule holds, it remains to
prove that the operators Tq WR

J ! RRR.q/ are RM -linear. We do this below, finishing the
proof that (5) implies (1).

Let g 2RM . Multiplying both sides of equation (5.3) on the left by g, and pulling g
into various RM -linear operators (namely @a and a and @qw�1

J
), we obtain

@a.gf ��
J
M;.1//˝�

J
M;.2/

D a.gf / � @a.�
J
M;.1//˝�

J
M;.2/ C

X
q<a

@qw�1
J
.gTq.f / ��

J
M;.1//˝�

J
M;.2/:

This is exactly (5.3) with gf replacing f , except that gTq.f / appears instead of Tq.gf /.
By uniqueness, we deduce that Tq.gf / D gTq.f /.

We have thus shown the equivalence of (1), (3) and (5). A similar argument will imply
the equivalence of (2) and (4) and (5), and the uniqueness of T 0q . This similar argument
replaces DLLr .q; b/ with DLLl .q; b/, using Proposition 4.20 and Lemma 4.11. The left
analogue of the remaining arguments (e.g., Proposition 5.4 and Corollary 4.33) is left to
the reader.

Remark 5.6. The intermediate conditions (3) and (4) do not play a significant role in
the proof. We have included them to make it easier to prove the atomic Leibniz rule by
establishing it on a set of generators.

5.3. Polynomial forcing for general cosets

Now let p be an arbitrary .I; J /-coset, with a reduced expression I�. We wish to avoid the
technicalities of changing the reduced expression I� in this paper. Instead we focus on the
special case when I� is an atomic-factored reduced expression, i.e., it has the following
form:

(5.5) I� D ŒŒI � LR.p/�� ı I 0� ı ŒŒRR.p/ � J ��

where I 0� is an atomic reduced expression (see below) for pcore.
An atomic reduced expression for a core coset pcore is a reduced expression of the

form
I 0� D ŒŒLR.p/ D N0 �M1 � N1 � � � � �Mm � Nm D RR.p/��;

where each ŒŒNi � MiC1 � NiC1�� is a reduced expression for an atomic coset aiC1.
In particular, p D a1:a2: � � � :am. Any core coset has an atomic reduced expression, see
Corollary 2.17 in [9], and thus any coset has an atomic-factored reduced expression by
Proposition 4.28 in [6].

We have

(5.6) BS.I�/ D RLR.p/
˝RM1 R

N1 ˝RM2 � � � ˝RMm R
RR.p/

viewed as an .RI ; RJ /-bimodule. Meanwhile, BS.I 0�/ is the same abelian group, but is
viewed as an .RLR.p/; RRR.p//-bimodule. There is an action of each RNi on BS.I�/ by
multiplication in the i -th tensor factor of (5.6). Indeed, this induces an injective map

(5.7) BS.I�/! End.BS.I�//

which is not surjective in general.
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An arbitrary reduced expression for p might never factor through the subset LR.p/
or RR.p/. The first advantage of an atomic-factored expression is that there is an obvious
action of RLR.p/ on BS.I�/ by left-multiplication, and an obvious action of RRR.p/ by
right-multiplication. The goal is to prove that these two actions agree up to a twist by p,
modulo lower terms.

We denote by IdI� the identity morphism of BS.I�/.

Definition 5.7. Let I� be an atomic-factored reduced expression as in (5.5). We say that
polynomial forcing holds for I� if for all f 2RRR.p/, within End.BS.I�// as described
in (5.6) and (5.7), we have

(5.8) p.f / � IdI� � IdI� �f modulo End<p.BS.I�//:

We say that polynomial forcing holds for a double coset p if it holds for all atomic-factored
reduced expressions I� satisfying I�˛ p.

This definition generalizes Definition 5.1 because atomic cosets have only one reduced
expression.

