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Abstract. Combining two classical notions in extremal combinatorics, the study of Ramsey—Turan
theory seeks to determine, for integers m < n and p < g, the number RT, (1, K4, m), which is the
maximum size of an n-vertex Kg4-free graph in which every set of at least m vertices contains a Kp.
Two major open problems in this area from the 80s ask: (1) whether the asymptotic extremal struc-
ture for the general case exhibits certain periodic behaviour, resembling that of the special case
when p = 2; (2) how to construct analogues of Bollobas—Erdds graphs with densities other than %
We refute the first conjecture by witnessing asymptotic extremal structures that are drastically dif-
ferent from the p = 2 case, and address the second problem by constructing Bollobds—Erd&s-type
graphs using high-dimensional complex spheres with all rational densities. Some matching upper
bounds are also provided.

Keywords: Ramsey—Turdn theory, extremal combinatorics.

1. Introduction

Ramsey graphs for cliques are believed to be random-like; while on the other hand, the
Turdn graphs from extremal graph theory are highly structured. Initiated in 1969 by Sés,
and later generalised by Erd&s, Hajnal, S6s and Szemerédi [14], Ramsey—Turdn theory
combines flavours of graph Ramsey and Turdn problems. The Ramsey—Turdn number
RT,(n, K4, m) is the maximum number of edges in an n-vertex K,-free graph G with
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ap(G) < m, where a,(G) = max{|U| : U € V(G) and G[U] is K,-free} is the p-inde-
pendence number of G. Notice that when p = 2 and m = n, we recover the Turdn number
of Ky; and as we consider large graphs, that is n — oo, by Ramsey’s theorem, m should
be taken as a function of n.

Aside from its close connection to Ramsey theory, e.g., the seminal result of Ajtai,
Komlés and Szemerédi [1] on the independence number of triangle-free graphs with given
size, results in Ramsey—Turan theory have been applied, for instance, to construct dense
infinite Sidon sets [2] in additive number theory, and to refute Heilbronn’s conjecture [21]
in discrete geometry. For more details, we refer the reader to the comprehensive survey of
Simonovits and Sés [34].

In this paper, we consider the most classical setting RT, (1, K4, 0(n)), when the inde-
pendence number is sublinear.

1.1. Background

The classical setting of sublinear independence number is defined as follows. Let 0, (q)
be the Ramsey—Turdn density

RT,(n, K,,
0p(q) := lim lim —p(n d gn).

£—>0n—00 (;)

The existence of the limit was shown by Erd&s, Hajnal, Simonovits, S6s and Szemer-
édi [13]. Then RT,(n, Kq,0(n)) := 0,(q)(3) + o(n?).

For p = 2, the problem is now well understood. First, in 1970, Erd6s and Sés [15]
proved that 0(2¢ + 1) = % for all # > 1. The case of even cliques turned out to be
much harder. Applying a proto-regularity lemma, Szemerédi [36] showed in 1973 that
02(4) < %. It was suspected by many that perhaps dense K4-free graphs with sublinear
independence number do not exist, i.e., 02(4) = 0. Then, surprisingly, a matching lower
bound was given by Bollobds and Erd6s in 1976; their ingenious construction — now
called the Bollobds—Erdds graph — was based on high-dimensional spheres. Eventually,
in 1983, Erdds, Hajnal, S6s and Szemerédi [14] completed the p = 2 case, proving that

3t—5

02(2t) = 3,= for all ¢ > 2. Furthermore, they showed that 0 (¢) exhibits the following

periodical behaviour:
(%) Let G be an asymptotic extremal graph for 0, (2¢ + r + 2) with r € {0, 1}. Then the
vertex set V' (G) can be partitioned into Vo U V7 U --- U V4, such that
e cach G[V;] has o(1) edge-density;
e G[Vo. V1] has density “ — o(1);
e every other G[V;, V;] has density 1 — o(1).

In other words, the asymptotic extremal structure depends on the residue of ¢ modulo p
and evolves as follows: the density of the pair G[Vy, V1] increases as r, the residue of ¢
mod p = 2, increases; and whenever ¢ increases by p = 2, a new part is added and joined
completely to previous parts.



Geometric constructions for Ramsey—Turdn theory 81

r=20
q9=>3 q=>6
1 1
tr=1 4
1 1
qg=28 . q =}
3 3
Al 4
t=2 L | V2 %

Sl
(=)
o

g=11 q=
3 6 3
180 (> 18 16
t=3 L 1
3 6 3
181 3 18 16

Fig. 1. An illustration for p = 3.

The general problem g, (¢q) for p>2 has been notoriously difficult and remained large-
ly open. Indeed, apart from the trivial case g,(p + 1) = 0, the next simplest case 03(5)
remained open before this work. Quoting Erd6s, Hajnal, Simonovits, S6s and Szemer-
édi [13], “One of the most intriguing problems is to determine the values and some
asymptotically extremal graphs for RT3(n, Ks, 0(n)) and RT3(n, Ke, 0(n)). Unfortu-
nately, this task seems to be too difficult”. Despite this, in the same paper, they proposed
the following bold conjecture, predicting that similarly to 0,(g) in (%), the general prob-
lem g, (g) also has similar periodic asymptotic extremal structures. In particular, the value
of 0p(q) depends on the residue of ¢ mod p (see Figure 1).

Conjecture A ([13, Conjecture 2.9]). The asymptotic extremal graphs G for op(q) have
the following structure. Let ¢ = pt +r + 2, where t € N and 0 < r < p. Then there is
a partition V(G) = Vo U Vi U --- U V; such that

o ¢(G[Vi]) =o(®m?) forall0<i <t

o dg(Vo, V1) = ';1 —o(1), and degrees in G[Vy, V1] differ by o(n);

o dg(Vi,V;) =1—0() forall pairs {i, j} # {0, 1}.

In particular,

o @=DCp—r—D+r+1
op(q) = 0,(q) := Q- Dirtl (1.1)
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In the final assertion, Q; (g) is obtained by optimising the sizes of the vertex classes
in the graph predicted by the conjecture. Towards this major conjecture, in [13], an upper
bound of g,(q) < q_:p was proven, which is optimal when ¢ = 1 mod p, verify-
ing (1.1) for this special case; and for sporadic cases when ¢ = p + £, £ < min{5, p},
it was shown that 0, (p + ) < 0;(p +¢) = (2_—;. Conjecture A remains wide open for
g #1 mod p.

As in many other extremal problems, when determining the Ramsey—Turdn densi-
ty 0p(q), obtaining explicit constructions for the lower bound is the most challenging
aspect. In this direction, even the simplest subproblem of determining whether ¢3(5) > 0
was only confirmed in 2011 by a breakthrough of Balogh and Lenz [6] using an elegant
construction. The best general lower bound [5] when £ < pis g,(p + £) > 2,(%, where
[2%] < £, which provides the state of the art for p3(5):

1 1
- <035 < -.
g = 03(5) = 6
It was stated in the work of Erdds, Hajnal, S6s and Szemerédi [14] that, for o3(5),
“an analogue of the Bollobds—Erdds graph would be needed which we think will be
extremely hard to find”. This motivates another main open problem in this area.

Problem B ([6, 14]). Construct an analogue of the Bollobas—Erdds graph with density
other than %

The only progress towards Problem B was the aforementioned results of Balogh and
Lenz [5, 6], taking a certain product construction utilising Bollobas—Erd&s graphs to get
variations with densities equal to powers of % Several other problems were also raised
whose solution would make progress on Conjecture A; we refer the reader to [5, 13].

In this paper, we address all of these problems, revealing some unexpected phenomena
of Ramsey—Turén graphs.

1.2. Complex Bollobds—Erdds graphs with rational densities

Our first main result answers Problem B. Inspired by the Bollobas—Erd&s graph, we use
isoperimetry and concentration of measure on the high-dimensional complex sphere to
achieve all rational densities.

Theorem 1.1 (Complex Bollobas—Erdds graph). Let p, £ be integers with 1 < { < p.
Then for all sufficiently large n, there exists a graph G with vertex partition W U Z, where
|W| = |Z| = n, such that a,(G) = o(n), e(G[W]),e(G[Z]) = 0(n?), and eg(W, Z) =
(% —o(1))n?. If additionally £ < %, then G is K4 ¢41-free, and consequently,

‘
Qp(p-i-ﬁ-f-l)ZE:Q;(p-I-E-i-l).

An immediate corollary of this result is that there is a construction as in Conjecture A
for just over half of all cases: we let G[Vy U V1] be the graph in Theorem 1.1.
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Corollary 1.2. Let g = pt + £ + 1. Then forall 0 < { < &,

2p(q) = 05(q).

This in particular determines, after about 40 years, that 93(5) = é.

1.3. Non-periodicity of Ramsey-Turdn graphs

Our second main result, much to our own surprise, disproves Conjecture A for infinitely
many cases, all having densities strictly larger than the predicted Q; ().

For instance, Conjecture A claims o, (m + 11) = o)y, (m + 11) = % for every m > 10,
with equality being achieved by an almost bipartite graph having density 1n—0 between the
vertex classes. Our results show, however, that at least if m = 2tisa power of 2 with
exponent £ > 9, then o, (m + 11) = %, where almost 4-partite graphs with density %
between their vertex classes are extremal. The lower bound can be seen by plugging p =3

and g = 4 into the statement that follows.

Theorem 1.3. Let {, p,q € N with q even, £ > p(q — 1), p* :=2% and ¢* := 2" + 27 +
q — 1. Then for all sufficiently large n, there exists an n-vertex Kgx-free graph G with
ap+(G) = o(n) and an equipartition V(G) = Vi U --- U V, such that

o ¢(G[V;]) = o(n?) for eachi € [q];

o dg(Vi.V}) = 545 —o(D) forall (i, j}  (*2)).

