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On reflection maps from the n-space to the n C 1-space

Milena Barbosa Gama and Otoniel Nogueira da Silva

Abstract. We consider some problems about a reflected graph map germ f from
.Cn; 0/ to .CnC1; 0/. A reflected graph map is a particular case of a reflection map,
which is defined using an embedding of Cn in Cp and then applying the action
of a reflection group G on Cp . We present a description of the presentation matrix
of f�On as an OnC1-module via f in terms of the action of the associated reflection
group G. We also give a description for a defining equation of the image of f in
terms of the action of G. Finally, we provide an upper (and also a lower) bound for
the multiplicity of the image of f and some applications.

1. Introduction

In this work, we consider some problems on reflection maps from Cn to CnC1. Reflec-
tion maps have recently emerged in the literature and have proven to be a very interesting
subject for singularity theory, with interesting properties and challenging problems to be
explored. These kind of maps were introduced by Peñafort-Sanchis in [21], where sev-
eral interesting problems are considered, such as Lê’s conjecture, normal crossings and
A-finite determinacy. Reflection maps were also used to produce the first known counter-
example of Ruas’s conjecture ([23] see also [26]). In order to explain what a reflection
map is, let us first introduce some ingredients and notation.

Let GL.Cp/ be the group of all invertible linear maps from Cp to Cp (the gen-
eral linear group), and U.Cp/ the group of unitary automorphisms of Cp . A reflection
in Cp is a linear map gWCp ! Cp which is unitary, has finite order (as an element
of GL.Cp/) and the set of points fixed by the action of g has dimension p � 1. A finite
subgroup G of U.Cp/ is a (unitary) reflection group if it is generated by reflections. The
cyclic group Zd and the dihedralD2m are typical examples of reflection groups (as long as
they are considered with convenient representations in GL.Cp/, see Remark 2.8). There
is a vast theory regarding reflection groups, and we will only explain in this work what we
need to get our results. A general reference for the topic is [10] (see also [8]) where one
can find a detailed description of reflection groups and also the classification of irreducible
reflection groups obtained by Shephard–Todd in 1954 (see [25]).
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In few words, a reflection map f WCn ! Cp is defined by Peñafort-Sanchis in [21]
simply as the composition of the orbit mapwWCp!Cp of the groupG (see Definition 9.2
in [10]) with an embedding �WCn ,! Cp , i.e., f D w ı �.

We remark that according to Peñafort-Sanchis, the formulation of a precise definition
of a reflection map is attributed to Fernández de Bobadilla. A reflected graph is a particular
case of a reflection map. These kind of maps were also introduced by Peñafort-Sanchis
in [21], and play a very important role in the theory of reflection maps. For instance,
Peñafort-Sanchis shows that with a certain hypothesis, any reflection map germ is A-
equivalent to a reflected graph map germ (see Proposition 3.2 in [21]). Let hWCp ! Cr

be any holomorphic map andG a reflection group acting on Cp . In few words, we can say
that a reflected graph map .w; h/WCp ! CpCr is the reflection map obtained by taking
the embedding of h given by x 7! .x; h.x//, and letting G act on Cp � Cr , trivially on
the second factor.

The objective of this work is to study some problems about reflected graph map germs
from .Cn; 0/ to .CnC1; 0/, where h is a map germ from .Cn; 0/ to .C; 0/. Before we
describe the problems we will deal with, let us look at some historical cases.

The simplest class of examples of reflected graph maps are the fold maps. For instance,
the C5-singularity of Mond’s list (see p. 378 in [15]) defined by f .x; y/ D .x; y2; xy3 �
x5y/ (see Figure 1). Historically, fold maps are the first examples of reflection maps that
we find in the literature. The first people to study the subject were Bruce in [2] and Mond
in [14]. A fold map germ f W .C2; 0/ ! .C3; 0/ is a reflected graph map germ where
�W .C2; 0/ ,! .C3; 0/ is defined by �.x; y/ D .x; y; h.x; y// and wW .C3; 0/! .C3; 0/ is
the orbit map w.X;Y;Z/D .X; Y 2;Z/ of the group Z2 �Gid, where Gid is trivial group.

Figure 1. The C5 singularity viewed as a reflection map.

Later, in 2008, Marar and Nuño-Ballesteros introduced in [11] the double fold maps.
These maps are similar to folds maps, but for this class, w is the orbit map of the group
Z2 � Z2 and f D w ı � takes the form f .x; y/ D .x2; y2; h.x; y//. A detailed study of
double fold maps is given in [20]. A typical example of a double fold map germ is the one
given by f .x; y/ D .x2; y2; x3 C y3 C xy/ (see Figure 2).

Note that the image of f above is a singular surface in C3. If .X; Y; Z/ denotes a
system of coordinates in C3, then a defining equation of the image of f is

(1.1)
X2Y 2 � 2XYZ2 CZ4 � 2X4Y � 2XY 4 � 8X2Y 2Z

� 2X3Z2 � 2Y 3Z2 CX6 � 2X3Y 3 C Y 6 D 0:
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Figure 2. The reflection map f .x; y/ D .x2; y2; x3 C y3 C xy/ (real points).

We remark that determining a defining equation of the image of a map germ in general
is not an easy task. In this way, let G be a reflection group acting in Cn � C, trivially on
the second factor, through an orbit map w D .w1; : : : ;wn;Z/. Let hW .Cn; 0/! .C; 0/ be
a holomorphic function. Consider a reflected graph map germ f W .Cn; 0/! .CnC1; 0/,
f .x/ D .w1.x/; : : : ; wn.x/; h.x//, where x D .x1; x2; : : : ; xn/. We have that the action
of G on Cn � C induces an action on the ring of analytic functions OnC1 (which is
isomorphic to C¹X1; X2; : : : ; Xn; Zº, the ring of convergent series in a neighborhood of
the origin). Thus a natural question in this setting is:

Question 1. How can we describe a defining equation of the image of a reflected graph
map germ f W .Cn; 0/! .CnC1; 0/ in terms of the action of G on h?

When n D 2, a defining equation of the image of a reflection map is described in [3]
in the case of the cyclic groups Z2, Z3, Z4 and the group Z2 � Z2. In Chapter 4 of [26],
the case of the groups Z2 � Z3, Z3 � Z5 and Z4 is considered. However, none of these
works describe a defining equation of the image in terms of the action of G on h.

Also in the case where n D 2, Marar and Nuño-Ballesteros present a defining equa-
tion of the image of f in the case of the group Z2 � Z2 (see the proof of Proposition 3.1
in [11]). The technique they use is to consider the fact that one can see the pushfor-
ward f�O2 as an O3-module, via composition with f . In the sequence, using the Mond–
Pellikaan algorithm (see [18]), they determine a presentation matrix of f�O2 and then
they find a defining equation of the image as the 0-Fitting ideal of f�O2, which is simply
the determinant of the presentation matrix of f�O2. For instance, a presentation matrix of
f D .x2; y2; x3 C y3 C xy/ (with relation to the basis 1; x; y; xy) is given by

M D

2664
�Z X Y 1

X2 �Z X Y

Y 2 Y �Z X

XY Y 2 X2 �Z

3775 :
Note that the defining equation of f D .x2; y2; x3 C y3 C xy/ described in (1.1) is

precisely the determinant of the matrixM above. Thus a natural question in this setting is
the following.

Question 2. Let f .x/ D .w.x/; h.x// be a reflected graph map germ as in Question 1.
How can we describe the presentation matrix of the pushforward f�On in terms of the
action of G on h?
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Note that finding the presentation matrix of f�On may not be an easy task. For the
computations, one can use the software SINGULAR [6] and the implementation of Mond–
Pellikaan’s algorithm given by Hernandes, Miranda, and Peñafort-Sanchis in [7]. How-
ever, depending on the complexity of f , even with the help of a regular computer, the
calculations can take days and in some cases cannot be completed due to lack of computer
memory. This is the case, for example, of maps whose coordinate functions have high
multiplicities.

In this work, we answer both questions. For Question 2, in a few words, we describe
the presentation matrix of f�On as a product of three matrices, whose entries depend
on the action of G on h (see Theorem 3.3). We note that one importance consequence of
obtaining a presentation matrix of f�On is the fact that the Fitting ideals give a convenient
analytic structure not only for the image of f , but also for the imageMk.f / of the (source)
multiple points Dk.f / of f (see [18]).

We consider a reflection group G of order d and a reflected graph map f .x/ D
.w.x/; h.x// as in Question 1. We present the following result (see Theorem 4.2).

Theorem 1.1. A defining equation of the image of f .x/ D .w.x/; h.x// (given by the
0-Fitting ideal of the presentation matrix of f�On/ is given by the following alternating
sum:

(1.2)
F.X1; : : : ; Xn; Z/

D Zd �Qd�1Z
d�1
CQd�2Z

d�2
C � � � C .�1/d�1Q1Z C .�1/

dQ0:

The description of Qd�k in Theorem 1.1 is given in terms of a G-invariant polyno-
mial qd�k.x1; : : : ; xn/, which can be seen as a symmetric polynomial in the variables
h1; h2; : : : ; hd , where hi denotes the action of an element gi of G on h (see Lemma 4.1).
We remark that another way to obtain the defining equation of the image of a reflection
map is presented in [1] using sections of the orbit map, which is a different technique from
the one we use in this work.

As a corollary of Theorem 1.1, we obtain an upper bound for the multiplicity of f ,
where f is a reflected graph map germ. More precisely, write

F D Fm C FmC1 C � � � C Fk C � � � ;

where each Fk is a homogeneous polynomial of degree k and Fm ¤ 0. The integer m
is called the multiplicity of V.F / in 0 and is denoted by m.V.F /; 0/. Note that by the
defining equation (1.2) in Theorem 1.1, we obtain as a corollary that m.f .Cn/; 0/ � d ,
where d is the order of the reflection group G. Now, consider a reflection map germ (not
necessarily a reflected graph one) f W .Cn; 0/! .CnC1; 0/. A natural question is:

Question 3. For a fixed (representation of ) the group G, consider a reflection map germ
f W .Cn; 0/ ! .CnC1; 0/. How big can the multiplicity of the image of f be? In other
words, is there an upper bound for the multiplicity of the image of a reflection map?

In this work, we give an answer to Question 3. An important set of invariants of a re-
flection groupG acting on CnC1 is the set of degrees ofG, denoted by ¹d1; d2; : : : ; dnC1º
(see Proposition 3.25 in [10]). Ordering the degrees ofG in the form d1� d2� � � � � dnC1,
we show (see Theorem 5.4) that

d1d2 � � � dn � m.f .C
n/; 0/ � d2d3 � � � dnC1:
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Finally, as an application of our results, in the case of reflected graph map germs,
we present another way to obtain a defining equation of the double point hypersurface
of f different from the one obtained by in Borges Zampiva, Peñafort-Sanchis, Oréfice
Okamoto and Tomazella in [1].

In order to illustrate our results, we introduce in Section 6.2 a new class of map
germs called “2m-dihedral map germs”. We show the presentation matrix of the pushfor-
ward f�O2 and a defining equation of the image of a 6-dihedral map germ in an explicit
way (see Proposition 6.7). In Theorem 3.4 of [11], Marar and Nuño-Ballesteros showed
that there are no finitely determined quasihomogeneous (with distinct weights) double
fold map germs, i.e., f is a reflection graph map germ with reflection group Z2 �Z2. We
finish this work presenting an extension of this result to the group Zr � Zs , with r; s � 2
(see Lemma 6.9).

2. Preliminaries

Throughout the text, we assume that f W .Cn; 0/! .CnC1; 0/ is a finite holomorphic map
germ, unless otherwise stated. Moreover, xD .x1; : : : ; xn/ and .X ;Z/D .X1; : : : ;Xn;Z/
are used to denote systems of coordinates in Cn (source) and CnC1 (target), respectively.
We also use the standard notation of singularity theory as the reader can find in [17].

