J. Eur. Math. Soc. 28, 305-331 (2026) DOI 10.4171/JEMS/1475

© 2024 European Mathematical Society
Published by EMS Press and licensed under a CC BY 4.0 license

JEMS

Rupert L. Frank - Michael Loss

A sharp criterion for zero modes of the Dirac equation
Received 31 March 2022

Abstract. It is shown that ||A||i > LSd is a necessary condition for the existence of a non-

a = d=2
trivial solution y of the Dirac equation y - (—i V — A)¥ = 0in d dimensions. Here, S is the sharp
Sobolev constant. If d is odd and || A ||i a= ﬁ Sg, then there exist vector potentials that allow for

zero modes. A complete classification of these vector potentials and their corresponding zero modes
is given.
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1. Introduction and main result

In this paper, we are interested in sharp nonexistence results for nontrivial solutions of the
zero mode equation
y-(=iV—Ay =0 inRY. (1)

It can be considered a sequel to our previous work [13], to which we refer the reader for
more background and references. Throughout, we will be working in spatial dimensions
d > 3. Let
N =218,
In (1), y1,...,yq are Hermitian N x N matrices satisfying
Vivik +yky; =28, foralll < j k <d.

Moreover, for a vector a € R? we set y -a := Z;-izl yjaj. The gamma matrices are the
generalization to higher dimensions of the usual Pauli matrices and reduce to them in
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dimension d = 3. It is known that the gamma matrices are unique up to a simultaneous
unitary conjugation.
The quantity A in (1) is a vector field on R¢. We will assume throughout that

A e LYRY RY). (2)

The L? norm of A appears naturally in this problem, as we will see below. Physically,
A is the vector potential corresponding to the magnetic field V A A. (This magnetic field
is, in general, only defined as a distribution.)
Finally, the quantity ¥ in (1) is a spinor field, that is, a function from R¢ to CV.
We will assume that
v e LP(RY,CV)

for some % < p < 0o. We have shown in [13] that, under assumption (2), if Y € L?
for some % < p < oo, then ¢ € L? forall % < p < 0.

We emphasize that we do not require any further assumptions besides (2) and { € L?
for some % < p < 00. Under these assumptions, equation (1) is understood in the sense
of distributions. Requirement (2) is critical in the L” scale, and there is no reason for
to be continuous.

Due to its close connection with the Pauli operator [0 - (—i V — A)]?> = (=i V — 4)? —
o - B, equation (1) has relevance in various physical contexts. Zero modes play a role in
quantum electrodynamics where they cause additional singularities in the evaluation of
fermionic determinants [16]. They impose bounds on the physical constants that ren-
der the coupled Pauli-Maxwell system energetically stable. Consider, for instance, the
hydrogenic atom where the nucleus has charge Z and whose energy, for a given magnetic
field B and normalized spinor ¥ (in atomic units), is

[y () 1

||o-(—iV—A)w||§2—z/ dx + / |B(x)|? dx.
Rr3 x| 8ra? Jr3

If (, A) is a zero mode pair, the energy reduces to the expression

2 I
_z/ 110)] dx+—/ |B(x)[? dx,
r3 x| 8ra? Jr3

which by simple scaling can be driven to —oo for Za? large; see [15]. Similar scaling
arguments can be used to place a bound on the fine structure constant «; see [21].
Nontrivial solutions (v, A) to (1) were found in [23]. Meanwhile, it is not hard to
see, and we shall recall this momentarily, that if A is small in Ld, then (1) has only
the trivial solution ¥ = 0. Note that the norm ||A| ;< is a dimensionless quantity. Our
goal here is to find the largest possible upper bound on the L? norm of A that guaran-
tees the nonexistence of nontrivial solutions. As we shall see, this bound is saturated for
the zero modes from [23] and their generalization to higher, odd dimensions in [9]; see
also [13, Appendix A]. Thus, our result characterizes these zero modes as extremizers of
an optimization problem. It is of interest that the fields that optimize this variational prob-
lem have nontrivial topologies. In fact, the field lines of the optimizing A-field in d = 3
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dimensions are linked circles. The pattern is the one of the Hopf fibration on S* mapped
to R3 by the stereographic projection.

To appreciate the bound that we will be proving, let us recall the simple argument that
shows that if 4 is small in L¢, then (1) has only the trivial solution i = 0. It is based on
the Sobolev inequality

d—2

/ |Vu|? dx > Sd(/ |u|% dx) " forallu e H'(RY).
R4 R4

We agree to denote by S; the optimal constant in this inequality. It is known [1,25,26,28]
to have the explicit value

_d(d-2)

EHES
4

Saq

If (¢, A) solves (1), then

/ |y-(—ivw|2dx=/ AP dx.
]Rd Rd

We bound the left-hand side from below using the diamagnetic and the Sobolev inequality,

d—2
[ recimppa= [ vepacz [ vipipaczsa( [ wi#a) 7
RA R4 R4 R4
and the right-hand side from above using the Holder inequality,
2d i
[ artvpax < 1Az, ([ 1% ar)
R4 R4

Thus, if ¥ is nontrivial, then

IAlI? 4 = Sa. 3)

Note that through the use of the diamagnetic inequality, i.e., |[Vi| > |V|y]|, we destroyed
the nonscalar character of the spinor field. For more results on zero modes and their
absence, as well as the diamagnetic inequality and its refinements, we refer the reader
to the references in [13].

Our main result here is that the lower bound (3) on || 4 ||i 4 can be improved to %Sd.
This is optimal, at least in odd dimensions. The arguments are different from [13], avoid-
ing the use of any sort of diamagnetic inequality. Instead, and this is the main contribution
of this work, we develop a version of the Schrodinger-Lichnerowicz identity for weakly
differentiable functions; see Proposition 7. This generality is necessitated by the fact,
mentioned before, that under assumption (2) the zero mode i need not even be con-
tinuous.