Let p be an arbitrary .I; J /-coset. Since LR.p/ � I , there is an inclusion of rings
RI � RLR.p/, and RLR.p/ is naturally an RI -module. Similarly, RRR.p/ is an RJ -module.
If f 2RRR.p/, then p.f /2RLR.p/. We can identify the rings RLR.p/ and RRR.p/ via p. In
this way, RLR.p/ becomes an .RI ; RJ /-bimodule.

Definition 5.8. Let p be an .I; J /-coset. The standard bimodule associated to p, denoted
Rp , is RLR.p/ as a left RI -module. If f 2RJ and m2Rp , then

m � f WD p.f /m:

We identify Rp with either RLR.p/ (with right action twisted) or RRR.p/ (with left
action twisted), as is more convenient.

Let
qu W End.BS.I�//! End.BS.I�//=End<p.BS.I�//

denote the quotient map.

Lemma 5.9. Let p be a core .I; J /-coset and let I� be a reduced expression for p. The
bimodule map

(5.9) Rp ! End.BS.I�//=End<p.BS.I�//; 1 7! qu.IdI�/;

is well defined if and only if polynomial forcing holds for I�.

Proof. The right action of f 2RJ on 1 2RJ D Rp yields f 2RJ , and the right action
on qu.IdI�/ yields qu.IdI� �f /. The left action of p.f / 2RI on 1 2RJ D Rp yields
f 2RJ , and the left action on qu.IdI�/ yields qu.p.f / � IdI�/. These agree if and only if
the bimodule map is well defined, and if and only if (5.8) holds.

In conclusion, we have shown the equivalence of three ideas (for almost SW-realiza-
tions) for an atomic coset a: the well-definedness of the morphism (5.9) when pD a˛ I�,
atomic polynomial forcing, and the atomic Leibniz rule.



The atomic Leibniz rule 33

For SW-realizations, (5.9) is an isomorphism by the theory of singular Soergel bimod-
ules. We can thus prove one of our main theorems.

Theorem 5.10. For an SW-realization, atomic polynomial forcing and atomic Leibniz
hold. Moreover, the operators Tq and T 0q in the Leibniz formulas are unique.

Proof. Assume a˛ ŒI;M; J � is an atomic coset. Then Ba Š BS.ŒI;M; J �/.
Recall from Section 4.5 of [19] the definition of the submodule �<aBa of elements

supported on lower cosets. By Lemma 3.31 in [8], we have a short exact sequence

(5.10) 0! End.Ba; �<aBa/! End.Ba/! Hom.Ba; Ba=�<aBa/! 0

and, by Theorem 3.30 in [8], the first term in (5.10) is isomorphic to End<a.Ba/. More-
over, since Ba is indecomposable, by Theorem 7.10 in [19], we have Ba=�<aBa Š Ra.
The Soergel–Williamson hom formula (Theorem 7.9 in [19]) implies that we have an
isomorphism7 Hom.Ba;Ra/ŠRa given by f 7! f .1˝ 1/. Putting all together, we obtain
an isomorphism

End.Ba/=End<a.Ba/
�
�! Ra

which sends ida to 1 2 Ra

By Lemma 5.9, the existence of the isomorphism implies polynomial forcing for a.
By Theorem 5.5, this is in turn equivalent to the atomic Leibniz rule for a. Moreover, as
proven in Theorem 5.5, the operators Tq and T 0q in the Leibniz formulas are unique.

Remark 5.11. For an SW-realization, there is an equivalent module-theoretic (rather than
morphism-theoretic) version of polynomial forcing. We first recall from Definition 3.23
in [9] the filtration on Soergel bimodules

N<p.B/ D
X

f 2Hom.BS.I�/;B/ ; I�˛q<p

Im.f /:

In Proposition 3.25 of [9], we have showed that this coincides with the support filtra-
tion �<p introduced in [19].