In particular,

0 @)= 575 (1- 7). (12

where equality holds when q(q —2) < 2P < g?; and whenever ¢ > 2,

0p*(q%) > 0, (q%).

It is worth noting that Theorem 1.3 in fact refutes Conjecture A in a strong sense.
It reveals that the asymptotic extremal structure for g, (g) is much more intricate. Indeed,
the graph predicted in Conjecture A remains almost bipartite when ¢ < 2p 4 1, in this
range the cross density increases by % when ¢ increases by one; and after this point, for
each increment of ¢ by p, an additional part is added and joined completely to previous
parts. Theorem 1.3 shows that already when g <2p + 1, the asymptotic extremal structure
could be almost #-partite for infinitely many choices of .

1.4. Some matching upper bounds

Our remaining results concern upper bounds. Combined with our constructions in The-
orem 1.1, they show that o7 (pt + 2) in Conjecture A is the correct value for the Ramsey—
Turén densities o, (pt 4 2) for p = 3, 4. Our proof translates proving these upper bounds
to an extremal problem for certain weighted graphs, which is interesting in its own right.
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We believe our method for this weighted graph problem may be useful in systematic-
ally proving further upper bounds. So far, many of the existing upper bound proofs have
followed a similar approach but in a rather ad hoc way.

Theorem 1.4. Lett € N. Then
5t —4 7t —6

3t+2)= — d 4t +2) = .
033t +2) 511 @ 04(4t +2) T

Our last upper bound shows that bound (1.2) in Theorem 1.3 is optimal for infinitely
many cases.

Theorem 1.5. Let p,s,t € Nwitht(t —2) <s <t>ands+1t—1< p. Then

1

S
r—1<?2 1——).
op(p+s+ )_p< :

1.5. Related work

Aside from the determination of g, (¢g), many other directions and extensions in Ramsey—
Turdn theory have been studied. The 2001 survey of Simonovits and Sés [34] is an
excellent resource for background on the area; here we confine ourselves to a brief dis-
cussion focusing on more recent developments.

This paper concerns the Ramsey—Turdn number RT, (n, K;,m) form = en and ¢ — 0.
For the case p = 2 in particular, there has been a great deal of interest in other func-
tions m(n) of n. Let us write

exg(n,m) :=RT2(n, K,;,m) and ex4(e) := lim exq(iz—,sn),

=0 (3)
and recall that the value of 05(q) = lim,—¢ ex,(¢) is known [14, 15]. Fox, Loh and
Zhao [18] showed that ex4(¢) = 02(4) + ®(¢). Liiders and Reiher [26] extended this to
obtain a formula for all g: they showed that ex,(¢) = 02(q) + ¢ for odd g and ex,(¢) =
02(q) + & — &2 for even g, whenever £(q) is sufficiently small. For larger &, the situation
is complicated even for the first non-trivial case ¢ = 3. Mantel’s theorem and an early
result of Andrasfai [3] determine ex3(e) for & > %; and the regime ¢ € (0, %] follows from
work of Brandt [11]. In a series of papers, Luczak, Polcyn and Reiher determined exs(¢)
for various ranges of ¢ (see [23-25] for more details). Finally, in [25], they announced
a complete solution.

Determining ex (1, m) for functions m(n) growing slower than linear has also attrac-
ted a lot of attention, in particular determining the phase transitions where decreasing
m(n) causes a large decrease in ex, (n, m) (for a precise definition, see [4]). For example,
exs(n,n) = | 2(3)] by Turdn’s theorem, while exs(n, 0(n)) = 1(3) + 0(n?), so we may
say there is “a phase transition at n”. Answering a question of Erdds and Sés, Balogh, Hu
and Simonovits [4] showed that exs (1, 0(/n logn)) = o(n?), while exs(n, c/nlogn) >
%(;) + 0(n?) for infinitely many » and any ¢ > 1, so there is another phase transition at
Jnlogn. Sudakov [35] showed that ex4 (1, e~ ™€) = o(n2), while Fox, Loh and
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Zhao [18] showed that ex4 (7, eV l(’g"/l(’gl"*%'")n) = %(g) + 0(n?). So for g = 4, there
is a phase transition somewhere between these functions. See also [9,20] for other results
of this type.

Ramsey-Turan-type problems have also been studied for graphs other than cliques
[8,14,29,35], in hypergraphs [6, 16, 19,27,28,33], in the multicolour setting [12,20, 22,
31] and in a “counting” setting [7]. A particular tantalising open problem concerns the
octahedron graph.

Problem C ([12,14,34,35]). Is it true that RT»(n, K2 2.2, 0(n)) = 0(n?)?

Organisation. The constructions for Theorems 1.1 and 1.3 will be given in Sections 3
and 4, respectively. The proofs for Theorems 1.4 and 1.5 are in Section 5. In Section 6,
we give some concluding remarks.

Notation. We write [a,b] :={a,...,b} C Zforalla,b € Z witha < b. Whenevera =1,
we use [b] instead of [a, b].

We will use bold face lower case symbols, e.g., w, x, y, z, for vectors in Ck , equipped
with the standard inner product (w, z) = Zie[k] w;z;. We write |z| = /(z, z) for its £,-
norm.

2. Properties of high-dimensional spheres

In this section, we list some useful properties of high-dimensional spheres, which will be
used for our constructions throughout Sections 3 and 4.

For k € N, let S*"1(R) € R¥ denote the standard (k — 1)-dimensional real unit
sphere, and write

k
s 1(C) = {(21,...,Zk) eCk: ) |z = 1}

i=1

for the (k — 1)-dimensional complex unit sphere. As the map

@ (X1 +iy1, .., X Fiye) = (X1, V1, X2, Y2 -+« s Xk» Vi) (2.1)

from S*¥~1(C) to S?*~1(R) is an invertible isometry, various properties of high-dimen-
sional real spheres extend naturally to the complex ones.

Throughout the paper, when given a high-dimensional unit sphere, we will write A
for the Lebesgue measure, normalised so that the unit sphere has measure 1. For two
subsets of a unit sphere A and B, denote by d.x(A, B) :=sup{la —b|:a € A,b € B}
the Euclidean distance between them. In the case A = B, write diam(A4) := dp.x (A4, A)
for the diameter of A.

A spherical cap is the smaller intersection of the unit sphere with a half-space. Given
a spherical cap C bounded by some hyperplane H, we call the point in C with maximum
Euclidean distance to H the centre of the spherical cap. The distance from the centre to H
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is the height of the spherical cap. Note that diam(C) is just the diameter of the intersection
of C and H.

We will use the following lower and upper bounds on the measure of spherical caps.
They follow from the known results of the real sphere and the use of the isometry ¢
in (2.1).

Lemma 2.1 ([6]). Forall§ > 0and integersk >3, let B C SK~1(C) be the spherical cap
consisting of all points with distance at most /2 — «/LZT from a fixed point in SK=1(C).
Then A(B) > 1 — /28.

Lemma 2.2 ([37]). Leta €[0,1) and C € S¥~1(C) be a spherical cap with height 1 — a.
Then A(C) < e~ka?,

Recall that a spherical cap with height 1 — « has diameter 2+/1 — 2. Tt is a simple
consequence (see [6]) of the isoperimetric inequality for spheres [32], that for any sets
A,B,C Cc skl (C) of equal measure, if C is a spherical cap, then dpx (4, B) > diam(C).
Altogether, we have the following 2-set version of Lemma 2.2.

Lemma 2.3. Let v € (0, 1) and let A, B € S¥~1(C) with A(A), A(B) > e *"/2, then
dmax(A, B) > 2 — v.

The following folklore result partitions the sphere into small pieces of equal measure
(see, e.g., [17]).

Lemma 2.4. There exists C > 0 such that the following holds. Let 0 < § < 1 and let
n > (%)k. Then SK=1(R) can be partitioned into n pieces of equal measure, each of
diameter at most §.

We also need the following geometric result, which lies at the heart of the original
construction of the Bollobas—Erd&s graph [10].

Theorem 2.5 (Bollobds—ErdGs thombus lemma). Forallk € N and all 0 < pu < %, there
do not exist four points p1, p2,q1,q2 € SK(R) such that d(p1,p2) =>2—u, d(q1,92) >
2—u, and d(pi,q;) < N2 —pforalli,j € 2]

3. Complex Bollobas-Erdds graph

Fix integers 1 <{ < p. For Theorem 1.1, we will construct a graph G with vertex partition
W U Z where |W| = |Z| = n, satisfying the following:

(AD) ap(G) = o(n);

(A2) e(G[W]),e(G[Z]) = o(n?);

(A3) ¢(G) = (5 —o(1))n%;

(A4) if £ < £, then G is K, 1 ¢4 -free.

Corollary 1.2 then follows readily by joining completely a suitable number of graphs of
appropriate sizes with sublinear p-independence number to the above graph G.



Geometric constructions for Ramsey—Turdn theory 87

3.1. Construction

Choose constants

0 < 1 e 1 < 1 € d - (4C2.4)2k 3.1
KL =K =, pi= , and n > , .
k K " p 2k 2

where C, 4 is the constant obtained from Lemma 2.4. Using the isometry ¢ in (2.1) and
Lemma 2.4, we can partition gk—1 (C) into n domains Dy, ..., D, with equal measure

and diameter at most %. Next, for all i € [n], choose two arbitrary points w;, z; € D;,
and let
W :={wy,...,w,} and Z:={z1,...,2,}.

2 .. /2
pi= cos(—) +1 s1n(—)
p p

to be the primitive p-th root of unity. Note that w > pw rotates SK~1(C). The edge set
of G is defined as follows (see also Figure 2).