Our result is one of the rare instances of a sharp functional inequality for nonscalar
objects (vector fields and spinor fields). In contrast, by now there are many results about
sharp functional inequalities for scalar objects. Without any attempt at completeness and
restricting ourselves to inequalities involving derivatives, we mention as paradigmatic
examples the isoperimetric inequality [7], Sobolev inequalities [1, 25, 26, 28], Hardy—
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Littlewood—Sobolev inequalities [20], as well as their endpoint cases [2, 4] and some
generalizations [3, 11, 18]. In many proofs of these inequalities, rearrangement techniques
play an important role. More recently, optimal transport techniques [6], flow techniques
[5,8] and reflection techniques [10] have been successfully employed. As far as we know,
none of these techniques has been made to work in a nonscalar setting, and our proof uses
different arguments.

Here is the precise statement of our main result.

Theorem 1. Let d > 3. If y € L?(R4,CN) for some ddTl < p < 00 is a nontrivial
solution of (1), then

2
lAllza =

S,
d—2"¢

Nontrivial solutions with A satisfying || A ”id = ddeSd exist if and only if d is odd.

More precisely, in odd dimensions we will characterize all pairs (¥, A) for which
equality in the inequality of the lemma holds. We will state this as Theorem 5 below.

Remark 2. Equation (1) is gauge-invariant in the sense that if (v, A) is a solution of this
equation and if ¢ € L} (R?,R) is weakly differentiable with Vo € L4 (R4, R?), then
(€', A+ Vo) is also a solution of (1) and it satisfies the same integrability assumptions

as (¥, A). Thus, our theorem implies the gauge-invariant bound

d
Sq.
d—2"¢
It is not hard to see that there is a unique (up to an additive constant) function ¢, that
minimizes the expression on the left-hand side. Hence, if one sets A := A — Vg, then
using the minimum property one finds that V - [|4.|¢"2A4,] = 0. One can easily check
that the optimizing fields displayed in the next theorem satisfy this equation.

inf [l 4 — Vol?, >

Remark 3. The problem of minimizing the norm || A|;« among all A that admit non-
trivial solutions ¥ of (1) is conformally invariant, in the sense that if ® is a conformal
transformation of R? U {oc}, then A(x) = (D®(x))TA(P(x)) has the same L? norm
as A and admits a nontrivial solution 1’/7 of (1). To define 1}, we may use the fact that the
conformal group is generated by translations, dilations, orthogonal transformations and
inversion and define 1’/7 only for these generators. For translations and dilations the defi-
nition is clear and for orthogonal transformations it appears below in Theorem 5. For the
inversion, we define ¥ (x) := |x| 4y - xy (liz) and check that this indeed is a zero mode.
~ 2d" x|
Note also that ¥ has the same L @-T-norm as .

Remark 4. Inspection of the proof shows that the conclusion of the theorem holds under
a somewhat weaker assumption. Namely, if 0 # ¢ € L?(R¢,CN) with p = dz—fl satisfies
the inequality

ly-Vy| <|Ally| inR?,

then

14174 = Sa.

d—2
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In this bound, equality can be attained for any (not necessarily odd) d > 3; see Theorem 12
in the appendix.

Characterization of cases of equality

Throughout this subsection, we assume that d > 3 is odd. Our goal is to classify all
solution pairs (¥, A) of (1) such that ||A||id = ﬁSd and ¥ # 0. In essence, our result
says that these solution pairs are exactly those constructed in [23] in dimension three, as
well as their extension to higher dimensions in [9]. We use the formulation of the latter
result in [13, Appendix A].

Before stating our characterization result, let us review this construction of zero
modes. We introduce the d x d skew symmetric %,

0 -1
1 0

On the top left corner, there is a zero entry and then there are % blocks of —i 0,-matrices
on the diagonal. The remaining entries are zero. We define the vector field A:R? — R by

1 2
A(x) = d(m) (1 = |x|*)er + 2x1x 4+ 2Xx).
Next, we recall that there is a unique (up to a phase) ¥y € CV with |¥y| = 1 and
1 ) d—1
E(J/za+ly2a+1)l110 =0 foralla = 1,...,T; 4)

see [13, Lemma A.3] for the existence and [13, Lemma A.5] for the uniqueness up to
a phase. We know from [13, discussion after Lemma A.5] that there is an s € {+1,—1}
such that y1 Wy = sWy. We define

W(y):= ( >%(1+isy-x)\1’0.

1
1+ |x]?
Finally, we recall that for any O € O(d), the orthogonal d x d matrices, there isa U €
U(N), the unitary N x N matrices, such that

d

U*yjU =Y O, forallj=1.....4d: (5)
k=1

see [13, Corollary A.2].
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A computation (see [13, Appendix A] and also Section 6 below) shows that the pair
(W, #) solves (1) and that |A(x)| = d(1 + |x]|*)7L, so

dx 7 2
A 2 :d2 / P EEEE——— :d22_2 Sd d =
1410 = (| G5 o) 5|

Thus, (¥, A) saturates the bound in Theorem 1.
Moreover, fora e R4, b > 0,¢ >0, 0 € O(d) and U € U(N), related by (5), the pair

—ZSd. (6)

(cU*lI/(O_lx ;a>,b_100‘\>(0_1x ;a))

is also a solution of (1) and the L? norm of the vector potential is unchanged. Here we
use the fact that for general spinor fields ¥ and v related by ¥ (x) = U*y (O~ 'x), one
has

(7 - (=iV)P)(x) = U*(y - (=i V)P) (0~ 'x).

This follows by a simple computation using (5). Note that in addition to the parameters a,
b, ¢, O and U, there is also a one-dimensional parameter coming from the choice of the
phase of Wy.