2.1. Reflection groups and reflection maps

Consider GL.Cp/, the group of all invertible linear transformations of Cp . Let Id be the
identity element of GL.Cp/. A linear representation of a group G with representation
space Cp is a homomorphism  WG ! GL.Cp/. If  WG ! GL.Cp/ is a representation,
we say that G acts on Cp and we call Cp a G-module [24]. The action of g 2G on
v 2Cp is defined by gv WD  .g/v, and we usually omit  but denote gv by g�v. For
g 2GL.Cp/, we have Fixg WD ¹v 2Cp jg�v D vº.

Definition 2.1. A reflection on Cp is a linear map gWCp ! Cp satisfying
(i) g is unitary,
(ii) g has finite order,
(iii) dim Fixg D p � 1.

Let U.Cp/ be the group of unitary automorphisms of Cp . A subgroup G of U.Cp/

is said to be a reflection group if it is generated by reflections. If g is a reflection, the
subspace Fixg is a hyperplane, called the reflecting hyperplane of g.

We note that the action ofG on Cp induces an action ofG on a holomorphic function,
as we will see in the next definition.

Definition 2.2. Let g2GL.Cp/ and let P 2Op be a holomorphic function. We define the
action of g on P by

.g�P /.v/ WD P.g
�1.v//; for all v 2Cp:

We note that for any g 2G, the action of g on P;Q 2Op has the following property:
g�.PQ/ D g�.P /g�.Q/. We say that P 2 S is G-invariant if g�P D P for all g 2G.



M. B. Gama and O. N. Silva 6

Figure 3. Illustration of a reflection map.

The algebra of invariants of G is the algebra of G-invariant holomorphic functions

OG
p D ¹P 2Op jg�P D P for all g 2Gº:

The following lemma can be found for instance in Lemma 3.17 of [10]. It gives us a
way to obtain the action of a reflection of G on an element of Op .

Lemma 2.3. Let g be a reflection in GL.Cp/, and let Fixg be is its reflecting hyperplane,
with Fixg D KerLg . Then for all P 2Op , there exists Q2Op such that

g�P D P C LgQ:

It follows from Lemma 2.3 that if g is a reflection, then .P � g�P /=Lg D �Q2Op .
So we can consider the operator �g WOp ! Op given by

�g.P / D
P � g�P

Lg
,

where g is a reflection of G. This operator is also known as the Demazure operator.
Consider now the operator AvWOp ! OG

p given by

Av.P / WD
1

jGj

� X
g 2G

g�P
�
:

This operator is also known as the Reynolds operator. It is clear from the definition
that Av.P /2OG

p and that Av.P / is either 0 or has the same degree as P . Moreover, for
P 2OG

p , we have Av.P / D P and therefore Av2 D Av. Thus Av is a projection of Op

onto OG
p . In fact, a somewhat stronger statement is true, namely that for P 2OG

p and
Q2S , we have Av.PQ/ D P Av.Q/, so that Av is a OG

p -module homomorphism.
The orbit map w of a groupG acting on Cp determines a way of “folding” Cp , gluing

an orbit of G to a point [21]. Figure 3 illustrates a geometrical idea of the notion of a
reflection map.

Since G acts on Cp , then by Shephard–Todd’s theorem (Theorem 5.1 in [25], see also
Theorem 3.20 in [10]), we have that the algebra ofG-invariant holomorphic functions OG

p

can be generated by p homogeneous holomorphic functions.
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Definition 2.4. The orbit map of a reflection group G is a map wWCp ! Cp whose
coordinate functions are homogeneous polynomials w1; w2; : : : ; wp in S that generate J .
The set of degrees d1; : : : ; dp of G are the degrees of w1; w2; : : : ; wp , respectively.

The map w is unique up to invertible polynomial transformations in the target. Fur-
thermore, it is well known that the degrees of G do not depend on the choice of the set of
generators w1; : : : ; wp of OG

p . Since we work with objects which are invariant under such
transformations, the choice of w does not matter. This justifies our calling w the “orbit
map” of G.

Remark 2.5. From Theorem 3.20 in [10], we know that OG
p ' C¹w1; : : : ; wpº, which

means that for all g 2G and all P 2C¹w1; : : : ; wpº, we have g�P D P .

Example 2.6. Consider the generators of the dihedral group D2m in GL.C2/,

R D

�
0 1

1 0

�
and S D

�
e2�i=m 0

0 e�2�i=m

�
:

The orbit map wWC2 ! C2 of D2m is given by

.x; y/ 7! .xy; xm C ym/:

One of the most important results about the orbit map is Noether’s theorem [19], which
allows us to conclude that the set w�1.w.v// is the orbit of G in v, i.e., the set

Gv WD ¹g�v j g 2Gº:

Theorem 2.7 (Noether). For any v 2 Cp , w�1.w.v// D Gv.

Considering G D Z4, Figure 4 illustrates Noether’s theorem.

� �

��

�

w

Idv D v
w.v/

w�1.w.v//

g2v

g3vg4v

Figure 4. Orbit map of a reflection group.

Remark 2.8. It is important to mention that whether a group is a reflection group or not
depends on its representation in GL.Cp/. For example, the cyclic group Zd generated by
the matrix

K D

�
1 0

0 e2�i=d

�
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is a reflection group, sinceK is a reflection. On the other hand, the group generated by the
matrix

K 0 D

�
e2�i=d 0

0 .e2�i=d /k

�
;

with gcd.k; d/ D 1, is isomorphic to Zd .
Suppose that hK 0i ' Zd is a reflection group. By Section 8 of [25] (see also The-

orem 4.14 in [10]), we have that the number of reflections in Zd is d � 1 (obviously the
identity matrix is not a reflection). Therefore, every element g 2 hK 0i with g ¤ Id is a
reflection. Note that FixK 0 D 0 (which has dimension 0). By Definition 2.1, K 0 is not a
reflection, a contradiction. Therefore, hK 0i cannot be generated by reflections.

Let G be a reflection group acting on Cp . Let Fixg1; : : : ; Fixgl be all the (distinct)
reflecting hyperplanes of G (where gi is a reflection of G). Let ord.gi / be the order of gi
and let Lg1 ; : : : ; Lg` be linear forms such that Fixgi WD KerLgi . An important relation
between the orbit map and the defining equations of the reflecting hyperplanes of G is
given by the following proposition, which can be found for instance in Theorem 9.8
of [25]. We shall denote the Jacobian matrix of the orbit map w by jac.w/.

Proposition 2.9. For some non-zero constant c, we have that

det.jac.w// D c
Ỳ
iD1

Lord.gi /�1
gi

:

Definition 2.10. Let G be a reflection group acting on Cp and let hWCp ! Cr be any
holomorphic map.

(a) AG-reflection map f WCn!Cp is a map given by the composition of an embedding
�WCn ,! Cp with the orbit map wWCp ! Cp of G, i.e., f D w ı �.

(b) The G-reflected graph of h is the map .w; h/W Cp ! CpCr , given by f .x/ D
.w.x/; h.x//.

The G-reflected graph f D .w; h/ is the G-reflection map obtained by taking the
graph embedding h, given by x 7! .x; h.x//, and letting G act on Cp � Cr , trivially on
the second factor (a trivial extension of the action to CpCr ). To simplify, we will omit G
and simply say reflection map, when G is clear in the context. Throughout this work, we
will only considerG-reflected graphs in the case where r D 1. For aG-reflection map, we
will consider only the case where p D nC 1.

3. The presentation matrix of reflection maps

In this section, we will consider a reflection group G acting on Cn and a holomorphic
function hWCn ! C. We consider an extension of the action of G on Cn � C, simply
by making G act trivially on the second factor; in this sense we also consider an orbit
map w D .w1; : : : ; wn; Z/. We will study a reflection graph from .Cn; 0/ to .CnC1; 0/

given by f D .w1; : : : ; wn; h/. In this context, we will provide an answer to Question 2
in the introduction, i.e., we will present a presentation matrix of the pushforward f�On
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as an OnC1-module, via composition with f , where f is a reflected graph map germ. We
note that our way to construct the presentation matrix depends only on the action of G
on h.

Before we do this, we introduce some notation. Let f W .Cn; 0/ ! .CnC1; 0/ be a
finite analytic map germ, let r1; r2; : : : ; r` be elements in On, and denote the maximal
ideal of OnC1 by m. Note that On is a finite OnC1-module via f and if the classes of
r1; : : : ; r` in On=f

�m generate it as a vector space over C D OnC1=m, then r1; : : : ; r`
generate On as OnC1-module via f (see, e.g., Corollaries D.1 and D.2 in [17]). It is clear
that we can take r1 D 1, and we shall do so from now on. A presentation of On over OnC1
is an exact sequence

(3.1) Or
nC1

�
�! Os

nC1

 
�! On �! 0

of OnC1-modules. It follows by Lemma 2.1 in [18] that r D s D ` in (3.1). We say that �
in (3.1) is the presentation matrix of f�On. Mond and Pellikaan also give an algorithm to
construct a presentation (for details, see Section 2.2 of [18]).

Let G D ¹g1; : : : ; gd º be a reflection group of order d acting on Cn. We will adopt
the notation w D .w1; w2; : : : ; wn/ for the orbit map of G, .X ; Z/ D .X1; : : : ; Xn; Z/
for the coordinates of CnC1 (target), and x D .x1; x2; : : : ; xn/ for the coordinates of Cn

(source). Throughout this work, the bold notation (e.g., w, x and X ) will always be used
to represent an n-tuple. Recall that, according to Definition 2.1, an element g 2G is a
reflection on Cn if g is unitary, has finite order, and satisfies dim Fixg D n� 1. We denote
by R the set of all reflections of G.

Recall that a reflected graph map germ f W .Cn; 0/! .CnC1; 0/, f .x/D .w.x/;h.x//,
is obtained as the composition f D w ı �, where � is the embedding .x; h.x// and w is
the orbit map of G. Denote by Y WD �.Cn/ and X WD w.Y/. Note that X D f .Cn/ D

V.F.X ; Z//, where F.X ; Z/ is a defining equation of the image of f which is obtained
as the determinant of the presentation matrix of f�.On/. It follows that a defining equation
of .Y; 0/ is Z � h.X1; : : : ; Xn/ D 0. By Noether’s theorem (see Theorem 2.7), we have
that

w�1.w.Y// D

d[
iD1

gi �Y:

The pre-image of X by w consists of the orbit of Y under the action of G. We will show
in the following lemma that a defining equation of w�1.w.Y// is given by

(3.2) .Z � g1�h.X// � .Z � g2�h.X// � � � .Z � gd �h.X// D 0:

The following lemma will be a key tool to prove Theorem 4.2, where we will provide
a defining equation of the image of f . We will also show that the defining equation
of w�1.w.Y//, described in (3.2), coincides with the pullback of the defining equation
F.X ; Z/ of .X; 0/ by w, which will be denoted by F.w1; : : : ; wn; Z/ D F.w; Z/.

Lemma 3.1. With the notation above, let f W .Cn; 0/! .CnC1; 0/, f .x/ D .w.x/; h.x//
be a reflected graph map germ, then w�1.w.Y// D V.F.w; Z//. Furthermore,

(3.3) F.w; Z/ D

dY
kD1

.Z � gk�.h.x///:



M. B. Gama and O. N. Silva 10

Proof. Note that .X; 0/ � .CnC1; 0/ is defined by a single equation (the determinant of
the presentation matrix �ŒX ;Z� of f�On as a OnC1-module via f , denoted by F.X ;Z/).
Since F.X ; Z/ is a defining equation of X, it follows that the pullback F.w; Z/ of
F.X ; Z/ by w is a defining equation of w�1.w.Y//. Let us show that F.w; Z/ can be
factored as in (3.3).