Set

(B1) Two vertices w, w’ € W form an edge if and only if there exists & € [p — 1] such
that

w—p"w'| < R
Define E(G[Z]) similarly. For such a pair, we say w is an h-rotation of w’.
(B2) A cross pair (w;,z;) € W x Z forms an edge if and only if the following hold:
(i) Forallh € Z,,
m(p" (w;. 2;))| = Kp.

(ii) There exists « € [0, 2’%{] such that

e (w;,z;) €[0,1].

3.2. Structure of the inner graphs

In this subsection, using isoperimetry and concentration of measure, we shall derive
that the inner graphs G[W], G[Z] are K, -free graphs (Lemma 3.1) with sublinear
p-independence number (Lemma 3.2) and zero edge density (Lemma 3.4), thus verify-
ing (A1) and (A2).

Lemma3.1. Letw;, w;, w; € W span a triangle in G. If w;, w; are h;- and hj-rotations
of w;, respectively, then w; is an (h; — hj)-rotation of w; and h; # h;.
Consequently, GI|W] is Kp41-free. The same holds for Z.

Proof. For any m € [p — 1], we have

[1— ,0”’|2 =2 2cos(27;m) >2— 2cos<2§) = 4sin2(%> > (%)2, (3.2)
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Im(z)

A

1
--> Re(z)

\/Z\KM

1

Fig. 2. An illustration of the position of (w;, z;) for p = 3. The pink stripes are the ones excluded
in (B2) (i); while the dark regions correspond to (B2) (ii).

as sinx > 27" for all x € [0, Z] by concavity. By (B1), there is & € [p — 1] such that w;
is an h-rotation of w;. Recall that vertices of G, viewed as points in Sk=1(C), all have
modulus 1. So

hi—h;—h h hi—h;
L= p ™ = [p"w; — " ™ wj|
< wi — p"wj| + Jwi — " w,| + [ w, — M

= |w; — p"w;| + [w; — " w,| + |w; — pMw,| <3y,

Twy|

which together with (3.1) and (3.2) implies # = h; — h;. Since h # 0, we have that
hi # h;.

Suppose that wg, wy, ..., w, span a clique in G[W]. Then by (B1) there are Ay, ...,
hp € [p — 1] such that w; is an h;-rotation of wy for all i € [p]. By the pigeonhole
principle, there are distinct 7, j € [p] such that #; = h;, contradicting the first part. ]

Lemma 3.2. Everyset X C W with |X| > pe "*/40 . |W | contains a copy of Kp. In par-
ticular,
op(G) < 2pe Hk/40y

For its proof, we need the following consequence of concentration of measure.

Lemma 3.3. Let p > 2 be an integer, v < min{%, 1} and A € SF=1(C) with A(A) >
pe_”k/32. Then there are distinct points ay, . .. ,ap—1 € A such that, for all h,m € Zp,

o an — p"am| < V/v.
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Proof. Forall h € [p — 1], define
Ah:z{aeA:Va’eA, la + pla’| <2 — 1v6}

Note that A(Ay) < e~V*/32 a5 otherwise, the sets A, and —p” A violate Lemma 2.3. There-
fore, A # Ay U---U Ap_1, and we can pick a pointag € A\ (41 U---U Ap_y).

For all i € [p — 1], since ag ¢ Ay, there exists a point a5, € A with |ag + p"ay| >
2 — 7z. We claim that |ag — otay| < 4 forall i € Z,. The inequality is trivial for # = 0.
For h € [p — 1], it follows from the parallelogram law that

V2
a0 — ptanl? = 2(1ao > + |p"an) — lao + par? < 4= (2- ) <

v
16 4

Thus, for all 2, m € Z,, by the triangle inequality, we obtain
lo"an = p"am| < |p"an — ao| + lao — p"am| < V. (3.3)

We are left to show that all points ao, ..., a,_ are distinct. Suppose to the contrary
that for some distinct i, m € Zp, ap = ap. Then, asin (3.2),

- 4
ohan = plan| = | =" = 10"~ 1 = S = Vv,
a contradiction to (3.3). -

We are now ready to prove Lemma 3.2.

Proof of Lemma 3.2. Let X CW with | X |> pe #k/40 . |W | andlet A := | J{D; : w; € X };
then )L(A) = ||X‘| > pe‘“k/‘“) By Lemma 3.3, there exist distinct ao, . .. ,a,—1 € A such
that |p"aj, — p"a,| < “ forall h,m € Z,. Foreach h € Z,,let x, € X be the vertex
lying in the same domain D asap,ie., [xp —ap| < 7 &

Now, for distinct integers i, m € Z,, by triangle inequality and (3.1), we get

"] = 10" xn = 0" x|

< p"xn — p"an| + 1p"an — P am| + 10" am — P xm| < JIL.

lxn —p

Thus xpx, € E(G[W]) and x, ..., xp—1 induce a copy of K, finishing the proof. m

The fact that the inner graphs G[W], G[Z] have zero edge density follows already
from their being K, 1-free and having sublinear p-independence number, as then their
maximum degree is at most o, (G[W]) = e—OWhy, by Lemma 3.2. We can in fact give
a tighter bound via a direct estimation.

Lemma 3.4. The maximum degree of G|W), G[Z] is at most pe_k(l_“)zn <e k2,

Proof. By the construction of G, in particular (B1) and the fact that each domain D;
has diameter at most “ , we see that in G[W] every vertex has degree n(p — 1) times the
measure of a spherlcal cap whose pomts are within distance d = /it £ “ from its centre.
As the height of such a cap is premsely 5-» the conclusion follows from Lemma 22. =
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3.3. Angle decides cross density
In this subsection, we verify (A3).

Lemma 3.5. Every vertex in W has (% + %E)n neighbours in Z, and vice versa.

Proof. For each point x € Sk=1(C), define sets
1
J(x) = {y e SF1(C) : |Im(x, o' y)| > (K n Z)“ forall h € Zp},

I(x):= {y € J(x):arg(x,y) € [\/I_E,Z;%K — ﬁ]}

‘We shall show that for each vertex w € W, vertices whose domains intersect the associated
set /(w) are adjacent to w. That is,

Zy:=1{z; € Z:DjNI(w)# I} C Ng(w). (3.4)

We first bound the measure of this associated set.

: k—1 14 1
Claim 3.6. For any x € S*7'(C), we have A(1(x)) > » - UE
Proof. Fix an arbitrary x € S¥~1(C). Define

L:={yesSk¥(C): |-xi—y| <vV2—Kpu}.

By Lemma 2.1 (with § = ¢K), we see that A (L) > % — /2eK . Foreach y € L, using (3.1),

1
2—2Im(x,y) =2—2Re(—xi,y) = |-xi —y|> < (V2 - Kp)® < 2—2(1{ + Z)/L,
and so Im(x, y) > (K + %) . Thus, by symmetry, the measure of the set

ly €7@ Iimfx, )] = (K + §)u)

is at most 1 —2A(L) <1 — 2(% — V2¢K) = 24/2¢K. Since (x, p"y) = (p™"x, y),
we can take the union bound of such sets over x, px, . . ., pl’_lx to deduce that A(J(x)) <
23/2eK p, where J(x) := S¥~1(C) \ J(x). Therefore, by (3.1), we get
1 /2n¢ 2 —_ { 1
AMIx)> —(——=)—-AJ(x)) > — — —. L]
Uz 5o (55 =) —A = -

Fix a vertex w € W and let Z, be as in (3.4). As each domain D; has measure % the
above claim entails

12 1
|Zw| = "z;wwj NI(w) =n-A(I(w)) = (; - ﬁ)n.

We are left to show Z,, € Ng(w) and that the upper bound on the degrees can be obtained
similarly.
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Fix a vertex z; € Zy, and take a point z* € D; N I(w). As z;,z* € Dj, |z* —z;| < §.
For any i € Z,, using the triangle inequality, that z* € /(w), and the Cauchy—Schwarz
inequality, we see that

[tm(p" (w, ;)| = [Im{w, p~"z)]

= [Im{w. p~"z")| = [Im{w. p~"z") ~ Im(w. p ;)]
1 “h % _

= (K +3)n—lwp™z") = (w.p™z))]
1 - -

= (K+3)n—lwl- o™= = p ™|

1 *
= (K+5)n—1z" =21 = Kn,

verifying (B2) (i).
For (B2) (ii), let x := (w, z;) and y := (w, z*). Then as above, we have
x 1 « ®
¥l = Im(w. 2] = (K + ) o=yl < foll=* -z < &

and so
x| = [yl —lx—y| = Kp.

Consider the triangle in the complex plane with vertices 0, x, y and let « be its angle at 0.
Then the law of cosines implies that

_ PPy O =g+ ) 1

cos >1—-—.
2|x||y] 2|x|[y] 8K

Ascosf <1 — % when 6 € (0, 1), we get |arg(w, z;) —arg(w,z*)| = o < ﬁ There-
fore, arg(w, z;) € [0,271%] as z* € I(w), implying (B2) (ii).