Theorem 5. Letd > 3 be odd. If € LP(R?,CN) for some % < p < o0 is a nontrivial
solution of (1) with

d
S
d—2""
then there area € R4, b > 0,¢ >0, O € O(d) and U € U(N), related by (5), as well
as a Wy € CN with |Wo| = 1 satisfying (4) such that, for all x € R?,

2
Alze =

X —da

¥ (x) =cU*‘I/<0_1 ) and A(x)=b_10A(O_1x;a>.

We emphasize that there are solutions to (1) different from the extremal ones given in
this theorem. In particular, for 4 as above, but multiplied by a certain discrete family of
coupling constants > 1, there are nontrivial solutions to (1); see [23] for d = 3 and [24]
for arbitrary odd d > 3.

Remark 6. In [13], in addition to equation (1), we considered the closely related equation
Y- (i)Y = Ay (7)

with a real function A € L4 (R?). We proved that if € L?(R?,C) for some % <
p < oo is a nontrivial solution of (7), then

IA7a = Sa.

d—2
This inequality is sharp in any, not necessarily odd, dimension d > 3. The techniques that
we develop in the proof of Theorem 5 allow us to classify the cases of equality in this
inequality. We state this as Theorem 12 in the appendix.
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Relation to Sobolev inequalities

In our previous paper [13], we considered a related, but different problem. There, we
were looking for nonexistence results for nontrivial solutions of equation (1) in terms
of the norm ||V A Al 4 . In contrast to our result here, the result in [13] is probably not
optimal. (On the other hand, as mentioned before in Remark 6 above, [13] does contain
an optimal result on a scalar version of this problem.)

In [13], we also posed the problem of finding the sharp constant S in the Sobolev
inequality for vector fields,

d A
IVAALY, = SyinflA— Vol . ®)

In odd dimensions, the vector field +4 satisfies the corresponding Euler-Lagrange equation
and it is conceivable that it is an optimizer. If this were true, we could combine the sharp
version of (8) with the inequality in our Theorem [ here (see also Remark 2) and would
obtain an optimal version of the bound in [13]. Equality would be attained by the same
pairs (¥, A) as given in Theorem 5.

We note also that in [12] we proved both the existence of an optimizer A for (8) and
the existence of optimizing solution pair (¥, A) such that V A A has minimal L2 norm.

In [13], we also mentioned a second Sobolev-type inequality, namely, for spinor fields,

. T 7
ly - (=iV)v| Py S:1||¢|| 2d_ -+ &)
Ld+1 Ld—1
For any (not necessarily odd) d > 2, the functions
1 2
(W) (po + v - x¢1) (10

with @, @1 € CN with |po| = |¢1| and Re(go, vip1) =0, j =1,...,d, satisfy the
corresponding Euler-Lagrange equation and it is conceivable that they are optimizers.
If this were true, then the inequality in our main result, Theorem 1, would immediately
follow from

Iy - VW ag =y AVl 20 = AW 2 < IAlLalV ), 2a..

Conversely, our Theorem 1 gives further credence to the conjecture that the sharp constant
in (9) is attained for the functions in (10).
Finding the optimal constants in (8) and (9) remains an open problem.

Idea of the proof

We emphasize that our proof is valid under the rather weak assumptions 4 € L¢ and
Y € L? for some % < p < oo. In particular, under these assumptions there is no reason
for ¥ to be continuous. Also, we will need to take derivatives of powers of ||, which
a priori could lead to problems near the zero set {yy = 0}. Handling these issues makes
our proof somewhat lengthy.
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In order to convey the basic idea of our proof, we sketch here the argument ignoring
these issues. In other words, we assume that ¥ is smooth and nonvanishing. Also, for sake
of simplicity, we restrict ourselves to the case where d = 3.

We start with an integrated version of the Schrodinger—Lichnerowicz identity

2 A
=—/ |y-wf|2<pdx+2/ P22 dx. (10
3 Jr3 R3 n

[~ it = 57 i) wdy| o2 ax

Here i is a smooth spinor, ¢ a strictly positive smooth function and

—

n=¢ 2.

The (pointwise) Schrodinger—Lichnerowicz identity is named after the papers [19, 27].
We apply this pointwise identity on R3 endowed with ¢ =2 times the Euclidean metric and
with the Dirac and Penrose operators corresponding to this metric. Translating back to the
standard metric and integrating, we obtain (11); see [17, Lemma 3.2 and the discussion
afterwards] for a related argument.
Next, in (11) we pick ¢ = [¥|7, ie.,
1

n=lyl2,

and compute

A
2[ |w|2—”<pdx=2/ |vf|%A|1/f|%dx=—2/ Vv I3 P d.
R3 n R3 R3

As a consequence of (11), we find that

) 2
/ lv- VoI dx>3/ VY |2 [ dx.
rR: Y] - Jr3

Applying this inequality to a zero mode ¥, i.e., —iy - Vi = y - Ay, yields
1
[ artwtax =3 [ Vil Par = sl
R3 R3

Applying Holder’s inequality in the left-hand side yields || A||3 > 353, which is the desired
conclusion.

If ||A]|2 = 353, then there is equality in the Sobolev inequality and, moreover, the
left-hand side of (11) has to vanish. This means one has to find the twistor spinors, i.e.,
solutions @ of the equations

1
[—ia,- -3 (—iV)]CD —0 forall j =1,2,3,

which are known. The cases of equality in the Sobolev inequality are known as well and

the relation L3 = ¢ will yield the optimizing zero modes.
lw|2
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Needless to say that a priori we cannot assume that the spinors are smooth, nor do
we know that they are nonzero. In the next section, we describe how one can develop
a formula like (11) for Sobolev functions.

2. An integral identity

As mentioned before, the key ingredient in our proof is a certain integral identity. We state
the identity for functions in H'(R?, CV) (sometimes also denoted by D'(R¢, CN)),
which is the space of all weakly differentiable ¢ € L} . (R?) such that Vi € L2(R¢) and
[{|¥| > t}| < oo for all T > 0. Sometimes, for technical reasons, we need to consider the
following regularization of a function ¥ on R,

Ve := VI|V|* +&2, &>0.

