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cohomology of complete crystals on the higher-level g-crystalline site, which was introduced
in a previous article by the author. One complex is the g-analog of the higher de Rham
complex constructed by Miyatani, and another complex is the g-analog of the jet complex
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higher-level analogs of the g—de Rham complex.
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We fix a prime p. Berthelot [1] constructed a fundamental p-adic cohomology
theory called crystalline cohomology. It is defined for a scheme X over a p-adic formal
PD-scheme S, and when X is embeddable into a smooth p-adic formal scheme over S,
it is quasi-isomorphic to a certain de Rham complex by the Poincaré lemma. Recently,
Bhatt and Scholze introduced a kind of generalization of crystalline cohomology, called
q-crystalline cohomology. It is defined for a p-completely smooth affine formal scheme
X over R/Ig, where (R, [R) is a ¢-PD pair. When X is embeddable smoothly over R
in a suitable sense, they constructed a certain g—de Rham complex which computes the
q-crystalline cohomology. When g = 1, these recover the classical crystalline theory.

On the other hand, for a non-negative integer m, Berthelot also introduced crystalline
cohomology of level m in [2] to consider the crystalline cohomology theory in a more
general situation. When m = 0, it recovers the usual crystalline cohomology. In [11], Le
Stum and Quirds constructed a certain complex called the jet complex, and showed that
it computes the m-crystalline cohomology by considering the corresponding Poincaré
lemma. However, the jet complex may not be bounded above in general, and their proof
of the local freeness of each term is not correct. To overcome these difficulties, Miyatani
constructed in [15] another complex, called the higher de Rham complex, and showed
that it computes a direct sum of finitely many copies of m-crystalline cohomology
by considering the corresponding Poincaré lemma. The higher de Rham complex is
bounded and locally free, and these properties were used to prove the finiteness of
m-crystalline cohomology. However, this complex is not accurate enough to compute
only one copy of m-crystalline cohomology.

In a previous article [14], we constructed the level-m g-crystalline site (X / R)m-g-crys
for a ¢-PD pair (R, Ig) and a smooth and separated p-adic formal scheme X over
R/JR, where Jg := (¢") "' (1) is defined by using the Frobenius lift ¢ of R. This
can be considered as a generalization of both the g-crystalline site and the m-crystalline
site. We also proved that a certain category of crystals on the m-g-crystalline site
(X /R)m-g-crys 18 equivalent to that on the g-crystalline site (X'/R)g-crys, Where X' :=
X Xspi(R/T).(¢m)* SPE(R/IR) is the pullback of X by the m-fold iteration ¢™ of the
Frobenius lift.

The purposes of the present article are to develop the level-m g-crystalline coho-
mology theory, and to construct the g-analogs of the complexes in [15] and [11] that
compute the cohomology of complete crystals on the level-m g-crystalline site. When
q = 1, these recover the usual level-m crystalline theory, and when m = 0, the g-analogs
of these complexes coincide with the g—de Rham complex in [4] in the situation we
will consider.
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Let us explain the content of each section. In Section | we define the g-analog of
the binomial coefficients of higher level (Definition 1.7), which will frequently appear
in the formulas of differential calculus related to the level-m g-crystalline theory. When
q = 1, these recover the usual binomial coefficients of higher level in [2].

In Section 2 we first calculate a certain ¢?” -PD envelope (Theorem 2.12), which is
crucial in the level-m g-crystalline cohomology theory. We also construct a natural
g-analog of the m-PD polynomial algebra, and show that in a certain situation, the
q? "_PD envelope above coincides with this m-g-PD polynomial algebra (Proposition
2.15), which is much better behaved. Based on these results, we develop the theory of the
m-qP" -crystalline site (A/ R) g p™ crys
(A, I4) with fixed rank-one étale coordinates x = (xq,...,xg) in A which satisfies
I4= md, where 4 := A/J4and md is the closure of /g A in A for the (p, (p)q,,m )-
adic topology. We generally consider the complete crystals (Definition 2.19) developed
by Tian [18] as coefficients. Then we can show the higher-level g-analogs of the results
related to the linearizations and stratifications in the classical theory.

for a morphism of ¢?” -PD pairs (R, Ig) —

In Section 3 we first do some differential calculus related to the m-g-PD polynomial

—

algebra A(&) (m),q4.x- Next we construct the higher g—de Rham complex (Definition 3.8).
Finally, we_prove the Poincaré lemma for the higher g—de Rham complex (Corollary
3.16), which states that this complex computes a direct sum of p™? copies of m-g?" -
crystalline cohomology of complete crystals. These are essentially the g-analogs of
the results in [15]. But we may need some non-trivial g-analogs of the constructions
and calculations since the g-analogs of some usual calculations, such as the binomial
formula, may not work in complete generality.

In Section 4 we first construct the g-jet complex (Definition 4.1). Next we construct
the homotopy map / on the g-jet complex (Proposition 4.3), called the integration of
differential forms. Finally, we use this homotopy map % to show the Poincaré lemma
for the g-jet complex (Corollary 4.12), which states that this complex computes m-
g?" -crystalline cohomology of complete crystals. These are essentially the g-analogs
of the results in [11]. In contrast to the difficulty of the description of the homotopy
map £, these g-analogs can be considered by simply replacing the basis of the m-PD
polynomial algebra § {&}em) and the binomial coefficient of higher level ( f/ )(m) with
their g-analogs & &om.a and ( ]f, ) (m).q respectively. However, some of the cases in the
proofs of [11] were not fully coﬁsideréd, so we give detailed proofs for the completeness
of the present article.

Throughout this article, the set of natural numbers N means the set of non-negative
integers.
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1. g-analog of the binomial coefficients of higher level

In this section we define a g-analog of the binomial coefficients of higher level,
following [2]. First we review the usual binomial coefficients of higher level. Fix a
non-negative integer m in order to consider the level-m theory.

DeriniTiON 1.1. Letk,k’,k” € Nsuchthatk =k’ +k”,andletr, v’ 7", s,s’,s" €
N such that

k=p"r+s (0<s<p™),
k/ — pmr/ + S/ (0 S s/ < pm),
k// — pmrl/ + s// (0 5 S// < pm).

We sometimes denote the integer r by LmeJ and call it the integer part of me- Recall
that the usual binomial coefficient is defined as

k. k!
k) kK

Following [2], we define the binomial coefficients of higher level as

o, = = (), = GOl
k/ (m) r’!r”! k/ (m) k/ k, (m)

We have the following lemma.

Lemma 1.2 ([2, Lemme 1.1.3]). Forall m,k, k' € N such that k' < k, we have

o ()
EN, EZ( )-
{k/ (m) Koy 7

We also use the usual conventions on multi-indices: for a non-negative integer d
and fork = (ky,....kg) and k" = (k}.....k})in N9 satisfying k' < k, i.e., ki <k;
foralli = 1,...,d, we define

d d d
k. ki k . ki k . ki
(k’) -=l_[(k{)’ {k} -=H{k<} and <k> ‘:H<k<> '
K i=1 \i =) (m) i=1 i) (m) = 1(m) i=1\"il(m)

On the other hand, we may consider various g-analogs of the usual concepts on inte-
gers, such as g-integers and g-binomial coefficients, which recover the usual concepts
when g = 1. A useful reference on this subject is [12].

We fix an associative ring R and an element ¢ in R. If n € N, the g-analog of n is

(Mg :=1+q+--+g"".
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We will also say that (n), is a g-integer of R. When R = Z is the ring of integers and
q = 1, we recover the usual natural number 7.
The following formula is frequently used.

ProrositioN 1.3. Foralln,n’ € N, we have
(””/)q = (”)q(”/)q”-
Proor. We can check it directly from the definition:
nn’—1 n—1 n’'—1
Yo =(Xa) (L) .
j=0 J'=0 J"=0

Note that in general, for j € N, we can consider the ¢?” -integer (n)q s (thatis, the

q-integer when the element ¢ is ql’j ). Then the following lemma is frequently used.