By Corollary 3.29 in [10], we have that

dimC
C¹x1; x2; : : : ; xnº

hw1; w2; : : : ; wni
D jGj D d:

Let 1D r1; r2; : : : ; rd be a basis of C¹xº=hwi as a C-vector space. By Lemma 3.28 in [10],
there are p1; p2; : : : ; pd in C¹xº such that

h WD r1p1.w/C r2p2.w/C � � � C rdpd .w/;

Note that pi .w/ D pi .w1; : : : ; wn/ are uniquely determined by h and the orbit map w.
Now we will follow Mond–Pellikaan’s algorithm (see Section 2.2 of [18]) to construct a
presentation matrix �ŒX ; Z� of f�On as an OnC1-module via f . Let us first consider the
matrix

˛ŒX � D

2666664
˛1;1 ˛1;1 ˛1;2 � � � ˛1;d
˛2;1 ˛2;2 ˛2;3 � � � ˛2;d
˛3;1 ˛3;2 ˛3;3 � � � ˛3;d
:::

:::
:::

: : :
:::

˛d;1 ˛d;2 ˛d;3 � � � ˛d;d

3777775
d�d

;

where the ˛i;j .X/ are in C¹Xº and satisfy the relation

(3.4) ri � h D

dX
jD1

.˛i;j .w// � rj ; for i D 1; : : : ; d:

Again by Lemma 3.28 in [10], we note that the ˛i;j are uniquely determined by h and w.
Thus, the presentation matrix of f�On is

�ŒX ; Z� D ˛ŒX � �ZId D

2666664
˛1;1�Z ˛1;2 ˛1;3 � � � ˛1;d
˛2;1 ˛2;2�Z ˛2;3 � � � ˛2;d
˛3;1 ˛3;2 ˛3;3�Z � � � ˛3;d
:::

:::
:::

: : :
:::

˛d;1 ˛d;2 ˛d;3 � � � ˛d;d �Z

3777775 :
Having defined the presentation matrix �ŒX ; Z� according to Mond–Pellikaan’s algo-

rithm, now we would like to factorize F.w;Z/ as in (3.3). Substituting X for w in �ŒX ;Z�
and ˛ŒX �, we obtain the matrices �Œw; Z� and ˛Œw�, i.e., �Œw; Z� (respectively, ˛Œw�) is
the pullback of �ŒX ; Z� (respectively, ˛ŒX �) by w. Clearly, the determinant of �Œw; Z� is
equal to F.w; Z/.
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Let K WD Frac.C¹xº/ and consider ˛Œw� as a matrix with entries in K. Note that
�Œw; Z� D .˛Œw��Z Id/, where Id is the identity matrix. Therefore F.w; Z/ is precisely
the characteristic polynomial of ˛Œw�. Let us find the eigenvalues of ˛Œw�. Consider Id D
g1; g2; : : : ; gd the elements of the reflection groupG. For all i D 1; : : : ; d , we obtain from
equation (3.4) that

(3.5) ˛i;1.w/ � r1 C � � � C ˛i;d .w/ � rd D h � ri :

Since each ˛i;j .w/ D ˛i;j .w1; : : : ; wn/ is in C¹w1; : : : ; wpº, by Remark 2.5 we have
that ˛i;j .w/ is invariant under the action of G for all i; j 2 ¹1; : : : ; nº. Thus, applying the
action of gk 2G in (3.5), we obtain that

˛i;1.w/ � gk�.r1/C � � � C ˛i;d .w/ � gk�.rd / D gk�.h/ � gk�.ri /;

from which we conclude that2666664
˛1;1 ˛1;2 ˛1;3 � � � ˛1;d
˛2;1 ˛2;2 ˛2;3 � � � ˛2;d
˛3;1 ˛3;2 ˛3;3 � � � ˛3;d
:::

:::
:::

: : :
:::

˛d;1 ˛d;2 ˛d;3 � � � ˛d;d

3777775 �
2666664
gk�.r1/

gk�.r2/

gk�.r3/
:::

gk�.rd /

3777775 D gk�.h/
2666664
gk�.r1/

gk�.r2/

gk�.r3/
:::

gk�.rd /

3777775 :
In this way, for all k D 1; : : : ; d , we have that .gk�.r1/; gk�.r2/; : : : ; gk�.rd // is

an eigenvector of ˛Œw� with respective eigenvalue gk�.h/. Consider the matrix E whose
columns are the eigenvectors .gk�.r1/; gk�.r2/; : : : ; gk�.rd //, i.e.,

E D

2666664
g1� .r1/ g2� .r1/ � � � gd � .r1/

g1� .r2/ g2� .r2/ � � � gd � .r2/
:::

:::
: : :

:::

g1� .rd�1/ g2� .rd�1/ � � � gd � .rd�1/

g1� .rd / g2� .rd / � � � gd � .rd /

3777775 :
It follows, by Gutkin’s theorem (see Theorem 10.13 in [10], where the matrix Ai;j in
Definition 10.6 of [10] is the matrix E in our setting), that the determinant of E is non-
zero. Hence, the set of these eigenvectors are linearly independent. Therefore,

(3.6) det�Œw; Z� WD F.w; Z/ D
dY
kD1

.Z � gk�.h.x///:

This completes the proof.

Remark 3.2. (a) In the sequel, given a matrixM D .mi;j .w1; : : : ;wn//, where eachmi;j
is in CŒw1; : : : ; wn� (i.e., mi;j is G-invariant), we denote by w�.M/ the matrix obtained
by exchanging wi for Xi in mi;j , i.e.,

w�.M/ D .mi;j .X1; : : : ; Xn//:
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(b) Let �ŒX;Z� be the presentation matrix of f�On as a OnC1-module and let �Œw;Z�
be as in Lemma 3.1. With the notation above, consider the matrices E and A below:

E D

2666664
g1�.r1/ g2�.r1/ � � � gd �.r1/

g1�.r2/ g2�.r2/ � � � gd �.r2/
:::

:::
: : :

:::

g1�.rd�1/ g2�.rd�1/ � � � gd �.rd�1/

g1�.rd / g2�.rd / � � � gd �.rd /

3777775 ;

A D

2666664
g1�.h/ 0 0 � � � 0

0 g2�.h/ 0 � � � 0
:::

:::
:::

: : :
:::

0 0 0 � � � 0

0 0 0 � � � gd �.h/

3777775 :
As we mentioned in the proof of Lemma 3.1, E is the eigenvector matrix of �Œw; 0�

and the elements that appear on the diagonal of the matrixA are the eigenvalues of �Œw; 0�.
This motivates the following theorem.

Theorem 3.3. Let f W .Cn; 0/! .CnC1; 0/, f .x/ D .w.x/; h.x//, be a reflected graph
map germ. Consider the matrices E and A as above and set AZ WD .A � Z Id/. The
presentation matrix of f�On as a OnC1-module �ŒX;Z� is expressed as the product of the
matrices E, A and E�1, i.e.

�ŒX; Z� D w�.E � AZ �E�1/:

Proof. From the proof of Lemma 3.1, we have that E�1�Œw; 0�E D A. In other words,
the matrix E diagonalizes the matrix �Œw; 0�. Thus,

�Œw; Z� D EAE�1 �Z Id D E.A �Z Id/E�1 D E � AZ �E�1:

Now, the result follows from the fact that w�.�Œw; Z�/ D �ŒX ; Z�.

Definition 3.4. The quotient On=.w1; : : : ; wn/ is called the coinvariant algebra of the
reflection group G (see Section 5 in Chapter 3 of [10]).

Another important space in the theory of reflection groups is the space H of G-har-
monic analytic functions (see Definition 9.35 in [10]). For the purposes of this work, we
highlight the fact that H is isomorphic (as a G-module) to the coinvariant algebra of G.
Thus, in what follows, we can identify H with On=.w1; : : : ; wn/ as G-modules.

In the proof of Lemma 3.1, we obtained that the determinant of the matrix E is not
zero. Actually, we can say more about that determinant. First, let us establish some nota-
tion. Consider a reflection group G of order d acting on Cn � C (trivially on the second
factor). Denote by Fixg1; : : : ;Fixgl the (distinct) reflecting hyperplanes of G. Let Lgi be
a linear form from CnC1 to C such that Fixgi D V.Lgi / for all i . Let gi be a generator of
the cyclic group which fixes Fixgi and denote the order of gi by ord.gi /. The following
proposition gives us an expression for the determinant of E.
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Proposition 3.5. Let G be a finite reflection group and let f W .Cn; 0/! .CnC1; 0/ be a
reflected graph map germ. Then for some non-zero constant c, we have

det.E/ D c
Ỳ
iD1

Lgi
jGj.ord.gi /�1/=2:

Proof. Consider the coinvariant algebra On=.w1; : : : ;wn/ ofG. By Corollary 3.29 in [10],
we have that

On=.w1; : : : ; wn/ ' Cd ;

as C-vector spaces, where d WD jGj. Take a basis of the coinvariant algebra ¹r1; r2; : : : ; rd º
with r1 D 1 as usually. By Proposition 3.2 in [10], we can see M WD Cd as a G-module,
where the representation of G on Cd ' On=.w1; : : : ; wn/ is the regular representation
(see Section 1.2 of [24] for the definition of a regular representation of a finite group).
Consider the canonical basis

¹eg1 ; eg2 ; : : : ; egd º

of Cd indexed by the elements of G. The dual M � D HomC.M; C/ has dual basis
¹y1; : : : ; yd º, where yj WD egj is the linear functional from Cd to C defined by yj .egk/D
ıjk (the Kronecker symbol). By Corollary 9.37 in [10], we have that H is isomorphic to
the coinvariant algebra of G (as G-modules). Furthermore, there is a canonical isomorph-
ism

.H ˝M �/G Š HomCG.M;H /

sending
P
`A`˝ �` to the linear operator v 7!

P
` �`.v/A` (see Lemma 10.2(ii) in [10]).

Now construct explicitly d morphisms 'k2 HomCG.M;H / (one for each k D 1; : : : ; d )
as follows:

'k WM ! H ; 'k.eg/ WD g � rk :

Note that for g; g0 2G, we have that

'k.g
0
� eg/ D 'k.eg 0g/ D .g

0g/ � rk D g
0
� .g � rk/ D g

0
� 'k.eg/:

Thus 'k 2 HomCG.M;H /. Therefore, '1; : : : ; 'd span the space HomCG.M;H /.
Passing back to the tensor side, the image corresponds to an element uk 2 .H ˝M �/G :

uk D

dX
jD1

Akj ˝ yj ; where Akj 2H :

By definition of the correspondence,

Akj D 'k.egj / D gj � rk :

So we obtain that

(3.7) Akj D gj � rk ; 1 � k; j � d:

Thus, in this context, the matrixE in Remark 3.2(b) coincides exactly with the matrixAkj
in (3.7) (see also Definition 10.6 in [10]). Recall that A is the set of hyperplanes Fixg,
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where g is a reflection in G. Gutkin’s theorem (Theorem 10.13 in [10]) states that there
exists a constant c ¤ 0 such that

det.E/ D c �
Y

Fixg2A

LC.Fixg;M/
g :

Here, C.Fixg;M/ is determined by the restriction ofM to the cyclic stabilizer GFixg . For
the regular representation, one finds that

C.Fixg;M/ D jGj �
�ord.g/ � 1

2

�
(see for instance the proof of Theorem 10.13 in [10]). This completes the proof.

Corollary 3.6. Let f W .Cn; 0/! .CnC1; 0/, f .x/ D .w.x/; h.x//, be a reflected graph
map germ. Then

�ŒX; Z� D w�
� 1Q`

iD1LHi
jGj.ei�1/=2

E � AZ � Adj.E/
�
;

where Adj.E/ denotes the adjoint matrix of E (the transpose of the cofactor matrix of E/.

Example 3.7. Consider G D Z2 �Z2 and a double fold map germ f W .C2; 0/! .C3; 0/

given by
f .x; y/ D .x2; y2; h.x; y//:

We can write

h.x; y/ D xp1 C yp2 C xyp3; where pi D pi .x2; y2/.