This section is devoted to proving the following result.

Proposition 7. Letd > 3. If y € H'(R4,CN), then, for all ¢ > 0,

y,y (— ZV)] WL cdx
[yl
d—1 ly - Vy? d—1 / 4=2 v
= dx — Viv|d=t"2(d = 1) —d dx.
a /R T e T P20 ]
Proof. We will use the short-hand
) 1#
¢ = 7
II/fls‘

We split the proof into several steps. The starting point of the proof is the following
formula, which follows from the properties of the y matrices,

S ? 2 1 . 2
Z‘[ __W (= ’V)] ( = Vel” =~y - (=iV)el". (12)

Jj=

In the first two steps, we prove pointwise formulas for the two terms on the right-hand
side, multiplied by |1ﬁ|§ In step 4, which is based on some preparations in step 3, we will
prove an integral formula, which will allow us in step 5 to conclude the proof of the
proposition.

Step 1. We claim that

el [( d )lel2 2d(d — 1

VolPlvlZ = -
e —2) B @2y

)]. (13)
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To prove this, we differentiate ¢ using the chain rule for weakly differentiable func-
tions as in [22, Theorem 6.16] and obtain

I R A =
Vo = [Wle T VY — vl T (Vv (14)

so that

d ]+2

22d1
VPl iz = i T 4 () i T IRy

7(1_1 +3

2d - -
- —Vls W1 VIYle - Re(y, V).
d—1
Using ||V |¥|e = ||V |¥]| = Re(y, Vi), the last two terms simplify to

Wl (5 )}:j}i - dzfll]

d— 4= d \2|y? d
- (d—_;)zml'”': |2[(d - 1)2|:Z|g B dz— 1]

=2 d ly|>  2d(d—1)
- |V|‘”|: |2[(d —2)2|Z|g - 2(d —2)i ]

Combining the terms yields (13), as claimed.

Step 2. We have that

v+ (55) v

(i 21002 —
ly - (=iV)e* |y 3 y)

W1ZT v

2d |
o1z Rely (VIVly.y - V). (15)
Py =

To prove this, we note that (14) implies

__d_ d __d__
7 Vo =Yl Ty VY - Ty (ViYL

and, using the commutation relations of the y matrices, we find

1 d \2 1
v Vol 2 = —ly - VP E + (5=5) — IVIVIP v
1 1E

2d 1
o Rely Vo (VYY)
|
d 4=, [y
vy () 19wl P

i4F:

wﬁl
2d 1
- Re{y-Vy,y - (VY| V).

d— |ﬁ+1

1
[¥ls
This proves (15).
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Step 3. We show that if y € C®(R¢), then

2(d —1)
T @-22 )k

+/ W1 Ty Yy Py dx
]Rd

a—T %2
/|w|g VY Py dx |V P ax

2 12
_T[ Wle 7T Re(y - (VY |y y - Vi) y dx

+ Z /Wls "Re(y; ¥, ik y)0; xdx.  (16)

Jk=1, j#k

To prove this, as a preliminary step, we show that for any bounded, compactly sup-
ported function f with V f € L4(R¢) and any j # k, one has

/ F(Orv. yry;9;¥) dx +/ fA0; ¥, v vk Ox ) dx
R4 R4
—/ Ok )Y, )’k)’jaﬂ/f)dx—/ 0 S, vive O yr) dx. (17)
R4 R4

Since C° (R?) is dense in H'(R?) (by multiplying by a smooth cut-off function and
mollifying), it suffices to prove (17) for ¢y € C® (R?). Here we also use that, by Sobolev’s
inequality, ¥ € L% 50 (V) e L2.

For y € CX (R?), we integrate by parts in both terms on the left-hand side of (17)
and find

/ 0w 7y 90) d [ O )W, viys ) dx — / £ ey 000,0) dx
/ fOi Y. yiviorey) dx = —/ 0 S, v vi Ok ¥r) dx —/ S,y vid; oY) dx
R4 R4 R4

Summing these two equations and using the anticommutation relations to cancel the last
term, we obtain (17).

Let us turn to the proof of (16). We may assume that ¢ is real-valued. With f =
X|1//|;ﬁ, we have

__2 __2
L W g — [ iy v pas

- —Z/ FUO vy 9) + (00, vy 7)) dx

j<k

= X [ O 09) + @00 i)

]<k

- / 0 ) v e ) d

Jk=1, j#k
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‘We now insert
2 e
ajfz_d_lhﬂle X8J|W|s+|1//|s ) 8./)(

(which also implies V f € L?). After taking the real part, the term involving 9 ; x leads to
the last term in (16). For the term involving 0; |/ |¢, we note

d >
S W Rt e

Jk=1,j#k

= [T Rety - (T - Vv
~ [, T 11 - Re(w. Vg
and, using again |V |, V|¥ |, = Re(y, Vi), we write
21 . -2 _ d—1\2 4=2 5
W1 (VI - Refy Vo) = [l VI P = (5=5) [VIviET

In this way, we arrive at (16).

Step 4. We claim that

__2
L v

I Z(d — 1) % 2 / _ﬁ )
= @2 oo VWVET M |l Ty VY d
2 —_]— p—
T2 e Y17 @D Re(y - (VY |,y - V) dx. (18)

Choose ® € C° (R?) be equal to one near the origin and apply the equality in step 3
with yr(x) := ®(%). Since Vy € L? and ||, > &, we have

__2 __2
hm[ |1/f|gd—l|w|2mdx=/ 12 7T [V P d,
R—o0 Jra R4
__2 __2
nm/ |w|ad*1|y-W|2dex=/ W1y - VP dx
R—o0 R4 R4

and

R—o0

fim_ [T Rely - (10l py - Vi grds

= [ W Rty (Tl - V9 d,

Moreover, if @ is chosen radially nonincreasing, then, by monotone convergence,

im [ VIl Prrar= [ 9t ax
R—o0 JRrd R4
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Thus, to complete the proof, we need to show that for j # k,

__2
lim [¥]e =" Re(y; ¥, yrdx V)9 xr dx = 0.

R—o0 JRd

To prove this, we bound |9, xg| < const - [x|"'1{jx>cr}, where ® =1 on {|x| < c}.
By Hardy’s inequality, |x| ™'y € L2. This, together with Vi € L? and ||, > &, implies

the claimed limit by dominated convergence. This completes the proof of (18).