Let a˛ ŒI; M; J � be an atomic coset. We say that (module-theoretic) polynomial
forcing holds for a and f if

(5.11) a.f /˝ 1 � 1˝ f 2N<a.Ba/:

There is an isomorphism Ba Š End.Ba/, where b ˝ b0 2Ba is sent to multiplication
by b ˝ b0. Moreover, by Theorem 3.30 in [9], we have

Hom.Ba; N<aBa/ Š End<a.Ba/:

Hence, (5.11) holds if and only if multiplication by a.f /˝ 1� 1˝ f induces a morphism
in End<a.Ba/, that is, if an only if (morphism-theoretic) polynomial forcing holds for f .

7As in the rest of this paper, we are ignoring degrees here.
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5.4. Polynomial forcing: atomic and general

In the diagrammatic category, we intend to use the atomic Leibniz rule to prove polyno-
mial forcing, and not vice versa. In that context, polynomial forcing is to be interpreted
as the morphism-theoretic statement that (5.9) is a well-defined morphism, when I� is
an atomic-factored reduced expression. The goal of this section is to prove that atomic
polynomial forcing implies general polynomial forcing.

In [8], a compatibility between the Bruhat order and concatenation of reduced expres-
sion is proven, which implies the following result.

Proposition 5.12 (Proposition 3.7 in [8]). Let P� ˛ p and Q� ˛ q and R� ˛ r be
reduced expressions such that P� ıQ� ıR�˛ p:q:r is reduced. Then

idP� ˝End<q.Q�/˝ idR� � End<p:q:r .P� ıQ� ıR�/:

Theorem 5.13. Assume an SW-realization. Then polynomial forcing holds for all double
cosets.

Proof. We first treat the case where p D pcore is a core .I; J /-coset. Consider an atomic
reduced expression I� for p, yielding atomic cosets ai such that p D a1:a2: � � � :am.
Since ai are core cosets, by Lemma 2.10 in [9], we have p D a1 � a2 � � � am. Now within
BS.I�/ we have

Ida1 ˝ � � � ˝ Idam f � Ida1 ˝ � � � ˝ am.f / Idam

� � � � � a1.� � � .am.f /// Ida1 ˝ � � � ˝ Idam ;

where � indicates equality modulo lower terms. At each step we applied polynomial
forcing for an atomic coset as proved in Theorem 5.10, and used Proposition 5.12 to argue
that lower terms for ai embed into lower terms for p. Thus polynomial forcing holds for p.

If p is not a core coset, let I� be a special reduced expression for p as in (5.5). Poly-
nomial forcing for pcore implies that

p.f / � IdI� � IdI� �f

modulo
idŒŒI�LR.p/��˝End<pcore.I 0�/˝ idŒŒRR.p/�J �� :

By Proposition 5.12, they are also equivalent modulo End<p.I�/, as desired.

The reader familiar with Soergel bimodules might be familiar with the following
example, which showcases how atomic polynomial forcing implies the general case. It
also relates our new concept of polynomial forcing to the concept previously in the liter-
ature.

Example 5.14. Consider the .;;;/-coset pD¹sº for a simple reflection s, and the reduced
expression I� D Œ;; s;;�. Inside Bs WD BS.I�/ D R˝Rs R, we have

1˝ f � s.f /˝ 1 D @s.f / �
1

2
.˛s ˝ 1C 1˝ ˛s/:

The term on the right-hand side is in End<s.I�/, a consequence of the so-called polyno-
mial forcing relation in the Hecke category, see, e.g., equation (5.2) in [14].
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Now consider the .;; ;/ coset p D ¹wº for some w 2W , and a reduced expression
I� D Œ;; s1; ;; s2; : : : ; ;; sd ; ;�. By applying the polynomial forcing relation for Bsd

, we
see that 1 ˝ � � � ˝ 1 ˝ f � 1 ˝ � � � ˝ sd .f / ˝ 1 modulo maps which factor through
Œ;; s1; ;; : : : ; ;; sd�1; ;�. Continuing, we can apply polynomial forcing for each Bsi

to
force f across all the tensors, at the cost of maps which factor through subexpressions of
s1 � � � sd . By the subexpression property of the Bruhat order, such maps consist of lower
terms.