Note that r1 D 1, r2 D x, r3 D y and r4 D xy generates CŒx; y�=.x2; y2/ as a C-complex
vector space. The matrices E, Adj.E/ and AZ are

E D

2664
1 1 1 1

x �x x �x

y y �y �y

xy �xy �xy xy

3775 , Adj.E/ D

2664
4x2y2 4xy2 4x2y 4xy

4x2y2 �4xy2 4x2y �4xy

4x2y2 4xy2 �4x2y �4xy

4x2y2 �4xy2 �4x2y 4xy

3775 ;
and

AZ D

2664
h1 �Z 0 0 0

0 h2 �Z 0 0

0 0 h3 �Z 0

0 0 0 h4 �Z

3775 ;
where

h1 D xp1 C yp2 C xyp3;

h2 D �xp1 C yp2 � xyp3;

h3 D xp1 � yp2 � xyp3;

h4 D �xp1 � yp2 C xyp3:
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The group Z2 � Z2 has two reflecting hyperplanes given by Lg1 D V.x/ and Lg2 D
V.y/. All reflections of G have order 2, therefore e1 D e2 D 2. By Proposition 3.5, we
obtain that det.E/ D cx2y2 for some constant c. Actually, det.E/ D 16x2y2.

Making the productE �AZ �Adj.E/ and multiplying the entries of the resulting matrix
by 1=16x2y2, we obtain the following matrix:

�Œw;Z� D

2664
�Z p1 p2 p3
x2p1 �Z x2p3 p2
y2p2 y2p3 �Z p1
x2y2p3 y2p2 x2p1 �Z

3775 :
Now, making the change of x2 7! X , y2 7! Y in �Œw; Z�, we obtain the presentation
matrix

�ŒX; Y;Z� D

2664
�Z p1 p2 p3
Xp1 �Z Xp3 p2
Yp2 Yp3 �Z p1
XYp3 Yp2 Xp1 �Z

3775 ;
which is exactly the same matrix �ŒX; Y; Z� that appears in the proof of Proposition 3.1
in [11].

4. The image of a reflected graph map

In this section, we provide an answer to Question 1 from the introduction. Specifically,
we give a defining equation of the image of a reflected graph map germ f from .Cn; 0/

to .CnC1; 0/ in terms of the action of the reflection group G on h (the last coordinate
function of f ). Let us start with an example to illustrate our answer to Question 1.

Consider the reflection groupGDZ4 acting on C2 �C (trivially on the second factor)
with orbit map w D .x; y4; z/. Let f W .C2; 0/! .C3; 0/ be a reflected graph map germ,
given by

f .x; y/ D .x; y4; yp1 C y
2p2 C y

3p3/;

where pi D pi .x; y
4/ for i D 1; 2; 3. Note that r1 D 1, r2 D y, r3 D y2 and r4 D y3

generate CŒx; y�=.x; y4/ as a complex vector space. Applying Theorem 3.3, we obtain
the presentation matrix of f�.O2/ as a O3-module via f given by

�ŒX; Y;Z� D

2664
�Z p1 p2 p3
Yp3 �Z p1 p2
Yp2 Yp3 �Z p1
Yp1 Yp2 Yp3 �Z

3775 :
Therefore, calculating the determinant of �ŒX; Y; Z�, a defining equation of the image
of f is given by

F.X; Y;Z/ D Z4 CQ2Z
2
�Q1Z CQ0;
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where

Q2 D �4Yp1p3 � 2p
2
2 ;

Q1 D 4Yp
2
1p2 C 4Y

2p2p
2
3 ;

Q0 D Y
2.p42 � 4p1p

2
2p3 C 2p

2
1p

2
3/ � Y

3p43 � Yp
4
1 :

Now set qi .x; y/ WD w�.Qi / D Qi .x; y4/. Thus we obtain that

q2.x; y/ D �4y
4p1p3 � 2p

2
2 ;

q1.x; y/ D 4y
4p21p2 C 4y

8p2p
2
3 ;

q0.x; y/ D y
8.p42 � 4p1p

2
2p3 C 2p

2
1p

2
3/ � y

12p43 � y
4p41 ;

where now we have pi D pi .x; y4/.
A curious fact is that we can express each qi in terms of symmetric polynomials in the

“variables” hi ; more precisely,

q2.x; y/ D h1h2 C h1h3 C h1h4 C h2h3 C h3h4;

q1.x; y/ D h1h2h3 C h1h2h4 C h1h3h4 C h2h3h4;

q0.x; y/ D h1h2h3h4;

where
hi D gi �.xp1 C y

2p2 C y
3p3/:

More precisely,

h1 D yp1 C y
2p2 C y

3p3;

h2 D �yp1 C y
2p2 � y

3p3;

h3 D iyp1 � y
2p2 � iy

3p3;

h4 D �iyp1 � y
2p2 C iy

3p3:

Note that, in particular, the polynomials qi are invariant under the action ofG. We will
show in this section that this same behaviour happens for any reflected graph map germ.

Lemma 4.1. Let G D ¹g1 D Id; g2; : : : ; gd º be a reflection group and let h be a function
in C¹xº. Define hi by gi �h, that is, hi is the action of gi on h. Then for all k2¹1;2; : : : ;dº,
the polynomial

qd�k WD
X

i1<i2<���<id

hi1hi2 � � � hik

is invariant under the action of G. In particular, qd�k 2CŒw1; : : : ; wd �.

Proof. Consider the ring A WD CŒh1; h2; : : : ; hd � and let Sym.A/ be the set of symmetric
polynomials in the “variables” h1; h2; : : : ; hd . Note that by definition, qd�k 2Sym.A/ for
each k. For all l � 1, consider the power sum symmetric polynomial ml D h1

l
C h2

l
C

� � � C hd
l . A well-known result states that any symmetric polynomial in h1; : : : ; hd can be
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expressed as a polynomial expression with rational coefficients in the power sum symmet-
ric polynomialsm1; : : : ;md (see Theorem 6.1 in [9]). In other words, them1;m2; : : : ;md
are the generators of the algebra of symmetric polynomials Sym.A/, that is,

Sym.A/ D CŒm1; : : : ; md �:

Observe that, since qd�k 2 Sym.A/, there is Qd�k 2CŒm1; m2; : : : ; md � such that
qd�k DQd�k.m1;m2; : : : ;md /. From the fact that the Reynolds operator is a projection,
it follows that eachmi is invariant under the action ofG. Therefore, qd�k is also invariant
under the action of G.

Now, since each qd�k is invariant under the action of G, i.e., we can think that qd�k
is in CŒw1; : : : ;wd �. Thus, we can define w�.qd�k.w1; : : : ;wd //DWQd�k.X1; : : : ;Xd /,
i.e., we can change the “variable” wi by the (target) variable Xi in qd�k . We are now able
to present a defining equation of the image of a reflected graph map germ.

Theorem 4.2. Let G be a reflection group of order d . Let f D .w; h/ be a reflected
graph map germ from .Cn; 0/ to .CnC1; 0/. The image of f is given as the zero set of F
(which is the determinant of the presentation matrix of f�On/, where F is described as
the following alternating sum:

F.X; Z/ D Zd �Qd�1Zd�1 CQd�2Zd�2 C � � � C .�1/d�1Q1Z C .�1/dQ0;

where Qd�k D qd�k.X/, and qd�k is described in Lemma 4.1.

Proof. Consider the image of f given by the zero set of F.X ; Z/, where F denotes
the determinant of the presentation matrix �ŒX ; Z� of f�On as a OnC1-module via f .
Consider the pullback F.w; Z/ of F.X ; Z/ by w. It follows by Lemma 3.1 that

(4.1) F.w; Z/ D

dY
kD1

.Z � gk�.h.x///:

Considering hk WD gk�h as in Lemma 4.1, we have that

(4.2) F.w; Z/ D .Z � h1/.Z � h2/ � � � .Z � hd /:

Expanding the expression (4.2), it follows from Lemma 4.1 that

F.w; Z/ D Zd � qd�1Z
d�1
C qd�2Z

d�2
C � � � C .�1/d�1q1Z C .�1/

dq0:

Since the polynomials qd�k are invariant, we can consider

w�.qd�k.w1; : : : ; wd // WD Qd�k.X1; : : : ; Xd /;

and therefore,

F.X ; Z/ D Zd �Qd�1Z
d�1
CQd�2Z

d�2
C � � � C .�1/d�1Q1Z C .�1/

dQ0;

as desired.
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5. The multiplicity of a reflection map germ

In this section, we will present an upper (and also a lower) bound for the multiplicity of
the image of a generically 1-to-1 reflection map germ f from .Cn; 0/ to .CnC1; 0/, in
general, not necessarily a reflected graph map. To state our result, we begin by recalling
the notion of multiplicity.

Consider a germ of analytic function F W .CnC1; 0/! .C; 0/ reduced at the origin with
F ¤ 0. Let .V.F /; 0/ be the germ of the zero set of F at the origin. Write

F D Fm C FmC1 C � � � C Fk C � � � ;

where each Fk is a homogeneous polynomial of degree k and Fm ¤ 0. The integer m is
called the multiplicity of V.F / in 0 and is denoted bym.V.F /;0/. Clearly, the multiplicity
of m.V.F /; 0/ is greater than or equal to 1. An important property of the multiplicity is
that m.V.F /; 0/ D 1 if and only if .V.F /; 0/ is non-singular.

Once we have the notion of multiplicity in hand, let us return to the Question 3 from
the introduction. Consider a reflection map germ f W .Cn; 0/! .CnC1; 0/. If f D .w; h/
is a singular generically 1-to-1 reflected graph map germ, then by Theorem 4.2 we have
that

F.X ; Z/ D Zd �Qd�1Z
d�1
CQd�2Z

d�2
C � � � C .�1/d�1Q1Z C .�1/

dQ0

is a defining equation of the image of f , i.e., f .Cn/ D V.F /.
Since f is generically 1-to-1, we have that F is reduced (see Proposition 3.1 in [18]).

As a consequence, we obtain that

(5.1) 2 � m.f .Cn/; 0/ � d D jGj:

However, if f is a reflection map germ (not necessarily a reflected graph map germ
one), it is not clear how big the multiplicity of the image can be. In Theorem 5.4, we
provide an upper bound (and also a lower bound) that generalizes the one given in (5.1).
Before stating the theorem, we introduce an auxiliary lemma.

Remark 5.1. Let .X; 0/ and .Y; 0/ be germs of irreducible analytic sets. Let f W .X; 0/!
.Y; 0/ be a finite surjective analytic map germ. We denote the degree of a map f by
deg.f /. Roughly speaking, the degree of f is the number of pre-images of a generic
value in the image of f . The precise definition is given, for instance, in Definition D.2
of [17]. An important fact about the concept of the degree of a map is its multiplicative
property. Suppose gW .Y;0/! .W;0/ is a finite surjective analytic map germ, where .W;0/
is an irreducible analytic set. Then deg.g ı f / D deg.g/ � deg.f /.

Suppose that .X; 0/ is a germ of dimension n and that .X; 0/ � .CnC1; 0/. Now let
l1; l2; : : : ; lnW .CnC1; 0/ ! .C; 0/ be generic (reduced) linear forms. Let � W .X; 0/ !
.Cn; 0/, � D .l1; : : : ; ln/, be the restriction to X of the (generic) linear projection �
from CnC1 to Cn. Here, “generic linear projection” means that Ker.�/ WD ��1.0/ is a
generic line in CnC1 such that Ker.�/ \X D ¹0º.

For a generic x close enough to 0, ��1.x/ is a subspace parallel to Ker.�/ which
intersectsX in a finite number of points; this number is preciselym.X;0/ (see for instance
Section D.3 of [17]). In other words, the multiplicity can be seen as the local intersection
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number at 0 of X with a generic line in CnC1. We note that this local intersection number
is independent of the choice of the generic line (see Section D.3 of [17]).