Step 5. We now conclude the proof of the proposition. Inserting (13) and (15) into (12),
we obtain

d 1 )
Z)[—ia,-—gwy-(—m]w\ 2

j=1
d \2|y|> 2d(d-1)
= — P+ VW P(55) o - =
= -2/ iz d-2
[yl
11 d 2|y 1?
“a b= (7 5) I
[l ¢
2 1
t o1z Rev - (VIYIv.y - V).
d— 27+
e
We integrate this formula over R¢ and use (18) to express the 1ntegral of the first and last
term on the right-hand side in terms of integrals involving |V|y|¢~"|? and |y - V|2,
Collecting terms, we arrive at the claimed identity in the proposition. ]

3. Proof of the inequality

In this short section, we deduce Theorem |1 from Proposition 7. Let (i, A) be a solution
of (1) satisfying ¥ € LP(Rd C™N) for some ﬂ < p<ooand A € L4 (R, R?). Then,
as shownin [13], ¥ €L 7> (R4, CV). Since 4 € L4 (R4, R?), we deduce from Holder’s
inequality that y - Ay € L>(R¢, R%). Thus, by (1), y - (=i V)¢ € L?(R?) and, conse-
quently, ¥ € H'(R? ). Therefore, we can apply Proposition 7. Dropping the nonnegative
term on the left-hand side and using || < ||, on the right-hand side, we obtain

d—1 a2 d—1 -V |? d—1 Al? 2
R4

— dx =
d—2 d Fesy d

Ryl RY [y 7T
We bound the left-hand side from below with Sobolev’s inequality,

d—2

/ |V|1/f|§%%‘2dx25d</ (|1/,|d T_ 42 %)dzﬁz dx) Ch
Rd

and the right-hand side from above with Holder’s inequality,

—2

|A| |1//|2 2(d—=2) 2d_ 72
/ avs [ 1P 0 < i ([ w1 )
R4 |w|d I R4 R4
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Thus, we obtain

d=2 24 42| A)? a=2
(L i =) 7 ) 7 < 1Al J”UM [y ax)

=N

d—

We now let ¢ — 0. Since ¢ — || gd — gd—1 is pointwise nonincreasing, we can use
monotone convergence and obtain

S (i) T < [y )
d—2 R4 - d R4 '

Since ¥ # 0, we obtain the claimed lower bound on || A ”421’ This concludes the proof.

[S]

4. Characterizing cases of equality. I

We now investigate the cases of equality in the bound in Theorem 1. In this section,
as a first step, we discuss the absolute value of ¥ and A. We shall prove the following
result.

Proposition 8. Lerd > 3. If € L?(R?, CN) for some % < p < 00 is a nontrivial
solution of (1) with

14120 = ——Sa.
then there are a € R%, b > 0, ¢ > 0 such that, for all x € R?,
2 d=1
Vo =e(Gry ) | A =d .
Moreover,
[ i0; dy]y (- lV)]| Wd =0 forallj=1,...,d. (19)

gl

‘We prove this proposition by rewriting the proof in the previous section, keeping track
of all the nonnegative terms that we dropped in that argument.

Proof. Let us abbreviate

P, = ’ )/])/(IV)] Q dx,
R [y
] d(d 1) =2, &2
Rei= g fo, VT P

Then the identity in Proposition 7 can be written as

d—1 V|2 d—
R+ Py = Y ‘2/" dx — / |V|1ﬁ| |2dx.
d Jra i T d-2
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From equation (1), we get
d—1 APy ? d—1 a=2
Re+ P = / 4° W' dx — —f V18T % dx.

d R4 |w|d 1 d—2 R4

We want to apply the Holder and Sobolev inequality to the two terms on the right-hand

side, respectively. We therefore write
R: + P + RV + R® = s,

where
-1 24 —g=R . \ T |A| |W|2
RO = (AR ([ i@l T ) T [ B gy,
R R d I
[¥lé
d—1 d=2 , =2 4, 24 \4F?
2) ._ d—1 _ d—1 _ . g=1T dfz
R® = —d_z(/Rd VI dx Sd(/Rd (I =) T2 dx) ©)
and
d—1. ~@ B 4\ T
Se = Sl wiF= vl dx)
d—1 =2 —2. 2d_ =2
T4 2Sd(/ (W =ty a) 7
- »

By monotone convergence, together with the fact that v € L@-T1, it is easy to see that

limS—(uHAHz - S)(/ |W|%dx)%
e=0 © d Ld = g R4

On the other hand, since each one of the terms R, P, Rgl) and R( ) is nonnegative

we have S, > 0. Since ¥ # 0, we conclude again that
d

All?; = ——5a,

1412, = =54

which is the bound we derived in the previous subsection

d
Sa-

Now assume that
A}, = —
14120 = ==

Then, by the above argument, lim,_,¢ S = 0 and, consequently,
lim R, = lim P; = lim RY = lim R? = 0. (20)
e—0 e—0

(The existence of these four limits is part of the conclusion.)
Let us begin with the term Rél) . Using monotone convergence, we find that

lim RD = u(||A||2 (/ Iy |2 ldx) E —/ = )dx).
0o ° d L4 R4
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Thus, from (20) we conclude that

d—2
All? 4 dx) ¢ :/
AL ([ i a) T = [

and, therefore, by the characterization of equality in Holder’s inequality,

|A| = const - || @=T (21)

for some positive constant. a2
d=2 . . .
Next, we c0n51der R( ) We note that |1ﬂ|€ — gd—1 converges pointwise monotoni-
cally to || = ase — 0. By monotone convergence,

24
lim (|1ﬂ|‘1 f _ gt %)"1_2 dx:/ |¢|(127f1 dx.
R4

e—>0

This, together with the fact that R(z) tends t0 2810 (by (20)) and therefore, in particu-
lar, remains bounded, implies that fRd |V|1//| |2dx remains bounded. Moreover, by
monotone convergence,

a=2 =2
Wl — |y]a=T in L} (R?).