6. Atomic Leibniz rule in type A

In this section, we explicitly prove condition (3) in Theorem 5.5 in type A. We establish
this result for k D Z in this section, rather than over a field. In addition to extending our
results over Z, we feel the ability to be explicit in a key example is its own reward.

In order to achieve this, we first prove in Theorem 6.3 explicitly an atomic Leibniz
rule for a specific set of generators when WM is the entire symmetric group. In §6.3, we
extend our results to the case when WM is a product of symmetric groups. This handles
all atomic cosets in type A.

6.1. Notation in type A

We fix notation under the assumption that WM is an irreducible Coxeter group of type A.
For s; t 2M , we write ys WDM n ¹sº and ysyt WDM n ¹s; tº, etcetera.

Fix a;b� 1 and let nD aC b. LetWM D Sn. Let t D sa and sD sb DwM twM , so that
WJ D Sa � Sb andWI D Sb � Sa. Let a be the .Sb � Sa;Sa � Sb/-coset containing wM .
The coset a is depicted as follows, with its minimal element a being the string diagram
visible:

a D :

Drawn is the example a D 3 and b D 5.
For each 0 � k � min.a; b/, there is an .ys; yt /-coset qk depicted as follows:

q1 D ; q2 D ; q3 D :

Then a D q0, and ¹qkº0�k�min.a;b/ is an enumeration of all the .ys; yt /-cosets. The Bruhat
order is a total order in this case:

q0 > q1 > q2 > � � � > qmin.a;b/:

The left redundancy subgroup (see Section 1.2 of [9] to see how to calculate redund-
ancies and cores) of qk is Sk � Sb�k � Sa�k � Sk . For brevity, let ` WD n� k. Then (with
one exception) LR.qk/D yb yk ỳ WDM n ¹b; k; `º and RR.qk/D ya yk ỳ. The core of qk is the
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double coset depicted as

qcore
1 D ; qcore

2 D ; qcore
3 D :

Note that the core of qk is itself atomic, except for k D min.a; b/ when the core is an
identity coset.

The case k D a D b D ` is relatively special. We denote this special coset as qaDb .
We have LR.qaDb/ D RR.qaDb/ D I D J . Unlike other qi , qaDb is core.

Remark 6.1. In type A, the following statement is always true: if a is atomic and q < a
then qcore is either atomic or an identity coset. We do not know for which atomic cosets a
this property holds in other types.

A reduced expression for qk , which factors through the core, is

(6.1) qk ˛ ŒŒ yb � yb yk ỳ � yk ỳ � ya yk ỳ � ya��:

The exception is when a D b D k, in which case

(6.2) qaDb ˛ Œyb�;

that is, the identity expression of I D yb is a reduced expression for the length zero
coset qaDb .

Finally, let us write yk D qkw
�1
J . Then @qk

D @yk
. Here are examples of yk :

(6.3) y0 D ; y1 D ; y2 D ; y3 D :

Of course, y0 D a. Meanwhile, yk is obtained from y0 by removing a k � k square of
crossings from the bottom. In the special case of the coset qaDb , we have yaDb D e, the
identity of W .

6.2. Complete symmetric polynomials

Fix a; b � 1 and continue to use the notation from the previous section. The standard
action of Sn on Zn (with the standard choice of roots and coroots) we call the permutation
realization. Let R D ZŒx1; : : : ; xn�. All Demazure operators preserve R. By a result of
Demazure (see Lemme 5 in [3]), Frobenius surjectivity holds in type A over Z, that is, for
any I �M we can find PI 2 R such that @I .PI / D 1.

Moreover, for any J � I the ring RI is Frobenius over RJ and we can choose dual
bases �J

I;.1/
and �J

I;.1/
accordingly.

