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Abstract. The aim of this paper is two-fold. Firstly, we prove Toda’s �-independence conjec-
ture for Gopakumar–Vafa invariants of arbitrary local curves. Secondly, following Davison’s work,
we introduce the BPS cohomology for moduli spaces of Higgs bundles of rank r and Euler char-
acteristic � which are not necessary coprime, and show that it does not depend on �. This result
extends the Hausel–Thaddeus conjecture on the �-independence of E-polynomials proved by Mel-
lit, Groechenig–Wyss–Ziegler and Yu in two ways: We obtain an isomorphism of mixed Hodge
modules on the Hitchin base rather than an equality of E-polynomials, and we do not need the
coprime assumption. The proof of these results is based on a description of the moduli stack of
one-dimensional coherent sheaves on a local curve as a global critical locus which is obtained in
the companion paper by the first author and Naruki Masuda.
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1. Introduction

We work over the complex number field C.

1.1. Motivation and results

1.1.1. Non-abelian Hodge theory. Let C be a smooth projective curve with genus g � 2.
By the non-abelian Hodge correspondence due to [9,23,30,52], there is a homeomorphism

MDol.r;m/ 'MB.r;m/; (1.1)

where MDol.r; m/ is the moduli space of slope semistable Higgs bundles E on C with
rank.E/ D r , �.E/ D m, and MB.r;m/ is the twisted character variety, i.e., the quotient
variety

MB.r;m/ WD
°
Ai ; Bi 2 GLr ; i D 1; : : : ; g

ˇ̌ Y
i

ŒAi ; Bi � D e
2m�

p
�1=r

±
� GLr

by the conjugate GLr action.
Assume for a while that r and m are coprime so that the moduli spaces in (1.1) are

smooth. Homeomorphism (1.1) induces an isomorphism

H�.MDol.r;m// ' H�.MB.r;m// (1.2)

between the singular cohomology groups. However, since (1.1) is only a diffeomorphism,
isomorphism (1.2) is not an isomorphism of mixed Hodge structures. Indeed, the mixed
Hodge structure on H�.MDol.r; m// is pure, while that on H�.MB.r; m// is not pure.
Instead, the cohomology group H�.MDol.r; m// has the so-called perverse filtration in-
duced by the Hitchin morphism

hW MDol.r;m/! B:
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De Cataldo–Hausel–Migliorini [19] conjectured that the perverse filtration on an isomor-
phism H�.MDol.r; m// matches with the weight filtration on H�.MB.r; m// via isomor-
phism (1.2) (P DW conjecture). This conjecture was recently proved by Hausel–Mellit–
Minets–Schiffmann [29] and Maulik–Shen [41] independently.

For character varieties, MB.r; m/ and MB.r; m
0/ are Galois conjugate to each other,

for allm;m0 2 Z with gcd.r;m/D gcd.r;m0/D 1. In particular, we have an isomorphism

H�.MB.r;m// Š H�.MB.r;m
0// (1.3)

of mixed Hodge structures. According to the P D W conjecture, the perverse filtration
on H�.MDol.r; m// should be independent of m 2 Z, as long as we have gcd.r; m/ D 1.
We prove this statement using the cohomological Donaldson–Thomas theory.

Theorem 1.1 (Example 5.18). Let r , m, m0 be integers such that r > 0 and gcd.r;m/ D
gcd.r;m0/ D 1. Then there exists an isomorphism

H�.MDol.r;m// Š H�.MDol.r;m
0//

preserving the Hodge structure and the perverse filtration.

This kind of statement is called a �-independence phenomenon, as an invariant of
the moduli space of Higgs bundles depends only on the rank r and is independent of the
choice of the Euler characteristic �. Note that the above result for the perverse filtration
was obtained by [18] independently, via a completely different method.

Now assume that .r;m/ is not coprime. In this case, the moduli spacesMDol.r;m/ and
MB.r; m/ are singular. Hence it is not clear which cohomology theory is the right choice
to obtain a P DW type statement. There are two candidates for this:

(1) intersection cohomology [20, 25, 26, 44];

(2) BPS cohomology [8].

One advantage of using the intersection cohomology is that it is mathematically defined
whereas the BPS cohomology is defined in the physical language. Instead of this, BPS
cohomology has its own advantage: whereas the �-independence phenomena for the
intersection cohomology is only expected when we have gcd.r; m/ D gcd.r; m0/, the
�-independence for the BPS cohomology is expected to hold without any assumption.
Further, the BPS cohomology groups on both sides are expected to carry a Lie algebra
structure (see [13]) and the non-abelian Hodge correspondence (1.1) is expected to induce
an isomorphism of these Lie algebras [51, Conjecture 1.5]. This suggests that we would
have a representation-theoretic approach to the original P DW conjecture.

Following Davison’s idea [12], we propose a definition of the BPS cohomology for
the Dolbeault moduli space H�BPS.MDol.r; m// as a cohomology of a pure Hodge module
BP �r;m on MDol.r; m/ defined using the cohomological Donaldson–Thomas theory (or
refined BPS state counting) for TotC .OC ˚!C /. We have a split injection ICMDol.r;m/ ,!

BP �r;m which is an isomorphism when gcd.r; m/ D 1, but not necessarily so for gen-
eral .r; m/. We prove the following �-independence for the BPS cohomology, which is
a non-coprime generalization of Theorem 1.1.
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Theorem 1.2 (Corollary 5.15). Let r ,m,m0 be integers such that r > 0. Then there exists
an isomorphism

H�BPS.MDol.r;m// Š H�BPS.MDol.r;m
0//

preserving the Hodge structure and the perverse filtration.

Remark 1.3. When we have gcd.r; m/ D gcd.r; m0/, the Betti moduli spaces MB.r; m/

and MB.r; m
0/ are Galois conjugate. Therefore, we expect that there exists an isomor-

phism

H�BPS.MB.r;m// Š H�BPS.MB.r;m
0// (1.4)

preserving the mixed Hodge structure, though we do not discuss the definition of the BPS
cohomology for the Betti moduli spaces in this paper. Therefore, Theorem 1.2 gives an
evidence of the P D W conjecture for the BPS cohomology. Conversely, P D W con-
jecture and Theorem 1.2 suggest that isomorphism (1.4) holds without the assumption
gcd.r;m/ D gcd.r;m0/, which is of independent interest.

Remark 1.4. Recently, Davison–Hennecart–Schlegel Mejia [15] established a theorem
relating the BPS cohomology and the intersection cohomology for the moduli space of
Higgs bundles and for the character varieties. Their work implies the equivalence of two
versions of the PDW conjectures via the BPS cohomology and via the intersection coho-
mology, and that the �-independence of the intersection cohomology of the Dolbeault
moduli space follows from Theorem 1.2 as long as gcd.r;m/ D gcd.r;m0/ holds.

We also establish the cohomological integrality theorem for Higgs bundles, which
claims the decomposition of the Borel–Moore homology of the moduli stack of Higgs
bundles HBM

� .MDol.r;m// into tensor products of the BPS cohomology (see Theorem 5.16
for the precise statement). A similar statement was proved for quivers with potentials
in [17, Theorem A] and for preprojective algebras in [12, Theorem D]. As explained in
[16, §6.7], a plethystic computation and the cohomological integrality theorem imply that
the Euler characteristic of the BPS cohomology is equal to the genus zero BPS invari-
ant introduced by Joyce–Song [34, §6.2]. In particular, the cohomological integrality
theorem strengthens the integrality conjecture for the genus zero BPS invariants [34, Con-
jecture 6.12].

Combining the cohomological integrality theorem and the �-independence theorem
(Theorem 1.2), we obtain the following �-independence result for the Borel–Moore ho-
mology of the moduli stack MDol.r;m/ of Higgs bundles.

Corollary 1.5 (Corollary 5.20). Let r ,m,m0 be integers such that r > 0 and gcd.r;m/D
gcd.r;m0/. Then there exists an isomorphism

HBM
� .MDol.r;m// Š HBM

� .MDol.r;m
0//

preserving the Hodge structure and the perverse filtration introduced in [14, Proposi-
tion 7.24].
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1.1.2. Gopakumar–Vafa invariants. More generally, we investigate the �-independence
phenomena for curve counting theory on a class of Calabi–Yau (CY) 3-folds called local
curves. By definition, a local curve is a CY 3-fold of the form TotC .N /, where C is
a smooth projective curve and N is a rank 2 vector bundle on C such that det.N / Š !C .
To explain our result, we recall some basic background of curve counting theory for CY
3-folds.

There are several ways to count curves in a CY 3-fold X , and one of them is the
Gromov–Witten (GW) theory: For an integer g � 0 and a homology class ˇ 2 H2.X;Z/,
denote by Mg;ˇ .X/ the moduli space of stable maps f WC ! X with C nodal curves of
arithmetic genus g and f�ŒC � D ˇ. Then the GW invariant is defined as

GWg;ˇ WD

Z
ŒMg;ˇ.X/�

vir
1;

where ŒMg;ˇ .X/�
vir denotes the virtual fundamental cycle. Due to the existence of stacky

points in the moduli space Mg;ˇ .X/, the GW invariant GWg;ˇ is in general a rational
number.

Based on string theory, Gopakumar–Vafa [27] conjectured the existence of integer
valued invariants ng;ˇ 2 Z for g � 0 and ˇ 2 H2.X;Z/, satisfying the equationX

g�0;ˇ>0

GWg;ˇ �
2g�2tˇ D

X
g�0;ˇ>0;k�1

ng;ˇ

k

�
2 sin

�k�
2

��2g�2
tkˇ : (1.5)

We call the invariants ng;ˇ the Gopakumar–Vafa (GV) invariants (also known as the BPS
invariants).

Based on the previous works by Hosono–Saito–Takahashi [31] and Kiem–Li [36],
Maulik–Toda [43] and Toda [56] proposed the mathematical definition of the GV invari-
ants. Following the original idea of Gopakumar–Vafa, they consider the moduli space
MX .ˇ; m/ of slope semistable one-dimensional sheaves E on X satisfying ŒE� D ˇ 2

H2.X;Z/ and �.E/ D m 2 Z. The moduli space MX .ˇ; m/ admits the Hilbert–Chow
morphism

�M W MX .ˇ;m/
red
! Chowˇ .X/;

which sends a sheaf to its fundamental cycle. Maulik–Toda [43] and Toda [56] defined
the generalized GV invariants by the formulaX

i2Z

�.H i .�M�.'MX .ˇ;m////y
i
D

X
g�0

ng;ˇ;m.y
1=2
C y�1=2/2g ; (1.6)

where 'MX .ˇ;m/ is a certain perverse sheaf on MX .ˇ; m/, see Sections 2.2 and 2.3 for
more details.

As the GV invariants are conjecturally equivalent to the GW invariants by formu-
la (1.5), the GV invariants should be independent of the additional choice of the Euler
characteristic m 2 Z.
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Conjecture 1.6 ([56, Conjecture 1.2]). The generalized GV invariants are independent
of the choice of m 2 Z, i.e., we have

ng;ˇ;m D ng;ˇ;m0

for all m;m0 2 Z.

We call the above conjecture a �-independence conjecture for GV invariants. In this
paper, we prove it for local curves in full generality.

Theorem 1.7 (Theorem 3.1). Conjecture 1.6 holds for X D TotC .N /.

1.2. Strategy of the proof

1.2.1. Results on local curves. The key ingredient in our arguments is the main result of
the companion paper by the first author and Masuda [38] on the construction of a global
d-critical chart for the moduli space MX WDMX .ˇ; m/ of one-dimensional semistable
sheaves on a local curve X D TotC .N /, i.e., the description of the moduli space MX as
the critical locus inside a certain smooth space: Take an exact sequence

0! L1 ! N ! L2 ! 0;

where L1, L2 are line bundles with deg.L2/ sufficiently large. We denote by Y WD
TotC .L2/. Then it is shown in [38, Theorem 5.6] that there exists a function f WMY !A1

on the good moduli space of one-dimensional semistable sheaves on Y such that we have
an isomorphism

MX Š ¹d.f ı pY / D 0º �MY ;

where pY WMY ! MY is the natural map from the moduli stack of one-dimensional
semistable sheaves to its good moduli space.

In this situation, the perverse sheaf appeared in definition (1.6) of the generalized GV
invariants coincides with the vanishing cycle sheaf,

'MX Š 'f .ICMY /;

and the proof of Theorem 1.7 is reduced to proving the corresponding statement for the
intersection complex ICMY . The latter is proved in the recent paper by Maulik–Shen [42],
hence we obtain Theorem 1.7.

1.2.2. Results on Higgs bundles. We define the BPS sheaf BP �r;m on the moduli space
MDol.r; m/ using the vanishing cycle complex 'MX for X D TotC .OC ˚ !C /. Then the
argument as above also implies Theorem 1.2. The cohomological integrality theorem for
Higgs bundles (Theorem 5.16) is obtained by extending the argument for quivers with
potentials [17, Theorem A] using the global critical locus description of MX and applying
the first author’s dimensional reduction theorem [37, Theorem 4.14] which relates the
vanishing cycle cohomology for MX and the Borel–Moore homology for MDol.
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1.3. Relation with existing works

(1) Mellit [46], Groechenig–Wyss–Ziegler [28], and Yu [57] proved that the E-poly-
nomial of MDol.r; m/ is independent of m 2 Z when gcd.r; m/ D 1. These results were
proved via the reduction to the positive characteristics.

We extended the result to the non-coprime case and further lifted the equality to an
isomorphism of Hodge structures via completely different methods.

(2) Recently, de Cataldo–Maulik–Shen–Zhang [18] used a positive characteristic
method to prove that isomorphism (1.3) preserves the perverse filtration induced by the
non-abelian Hodge theorem.

At present, we do not know whether our cohomological �-independence results are
compatible with the Galois conjugate.

(3) Toda [56] proved Conjecture 1.6 for primitive classes ˇ 2 H2.X;Z/ (assuming
a technical conjecture on orientation data). For non-primitive classes, Maulik–Shen [42]
proved it for local toric del Pezzo surfaces and recently [58] removed the toric assumption
from their result. Maulik–Shen [42] also proved the conjecture for local curves of the form
TotC .O.D/˚ !C .�D// for a divisor D with deg.D/ > 2g.C / � 2.

Our Theorem 1.7 proves Conjecture 1.6 for arbitrary local curves. In particular, the
result for X D TotC .N / with indecomposable N is completely new.

1.4. Structure of the paper

The paper is organized as follows. In Section 2, we recall Joyce’s theory on d-critical
structures. Then we recall the definition of the GV invariants, and introduce the notion of
local curves and twisted Higgs bundles.

In Section 3, we prove Theorem 1.7. In Section 4, we prove the cohomological inte-
grality theorem for D-twisted Higgs bundles where deg.D/ > 2g � 2, which plays an
important role in the proofs of Theorems 1.7 and Corollary 1.5. Finally, in Section 5,
we discuss applications to Higgs bundles. We prove Theorem 1.2 and the cohomological
integrality theorem for Higgs bundles (Theorem 5.16).

In Appendix A, we give a brief overview of the shifted symplectic geometry and prove
some technical lemmas that we use in this paper.

In Appendix B, we prove a version of the support lemma of the vanishing cycle com-
plexes which is needed to define the BPS sheaf.