By a simple argument (see Lemma 9 below), these facts imply that |1//|% is weakly
differentiable in R? and

— d=2
f |V|¢|%|2dx < liminf/ |VIy|&! |2dx.
R4 e—>0 R4

We conclude that

d—2

d—1 - <=
liminf R? > —(/ |V|1/f|%|2dx—sd(f i ax) ©).
— 2\ JRra R4

e—>0 d

By (20) and Sobolev’s inequality, we conclude that
2

[ Vg |t dx—Sd(/RdWMzdldx)dd.

By the characterization of cases of equality in Sobolev’s inequality (see, e.g., [22, Theo-

rem 8.3] for a textbook presentation), we have, for some a € R and b,c >0,
d—2 d—2 b? 432

X)|d-1 = cd—1 (—) .

v )l b% + |x —al?

This proves the form of || stated in the proposition.

We draw one more conclusion, which we will not use, but which might be useful in
another context. Namely, since the lower semicontinuity inequality for the weak conver-
gence is saturated, the weak convergence is, in fact, strong convergence, that is,

d—=2 _
Vgl S Vg in L2RY).
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Returning with the form of || to (21), we find that

2
b% + |x —al?
with some positive constant. This constant can be determined in view of the computation
in (6) and the assumption that || A ||22 = d 5Sa. This yields the form of |A| stated in the
proposition.

Finally, we consider the term P,. Since we have already shovtlln that || is locally

o d _d_

bounded away from zero, it is easy to see that || -1 — ¥ |/|~@-T in Llloc(Q). There-
fore, as in the lemma, the distribution

[—iaj - ém : (—iV)] wd

|A(x)| = const -

[y la=t
is an L? function and
: 1 . 14
/ [—131' — Vv (—lV)] 7
R4 |yr|a—1
o . 1 , 14
< ll;n_)l(r;f/Rd [—18]- — E)/j)/ . (—IV)] T zdx.
V¢
Thus,
v .
y,y (—iV) - dx < liminf Pg.
|w | a—1 e—0
By (20), we Conclude that
v 2
vir )]y ar =0
]Rd [yr|a—T
and, consequently, recalling also that || # 0, we obtain equation (19). This completes
the proof of the proposition. ]

In the previous proof, we used the following simple lemma.

Lemma 9. Let Q@ C RY be open, let f;, € L} (Q) be weakly differentiable in  and
Jn = f in L} (). Assume that (V f,) is bounded in L?(2) for some 1 < p < oo.
Then f is weakly differentiable in Q and (V f,,) converges weakly to the weak gradient
of f. In particular,

/|Vf|pdx§1iminf/ [V fn]? dx.
Q =0 JQ

Proof. Let F be a weak limit point of (V f;,) in L?(£2). Such a weak limit point exists

by weak compactness. Then, with limits taken along the corresponding subsequence, for
any ¢ € C/(Q),

/fakgodxz lim / Jndkpdx = — lim / akfnfpdxzf Frodx.
Q n—>o00 Jo n—>oo Jo Q
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This shows that f is weakly differentiable with V f = F. Since the weak gradient is
unique, there is a unique weak limit point of (V f,), so, (V f,) converges weakly. L]

5. Twistor spinors

In the previous section, we determined the absolute values of ¥ and A of extremal solu-

tions of the inequality in Theorem 1. As a step towards determining the “argument” %,
in this section, we will characterize all solutions of equation (19).
Theorem 10. Let d > 3 and assume that ® is a spinor field on R? satisfying
1
[—iaj—gyjy-(—iV)]q):O forallj =1,....d. 22)

Then there are constant spinors o, ¢1 € CN such that
D(x)=¢o+y-xp1 forallx e R,

This theorem is known. It appears, for instance, in [14]. The equation for ® is called
the twistor equation and its solutions are called twistor spinors. We include the proof of
the theorem for the sake of concreteness and since it simplifies considerably in the present
Euclidean context.

Proof. A priori, we only assume that ® is a distribution that satisfies the equation in dis-
tributional sense. Then mollifications of ® are smooth functions which satisfy the same
twistor equation. Assuming the theorem has been proved for smooth functions, we con-
clude that each mollification has the form in the theorem with constant spinors ¢ and ¢
which depend on the mollification parameter. Since the mollifications converge to ® in
the sense of distributions as the mollification parameter vanishes, it is easy to see that the
parameters ¢o and ¢; converge and, consequently, ® has the claimed form.

Thus, from now on, we may assume that ® is a smooth function. (In fact, C 2 is
enough.) We differentiate the equation in (22) with respect to xj and obtain, abbreviating
D:=y-(-iV),

90, ® = jzyjakz)cb forall jk =1,....d. (23)

Taking k = j and summing, we obtain

i
A® = ——D?®.
d

Since D? = —A, we conclude that
D?® = 0. (24)
Next, we use (23) twice to get

Vi0xD® = —id0rd;® = —idd; 0P = y0; DD.
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Multiplying by y; and using the anticommutation relations, we deduce
0kD® = —yry;0; DD 4 25; 10k D D.

Summing with respect to j gives

ddD® = —iy D?>® + 20, D®.
The assumption d > 3 and (24) imply that

0xD® =0 forallk =1,...,d.
This implies that there is a ¢; € C¥ such that

DD = ¢.