It is well known that the subring RJ D RSa�Sb is generated over RSn by the complete
symmetric polynomials

hi .x1; : : : ; xa/ D
X

1�k1�k2�����ki�a

xk1
xk2
� � � xki
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in the first a variables. In this section, we directly prove the atomic Leibniz rule for a
when f D hi .x1; : : : ; xa/.

One of the great features of complete symmetric polynomials is their behavior under
Demazure operators. For example, we have

@3.hi .x1; x2; x3// D hi�1.x1; x2; x3; x4/:

As a consequence, @2@3.hi .x1; x2; x3// D 0, a fact which is false if hi is replaced by
some general polynomial insideRS3�Sn�3 . Indeed, the only elementsw� s1s2s3 for which
@w.hi .x1; x2; x3// ¤ 0 are w D s3 and w D e. This will simplify the computation con-
siderably.

Below we shall use letters like X , Y , and Z to denote subsets of ¹1; : : : ; nº. We write
hi .X/ for the i -th complete symmetric polynomial in the variables xj for j 2X .

Lemma 6.2. We have

(6.4) @j .hi .X// D

8̂<̂
:
hi�1.X [ ¹j C 1º/ if j 2X and j C 1…X;
�hi�1.X [ ¹j º/ if j C 12X and j …X;
0 otherwise.

Proof. Clearly, hi .X/ is sj -invariant if both j and j C 1 are inside or outside X , so
@j .hi .X// D 0. Assume now that j 2X and j C 1…X . We have

hi .X/ D hi .X n ¹j º/C hi�1.X/xj :

Hence,
@j .hi .X// D @j .hi�1.X/xj /:

Applying the twisted Leibniz rule, by induction on jX j, we obtain

@j .hi .X// D hi�2.X [ ¹j C 1º/xj C sj .hi�1.X//@j .xj /

D hi�2.X [ ¹j C 1º/xj C hi�1.X [ ¹j C 1º n ¹j º/

D hi�1.X [ ¹j C 1º/:

The case where jC1 2X and j …X follows because @j .sj .f // D �@j .f /, so we
have

@j .hi .X// D �@j .hi .X [ ¹j º n ¹j C 1º// D �hi�1.X [ ¹j º/:

Theorem 6.3. Use the notation of §6.1. Fix a; b � 1, and let n D a C b: Let X D
¹1; : : : ; aº and Y D ¹n; n � 1; : : : ; nC 1 � aº. Recall y0; y1 2 Sn from (6.3).

Then for any i � 0 and any g 2RSa�Sb D RJ , we have

@y0.hi .X/ � g/ D hi .Y / � @y0.g/C @y1.hi�1.X [ n/ � g/:

As @p D @y0 ; p D y0; and y0.hi .X// D hi .Y /, this is compatible with (3.1), where
Tq1.hi .X// D hi�1.X [ n/, and Tqk

.hi .X// is zero for all k > 1. Most of the terms
in (3.1) are zero for complete symmetric polynomials, making the formula much easier
than the general case.
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Proof. We will do a proof by example, for the example8 a D 3 and b D 4. The general
proof is effectively the same only the notation is more cumbersome.

In this proof, we write @123 for @1 ı @2 ı @3 (and not the Frobenius trace associated
to the longest element w123). We use parenthesization for emphasis, so that @.12/3 is the
same thing as @123, but emphasizes that @.12/3 D @12 ı @3.

Remember that g is invariant under anything except s3, so @j .g/ D 0 if j ¤ 3. This
implies, for example, that @3 kills @23.g/, and that @2 kills @3243.g/, etcetera.