Notation and convention. In this paper, we work over the complex number field C.
We use the following notations:

� We denote by S the1-category of spaces (see [40, Definition 1.2.16.1]).

� We basically write stacks in Fraktur (e.g., X;Y; : : :), and derived schemes, derived
stacks and morphisms between derived stacks in bold (e.g., X ;X; f ; : : :). We will
write X D t0.X/, X D t0.X/, f D t0.f / and so on.

� A derived Artin stack X is said to be quasi-smooth if the cotangent complex LX has
Tor-amplitude Œ�1; 1�.
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� All derived/underived Artin stacks are assumed to have quasi-compact and separated
diagonals and locally finitely presented over the complex number field. As the fiber
product of finite type separated schemes over such a stack is again of finite type and
separated, we can consider the category of mixed Hodge modules on such stacks
(see Section 4.1 for the detail).

� For a separated complex analytic space X , we let Db
c .X/ denote the bounded derived

category of complexes of sheaves in Q-vector spaces on X with constructible coho-
mology.

� For a complex analytic stack X, we let Db
c .X/ denote the bounded derived category

of sheaves in Q-vector spaces on Xlis-an with constructible cohomology. Here Xlis-an

denotes the lisse-analytic topos of X (see [54, §3.2.3]).

� If there is no confusion, we use expressions such as f� and fŠ for the derived func-
tors Rf� and RfŠ.

2. Preliminaries

In this section, we collect some basic notions that we use in this paper. Firstly, we recall
Joyce’s theory of d-critical locus in Section 2.1. Then we review the construction of van-
ishing cycle complexes associated with d-critical stacks in Section 2.2. In Section 2.3, we
review Maulik–Toda’s construction [43] of Gopakumar–Vafa invariants based on vanish-
ing cycle complexes. In Section 2.4, we collect some basic facts on local curves and recall
Maulik–Shen’s cohomological �-independence theorem [42].

2.1. D-critical structures

In [33], Joyce introduced the notion of d-critical structures which are classical models of
derived critical loci. We now briefly recall it.

Let X be a complex analytic space. Joyce [33, Theorem 2.1] introduced a sheaf �X
onX with the following property: for an open subsetR�X and an embedding i WR ,!U

to a complex manifold U , there exists a short exact sequence

0! �X jR ! i�1OU =I
2
R;U

ddR
��! i�1�U =.IR;U � i

�1�U /;

where IR;U is the ideal sheaf of R in U . One can show that the natural map

�X jR ! i�1OU =I
2
R;U � OR

glues to define a morphism �X ! OX . We define a subsheaf �0X � �X by the kernel of
the map

�X ! OX � OX red :

If X is the critical locus Crit.f / of a holomorphic function f on a complex mani-
fold U such that f jX red D 0, then f C I 2X;U defines an element of �0X .



Cohomological �-independence for Higgs bundles and Gopakumar–Vafa invariants 627

Definition 2.1. Let X be a complex analytic space. A section s 2 �.X;�0X / is called a d-
critical structure if for each point x 2 X , there exist an open neighborhood R � X , an
embedding i WR ,! U into a complex manifold, and a holomorphic function f on U with
the property f jRred D 0 such that f C I 2R;U D sjR. The quadruple .R; U; f; i/ is called
a d-critical chart of X . A complex analytic space equipped with a d-critical structure is
called a d-critical analytic space.

The sheaf �0X has the following functorial property: for a given morphism of complex
analytic spaces qWX1 ! X2, there exists natural morphism

q?W q�1�0X2 ! �0X1 :

Now assume that q is smooth surjective and take a section s 2 �.X;�0X /. Then it is shown
in [33, Proposition 2.8] that q?s is a d-critical structure if and only if s is a d-critical
structure.

Now let X be a complex analytic stack. Then it is shown in [33, Corollary 2.52] that
there exists a sheaf �0X on the lisse-analytic site of X with the following property:

� For a smooth morphism t WT ! X, there exists a natural isomorphism �t W�
0
XjT Š �0T .

� For a morphism
qW .t1WT1 ! X/! .t2WT2 ! X/

between complex analytic spaces smooth over X, the natural map q�1.�0XjT2/ !
�0XjT1 is identified with q?.

For a smooth morphism t W T ! X from a scheme and a section s 2 �.X; �0X/, we write
t?s WD �t .sjT / 2 �.T; �

0
T /.

Definition 2.2. For a complex analytic stack X, a section s 2 �.X; �0X/ is called a d-
critical structure if for any smooth surjective morphism t W T ! X, the element t?s is
a d-critical structure on T . A d-critical stack is a complex analytic stack X equipped with
a d-critical structure.

For a complex analytic stack X equipped with a d-critical structure s, Joyce [33, §§2.4
and 2.8] defines a line bundle Kvir

X;s on Xred called the virtual canonical bundle of .X; s/.
If there is no confusion, we simply write Kvir

X D K
vir
X;s . We now recall some of its basic

properties. Firstly, assume X is a complex analytic space and write X D X . Take a d-
critical chart R D .R;U; f; i/ of .X; s/. Then there exists a natural isomorphism

�RW K
vir
X;sjRred Š K˝2U jRred :

Let qWX1 ! X2 be a smooth morphism and s2 be a d-critical structure on X2. Write
s1 D q

?s2. Then it is shown in [33, Proposition 2.30] that there exists a natural isomor-
phism

‡q W q
red;�Kvir

X2;s2
˝ det.�X1=X2/j

˝2

X red
1

Š Kvir
X1;s1

with the following property: if we are given d-critical charts R1 D .R1; U1; f1; i1/ of
.X1; s1/ and R2 D .R2; U2; f2; i2/ of .X2; s2/ such that q.R1/ � R2, and a smooth
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morphism zqWU1!U2 such that f1D f2 ı zq and i2 ı qjR1 D zq ı i1, the following diagram
of line bundles on Rred

1 commutes:

qred;�Kvir
X2;s2
jRred
1
˝ det.�X1=X2/j

˝2

Rred
1

‡q jRred
1 //

.qjR1 /
red;��R2˝id

��

Kvir
X1;s1
jRred
1

�R1

��

zq�K˝2U2 jRred
1
˝ det.�X1=X2/j

˝2

Rred
1

// K˝2U1 jRred
1
:

Here the bottom horizontal arrow is defined by the natural isomorphism �X1=X2 jR1 Š

�U1=U2 jR1 .
Now we treat the stacky case. Let X be a complex analytic space and t W T ! X be

a smooth morphism from an analytic space. Then there exists a natural isomorphism

‡t W t
red;�Kvir

X;s ˝ det.�T=X/j˝2T red Š K
vir
T;t?s;

see [33, Theorem 2.56]. For a morphism qW .t1WT1!X/! .t2WT2!X/ between complex
analytic spaces smooth over X, the following diagram commutes:

t
red;�
1 Kvir

X;s ˝ det.�T1=X/j
˝2

T red
1

��

‡t1

��

qred;�.t
red;�
2 Kvir

X;s ˝ det.�T2=X/j
˝2

T red
2

/˝ det.�T1=T2/j
˝2

T red
1

qred;�‡t2˝id
��

qred;�Kvir
T2;t

?
2
s
˝ det.�T1=T2/j

˝2

T red
1

‡q
// Kvir
T1;t

?
1
s
:

(2.1)

For a d-critical stack .X; s/, an orientation is a choice of a line bundleL on Xred and an
isomorphism oWL˝2 ŠKvir

X;s . For a smooth morphism t WT ! X, we define an orientation

t?oW .t red;�L˝ det.�T=X/jT red/˝2 Š Kvir
T;t?s

using ‡t . If we are given a smooth morphism qW .t1W T1 ! X/! .t2W T2 ! X/ between
analytic spaces smooth over X, there exists a natural isomorphism

t?1 o Š q
?t?2 o:

2.2. Vanishing cycle complexes on d-critical stacks

In this subsection, we recall some basic properties of the vanishing cycle functors and the
vanishing cycle complexes associated with oriented d-critical stacks.

Let U be a complex manifold and f be a holomorphic function on U . Write U0 D
f �1.0/. Then the vanishing cycle functor

'f W D
b
c .U /! Db

c .U0/
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is defined by the following formula:

'f WD .U0 ,! U�0/
�.U�0 ,! U/Š;

where U�0 � U denotes the closed subset Re.f /�1.R�0/. It is shown in [35, Corol-
lary 10.3.13] that the functor 'f preserves the perversity. If there is no confusion, we
write 'f WD 'f .QU ŒdimU �/.

Let qW V ! U be a holomorphic map between complex manifolds. Write V0 WD
.f ı q/�1.0/ and we let q0W V0 ! U0 be the restriction of q. By the definition of the
vanishing cycle functor, we have the following base change morphisms:

'f ı q� ! q0� ı 'f ıq; q�0'f ! 'f ıq ı q
�:

The first morphism is an isomorphism if q is proper, and the latter morphism is an isomor-
phism if q is smooth. These are direct consequences of the proper/smooth base change
theorem.

Now let U be a smooth complex analytic stack and f be a holomorphic function on U.
Write U0 WD f

�1.0/. For a perverse sheaf P 2 Perv.X/, we define the perverse sheaf

'f .P / 2 Perv.U0/

as follows: Take a smooth surjective morphism qW U ! U. We let pri W U �U U ! U

denote the i -th projection and pri;0W .f ı q ı pri /
�1.0/! .f ı q/�1.0/ denote the restric-

tion of pri . Then we have a natural isomorphism

pr�1;0 'f ıq.q
�P / Š 'f ıqıpr1.pr�1 q

�P / Š 'f ıqıpr2.pr�2 q
�P / Š pr�2;0 'f ıq.q

�P /:

This isomorphism satisfies the cocycle condition, hence the shifted perverse sheaf
'f ıq.q

�P / descends to a perverse sheaf 'f .P / 2 Perv.U0/. One can show that the con-
struction does not depend on the choice of the smooth morphism q.

Now we recall the vanishing cycle complex associated with an oriented d-critical stack
constructed in [3, Theorem 4.8].

First we treat the non-stacky case. Let .X; s;o/ be an oriented d-critical analytic space.
Then it is shown in [4, Theorem 6.9] that there is a natural perverse sheaf

'X;s;o 2 Perv.X/

called the vanishing cycle complex associated with .X; s; o/. We sometimes omit s and o
and write 'X D 'X;s;o if there is no confusion. For a d-critical chart R D .R; U; f; i/ of
.X; s/, we have a natural isomorphism

!RW 'X;s;ojR Š i
�'f ˝Z=2Z Q

o
R;

where Qo
R is a Z=2Z-local system on R parametrizing local square roots of the isomor-

phism
L˝2jRred

o
�!
Š
Kvir
X;sjRred Š i�K˝2U jRred :
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Example 2.3. Let U be a complex manifold and f WU ! A1 be a holomorphic function
such that f jCrit.f /red D 0. Write X D Crit.f / and equip it with the canonical d-critical
structure s and the canonical orientation oWKU j˝2X red ŠK

vir
X;s . Then R WD .X;U;f;X ,!U/

defines a d-critical chart. In this case, the local system Qo
R is trivial. Therefore, we have

a natural isomorphism
'X;s;o Š 'f jX :

Let qWX1 ! X2 be a smooth morphism and equip X2 with a d-critical structure s2
and an orientation o2. Write s1 D q?s2 and o1 D q?o2. Then there exists a natural iso-
morphism of perverse sheaves

‚q W 'X1;s1;o1 Š q
�'X2;s2;o2 Œdim q�

with the following property: If we are given d-critical charts R1 D .R1; U1; f1; i1/ of
.X1; s1/ and R2 D .R2; U2; f2; i2/ of .X2; s2/ such that q.R1/ � R2, and a smooth
morphism zqWU1! U2 such that f1 D f2 ı zq and i2 ı qjR D zq ı i1, the following diagram
in Perv.R1/ commutes:

'X1;s1;o1 jR1
!R1 //

‚q jR1

��

i�1 'f1 ˝Z=2Z Q
o1
R1

��

.qjR1/
�.'X2;s2;o2/Œdim q�

.qjR1 /
�!R2

Œdimq�
// .qjR1/

�.i�2 'f2 ˝Z=2Z Q
o2
R2
/Œdim q�;

(2.2)

where the right vertical arrow is defined using the natural isomorphisms

'f1 Š .zqj.f2ızq/�1.0//
�'f2 Œdim q� and Q

o1
R1
Š .qjR1/

�Q
o2
R2
:

Now we move to the stacky case. Let .X; s; o/ be a d-critical stack. Then it is shown
in [3, Theorem 4.8] that there exists a natural perverse sheaf

'X;s;o 2 Perv.X/

with the following property: If we are given a smooth morphism t WT !X from a complex
analytic space, then there exists a natural isomorphism

‚t W 'T;t?o;t?o Š t
�'X;s;oŒdim t �:

Furthermore, if we are given a smooth morphism qW .t1WT1!X/! .t2WT2!X/ between
schemes smooth over X, the following diagram commutes:

'T1;t?1 s;t
?
1
o

� //

‚t1
��

'T1;q?t?2 s;q?t
?
2
o

‚q
// q�'T2;t?2 s;t

?
2
oŒdim q�

q�‚t2
��

t�1 'X;s;oŒdim t1�
� // q�t�2 'X;s;oŒdim t1�:

(2.3)
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Let U be a smooth Artin stack and f WU! A1 be a regular function on it. Then it is
shown in Example A.7 that Crit.f / carries a natural .�1/-shifted symplectic structure,
hence there exists a natural d-critical structure s on its classical truncation X WD Crit.f /.
We will see in Lemma A.10 that the d-critical analytic stack .X; s/ admits a canonical
orientation oWK˝2U jXred Š Kvir

X;s .

Proposition 2.4. There exists a natural isomorphism of perverse sheaves,

� W 'X;s;o Š 'f .QUŒdim U�/:

We postpone the proof to Section A.2.

Remark 2.5. The argument in [3, Theorem 4.8] shows that the perverse sheaf 'X;s;o

naturally extends to a mixed Hodge module 'mhm
X;s;o and to a monodromic mixed Hodge

module 'mmhm
X;s;o . Proposition 2.4 extends to an isomorphism of monodromic mixed Hodge

modules with the same proof. We refer the reader to Section 4.2 for a brief discussion on
monodromic mixed Hodge modules.

2.3. Maulik–Toda’s construction of Gopakumar–Vafa invariants

In this subsection, we recall the definition of generalized Gopakumar–Vafa (GV) invari-
ants following [43, 56]. Let X be a smooth quasi-projective Calabi–Yau threefold and H
be an ample divisor on X .

Definition 2.6. Let E be a pure one-dimensional coherent sheaf with compact support
on X .

(1) We define the H -slope to be

�H .E/ WD
�.E/

H:ŒE�
;

where ŒE� 2 H2.X;Z/ denotes the second homology class of E.

(2) The sheaf E is �H -semistable (resp. stable) if for any saturated subsheaf 0 ¤
F ¨ E, the inequality

�H .F / � �H .E/ .resp. �H .F / < �H .E//

holds.