Inserting this information into (22) gives

1
—i8j<l>—gng01 =0 forallj=1,...,d.

Thus, there is a ¢o € CV such that

i
O(x) = ¢o + FRARIZE

This is the assertion, up to redefining ¢;. ]

6. Characterizing cases of equality. IT

Our goal in this section is to complete the proof of Theorem 5 concerning the characteri-
zation of extremal solutions of the inequality in Theorem 1. As a byproduct, we will also
prove the claim in Theorem 1 that the inequality there is not attained in even dimensions.
We assume throughout this section that (v, A) solves (1), that 0 # ¢ € L? (R4, CN)
for some % < p < oo and that ||A||‘L12 = ﬁSd.
According to Proposition 8 and after translating and dilating { and A and multiply-
ing ¥ by a constant, we may, without loss of generality, assume that
1\ 1

vol=(rpe) - @ M@I=d s 25)

Using the twistor equation

According to Proposition 8, y WF% satisfies the twistor equation (22). Thus, by The-
orem 10, there are ¢q, @1 € C¥ such that

Y (x)

2 = Po TV XQ1 for all x € R¥.
¥ (x)|a=1
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Taking absolute values in the latter equation gives
W17 = lpo + 7 - xe1l = (Ipol” + 2Relgo, v - x1) + Iy - xg1[?)?
= (Ipo|* +2Re(go. y - xg1) + |1 *|x[) 2
Comparing this with the formula for || in (25) gives
L+ x> = |go|* + 2Re(go, ¥ - xp1) + lo1 [*]x [,

that is,
lo1] = lpo| =1, Re(po,yjp1) =0 forallj =1,...,d. (26)

To summarize, we know at the moment that

d
2

v = ( (@0 +7 - xg1) @7)

)
1+ |x|?

with @, ¢; satisfying (26).

Recovering the vector potential
For 1 < j, k < d, we compute, using the properties of the y matrices,
1
Re(V, yjvey) = E(W’ Vivew) + (. vk v) = 8iklv .

Thus,
Re(y.yjy - AY) = Y AxRe(y yiviyr) = A; |y,
k

On the other hand, by (1),

Re(.yjy - AY) = Re(y.yjy - (=iV)Y)

and, therefore, .
_ Re{yyjy - (=iV)y)

A =
! [y
Using (27), we compute
1\ 1 \4
Wy = —d(—— : S
134 (1+|x|2) xi(po +y X¢1)+(1+|x|2) 1732
and
32 1 \4
(=iV =jd(—— . . —id(——
y GV =id () ety e —id () e
N
=—id(——— -y . 28
i <1+|x|2> (1 —7 - x¢po) (28)
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Inserting this into the above formula for 4;, we find
1 2
4j = d(m) Im((po + ¥ - x91), ¥ (@1 — ¥ - x¢0))

1 2
- d(l + |x|2) Im((<p0, Vio1) — (0o, V; Y - X@o) + (@1, ¥ - Xyj01)

— Q1.7 - XYY - X@0)).
This expression can be slightly simplified with the help of the following lemma.

Lemma 11. Forall x,y € R4,

yexy-yy-x =—|x]’y -y +2(x-y)y-x.

Proof. By linearity, we may assume that x = e;. We write

VXYY X = ZkakajW = Zx;%)/k)’j)/k + Zkae(Vijw + vevivio)-
kL k k<t

By the anticommutation relations, yxy; vk = —V;j + 20k, Vi, SO
> xtvevive = —IxPy; + 2x7y;.
k

Similarly, if kK < £, then yry;ve + vevive = =V (Vkve + Veve) + 28k, jve + 280, vk =
2(8k,jve + 8¢, vk) and so

D xexe(yryive + veviv) =2 xixe(eve + 80,V =2 XkX; Vi
k<t k<t k)

This proves the claimed formula. ]

Inserting the formula from the lemma into the previous equation for A; gives

2
Aj = d( ) Im((1 — [x[*){@o. ;1) + 2xj (0. ¥ - X¢1)

1+ |x|?
— (@0, ¥j7 - xp0) = {¢1, 7V - X¢1)).

Introducing the vector w € R¥ by

wj = Im(go, y;¢1)

as well as the matrix M € R9*? by
1
My = —E(Im(fﬂo, YiVkpo) + Im{p1, v vee1),
we can write this as

1 2
A= d(m) (1= |x|P)w + 2x(w - x) + 2M x). (29)
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Note that, by (26), we have w; = —i (@o, yj¢1). Also, by the anticommutation relations,
we see that the matrix M is skew-symmetric, that is,

M"=-M.
Next, we derive equations for the matrix M and the vector w. They imply, in particu-
lar, that d is odd. Since |A(x)| = 1+[|i—x\2’ we must have

1+ x> = |(1 = |xP)w + 2x(w-x) +2Mx| forall x € R,
By skew-symmetry, we have x - M x = 0 and therefore

[(1— |x|2)w + 2x(w - x) + 2Mx|2 =(1- |x|2)2|w|2 + 4|Mx|2 + 4(w -x)2
+4(1 — |x*)(w - Mx) + 8(x - Mx)(w - x).

Since the right-hand side is equal to (1 + |x|?)2, the odd-degree term (1 — |x|?)(w - M x)
must vanish, that is, by skew-symmetry,

Mw = 0.
The remaining equations are
wi> = 1 |x? = —JwPlxl? + 2/Mx? + 2(w - ).
In view of the first equation here, the second one is equivalent to
M™M + |w)(w| = 1.

This implies, in particular, that ker M = span{w}. Since the dimension of the kernel of
a skew-symmetric matrix in even dimension is even-dimensional, we conclude that d
is odd.

Using the zero mode equation

In what follows, we assume that d is odd. It follows from (27) and (29) that

d+4

1
yoay =d(;nm) T =Py w2y ok 2y M)+ xen).
Combining this with (28) and equation (1), we get

—i(1+ |x[*) (@1 — ¥ - x@0)
=((1—[xP)y-w+2w-x)y-x+2y-Mx)(po +y - x¢1).