We omit the proof of the upper bound on degrees since it is very similar but easier,
noting that the upper bound corresponding to Claim 3.6 is clear as the set of y € SK~1(C)
with arg(x, y) € [s, f] trivially has measure at most tz;ﬂs L]

3.4. Clique number of G
Finally, we verify (A4). We will need the following lemma.

Lemma 3.7. Let U be a subset of W or Z such that G[U] is a clique. Then there exists
a pair of vertices u,u’ € U such that u is an h-rotation of w’ with min{|U| — 1, L%J} <
h=<|%]

Proof. Note that the upper bound is trivial, as in every pair of adjacent vertices, taking
the smaller angle we see that one is an A-rotation of the other for some / < L%J. For the
lower bound, set 1 := |U|. We will prove the case when u — 1 < [ £ |. The other case can
be reduced to this case by taking a subset of U of size [£] + 1.
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Fix a vertex ug € U. By (B1), every vertex u € U \ {uo} is an h-rotation of uy,
for some & € [p — 1]. We may assume that h € {—u + 2,...,u — 2} \ {0}, otherwise,
ug, u is the pair we seek. Pair up all elements in {—u + 2,...,u — 2} \ {0} such that
their difference is u — 1, that is, partition it into pairs {—u + 1+ j, j} forall j € [u — 2].
We say a vertex in U \ {ug} belongs to the j-th pair if it is either a (—u + 1 + j)-
rotation or a j-rotation of ug. By the pigeonhole principle, there exists a pair of vertices
u,u’ € U\ {ug} that form the j-th pair for some j € [u — 2]. By Lemma 3.1, they are
not the same rotation of uy. Therefore, without loss of generality, we can assume that u
is a j-rotation of ug and #’ is a (—u + 1 + j)-rotation of ug. Thus, by Lemma 3.1, u is
a (u — 1)-rotation of u’'. [

Take £ < %. Suppose to the contrary that G contains a copy of K, ¢4 on vertex set
X UY,with,say, X CW,Y C Z and |X|>|Y]|.So % < |X| < p (since X is K, ;-free)
and hence |Y| > £ + 1. Let xo € X be arbitrary, set

A :={h € Z, : X contains an h-rotation of xo},

B:={":hedC{zeC:|z|=1}.

If the closed convex hull of B fails to contain 0, then B is contained in an open half-plane
of C bounded by a line passing through 0, so we have |X| = |B| < £, a contradiction.
Thus O lies in the closed convex hull of B. Consequently, by Carathéodory’s theorem,
there are /1, hy, h3 € A such that 0 is in the closed triangle with vertices ,ohl, ,oh2, ,oh3.
In other words, there are reals A1,A5,A3 € [0, 1] suchthat A; + A, + A3 =1 and /ll,ohl +
Aop"2 4 A3p"3 = 0. Pick x1, x5, x3 € X such that |x; — pPixg| < i forall i € [3].
By the triangle inequality,

X 1= X1 + Aaxa 4+ Asxs = Ai(xy — pMxg) + Aa(xa — pM2x0) + As(x3 — p3x0)

satisfies x| < \/it. By Lemma 3.7, there exist a pair of vertices y, y’ € Y and an integer m
such that

mefp

5 and |y —p"y'| = Vi

Now,
Im(x,y —p"y') <[(x,y —p"y") < |x|ly —p"y'| < p. (3.5)
On the other hand, (B2) (i) implies that 0 < arg(x;, y), arg(x;, y’) < %. So
{ 2 —
0 <arg(—p " {x;,y")) < 271(— + p/—m) <
p p

since £ < m. So the imaginary parts of (x;, y), —p ™ (x;, y’) are positive, and (B2) (i)
yields
Im(x;, y),Im(—p " {x;,y')) > Ku foralli € [3],

whence Im(x, y — p™y’) > 2Ku. This contradiction to (3.5) concludes the proof
of (A4).
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4. Multipartite Bollobas—Erdés graph

In this section, we prove Theorem 1.3. Let £, p, ¢ be positive integers, where ¢ is even
and £ > p(q — 1). We will construct an n-vertex graph G satisfying the following:

(Cl) aye(G) = 0(n);

(C2) G can be made g-partite by removing o(n?) edges;
(C3) ¢(G) = (P2 —o(n?;

(C4) Gis Kyt yppyqy-free.

This will show that ¢ (2 +27 + ¢ — 1) > 22441

4.1. Construction

Choose constants

1 1
O<Z<<E<<8 <Z,p,q
Partition S¥ (R) into m domains Dy, ..., D, with equal measure and diameter at most %.
Next, let P C S*(R) be an arbitrary set of m points with exactly one point from each
domain.

We will construct a multipartite analogue G of the Bollobas—Erdds graph in two
stages. Our construction is inspired by ideas from [5, 6, 30], which themselves build on
the Bollobds—Erdds graph. The graph G will be built on vertex set V; U --- U V. For
the inner edges, each G[V;], i € [g], will be isomorphic to a high-dimensional Borsuk
graph B({), which is defined via a certain auxiliary hypergraph 8 encoding geomet-
ric information about cliques in B({); see Section 4.1.1. The adjacencies between V;
and V; are more involved; roughly speaking, cross edges are set up with certain geometric
constraints on their endpoints (depending on (i, j)); see Section 4.1.2. These geometric
constraints will be used in the rest of this section, together with the properties of the high-
dimensional Borsuk graph, to bound the clique number and prove various other properties
of G.

4.1.1. High-dimensional Borsuk graph. We describe the {-dimensional Borsuk graph
B(£) with vertex set V(B(£)) € ]_[hem Sy, where each Sy, is a copy of S¥(R). We will
define B({) via a sequence of auxiliary (hyper)graphs

{On}helg > 8 — 8" — B(0).
This part of the construction follows [5]. First, let
r:=2" and ¢:= e hn/ (3220

chosen so that a spherical cap of diameter at most 2 — ﬁ% has measure at most £.
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Step 1: {On}nere)- Let Qg be a copy of K, with V(Qop) := (M, ..., b}, where
each b¥) is a distinct binary string of length £. For each i € [{], let O}, = r/2,r/2 b€
the spanning subgraph of Q¢ in which the two partite sets consist of vertices with 0 and 1
respectively in the i-th coordinate. Thus Q¢ = | J nefe) @n (note that this union is not
edge-disjoint).

Step 2: B. Next, we construct an r-uniform hypergraph 8 on vertex set

V(B):= Pt c [] S
hell]

We write each vertex v € P¢ as v = (v1,...,v¢), where v, € Sy, is the projection of v
on S}. Then

W, v e E(B) & forallh e [(]andi, j € [r],
whenever Db ¢ E(Qp),
we have |v§li) —v;lj)| >2—p. “4.1)

In other words, the projections of v¥) and v¥) onto S}, are almost antipodal. Note that
the definition depends on the labelling of the vertices within the hyperedge.

Step 3: B’. To construct the hypergraph B’, we apply a theorem of Balogh and Lenz [6,
Theorem 16]. Rather than state the theorem in its full generality, we only state its conclu-
sion when applied to B (with their (y, f) being our (¢, 1'/¢) here), as follows.

There exist ¢ € N and an r-uniform hypergraph 8B’ such that the following holds.
Given v € P, let R(v) be a set of #1/¢ distinct points from the same domain D; as v
which are arbitrarily close to v. We say that u = (uy, ..., uy) corresponds to v € V(B)
ifup € R(vy) forall h € [£]. Then

V(8B') := {u : u corresponds to some v € V(B)} < l_[ Sy (so|V(B)| =mbt),
helf]

and B’ satisfies the following:

e Fix an arbitrary edge {v», ..., v} € E(B). For all i € [r], let U; be a set of at
least £t vertices of B’ corresponding to v®_ Then the hypergraph B’ contains at least
one hyperedge with exactly one vertex in each U;.

e There is no subhypergraph 8” € B’ with |V(B")| <r3,|E(8"”)| > 1 and |V(B")| +
A+ ¢—r)(E(B")| — 1) < r. (Informally, all subhypergraphs of B’ are sparse.)
We remark that the proof of [6, Theorem 16] uses an idea of Rodl [30]. Essentially, the

claimed hypergraph is obtained by first blowing up the original one, then taking a random

subhypergraph of it and finally using a first moment deletion method to get rid of small
configurations.
Note that B’ has the same geometric properties as 8 in the sense that every hyperedge

D .. v} e E(B') maintains the property on the right-hand side of (4.1).
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Step 4: B({). The high-dimensional Borsuk graph B({) is defined to be the shadow graph
of B’, that is,
V(B(0)) := V(8

and
uv € E(B({)) < {u,v} is contained in some hyperedge of 8'.

Note that the standard Borsuk graph is precisely B(1).
It was proved in [5, Lemmas 6, 14] (using the second bullet point above) that

every set A of vertices that spans a clique in B({) lies in some hyperedge of 8’, (4.2)

implying that B({) is K,¢ |-free; and furthermore, B({) has sublinear 2%-independence
number:
e (B()) < rf2" e | B(0)).

4.1.2. The final graph G. Let n := m‘tq (where ¢ was defined in Step 3). We are now
ready to construct the n-vertex multipartite Bollobas—Erdds graph G. We let

V(G):=ViU---UV,, whereG[V;]isacopyof B({)foralli € [g].

For cross edges, recall that each vertex v = (vy,...,vy) € V(G) is a length-£ vec-
tor, where vy, € Sy, for all & € [£]. The adjacencies of pairs of vertices in G between
partite classes are determined by the distances of their projections onto certain blocks
of coordinates. The relevant blocks for each pair (V;, Viv), {i,i’} € ([g]), come from an
edge-colouring, as follows. Let y be a proper (¢ — 1)-edge colouring of the g-clique on
{V1,..., Vg}, with colours {1,...,g — 1} (so each colour class is a perfect matching,
and y exists since g is even). For brevity, let ¢;; := y(V;V;) forall {i, j} € ([g )-

For h,h' € [{] and {i,i'} € ([g]), we say that coordinates (h, h’) are (i,i’)-related if
there exist j € [¢] \ {i,i’} and s € [p] such that

o cither (h,h') = ((c;j —D)p +5,(cirj —1)p + ),
e orh=h > p(g—1).

Finally, given u € V; and v € Vj/, we define
uv € E(G[V;,Vir]) < |up — vw| < v/2 — i whenever (h, B') are (i, i’)-related.

Informally, the projection uy, is in the hemisphere centred at v/, and vice versa.
This completes the construction of G.
By construction,
e (G) < q -0 (By).