For a given element v D .ˇ; m/ 2 H2.X;Z/ � Z, we denote by MH .v/ the moduli
stack of �H -semistable one-dimensional sheaves E satisfying

ŒE� D ˇ; �.E/ D m:

The stack MH .v/ admits the good moduli space pWMH .v/!MH .v/, and we have
the Hilbert–Chow morphism

�M W MH .v/
red
! Chowˇ .X/ (2.4)
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sending a sheaf E to its fundamental one cycle. Here, Chowˇ .X/ denotes the Chow vari-
ety of compactly supported effective one cycles with homology class ˇ (see [39] for the
definition; note that it is denoted as Chow0.X/ in [39]). We denote by �M the composi-
tion

�MW MH .v/
red
!MH .v/

red
! Chowˇ .X/:

Recall from Example A.2 that the stack MH .v/ is the classical truncation of a .�1/-
shifted derived Artin stack. In particular, the stack MH .v/ carries a natural d-critical
structure and (A.2) implies that there exists a natural isomorphism

Kvir
MH .v/

Š det.RpM�RHom.E;E//jMH .v/red ;

where
pMW MH .v/ �X !MH .v/

denotes the projection and E denotes the universal sheaf on MH .v/ � X . In order to
define the well-defined notion of Gopakumar–Vafa invariants, Maulik–Toda [43] and
Toda [56] proposed the following conjecture on the virtual canonical bundle of the stack
MH .v/.

Conjecture 2.7 ([56, Conjecture 2.10]). The stack MH .v/ is Calabi–Yau at any point

 2 Chowˇ .X/, i.e., there exists an analytic open neighborhood 
 2 U � Chowˇ .X/
such that the virtual canonical bundle Kvir

M is trivial on ��1M .U /.

Suppose that Conjecture 2.7 holds. Then we can take an orientation of ��1M .U / with

.Kvir
Mj��1

M
.U //

1=2
Š O��1

M
.U /;

which we call a Calabi–Yau (CY) orientation. As we have seen in Section 2.2, we have
the associated perverse sheaf

'MH .v/jU 2 Perv.MH .v/jU /:

We then define the perverse sheaf on the good moduli space as

'MH .v/jU WD H1.p�'MH .v/jU / 2 Perv.MH .v/jU /; (2.5)

where we denote by MH .v/jU , MH .v/jU the pull-back of MH .v/, MH .v/ along the
open embedding U � Chowˇ .X/, respectively. Note that we denote by H i .�/ the i -th
perverse cohomology.

Definition 2.8. Suppose Conjecture 2.7 holds. For an element 
 2 Chowˇ .X/, we define
a Laurent polynomial ˆH .
;m/ as follows:

ˆH .
;m/ WD
X
i2Z

�.H i .�M�'MH .v/jU //y
i
2 ZŒy˙1�; (2.6)

where the perverse sheaf 'MH .v/jU is defined as in (2.5).
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Remark 2.9. (1) By [56, Lemma 2.14], the Laurent polynomial (2.6) is independent of
the choice of a CY orientation on MH .v/jU .

(2) The definition of the perverse sheaf in (2.5) is motivated by the notion of BPS
sheaves for quivers with super-potentials introduced by Davison–Meinhardt [17]. See [56,
Section 2.8] for the detailed discussion.

The following �-independence conjecture is the main subject of this paper.

Conjecture 2.10 ([56, Conjecture 2.15]). The Laurent polynomial (2.6) is independent of
m 2 Z.

At this moment, the above conjecture is known to hold in the following cases:

� X D TotS .!S /, where S is a smooth projective surface, and 
 is primitive [56].

� X D TotS .!S /, where S is a del Pezzo surface, and 
 is arbitrary [42, 58].

� X D TotC .O.D/˚ !C .�D//, where C is a smooth projective curve, D is a divisor
with deg.D/ > 2g.C / � 2, and 
 is arbitrary [42].

Remark 2.11. Suppose that Conjecture 2.10 holds. Then we may write the Laurent poly-
nomial (2.6) as ˆ.
/ WD ˆH .
; 1/ D ˆH .
; m/ for m 2 Z. Note that we can drop the
subscript H in the notation since for m D 1, the moduli space is independent of the
choice of an ample divisor H .

Furthermore, formD 1, we know that the perverse sheaf 'MH .v/ is Verdier self-dual.
Hence there exist integers ng;
 2 Z for g � 0 such that the equation

ˆ.
/ D
X
g�0

ng;
 .y
1=2
C y�1=2/2g

holds. Following Maulik–Toda [43], we call the integers ng;
 as the GV invariants of X .

2.4. Local curves and twisted Higgs bundles

In this section, we introduce a class of Calabi–Yau threefolds which we call local curves.
Then we review the results on the twisted Higgs bundles due to Maulik–Shen [42].

2.4.1. Spectral correspondence for local curves. Let C be a smooth projective curve
and N be a rank two vector bundle on C with detN Š !C . Then the total space X WD
TotC .N / of the bundle N gives an example of quasi-projective Calabi–Yau threefolds,
which we call a local curve. Denote by pWX ! C the projection.

In this section, we recall the spectral-type correspondence for coherent sheaves on
local curves. See, e.g., [53] for the details.

Lemma 2.12. Giving a compactly supported pure one-dimensional coherent sheaf on X
is equivalent to giving a pair .E; '/ of a locally free sheaf E on C and a morphism
' 2 Hom.E;E ˝N/ satisfying ' ^ ' D 0.
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We call a pair .E; '/ in the above lemma as an N -Higgs bundle. We can define the
slope semistability for N -Higgs bundles as in Definition 2.6.

Definition 2.13. Let .E; '/ be an N -Higgs bundle.

(1) We define the slope of .E; '/ as

�.E/ WD
�.E/

rk.E/
:

(2) The N -Higgs bundle .E; '/ is �-semistable (resp. stable) if for any saturated
subsheaf 0 ¤ F ¨ E with '.F / � F ˝N , the inequality

�.F / � �.E/ .resp. �.F / < �.E//

holds.

Lemma 2.14. Take an ample divisorH on C . Let E be a pure one-dimensional coherent
sheaf on X and .E; '/ be the corresponding N -Higgs bundle. Then the sheaf E is �p�H -
(semi)stable if and only if the N -Higgs bundle .E; '/ is �-(semi)stable.

Let Mss
X .r;m/ WDMp�H .rŒC �;m/ be the moduli stack of �p�H -semistable sheaves E

on X satisfying ŒE� D rŒC � and �.E/ D m. Let M ss
X .r; m/ be the good moduli space

of Mss
X .r; m/. By the above lemma, C-valued points of Mss

X .r; m/ correspond to �-
semistable N -Higgs bundles.

The moduli spaceM ss
X .r;m/ admits a Hitchin type morphism: Define a Hitchin base as

BX WD

rM
iD1

H0.C; Symi .N //;

and a Hitchin morphism as follows:

hX W M
ss
X .r;m/! BX ; .E; '/ 7! .tr.'i //riD1; (2.7)

where
'i W E ! E ˝ Symi .N /

is obtained by the i -th iteration of '.

Remark 2.15. We can construct a bijection between the sets of closed points of im.hX /
and im.�M / by sending a point in im.hX / to its spectral curve, where

�M W M
ss
X .r;m/

red
! ChowrŒC �.X/

denotes the Hilbert–Chow morphism defined in (2.4). Moreover, by the properness of the
morphisms hX and �M , the spaces im.hX / and im.�M / are homeomorphic.

As a result, the GV invariants do not change if we replace the Hilbert–Chow morphism
with the Hitchin morphism. Hence we use the Hitchin morphism for the GV theory of
local curves in this paper.
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2.4.2. Twisted Higgs bundles. Let L be a line bundle on a smooth projective curve C .
Denote by Y WD TotC .L/ the total space of L.

An L-Higgs bundle is a pair .E; �/ consisting of a locally free sheaf E on C and
a homomorphism � 2 Hom.E;E ˝L/. For the canonical divisor L D KC , the notion of
KC -Higgs bundles agrees with the usual notion of Higgs bundles.

As in Definition 2.13, we can define the notion of �-semistability for L-Higgs bun-
dles. We denote by Mss

Y .r; m/ the moduli stack of �-semistable L-Higgs bundles .E; �/
with rk.E/ D r , �.E/ D m, and by M ss

Y .r; m/ its good moduli space. Similarly to (2.7),
we have a Hitchin morphism

hY W M
ss
Y .r;m/! BY WD

rM
iD1

H0.C;L˝i / (2.8)

sending an L-Higgs bundle .E; �/ to .tr.� i //riD1.
We denote by zhY WMss

Y .r;m/! BY the composition

zhY W M
ss
Y .r;m/!M ss

Y .r;m/! BY : (2.9)

Given an element a 2 BY , we denote by Ca � Y its spectral curve. Define an open
dense subset U � BY as

U WD ¹a 2 BY W Ca is smoothº;

and let gWC ! U be the universal spectral curve. The following result plays a key role in
this paper.

Theorem 2.16 ([42, Theorem 0.4]). Suppose that deg.L/ > 2g.C /� 2. Then we have an
isomorphism

hY � ICM ss
Y
.r;m/ Š

2dM
iD0

IC.^iR1g�QC /Œ�i C d�;

where d denotes the genus of the fibers of gWC ! U .
In particular, we have isomorphisms

hY � ICM ss
Y
.r;m/ Š hY � ICM ss

Y
.r;m0/

for all m;m0 2 Z.

3. Cohomological �-independence for local curves

Let C be a smooth projective curve of genus g and N be a rank two vector bundle on C
with detN Š!C . We putX WD TotC .N /. The goal of this section is to prove the following
theorem.

Theorem 3.1. Let X D TotC .N / be a local curve. For every positive integer r 2 Z>0
and a class 
 2 BX , Conjecture 2.10 holds.



T. Kinjo, N. Koseki 636

3.1. Global d-critical charts for moduli spaces on local curves

We first recall the main result of the companion paper [38].

Theorem 3.2 ([38, Theorem 5.6 and Proposition 5.7]). Let C be a smooth projective
curve and take a short exact sequence

0! L1 ! N ! L2 ! 0 (3.1)

of locally free sheaves on C , where L1 and L2 are of rank one. Suppose that there exists
an isomorphism det.N / Š !C , and the inequality deg.L2/ > 2g.C / � 2 holds. Write
X D TotC .N / and Y D TotC .L2/. Let MX and MY be the derived moduli stack of
compactly supported coherent sheaves on X and Y , respectively.

(i) There exists a function f on MY such that the projection from X to Y induces an
equivalence of .�1/-shifted symplectic derived Artin stacks

MX ' Crit.f /: (3.2)

(ii) Let .E; '/ be an L2-Higgs bundle. Then we have an equality

f .Œ.L2; '/�/ D
1

2
� ˛.tr.'2//;

where ˛ 2H0.C;L˝22 /_ Š Ext1.L2;L1/ is the class corresponding to the short exact
sequence (3.1).

We now want to describe the moduli stack of semistable N -Higgs bundle as a global
critical locus. We begin with the following easy lemma.

Lemma 3.3. Let C be a smooth projective curve and N be a rank two vector bundle
on C . Then we can take the short exact sequence (3.1) such that deg.L2/ > 2g.C / � 2
holds. More generally, we can take L2 so that its degree is arbitrarily large.

Proof. Let OC .1/ be an ample line bundle on C . Then there exists an integer l0 > 0

such that for every integer l � l0, the bundle N_.l/ is globally generated. Then a general
element s 2 Hom.N;OC .l// Š H0.C; N_.l// is surjective. Putting L2 WD OC .l/ and
L1 WD Ker.s/, we get the desired exact sequence as in (3.1).

Lemma 3.4. Take integers r; m 2 Z with r > 0. Then there exists an integer k.r/ >
2g.C / � 2 depending only on r , such that, for any short exact sequence (3.1) with
deg.L2/ � k.r/, the following statement holds: For every �-semistable N -Higgs bun-
dle .E; '/ 2Mss

X .r;m/, the L2-Higgs bundle .E; s ı '/ is �-semistable.

Proof. Let .E; '/ 2 Mss
X .r; m/ be a �-semistable N -Higgs bundle. Suppose that the

L2-Higgs bundle .E; s ı '/ is not �-semistable. We claim that there exists a saturated
subsheaf F � E such that

�.F / > �.E/ and Hom.F;E=F ˝ L1/ ¤ 0:



Cohomological �-independence for Higgs bundles and Gopakumar–Vafa invariants 637

Indeed, let F � E be the maximal destabilizing subsheaf of .E; s ı '/. This means that
we have �.F / > �.E/ and .s ı '/.F / � F ˝L2. The latter condition is equivalent that
the composition

F ,! E
sı'
��! E ˝ L2 ! E=F ˝ L2

is zero. On the other hand, by the �-semistability of .E;'/, we have '.F /ª F ˝N , i.e.,
the composition

F ,! E
'
�! E ˝N ! E=F ˝N

is non-zero. As a result, we obtain the following diagram:

F

¤0

��

0

''ww

E=F ˝ L1 // E=F ˝N // E=F ˝ L2;

hence we have Hom.F;E=F ˝ L1/ ¤ 0.
By Lemma 3.5 below, we can replace an exact sequence (3.1) so that

Hom.F;E=F ˝ L1/ D 0

for all �-semistable N -Higgs bundles .E; '/ 2Mss
X .r; m/ and all saturated subsheaves

F � E with �.F / > �.E/. Hence the above argument shows that .E; s ı '/ remains
�-semistable for such a choice of the exact sequence (3.1).

Lemma 3.5. Take integers r;m 2 Z with r > 0. Then the following sets are bounded:

� WD ¹F; E=F W .E; '/ 2Mss
X .r;m/; F � E is saturated with �.F / > �.E/º;

HN.�/ WD ¹A W A is a Harder–Narasimhan factor of G 2 �º:

Moreover, there exists an integer k0.r/ 2 Z, depending only on r , such that for all
line bundles L1 with deg.L1/ � k0.r/ and for all F; E=F 2 � , we have the vanishing
Hom.F;E=F ˝ L1/ D 0.

Proof. The boundedness of the sets � , HN.�/ follows from the boundedness of Mss
X .r;m/

and Grothendieck’s boundedness lemma (cf. [32, Lemma 1.7.9]).
In particular, there exist integers a, b such that the inequalities �min.F / � a and

�max.F=E/ � b hold for all F;E=F 2 � . By setting k0.r;m/ WD a � b � 1, we obtain the
inequality

�min.F / > �max.E=F ˝ L1/

for all line bundles L1 with deg.L1/ � k0.r;m/ and for all F;E=F 2 � .
Finally, observe that we have an isomorphism Mss

X .r;m/ ŠMss
X .r;mC r/ by tensor-

ing with a degree one line bundle. Hence by putting k0.r/ WD min¹k0.r; m/ W m D 0; : : : ;
r � 1º, the second assertion holds.
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Proposition 3.6. Let r;m 2 Z be integers with r > 0. Take an exact sequence (3.1) as in
Lemma 3.4. Let ˛ 2 H0.C; L˝22 /_ Š Ext1.L2; L1/ be the corresponding class. Denote
Y WD TotC .L2/. Define the function gWBY ! A1 as

gW BY D

rM
iD1

H0.C;L˝i2 /! A1; .ai /
r
iD1 7!