LemMma 1.4. Letn, j € N such that gcd(n, p) = 1; then (l’l)qu is invertible in
Z14q)(p.q-1)-

Proor. We always have (n)q »; = n modulo g — 1. Since 7 is invertible in Z ),
the result follows. n

By using g-integers, we can define the g-analog of the factorial of n € N:
n—1
gl =[]0 =i
j=0
The g-analog of the binomial coefficients can be defined inductively as follows:

DeriNITION 1.5. The g-binomial coefficients are defined by induction for k, kK’ € N
via Pascal identities

(6),(0), = (620, + o (),

( 0 ) 1 itk =0,
k'), 0 otherwise.
Note that if R = Z[q], we see that all g-binomial coefficients belong to Z[g] by

induction. If R = Q(gq), then we have the following g-analog of the familiar expression,
which is frequently used in the computation of g-binomial coefficients.

with
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ProrosiTioN 1.6 ([12, Proposition 2.6]). If R = Q(q), then for all k, k' € N such

that k' < k,
( k ) _ (k)q!
k'), (kg — kg!

Now we want to define the g-analogs of

oy ™ ()
and .
{k/ (m) K[ my

By taking into account Definition 1.1 and Proposition 1.3, we may make the following
definition.

DerintTION 1.7. Letk,k’, k" € N suchthatk =k’ + k", andletr, 7', 7", s,s’,s" €
N such that
k=p"r+s 0=<s<p™),
k/ — pmr/+sl (0 SS/ < pm)’
k// — pmr// + s// (0 E s// < pm)'

We assume that R = Q(g). Then we define the g-analog of the binomial coefficients
of higher level as

(o), = i ()= () fe
KV g ) gom ") gpm! K [ my.q k') g \K') ) g

We can also consider the multi-indices case: if k = (kq,....kg) and k' = (K, ..., k&)
in N4 satisfy k' < k, i.e., ifklf <k;foralli =1,...,d, then we define

d
lg) __ (ki) {lg} .
(]5/ q ,l:ll kz{ q’ K (m).q

Then we have the following lemma, which is the g-analog of Lemma 1.2.

d d
e ™ (), = T
and = .
ljll{kz/ (m),q ]S/ (m),q 11:[1 kl/ (m),q

1=

LemMa 1.8. Letm € N, and let k, k' € N? such that k' < k. Then we have

k} k
Kl ez, <> € ZIlpaor)-
{]f/ (m),q ]S/ (m),q i

In particular, {]If, }(m) p and ( ]If, )(m) g are well defined as elements of any Z[q](p,q—1)-
algebra R. -
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Proor. Since the multi-indices case of the binomial coefficients is defined as the
products of the one-index case, it is sufficient to show the assertion for non-negative
integers k, k’. We follow the notation in Definition 1.7, so let k” be the non-negative
integer with k = k’ + k”. Then there are two cases we need to consider: the case r =
'+ r” (where s = s’ + 5”), and the case r = 1’ + r” + 1 (where p™ + s = 5" +s").

First we consider the element { .Inthe case r = r’ 4+ r”, we see from the
definition that

k
K }(M),q

et = ()
K"} my.q ') gom

In the case ¥ = r’ 4+ r”" + 1, we can check that

{k} _(r/—l—r”)qpm!(r/—l-l’//—l-l)qpm_(r’+r”
k) imy.a () gpm 1) gom!

) () m
q”"

r/

It follows by induction that all the ¢?” -binomial coefficients as in Definition 1.5 belong
to Z[q?"'] C Z[q]. So we see that

k
, Zlq).
{k }(m)’q € Zlg]

To prove the rest, thanks to Lemma 1.4, we only need to consider the terms (pl )q7 i

in the definition of ( ,]f/ )(m) Pr

below, the next claim is useful.

where [ is a non-negative integer. For the calculations

Cramm 1.9. Letr € N, and let s be an integer such that 0 < s < p™. Then, in the
ring Z[q](p,q—1), we have
(P"r +5)g =u-(s)q
for aunitu € Z[q]p,g—1)-

We prove the claim. Let s = p”l, where [, n are non-negative integers and gcd(/, p)
= 1. Then by Proposition 1.3, we have

(P"r +8)g = (P"(P""r +D)g = (p")g(P" "1 4+ 1) gom,
(5)g = (P"Dg = (P")gD)grr-

Asm —n > 0, we see that ged(p™™"r +1, p) = 1. So (p"™"r + 1) ;p» is a unit. As
(1) 4p» is also a unit by Lemma 1.4, the claim follows.
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Now we consider the element ( ,f, )( m.aq We first consider the case r = r’ + r”. By
Proposition 1.6, we can check that

(O E—r=y
k/ q (pmr/ + s/)q!(pmr// + S”)q!
B (P"r)q! H;=1(Pmr + J)q
(P (P! ‘ 1_I§:=1(P'”r’ + J')q H;‘Z=1(Pm”” + J'U)q‘

Since 0 < j, j/, j” < p™, by using Claim 1.9, we see that up to a unit in Z[g](p,g—1)
the second term on the right-hand side is equal to

[T=1(U)q _ (s/) e Z04].
1_[ /—1(] Nq l_[ ”—1(]”)q S/ q

So it suffices to consider the first term on the right-hand side, and we are reduced to

proving the statement for k = p™r, k' = p™r’, k" = p™r”. Then we have

{k } _ (r)q[)m !

k/ (m).,q (r/)qpm !(r”)q[)m ' '

On the other hand, by Proposition 1.3, for all non-negative integers /, we have
(Pml)q = (Pm)q(l)qﬁm‘

with the terms (p™/), in (,f,) we

So, by cancelling the terms (/) gr" 1N { ,ﬁ/ e

}(m),q
have

(o)
k’ (m),q

_ Zo((p™)q - TIZZT (0™ + ))g)
(M7= (g - n,”,’iﬁ(pml/ﬂ/)q))( 2o ((m)g - T2 (P17 +77)g))

_ (™) T [T 21 (7" + g
((pm)r " (T} = 1_[” _l(p'”l’ + j0a) ([T 2o TS (o1 + 7))
[T=o -— (Pml +J)q

(T 6 TIZZ (o + 7)) (T 2o TI2 2 (017 + 7)g)

By using Claim 1.9 again, we see that up to a unit in Z[g](,,4—1), this is equal to

( pm_l(] )q)

_=1.
(122 GNg) (T2 G™g)”
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It remains to consider the case r = r’ 4+ r” + 1. By Proposition 1.6, we can check
that

(k) _ (P + 5)qg!

k') g (s (pmr 4 57!
_ M) 12255 (om0 + ) + j)g
@ P ([T (' + 7)) ([Tt (P74 7))
_ (pm(r'+r")) . 725 "0 + 1) + g
- pmr! q (Hj;=1(l7 r +J/)q)(1—[j”=1(P ”//‘1‘]'//)11).

We also have

k } (r + r”)qu '
= . (r, + r” —+ 1) m
{k, (m),q (r/)ql)m !(r”)ql)m ! a”

m l4 A
= {p (rer,r )} SR SR R P
per (m).q

So, the element( ,)( ) is equal to

<pm(r/ + r//)>
pmr! (m).q

(= P+ )+ Do) (T Zgm i (PO + 1) + 7))
(IT5=1 (27" + 30a) (TTr=y (P71 + "))
(P 1),
(r/ + r// + l)qpm .