Recall that B(£) is K¢ ,-free and has sublinear 2‘-independence number, thus verify-
ing (C1). Note that (C2) then follows immediately as A(B(£)) < a,¢(B({)) = o(|B¢|)
due to K¢ (-freeness.

We will spend the rest of the section verifying (C3) and (C4).
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4.2. Cross density

In this subsection, we verify (C3). We will use the following easy observation about how
coordinates are related between different V;’s.

Observation 4.1. Let i,i’ € [q] be distinct. For all h € [{), there is at most one h' € [{]
such that (h, h') are (i,i’)-related. Furthermore, for all but exactly p values of h € [{],
there exists a unique h' € [{] such that (h,h') are (i,i’)-related.

Proof. Suppose that (i, h’) and (h, h'") are both (i, i’)-related, where 4’ # h”. Then there
exist j, j/ € [g] \ {i,i’} and s € [p] such that (c;j —1)p +s =h = (¢jj — 1)p + s. Thus
cij = ¢jjr. Since y is a proper edge-colouring, we have j = j’. Then ' = (¢;7j — 1)p +
s = h”, a contradiction.

To prove the second part, note that, by definition, we have {c¢;; : j € [¢] \ {i,i'}} =
[¢ — 1]\ {cii’}. Therefore, if some & € [{] is not (i, i")-related to any other i’ € [{], then
h = (¢ii7 —1)p + s for some s € [p]. |

Fix arbitrary distinct i,i” € [¢] and a vertex v = (vy,...,v¢) € V;. We will compute
the degree of v to V;,. By Observation 4.1, there are exactly £ — p pairs (h, h’) € [{]?
which are (i, i’)-related. Fix an arbitrary such pair (%, h’). Define

1i={j € Iml: dun (D 0) = V2 - 1},
L:= {y eS*R) : |y — vl < ﬁ—%,u}.

Recall that u = JLE and % < € (so kpu is very large while \/E/,L is very small). By Lem-
ma 2.1, we have A(L) > % — 2¢. Since all domains have equal measure and diameter
at most &, we have |/] > (% — 2¢)m. Recall that V(B') is a subset of [ [,¢) Sn where
for each v € V(8B), there are ¢ vertices of B’ where the h-th coordinate of each one is
a distinct point of Dy, for all & € [€]. Also, V;/ is a copy of V(B(£)) = V(B’). As there
are exactly £ — p many (i, i")-related pairs, the number of vertices u € V; such that
lop, — up| < /2 — s at least (% — 2¢)m*t and clearly at most %mét. Thus there are
(% + 26) "Pm’t vertices u € V;s that are adjacent to v. Hence

1 t=p mbt(q—1 1 t-p g—1
e(G)=(—:|:28) -m-nz(—:{:%) 4 -n?
2 2 2 2q
—1
= (q— Pt 4 400 — p)s)nz,
2q

thus verifying (C3).

4.3. Clique number of G

In this subsection, we verify (C4). We will use the following simple fact about the
graphs Qj,.
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Observation 4.2. Forall I C [€], a(U,<; Qn) = 27111,

Proof. LetT := Uy On- If bb" ¢ E(Qp), then by, = bj,. So the set {b : b, = 1 for all
h € I} is an independent set in T of size 2t=I11On the other hand, choose an arbitrary
subset X C V(T) with | X| > 2471l 4+ 1. Then there are vertices bb’ € X which differ at
some coordinate 2 € I, and so bb’ € E(T). |

Definition 4.3. A coordinate & € [{] is lengthy for a vertex subset A C V(B({)) if there
exist two vertices v, v’ € A with |v, — v} | > 2 — u (i.e., whose projections onto Sj, are
almost antipodal).

For the rest of this subsection, fix a set A of vertices which span a clique in G. Given
X C[{£], define L; (X) to be the set of lengthy coordinates & € X for V; N A. The following
lemma helps us relate the number of lengthy coordinates for a clique to its size.

Lemma 4.4. Foralli € [q], we have |V; N A| < 2L (D],

Proof. Write s :=|V; N A|. Since G[V; N A] € B({) is a clique, by (4.2), the vertex subset
Vi N A lies in some hyperedge of $B’. Recall that hyperedges of B’ satisfy the right-hand
side of (4.1). Write V; N A =: {v D, ... v} Then forall & € [¢] and i, j € [s], whenever
b®bY) e E(Q}), we have |v,(li) - v}(lj)| > 2 — p. Define

T := U Qh~

hele\L; ([£D)

We claim that s < «(T). Indeed, if not, the graph T[{b(l), ... ,b(s)}] qontains at least one
edge 55U which lies in Qy, for some & € [£] \ L;([€]). Thus |v,(1") — v}l] )| >2—pu,
whence £ is a lengthy coordinate for V; N A, a contradiction. Therefore, Observation 4.2

implies that
s < a(T) = 27 CILiADD — HILi (DI

finishing the proof of the lemma. ]

To bound the clique number of G, we need one last lemma bounding the number of
lengthy coordinates for V; N A, for all i € [g].

Lemma 4.5. I holds that 3 ;1 |Li (D] < € + p.

Proof. We claim that

YL =Y Y |Li(lciy — Dp + Locyp))l

ielg] j€lglielg\{j}

+ Y ILi([p(g — 1) + 1.4])].

i€lq]

Indeed, note that for each i € [q], U eypqyl(ci; — Dp + 1, ¢ijp] is a partition of
[p(g — 1)], as y is a proper (¢ — 1)-edge-colouring of a g-clique. Thus the contribution
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to the left-hand side from [p(g — )] is D ;erg) 2o jefqpiiy 1Li ([(cij — Dp + 1, ¢ij p])|.
Swapping the summations proves the claim.
Suppose for the sake of contradiction that at least one of the following holds:

o D ey [Lillci; = Dp + LcijpD| = p + 1 for some j € [¢];
o DiciglLillp(@—D+1LLD|=L—plg—1)+1.

We claim that, in both cases, there are distinct i, i’ € [¢] and (not necessarily distinct)
h,h' € [£] such that

(i) he Li([f]) and i’ € Ly ([€]);

(ii) (h,h') are (i, i’)-related.

To see this, in the first case, by the pigeonhole principle, there are distinct i,i" €
[¢]\{/j}and s € [p] such that h := (¢;j — 1)p + s and b’ := (¢;7j — 1) p + s are lengthy
for V; N A and Vj» N A, respectively. By definition, (%, /") are (i, i’)-related.

In the second case, again by the pigeonhole principle, some & € [p(q — 1) + 1, /£] falls
in L;([€]) and L;-([€]) for some distinct i, i’. It remains to recall that for any / in this
interval, (h, h) are (i, i’)-related for any distinct i, i’.

Due to (i) above, there exist two pairs of vertices v, v@® € V; N A and uM, u® €
Vi N A such that |v§ll) (2)| > 2 — u and |u§ll,) - uh,)| > 2 — . At the same time,
by (ii) and that u©@v®) € E(G) whenever £, £’ € [2], we see that IU(Z) - u(e )I <V2-nu
for £, ¢’ € [2]. Therefore, we have four points v}(ll), v}(lz), uzl,), u(z) € Sk (R) which contra-
dict Theorem 2.5.

Thus the required sum is at most pg + £ — p(¢q — 1) =L + p. |

Let x; := |L;([€])| for each i € [¢]. By Lemmas 4.4 and 4.5, we have that

|A| < Z 2% subjecttox; +---+ x4 < £+ p andevery x; < {.
i€lq]
Optimising, we see that the maximum is attained by setting x; := £ and x;- := p for some
distinct i, i’ € [g], and setting all others equal to 0. Thus the clique number of G is

w(G) <2' +2P g —2.

This completes the proof of (C4) and hence of Theorem 1.3.

5. Upper bounds

In this section, we will show that one can find upper bounds for g,(g) by considering
a cleaner problem on weighted graphs. First, in Section 5.1, we introduce a family of
weighted graphs gp (g) and show that a certain weighted Turdn-type density n(‘gp ()
bounds g,(¢q) from above; see Lemma 5.3. In order to bound n(‘gp (g)), we prove in
Section 5.2 an embedding lemma to study the structure of the edge weights of weighted
graphs in a simpler subfamily §,(g) € gp (¢); see Lemma 5.6. From this structural infor-
mation, Theorem 1.5 then follows fairly easily; see Section 5.3. The bulk of the work then
is devoted to deriving the upper bound for 71(% (g)) when p = {3, 4}; see Section 5.4.
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5.1. Reduction to weighted graphs

Given p € N, a p-weighted graph is a pair G = (V, w) consisting of a vertex set V' and
a symmetric function w : V? {0,1,..., p} such that w(x,x) = 0 forall x € V. Given
x eV, letdg(x) := ZyEV—x w(x,y) and §(G) := minyey dg(x). A p-weighted graph
is positive if all its pairs x # y receive strictly positive weights. Given a family § of p-
weighted graphs and a p-weighted graph G = (V, w), we say that G is §-free if there is
no U C V such that G[U] € §, where G[U] := (U, w|y2).

We will use Szemerédi’s regularity lemma so will need to define the associated no-
tions. Given & > 0, a bipartite graph with vertex bipartition A, B (or the pair (4, B)) is
said to be ¢-regular if, for all A” C A and B’ C B with |A’| > ¢|A| and |B’| > ¢|B|,
we have |dg(A’, B') — dg (A, B)| < &.If additionally dg (A, B) > d, then we say that G
is (&, > d)-regular.

Theorem 5.1 (Regularity lemma). For every ¢ > 0 and integer M', there exist integers
M, ng such that if G is a graph on n > ng vertices, then there is a partition of V(G) into
Vo, Vi,..., Vi for some M’ < m < M so that |Vy| < en; |V1| = -+ = |Viu| =: n' and
foreachi € [m], G[V;, V;] is e-regular for all but at most em pairs (i, j).