We claim that

(6.5) @123.hi .123/g/ D hi�1.1234/@23.g/C hi .234/@123.g/:

One proof is to apply the ordinary twisted Leibniz rule repeatedly using (6.4). After one
step, we obtain

@123.hi .123/g/ D @12.hi�1.1234/g C hi .124/@3.g//:

The first term on the right-hand side is invariant under s2, so it is killed by @2. Thus we
have

@123.hi .123/g/ D @1.@2.hi .124/@3.g/// D @1.hi�1.1234/@3.g/C hi .134/@23.g//:

Again the first term on the right-hand side is invariant under s1, so it is killed by @1. A
final application of the twisted Leibniz rule to @1.hi .134/@23.g// gives (6.5). Essentially,
this proof is by iterating the twisted Leibniz rule and arguing that the first term vanishes
in every application but the last, because the first term is appropriately invariant. We call
this the easy invariance argument.

Note that @123.g/ is invariant under everything but s4. More generally, @12:::a.g/ is
killed by @j for all j ¤ aC 1. This is true when j D 1 since @1@1 D 0. This is true when
j > aC 1 since @j @12:::a D @12:::a@j and @j .g/D 0. This is true when 2 � j � a because
@j @12:::a D @12:::a@j�1 and @j�1.g/ D 0.

By the easy invariance argument again, but with indices shifted and g replaced by
@123.g/, we have

(6.6) @234.hi .234/@123.g// D hi�1.2345/@34123.g/C hi .345/@234123.g/:

This is how we treat the second term in the right side of (6.5).
Note that all computations above are unchanged by adding new variables to our com-

plete symmetric polynomials which are untouched by any of the simple reflections used
by the formula. For example, adding 7 to every hi in (6.5), we get

@123.hi .1237/g/ D hi�1.12347/@23.g/C hi .2347/@123.g/:

In this example, we call 7 an irrelevant index.
Now we examine the first term in the right side of (6.5). Note that @23.g/ is invariant

under all simple reflections except s1 and s4. For the next computation, the index 1 is
irrelevant. The easy invariance argument again implies that

@234.hi�1.1234/@23.g// D hi�2.12345/@3423.g/C hi�1.1345/@23423.g/:

8Our chosen example is slightly different from the example a D 3 and b D 5 from the previous section.
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However, as 23423 D 32434; we have @23423.g/ D 0, so one has the simpler formula

(6.7) @234.hi�1.1234/@23.g// D hi�2.12345/@3423.g/:

Overall, we see that

@.234/.123/.hi .123/g/ D hi .345/@.234/.123/.g/(6.8)
C hi�1.2345/@.34/.123/.g/

C hi�2.12345/@.34/.23/.g/:

The pattern is relatively straightforward. Here is the next one in the pattern:

@.345/.234/.123/.hi .123/g/ D hi .456/@.345/.234/.123/.g/(6.9)
C hi�1.3456/@.45/.234/.123/.g/

C hi�2.23456/@.45/.34/.123/.g/

C hi�3.123456/@.45/.34/.23/.g/:

The word whose Demazure is applied to g is obtained from the concatenation of triples
.345/.234/.123/ by removing the first index from some of the triples; more specifically,
from a prefix of the set of triples. The indices that get removed are instead added to the
complete symmetric polynomial. The reason triples appear is because a D 3.

The inductive proof of this pattern is the same as above. First, one takes (6.8) and
applies @345. The first term splits in two, giving the first two terms of (6.9), similar to (6.5)
or (6.6). Each other term contributes one term in (6.9), similar to (6.7).

Note that we could have added the irrelevant index 7 to every set in sight within (6.9),
without any issues. This will be important later.