The first term belongs to Z[q](p.q—1) by the case r = r’ + r”. For the third term, by
Proposition 1.3, we see that

P 1" D)y = (pPM)g (" 1" A1) o

So the third term is equal to (p™),. Now we consider the second term. By using Claim
1.9, we see that up to a unit in Z[g](,,4—1), the second term is equal to

(1—[17 _1(.] )q)(l_[p”/j—;m_i_l( .”/)q)
(T =1 GNa) TTr =1 Gq)

After multiplying the third term (p™),, we get (” AN ) € Z[q], so the result follows. =
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2. g-analog of the crystalline site of higher level

A g-analog of the crystalline cohomology theory, called the g-crystalline cohomol-
ogy theory, was introduced by Bhatt and Scholze [4]. On the other hand, the higher-level
crystalline cohomology theory was introduced by Berthelot [2] and it was developed by
Le Stum—Quirés and Miyataniin [11,15]. In [14], the author constructed the higher-level
g-crystalline cohomology theory, which was compatible with these two theories.

In this section we introduce some more tools for higher-level g-crystalline the-
ory, which will be used later in order to construct the complexes that compute the
cohomology.

First, we review the theory of twisted divided polynomials. Our setting is based
on that of [9, Chapter 3], which is the higher-dimensional version of [7]. As before,
fix a non-negative integer d. Let R be a 6-Z[q](p,q—1)-algebra, where ¢ is seen as a
rank-one element of R, i.e., §(¢) = 0. We endow all modules with their (p, g — 1)-adic
topology. When we consider (classical or derived) completion, it will always be with
respect to the (p, g — 1)-adic topology. Let A be a classically (p, g — 1)-complete
R-algebra (in particular, A is derived (p, g — 1)-complete) with fixed étale coordinates
x = (x1,...,xq) (i.e., the x; are the images of the indeterminates X; under some étale
map R[X] — A). By [4, Lemma 2.18], there exists a unique structure of §- R-algebra
on A such that xq, ..., x; are rank-one elements.

Note that, as a §-ring, R is endowed with a Frobenius lift ¢ which satisfies ¢ (q) = ¢?.
As a §- R-algebra, A is endowed with a Frobenius lift ¢ which is semilinear with respect
to the Frobenius lift ¢ of R, and satisfies ¢ (x;) = xip fori =1,...,d.

To consider more general §-R-algebras than A above, let B be a §-R-algebra
endowed with a sequence of elements x = (x1,. .., xg) which are not necessarily étale
coordinates nor rank-one elements. We will make several definitions for this general
8- R-algebra B, which have additional explicit descriptions and structures when the x;
are all rank-one elements (in particular when there exists a morphism of §- R-algebras
A — B such that the x; in B are the images of the x; in A).

We consider the polynomial ring B[£] := Bl£1,. .., &4] endowed with the unique
§-structure over B such that, fori = 1,. _ ,d, the element x; + &; has rank one. We call
this §-structure the symmetric §-structure. When the x; in B are all rank-one elements,
the §-structure is given by

r—1 1(p o
OEDY —( .)x,-”"s,-’ :
- P \J
J
This corresponds to the following Frobenius lift:

dE) = (& +xi)? —x?.
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Recall that in [5, Section 1], Gros—Le Stum-Quir6s introduced the notion of twisted
powers in one dimension. We can naturally extend it to the higher-dimensional case.
First, for y = (y1,...,v4) € B¢ and k € N, we set

(k)q yi .

]_[(Ez + (j)qyi) € BIE].

j=0

Then we can consider the multi-indices version of the twisted powers: for k € N, we
set

g®a = 1—[ gl
i=1
Following [7, Section 2], if y; := (1 —q)x; fori = 1,...,d, then we drop the indices
Yi, y and simply denote them by él.(k)", é‘(’f)‘f respectively:

k—1

60 = g0 = T+ (a1 - 0w)
j—()
k—1
—H(Et‘f'(l_ ])xl)_ 1_[(514‘361 q x,)
j=0

g(k)q — HE.(ki)q'
S i

i=1

(ki)g -

Since each &; is a monic polynomial in &;, we see that the & ®a for k € N9 form a

basis of the B-module B[¢]. Later, we will need the following_multiplication rule with
respect to this basis, which was shown in [5, Lemma 1.2]:

K)g (K o, =D [k k' e ktk—i
@l 0D = 3 ()l (J) (1) (q — 1)/ x]gTH D0,
q q

0=j=<k.k’
In [5, Section 2], Gros—Le Stum—Quirés introduced the ring of twisted divided
polynomials in one dimension. We define the higher-dimensional version B (£)g,x of it
as follows: as a B-module, it is free on abstract generators g[&]" indexed by k € N¢.

We call the § Kl the twisted divided powers. By [5, Propositions 2.1 and 2.2], we can
endow B(§)4,x with a ring structure using the multiplication rule

kK jG=0 (k+k —j k i Tkk—j
g_-i[ ](l%-i[ lq — Z q > ( . J (q_ 1)]xi]€_-i[ ]]q‘
q q

0<j<k,k’
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Using (2.1), we can check that the B-linear map
k k
2.2) BIE] = B(§)gx, &7 > (k)g!6",

is a morphism of B-algebras. We see from this map that the g[k]‘f recover the usual
divided powers when ¢ = 1. We also denote by /[!] the augmentation ideal generated
by all 8¢ with k| == ky + -+ + kg > 1.

When the x; in B are all rank-one elements, we can endow B (€)4,x with the unique
8-structure such that (2.2) is a morphism of §- B-algebras: we can define the Frobenius
lift ¢ on B(£)4 x by using [5, Definition 7.10] and the arguments in [7, Section 2] for
several variables. When B is p-torsion-free (in particular when R = Z[q](p,q—1) and
B = Z[q](p,g—1)[x]), this corresponds to a unique §-structure on B(§), . In general,

we can use the §-structure on Z|[q](p,g—1)[X](§)4,x to define the §-structure on B(£) 4 x

by using the isomorphism
B(§>q,;€ ~B QZlq1(p.q—1[x] Z(q](p.q-1[x] <§>M’

where the §-structure on the right-hand side is defined by using [4, Remark 2.7].
Next we recall the notion of ¢-PD pair. Our setting is based on that of [7, Section 7].

DEFINITION 2.1. A ¢-PD pair is a derived (p, (p)q)-complete §-pair (D, Ip)
consisting of a §-R-algebra D and an ideal /p which satisfy the following conditions:

(1) Forany f € Ip,¢(f) = (p)g8(f) € (p)gIp.

(2) The ring D is bounded, i.e., D is (p)4-torsion-free and D/((p)4) has bounded
p°-torsion.

(3) D/Ip is classically p-complete.

By condition (1) and the (p),-torsion-freeness of D in condition (2), we can introduce
the map

P(f)

y:lp > D, fr
(P)q

—8(f).
Then condition (1) means that y(Ip) C Ip.

ReEMARK 2.2. Let us make some remarks about Definition 2.1:

(1) Form € N, we have the congruence

(p)grm = pmod g — 1.

‘We can also check that

m—+1

m m m-+1
(P)gom (@ —DF" = (p)pm(qg? —1)=¢P  —1=(@-1)"  modp,
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so we have the following congruence:
(P)gom = (g = D?" ™V mod p.

It follows that (p),»,m € (p,q — 1) and (¢ — 1P =D ¢ (p, (p)4pm). Therefore,
the (p, ¢ — 1)-adic topology, the (p, (p)q)-adic topology, the (p, (p),»m)-adic
topology and the (p, ¢?" — 1)-adic topology coincide for m € N.

(2) By [4,Lemma 3.7], ag-PD pair (D, Ip) is actually classically (p, (p)q)-complete.
So, by Remark 2.2 (1), we see that the completeness of the g-PD pair (D, Ip)
coincides with the classical (p, ¢ — 1)-adic completeness assumption on A we
made at the beginning of this section.