We first define a family %(q) of p-weighted graphs which arise from regularity par-
titions. Informally, ,(¢) contains all positive p-weighted graphs such that any of their
pseudorandom blow-ups with sublinear p-independence number contain a K.

Definition 5.2. e Given a positive p-weighted graph G = (V,w) and y, {, n > 0, we say
that an extension of w to V2 U V (i.e., to also include a vertex weighting {w(v) : v € V'})
taking values in {1, ..., p} is valid with respect to y, ¢, n if there exists no(y, ¢, n) > 0
such that the following holds for all integers n > ny:

Let H = (W, E) be an n-vertex graph such that there is a vertex partition W =

Uypey Wo with [Wy,| > nn and ap,(H[W,]) < y|Wy| for all v € V, and H[W,,, W,]

is (¢, > % + n)-regular for all uv € (‘2/) Then H contains a clique of size

ZUEV w(v).

o Let §p (g) be the class of positive p-weighted graphs (V, w) with |V'| < g such that
for all n > 0 there exist ¢,y > 0 and a valid vertex weighting with respect to y, ¢, n with
ZUGV w(v) > gq.

e Given positive integers p < ¢, let

7r(§~p (q)) := sup {d € [0, 1] : every sufficiently large p-weighted G with
38(G) > dp|V]is ‘gp(q)-free}.

For example, it is not hard to see that any positive p-weighted graph on two vertices
isin gp (p + 1). Indeed, let H be an n-vertex graph as in the definition, so H is a regular
pair (A, B). Choose a typical vertex v € A; by positivity, the density of H is at least 7,
so dg (v, B) > n|B| > y|B|. Now there is a copy of K, in the neighbourhood of v in B,
so Kp+1 € H. Note that %(q) is a finite family, so y, { may be chosen uniformly.
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The goal of this section is to prove the following lemma, which allows us to upper
bound g, (q) by 7(¥,(g)). This lemma is related to several theorems in [13] and its proof
follows the same approach, using Szemerédi’s regularity lemma.

Lemma 5.3. For all positive integers p < q, we have 0p(q) < n(‘gp(q)).

In other words, the following holds. For all§ > 0and p <q € N, letd > n(‘gp (9)) €
[0, 1]. That is, for every q > p, every sufficiently large p-weighted graph G = (V, w) with
8(G) > dp|V| has a subset U C V such that G[U] lies in ‘gp(q). Then there exists € > 0
such that whenever ng = ng(¢) is sufficiently large, every graph H on n > nq vertices
withe(H) > (d +§) (g) edges and o, (H) < en contains a copy of K.

Proof. Leté§ >0and p <g € N,andd > n(gp(q)). Let n be such that 0 < n K€ § K é,
where we have decreased § if necessary (doing so will only prove a stronger result). Let
¢,y > 0 be such that every G € gp(q) has a valid vertex weighting with respect to y,
¢, nwith >, oy w(v) > ¢q. Since a vertex weighting which is valid with respect to y, ¢,
n is also valid with respect to y’, ¢/, n whenever y’ < y and ¢’ < £, by decreasing y, ¢
if necessary, we may assume that 0 < y < ¢ < 1. Choose an additional parameter M’

such that 0 < y K M, K« 1n <K 4, and any p- welghted graph on at least M’ vertices
is sufficiently large in the sense of the definition of n(ﬁ (g)). Apply Theorem 5.1 (the
regularity lemma) to ¢, M’ to obtain M, n;. By increasing M, n; and decreasing y if
necessary, we may assume that % Ly K ﬁ < # and that ny > (no(y, ¢, n))? from
Definition 5.2. Altogether, we have

1 1 1 1 1
O<_<<y<<ﬁ<<W<<§<<"<<8<<E<;'
The choice of d implies that for every sufficiently large p-weighted graph G = (V, w)
with 6(G) > dp|V|, there exists U C V such that G[U] is positive and a valid vertex
weighting with respectto y, {,nof U with ), .; w(u) > ¢q. Let H' be a graphonn’ > n4
vertices with e(H') > (d + §) ("2,) and o, (H') < y?n’. To prove the lemma, we will show
that H' D K (so & := ¥?). Using a standard trick of repeatedly removing low degree
vertices, we can pass from H’ to an n-vertex subgraph H with n > §/4n" > no(y. ¢, n)
and 8(H) > (d + %)n.

Apply the regularity lemma to H with parameters {, M’ to obtain a partition Vo U
Vi U--- UV, of its vertex set, where M’ < m < M, satisfying the conclusions of The-
orem 5.1. Let A = (a;;7) be the symmetric m X m matrix in which

. . )
Lp(r (Vi Vi) = )] + 1 i [V, Vilis (8.2 7 ) -regular,

0 otherwise.

ajir =

So A has entries in {0, ..., p}. Let G = (V, w) be the p-weighted graph with V =
{vi,..., vy} and w(v;,vi’) ;= a;j;r. Write d;;» := dg (V;, Vir). Note that if a;;- is positive,
then a;;» equals k + 1 if and only 1f kip<diy< ]il + n. Thus a;i» = p(diir —n) >
(I — /M pdiir, since d;ir Z < Standard results on the ‘reduced graph’ of H imply that
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for every i € [m], the sum of d;;s over all V;s such that (V;, Vi/) is (¢, > %)-regular is at

least 8(H) - 7 — $ . m. Thus forall v; € V,

dg(v;) = Z aiiv = (1= /1) Z Pdii’Z(l—\/ﬁ)pm(d-i-g)

i’e[m]\{i} i’e[m]\{i}

v

p(d + %)m

So by our choice of d, there exists U C V such that G[U] is positive and a valid vertex
weighting with respect to y, , n of U with }° ., w(v) > ¢. Let I C [m] be such that
U = {v; :i € I} and let Hy be the subgraph of H induced by {V; : i € I}. Then for all
i €I, wehave o, (Hy[Vi]) < ap(H') < y?n’ < (y267Y4.2M) 5 < y|V;|. Moreover,
for distinct i,i" € I, H;[V;, Vir] = H[V;, V] is (¢, > %)-regular (since a;;» > 0). Also,
w(vi, vir) = aiir = | p(diir — )] + 1 so
dﬁ, > yiEEiLEZl;:_l +_n.
p

By the definition of a valid vertex weighting, K, € Hy € H'.

Thus RT,(n, K4, y?n') < (d + 8)(”2/) for all n’ > n; and it follows that 0,(q) <

7(5,(9)). .

5.2. An embedding lemma via dominating extensions

To upper bound n(gp (¢)), we will consider only valid vertex weightings with a particular
property.

Definition 5.4. Let G = (V, w) be a positive p-weighted graph and {vy, ..., v,} be an
enumeration of V. An extension of w to V2 U V is dominating if for all j € {2,...,m},
writing @ := w(v;), the multiset of backwards edge weights {w(v;,v;) :i € [j — 1]}
dominates

{—p(aa_ D +1,...,—p(aa_ D +1,a}

Jj=2

as ordered multisets. The size of an extension of w to V2 U V is > vey w(v). Let §,(q)
be the set of positive p-weighted graphs G = (V, w) with dominating extension of size at
least g.

For example, {3, 4, 4} dominates {3, 3, 4} but not {2, 2, 5}. There is no constraint on
the weight of vy, so we can always choose w(vy) = p. Note that, writing

t:= max w(u,v),
uve(Y)
we have that {p, ¢, 1, ..., 1} is dominating. Indeed, enumerate V' so that w(vy,v3) =t is

maximal and write a; := w(v;) for all j € [m]. The multisets of backward edge weights
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are {t}, {w(vy,v3), w(va2,v3)}, {w(vy,v4), w(va2,v4), w(v3,04)}, ..., Which, respectively,
dominate

{as}, {p(ajz—:D + 1,a3}, {p(a4 -1 bl plas—1)

+ 1,a4}, ...
ag ay

={t}, {1, 1},{1,1,1},...,
as required. Thus we have
G €9, (p+t+m—2) forall positive p-weighted m-vertex G
with an edge of weight > ¢. (5.1)
We consider dominating extensions due to the following averaging claim.

Claim 5.5. Let a < p be positive integers, let 1 > 0 and let Y be a set. Given sets
Ay, ..., Ap €Y with |4;] > (% + Y|, there is some I C [p] with |I| = a such
that |(N;ep Ail = p~*nlY |-

This will imply that among p typical vertices in one part A of a regular pair (A4, B) of

density at least £ > L 1 1, there are a of them which share a large common neighbourhood
in B. We will use this to extend a clique by a vertices in a new regularity cluster.

Proof of Claim 5.5. Note that the following lower bound for a-wise intersections holds:

(p— a—l))\ U N4z X 14

pl:|I|=a i€l i€[p]

Indeed, the left-hand side counts every element in an £-wise intersection 0 times for £ <
a—1and p — (a — 1) times for £ > a, while the right-hand side counts every element in
an £-wise intersection £ — (a — 1) times. As the right-hand side is at least p(“’%l + 1) x
Y| — (a — 1D|Y| = pn|Y|, we see that there is some I C [p] with || = a such that

_1 _ _
Nier Ail = (2)  (p—(a—1)"pnlY| = p~an|Y]. n

Lemma 5.6. For all positive integers p < q, §,(q) < ‘gp(q).

This is a consequence of the following statement: Let p, m be integers and let G =
(V,w) be a positive p-weighted graph with enumeration V := {vy,..., vy} and let 0 <
YLLK % Then any dominating extension of w is valid with respect to y, C, 1.

Proof. To see why the first statement follows from the second, let p < g be positive
integers and let G € §,(g). So G is a positive p- weighted graph with a dominating exten-
sion of size at least ¢. Let 0 < ¥y K { €« n K 5 E’ where |V| = m. By the second
statement, the dominating extension is valid with respect to y, {, . So G € §,(q).