Using Lemma 11, we can rewrite this as

—i(1+ [x)) (@1 =y x@0) = (y w4y -xy-wy -x+2y - Mx)(go + ¥ - x¢1).
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Both sides are polynomials of degree three. For us, only the equation that is obtained for
homogeneity one is interesting, namely

iy-xpo=y-wy -xo; +2y-Mxgy forallx € R?, (30)

(In fact, one can show that this equation is equivalent to the one corresponding to homo-
geneity two and that those corresponding to homogeneities zero and three are conse-
quences of the above equation.) From (30), we derive

—ig1 =Y - Wy, (3D
y-Mygo=iy-ygpo forallyew. (32)

Indeed, (31) follows by taking x = w in (30) and recalling that |w| = 1 and Mw = 0.
Let us prove (32). It follows from the properties of the gamma matrices that

y-wy-x=—y-xy-w+2(w-x).
Inserting this into (30) and using (31), we obtain
2iy -xpo =2(w-x)p1 + 2y - Mxgpy forall x € RY.

Specializing to x orthogonal to w yields (32).
After these preparations, we are in position to complete the proof of our second main
result.

Proof of Theorem 5. Recall the definition of the matrix ¥ before Theorem 5. Since M is
skew-symmetric and satisfies MM 4+ |w)(w| = 1, there is an O € ©O(d) such that

0'™MO =X.
We note that MOe; = OXe; = 0. Since MM + |w)(w| = 1, this implies that Oe; = w.

Thus, we can rewrite (29) as

A(x) = d(m)z((l —1x[*)Oe; +2x(e1- 07 'x) + 007 'x)

= 0A(0 x).
Thus, A is of the form claimed in the theorem.

Next, given the matrix O € O(d), there is a U € U(N) such that (5) holds; see [13,
Corollary A.2]. We now show that Ugy is a vacuum, that is, it satisfies

1 d—1
E(na +iy2a41)Upo =0 foralla =1,..., — (33)

Indeed, since Xez4+1 = —€24, We have

U*yaqU =y - Oezg = —y - OZepgq1 = —y - MOepgr1,
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s0, using (32),

U*y2aUpo = —y - MOergi1900 = =iy - Oezqq1900 = —iU* y2041Ugo.

This proves (33).
Next, we note that
d—1

1 .
§(V2oc +iY2a+1)Y1Upo =0 foralla =1,..., —

Indeed, this follows immediately from (33) since y; anticommutes with y,4 and V441
fora > 1.

Thus, we have shown that both Ugg and y; Ugg are vacua. By the uniqueness of the
vacuum [13, Lemma A.5], there is a A € C such that y1Ugg = AUgy. Since

ly1Ugo| = [Ugol,

we have |[A| = 1 and, since y; is Hermitian, we have A € R. Thus, s := A € {+1,—1} and
Y1Upo = sUgo.

The equality Oe; = w implies U*y;U =y - Oe; =y - w. Thus, by (31), U*y1Ugy =
y - weo = —i¢@;. We conclude that

o1 =iU yUgy = isgy.

Since |Ugg| = |@o| = 1, by uniqueness of the vacuum (see [13, Lemma A.5]) we may
assume that Ugy = Wy. Note that above, we showed that y; Wy = y1Ugpo = sUgpo = s ¥y,
which justifies the notation s. Moreover, we can rewrite (27) as

1

d
— . . *
—1+|x|2> U*(1 +isUy - xU*)W,

v = ( )%(1+iSV'X)<Po=(

1+ |x|?
=U*WU (0 x).

Here in the last equality we used (5). Thus, v is of the form claimed in the theorem. This
completes the proof. ]

Appendix A. Characterizing cases of equality in another inequality

In this appendix, we consider the equation
v (—iV)y = Ay (34)

with a real function A € L4 (R9). In [13], we proved that if € L?(R¢,CN) for some

% < p < oo is a nontrivial solution of (34), then

A4 = Sa.

d
d—-2
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(Note thatin [13] we used a slightly different normalization.) A simple computation shows
that equality is attained for the pair (¥, A), where

d
Y(x) = (ﬁ) : (A +isy-x)po, Ax):= sdm.
Here ¢y € C¥ is a constant spinor and s € {41, —1}. Note that, in contrast to the situation
of Theorem 5, the constant spinor ¢ is not required to satisfy the vacuum conditions (4)
and s is not coupled to ¢g. The following theorem shows that, up to translations, dilations
and multiplications by constants, this family constitutes the only pairs for which equality
is attained.

Theorem 12. Ler d > 3. If y € LP (R4, CN) for some ddTl < p < o0 is a nontrivial
solution of (34) with

IA7a = msd,

then there are a € R4, b > 0, ¢ > 0, as well as a po € CN with |po| = 1 and an s €
{+1, =1} such that, for all x € R?,

w(x):c\i("b;“) and A(x):b—lA(x;“).

Proof. We argue as in the proof of Theorem 5. In the same way as in Proposition 8,
we deduce that, after translating and dilating (v, A) and multiplying v by a constant,

1 a5t 1
=(— d |A =d——:.
el=(r5p) - @ Rol=dy
Moreover, we obtain equations (19), which, according to Theorem 10, implies form (27)
of ¥ with @g, 91 € CV satisfying (26). Thus y - (—i V) is given by (28), and inserting
this into (34), we find

A(x) ——(po+ y-x¢pp) forallx e RY. (39)
A0
Taking the real part of the inner product of this equation with ¢ and recalling (26), we find
that
(x)

e _ A d

s = Im{pg, 1) = m for all x € R®.
This shows that the sign of A is constant. Returning with this information to (35) and
evaluating at x = 0, we infer that —i¢; = s¢y. This leads to the claimed form of i and A
and completes the proof. ]

—i(p1— VX o) =
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