For any §-ring C, we can consider the §-envelope of a C -algebra (see [7, Definition
1.1]). In this article, we mainly consider the following two cases: one is the §-envelope
C[X]? of the polynomial ring C [X], which can be identified with the free §-ring on
generators X1, ..., X4. For the elements f = (f1,..., f4) € C? and g € C, we can
also consider the §-envelope C[ f/ g]? of the C-algebra C| /' /g]- This can be identified
with C ® x5 € [Y]?, where the structural maps on the left and on the right are defined
by X; — fi, Xi — gY; respectively.

We can also consider the g-PD envelope (for more details, see [4, Lemma 16.10]).

DerintTION 2.3 (Cf. [7, Definitions 3.3, 4.8]). Let (C, I¢) be a §-pair. Then (if it
exists) its ¢-PD envelope (Clla, 1 é]”) is a g-PD pair that is universal for morphisms

to ¢-PD pairs: there exists a morphism of §-pairs (C, I¢) — (Clla, I é]") such that
any morphism (C, I¢) — (C’, I¢/) to a ¢-PD pair extends uniquely to (CLla, Ié]").

Now we can give an explicit description of the ¢g-PD envelope in a specific case,
which will be useful later.

THeOREM 2.4 (Cf. [7, Theorem 3.5, Proposition 4.9]). If B is a bounded §-R-
algebra with elements x = (x1,...,xq) € BY and B [€] is endowed with the symmetric

§-structure, then (B[§] [%]8’/\, K) is the q-PD envelope of (B[E], (1, ...§4)), where
K is the minimal (p, (p)q)-complete ideal containing (&1, ...,&) and stable under
the operation y. Moreover, if the x; in B are all rank-one elements, then we have an
isomorphism of §- R-algebras

§,A
B@MJ:B@{S?}
q

e~

——cl ——cl
so that (B(€)q.x, M) is also the g-PD envelope of (B[E], (51.....8a)), where 111

= —

denotes the closure of ' B (E)g.x in B(&)q.x for the (p, (p)q)-adic topology.
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Proor. The first assertion follows from the assumptions and the universal properties

of (B[g_%][g—)%]‘s’/\, K). The second assertion follows from [9, Théoréme 3.3.5]. n

Let B be a bounded §-R-algebra and let A — B be a morphism of R-algebras (not
necessarily a morphism of §-rings). By abuse of notation, we will denote the images
of the x; in B by the same symbols. Note that the x; in B are not necessarily rank-one
elements. There is a unique §-structure on the ring B ® g A (where ® here means the
classical (p, g — 1)-adic completion) compatible with the §-structure on B and that on
A by [4, Remark 2.7 and Lemma 2.17]. We can consider a morphism of §- B-algebras

Bl > B®rA, & 1®x-x®]1.

Let J be the kernel of multiplication B ® g A — B. Then we have the following
lemma.

Lemma 2.5 (Cf. [7, Lemma 7.2]). If two morphisms of §-pairs
up,uz: (B ®r A, J) — (D, Ip)

to a q-PD pair coincide when restricted to B[§), then they are equal.

Proor. We follow the proof of [7]. It is sufficient to show that any morphism of
§-pairs
(B ®r A.J) Qg1 (B OrR A, J) = (D, Ip)

factors through the multiplication map
(B®r A.J) ®iene) (BORAJ) > (BRR A.J).

Let N be the kernel of the multiplication from Q := 4 ® R[x] A to A. Since x are étale
coordinates on A, by [17, Tag 02FL], we have an isomorphism Q >~ N x A of rings
such that the maps N — Q and Q — A correspond to the inclusion and the projection
respectively. By [7, Lemma 1.3], we see that N is a -ring. So if we let M := B ®gr N,
then there exists a sequence of isomorphisms of §-rings

(B®r A) Qpe) (BORA) ~ BRR O ~ BRr (N x A) ~ M x (B Qg A),
which fits into the following isomorphism of exact sequences:

0 — (B®rA) ®ppe) J +J Spg (BROrA) — (BRrA) Rppy (BR®RA) — B — 0

i Fo )

0 M xJ M x (B®r A) —— B — 0.
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Here, the upper-right map is induced from the multiplication map, and the lower-
right map is the composition of the projection to B ® g A and the multiplication map.
Therefore, we have an isomorphism of §-pairs

(B®r A.J) ®iele) (BORA.J)
= ((B®r 4) ®pe) (BOR A), (BB A) ®pjz) J + J ®pjz) (B ®r A))
~ (M x(B®gA),M xJ)
=(M,M)x (B®RrA,J).

It remains to show that any morphism of §-pairs
u: (M, M) x (B ®r A,J)— (D, Ip)

factors through (B ®g A, J). If we denote the image of (1,0), (0, 1) under u by e,
ep and put (D;, Ip,) = (e; D, e;Ip) fori = 1,2, then the morphism u can be written
as the product u’ x u” with

M/I(M,M) —> (Dl, ID1)7
u”:(B®g A, J) — (D2, Ip,),

and by [7, Lemma 1.3], these are morphisms of §-pairs. The map u’ factors through
the ¢-PD envelope of (M, M), which is the zero ring by [7, Examples 2 after Lemma
4.10]. ]

Keep the assumption that B is bounded and that there exists a morphism of R-
algebras f: A — B. We can consider the morphism of §- R-algebras

¢(§)]‘“
(Pgl

Since R[X] — A is étale (in particular, it is (p, (p)q)-completely étale), and since

£ =(p)g- % — pd(§&;), there exists a unique morphism 6 making the following

diagram commute:

23) RIX] B[s][ X &+ x,

4 —L— BEIE2]/6)

\\\\9 T
Sy

RIX] — B[R]

It follows from [6, Lemma 3.4] that 8 is a morphism of §-A-algebras. By the linear

extension of 6, we get a morphism of §-rings 6: B ®r A — B[S][d’@)]‘g ~. For an
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element Z;=1 bj ® aj € J, by the constructions of J and 0, we can check that
0 =1 by ®aj) =311 bj(f(aj) + y;) = i bjy; € (£) for some y; in (§).
Therefore, the morphism of §-rings 6 uniquely extends to a morphism of §-pairs

0:(BRrA,J)—> (B[E][(ﬁ(g)]‘s A, K). When the x; in B are all rank-one elements,
the morphism 6 coincides w1th the linear extension and the completion of the morphism
A®rA— A(é )g.x in [9, Définition 3.4.2], since these are uniquely characterized by
the requirement 1 ® x; — x; ® 1 — &;. Now we have the higher-dimensional version
of [7, Theorem 7.3] in this more general setting.

TueoreM 2.6 (Cf. [7, Theorem 7.3]). If B is a bounded §-R-algebra and A —
S][ME)]‘S A, K) is the q-PD envelope of
(B ®Rr A, J), where K is the minimal (p, (p)4)- complete ideal containing (&1, ...,&4)

B is a morphism of R-algebras, then (B]

and stable under the operation y. Moreover, if the x; in B are all rank-one elements,
then (B(E)q x5 o ) is also the q-PD envelope of (B ®g A, J).

Proor. Letu: (B ®g A, J) — (D, Ip) be a morphism to a g-PD pair. The restric-

tion of u to (B[£], (51, .. .,&q)) extends uniquely to a morphism
8,A
(s L2] k)~ 0.1
(P)g

Since the diagram

(B[] (51.. ... 84))

o

(B&rA.J) —— (BE[2S]". K)

is commutative, we can apply Lemma 2.5 to the maps u; = u and

~ 8§,
ur: (B & 4, 0) > (B ( [sl[f(f)] , ) Y (D, Ip).
q

The second assertion follows from the description in Theorem 2.4. ]

Fix a non-negative integer m. To develop the level-m qpm -crystalline cohomology
theory (that is, the level-m g-crystalline cohomology theory when the element ¢ is
qpm), we first make the following definitions, which generalize Definitions 2.1 and 2.3
(the case m = 0) by simply replacing g by ql’m:

DerINITION 2.7. A gP" -PD pair is a derived (p, (p)gpm)-complete §-pair (D, Ip)
consisting of a §-R-algebra D and an ideal /p which satisfy the following conditions:
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(1) Forany f € Ip, p(f) — (p)grm8(f) € (P)grm ID.
(2) Thering D is (p),pm-bounded, i.e., D is (p),pm -torsion-free and D/((p) ,pm )
has bounded p°°-torsion.