Lemma 5.2. Consider a reflection map germ f W .Cn; 0/! .CnC1; 0/, f D w ı �. As in
Remark 5.1, let � D .l1; : : : ; ln/ be a generic linear projection from .CnC1; 0/ to .Cn; 0/.
Consider the image of f with the Fitting structure, i.e., .f .Cn/; 0/ D .V.F0.f�On//; 0/
and let LW .CnC1; 0/! .C; 0/ be a reduced (non-singular) analytic function such that
.�.Cn/; 0/ D .V.L/; 0/. If f is generically 1-to-1, then

m.f .Cn/; 0/ D dimC
OnC1

hL; l1 ı w; : : : ; ln ı wi
�

Proof. As in Section 3, set

.f .Cn/; 0/ D .X; 0/ and .�.Cn/; 0/ D .Y; 0/:

Let � W .CnC1; 0/! .Cn; 0/ be a generic linear projection,

�.x; xnC1/ D .l1.x; xnC1/; : : : ; ln.x; xnC1//:

By Remark 5.1, we obtain that

deg.� ı wjY / D deg.wjY / � deg.�jX / and m.f .Cn/; 0/ D deg.�jX /:

Furthermore,

1 D deg.f / D deg.� ı wjY / D deg.�/ � deg.wjY / D deg.wjY /:

Hence,
deg.� ı wjY / D deg.�jX /:

Therefore,
m.f .Cn/red/ D deg.� ı wjY /:

Finally, we have that

deg.� ı wjY / D dimC
OY;0

hl1.x/; : : : ; ln.w/i
D dimC

OnC1

hL; l1 ı w; : : : ; ln ı wi
,

which concludes the proof.

Let .Y1; 0/; : : : ; .YnC1; 0/ be germs of hypersurfaces in .CnC1; 0/. Let L1; : : : ; LnC1
be germs of analytic functions from .CnC1; 0/ to .C; 0/ such that .Yi ; 0/D .V.Li /; 0/. We
will denote the intersection multiplicity of .Y1; 0/; : : : ; .YnC1; 0/ at 0 by i.Y1; : : : ;YnC1/.
If the intersection .Y1; 0/ \ � � � \ .YnC1; 0/ is just the origin, then the intersection multi-
plicity is a finite number and can be calculated as

i.Y1; : : : ;YnC1/ D dimC
OnC1

hL1; L2; : : : ; LnC1i
�
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Remark 5.3. We remark that the intersection multiplicity of hypersurfaces is greater than
or equal to the product of the multiplicities of each hypersurface, i.e.,

(5.2) i.Y1; : : : ;YnC1/ � m.Y1; 0/ �m.Y2; 0/ � � �m.YnC1; 0/;

with equality if and only if the intersection .Y1; 0/ \ � � � \ .YnC1; 0/ is transversal, i.e.,
the intersection of tangent cones of .Yj ; 0/ is also just the origin 0 in CnC1. See Chapter 7
of [5] and p. 151 in [4] for details on the intersection multiplicity of hypersurfaces.

Theorem 5.4. Let f W .Cn; 0/! .CnC1; 0/, f D w ı �, be a generically 1-to-1 reflection
map germ, and let G be a reflection group acting on CnC1. Let d1 � d2 � � � � � dnC1 be
the degrees of G. Then

(5.3) d1d2 � � � dn � m.f .C
n/; 0/ � d2d3 � � � dnC1 � jGj:

Proof. Denote by .X/ D .X1; : : : ; XnC1/ the coordinates of CnC1 (the target of f ).
Let LW .CnC1; 0/ ! .C; 0/ be a (reduced) non-singular analytic function such that

.�.Cn/; 0/D .V.L/; 0/. We have �W .Cn; 0/! .CnC1; 0/ andwW .CnC1; 0/! .CnC1; 0/,
with w D .w1; : : : ; wnC1/. In order to avoid confusion with the notation, let .x/ D
.x1; : : : ;xn/ be the coordinates of Cn (the source of �), and let .y/D .y1; : : : ;ynC1/ be the
coordinates of CnC1 (the source ofw, equivalently in the target of �). Let � W .CnC1; 0/!

.Cn; 0/ be a generic linear projection,

�.X/ D .l1.X/; : : : ; ln.X//;

in the sense of Remark 5.1, where for i D 1; : : : ; n,

li .X/ WD bi;1X1 C bi;2X2 C � � � C bi;nC1XnC1;

with bi;j 2C, and
Ker.�/ \ f .Cn/ D ¹0º:

Thus,

li ı w D

nC1X
jD1

bi;j wj :

By the genericity of � , we can assume that all the bi;j are non-zero complex constants.
By Lemma 5.2, we have that

(5.4) m.f .Cn/; 0/ D dimC
OnC1˝

L;
PnC1
jD1 b1;jwj ;

PnC1
jD1 b2;jwj ; : : : ;

PnC1
jD1 bn;jwj

˛ �
After equivalences in the quotient ring in (5.4) and by the genericity of � , we can find
non-zero complex constants zbi;j such that

m.f .Cn/; 0/

D dimC
OnC1˝

L;
PnC1
jD1
zb1;j wj ;

PnC1
jD2
zb2;j wj ;

PnC1
jD3
zb3;j wj ; : : : ;

PnC1
jDn
zbn;j wj

˛ �(5.5)
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Note that the right-hand side of (5.5) can be viewed as an intersection multiplicity of nC 1
hypersurfaces in CnC1. Using the notation Y D V.L/, we obtain that

(5.6) m.f .Cn/; 0/ D i
�
Y;V

� nC1X
jD1

zb1;j wj

�
; V

� nC1X
jD2

zb2;j wj

�
; : : : ; V

� nC1X
jDn

zbn;j wj

��
:

Note that di D m.V.wi /; 0/ by definition and m.Y; 0/ D 1. By (5.2) in Remark 5.3
and (5.6), we conclude that

m.f .Cn/; 0/ � d1d2 � � � dn:

Now, we need to obtain an upper bound for the multiplicity of the image of f . Sincew
if finite, then OnC1=hw1.y/; : : : ;wnC1.y/i<1. Therefore, if yi is a factor ofwj , then yi
is not a factor of ws for all s ¤ j . After a change of coordinates in .CnC1; 0/, we can
assume without loss of generality that ynC1 does not divide w2; : : : ; wnC1. Since � is an
embedding, we can write � as

�.x/ D . Ol1.x/C g1.x/; Ol2.x/C g2.x/; : : : ; OlnC1.x/C gnC1.x//;

where gi 2m2 for all i D 1; : : : ; nC 1, m denotes the maximal ideal of C¹xº, and

Oli .x/ D ai;1x1 C � � � C ai;nxn:

Note that the nC 1 vectors vj WD .a1;j ; : : : ; anC1;j / in CnC1 (with j D 1; : : : ; nC 1)
generate the tangent space of .Y; 0/ (actually, only n vectors are needed). Up to a change
of coordinates in CnC1, we can assume that

(5.7) �.x/ D .x1 C g1.x/; x2 C g2.x/; : : : ; xn C gn.x/; OlnC1.x/C gnC1.x//;

and therefore,

(5.8)
f .x/ D.w1.x1 C g1.x/; : : : ; OlnC1.x/C gnC1.x//;

: : : ; wnC1.x1 C g1.x/; : : : ; OlnC1.x/C gnC1.x///:

Note that in (5.7), ynC1 (the last coordinate of CnC1) is not affected by the last coordin-
ate change. Therefore, we can still assume that ynC1 does not divide w2; : : : ; wnC1. Let
�1W .CnC1; 0/! .Cn; 0/ be the linear projection defined by

�1.X1; X2; : : : ; XnC1/ D .X2; : : : ; XnC1/:

Statement. The map germ .�1 ı f /W .Cn; 0/! .Cn; 0/ is finite.

By (5.8) and Theorem D.5 in [17], it is sufficient to show that
(5.9)

C¹x1; : : : ; xnº

hw2.x1Cg1.x/; : : : ; OlnC1.x/CgnC1.x//; : : : ; wnC1.x1Cg1.x/; : : : ; OlnC1.x/CgnC1.x//i

is a finite-dimensional vector space over C.
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Note that the quotient ring in (5.9) is isomorphic to the following quotient ring:

(5.10)
C¹x1; : : : ; xn; uº

h OlnC1.x/CgnC1.x/�u;w2.x1; : : : ; xn; u/C � � � ; : : : ; wnC1.x1; : : : ; xn; u/C � � � i

where the dots appearing inwi .x1; x2; : : : ; xn; u/C � � � consists of terms of degree greater
than the degree of wi . In other words, wi .x1; x2; : : : ; xn; u/C � � � is just the expansion of
wi .x1 C g1.x/; : : : ; xn C gn.x/; u/, and u is a new variable.

Since the ring OnC1=hw2.y/; : : : ; wnC1.y/i is unmixed (it is a Cohen–Macaulay
ring), we obtain that the zero-divisors of

R WD
C¹x1; : : : ; xn; uº

hw2.x1; : : : ; xn; u/; : : : ; wnC1.x1; : : : ; xn; u/i

are precisely the elements in the union of the minimal primes of R.
Since ynC1 does not divide wi .y1; : : : ; yn; ynC1/ for all i ¤ 1, then u does not divide

wi .x1; : : : ; xn; u/ for all i ¤ 1. Thus u cannot be contained in any minimal prime of R.
It follows that u is not a zero divisor of R. By a suitable version of Krull’s principal ideal
theorem, we obtain that

R

hui
'

C¹x1; : : : ; xn; uº

hu;w2.x1; : : : ; xn; u/; : : : ; wnC1.x1; : : : ; xn; u/i

has dimension zero, hence it is a finite-dimensional vector space over C. This implies that
the intersection in (5.10) (and also in (5.9)) is transversal. By Remark 5.3, we conclude
that the dimension as a C-vector space of the quotient ring in (5.9) is precisely the product
d2 � d3 � � � dnC1, which proves the statement.

To conclude the proof, in the Mond–Pellikaan algorithm (see Section 2.2 of [18]),
consider the projection �1 above. By the statement, we have that �1 ı f is finite. Thus the
presentation matrix � of f�.On/ with respect to �1 has the following form:

�ŒX1; : : : ;XnC1� D

2666664
˛1;1 �X1 ˛1;2 ˛1;3 � � � ˛1;d 0

˛2;1 ˛2;2 �X1 ˛2;3 � � � ˛2;d 0

˛3;1 ˛3;2 ˛3;3 �X1 � � � ˛3;d 0
:::

:::
::: � � �

:::

˛d 0;1 ˛d 0;2 ˛d 0;3 � � � ˛d 0;d 0 �X1

3777775 ;
where ˛i;j 2C¹X2; : : : ; XnC1º and d 0 D d2 � d3 � � � dnC1.

As a consequence, we obtain that the term Xd
0

1 appears in the defining equation of
f .Cn/ given by the determinant of �. Therefore,

m.f .Cn/; 0/ � d2 � � � dnC1:

The last inequality in (5.3) follows from the fact that d1 � d2 � � � dnC1 D jGj, since G is a
reflection group ([25], see also Theorem 4.19 in [10]).
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Remark 5.5. Let f W .Cn; 0/! .CnC1; 0/ be a reflected graph map germ with respect
to a reflection group G acting on CnC1 D Cn � C, as in Section 4. Since the group G
acts trivially on the second factor, the orbit map wW .CnC1; 0/! .CnC1; 0/ is w.y/ D
.w1.y/; : : : ; wn.y/; ynC1/. In other words, if d1; : : : ; dnC1 are the degrees of G, then
dnC1 D 1. After a reordering of the remaining degrees of G, we can assume that d1 �
d2 � � � � � dn. By Theorem 5.4, we obtain that

d1d2 � � � dn�1 � m.f .C
n/; 0/ � d1 � � � dn D d D jGj:

When working with a reflected graph map, to avoid unnecessary notation, we can think
of G as acting nontrivially only on Cn (the first factor of Cn � C, and not on all CnC1).
In this case, we can consider only d1; : : : ; dn as “non-trivial degrees” of G and ignore the
degree dnC1 D 1. Whenever there is no danger of confusing the notation, we will use this
simplification.