It remains to prove the second statement. Let 0 < y K { < n K % andlet H = (W, E)
be an n-vertex graph such that there is a vertex partition W = |, oy Wy with [W,| > nn
and ap(H[Wv]) <y|W,|forallv € V,and H[W,, W,]is ({, > L&=1 U) L+ n)-regular for
all uv € ( ) Suppose that w has a dominating extension. To prove the lemma, we need
to find K, € H,where ¢ := ), oy w(v).
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We will find a clique that contains w(v;) vertices in W; := W,,, in the reverse order
i=m,m—1,...,1. Suppose for some 1 < r < m that for every j > r, we have found
vertices x{, ... x;}(v ) in W; such that, writing X, for their union, we have H [X, ]

is a clique and, for all i € [r1, Wr‘H = Nyex, o Npg (x, W;) satisfies the lower bound
|Wr"’l | > (4’7 )™= |W; |. We will extend this clique by adding w (v, ) vertices from W, 1.
Note that m —r < | X, 41| < g-

Foreachi € [r — 1], let d;, := wiv)=l By standard results (the slicing lemma for
regular pairs), the pair (W1, W/ 1) is (¢%/3,> d;r + 2)-regular for all i € [r — 1], as
(K r], , p . By further standard results (on superregular pairs), for each i € [r — 1], there
is Wy c W with |W,.;| > (1 — /2)|W/ | such that

INa e W] = (i + 3) W74
for every x € W,.;. Letting W.* = (;¢(p—1) Wri € Wr+1 we have
W71 = (1= r YOI,

Next, let @ := w(v,). Since w is a dominating extension, there is s € [r — 1] such that
w(vs, vr) > a, whence dg, > 4=, and, forall i € [r — 1]\ {s}, w(v;, vy) > p(a Doy,
whence d;, > “a—l

Now, since o, (H) < yn < (1 — r\/f)(”%)m_’nn < |W,*|, H induces a copy of K,
on some Q C W,*. Since each x € Q is adjacent to at least ds, + % proportion of the
vertices in W, 1 and dy, = %, Claim 5.5 yields an a-subset I € Q such that, letting

"= (Nyes Nu(x, Wi"H) foralli € [r — 1], we have

_ n n m—r+1
Wiz 3 2 () L

Let I =: {x],...,x,}and X, := X, U /. By construction, H[X,] is a clique. Recall
that for all i € [r — 1]\ {s}, we have d; > u , thus by inclusion-exclusion,

(M%)m—r+llm|.

W.r—i-l
|Wr|>a(dlr+ >|Wr+1| —1)|I’Vlr+1|2%2
Therefore, we can complete the embedding sequentially to obtain a vertex set X; of

size ¢ = >_7_, w(v;) upon which H spans a clique. L]

Remark 5.7. It is worth noting that dominating extensions are not always the best ones
to take. Consider, for example, integers p, s, t with 2s — 1 < p < s(s — 1) and let
G = ({v1,..., v}, w), where w(v;,v;) = s for all ij € ([t]) As £+ 1>, in any
dominating extension, at most two vertices can have weight at least 2, offering at best

(w1),...,w(y)) = (p,s,1,...,1). Butin fact, there is a valid vertex weighting of lar-
ger size, namely (p,s,2,1,...,1)andso G € §,(p + s + ¢t — 1). Indeed, as in the proof
of Lemma 5.6, we can put one vertex in each of W;, ..., Wy, whose common neighbour-

hood W* in each W; with i € [3] is linear. As the W;’s are pairwise ({, > =1 L+ n)-regular,
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Claim 5.5 implies that among the vertices of a K, in W, there are s with linear common
neighbourhood in W24. It suffices to find an edge in this K; whose common neighbour-
hood in W14 is linear. Since % + n)s > 1, averaging (or Claim 5.5 again) yields such
an edge.

To prove Theorems 1.4 and 1.5, we will consider weighted graphs (and will not require
anything to do with regularity). Indeed, Lemmas 5.3 and 5.6 imply the following.

Lemma 5.8. Let p < q be positive integers. Suppose that for all p-weighted graphs G =
(V,w) with §(G) > dp|V|, there is J €V such that G[J] € §,(q). Then 0,(q) < d. m

5.3. Proof of Theorem 1.5

Given an m x m matrix A4, define

g(4) = max{uTAu cu= Ug,...,um)T; Z u; = 1; u; > 0}

i€[m]

(where the maximum is attained since it is taken over a compact set). Say that any # which
attains the maximum is optimal for A. We say that A is dense if A has zero diagonal and,
for any i € [m], the submatrix A’ obtained by deleting the i-th row and i -th column satis-
fies g(A’) < g(A). The following properties of dense matrices and their optimal vectors
will be useful.

Lemma 5.9. Let m € N, let A = (a;;) be a dense symmetric m X m matrix with entries
in{0,1,..., p} and let u be optimal for A. Then

(i)  Ais positive, that is, aj; > 0 forall 1 <i < j <m;
(i1)) wu; > Oforalli € [m];

Proof. Part (i) is [ 13, Lemma 3.3] and follows from a version of Zykov’s symmetrisation
and that A is dense. For (ii), one can easily see that every u; is positive (otherwise the
matrix A’ obtained by deleting the i-th row and i -th column of A satisfies g(A4’) = g(A)).
Part (iii) follows from (ii) and the method of Lagrange multipliers (and the fact that 4 has
zero diagonal). L]

The following lemma together with Lemma 5.8 implies Theorem 1.5.

Lemma 5.10. Let p, s, t be positive integers satisfying t (t —=2) <s <t>ands +t—1< p.
Then for every p-weighted n-vertex graph G = (V, w) with §(G) > S(tt—_l) - n, there is
J CV suchthat G[J] € Gy(p + s + 1 —1).

Proof. Writeq := p+ s+t —1.Let G = (V,w) be a p-weighted graph on n vertices
such that §(G) > S(’t—_l) -n.Let V = {v1,..., vy} be an enumeration and let A = (a;;)
be the symmetric m x m matrix with a;; = w(v;, v;) fori # j and 0 otherwise. Choose
J C [m] such that the submatrix A" obtained by retaining the rows and columns of A with
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indices in J satisfies g(A’) > g(A), and |J| is minimal. Then A’ is dense (and non-empty
since g is 0 on the empty matrix). Lemma 5.9 (i) implies that A’ is positive. Let m := | J |
and let u be optimal for A" (so u has length m). Writing u, = (% e, ,ll)T of length n,
Lemma 5.9 (iii) implies that for all j € [m],

1
Y wnvur = g(4) = g(4) = upduy = — 3 | 2w (v, vy)
ieJ\{j} ije(4)
sit—1)

%

lS(G) >
n

Let G’ := G[J], so G is a positive p-weighted graph on m > 2 vertices.

If m > g — p + 1 or there are distinct i, j € J with w(v;,v;) > q — p —m + 2, then
by (5.1), G’ € §,(q) (noteqg — p —m + 2 < p).

Thus we may assume thatm < g — pand w(v;,v;) <g—p-—-m+1l=s+t—m
for all distinct i, j € J.Leti € J be such thatu; > u; foralli € J. Sou; > % and

s(t—1)
. <

Z w(i, vj)u; < (s +1t—m)- (mn; 1).

ieJ\{j}

Multiplying by m, we have (m —1)(m — £3£) < 0, which by t — 1 < . <7 + 1 and
m € N is a contradiction. [

5.4. Proof of Theorem 1.4

Throughout this subsection, we always assume p € {3, 4}. Given a p-weighted graph
G =V, w)anda J C V with J = {vy,..., vy}, the “maximal” dominating extension
w of G[J] is, by definition, such that, for each j € [m], we have

e w(v;) = pifandonlyif w(v;,v;) = pforalli € [j —1];
o w(v;)>a,forevery2 <a < p—1,if and only if w(v;,v;) > a foralli € [j — 1]
with equality at most once;

e w(vj) > lifandonlyif w(v;,v;) > 1foralli € [j —1].
We will find it convenient to write W(x, y) := p — w(x, y); and given K C V, to let

w(K) = Z w(x,y) and yg(x):= Z w(x,y) forallx e V.
xye(lz() yeK\{x}

Proposition 5.11. For every p-weighted graph G = (V, w), there exists a set K C V
such that

(i) G[K] € % (p|K| — wW(K));

(i) wehave yg(y) < p—1forally € K and yg(x) > pforallx € V \ K;

(iii) ifx e V\ Kandy € K, we have yg\(;1(x) > vk (¥).
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Proof. We say a non-empty set K is heroic if, for all @ # L € K, we have G[L] €
9,(p|L| —w(L)). Observe that every singleton in V' is heroic, as it can be given weight p,
and subsets of heroic sets are heroic.

Claim 5.12. If K is heroic and x € V' \ K with yx(x) < p — 1, then K U {x} is heroic.
Proof. As any singleton is heroic, it suffices to check that for any @ # L C K,
G[L U{x}] € §(pIL U {x}| — W(L U{x})).

To see this, add x to the end of the enumeration of L with dominating extension of max-
imal size. We claim that setting w(x) := p — yr(x) extends it to a dominating extension
of L U {x}. Indeed, foreachv € L,

w.x) = p—BW.x)=p—y )+ Y. Bx)=p-yLl).
ueL\{v}

where equality holds only when w(u, x) = p foreachu € L \ {v}. We need to check the
dominating properties. Note first that every w(v,x) > 1 (as yr(x) < p — 1), and so we
may assume w(x) > 2,ie., y(x) < p—-2.If1 <yr(x) < p—2,2 <w(x) < p—1and
w(v, x) > w(x) with equality at most once, since if w(v, x) = w(x), then w(u,x) = p >
w(x) forallu € L\ {v}. If y(x) = 0, then w(x) = p and w(v,x) = p forall v € L.
So the extension to L U {x} is dominating. As L is heroic, we have

> w) = plL| = B(L) + p—yL(x) = p|L U {v}| - T(L U {v}).
veLU{x}

as required. ]

A heroic set K is herculean if
e p|K|—w(K) is maximal;
e subject to the above, | K| is minimal.