(3) D/Ip is classically p-complete.

DerINITION 2.8. Let (C, I¢) be a §-pair. Then (if it exists) its g?” -PD envelope
m [ ] m._ . m . . . . m .
(c Ugp e 777) is a ¢ -PD pair that is universal for morphisms to ¢?" -PD pairs:

. . . m Ll pm
there exists a morphism of §-pairs (C, I¢c) — (C yp A 77"y such that any mor-
[] pm

phism (C, Ic) — (C’, I¢/) to a g™ -PD pair extends uniquely to (C[ ypm A7),
ReMARK 2.9. Thanks to Remark 2.2 (1), the (p, (p),, » )-adic topology we consider
coincides with the (p, ¢ — 1)-adic topology.

For the arguments later about the level-m ¢g? " -crystalline cohomology theory, we
are interested in what is the ¢?" -PD envelope of (B ®g A,¢™(J)(B ®g A)). We
can calculate it explicitly by using the base change of Theorem 2.4. First note that the
element ¢ (x;) + ¢™(&;) has rank one:

B@"(xi) + " (ED)) = ¢ (i + &) = (i + 8P = (" (i + E)7.

In particular, when the x; in B are all rank-one elements, we see that the element xf’ " +
¢™ (&) has rank one. So, if we now take the elements ¢, x, & which were used in the
construction of the twisted divided polynomials to be the rank-one elements ql’m, x?”
and the elements ¢™ (§), we can construct the ring Z[q](p,q—1) [x?" (g™ E))gom o

Let B[§](¢™(§)),om ypm be the base change of Z[q](p,q_l)[)_cpm](qﬁm(g))qpm oM
along the map of rings

(2.4) ZIq)(p.g—v[x?" 1[¢™ ()] — BIE].

As a B[g-module, B[EJ(¢"™ (£)) o o is generated by (¢™ (§))Har a—ar"xr™
indexed by k € N9, which are heuristically the images of é[k]‘f under ¢™. When the
x; in B are all rank-one elements, the morphism (2.4) is a ;nap of §-rings, so we can
endow B[§(¢™ (§)) 407 pm with a é-structure.

The following theorem is the higher-level version of Theorem 2.4.

Tueorem 2.10. If B isa (p),pm -bounded 8- R-algebra with elements x = (x1,. . .,
$"F1E) 5.
0 ]

p)qpm
Km)) is the q?" -PD envelope of (B (€], (@™ (51). ... 9™ (8a))), where K(m) is the
minimal (p, (p),»m)-complete ideal containing (¢™(§1), ..., 9" (§4)) and stable

xq) € B4 and B [€] is endowed with the symmetric 8-structure, then (B[§][

9’
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under the operation y. Moreover, if the x; in B are all rank-one elements, then we have
an isomorphism of §- R-algebras

¢m+1(§)}

BIEN®™ €)= B[E][ ——
qp

so that

(BIENG™ )y 17T )

is also the g?"" -PD envelope of (B €], (@™ (€1), ..., ¢™(5a))), where 117" is the ideal
of BIEN®™ (€))om om generated by all (¢ (§)) a7 =47 5™ for |fc| > 1.

Proor. The ﬁrst assertion follows from the assumptions and the universal prop-

erties of (B[£][ o ©

tion, the formatlon of B[g](qjm @)) q»" xp™ 1s stable under the base change of a

]8 ", K(m)). We prove the second assertion. By the defini-

Z(q)(p.q-1)[x? "™ (§)]-algebra. Since the formation of g?" -PD envelopes is also
stable under the base change, it is enough to consider the qpm -PD envelope of

(Z[4) (pug—1y (X7 1™ ©)]. (@™ (1) - ... 9™ (Ea))).

If we now take the elements ¢, x, £ in Theorem 2.4 to be respectively g7 "oxP" pm(E),
——cl -
we get the g7" -PD envelope (Z[q](p.q—1)[x”" (¢ (£))" 1), "

q,,m xpm ’

Keep the assumption that B is (p) ,»m-bounded, and let A — B be a morphism
of R-algebras. In the same way as the level-0 case, we can consider the morphism of
8- R-algebras

¢m+1(é) 8,A
23 R~ 8l T2 xo g

( )qpm
Sinci:]R[X ] — Ais etzile (in particular, it is (p, (p) 4 pm )-completely étale), and since
gp = (p)q,,m . (';) ) pz; for some elements z; in B["g‘] by [4, Remark 2.13],

there exists a unique morphlsm 8(m) making the following diagram commute:

(p)

s b T
<

RX] —%0 [E]["ZZ)H(S)]

A —— BE[G2]" /@
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It follows from [6, Lemma 3.4] that 6,,) is a morphism of §- A-algebras. We call 6, the

q-Taylor map of level m. By the linear extension of 6,,), we get a morphism of §-rings

Q(m) B®rA— B[S][ @, (E)],s,,\_ As we did before Theorem 2.6 in the level-0 case,

we can check that 9(,,,)(] ) C (§). Therefore, the morphism of §-rings é(m) uniquely
extends to a morphism of §-pairs

m-+1
Omy: (B ®r A, ¢™(J)(B ®r A)) — ( [FE][(IS( ) (5)} K(m))
q/’

We have the higher-level version of Lemma 2.5.

LeMMA 2.11. If two morphisms of §-pairs uy, u»: (B g A, ¢™(J)(B &g A)) —
(D, Ip) to a q?" -PD pair coincide when restricted to B (€], then they are equal.

Proor. By the proof of Lemma 2.5, we have an isomorphism of §-pairs
(B®ORA.J) Qlele) (BRRA,J) > (M, M) x (BRgA,J).
Therefore, we also have an isomorphism of §-pairs

(B ®r A, ¢"(J)(B ®r A)) @il @) (B ®r A.¢™(J)(B &R A))
~ (M, p"(MYM) x (B ®gr A,¢™(J)(B &g A))
~ (M, M) x (B &g A.¢"(J)(B Qg A)).

So it is enough to show that any morphism of §-pairs
u: (M, M) x (B®grA,¢"™(J)(B &g A)) — (D, Ip)

factors through (B ® g A,¢™ (J)(B ®g A)). As in the proof of Lemma 2.5, this follows
immediately from the fact that the ¢?” -PD envelope of (M, M) is the zero ring.  m

Now we have the higher-level version of Theorem 2.6.

Tueorem 2.12. If B is a (p) ,pm -bounded §- R-algebra and A — B is a morphism

of R-algebras, then N
¢m+1 (E) A
 Kim
(w1 G Py | ki)

is the g?"" -PD envelope of (B @ A, ¢ (J)(B &g A)), where K(m) is the minimal
(p. (p)gom)-complete ideal containing (¢ (£1), ..., ¢™ (§4)) and stable under the
operation y. Moreover, if the x; in B are all rank-one elements, then

(BIENS™ ©)) ) o TP

is also the g?"" -PD envelope of (B Qg A,$™(J)(B &g A)).
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Proor. Letu: (B &g A, ¢™(J)(B &g A)) — (D, Ip) be a morphism to a g?” -
PD pair. The restriction of u to (B[§], (9" (€1), ..., ¢™(§4))) extends uniquely to a

morphism v: (B[g][ @, (j)]‘g’A, Km)) — (D, Ip). Since the diagram

(BIEL. @™ (E). ... ¢ (5a))

I T

(B ®r A, " (J)(B &g A) —5 (B[£][% = PO Km)

is commutative, we can apply Lemma 2.11 to the maps #; = u and

P"(E)
(P)grm

The second assertion follows from the description in Theorem 2.10. |

§,A
ws: (B & A.¢"(J)(B @r A)) - (B[E][ } K<m)) 2 (D, Ip).