6. Some applications and examples

In this section, we discuss present some applications of our results. In the first part, we
provide an alternative proof of a result of (see Theorem 5.2 in [1]) about a defining equa-
tion of the double point space of a reflected graph map germ. In the second part, we will
introduce the notion of a dihedral map germ and we will apply our results to describe the
presentation matrix and a defining equation of the image of maps of this kind. Finally, in
the last part, we extend a result given by Marar and Nuño-Ballesteros (see Theorem 3.4
in [11]) about the non-existence of quasihomogeneous (with distinct weights) finitely
determined reflection map germs, for some reflection groups.

6.1. Double point spaces

When we study a finite map f from .Cn; 0/ to .Cp; 0/ with n � p, the multiple point
spaces of f play an important role in the study of its geometry.

In the particular case where p D nC 1 and f is a reflection map, a natural question
is if we can describe a defining equation of the hypersurface of double pointsD.f / in the
source in terms of the action of G in some sense.

Recently, Borges Zampiva, Peñafort-Sanchis, Oréfice Okamoto and Tomazella pro-
vided an answer to this question in a more general context. They give a defining equation
of D.f / which depends only on the action of G in an appropriate way (see [1]). As our
first application, we will use Lemma 3.1 to offer an alternative proof of the formula given
in the case of reflected graph map germs. For the convenience of the reader, we will recall
the notion of the double point space of a map germ. We follow [15] to describe the double
point set of a map germ f W .Cn; 0/! .Cp; 0/, with n < p.

Let f WU ! Cp be a homomorphic map, where U � Cn is an open subset and n < p.
Now let us define the set of double point space of f , denoted by D2.f /. Denote the
diagonals of Cn � Cn and Cp � Cp by �n and �p , and denote the ideal schemes of
defining �n and �p by In and Ip . Write points of Cn �Cn as .x; x0/. It is clear that for
each i D 1; : : : ; p,

fi .x/ � fi .x
0/ 2 In;
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so there exist ˛i;j , 1 � i � n, 1 � j � nC 1, such that

fi .x/ � fi .x
0/ D

X
˛i;j .x � x

0/.xj � x
0
j /:

If f .x/D f .x0/ and x ¤ x0, then clearly every n� nminor of the matrix ˛ D Œ˛i;j �must
vanish at .x; x0/. Now denote by Rn.˛/ the ideal in OC2n generated by the n � n minors
of ˛.

Definition 6.1. Let f WU ! Cp be as above. Then the double point space of f is the
complex space

D2.f / D V..f � f /�Ip CRn.˛//:

Definition 6.2. Let f W .Cn; 0/! .Cp; 0/ be a finite map germ, where n � p.
(a) Let us denote by Ip and Rn.˛/ the stalks at 0 of the sheaves Ip and Rn.˛/. Taking

a representative of f , we define the double point space of the map germ f as the
analytic space

D2.f / WD V..f � f /�Ip CRn.˛//:

(b) The mapping � W .D2.f /; 0/! .Cn; 0/, given by .x; x0/ 7! x, is finite. The source
double point set D.f / is defined as the image of � with the analytic structure given
by the 0-Fitting ideal of ��OD2.f / , that is,

D.f / WD V.F0.��O�D2.f ///:

Now we will present an alternative proof for Theorem 5.2 in [1] in the case of a reflec-
ted graph map germ. We recall that R denotes the set of all reflections of G and that �gk
denotes the Demazure operator (see Section 2.1).

Proposition 6.3 ([1]). Let f W .Cn; 0/! .CnC1; 0/, f .x/ D .w.x/; h.x// be a reflected
graph map germ. Then

D.f / D V
�� Y

gk2R

�gk .h/
�� Y

gk…R;gk¤Id

.h � gk�h/
��
:

Proof. Denote by g1 D Id; g2; : : : ; gd the elements of G. By Theorem 4.2, we obtain that
a defining equation of the determinant of the image of f is given by

(6.1) F.X ;Z/DZd �Qd�1Zd�1CQd�2Zd�2C � � � C .�1/d�1Q1ZC .�1/dQ0:

Note that replacing X by w in (6.1) and taking the partial derivative with respect to the
variable Z is equivalent to taking the partial derivative of (6.1) with respect to the vari-
able Z and then replacing X with w, i.e., the order of execution of these operations does
not matter. By Lemma 3.1, we have that

F.w; Z/ D

dY
kD1

.Z � gk�.h.x///:
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Therefore,

@F.w; Z/

@Z
D
@.Z � g1�h.x//

@Z

h dY
kD2

.Z � gk�.h.x///
i

C .Z � g1�h.x//
@
�Qd

kD2.Z � gk�.h.x///
�

@Z
�

Note that g1�h.x/ D h.x/, and so, replacing Z by h, we obtain that

@F.w; h/

@Z
D .1 � h.x//

h dY
kD2

.h.x/ � gk�.h.x///
i
:

By [22] (see also Proposition 2.5 in [3]), we obtain that

.D.f /; 0/ D
�

V
�Qd

kD2.h.x/ � gk�h.x//

det.jac.w//

�
; 0
�
:

Consider the hyperplanes Fixg, where g runs through the reflections of G, and call
these the reflecting hyperplanes of G. For each i , let ord.gi / be the order of the cyclic
group GFixgi fixing Fixgi pointwise, and let Lg1 ; Lg2 ; : : : ; Lgl be linear forms such that
Fixgi D KerLgi . We have thatQ

gk2R.h.x/ � gk�h.x//

det.jac.w//
D

Q
gk2R.h.x/ � gk�h.x//

c
Q`
iD1L

ord.gi /�1
gi

D c
Y
gk2R

�gk .h/;

where R denotes the set of all reflections of G (see for instance Lemma 9.7 in [10]).
Therefore,

D.f / D V
�� Y

gk2R

�gk .h/
�� Y

gk…R;gk¤Id

.h � gk�h/
��
;

which concludes the proof.

Example 6.4. Consider G D Z2 � Z2 and f .x; y/ D .x2; y2; h.x; y//, where

h.x; y/ D xp1.x
2; y2/C yp2.x

2; y2/C xyp3.x
2; y2/:

Note that the elements of Z2 �Z2 can be represented in GL2.C/ by the following matrices

Id D
�
1 0

0 1

�
; g1 D

�
�1 0

0 �1

�
; g2 D

�
1 0

0 �1

�
and g3 D

�
�1 0

0 1

�
:

Therefore, we obtain that

h.x; y/ � g1�h.x; y/ D 2.xp1 C yp2/;

h.x; y/ � g2�h.x; y/ D 2y.p2 C xp3/;

.x; y/ � g3�h.x; y/ D 2x.p1 C yp3/:
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Note that det.jac.x2; y2// D 4xy. Thus, from Proposition 6.3, we obtain that

(6.2) D.f / D V..yp3 C p1/.xp3 C p2/.xp1 C yp2//:

We remark that the defining equation that appears in (6.2) for D.f / is exactly the same
presented in Proposition 3.1 of [11].

Corollary 6.5. With the notation used in Proposition 6.3, let f D .w; h/ be a reflected
graph map germ from .Cn; 0/ to .CnC1; 0/. Suppose that h is regular, say

h.x/ D a1x1 C a2x2 C � � � C anxn CR.x/;

withm.R.x/; 0/ > 1 or R D 0. LetH be the hyperplane defined byH WD V.
Pn
iD1 aixi /.

Suppose that for every reflection g 2G, H is not the reflecting hyperplane of g (equival-
ently, H \ .V .jac.w/// ¤ H as a set ). Then,

D.f / D V
� Y
gk…R;gk¤Id

.h.x/ � gk�h.x//
�
:

Proof. By Proposition 6.3 we have that

D.f / D V
�� Y

gk2R

�gk .h.x//
�� Y

gk…R; gk¤Id

.h.x// � gk�h.x///
��
:

We just need to show that �g.h.x// is an invertible element in the ring of analytic
series C¹xº for all g 2R. If g 2R and Fixg is its reflecting hyperplane, with Fixg D
KerLg , then by the definition of the Demazure operator and Lemma 2.3, we obtain that

(6.3) �g.h.x// D
h.x/ � g�h.x/

Lg
D Q.x/;

for some Q.x/2C¹xº.
The action of G on C¹xº has the property that if P 2 C¹xº is homogeneous of

degree d , then g�P is also homogeneous of degree d (see Section 2 in Chapter 3 of [10]).
Also, recall that

g�.P1 C P2/ D g�.P1/C g�.P2/ for all P1; P2 2C¹xº:

By hypothesis, H is not a hyperplane of g. Therefore,

g�.a1x1 C a2x2 C � � � C anxn/ ¤ a1x1 C a2x2 C � � � C anxn;

i.e., the defining equation of H is not invariant under the action of g. In this way, we can
write

h.x/ � g�h.x/ D b1x1 C b2x2 C � � � C bnxn CQ
0.x/;

where either m.Q0.x/; 0/ > 1 or Q0 D 0. Also, bi 2C for all i , with at least one bi being
non-zero.

By (6.3), we have thatLg (which is a linear form) divides h.x/� g�h.x/. This implies
that Q.0/ ¤ 0, and so Q.x/ must necessarily be an invertible element in C¹xº.
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Example 6.6. Let f W .C2; 0/! .C3; 0/ be a reflected graph map germ, given by

f .x; y/ D .x2; y2; x � 3y C y3/:

Using the notation in Example 6.4, by Corollary 6.5 we obtain that

D.f / D V.h.x; y/ � g1�h.x; y/// D V.x � 3y C y3/:

Note that in this case we do not need to consider all elements ofG to obtain a defining
equation of D.f /, only those that are not reflections (excluding of course the identity of
the group).

6.2. Dihedral map germs

Inspired by the work of Marar and Nuño-Ballesteros in [11], where they introduce the
double fold map germs, in this section we will introduce the “dihedral map germs”. Con-
sider the generators of the dihedral group D2m in GL.C2/ given by in Example 2.6,

R D

�
0 1

1 0

�
and S D

�
� 0

0 �m�1

�
;

where � D e2�i=m.
Note that with this representation D2m is a reflection group. By Proposition 2.22

in [10], we have that the polynomials w1 D xm C ym and w2 D xy are algebraically
independent and they are invariant by the action of D2m (in [10], D2m is identified as
being the group G.m;m; 2/ in the Shephard and Todd classification). Therefore, the orbit
map for the group D2m acting on C2 is w.x; y/ D .xm C ym; xy/.