1

2
� ˛.a2/: (3.3)

Then we have an isomorphism

Mss
X .r;m/ Š ¹d.g ı

zhY / D 0º �Mss
Y .r;m/

which preserves the d-critical structure.

Proof. By Lemma 3.4, isomorphism (3.2) restricts to the semistable loci. Then the claim
follows from Theorem 3.2 (ii), the fact that the derived moduli stack Mss

Y .r;m/ is a smooth
(classical) stack, and that the classical truncation of the derived critical locus of a function
on a smooth stack coincides with the classical critical locus.

For the vanishing cycle sheaves on the good moduli spaces, we have the following
result.

Proposition 3.7. Let r;m;m0 2 Z be integers with r > 0. Let gWBY ! A1 be a function
as in Proposition 3.6. Then we have an isomorphism

hY �.'gıhY .ICM ss
Y
.r;m/// Š hY �.'gıhY .ICM ss

Y
.r;m0///; (3.4)

where
hY W M

ss
Y .r;m/! BY ; hY W M

ss
Y .r;m

0/! BY

denote the Hitchin morphisms (2.8) on the good moduli spaces.

Proof. Since the Hitchin morphism hY WM
ss
Y .r; m/ ! BY is proper, the result follows

from Theorem 2.16 together with the commutativity of the vanishing cycle functors and
proper push forwards.

In the following subsections, we will show that the complexes in (3.4) compute the
generalized GV invariants for the local curve X D TotC .N /.

3.2. Calabi–Yau property for local curves

In this subsection, we fix integers r; m 2 Z with r > 0, and an exact sequence (3.1).
We assume that the line bundle L2 satisfies the following conditions:

� deg.L2/ � k.m/ (see Lemma 3.4),

� L2 is globally generated.

Recall that we denoteX WD TotC .N / and Y WD TotC .L2/. By Proposition 3.6, the moduli
stack Mss

X .r;m/ is written as the global critical locus inside Mss
Y .r;m/.
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Proposition 3.8. The canonical bundle KMss
Y
.r;m/ of the stack Mss

Y .r; m/ is trivial, and
hence so is the virtual canonical bundle Kvir

Mss
X
.r;m/

of the stack Mss
X .r; m/. In particular,

the stack Mss
X .r;m/ is Calabi–Yau at any point 
 2 BX , i.e., Conjecture 2.7 holds for

Mss
X .r;m/.

Proof. A similar argument can be found in [56, Theorem 7.1]. Take a morphism T !

Mss
Y .r; m/ from a scheme T . Let E 2 Coh.Y � T / be the corresponding family of �-

semistable one-dimensional sheaves on Y . We consider the following diagram:

YT WD Y � T
�T //

pT

��

T

CT WD C � T:

qT

99

We need to construct an isomorphism

det RHom�T .E;E/ Š OT ;

which is functorial in T . We have the following exact sequence:

0! p�T .L
�1
2 � pT�E/! p�TpT�E ! E ! 0: (3.5)

Applying the functor RHom�T .�; E/ to the exact sequence (3.5), we obtain the exact
triangle

RHom�T .E;E/! RHomqT .F ;F /! RHomqT .F � L
�1
2 ;F /;

where we put F WD pT�E . By taking the determinants, we get

det RHom�T .E;E/ Š det RHomqT .F ;F /˝ .det RHomqT .F � L
�1
2 ;F //

�1: (3.6)

On the other hand, we have an exact sequence

0! OC ! L2 ! OZ ! 0;

whereZ 2 jL2j is a finite set of points. Applying the functor RHomqT .F ;F � .�// and
taking the determinants, we get

det RHomqT .F � L
�1
2 ;F / Š det RHomqT .F ;F � L2/

Š det RHomqT .F ;F /˝ det RHomqT .F ;FZ/; (3.7)

where we put FZ WD F jZ�T . Combining equations (3.6) and (3.7), we obtain the desired
isomorphism

det RHom�T .E;E/ Š det RHomqT .F ;FZ/
�1
Š det RHomrT .FZ ;FZ/

�1

Š

kO
iD1

det RHom.Fpi ;Fpi / Š OT ;

where we denote by rT WZ � T ! T the projection. For the third isomorphism, we put
Z D ¹p1; : : : ; pkº and Fpi WD F j¹pi º�T .

The triviality of the virtual canonical bundleKvir
Mss
X
.r;m/

follows from Lemma A.10.
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3.3. Proof of Theorem 3.1

In this subsection, we finish the proof of Theorem 3.1.
Consider the following commutative diagram:

M ss
X .r;m/

� � � //

hX

��

M ss
Y .r;m/

hY

��

BX
b

// BY ;

(3.8)

where the morphism bWBX ! BY is induced by the surjection Symk.N /! L˝k2 for
k D 1; : : : ; r .

Lemma 3.9. The morphism

bjim.hX /W im.hX /! BY (3.9)

is finite.

Proof. It is enough to show that the morphism in (3.9) is proper and affine. The compo-
sition hY ı � D b ı hX WM ss

X .r; m/! BY is proper as so are hY and �. Furthermore, the
morphism hX WM

ss
X .r; m/! im.hX / is proper and surjective. Hence morphism (3.9) is

proper.
On the other hand, by the properness of the Hitchin morphism hX , the inclusion

im.hX / ,! BX is closed. As the morphism bWBX ! BY is just the projection of affine
spaces, it is also affine. We conclude that the composition

im.hX / ,! BX
b
�! BY

is affine, as required.

Recall from (2.8) and (2.9) that we denote by

hY W M
ss
Y .r;m/! BY ; zhY W M

ss
Y .r;m/! BY

the Hitchin morphisms. Recall also that we have the function gWBY ! A1 defined in
Proposition 3.6. We equip Mss

X .r; m/ with the orientation defined by the global critical
chart description in Proposition 3.6 and Lemma A.10. We define the vanishing cycle com-
plex 'Mss

X
.r;m/ 2 Perv.Mss

X .r;m// using this orientation. We set

'M ss
X
.r;m/ WD H1.pX�'Mss

X
.r;m// 2 Perv.M ss

X .r;m//: (3.10)

We need the following proposition.

Proposition 3.10. We have isomorphisms

'M ss
X
.r;m/ Š H1.pX�.'gızhY

.ICMss
Y
.r;m//// Š 'gıhY .ICM ss

Y
.r;m//:

We postpone the proof of this proposition until the next section.
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Proof of Theorem 3.1. Let us take integers r; m; m0 2 Z with r > 0. Let k.r/ 2 Z be
integers as in Lemma 3.4. We take an exact sequence (3.1) such that L2 is globally gen-
erated and deg.L2/ � k.r/ holds. Then by Proposition 3.6, the moduli stacks Mss

X .r;m/,
Mss
X .r; m

0/ are written as the global critical loci inside the stacks Mss
Y .r; m/, Mss

Y .r; m
0/,

respectively.
Recall from Proposition 3.8 that the canonical bundles KMss

Y
.r;m/ and KMss

Y
.r;m0/ are

trivial, hence the natural orientation data in Lemma A.10 is a CY orientation data.
Let 'M ss

X
.r;m/, 'M ss

X
.r;m0/ be the associated perverse sheaves onM ss

X .r;m/,M
ss
X .r;m

0/,
defined in (3.10). By using the embeddings M ss

X .r; m/ ,! M ss
Y .r; m/ and M ss

X .r; m
0/ ,!

M ss
Y .r;m

0/ in (3.8), we can regard them as perverse sheaves onM ss
Y .r;m/ andM ss

Y .r;m
0/,

respectively. We have an isomorphism

hY �.'M ss
X
.r;m// Š hY �.'M ss

X
.r;m0// (3.11)

by Proposition 3.7. By using the commutative diagram (3.8), we can rewrite the left-hand
side of (3.11) as

hY �.'M ss
X
.r;m// Š b�hX�.'M ss

X
.r;m//:

By Lemma 3.9, map 3.9 is finite. Since the pushforward along a finite morphism preserves
the perverse t-structures, we obtain

H i .hY �.'M ss
X
.r;m/// Š b�H

i .hX�.'M ss
X
.r;m/// (3.12)

for all i 2 Z, and we have the same isomorphisms if we replace the integer m with m0.
Combining isomorphisms (3.11) and (3.12), and taking the Euler characteristics, we

conclude that
�.H i .hX�.'M ss

X
.r;m//// D �.H

i .hX�.'M ss
X
.r;m0////

as desired.

4. Cohomological integrality theorem for twisted Higgs bundles

In this section, we prove the cohomological integrality theorem in the sense of [17, §1.3]
for twisted Higgs bundles. Since semistable twisted Higgs bundles form a category of
homological dimension one, we can prove the cohomological integrality theorem using
the techniques of [17, 45], which treat the case of quivers.

4.1. Mixed Hodge modules on stacks

Here we give a quick introduction to a mixed Hodge module, which is a sheaf theoretic
version of a mixed Hodge structure introduced by Saito [50]. An advantage of working
with mixed Hodge modules (rather than perverse sheaves) is the fact that the category of
pure Hodge modules is semisimple. In particular, two pure Hodge modules are isomorphic
if and only if they are equal in the Grothendieck group of the category of pure Hodge
modules.



T. Kinjo, N. Koseki 642

This was used by Davison–Meinhardt [17] in their proof of the cohomological inte-
grality theorem for quivers with potentials, and will be used in the proof of Theorem 4.6.

Let X be a separated scheme locally of finite type over a complex number whose
connected components are quasi-compact. For such X , we can define the category of
mixed Hodge modules MHM.X/ and its bounded derived categoryDb.MHM.X// which
admits a six-functor formalism (see [49] for an overview). There exists an exact functor

ratW Db.MHM.X//! Db.Perv.X//

which restricts to a faithful functor MHM.X/! Perv.X/. The functor rat is compatible
with all six functors. A mixed Hodge module M is equipped with an increasing filtration
called the weight filtration which we denote by W�M . A mixed Hodge module M 2
MHM.X/ is called pure of weight i if Wi�1M D 0 and WiM DM holds, and an object
M �
2Db.MHM.X// is called pure if the i -th cohomology mixed Hodge module H i .M/

is pure of weight i .
The category of mixed Hodge modules over a point is equivalent to the category of

graded polarizable mixed Hodge structures. Let aX WX ! Spec C be the constant map to
a point. Then we define objects QX , DQX 2 D

b.MHM.X// as

QX WD a
�
XQ; DQX WD a

Š
XQ;

where Q denotes the mixed Hodge structure of weight zero and dimension one.
The category of mixed Hodge modules forms a stack in the smooth topology (see

[1, Theorem 2.3]). This motivates the following definition of the category of mixed Hodge
modules on an Artin stack X.

Definition 4.1. Let X be a complex Artin stack. We let Schsm;sep
=X

denote the category of
separated schemes smooth and of finite type over X. A mixed Hodge module on X is a pair
consisting of an assignment

Schsm;sep
=X

3 .t WT ! X/ 7!Mt 2 MHM.T /

and a choice of an isomorphism

�q W q
�Mt2 Œdim q� ŠMt1

for each smooth morphism qW .t1W T1 ! X/! .t2W T2 ! X/ in Schsm;sep
=X

satisfying the
associativity relation. Mixed Hodge modules on X form a category MHM.X/ in a natural
way. We have a natural forgetful functor

ratW MHM.X/! Perv.X/:

Take a smooth surjective morphism from a separated finite type scheme t W T ! X,
and let pri W T �X T ! T denote the i -th projection. Then we can identify MHM.X/
with the category of pairs .M; �/, where M is a mixed Hodge module on T and � is an
isomorphism

� W pr�1M Š pr�2M

satisfying the cocycle condition.
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At present, we do not have a full six-functor formalism for mixed Hodge modules on
Artin stacks. However, we have some part of it which is sufficient for applications in this
paper. Firstly, if we are given a smooth morphism qWX1 ! X2 between Artin stacks, we
can define a functor

q�Œdim q�W MHM.X2/! MHM.X1/

in the standard way.
Now assume that we are given a finite type morphism pWX! X from an Artin stack

to a separated finite type scheme. We want to define the functor

Hn.p�.�//W MHM.X/! MHM.X/

compatible with the functor rat. Here Hn denotes the n-th cohomology with respect to
the perverse t-structure on D.MHM.X//. We assume that the morphism p satisfies the
following assumption:

.�/ For each object F 2 Db
c .X/ in the bounded derived category of sheaves on X with

constructible cohomology and integer N , there exists a smooth morphism from a
scheme qN WTN ! X such that the natural map

Hn.F /! Hn.qN �q
�
NF /

is isomorphism for each n�N . Here Hn denotes the perverse t-structure onDb
c .X/.

This assumption is automatically satisfied when X is of the form ŒY=G� for some
scheme Y and a linear algebraic groupG (see [14, §2.3.2]). Let pWX!X be a morphism
to a scheme. For a mixed Hodge module M 2 MHM.X/ and n 2 Z, we define a mixed
Hodge module

Hn.p�M/ WD Hn..p ı qN /�q
�
NM/;

whereN is a sufficiently large integer. We can show that Hn.p�M/ is independent of the
choice of N and qN . If we take p as the constant map aXWX! Spec C, we can construct
a mixed Hodge structure

Hn.X;M/ WD Hn.aX�M/:

Similarly, we can extend the perverse sheaves Hn.p�QX/ and Hn.p�DX/ to mixed
Hodge modules, and the vector spaces Hn.X/ and HBM

n .X/ to mixed Hodge structures.
For a complex of mixed Hodge modules M 2 D.MHM.X//, we define

H .M/ WD
M
i2N

H i .M/Œ�i �:

Lemma 4.2. Let X be a stack satisfying condition .�/, pWX!X be a morphism to a sep-
arated finite type complex scheme, and hWX ! B be a proper morphism between sepa-
rated finite type complex schemes. Take M 2 Db.MHM.X// and assume that H .p�M/

is pure. Then we have an isomorphism

H .h�H .p�M// Š H ..h ı p/�M/:
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Proof. Take an integer n and an integer N such that N > nC dimh�1.x/ holds for each
x 2 B . Then [21, Corollary 5.2.14] implies that we have an isomorphism

Hn.h�H .p�M// Š Hn.h��
�NH .p�M//:

Take a smooth morphism qWT ! X such that we have isomorphisms

��NH .p�M/ Š ��NH ..p ı q/�q
�M//;

Hn..h ı p/�M/ Š Hn..h ı p ı q/�q
�M/:

Then it is enough to prove the following isomorphism:

Hn.h��
�NH ..p ı q/�q

�M// Š Hn..h ı p ı q/�q
�M/:

Saito’s decomposition theorem implies an isomorphism

Hn.h��
�NH ..p ı q/�q

�M// Š Hn.h��
�N .p ı q/�q

�M/:

Then using [21, Corollary 5.2.14] again, we obtain the desired isomorphism.