Repeating until one applies @y0 , we calculate @y0.hi .X/ � g/:

@.456/.345/.234/.123/.hi .123/g/ D hi .567/@.456/.345/.234/.123/.g/(6.10)
C hi�1.4567/@.56/.345/.234/.123/.g/

C hi�2.34567/@.56/.45/.234/.123/.g/

C hi�3.234567/@.56/.45/.34/.123/.g/

C hi�4.1234567/@.56/.45/.34/.23/.g/:

The fact that there were four triples is because b D 4. Note that the first term in the right-
hand side is hi .Y /@y0.g/:

Let us compute @y1.hi�1.1237/ � g/. Note that y1D.56/.345/.234/.123/. To compute
@.345/.234/.123/.hi�1.1237/g/, we take (6.9), add the irrelevant index 7 to all variable lists,
and reduce i by one. Now we need only apply @.56/ to the result. The key thing to note
here is that each h�.� � � 567/ is invariant already under s5 and s6. Thus both operators in
@.56/ simply apply to the g term. From this, we can compute @y1.hi�1.X [ n/ � g/:

@.56/.345/.234/.123/.hi�1.1237/g/ D hi�1.4567/@.56/.345/.234/.123/.g/

C hi�2.34567/@.56/.45/.234/.123/.g/

C hi�3.234567/@.56/.45/.34/.123/.g/

C hi�4.1234567/@.56/.45/.34/.23/.g/:
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This exactly matches all terms from (6.10) except the first term. Thus the theorem is
proven!

Theorem 6.4. The atomic Leibniz rule and atomic polynomial forcing both hold for
atomic cosets a˛ ŒI;M; J � when WM D Sn when R D ZŒx1; : : : ; xn�.

Proof. Theorem 6.3 proved property (3) from Theorem 5.5 in this case. Thus condi-
tions (1) and (5) also hold in this case.

6.3. Reduction to the connected case

The previous section proves an atomic Leibniz rule under the assumptionWM D Sn. Now
we do the general case.

Let W D Sn. An arbitrary atomic coset in W contains the longest element of the
reducible Coxeter group WM D Sn1 � � � � � Snk

where
P
ni D n. It is a coset for .ys; yt /,

where s and t are simple reflections in the same irreducible component Sni
of WM . We

can prove polynomial forcing for an arbitrary atomic coset in type A if we can bootstrap
the result from Sni

to WM .
In this discussion, there is no difference between type A and a general Coxeter type.

Thus let M be finitary, with s; t 2 M and wM swM D t . Let a be the atomic .ys; yt /-coset
containing wM .

Now suppose that M D C1 t C2 t � � � t Ck is a disjoint union of connected com-
ponents (the simple reflections in Ci commute with those in Cj for i ¤ j ). Suppose
without loss of generality that s 2C1, and let D D C2 t : : : t Ck . Then t 2C1 as well,
and t D wC1swC1 . Let a0 denote the atomic .C1 n s;C1 n t /-coset containing wC1 . Then a
and a0 are related by the operationCD described in Section 4.10 of [6].

Lemma 6.5. With the notation as above, polynomial forcing holds for a if and only if it
holds for a0.

Lemma 6.6. With the notation as above, an atomic Leibniz rule holds for a if and only if
it holds for a0.

Proof. The proof is straightforward and left to the reader, but we wish to point out the
available ingredients. Many basic properties of the operatorCD are given in Section 4.10
of [6]. There is a bijection between cosets q < a and cosets q0 < a0, and also a bijection
between their reduced expressions. Note that

@xqwyt�1 D @xq0w�1
C1nt

as operatorsR!R. Finally, dual bases for the Frobenius extensionRM �RMnt can also
be chosen as dual bases for the Frobenius extension RC1 � RC1nt .

Theorem 6.7. The atomic Leibniz rule and polynomial forcing hold for any atomic coset
in type An�1 when R D ZŒx1; : : : ; xn�.

Proof. The restriction of the permutation realization to any Sni
� Sn is a W -invariant

enlargement of the permutation realization of Sni
.Thus the result follows from Lemma 6.5,

Lemma 6.6, Theorem 6.4, and Lemma 3.17.
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Applying Lemma 3.17, we also deduce the atomic Leibniz rule for a host of other
realizations, including when R D kŒx1; : : : ; xn� for any commutative ring k.
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