Thus, a the reflection map f W .C2; 0/! .C3; 0/ is a 2m-dihedral map germ, or simply
“a dihedral map germ”, if f is a reflected graph map germ in the following form:

f .x; y/ D .xm C ym; xy; h.x; y//:

Note that r1D 1;r2D x;r3D x2; : : : ; rmD xm�1 and rmCk D yk , with k2¹1; : : : ;mº,
is a basis of O2=.x

m C ym; xy/ as a C-vector space. By taking coordinate changes and
using the Malgrange preparation theorem, we can write h in the form

h.x; y/ D

m�1X
jD1

xjpj C

mX
kD1

ykpm�1Ck ;

where pi D pi .xm C ym; xy/ and we suppose that h.0; 0/ D 0. As an example, we will
provide in the next result a study of a 6-dihedral map germ, i.e., using the D6 group. We
consider the following representation in GL.C2/ of the dihedral group D6:

g1 D Id D
�
1 0

0 1

�
; g2 D

�
0 1

1 0

�
; g3 D

�
� 0

0 �2

�
;

g4 D

�
�2 0

0 �

�
; g5 D

�
0 �

�2 0

�
; g6 D

�
0 �2

� 0

�
;

where � D e2�i=3, so �2 C � C 1 D 0.
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The orbit map for the group D6 acting on C2 is w.x; y/ D .x3 C y3; xy/. Thus, a
reflection map f W .C2; 0/ ! .C3; 0/ for the dihedral group D6 is given by f .x; y/ D
.x3 C y3; xy; h.x; y//, where h.x; y/ D xp1 C x2p2 C yp3 C y2p4 C y3p5. Note that

h1 WD g1�h D h;

h2 WD g2�h D yp1 C y
2p2 C xp3 C x

2p4 C x
3p5;

h3 WD g3�h D �xp1 C �
2x2p2 C �

2yp3 C �y
2p4 C y

3p5;

h4 WD g4�h D �
2xp1 C �x

2p2 C �yp3 C �
2y2p4 C y

3p5;

h5 WD g5�h D �yp1 C �
2y2p2 C �

2xp3 C �x
2p4 C x

3p5;

h6 WD g6�h D �
2yp1 C �y

2p2 C �xp3 C �
2x2p4 C x

3p5:

Recall from Lemma 4.1 that we can define

q5.xy; x
3
C y3/ WD h1 C h2 C h3 C h4 C h5 C h6;

q4.xy; x
3
C y3/ WD h1h2 C h1h3 C h1h4 C � � � C h5h6;

q3.xy; x
3
C y3/ WD h1h2h3 C h1h2h4 C � � � C h4h5h6;

q2.xy; x
3
C y3/ WD h1h2h3h4 C h1h2h3h5 C � � � C h3h4h5h6;

q1.xy; x
3
C y3/ WD h1h2h3h4h5 C h1h2h3h4h6 C � � � C h2h3h4h5h6;

q0.xy; x
3
C y3/ WD h1h2h3h4h5h6:

Proposition 6.7. Let f W .C2; 0/! .C3; 0/ be a 6-dihedral map germ and write it in the
form

f .x; y/ D .x3 C y3; xy; xp1 C x
2p2 C yp3 C y

2p4 C y
3p5/;

where pi D pi .x3 C y3; xy/. Then:
(a) The presentation matrix �ŒX; Y;Z� of f�O2 as an O3-module via f is

�D

26666664
�Z p1 p2 p3 p4 p5

p2XCp3Y �Z p1 p4Y p5Y �p2
p1XCp4Y

2 p2XCp3Y �Z p5Y
2 �p2Y �p1

p1Y p2Y �p5Y p5X�Z p3 p4
p2Y

2 �p5Y
2 �p4Y p4XCp1Y p5X�Z p3

�p5Y
3 �p4Y

2 �p3Y p3XCp2Y
2 p4XCp1Y p5X�Z

37777775;

where pi D pi .X; Y /.

(b) A defining equation of the image of f is

F.X; Y;Z/ D Z6 �Q5Z
5
CQ4Z

4
�Q3Z

3
CQ2Z

2
�Q1Z CQ0;

where
Q6�k.X; Y / WD w

�.q6�k.x
3
C y3; xy//;

i.e., we simply change the “variables” x3 C y3 and xy by the (target) variables X
and Y in q6�k described just above this proposition.
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(c) A defining equation of the double point curve D.f / of f is

D.f / D V.�1�2�3/;

where

�1 D �p1 C p3 � p2x C p4x � p2y C p4y C p5x
2
C p5xy C p5y

2;

�2 D p
2
1 C p1p3 C p

2
3 C 2p1p2x C p2p3x C p1p4x � p3p4x � p1p2y C p2p3y

C p1p4yC2p3p4yCp
2
2x
2
Cp2p4x

2
Cp24x

2
�2p1p5x

2
�p3p5x

2
� p22xy

� p2p4xy�p
2
4xyCp1p5xy�p3p5xyCp

2
2y

2
Cp2p4y

2
Cp24y

2
Cp1p5y

2

C 2p3p5y
2
� 2p2p5x

3
� p4p5x

3
C 2p2p5x

2y C p4p5x
2y � p2p5xy

2

� 2p4p5xy
2
C p2p5y

3
C 2p4p5y

3
C p5

2x4 � p5
2x3y � p5

2xy3 C p25y
4;

�3 D p
2
1x
2
C p1p3xy C p

2
3y

2
C p1p2x

3
C 2p2p3x

2y C 2p1p4xy
2
C p3p4y

3

C p22x
4
C p2p4x

2y2 C p24y
4:

(d) The multiplicity of the image of f satisfies

2 � m.f .C2; 0// � 6:

Proof. (a) Consider the basis r1 D 1, r2 D x, r3 D x2, r4 D y, r5 D y2 and r6 D y3 for
O2=.x

3 C y3; xy/. Using the same notation as in Remark 3.2, we obtain that

E D

26666664
1 1 1 1 1 1

x y �x �2x �y �2y

x2 y2 �2x2 �x2 �2y2 �y2

y x �2y �y �2x �x

y2 x2 �y2 �2y2 �x2 �2x2

y3 x3 y3 y3 x3 x3

37777775
and

AZ D

26666664
h1 �Z 0 0 0 0 0

0 h2 �Z 0 0 0 0

0 0 h3 �Z 0 0 0

0 0 0 h4 �Z 0 0

0 0 0 0 h5 �Z 0

0 0 0 0 0 h6 �Z

37777775 :
The reflections of D6 are g2, g5 and g6, and their respective reflecting hyperplanes

are
LH1 D x � y; LH2 D x � �y and LH3 D x � �

2y:

Each reflection of D6 has order 2. By Proposition 3.5, we obtain that det.E/ D 27.x3 �
y3/3. The adjoint matrix of E is

Adj.E/ D 9.x3 � y3/2

26666664
x3 x2 x �y2 �y �1

�y3 �y2 �y x2 x 1

x3 �2x2 �x ��y2 ��2y �1

x3 �x2 �2x ��2y2 ��y �1

�y3 ��2y2 ��y �x2 �2x 1

�y3 ��y2 ��2y �2x2 �x 1

37777775 :
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Applying Corollary 3.6, we obtain that a presentation matrix of f�.O2/ as a O3-module
via f is given by

�ŒX; Y;Z�D

26666664
�Z p1 p2 p3 p4 p5

p2XCp3Y �Z p1 p4Y p5Y �p2
p1XCp4Y

2 p2XCp3Y �Z p5Y
2

�p2Y �p1
p1Y p2Y �p5Y p5X�Z p3 p4
p2Y

2
�p5Y

2
�p4Y p4XCp1Y p5X�Z p3

�p5Y
3

�p4Y
2

�p3Y p3XCp2Y
2 p4XCp1Y p5X�Z

37777775,

as desired.
(b) It follows by Theorem 4.2.
To prove (c), we can apply Proposition 6.3 to obtain

D.f / D V
� .h � g2�h/.h � g3�h/.h � g4�h/.h � g5�h/.h � g6�h/

3.x � y/.x � �y/.x � �2y/

�
:

Note that

h � g2�h D .y � x/.�p1 C p3 C p2.x C y/C p4.x C y/ � p5.x
2
C xy C y2//;

h � g3�h D p1.x � �
2x/C p2.x

2
� �x2/C p3.y � �y/C p4.y

2
� �2y2/;

h � g4�h D p1.x � �x/C p2.x
2
� �2x2/C p3.y � �

2y/C p4.y
2
� �y2/;

h � g5�h D p1.x � �y/Cp2.x
2
��2y2/Cp3.y��

2x/Cp4.y
2
��x2/Cp5.y

3
�x3/;

h � g6�h D p1.x � �
2y/Cp2.x

2
��y2/Cp3.y��x/Cp4.y

2
��2x2/Cp5.y

3
�x3/:

Therefore, a calculation shows that D.f / D V.f1f2f3/.
The proof of (d) follows by Theorem 5.4 and Remark 5.5.

Remark 6.8. A straightforward (but tedious) calculation can be done to present the Q0is
coefficients in Proposition 6.7(b) explicitly. For instance,

q5 D h1 C h2 C h3 C h4 C h5 C h6 D 3p5.x
3
C y3/;

q4 D �6xyp1p3 � 3p1p2.x
3
C y3/ � 3p3p4.x

3
C y3/ � 6x2y2p2p4

C 3p25 .x
3
C y3/2 C 3p25 x

3y3:

Therefore,
Q5.X; Y / D 3Xp5

and

Q4.X; Y / D �6Yp1p3 � 3Xp1p2 � 3Xp3p4 � 6Y
2p2p4 C 3X

2p25 C 3Y
3p25 :

In the same way, we obtain from q3, q2, q1 and q0 that

Q3.X; Y / D �X.�p
3
1 � p

3
3 �Xp

3
2 �Xp

3
4 C 9Xp1p2p5 C 3Xp3p4p5 �X

2p35/

�XY.�3p22p3 � 3p1p
2
4 C 12p1p3p5 C 12Y

2p2p4p5 � 6Y
2p35/

� Y 2.�6p2p
2
3 � 6p

2
1p4 C 2Yp

3
2 C 2Yp

3
4 � 12Yp1p2p5 C 12Yp3p4p5/;
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Q2.X; Y / D 9XYp
2
1p2p3 C 9Y

2p21p
2
3 C 9X

2p1p2p3p4 C 9XYp1p
2
3p4 C 3X

2p31p5

C 9Y 3p21p
2
2 C 9XY

2p1p
2
2p4 C 9XY

2p2p3p
2
4 C 9Y

3p23p
2
4 � 6Y

3p31p5

C 3X3p32p5C9X
2Yp22p3p5C9XY

2p2p
2
3p5C6Y

3p33p5C9XY
2p21p4p5

� 9X3p1p2p
2
5�9X

2Yp1p3p
2
5C9Y

4p22p
2
4�9XY

3p32p5�18Y
4p22p3p5

C 18Y 4p1p
2
4p5 C 3XY

3p34p5 C 18XY
3p1p2p

2
5 � 9X

2Y 2p2p4p
2
5

� 18XY 3p3p4p
2
5 C 3X

2Y 3p45 C 3Y
6p45 ;

Q1.X; Y / D �
�
3XYp41p3 C 3X

2p1p2p
3
3 C 3XYp1p

4
3 C 3X

2p31p3p4 C 6Y
3p41p2

C 3X2Yp1p
3
2p3 C 18XY

2p1p
2
2p

2
3 C 12Y

3p1p2p
3
3 C 12XY

2p31p2p4

C 12Y 3p31p3p4 C 3X
3p32p3p4 C 9X

2Yp22p
2
3p4 C 12XY

2p2p
3
3p4

C 6Y 3p43p4 C 9X
2Yp21p2p

2
4 C 18XY

2p21p3p
2
4 C 3X

3p1p2p
3
4

C 3X2Yp1p3p
3
4 � 9X

2Yp21p2p3p5 � 9XY
2p21p

2
3p5 � 9X

3p1p2p3p4p5

� 9X2Yp1p
2
3p4p5 � 3X

3p31p
2
5 C 3XY

3p1p
4
2 C 12Y

4p1p
3
2p3

C 3X2Y 2p42p4 C 12Y
4p1p3p

3
4 C 3X

2Y 2p2p
4
4 C 3XY

3p3p
4
4

� 9XY 3p21p
2
2p5�9X

2Y 2p1p
2
2p4p5�9X

2Y 2p2p3p
2
4p5�9XY

3p23p
2
4p5

C 9XY 3p31p
2
5 � 3X

4p32p
2
5�9X

3Yp22p3p
2
5�9X

2Y 2p2p
2
3p

2
5

� 3XY 3p33p
2
5 � 9X

2Y 2p21p4p
2
5 C 3X

4p1p2p
3
5 C 3X

3Yp1p3p
3
5

� 6Y 5p42p4 � 6Y
5p2p

4
4 � 9XY

4p22p
2
4p5 C 12X

2Y 3p32p
2
5

C 27XY 4p22p3p
2
5 � 9XY

4p1p
2
4p

2
5 � 3X

2Y 3p1p2p
3
5 C 3X

3Y 2p2p4p
3
5

C 3X2Y 3p3p4p
3
5 � 6Y

6p32p
2
5 � 6Y

6p34p
2
5 � 12Y

6p1p2p
3
5

C 12Y 6p3p4p
3
5 � 3XY

6p55 C 18Y
5p2p

2
3p

2
5 C 18Y

5p21p4p
2
5

�
;