4.2. Monodromic mixed Hodge modules

Here we recall some basic properties of monodromic mixed Hodge modules. We do not
give the precise definition here and refer the reader to [17, §2] and [3, §2.9] for the
detailed discussion. Let X be a separated scheme locally of finite type over a complex
number whose connected components are quasi-compact. Then we can define an abelian
category MMHM.X/ of monodromic mixed Hodge modules on X . Roughly speaking,
a monodromic mixed Hodge module consists of its underlying mixed Hodge module M
and a monodromy operator acting on it. We have a natural functor

MMHM.X/! MHM.X/

forgetting the monodromy operator and a fully faithful functor

MHM.X/ ,! MMHM.X/

which associates a mixed Hodge module M to a monodromic mixed Hodge module
whose underlying mixed Hodge module is M and the monodromy operator is trivial.
Similar to the usual mixed Hodge modules, monodromic mixed Hodge modules are also
equipped with weight filtrations.

The bounded derived categoryDb.MMHM.X// admits a six-functor formalism, sim-
ilarly to the usual mixed Hodge modules. The inclusion functor

Db.MHM.X//! Db.MMHM.X//

is compatible with these six operations. The forgetful functor

Db.MMHM.X//! Db.MHM.X//
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is compatible with four operations f�, fŠ, f �, f Š for a morphism f between sepa-
rated finite type complex schemes. However, the tensor product of monodromic mixed
Hodge modules is not compatible with the tensor product of the underlying mixed Hodge
modules.

For a regular function f WX ! A1, we can define the monodromic vanishing cycle
functor for (possibly unbounded) mixed Hodge module complexes

'mmhm
f W D.MHM.X//! D.MMHM.X//; (4.1)

which enhances the usual vanishing cycle functor by incorporating the monodromy oper-
ator acting on it.

The essential difference between monodromic and the usual mixed Hodge modules
are the following:

� Thom–Sebastiani isomorphism holds for the monodromic vanishing cycle functors
(4.1). See [17, Proposition 2.13] for the precise statement and other basic proper-
ties.

� There exists an object L1=2 2 Db.MMHM.pt// with an isomorphism

.L1=2/˝2 Š L 2 Db.MMHM.pt//;

where we put L WD H�c .A
1;Q/ 2 Db.MHM.pt// � Db.MMHM.pt//, which is con-

centrated in cohomological degree two, and is pure of weight two.

WhenX is an irreducible variety, we define the object ICX 2MMHM.X/ as follows:

ICX WD L� dimX=2
˝ fICX 2 MMHM.X/;

where fICX denotes the intermediate extension of QXreg on the regular locus Xreg � X .
We will also use the following object:

H�.BC�/vir WD L1=2 ˝ H�.BC�/ 2 D.MMHM.pt//: (4.2)

As in the previous subsection, we can define the notion of monodromic mixed Hodge
modules for an Artin stack. In particular, we can define the object ICX 2MMHM.X/ for
a smooth Artin stack X. Moreover, we can define the functor

Hn.p�.�//W MMHM.X/! MMHM.X/

for a morphism pWX! X from an Artin stack X to a scheme X satisfying condition .�/
in Section 4.1.

Let X be a separated scheme locally of finite type over C whose connected com-
ponents are quasi-compact. A (possibly unbounded) complex M 2 D.MMHM.X// is
locally finite if for each connected component Z � X , the following conditions hold:

� For each n 2 Z, the set ¹i 2 Z W grWn H i .M/jZ ¤ 0º is finite.

� There exists an integer n such that WnH i .M/jZ D 0 for all i .
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We letD�;lf.MMHM.X// �D�.MMHM.X// denote the full subcategory consisting of
locally finite monodromic mixed Hodge complexes. We can see that the Grothendieck
groupK0.D�;lf.MMHM.X/// is isomorphic to the completion ofK0.MMHM.X// with
respect to ideals ¹Iiºi2Z, where Ii is generated by objects whose weight is greater than i .

Let .X;m/ be a monoid scheme, whereX is a separated and locally of finite type over
complex number whose connected components are quasi-compact, and mWX � X ! X

is a finite morphism. For objects M;N 2 D�;lf.MMHM.X//, we define

M �m N WD m�.M �N/ 2 D�;lf.MMHM.X//:

The functor �m defines a symmetric monoidal structure on D�;lf.MMHM.X//. There-
fore, for each n 2 Z>0, we can define the symmetric product functor

Symn
�m
W D�;lf.MMHM.X//! D�;lf.MMHM.X//:

4.3. Approximation by proper morphisms

Let L be a line bundle on a smooth projective curve C with deg.L/ > 2g.C / � 2, and
put Y WD TotC .L/. For given integers r;m 2 Z with r > 0, we denote by pWMss

Y .r;m/!

M ss
Y .r;m/ the morphism from the moduli stack to its good moduli space. We fix a regular

functionF WM ss
Y .r;m/!A1 and denote by zF WDF ıpWMss

Y .r;m/!A1 the composition.
Let us recall the construction of moduli spaces of framed objects following [17,

42, 45]. We follow the notations in [42, §3.3]. By construction, we have Mss
Y .r; m/ D

ŒQuotss =GLn�, where
Quotss

� Quot

is the GIT semistable locus inside a certain quot scheme Quot with respect to a certain
GLn-linearization. For a given integer f > n, we put

A WD Hom.C;Cn/f ; Gn WD C� � GLn :

We have a Gn-action on Quot which passes through the GLn-action. We define a Gn-
action on A as follows:

.t; g/ � .ai / WD .t
�1aig/; .t; g/ 2 Gn; .ai /

f
iD1 2 A:

By choosing certain Gn-linearizations on A and Quot�A, we obtain the diagram

Uf
� � //

�
$$

Mf
� � //

�f

��

Xf

zz

M ss
Y .r;m/;

(4.3)

where we put

Uf WD .Quotss
�Ass/= PGn;

Mf WD .Quot�A/ss= PGn;

Xf WD ŒQuotss
�A= PGn�:
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Diagram (4.3) satisfies the following properties (cf. [42, Proposition 3.6]):

� the horizontal morphisms are open immersions,

� Uf and Mf are smooth schemes and the morphism �f is projective,

� limf!1 codimXf .Wf / D1, where Wf � Xf denotes the complement of Uf .

We can compute the cohomology objects Hn.p�'
mmhm
zF

ICMss
Y
.r;m// by the following

proposition, using the pushforward along the proper morphism �f .

Proposition 4.3 (cf. [17, Lemma 4.1 and Proposition 4.3]). The following statements
hold:

(1) For each n 2 Z, there exists f � 0 such that

Hn.p�'
mmhm
zF

ICMss
Y
.r;m// Š Hn.�f �'

mmhm
F ı�f

ICMf /:

(2) We have an isomorphism

H .p�'
mmhm
zF

ICMss
Y
.r;m// Š '

mmhm
F H .p� ICMss

Y
.r;m//:

Proof. We just give an outline of the proof. See [17, Lemma 4.1, Proposition 4.3] for the
details. Using the fact that limf!1 codimXf .Wf /D1, we can check that the morphism
�f WMf !M ss

Y .r;m/ approximates the map pWMss
Y .r;m/!M ss

Y .r;m/ in the sense of .�/
in Section 4.1. Hence the first assertion holds.

The second assertion now follows from the natural isomorphism

'mmhm
F ı �f � Š �f � ı '

mmhm
�f ıF

between functors, which holds since the morphism �f WMf !M ss
Y .r;m/ is proper.

The following statement will be used in Section 5.3.

Proposition 4.4. Let Z �Mss
Y .r;m/ be the critical locus of zF and Z �M ss

Y .r;m/ be its
good moduli space. Given a morphism qWZ ! W between schemes, we have an isomor-
phism

H .q�H ..pjZ/�'
mmhm
zF

ICMss
Y
.r;m/// Š H ..q ı pjZ/�'

mmhm
zF

ICMss
Y
.r;m//:

Proof. Fix an integer n. We let Zf denote the critical locus of the function F ı �f . Take
a sufficiently large integer f such that the following isomorphism holds:

Hn..q ı pjZ/�'
mmhm
zF

ICMss
Y
.r;m// Š Hn..q ı �f jZf /�'

mmhm
F ı�f

ICMf /:

We have the following isomorphisms:

Hn..q ı �f jZf /�'
mmhm
F ı�f

ICMf / Š Hn.q�'
mmhm
F ı�f

.�f � ICMf //

Š Hn.q�'
mmhm
F ı�f

.H .�f � ICMf ///

Š Hn.q�H .'mmhm
F ı�f

.�f � ICMf ///;
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where the second isomorphism follows from Saito’s decomposition theorem. If f is suf-
ficiently large, we also have an isomorphism

Hn.q�H .'mmhm
F ı�f

.�f � ICMf /// Š Hn.q�H .p�'
mmhm
zF

ICMss
Y
.r;m///;

so we obtain the claim.

4.4. Cohomological integrality theorem for L-Higgs bundles

Here we prove the cohomological integrality theorem for Y WD TotC .L/, whereL is a line
bundle on a smooth projective curve C with deg.L/ > 2g.C / � 2. Since the category of
�-semistable one-dimensional sheaves on Y is homological of dimension one, this can
be proved in the same manner as [17, Theorem A] by applying the main result of [45].
However, we give a sketch of the proof for the reader’s convenience.

For a given rational number � 2 Q, we set

M ss
Y .�/ WD

a
m=rD�

M ss
Y .r;m/:

For each positive integer n 2 Z>0, we have the following morphism:

˚W .M ss
Y .�//

�n
!M ss

Y .�/; .Ei /
n
iD1 7!

M
i

Ei ;

which is finite (cf. [16, Examples 2.14 and 2.16]). We define functors

Symn
�˚
; Sym�˚

W D�;lf .MMHM.M ss
Y .�///! D�;lf .MMHM.M ss

Y .�///

as follows:

Symn
�˚
.F / WD .˚�F

�n/Sn ; Sym�˚
.F / WD

M
n�1

Symn
�˚
.F /:

Proposition 4.5. The following statements hold:

(1) The functor Sym�˚
is exact.

(2) The functor Sym�˚
sends pure objects to pure objects.

(3) Let F�WM ss
Y .�/ ! A1 be a regular function satisfying F�.A ˚ B/ D F�.A/ C

F�.B/ for all A;B 2M ss
Y .�/. Then the functors 'mmhm

F�
and Sym�˚

commute.

Proof. The same proofs as in [17, Propositions 3.5, 3.8 and 3.11] work by using the
finiteness of the morphism˚W .M ss

Y .�//
�n!M ss

Y .�/ and Thom–Sebastiani isomorphism
for the vanishing cycle functors 'mmhm

.�/
.

We use the following notations:

ICMss
Y
.�/ WD

M
m=rD�

ICMss
Y
.r;m/; ICM ss

Y
.�/ WD

M
m=rD�

ICM ss
Y
.r;m/ :

Recall that we denote by pWMss
Y .r;m/!M ss

Y .r;m/ the canonical morphism to the good
moduli space. Recall also the definition of the object H�.BC�/vir from (4.2).
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Theorem 4.6. We have the following isomorphisms in D�;lf .MMHM.M ss
Y .�///:

H .p� ICMss
Y
.�// Š Sym�˚

.H�.BC�/vir ˝ ICM ss
Y
.�//; (4.4)

H .p�'
mmhm
F�ıp

ICMss
Y
.�// Š Sym�˚

.H�.BC�/vir ˝ '
mmhm
F�

ICM ss
Y
.�// (4.5)

for a regular function F�WM ss
Y .�/! A1 satisfying F�.A˚ B/ D F�.A/C F�.B/ for

all A;B 2M ss
Y .�/.

Proof. We first construct isomorphism (4.4). By the exactness of the functor Sym�˚
(see

Proposition 4.5 (1)), the right-hand side is isomorphic to its total cohomology. Hence it is
enough to prove the isomorphism for each cohomology. By Proposition 4.3 (1), for each
n 2 Z and .r;m/ 2 Z>0 � Z, there exists f � 0 such that we have an isomorphism

Hn.p� ICMss
Y
.r;m// Š Hn.�f � ICMf /: (4.6)

Since the morphism �f is proper and the object ICMf is pure, it follows that the object
in (4.6) is a pure mixed Hodge module.

On the other hand, since ICM ss
Y
.r;m/ is pure, Proposition 4.5 (2) implies that the n-th

cohomology of the right-hand side of (4.4) is also pure.
Now n-th cohomologies of both sides of (4.4) are direct sums of simple pure mixed

Hodge modules. Hence it is enough to prove the equality in the Grothendieck group
K0.D

�;lf .M ss
Y .�///, which holds by the main theorem of [45].

The second isomorphism (4.5) follows by applying the vanishing cycle functor 'mmhm
F�

to both sides of isomorphism (4.4) and then using Propositions 4.3 (2) and 4.5 (3).

We end this section by proving Proposition 3.10 from the previous section.

Proof of Proposition 3.10. Fix integers r > 0 and m 2 Z, and put � WD m=r . Let gW
BY ! A1 be the function defined in (3.3). Recall from Proposition 3.6 that we have

Mss
X .r;m/ Š ¹d.

zhY ı g/ D 0º �Mss
Y .r;m/

for a line bundle L2 with deg.L2/� 0. Hence the first isomorphism in Proposition 3.10
follows from Proposition 2.4.

For the second isomorphism, let us put

F� WD g ı hY W M
ss
Y .�/! A1:

By taking the first cohomology of isomorphism (4.5), we obtain

H1.p�'F�ıp ICMss
Y
.�// Š 'F� ICM ss

Y
.�/ :

Restricting it to the component M ss
Y .r; m/ � M

ss
Y .�/, we get the second isomorphism in

Proposition 3.10.

Remark 4.7. It is clear from the proof that Proposition 3.10 naturally extends to an iso-
morphism of monodromic mixed Hodge modules.
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5. The case of Higgs bundles

In this section, we prove the cohomological integrality theorem and the cohomological �-
independence theorem for Higgs bundle moduli spaces on curves using the dimensional
reduction theorem due to the first author [37].

5.1. Dimensional reduction theorem

Let Y be a quasi-smooth derived Artin stack and T�Œ�1�Y be its .�1/-shifted cotangent
stack. We write Y WD t0.Y/ and zY WD t0.T�Œ�1�Y/, and let � W zY! Y be the natural
projection. As we have seen in Example A.3, T�Œ�1�Y carries a natural .�1/-shifted
symplectic structure. Further, as was proved in [55, Lemma 3.3.3], there exists a natural
orientation

oW det LT�Œ�1�YjYred Š .� red/� det.LY/
˝2: (5.1)

We let 'T�Œ�1�Y denote the perverse sheaf on zY recalled in Section 2.2 with respect to
this .�1/-shifted symplectic structure and orientation. The following theorem is called
the dimensional reduction theorem.

Theorem 5.1 ([37, Theorem 4.14]). There exists a natural isomorphism in Db
c .Y/

��'T�Œ�1�Y Š DQYŒ� vdim Y�: (5.2)

Here vdim Y WD rank LY denotes the virtual dimension of Y.

We now discuss the generalization of this theorem to the level of complexes in mixed
Hodge modules. Firstly, we discuss the case when Y is a derived scheme. To specify
that Y is schematic, we write Y D Y, Y D Y and zY D zY. The following lemma is
useful.

Lemma 5.2. Let X be an algebraic variety and take complexes of mixed Hodge mod-
ule M;N 2 Db.MHM.X// such that there exists an isomorphism �W rat.M/ Š rat.N /
in Db.X/. Assume that for each i < 0, the group Exti .rat.M/; rat.N // vanishes and
we have an isomorphism of mixed Hodge structures H0.X;Hom.M; N // Š Q. Then �
naturally extends to an isomorphism M Š N in Db.MHM.X//.