We claim that we can take any herculean K for the required set. Indeed, K satisfies (i).
Now we prove (ii). Let K’ := K \ {y} and suppose yx(y) > p. Note that K’ # &,
since otherwise yx (y) = 0. Then, using that K is herculean,

pIK'| = W(K') < p|K|—@(K),

entailing yx(y) = W(K) — w(K’) < p, a contradiction.
Suppose instead there is x € V' \ K with yg(x) < p — 1. Then Claim 5.12 implies
that K U {x} is heroic with

PIK U{x}| = w(K U{x}) = p|K| =@ (K) + p —yk(x) > p|K| - w(K),

contradicting the fact that K is herculean.
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For (iii), let x € V' \ K and y € K. Suppose that yx\(,}(x) < yx (y). Then (ii) implies
that yg\(n(x) < p — 1. As K \ {y} is heroic (as a subset of a heroic set), Claim 5.12
implies that K’ := (K \ {y}) U {x} is heroic. But |K’| = | K| and

PIK'| = W(K') = p|K'| = B(K) + vk (¥) = yr\(3(xX) > p|K| — B(K),
a contradiction to K being herculean. ]

We are now ready to prove the final upper bound. Recall that

5t—4 =3
Spreny = C=D@p=D+L_ 5T TP
P tCp—1+1 Tt—6 .
if p=4.
7t +1

The lower bounds in Theorem 1.4 follow from Corollary 1.2; for the upper bounds, using
Lemma 5.8, it suffices to prove the following lemma.

Lemma 5.13. Let p € {3,4} and let t € N. Let G = (V, w) be a p-weighted n-vertex
graph with

8(G) > p-o,(pt +2)-n.
Then there is J C V such that G[J] € §,(pt + 2).

Proof. Let G = (V, w) be an n-vertex p-weighted graph with

t-DC2p-1+1
t2p—1)+1
Let K C V be the set obtained from Proposition 5.11. We claim that

8(G) > p-

|K|>1+1. 5.2)
To see this, observe first that for each y € V, by Proposition 5.11 (ii),

> W(x.y) =yk() + p- Lyexy = p-

xeK
Consequently,
pn < Z w(x,y) = Z (p" - Zw(x,y))
xeK,yeV xeK yev
2p —1)pn|K
= Y (pn—dg(x)) < |K|(pn —8(G)) < ((;_—m
xeK b
K
_ pnl I’ (5.3)

t

so |K| >t + 1 as claimed.
Now let J C V be a set of vertices with enumeration

J :{xla'-'s-xk9yls"'9yrszls-"sZS}»
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equipped with a dominating extension w, such that {x;,...,xz} = K, w|g has size
pk — w(K) and

o w(y;)=>2foralli € [r];

o w(z;) > 1foralli € [s];

e 2r 4 s is maximal.

Such a pair (J, w) does exist. Indeed, taking r = s = 0, we see that / = K has a domin-
ating extension of size pk — w(K) by Proposition 5.11 (i).

By choice, G[J] € §,(pk — W(K) + 2r + s5). We shall argue that G[J] is the desired
subgraph in §,(pt + 2). Suppose otherwise, then pk — W(K) + 2r +s < pt + 1. To-
gether with (5.2), this implies

2p— Dk —2B(K) +4r +25 < 2p — Dt + 1. (5.4)

In what follows, we write y := yk. Define n: J/ — N as follows:
o 1n(x;):=2p—1—y(x;)foralli € [k];

o n(y;):=4foralli € [r];

o 1n(z;):=2foralli € [s].

Note that by Proposition 5.11 (ii), we have

n(x) > p forall x € K. (5.5)

Further define
Hu) = Z n(w)w(u,v) forallu € V.

veJ

Since ) ;cx v (xi) = 2W(K), we have as in (5.3) that

S H@) =Y 00 Y #wv) < (D 0@)(pn - 6G))

uevV veJ uev veJ

- pR2p—1n GH
<(2p—Dk —-2w(K)+4r +2s)- ——— < p(2p—)n,
(@p — Dk = 2w(K) + 4r + 25) (zp_l)t+1_p(p n
implying that there exists a vertex u, € V with H(ux) < pQ2p — 1).
Suppose there is some v € K with w(v,u,) = p. Then

p2p—1)>Hu) = Y n(x)B' us) + pnv)
x’eK\{v}

(5.5)
> pryr\pyUx) + p2p —1—=y(v)),

implying that we in fact have yg\(y) (s) < y(v). Then Proposition 5.11 (iii) implies that
Ux € K. If uy # v, then y(us) > w(v, ux) = p, contradicting Proposition 5.11 (ii). So
ux = v, and thus yg\ (1 (4x) = y(v), and we have obtained a contradiction. Therefore,

w(v,ux) >1 forallv € K. (5.6)
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Soux ¢ K, since w(ux, ux) = 0. Proposition 5.11 (ii) then implies that

y(us) = p. (5.7

Consequently, recalling that n(x’) > p for all x’ € K,
D DB ue) 2 pyus) = pP. (5.8)
x'eK

Forevery y € R := {y1,..., yr}, we have

~ - S8
p2p—1)> H(w.) = 40(y. us) + Y n(NB(x' ux) = 4T(y.ua) + p°,

x’'eK

whence W (y, us) < @ < p.So

w(y,ux) >1 forally € R. (5.9)

Suppose that w(z,u,) > 1forallz € S :={z1,...,z5}. Thenu, ¢ S,by (5.6) u* ¢ K
and by (5.9), u« ¢ R. So u, ¢ J and moreover, setting w(u) = 1 gives a dominating
extension to include J U {u,}. Thus we can add u« to S, contradicting the maximality of
2r +5.S08 :={z€ S :W(z,us) = p} # &. Then we have

~ ~ (5.8)

p2p—1) > Hw.) = Y n@)B(z.ua) + Y n(xNB(x ux) = 2|8 [p + py(us).
zeS’ x'eK

implying together with (5.7) that

2p—1-y@s) _p—1
2 - 2

1S'| < (5.10)

If p = 3, then S’ is empty, a contradiction. So from now on assume p = 4. Then |S’| = 1,
i.e., there is a unique z, € S with W(z«, ux) = 4, and

w(z,ux)>1 forallz € S\ {z4}. (5.1

The first inequality in (5.10) implies that y(u«) < 4. Now (5.7) implies that in fact

y(uy) = 4.
Also, from
28 > H(us) = 20(za.us) +4 Y By ua) + Y (DX )
YER x'eK
(5.8) ~
> 8+4) @(y.u.)+ 16,

YER
we deduce that ZyeR W(y,us) = 0. In other words,

w(y,ux) =4 forall y € R. (5.12)
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LetT :={x € K : W(x,uy) > 0}. By definition, ) .7 W(x,us) = y(us) = 4, imply-
ing, together with (5.6), that2 < |T'| < 4.1f |T'| > 3, then the multiset {w(x,us):x € T}
recording the weights from u, to T is either {3, 3, 3,3}, or {2, 3, 3}. In particular, by (5.12),
w(y,ux) > 2 for all y € K U R with equality at most once. Together with (5.11), this
implies that we can delete z, from S and add u, to R to obtain a set, J U {u} \ {z«},
having a dominating extension with larger 2r + s, a contradiction.

Thus we may assume that |T| =2.Let T =:{a,b},a := w(a,us) and B := W(b, ux).
Then o + B = y(ux) = 4; and Proposition 5.11 (iii) implies that B = yr\(o3(us) =
Yk\{a} () > y(a) and similarly & > y(b). We then arrive at the final contradiction:

28> Hw)> Y n&)B 1) = a(T—y(@) + (T —y(b) +2-4

x'€{a,b,z«}
> (- )+ P —a) +82 8+ T+ )~ 3@+ p) =28

completing the proof. ]

6. Concluding remarks

In this paper, we construct complex Bollobds—Erdds graphs with varying rational dens-
ities, providing, for over half of the cases, the structures predicted in Conjecture A.
However, in general, we show that Conjecture A does not hold for infinitely many cases.
Several interesting problems remain.

e We can bound the clique number of the complex Bollobas—Erd6s graphs in The-
orem 1.1 only when £ < £, as the convexity of the regions (the dark ones in Fig-
ure 2) corresponding to (B2) (ii) is essential for our argument. The obvious question
is whether we can construct a variant with density larger than % for which we can
bound the clique number. This would imply the existence of a graph as described in
Conjecture A and hence would show 0,(q) > 0,(¢) for all p < g. In particular, do
we have g3(6) = %?

e We have shown that the conjectured Ramsey—Turdn density Q; (¢) in Conjecture A
falls short for infinitely many cases. The smallest counterexample we have constructed
is a balanced almost 3-partite graph with density % between parts, showing that

1 5
016(22) > A i 076(22).

We then later found almost ¢-partite counterexamples for infinitely many choices of
even ¢ in Theorem 1.3. As the above almost 3-partite construction for 01¢(22) differs
substantially from the ones in Theorem 1.3, we chose not to include its proof here.
Now that we know when ¢ < 2p + 1, the asymptotic extremal graphs need not be
almost bipartite, as the next step towards understanding ¢, (q), it would be interesting
to give a characterisation of pairs (p, q) with ¢ < 2p + 1 such that Conjecture A
holds.

e For the upper bound, it would be nice to extend Theorem 1.4 to larger values of p.
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