and

Q0.X; Y /DX
2p31p

3
3 C Y

3p61 C 3XY
2p31p2p

2
3 � 2Y

3p31p
3
3 CX

3p32p
3
3 C 3X

2Yp22p
4
3

C 3XY 2p2p
5
3 C Y

3p63 C 3XY
2p51p4 C 3XY

2p21p
3
3p4 C 3X

2Yp41p
2
4

CX3p31p
3
4 � 3X

2Yp41p3p5 � 3X
3p31p3p4p5 CXY

3p31p
3
2C6Y

4p31p
2
2p3

C 3X2Y 2p42p
2
3 C 6XY

3p32p
3
3 C 3Y

4p22p
4
3 C 3X

2Y 2p21p
3
2p4

C 9XY 3p21p
2
2p3p4 C 18Y

4p21p2p
2
3p4 C 3Y

4p41p
2
4 C 3X

3Yp1p
3
2p

2
4

C 9X2Y 2p1p
2
2p3p

2
4 C 9XY

3p1p2p
2
3p

2
4 C 6Y

4p1p
3
3p

2
4 C 6XY

3p31p
3
4

CX4p32p
3
4 C 3X

3Yp22p3p
3
4 C 3X

2Y 2p2p
2
3p

3
4 CXY

3p33p
3
4

C 3X2Y 2p21p
4
4 � 3XY

3p41p2p5 C 6Y
4p41p3p5 � 3X

3Yp1p
3
2p3p5

� 9X2Y 2p1p
2
2p

2
3p5�12XY

3p1p2p
3
3p5�6Y

4p1p
4
3p5�3X

2Y 2p31p2p4p5

� 3X4p32p3p4p5�9X
3Yp22p

2
3p4p5 � 9X

2Y 2p2p
3
3p4p5 � 3XY

3p43p4p5

� 9X2Y 2p21p3p
2
4p5 CX

4p31p
3
5 C 3XY

4p52p3 C 3Y
5p42p

2
3

� 6Y 5p21p
3
2p4 � 9XY

4p1p
3
2p

2
4 � 18Y

5p1p
2
2p3p

2
4 � 4X

2Y 3p32p
3
4
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� 9XY 4p22p3p
3
4 � 6Y

5p2p
2
3p

3
4 C 3Y

5p21p
4
4 C 3XY

4p1p
5
4

� 3X2Y 3p1p
4
2p5�12Y

5p31p2p4p5�3X
3Y 2p42p4p5C3X

2Y 3p32p3p4p5

C 18XY 4p22p
2
3p4p5 C 12Y

5p2p
3
3p4p5 � 18XY

4p21p2p
2
4p5

� 3X2Y 3p1p2p
3
4p5�12XY

4p1p3p
3
4p5C9XY

4p21p2p3p
2
5C9Y

5p21p
2
3p

2
5

C 9X2Y 3p1p2p3p4p
2
5 C 9XY

4p1p
2
3p4p

2
5 � 4X

2Y 3p31p
3
5 CX

5p32p
3
5

C 3X4Yp22p3p
3
5 C 3X

3Y 2p2p
2
3p

3
5 CX

2Y 3p33p
3
5 C 3X

3Y 2p21p4p
3
5

C Y 6p62 C 2Y
6p32p

3
4 C Y

6p64 C 6Y
6p1p

4
2p5 C 9XY

5p42p4p5

C 12Y 6p32p3p4p5 � 12Y
6p1p2p

3
4p5 � 3XY

5p2p
4
4p5 � 6Y

6p3p
4
4p5

C 9Y 6p21p
2
2p

2
5 C 9XY

5p1p
2
2p4p

2
5 C 9XY

5p2p3p
2
4p

2
5 C 9Y

6p23p
2
4p

2
5

C 2Y 6p31p
3
5 � 5X

3Y 3p32p
3
5 � 12X

2Y 4p22p3p
3
5 � 9XY

5p2p
2
3p

3
5

� 2Y 6p33p
3
5 � 9XY

5p21p4p
3
5 C 3X

2Y 4p1p
2
4p

3
5 � 3X

3Y 3p1p2p
4
5

� 3X2Y 4p1p3p
4
5 C 9Y

7p22p
2
4p

2
5 C 5XY

6p32p
3
5 C 6Y

7p22p3p
3
5

� 6Y 7p1p
2
4p

3
5 CXY

6p34p
3
5 C 9XY

6p1p2p
4
5 C 6Y

7p1p3p
4
5

� 3X2Y 5p2p4p
4
5 � 3XY

6p3p4p
4
5 C 6Y

8p2p4p
4
5 C Y

9p65 :

6.3. Quasihomogeneous reflection maps

Another application of our results is about quasihomogeneous map germs. A polynomial
p.x1; : : : ; xn/ is quasihomogeneous if there are positive coprime integers b1; : : : ; bn, and
an integer d such that

p.kb1x1; : : : ; k
bnxx/ D k

dp.x1; : : : ; xn/:

The number bi is called the weight of the variable xi and d is called the weighted degree
of p. In this case, we say p is of type .d Ib1; : : : ; bn/. This definition extends to polynomial
map germs f W .Cn; 0/ ! .Cp; 0/ by just requiring each coordinate function fi to be
quasihomogeneous of type .di I b1; : : : ; bn/, for fixed weights b1; : : : ; bn. In particular, for
a quasihomogeneous map germ f W .C2; 0/! .C3; 0/, we say that it is quasihomogeneous
of type .d1; d2; d3I b1; b2/.

Marar and Nuño-Ballesteros studied in [11] the case where f W .C2; 0/ ! .C3; 0/

is a corank 2 quasihomogeneous and finitely determined map germ. They say that the
mere existence of this kind of maps is quite a surprise. Indeed, the three adjectives cre-
ate tremendous restrictions and examples seem hard to find. They showed that if f D
.x2; y2; h.x; y// is finitely determined, then f is in fact homogeneous, i.e., b1 D b2 D 1
(see Theorem 3.4 in [11]). In particular, there is no finitely determined quasihomogen-
eous double fold map germ with distinct weights. On the other hand, examples of finitely
determined homogeneous (where b1 D b2 D 1) reflected graph map germs exist, see for
instance Example 3.6 in [11] and Example 16 in [21]. Thus, we can consider the following
question.

Question 4. Is there any corank 2 reflected graph map germ f D .w1;w2;h/ from .C2; 0/

to .C3; 0/ such that f is finitely determined and quasihomogeneous with distinct weights?
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Since the coordinate functions w1 and w2 to the orbit map w D .w1; w2/ of G are
always homogeneous (see Chapter 9 of [10]), we will restrict ourselves to studying this
question only for the group Zr � Zs , where the orbit map w D .xr ; xs/ of Zr � Zs is
a quasihomogeneous map. If f .x; y/ D .xr ; ys; h.x; y//, then the corank 2 hypothesis
implies that r; s � 2 and h2m2, where m denotes the maximal ideal of O2. The following
lemma can be viewed as an extension of Theorem 3.4 in [11] for the reflection group
Zr �Zs . We will consider Zr �Zs as a subgroup of GL2.C/ generated by the reflections

R0 D

�
� 0

0 1

�
and S 0 D

�
1 0

0 �

�
;

where � (respectively, �) is a primitive r-th (respectively, s-th) root of unity.
Denote the elements of Zr �Zs by gi;j , where i 2 ¹1; : : : ; rº and j 2 ¹1; : : : ; sº, with

gr;s D Id, the identity matrix. Note that after an eventual reordering of the indices i and j ,
we have that

gi;j �h.x; y/ D h.�
ix; �jy/:

Lemma 6.9. Let f W .C2; 0/! .C3; 0/ be a reflected graph map germ given by f .x;y/D
.xr ; ys; h.x; y//, with r; s � 2 and h2m2. If f is quasihomogeneous and finitely determ-
ined, then f is homogeneous.

Proof. The case where r; s D 2 was considered in Theorem 3.4 of [11]. Therefore, we can
suppose that .r; s/ ¤ .2; 2/. Denote the weight of x by a and the weight of y by b. By
hypothesis, we have that f is quasihomogeneous, therefore we can write h in the form

(6.4) h.x; y/ D x˛yˇ .ck.x
b/k C ck�1.x

b/k�1ya C � � � C c1x
b.ya/k�1 C c0.y

a/k/

for some non-negative integers ˛, ˇ and k, where c0; : : : ; ck 2C and c0; ck ¤ 0. We will
show that ˛;ˇ D 0. Since det.jac.w//D rsxr�1ys�1, then by Proposition 6.3, we obtain
that

(6.5) D.f / D V
�Q

.i;j /¤.r;s/.h � gi;j �h/

xr�1ys�1

�
:

Suppose that ˇ ¤ 0. Then the restriction of f to V.y/ is r-to-1 (see Lemma 6.1
in [23]). Since f is finitely determined, it follows that 1� r � 2. If we suppose that ˛¤ 0,
we obtain with a similar argument that 1 � s � 2. Hence, if r; s � 3, then ˛ D ˇ D 0. Let
us consider the following remaining cases:

Case a.1: r D 2 and s � 3.
Since s � 3, we have that ˛ D 0. Suppose that ˇ � 1. Then by (6.4) and (6.5), we

obtain that
D.f / D V.yˇ.2s�1/�.s�1/�1.x; y//

for some �1.x; y/ in O2. Now, note that

ˇ.2s � 1/ � .s � 1/ D ˇs C ˇ.s � 1/ � .s � 1/ � 3:

Therefore, D.f / is not reduced, thus it follows by Corollary 3.5 in [12] that f is not
finitely determined, a contradiction. Hence, we obtain that ˇ D 0.
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Case a.2: s D 2 and r � 3.
The proof of this case is similar to the one given to show Case a.1.
Finally, we will show that the weights of f are equal, i.e., aD bD 1. Since ˛D ˇD 0,

then by (6.4) and (6.5), we obtain that

D.f / D V.xb.r�1/�.r�1/ya.s�1/�.s�1/ �2.x; y//

for some �2.x; y/ in O2. Therefore, since f is finitely determined, it follows that

(6.6) 0 � .r � 1/.b � 1/ � 1 and 0 � .s � 1/.a � 1/ � 1:

From (6.6), we obtain that if r � 3, then b D 1. On the other hand, if s � 3, then aD 1.
Hence, if r; s � 3, then a D b D 1. Let us consider the following remaining cases.

Case b.1: r D 2 and s � 3.
Note that in this case,

f D .f1; f2; f3/ D .x
2; ys; ck.x

b/k C � � � C c0.y
a/k/;

with c0; ck ¤ 0. From (6.6), we obtain that a D 1 and 1 � b � 2. Suppose that b D 2.
Then the weighted degree of f1; f2 and f3 are 2; 2s and 2k. By Proposition 1.4 in [16],
we obtain that the number C.f / of cross-caps of f is given by

(6.7) C.f / D
1

2
..2s � 1/.2k � 2/C .2s � 1//;

which is not an integer number, since the numerator of (6.7) is an odd integer number.
In particular, this implies that f is not finitely determined, a contradiction. Therefore, we
obtain that a D b D 1.

Case b.2: s D 2 and r � 3.
The proof of this case is similar to the one given to show Case b.1.

We note that for the group Z1 �Zd , where Z1 denotes the trivial group, it is not hard
to find quasihomogeneous finitely determined map germs which are not homogeneous.
For instance,

f .x; y/ D .x; y4; y6 C xy/

is an example of a corank 1 finitely determined map germ which is quasihomogeneous of
type .5; 4; 6I 1; 5/.

Remark 6.10. All figures used in this work were created by the authors using the software
Surfer [27].
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