Proof. Consider the natural map of mixed Hodge complexes

��0 RHom.M;N /! RHom.M;N /:

The assumption implies an isomorphism Q Š ��0 RHom.M;N /, hence we obtain a map
in Db.MMHM.X//

QX ! Hom.M;N /

by adjunction. Then the following composition of morphisms in Db.MHM.X//

M DM ˝QX !M ˝Hom.M;N /! N

upgrades the isomorphism � up to scalar.
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Proposition 5.3. Assume that the virtual dimension vdimY is even. Then the dimensional
reduction isomorphism (5.2) for a quasi-smooth derived scheme Y naturally upgrades to
an isomorphism in Db.MHM.Y //:

��'
mhm
T�Œ�1�Y Š LvdimY =2

˝DQY : (5.3)

Proof. Using Lemma 5.2, we only need to prove that the mixed Hodge structure on

Hom.��'T�Œ�1�Y ;DQY Œ� vdimY �/

is pure of weight zero. As this statement can be checked locally, using [5, Theorem 4.1],
we may assume that there exists a smooth scheme U which admits a global étale coordi-
nate, a trivial vector bundle E on U , and a section s 2 �.U;E/ such that Y is isomorphic
to the derived zero locus Z .s/. In this case, the proof of [37, Theorem 3.1] shows that the
dimensional reduction isomorphism (5.2) can be identified with Davison’s local dimen-
sional reduction theorem [11, Theorem A.1]. As the proof of this theorem works verbatim
for complexes of mixed Hodge modules, we conclude that the claim holds.

Remark 5.4. We expect that isomorphism (5.3) further upgrades to an isomorphism
Db.MMHM.Y //

��'
mmhm
T�Œ�1�Y Š LvdimY =2

˝DQY :

However, we could not prove this since we do not know whether the tensor-hom adjunc-
tion holds for monodromic mixed Hodge modules. Instead, we can easily see that we have
an isomorphism in Db.MMHM.Y //

H .��'
mmhm
T�Œ�1�Y / Š H .LvdimY =2

˝DQY /

since the monodromy operator acts trivially on both sides (see [12, Remark 3.9]). It is
enough for our purposes.

Now we discuss the stacky case of this proposition. Let Y be a quasi-smooth derived
Artin stack such that its classical truncation Y D t0.Y/ is of the form ŒY=G� for some
scheme Y and a linear algebraic group G. In this case, we can upgrade the dimensional
reduction theorem to an isomorphism of mixed Hodge structures.

Proposition 5.5. Assume that vdim Y is even. Then the dimensional reduction isomor-
phism H�. zY; 'T�Œ�1�Y/ Š HBM

��C vdim Y.Y/ upgrades naturally to an isomorphism of
mixed Hodge structures

H�. zY; 'mhm
T�Œ�1�Y/ Š Lvdim Y=2

˝ HBM
�� .Y/:

Proof. For a fixed i , take a smooth morphism qW T ! Y of relative dimension d such
that

qŠW HBM
�iCvdim Y.Y/! HBM

�iCvdim YC2d .T /

and the map
zqŠW Hi . zY; 'T�Œ�1�Y/! Hi . zT ; zq�'T�Œ�1�Y/
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are isomorphisms. Here zqW zT ! zY is the base change of q. Therefore, we need to show
that the following composition of isomorphisms of vector spaces

Hi . zT ; zq�'T�Œ�1�Y/ Š Hi . zY; 'T�Œ�1�Y/ Š HBM
�iCvdim Y.Y/ Š HBM

�iCvdim YC2d .T /

upgrades to an isomorphism of mixed Hodge structures. To prove this, we will show that
the following morphism in Db.T /

�q W �T �zq
�'T�Œ�1�Y Š q

��Y�'T�Œ�1�Y Š q
�DQYŒ� vdim Y�

Š DQT Œ� vdim Y � 2d�

upgrades to an isomorphism inDb.MHM.T //. Here �T W zT ! T and �YW
zY!Y are nat-

ural projections, and the second isomorphism is the dimensional reduction isomorphism.
Using Lemma 5.2, we need to show that the mixed Hodge structure of

Hom.�T �zq�'T�Œ�1�Y;DQT Œ� vdim Y � 2d�/ (5.4)

is of zero weight. To prove this, take a smooth surjective morphism from a derived scheme
hWU !Y such that vdimU is even. Write hD t0.h/, t0.U /DU , and zX WD t0.T�Œ�1�U /.
Let CT �Y U be the fiber product .T �Y U/ �U zU . We let

�T�YU W
CT �Y U ! T �Y U and �U W zU ! U

denote the natural projections, and let qU W T �Y U ! U and zqU WCT �Y U ! zU be the
base changes of q. Then we can construct a natural isomorphism

�qU W �T�YU �
zq�U'T�Œ�1�U Š DQT�YU Œ� vdimU � 2d�

in the same manner as �q . As we have seen in Proposition 5.3, the map �qU upgrades to
an isomorphism in Db.MHM.T �Y U//,

�T�YU �
zq�U'

mhm
T�Œ�1�U Š LdCvdimU =2

˝DQT�YU :

Let h zYW zU ! zY, hT WT �Y U ! T and hT�YU W
CT �Y U ! zT be the base changes of h.

Then we have a natural isomorphism

h�T�T �zq
�'mhm

T�Œ�1�Y Š �T�YU �
zq�Uh

�
zY
'mhm

T�Œ�1�Y Š Ldimh=2
˝ �T�YU �

zq�U'
mhm
T�Œ�1�U ;

where the latter isomorphism follows from [37, Proposition 4.10]. We also have a natural
isomorphism

LdCvdim Y=2
˝ h�TDQT Š LdCh=2CvdimU =2

˝DQT�YU :

Under these identifications, the proof of [37, Theorem 4.14] implies that h�T �q is equal
to �qU Œ� dim h� up to a certain choice of the sign. This and the fact that �qU upgrades
to an isomorphism in Db.MHM.T �Y U// imply that the weight of the mixed Hodge
structure (5.4) is zero.
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The following statement can be proved in the same manner as the previous proposi-
tion.

Proposition 5.6. We keep the notation from the previous proposition. Let pWY! Z be
a morphism to a separated finite type complex scheme. Then we have an isomorphism of
mixed Hodge modules

H ..p ı �Y/�'
mhm
T�Œ�1�Y/ Š Lvdim Y=2

˝H .p�DQY/; (5.5)

where �YW
zY! Y is the natural projection.

Remark 5.7. The argument as in Remark 5.4 implies that isomorphism (5.5) upgrades to
an isomorphism in Db.MMHM.Z//

H ..p ı �Y/�'
mmhm
T�Œ�1�Y/ Š Lvdim Y=2

˝H .p�DQY/:

5.2. BPS cohomology for Higgs bundles

In [10], Davison defined BPS sheaves and BPS cohomology for preprojective algebras.
In this section, we introduce Higgs counterpart of these notions.

Let C be a smooth projective curve of genus g. We write S D TotC .!C / and X D
TotC .OC ˚ !C /. Recall that Mss

X .r; m/ (resp. Mss
S .r; m/) denotes the moduli stack of

one-dimensional semistable sheaves of rank r and Euler characteristic m on X (resp. S ),
and M ss

X .r; m/ (resp. M ss
S .r; m/) denotes the good moduli space of Mss

X .r; m/ (resp.
Mss
S .r;m/). We have the following commutative diagram:

Mss
X .r;m/

pX

��

� //Mss
S .r;m/

pS

��

M ss
X .r;m/

x� // M ss
S .r;m/:

It is shown in [37, Theorem 5.1] that there exists a natural equivalence of .�1/-shifted
symplectic derived Artin stacks Mss

X .r; m/ Š T�Œ�1�Mss
S .r; m/, where Mss

X .r; m/ (resp.
Mss

S .r; m/) denotes the derived enhancement of Mss
X .r; m/ (resp. Mss

S .r; m/). Therefore,
(5.1) implies that there exists a canonical orientation

oW .� red;� det.LMss
S .r;m/

jMss
X
.r;m/red//˝2 Š Kvir

Mss
X .r;m/

:

On the other hand, we have seen in Proposition 3.6 that there exist a line bundle L with
deg L > 2g � 2 and a function f on the moduli stack Mss

TotC .L/
.r; m/ of semistable

sheaves on TotC .L/ such that there exists an equivalence of .�1/-shifted symplectic
derived Artin stacks Mss

X .r;m/ Š Crit.f /. Therefore, there exists an orientation

o0W KMTot.L/.r;m/j
˝2
Mss
X
.r;m/red Š K

vir
Mss
X .r;m/

:

Proposition 5.8. There exists an isomorphism of orientations o Š o0.
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Proof. We have seen in Proposition 3.8 that there exists a trivialization

KMss
TotC .L/

.r;m/ Š OMss
TotC .L/

.r;m/:

On the other hand, we also have a trivialization

det.LMss
S .r;m/

jMss
S
.r;m/red/ Š OMss

S
.r;m/red

since there exists an open immersion

Mss
S .r;m/ ,! T�MC ;

where MC denotes the moduli stack of coherent sheaves on C . Therefore, we need to
show that the composition

O˝2
Mss
X
.r;m/red Š .�

red;� det.LMss
S .r;m/

jMss
X
.r;m/red//˝2 Š Kvir

Mss
X .r;m/

Š KMss
TotC .L/

.r;m/j
˝2
Mss
X
.r;m/red Š O˝2

Mss
X
.r;m/red

has a square root. More strongly, we will show that any invertible function

f 2 �.Mss
X .r;m/

red;O�Mss
X
.r;m/red/ Š �.M

ss
X .r;m/

red;O�
M ss
X
.r;m/red/

is constant, and hence admits a square root.
We say that a reduced finite type complex scheme X satisfies the property (P) if every

invertible regular function on X is locally constant. What we need to prove is that the
scheme M ss

X .r;m/
red satisfies the property (P). Property (P) satisfies the following:

� If we are given a surjective morphism between reduced finite type complex schemes
X ! Y and X satisfies the property (P), then Y satisfies the property (P).

� For reduced finite type complex schemes X and Y satisfying the property (P), X � Y
also satisfies the property (P).

Write k D gcd.r;m/ and .r;m/ D .kr0; km0/. Take a partition �� D .�1; �2; : : : ; �t /
of k, i.e., �i is a positive integer with �1 � �2 � � � � � �t such that

P
i �i D k holds. Let

M ss
X .r; m/

red
��

be the subscheme consisting of points corresponding to polystable sheaves
which can be written as M

i

Ei ;

where Ei is a stable sheaf on X such that rank.�X�Ei / D �ir0, where �X WX ! C is
the projection. We let M ss

X .r;m/
red
��

denote the closure of M ss
X .r; m/

red
��

. Since we have an
equality

M ss
X .r;m/

red
D

[
��

M ss
X .r;m/

red
��
;

we need to show that the scheme M ss
X .r;m/

red
��

satisfies the property (P).
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Consider the map

tY
iD1

M ss
X .�ir0; �im0/

red
.�i /
!M ss

X .r;m/
red

taking the direct sum. The image of this map is nothing but M ss
X .r;m/

red
��

. Hence it is
enough to show that M ss

X .�ir0; �im0/
red
.�i /

satisfies the property (P). As we have an iso-
morphism

M ss
X .�ir0; �im0/

red
.�i /
ŠM ss

S .�ir0; �im0/ �A1;

we need to prove that M ss
S .�ir0; �im0/ satisfies property (P).

Let gWM ss
S .�ir0; �im0/! A1 be an invertible function. We need to prove that g is

constant. Let hS WM ss
S .�ir0; �im0/! BS be the Hitchin fibration. Since the general fiber

of hS is connected, we have an isomorphism hS;�OM ss
S
.�i r0;�im0/ Š OBS . Therefore,

there exists an invertible function g0 on BS such that g D g0 ı hS . Since BS is an affine
space, g0 is a constant function.

Remark 5.9. The proof shows that any orientation o00WL˝2 Š Kvir
Mss
X .r;m/

such that L is
trivial is isomorphic to o.

From now, we always equip Mss
X .r; m/ with the orientation o. Define a monodromic

mixed Hodge module 'mmhm
M ss
X
.r;m/

on M ss
X .r;m/ by

'mmhm
M ss
X
.r;m/ WD H0.L�1=2 ˝ pX�'

mmhm
Mss
X
.r;m//:

For a given rational number �, we define

M ss
X .�/ WD

a
m=rD�

M ss
X .r;m/;

'mmhm
Mss
X
.�/ WD

M
m=rD�

'mmhm
Mss
X
.r;m/; 'mmhm

M ss
X
.�/ WD

M
m=rD�

'mmhm
M ss
X
.r;m/:

Recall that we have constructed a symmetric monoidal structure �˚ on the category
D�;lf .MMHM.M ss

X .�/// in Section 4.2. The following proposition is the cohomological
integrality theorem (in the sense of [17, Theorem A]) for the Calabi–Yau threefold X .

Proposition 5.10. We have an isomorphism

H .pX�'
mmhm
Mss
X
.�// Š Sym�˚

.H�.BC�/vir ˝ '
mmhm
M ss
X
.�//

in D�;lf .MMHM.M ss
X .�///.

Proof. Using Proposition 5.8, we may use the orientation o0 instead of o. Then the claim
follows from Proposition 3.10 and Theorem 4.6.

Now we state the Higgs version of the support lemma [10, Lemma 4.1].
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Proposition 5.11. Let `WM ss
S .r;m/ �A1 !M ss

X .r;m/ be the map given by

M ss
S .r;m/ �A1 3 .ŒE�; t/ 7! Œit�E� 2M

ss
X .r;m/;

where it is the composition S D S � ¹tº ,! X . Then the support of the perverse sheaf
'M ss

X
.r;m/ is contained in the image of `.

The proof will be given in Appendix B.

Proposition 5.12. The monodromic mixed Hodge module 'mmhm
M ss
X
.r;m/

is A1-equivariant
with respect to the natural A1-action on M ss

X .r; m/. Further, there exists a monodromic
mixed Hodge module BP �r;m 2 MMHM.M ss

S .r;m// such that

'mmhm
M ss
X
.r;m/ Š L�1=2 ˝ l� pr�1 BP �r;m;

where pr1WM
ss
S .r;m/ �A1 !M ss

S .r;m/ is the projection.

Proof. In general, a monodromic mixed Hodge module M on T � A1 for an algebraic
variety T is A1-equivariant if and only if the counit map pr�1 pr1�M !M is isomorphic,
where pr1WT �A1! T is the first order projection. Therefore, the A1-equivariance ofM
is equivalent to the A1-equivariance of rat.M/. This is further equivalent to the condition
��1 rat.M/ Š rat.M/, where �1W T � A1 Š T � A1 is the map translating in the A1-
direction by 1 2 A1.