On the other hand, in the higher-level crystalline cohomology theory, we can consider
the higher-level analog of the usual PD polynomial algebra. We can consider the divided
power of higher level § &}om) which satisfies

d
ki |, tkiYom k
]_[L_mjlgi o= £%,

i=1 p

and the m-PD polynomial algebra which is free as a module on the generators § &}y
indexed by k € N¢,

Now, for a §-R-algebra B (that need not be (p),, ,» -bounded, nor have a morphism
of R-algebras A — B), we can consider the natural g-analog of the m-PD polynomial
algebra, which we call the m-q-PD polynomial algebra B (§)(m).q.x» as follows: as a
B-module, it is free on abstract generators & &}om.a indexed by k € N¢. We first check
the following, which is a higher-level analo;; of [, Proposition 2.1] in our more general
setting.

ProrosiTion 2.13 (Cf. [5, Proposition 2.1]). There exists a unique morphism of
B-modules

d o
(2.6) BIE] = B{E) g E©7 > H(U‘_;D glkdma
i=1

q?™

It is an isomorphism if all positive q-integers are invertible in R.
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Proor. This follows immediately from the facts that § ®a indexed by k € N4 form

a basis of B[§], and that g{k}("”-" indexed by k € N4 form a basis of B (&) (m).q.x bY
definition. -

To endow B (§)(m),q,x With a ring structure such that (2.6) is a morphism of B-

algebras, we need to check the following quite involved multiplication rule, although it
is not necessary for later computations.

ProrosiTiON 2.14 (Cf. [5, Proposition 2.2]). Let k, k' be non-negative integers.
The multiplication rule

é.{k}(m).qg_-{k/}(m).q — Z (] )q' q% {k + k' — ]} (k) <k/>
l l (LPLmJ)qpm! k m.qg \J ) q\J | m)q

0<j<k,k’

Ak = Yo,

defines a structure of a commutative B-algebra on B(§)(m).q.x such that the linear
map (2.6) is a morphism of B-algebras.

Note that, as in the proof of Lemma 1.8, by using the formula (p™ 1), =(p"™ )4 (1) g7
we can cancel the terms (/) 7 in (L#J)qpm! with the terms (p™!), in (j)4! for
1<l< Ll%mj and show that % € Z|q]. So this multiplication rule is well

W qpm .

defined over a Z[q](p,q—1)-algebra.

Proor or ProrosiTion 2.14. As the multi-indices case of the twisted powers is
defined as the products of the one-index case, it is enough to show the assertion in the
case d = 1. By using the maps

Q@) < ZIq)p.q-1) — R,
Q@)[x] < Zlq](p.g-1)[x] — B,

we may assume that R = Q(¢) and B = Q(g)[x]. In particular, all positive ¢g-integers
are invertible in B, so the map (2.6) is an isomorphism. Then, using (2.1), we can
check that the multiplications on both sides coincide because of the following equality:

(5 D () G),5),
=L))o (G )0, GG o
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When the x; in B are all rank-one elements, we can endow B (£) on),4,x With the
unique §-structure such that (2.6) is a morphism of §- B-algebras. This will be done in
Proposition 2.15. First of all, we can construct a morphism of B-modules

k! ik
Q7 BE)max = BlE)gx, EEma 1—[ i, ( J))q ' glle
qpﬂ‘l

(ki)q!
—— € Z[q],
pmJ) pm‘

so this map is well defined. To check that this is a morphism of B-algebras, as in the

By the argument before the proof of Proposition 2.14, we see that

proof of Proposition 2.14, we may assume that R = Q(g) and B = Q(gq)[x]. The maps
(2.2), (2.6) and (2.7) fit into the following commutative diagram:

(2.6)

B[E] (§)(m),q,;c
m l(z.n
B(§)g.x

Both (2.2) and (2.6) are isomorphisms of B-algebras, since, by the assumption, all
positive g-integers are invertible in R. Therefore, the same holds for (2.7).

First, we consider the §-structure when B = Z[q](p,g—1)[x]. Then the map (2.7) is
injective (not necessarily isomorphic, since not all positive g-integers are invertible
in Z[q](p,q—1)[x]. By the arguments in [7, Section 2], we have the formula of the
Frobenius lift ¢ on Z[q]p,qg—1)[x]{&)g.x:

pk
$E) =3 (p)eby jx P g

j=k

where the detailed expressions of by ; € Z[q] are quite complicated. To see that ¢
restricts to an endomorphism of Z[q](p.g—1)[x](§) (m).¢.x- it is enough to show that the

LSU % in the formula
L D)o 1

(k)q! [k]q) k (k)qﬂ'
¢((L A,Zk( Pl ks

J)qpm' i ]) g pm+t!

coefficients of

. (I.p_mJ)qﬁ’"-b pk—j((L ()q! E[j]q)

(g eI I )y
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are the elements in Z[q](,,4—1)[x]. By the argument before the proof of Proposition
2.14, we see that

(Ler.nJ)qpm! . 1
g! B - m_
(])q J_zp:)nj 1((pm)q_ 5=11(pml+u)q)
1

. / ’
J=p" ]

T2 7" (o ]+ )

which is equal to + up to a unit in Z[q](p,4—1) by Lemma 1.4. Since this

L 1—
n;io (»")q
denominator is biggest when j = pk, it suffices to show that when j = pk, the element
k
(k)gr! (L&7 D gom!

k .
(P)g (LmeJ)qpmﬂ ! (Pk)q!

belongs to Z[q](p,4—1)- Thanks again to Lemma 1.4, for any non-negative integer m’, we
can ignore the terms (n)q ,m" when gcd(n, p) = 1. Then the result follows immediately
from the equations
(PDg = (p)g(Dgr forl =1,...,k,
k

(P = Py Vs Torl =1, | - .
As Z[q](p.q-1[x] is p-torsion-free, the Frobenius lift ¢ on Z[q](p.q—1)[X]{&) m).q4.x
corresponds to a unique §-structure. Now we consider a general B where the x; in B
are all rank-one elements. Then we can define the §-structure on B (&) (n),4,x by using

the isomorphism

B(§>(m),q,;c ~ B ®Z[Q](p.q—1)[3£] Z[‘IJ(p,q—l)[)_C]@)(m),q,;c-

The ring B[§](¢™(§)),»m ,»m that appears in Theorem 2.12 is the ring we are
particularly interested in, but its construction is quite complicated. On the other hand,
the m-q-PD polynomial algebra B () n),q,x is the natural g-analog of the usual m-PD

polynomial algebra. So we can consider the g-analogs of the usual calculations for
B (&) (m),q,x- However, the relation between these rings is not clear from the definitions.

Actually, these two rings are isomorphic as §- B-algebras.



K. Li 108

ProposiTION 2.15. Let

Z1g)p.a-n XIENS™ @) g o = Zipy @ IxIE],
T @) e aarr”
(ki)qp”’ !

(@™ (i_-'))[k]qpm (g PMyxp™

and

Z{q](p.q-0[x1{E) m).q.x = Z(17) (9)[x][§].