Now we return to the proposition. Let �1WMss
X .r;m/ŠMss

X .r;m/ be the map induced
by the translation map on X D S �A1 in the A1-direction by 1 2 A1. We need to show
that there exists an isomorphism of perverse sheaves

��1 'Mss
X
.r;m/ Š 'Mss

X
.r;m/:

To do this, it is enough to show that there exists an isomorphism of orientations ��1 o Š o,
where o is the natural orientation on Mss

X .r;m/. But this is a consequence of Remark 5.9.
The latter statement follows from Proposition 5.11.

The object BP �r;m 2 MMHM.M ss
S .r; m// is called the BPS sheaf. We will see that

it is a pure Hodge module in the next subsection. We write

BPSr;m WD H�.M ss
S .r;m/;BP �r;m/;

and it is called the BPS cohomology.

5.3. Cohomological integrality and �-independence for Higgs bundles

In this section, we prove the �-independence theorem and cohomological integrality the-
orem for Higgs bundles using the dimensional reduction theorem.

We first need the following lemma.

Lemma 5.13. The map bjim.hX /W im.hX /! BY considered in Lemma 3.9 is injective for
X D TotC .OC ˚ !C /.
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Proof. Let 
; 
 0 2 im.hX / be cycles on X such that the pushforward cycles ��
 and ��
 0

define the same cycle on Y D TotC .L/, where � is the projection from X to Y . We want
to show 
 D 
 0. Write


 D
X
i


ti ; 
 0 D
X
i


 0
t 0
i

;

where 
ti is supported on S � ¹tiº � X and similarly for 
 0
t 0
i

. Now we take a point p 2
Supp.coker.!C ,! L//. Then the restriction of � at the fiber of p is given by

A1 ˚ !C jp ! A1 Š Lp;

where the first map is the projection to the first factor and the latter map is induced from
the composition OC ,! OC ˚ !C ! L. Therefore, the cycle ��
ti jLp is concentrated in
¹tiº � A1 Š Lp . Hence we may assume that 
 and 
 0 are contained in S � ¹tº for some
t 2 A1. Then the claim follows since the map S � ¹tº � X ! Y defines an injection on
the set of cycles.

The following corollary is an immediate consequence of isomorphism (3.11) and the
above lemma.

Corollary 5.14. Let us take integers r , m, m0 such that r > 0. Then there exists an iso-
morphism in Db.MMHM.BX //,

hX�'
mmhm
M ss
X
.r;m/ Š hX�'

mmhm
M ss
X
.r;m0/:

Corollary 5.15. Let r ,m,m0 be as in the previous corollary. Then there exists an isomor-
phism in Db.MMHM.BS //,

hS�BP �r;m Š hS�BP �r;m0 :

We now prove the cohomological integrality theorem for Higgs bundles. Recall that
we have the following diagram:

Mss
X .�/

pX

��

� //Mss
S .�/

pS

��

M ss
X .�/

x� // M ss
S .�/:

For a rational number �, we write

BP �� WD
M
m=rD�

BP �r;m :

Theorem 5.16. The monodromic mixed Hodge module BP �� is contained in the cat-
egory MHM.M ss

S .�//, i.e., it has a trivial monodromy operator. Further, we have an
isomorphismM

m=rD�

H .pS�DQMss
S
.r;m//˝ Lr

2.g�1/
Š Sym�˚

.H�.BC�/˝BP ��/ (5.6)

in D�;lf .MHM.M ss
S .�///.
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Proof. Proposition 4.4 and Proposition 5.10 imply isomorphisms

H ..pS ı �/�'
mmhm
Mss
X
.�// Š H ..x� ı pX /�'

mmhm
Mss
X
.�//

Š H .x��H .pX�'
mmhm
Mss
X
.�///

Š H .x�� Sym�˚
.H�.BC�/vir ˝ '

mmhm
M ss
X
.�///

Š Sym�˚
.H�.BC�/˝BP ��/:

As we have seen in Remark 5.7, the left-hand side is monodromy-free, hence so is the
BPS sheaf. Isomorphism (5.6) follows from the above isomorphism and an isomorphism

H ..pS ı �/�'
mmhm
Mss
X
.�// Š

M
m=rD�

H .pS�DQMss
S
.r;m//˝ Lr

2.g�1/

which is a consequence of Proposition 5.6 and the equality

vdim Mss
S .r;m/ D 2r

2.g � 1/:

Corollary 5.17. The mixed Hodge module BP �� is pure.

Proof. The above theorem implies that there exists an embedding

BP �r;m ,! H .pS�DQMss
S
.r;m//˝ Lr

2.g�1/:

The purity of the right-hand side is proved in [14, Proposition 7.20], so we obtain the
claim.

Example 5.18. Assume that .r;m/ is coprime, in which case Mss
S .r;m/ is smooth and pS

is a C�-gerbe. In this case, we have an isomorphism

H0.pS�DQMss
S
.r;m//˝ Lr

2.g�1/
Š ICM ss

S
.r;m/ :

Therefore, we have an isomorphism

ICM ss
S
.r;m/ Š BP �r;m :

In particular, for coprime pairs .r;m/ and .r;m0/, Corollary 5.15 implies an isomorphism

hS� ICM ss
S
.r;m/ Š hS� ICM ss

S
.r;m0/ :

Now let .r; m/ be a non-coprime pair. It follows from [53, Theorem 11.1] and [14,
Theorem 5.11] that M ss

S .r; m/ is normal. The connectedness of M ss
S .r; m/ is proved in

[22, Claim 3.5 (iii)]. Therefore, the moduli space M ss
S .r; m/ is irreducible. Then using

[14, Theorem 6.6], we can construct an inclusion

ICM ss
S
.r;m/ ,! BP �r;m (5.7)

but it is not necessary an isomorphism (see Section 5.4).
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Write B�S for the disjoint union of all the Hitchin bases (i.e., B�S is the moduli space
of all one-dimensional cycles on S ). We let

˚B W B
�
S � B

�
S ! B�S and CW N �N ! N

denote the canonical monoid structures. The following statement is a direct consequence
of Theorem 5.16 and Lemma 4.2.

Corollary 5.19. We have isomorphismsM
m=rD�

H ..hS ı pS /�DQMss
S
.r;m//˝ Lr

2.g�1/
Š Sym�˚B

.H�.BC�/˝ hS�BP ��/;M
m=rD�

HBM.Mss
S .r;m//˝ Lr

2.g�1/
Š Sym�C

.H�.BC�/˝ BPS�/

in D�;lf .MHM.B�S // and D�;lf .MHM.N//, respectively.

Combining the above corollary and the �-independence theorem for BPS cohomology
(Corollary 5.14), we obtain the following �-independence theorem for the Borel–Moore
homology.

Corollary 5.20. Let r , m, m0 be integers such that r > 0 and gcd.r; m/ D gcd.r; m0/.
Then there exist isomorphisms

H ..hS ı pS /�DQMss
S
.r;m// Š H ..hS ı pS /�DQMss

S
.r;m0//;

HBM.Mss
S .r;m// Š HBM.Mss

S .r;m
0//

in D�;lf .MHM.BS // and D�;lf .MHM.pt//, respectively.

Remark 5.21. Based on P D W conjecture, it is conjectured in [26] that there exists an
isomorphism of intersection cohomology groups

IH.M ss
S .r;m// Š IH.M ss

S .r;m
0//

preserving the perverse filtration for r ,m,m0 such that gcd.r;m/D gcd.r;m0/. At present,
we do not know how to prove this conjecture. However, once Davison’s conjecture [13,
Conjecture 7.7] on the structure of the BPS sheaf is established, it would be possible
to deduce the �-independence for intersection cohomology from the �-independence for
BPS cohomology (Corollary 5.14).

5.4. An example: g D 2, r D 2

Here we give an example where the intersection cohomology and the BPS cohomology
are different. Let C be a smooth projective curve of genus 2, and put S WD TotC .!C /.
We consider the moduli space MS .2; 0/. By taking the cohomology of inclusion (5.7),
we have an inclusion

IH.MS .2; 0// ,! BPS2;0 : (5.8)
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We will check that the above inclusion is not an isomorphism. Note that by Corol-
lary 5.15 and Example 5.18, we have an isomorphism

BPS2;0 Š BPS2;1 Š IH.MS .2; 1//: (5.9)

We denote

ˆIC.t/ WD
X
i2Z

hi .IH.MS .2; 0///t
i ;

ˆBPS.t/ WD
X
i2Z

hi .BPS2;0/t i :

By [24, Theorem 1.2] and [48, Exercise 4.1], we have

ˆIC.t/ D t
�10.t C 1/4.2t6 C 2t4 C t2 C 1/;

ˆBPS.t/ D t
�10.t C 1/4.2t6 C 4t5 C 2t4 C 4t3 C t2 C 1/:

(5.10)

For the formula of ˆBPS, we used isomorphisms (5.9). Note that the term t�10 appears by
our shift convention so that the intersection and the BPS complexes are perverse sheaves,
together with the fact dimMS .2; 0/ D 10. From formulas (5.10), it is obvious that inclu-
sion (5.8) is not an isomorphism.

On the other hand, assume that [13, Conjecture 7.7] is true. Then we have an isomor-
phism

BP �2;0 Š ICMS .2;0/˚^
2
˚ .ICMS .1;0//;

where ^2.�/ is the graded wedge product in the category of graded vector spaces. Since
the moduli space MS .1; 0/ is isomorphic to the cotangent bundle of the Jacobian Jac.C /
of C , we have

IH.MS .1; 0// Š H�.Jac.C //Œ4� D QŒ4�˚Q4Œ3�˚Q6Œ2�˚Q4Œ1�˚Q;

and hence we conclude thatX
i2Z

hi .^2.IH.MS .1; 0////t
i
D t�7.t C 1/4.t2 C 1/ D ˆBPS.t/ �ˆIC.t/:

This computation gives an evidence of [13, Conjecture 7.7]. At the same time, we can see
that the �-independence for the intersection cohomology does not necessarily hold when
gcd.r;m/ ¤ gcd.r;m0/.

Appendix A. Shifted symplectic structure and vanishing cycles

In this appendix, we briefly recall the theory of shifted symplectic geometry and prove
some technical lemmas including Proposition 2.4.



Cohomological �-independence for Higgs bundles and Gopakumar–Vafa invariants 661

A.1. Shifted symplectic structures

We recall the notion of shifted symplectic structures introduced in [47]. Let X be a derived
Artin stack. We define the space of n-shifted p-forms Ap.X; n/ 2 S by

Ap.X; n/ WD Map.OX;^
pLXŒn�/:

We can also define the space of n-shifted closed p-forms Ap;cl.X; n/ 2 S (see [47, Def-
inition 1.12]). It satisfies the étale descent and for a connective commutative differential
graded algebra A, we have an equivalence

Ap;cl.SpecA; n/ '
ˇ̌̌Y
i�0

^
pCiLAŒ�i C n�; d C ddR

ˇ̌̌
;

where d is the internal differential, ddR is the de Rham differential, and j � j is the geomet-
ric realization functor. The space of n-shifted p-forms and the space of n-shifted closed
p-forms are functorial with respect to morphisms between derived Artin stacks, i.e., if we
are given a morphism f WX! Y, there exist natural maps

f ?W Ap.Y; n/! Ap.X; n/; f ?W Ap;cl.Y; n/! Ap;cl.X; n/:

We have a natural forgetful map

� W Ap;cl.�; n/! Ap.�; n/

and the de Rham differential map

d cl
dRW A

p.�; n/! ApC1;cl.�; n/:

Definition A.1. An n-shifted closed 2-form !X is called an n-shifted symplectic form if
its underlying n-shifted 2-form is non-degenerate, i.e., the natural map

�.!X/�W L
_
X ! LXŒn�

is an equivalence.

In this paper, we are only interested in .�1/-shifted symplectic structures.

Example A.2. Let X be a Calabi–Yau threefold, i.e., a three-dimensional smooth variety
with trivial canonical bundle. Then the derived moduli stack MX of compactly supported
coherent sheaves on X carries a canonical .�1/-shifted symplectic structure. See [47,
Theorem 0.1] and [6, Main theorem].

Example A.3. Let Y be a derived Artin stack and

T�Œn�Y WD SpecY.Sym.L_YŒ�n�//

be its n-shifted cotangent stack. Let � 2A1.T�Œn�Y; n/ be the tautological 1-form. Then
it is shown in [47, Proposition 1.21] and [7, Theorem 2.2] that the n-shifted closed 2-form
d cl

dR� is shifted symplectic.



T. Kinjo, N. Koseki 662

Example A.4. Let U D SpecA be a smooth affine scheme which admits an étale coor-
dinate .x1; : : : ; xn/ and f WU ! A1 be a regular function. Let B be the commutative
differential graded algebra (cdga) defined by the Koszul complex

B WD .� � � ! �_A
ddRf
���! A/:

Then SpecB is equivalent to the derived critical locus Crit.f /. We let yi 2 B�1 be the
element of degree �1 corresponding to @=@xi . Then the .�1/-shifted closed 2-form

! WD .ddRx1 ^ ddRy1 C � � � C ddRxn ^ ddRyn; 0; 0; : : :/ 2 A2;cl.SpecB;�1/

defines a .�1/-shifted symplectic structure on Crit.f /.
It is shown in [5, Theorem 5.18] that any .�1/-shifted symplectic derived scheme is

Zariski locally of this form.

Now we discuss the canonical .�1/-shifted symplectic structure on the derived critical
locus of a function on a general derived Artin stack. To do this, we need to recall the notion
of Lagrangian structures.

Definition A.5. Let .X;!X/ be an n-shifted symplectic derived Artin stack and �WL!X

be a morphism of derived Artin stacks. An isotropic structure is a path from 0 to �?!X

in A2;cl.L; n/. An isotropic structure � is called a Lagrangian structure if it induces an
equivalence L_

L
' L� Œn � 1�. See [47, §2.2] for details.

Example A.6. (1) Let Y be a derived Artin stack and � 2 A1.T�Œn�Y; n/ be the tauto-
logical 1-form. Then �jY is naturally equivalent to zero, hence so is d cl

dR�jY. Therefore,
the zero section map Y ! T�Œn�Y carries a natural isotropic structure. It is shown in
[7, Theorem 2.2] that this isotropic structure is a Lagrangian structure.

(2) Let Y and � be as above, and take a function f 2 �.Y;OYŒn�/ of degree n. Let
ddRf WY! T�Œn�Y be the map corresponding to the section ddRf 2 �.Y;LYŒn�/. Then
the natural homotopy

.ddRf /
?d cl

dR� � d
cl

dR ı ddRf � 0

defines an isotropic structure on .ddRf /. It is shown in [7, Theorem 2.15] that this iso-
tropic structure is a Lagrangian structure.

Let X be an n-shifted symplectic derived Artin stack and �1WL1!X and �2WL2!X

be Lagrangians. These Lagrangian structures define a loop in A2;cl.L1 �X L2; n/ hence
a point in A2;cl.L1 �X L2; n � 1/. It is shown in [47, Theorem 2.9] that this .n � 1/-
shifted closed 2-form is shifted symplectic.

Example A.7. Let Y be a derived Artin stack and f 2 �.Y;OYŒn�/ be a function of
degree n. The derived critical locus Crit.f / is defined to be the intersection

Crit.f / WD Y �0;T�Œn�Y; ddRf
Y:

Example A.6 and the above discussion implies that Crit.f / carries a canonical .n � 1/-
shifted symplectic structure.
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The .�1/-shifted symplectic structure constructed in Example A.4 is a special case of
the above example.