S(k i)q
{k}(m) 7 l_[

i=1 (l_pmJ)qpm'

be the natural morphisms of 8-rings. Then the ring Z[q](p.q—1)[X][E](™ (§)) g o xom

X
is isomorphic to the ring Z[q](p.q—1)[X1{§) m).q.x as S-subrings of Z(,)(q)[x][§]. In
particular, by the base change to a §- R-algebra B with elements x = (x1,...,xz) € B¢,
we can construct an isomorphism of B-algebras

BIEW@™(5)) g xrm = B(E)m).q.x-
If the x; in B are all rank-one elements, then this is an isomorphism of §- B-algebras.

Proor. Let k,r,s € N such that k; = p™r; +s; (0 <s; < p™) forall i =
., d. By construction, {g{k}(’")’q }kena is a basis of Z[q](p,q_l)[)_c](g)(m),q,l asa
Z1q](p,q—1)[x]-module. Since we have

2141 (p.g- [X][EKS™ (E)) g o

= 2[q) a0 3E ®zigle, o o™ g o) ZLal g [ TG ©)gom om.

and that {£5(@™ (£)) Par™ a=a?"x?" y, o s a basis of Zlglpg-nx][E] as a
Zq](p,q—1)[x]-module, by moving (¢™ (E))(Dq”m «(1=¢?")xP™ o the right of the tensor
product, we see that {£* (¢ (é))[dqpm =g PP Jrenaisabasis of Z[q]p.q—1)[X][€] -
(@™ (&) gom xom as aZ 9]¢ p_,q_l) [x]-module. By cc;nsidering the images of these bases
in Z(p)(q)[x][], we see that as polynomials in variables &, the degrees of & &} om.q
and £5(¢™ (E))[z]ql’m (1=¢P"™)xP™ are both equal to |k|, and have a unique term of the
hlghe_:st degrz:e with the same leadlng coeﬁicwnts So, if we are able to check that for any
r € N, the clement (¢ (£))""e”” 142" 2" belongs t0 Z[q](p.q-1)[x] (€) m.q.x-
then by 1nduct10n we can also write § {k}om.a a5 a linear combination of the
E5(p™ (& )) Elgp (1-qp™ o™ , so the result follows. As the multi-indices case of the

twisted powers is defined as the products of the one-index case, it is sufficient to show the
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assertion in the case d = 1, i.e., for any r € N, the element (¢™ (E))[r]f/”m (=g P"yxp™
belongs to Z[q](p,q—1)[*](§) (m),q,x- Equivalently, we need to show that

(2.8) (™ (S))(r)"pm A=a?"™x?™ e (1) o \Z[q) (p.g—1) [XI{E) (m) g.x-

Thanks to Lemma 1.4, in the factorial (r),,» !, we only need to consider the terms
(p"1),pm . where [, n are positive integers with p"/ < r such that ged(/, p) = 1. By
Proposition 1.3, we have

2.9) (P" D) gom = (P)gpm (D) ypm+1 - (P) g pmtn=1 (1)  pmetn

where the term (l)qpm+n can be ignored by Lemma 1.4. Note that Z[g](p,q—1) is a
UFD, and we can check that for j € N, each ( p)q »s 18 an irreducible polynomial in
Z[q](p,q—1) that is different from the others: we fix a compatible sequence of p-power
roots of unity {,;+1}jen as elements of C, which can be used to analyze the terms
( p)q »7 - The roots of ( p)q s in C in variable ¢ are primitive p/ T!th roots of unity,

so ( p)q »J 1s the p’*1th cyclotomic polynomial, which is irreducible by the classical
result. Therefore, if we want to show (2.8), it is important to count the number of
irreducible factors ( p)q »J - For this purpose, the next claim is useful.

Cramm 2.16. Let n be a positive integer, and let v be a non-negative integer. Then

p"’—l
[T @"® + =g "™y — 0" € (p) ymrns ZIg)[X][E]

u=0

We prove the claim. It is enough to check that, if we assign ¢ = {,m+n in C, then

the element in the claim is equal to 0. Now, the twisted power & (? "4 can be factored
as the product

p'—1p"-1

e =TT ] @+ -7,

u’=0 v/'=0
So it is sufficient to show that for u € N, if we assign ¢ = {,m+x, then the element

pm—l
2100 (@) + A =g """y - T €+ (1 =gt )x)

v/'=0

is equal to 0. Since the elements x, £ + x are rank-one elements, we see that

P (E) +xP" = P (E+x) = (§+x)7".
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So for the left-hand term in (2.10), we can check that

P"E) + (1 =g " TP = ()P g

If we assign ¢ = {,m+n, then we have the element

E+ )" =X H(s+x— Y x),

v//_

which is equal to the right-hand term of (2.10) when g = {,m-+x. This proves the claim.
Now we want to show (2.8). We first note that

m+n)q

m-+n m—+n
g = (p")gom g om.a = (P)grm (P)qpm+1 ...(p)qpm+n_1§{p Yom).a

So, by using Claim 2.16, we see that

pr—1
[T @7 + (1 =g "+ " )xr™)
u=0

@.11) € (), 1 Zq)p.g—1) IX1{E) gm.g.x-

Notice that, for [,,, s, € N such that 0 < s, < p", the element

(@™ (£)) P I g™

can be factored as the product

I,—1 p"—1
( [T [ler®+a- q"P’”+va+”>me>)

v=0 u=0
Sn_l

) ( l_[ (™) + (1 - q“”l’m"‘lnﬁm“)xp’"))‘
u//=0

So, by applying (2.11) to the left-hand term, we see that
"l +sn m m m 1y
(@7 (€)™ e (p)! L 2l g X ED g

Since Z[q](p,4—1) is a UFD, and since monic irreducible polynomials ( p)q pm+n—1 1N
Zq](p,q—1) are distinct for n € N, if we set ¢ as the largest integer that satisfies p© < r,
we see that

2.12) (¢m(g))(r)qpmg(l_q,,m)x,,m € (H(p);npnz+n1)Z[Q](p,q—l)[x](E)(m),q,x.
n=1
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On the other hand, for each positive integer n, if we consider
r=p'ly+sp 0=<s, <p"

as before, then by using (2.9), we see that the number of irreducible factors ( p)q pmtn—1
in (r) a7 !, which appeared in (2.8), is equal to /,,. Together with (2.12), we can check
that (2.8) holds, so the result follows. ]

Now we consider the theory of m—ql’m -crystalline sites. Our setting is based on
that of [6, Sections 1 and 4]. First, we begin with the following general construction.
Let 7 be any site and let T be the corresponding topos. If we denote by 1 := {0}
the final category, then there exists a unique cocontinuous functor er: T — 1. By the
identification of the category of sheaves on 1 and the category Sets of sets, we obtain
the final morphism of topoi,

er: T — Sets.

We have e« (E) = I'(T, E) and H*(T, E) = R¥er«(E).

Next we recall the notion of an m—ql’m -crystalline site in [14], in the situation
we will use later. Let (R, Ig) — (A, I4) be a morphism of g?” -PD pairs with fixed
rank-one étale coordinates x = (x1,...,xy) in A. We also assume that

Iy = IITACI-
For a ¢?" -PD pair (D, Ip), let Jp := (¢")"'(Ip).

DeriNiTiOoN 2.17. Let A := A/J4. We define the m-q?" -crystalline site
(,éf/R)m_q,,m erys OF A/R as follows. Objects are maps (R, Ig) — (D, Ip) of ql’m -PD
pairs, together with an R/Jg-algebra map A — D/Jp. We will often denote such
an object by (D, Ip) if no confusion arises. A morphism is a map of g?” -PD pairs
(D, Ip) — (D', Ip/) over (R, IR) such that the induced morphism

D/Jp — D'/ Jp

is compatible with the maps A — D/Jp, A — D'/Jp,. Amap (D, Ip) — (D', Ip’)
in (A/R) isacoverifitisa (p, (p),»m)-completely faithfully flat map and
satisfies

m-qP"™" -crys

Ip = IpD".