Lemma A.8. Let f WU ! A1 be a regular function on a smooth affine scheme. Assume
that U admits a global étale coordinate. Then the .�1/-shifted symplectic structure on
Crit.f / constructed in Example A.4 is equivalent to the .�1/-shifted symplectic structure
constructed in Example A.7.

Proof. We write U D Spec A and take a global étale coordinate x1; x2; : : : ; xn 2 A.
We let B be the cdga appeared in Example A.4 whose underlying graded algebra is
AŒy1; : : : ; yn�. As we have seen in Example A.4, SpecB gives a model for Crit.f /.
Consider the element

˛ D
X
i

yi � ddRxi 2 �
�1
B :

Then we have an identity d˛ D ddRf which corresponds to the natural homotopy

ddRf jCrit.f / � 0

in A1.Crit.f /; 0/. Therefore, the element

d cl
dR˛ D

�X
i

ddRyi � ddRxi ; 0; : : :
�

corresponds to the .�1/-shifted symplectic structure constructed in Example A.7.

Now we discuss the relation of the .�1/-shifted symplectic structure and the d-critical
structure. Let .X; !/ be a .�1/-shifted symplectic derived Artin stack. Then it is shown
in [3, Theorem 3.18 (a)] that the classical truncation XD t0.X/ carries a natural d-critical
structure s. We now recall some of its basic properties.

Firstly, assume that X is a derived scheme and write X D X and X D X. Take an
open embedding �WCrit.f / ,! X , where f is a regular function on a smooth scheme U
such that f jCrit.f /red D 0 and U has a global étale coordinate. We equip Crit.f / with the
.�1/-shifted symplectic structure constructed in Example A.4 and assume that � preserves
the .�1/-shifted symplectic structures. We let R denote the image of t0.�/ and i WR ,! U

denote the natural inclusion. Then .R; U; f; i/ defines a d-critical chart of .X; s/, see
[5, Theorem 6.6].

Now we remove the assumption that X is a derived scheme. Take a smooth morphism
qW T ! X. Assume that there exist a morphism between derived schemes �W T ! yT ,
a .�1/-shifted symplectic structure ! yT on yT , and an equivalence q?! � �?! yT . Then
there exists an equality

t0.q/
?s D t0.�/

?s yT (A.1)

of d-critical structures, where s yT is the d-critical structure on yT D t0. yT / induced from
the .�1/-shifted symplectic structure ! yT . See [37, Theorem 4.6] for the proof.

It is shown in [3, Theorem 3.18 (b)] that there exists a natural isomorphism

Kvir
X;s Š det.LXjXred/: (A.2)
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A.2. Proof of Proposition 2.4

Here we give the proof of Proposition 2.4.

Lemma A.9. Let qWU ! U be a smooth morphism from a smooth scheme. We let sX
denote the canonical d-critical structure onX WD Crit.f ı q/. Then the following equality
holds: .qjX /?s D sX .

Proof. We let !Crit.f / (resp. !Crit.f ıq/) denote the natural .�1/-shifted symplectic struc-
ture on Crit.f / (resp. Crit.f ı q/). Consider the following diagram of derived Artin
stacks:

Crit.f / �U U
� //

q0

��

Crit.f ı q/

Crit.f /;

where the map q0 is induced by q and � is the natural map which is identity on the
truncation. We claim that there is an equivalence of .�1/-shifted symplectic structures

q?0!Crit.f / � �
?!Crit.f ıq/: (A.3)

We have a natural homotopy

˛W ddR.f /jCrit.f / � 0

in A1.Crit.f /; 0/. By definition, the symplectic form !Crit.f / corresponds to the loop

0 � d cl
dR ı ddR.f /jCrit.f / � 0

in A2;cl.Crit.f /; 0/, where the first homotopy is defined by the equivalence d cl
dR ı ddR � 0

and the latter homotopy is defined by d cl
dR˛. Therefore, the closed .�1/-shifted 2-form

q?0!Crit.f / corresponds to the loop

0 � d cl
dR ı ddR.f ı q/jCrit.f /�UU � 0

in A2;cl.Crit.f / �U U; 0/. A similar argument shows that �?!Crit.f ıq/ has the same
description, hence we obtain equivalence (A.3).

Combining this equivalence and equality (A.1), we obtain the desired equality.

Lemma A.10. There exists a natural orientation of .X; s/

oW K˝2U jXred Š Kvir
X;s :

Proof. Take a smooth surjective morphism qWU ! U and write X D Crit.f ı q/. Con-
sider the following composition:

oq W q
�K˝2U jX red Š .K˝2U ˝ det.�U=U/˝�2/jX red Š KX;sX ˝ det.�X=X/˝�2jX red

Š .qjX red/�KX;s;
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where we set sX D .qjX /?s. We claim that the isomorphism oq descends to an orientation
for .X; s/. To do this, take an étale surjective morphism �WV !U �U U from a scheme V .
We let pri WU �U U be the i -th projection for i D 1; 2. Write Y D Crit.f ı q ı pr1 ı�/
and define

oqıpri ı�W ..q ı pri ı�/
�K˝

2

U /jY red ! .q ı pri ı�jY red/�KX;s

in the same manner as oq . It is enough to prove the commutativity of the following dia-
gram for each i D 1; 2:

..q ı pri ı�/
�K˝

2

U /jY red

oqıpri ı� //

��

.q ı pri ı�jY red/�KX;s

��

.pri ı�/
red;�.q�K˝2U jX red/

.pri ı�/
red;�oq

// .pri ı�/
red;�.qjX red/�KX;s :

This follows from the commutativity of diagram (2.1).

Proof of Proposition 2.4. We keep the notation as in the proof of the previous lemma.
Let oX and oY be natural orientations on .X; q?s/ and .Y; �? pr?1 q

?s/ coming from the
descriptions as global critical loci. The construction of the orientation o in the previous
lemma implies that we have the following natural commutative diagram of orientations:

oY //

&&

�? pr?i oX
vv

�? pr?i q
?o

(A.4)

for each i D 1; 2.
Now define an isomorphism

�q W q
�'X;s;o Š q

�'f .QUŒdim U�/

by the following composition

q�'X;s;o Š 'X;q?s;q?oŒ� dim q� Š 'X;sX ;oX Œ� dim q�

Š 'f ıq.QU ŒdimU � dim q�/ Š q�'f .QUŒdim U�/

for i D 1; 2. Here the third isomorphism follows from Lemma A.8 and Example 2.3.
Similarly, we can define an isomorphism

�qıpri ı�W .q ı pri ı�/
�'X;s;o Š .q ı pri ı�/

�'f .QX Œdim X�/:

The commutativity of diagrams (A.4), (2.3), and (2.2) implies an equality

.pri ı�/
��q D �qıpri ı�;

hence �q descends to the desired isomorphism.
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Appendix B. Proof of the support lemma

We will give the proof of the support lemma (Proposition 5.11) here.
Fix positive integers r1, r2 and integersm1,m2 such that �Dm1=r1 Dm2=r2. Write

r D r1 C r2 and m D m1 C m2. Define W � MX .r1; m1/ �MX .r2; m2/ to be the
substack consisting of pairs .ŒE�; ŒF �/ such that p.SuppE/ \ p.Supp F / D ;, where
pWX D S � A1 ! A1 is the projection. Define a map wWW !MX .r; m/ by taking
direct sum. The map w is an étale map.

Lemma B.1. Suppose that !1 (resp. !2, !) is the .�1/-shifted symplectic structure on
MX .r1; m1/ (resp. MX .r2; m2/, MX .r;m/). Then there exists an equivalence

.!1 � !2/jW ' w?!:

Proof. It follows from [6, Corollary 6.5] that there exists a Lagrangian structure on the
morphism

.�;w/W W!MX .r1; m1/ �MX .r2; m2/ �MX .r;m/;

where � is the natural inclusion, and we equip MX .r1; m1/ �MX .r2; m2/ �MX .r; m/

with the .�1/-shifted symplectic structure !1 � !2 � .�!/. The Lagrangian structure
induces the desired equivalence.

For an open subsetU �C in the analytic topology, we define Mss
X .r;m/

U �Mss
X .r;m/

to be the complex analytic open substack consisting of points corresponding to sheaves
whose supports are contained in S �U �X . The following statement is a straightforward
consequence of the above lemma.

Corollary B.2. Let U1; U2 � C be disjoint open subsets in the analytic topology. Con-
sider the following open immersion

wU1;U2 W M
ss
X .r1; m1/

U1 �Mss
X .r2; m2/

U2 !Mss
X .r;m/

U1
`
U2

induced fromw. We let si denote the d-critical structure on Mss
X .ri ;mi /

Ui and s denote the
d-critical structure on the right-hand side. Then we have an equalityw?U1;U2.s/D s1� s2.

We now want to prove that the map wU1;U2 preserves the canonical orientation fol-
lowing the idea of the proof of Proposition 5.8. Let W be the image of t0.W/ along the
map

Mss
X .r1; m1/ �Mss

X .r2; m2/!M ss
X .r1; m1/ �M

ss
X .r2; m2/:

Write .r1;m1/ D .k1r0; k1m0/ and .r2;m2/ D .k2r0; k2m0/, where .r0;m0/ is coprime.
Define an open subspace

AW � Symk1.A1/ � Symk2.A1/

consisting of configurations .P;Q/ such that P \Q D ;. There exists a natural map

W red ,!M ss
X .r1; m1/

red
�M ss

X .r2; m2/
red
! Symr1.A1/ � Symr2.A1/;
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where the latter map is induced by the projectionX D S �A1!A1. Note that the above
map factors through the inclusion

AW ,! Symk1.A1/ � Symk2.A1/ ,! Symr1.A1/ � Symr2.A1/;

where the latter map is the diagonal embedding. Therefore, we obtain a surjective map

�W W W
red
! AW :

Lemma B.3. Let f be an invertible regular function onW red. Then there exists a regular
function g on AW such that f D g ı �W .

Proof. We first claim that the function f is constant along the reduced parts of fibers
of �W . Take a configuration .P;Q/ 2 AW . Write P [Q D ¹p1; : : : ; ptº and we let li be
the multiplicity of P [Q at pi . Then the fiber ��1W ..P;Q// is isomorphic to the scheme

tY
iD1

M ss
S .lir0; lim0/:

So it follows from the proof of Proposition 5.8 that f is constant along ��1W ..P;Q//
red.

Therefore, it is enough to prove that the map �W admits a section.
Take an arbitrary stable sheaf E 2 M ss

S .r0; m0/. Consider the map sW WAW ! W red

defined by

.P D ¹p1; : : : ; ptº;Q D ¹q1; : : : ; qsº/ 7!
�M
j

.ipj ;�E/
˚mult.pj /;

M
j

.iqj ;�E/
˚mult.qj /

�
;

where ipj denotes the embedding S � ¹pj º ,! X and mult.pj / denotes the multiplicity
of pj in P , and similarly for iqj and mult.qj /. We can see that sW is a section of �W .
Thus we obtain the claim.

Assume that sW is the natural d-critical structure on W D t0.W/. Let oWWM
˝2
1 Š

Kvir
W;sW

be the orientation on W induced from the canonical orientation on Mss
X .r1;m1/�

Mss
X .r2;m2/ and o0WWM

˝2
2 Š Kvir

W;sW
be the orientation on W induced from the canonical

orientation on Mss
X .r; m/. We have seen in the proof of Proposition 5.8 that there exist

trivializations
M1 Š OWred and M2 Š OWred :

Therefore, the composition .o0W/
�1 ı oW defines an element

˛ 2 �.Wred;OWred/ Š �.W red;OW red/:

Corollary B.4. We use the notations as in Corollary B.2. Assume that each connected
component of U1 and U2 is homeomorphic to the disk. Then there exists an isomorphism
of orientations

oWjMss
X
.r1;m1/

U1�Mss
X
.r2;m2/

U2 Š o
0
WjMss

X
.r1;m1/

U1�Mss
X
.r2;m2/

U2 :
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Proof. Let M ss
X .r1; m1/

U1 � M ss
X .r1; m1/ (resp. M ss

X .r2; m2/
U2 � M ss

X .r2; m2/) be the
image of Mss

X .r1; m1/
U1 (resp. Mss

X .r2; m2/
U2 ) along the map pX . We need to show that

˛jM ss
X
.r1;m1/

U1�M ss
X
.r2;m2/

U2 admits a square root. Lemma B.3 implies that there exists
a regular function g on AW such that ˛ D g ı �W . Let AU1;U2 � AW be an open subset
consisting of configurations .P; Q/ such that P � U1 and Q � U2. Since the image
of M ss

X .r1; m1/
U1 �M ss

X .r2; m2/
U2 under the map �W is contained in AU1;U2 , we need

to show that gjAU1;U2 admits a square root. But this follows from the connectedness
of AU1;U2 .

Proof of Proposition 5.11. The proof is almost identical to the proof of the support lemma
for preprojective algebras [10]. Take disjoint open subsets U1; U2 � A1 whose connected
components are homeomorphic to the disk. It follows from Proposition 5.10 that there
exists an isomorphism

H ..pX�'Mss
X
.�//jM ss

X
.�/Ui / Š Sym�˚

.H�.BC�/vir ˝ 'M ss
X
.�/j

M ss
X
.�/
Ui
/

for each i D 1; 2. Then the Thom–Sebastiani theorem [2, Remark 5.23], Corollaries B.2
and B.4 imply the following isomorphism:

H ..pX�'Mss
X
.�//jM ss

X
.�/U1

`
U2 /

Š H ..pX�'Mss
X
.�//jM ss

X
.�/U1 /�˚ H ..pX�'Mss

X
.�//jM ss

X
.�/U2 /

Š Sym�˚
.H�.BC�/vir ˝ 'M ss

X
.�/j

M ss
X
.�/U1

/

�˚ Sym�˚
.H�.BC�/vir ˝ 'M ss

X
.�/j

M ss
X
.�/U2

/

Š Sym�˚
.H�.BC�/vir ˝ .'M ss

X
.�/j

M ss
X
.�/U1

˚ 'M ss
X
.�/j

M ss
X
.�/U2

//:

On the other hand, Proposition 5.10 implies an isomorphism

H ..pX�'Mss
X
.�//jM ss

X
.�/U1

`
U2 / Š Sym�˚

.H�.BC�/vir ˝ 'M ss
X
.�/j

M ss
X
.�/U1

`
U2
/:

Therefore, we obtain an isomorphism

'M ss
X
.�/j

M ss
X
.�/U1

˚ 'M ss
X
.�/j

M ss
X
.�/U2

Š 'M ss
X
.�/j

M ss
X
.�/U1

`
U2
: (B.1)

Now take a point ŒE� 2 Supp.'M ss
X
.�//, where E is a polystable sheaf on X . Assume

that the support of E is contained in S � .U1
`
U2/ for some disjoint open subsets

U1;U2 �C (or equivalently, ŒE� 2M ss
X .�/

U1
`
U2 ). Then isomorphism (B.1) implies that

the support of E is contained in either of U1 or U2. Therefore, there exists some t 2 C
such that Supp.E/ � S � ¹tº, which implies the proposition.
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