The structural ring (9,(41”/13( of the site (A/R) is given by (91(4"/’;((D, Ip)) = D.

By the same argument as in the proof of [4, Corollary 3.12], we can check that (9%";2
is a sheaf.

m-gP" -crys
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We can also consider the slice category ¢?” -CRYS /4 over (A, I4) as follows:
objects are maps (A4, I4) — (D, Ip) of g?” -PD pairs, and the notion of morphism is
the obvious one. We endow qpm -CRYS, 4 with the flat topology as in Definition 2.17.
Then we have the final morphism of topoi,

eq: q”m-CRYS/A — Sets.

Since the g?"'-PD pair (A, 1) is the final object of the category ¢?”" -CRYS, 4, we
see that eq«(E) = E4 is the realization of the sheaf £ on A. The structural ring
Ogrm crys,, Of the site g7"-CRYS 4 is given by Oypm cgys, (D, Ip)) = D. In
particular, we have O pm_crys, , (A, [4)) = A. As above, O pm _cgys, , is a sheaf. So
we can consider e4 as a morphism of ringed topoi,

ea: (q”" -CRYS 4, Ogrm crys, ,) = (Sets, A).

We have e« (E) = E4 as above, and e (M) is the sheaf associated to the presheaf

(D, Ip) = D ®4 M. We define Léj as the derived (p, (p),»m )-completion of Ley.

Let C be a commutative ring. We denote by FModf\p ?), ) (C) the category of
Mg

derived (p, (p) 47" )-complete (p, (p) 7" )-completely flat C-modules. Then we have
the following lemma.

LeMmMmAa 2.18. We keep the notation above:
(1) (Cf.[18, Lemma 2.7]) Let M, N € FMOdE\p ) pm)(A). Then the derived (p,
g

(p)4pm)-completion of M ®f{ N is (p, (p)ypom)-completely flat and discrete, and
it coincides with the classical (p, (p),pm)-completion of M ®4 N.

(2) (Cf.[16, Lemma 3.7 (i)]) Let (A, 14) — (D, Ip) be a map of g™ -PD pairs and
let M € FMod(,, (,, . (A). Then the derived (p.(p) 4pm)-completion of D QL

Mg

M is (p, (p)gom)-completely flat and discrete, and it coincides with the classical
(p. (p)gpm)-completion of D ®4 M.

Proor. If (4, 14) — (D, Ip) is amap of g?” -PD pairs, then
(4. (P)grm)) = (D, ((P)gom)

is a map of bounded prisms. So (1) follows from [18, Lemma 2.7] by considering the
pair of prismatic type (4, (p, (p)qpm )), and (2) follows from [16, Lemma 3.7 (i)] by
considering I = ((p),rm ). ]

In this article, when we consider the derived (p, (p),»m )-completion of the derived
tensor product, we always consider the cases in Lemma 2.18. So we will simply denote
it by ® when there is no risk of confusion.
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We consider the notion of a complete crystal in the sense of [18, Definition 3.3].

(resp. on ql’m -CRYS, 4)
is a sheaf of (9;’;2-modules (resp. O 47" CRYS, 4 -modules) E such that for each object

(D, Ip) of the site, the evaluation Ep of E at (D, Ip) belongs to FMod(Ap ), (D),
g

and for any morphism f: (D, Ip) — (D’, Ip/) in the site, the canonical linearized
transition map

DEFINITION 2.19. A complete crystal on (A/R)

m-qP"™" -crys

¢r(E):D'®p Ep — Ep/
is an isomorphism. We denote by

CR((A/R) O (resp. CR(g”"-CRYS 4, Oy pm crys, ,))

m-qP" -crys* Y 4R

the category of complete crystals.

Prorosition 2.20 (Cf. [6, Proposition 4.1]). The functors Reqx and Lé} induce
an equivalence between CR(q?" -CRYS 4, Ogrm crys, ) and FModg(, ) ) (A)-
]

Proor. Let M € FMod(Ap ) pm)(A). We consider the presheaf é3(M) of
g

O40m crys, ,-modules that sends an object (D, Ip) in qP"-CRYS,4 to D ®4 M. By

Lemma 2.18 (2), we have D ®4 M < FMOd?p ) pm)(D). If (D,Ip) — (D', Ip’)
g

is a flat cover in q"’m -CRYS, 4, then by [18, Proposition 2.9 (i)], we have an equalizer
diagram of D-modules

D& M — D' & M =D ®p D ®4M,

so €3 (M) is a sheaf. Again by Lemma 2.18 (2) and the definition of Lé7, we see that
Léj(M) = é3(M). The canonical linearized transition maps associated to &3 (M) are
clearly isomorphisms, so we have Lé%(M) € CR(g?"-CRYS 4, 0 g7 LCRYS, 4)-

Now, for E € CR(qpm -CRYS /4, qum—CRYS/A)’ we show that R'eq« E = 0 for
i > 0. We need to show that Hi(qpm—CRYS/A, E) =0 for i > 0, but this can be
checked as in [18, Lemma 4.12].

We can calculate that eq«3(M) = A ®4 M =M and (ejeax(E))p = D ®u
E4 = Ep, so that e4« and €} induce an equivalence between CR(qpm -CRYS 4,
Oq pm —CRYS/A) alld FMOd?p,(p)qpm )(A). | |

Now we consider the localization functor

ja:q?" -CRYS, 4 — (A/R)

m-qP" -crys
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that sends a map (4, I4) — (D, Ip) of g?" -PD pairs to a map (R, Ig) — (D, Ip) of
qpm -PD pairs, together with an R/ Jg-algebra map A — D/Jp. This is a morphism
of sites which extends to a morphism of topoi,

ja:g?"-CRYS 4 — (A/R)

m-qP" crys-

DeriniTION 2.21. If M € FMOd(p @), ) (A), then the linearization of M is

L™(M) = janél(M),

which is a sheaf on (A/R)

m-gP" crys-

To compute the linearization, we need to consider the product in (4/R),,,. 4P crys®
For a §-pair (C, J), we denote by J°' the closure of J in C for the (p, (p)4pm)-adic
topology.

ProposITION 2.22. If (B, I) is an object of (A/R) then

m
m-qP"" -crys’

)7 P
(me G ] o oo G5 2] )

is the coproduct of (B, Ig) and (A, 14) in (A/R)
morphism (A, I4) — (B, Ig) in (A/R)

m-qP™ rys- Moreover, if there exists a

m-qP™ crysr then it is isomorphic to

cl

(B@)(m),q,;c’ 1 + IBB(S>(m) a, X)

In particular, when (B, /) = (4, I4), we use the identification of A[E][ o (S)]a A

and A(§ )(m),q,x Without comment.

PrOOF OF ProOPOSITION 2.22. We denote the structural map A — B/Jp =: B by
f. First, we can choose the liftings of the images of the x; under the map 4 —
A L5 B and construct the map R[X] — B. For any element y € Jpg, we can check
that yf”erl = ¢ *1(y) — pz for an element z in B by [4, Remark 2.13], and that
" T(y) € (p) 4»™ B by the definitions of the ideal Jp and the g?" -PD pair. Since
R[X] — Ais (p, (p),rm)-completely étale, by the arguments in the proofs of [1,
Proposition 1.5.5] and [8, Théoreme 18.1.2], there exists a unique morphism of R-
algebras f: A — B making the following diagram commute:
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so we can consider the §-ring B ®gr A and its ideal J as before, where J is the kernel of

multiplication B ®r A — B.By Theorem 2.12, we can construct the ¢ "_PD envelope

(BIEN e O K ) of (B &R A.¢™(J)(B ®r A). Since I is aq?” -PD ideal

of B, by [7 Lemma 3.2 and Corollary 4.4], we see that

")

PO
(P)qﬁm ] )

§,A
] K<m>+IBB[§1[(p) -
q/’

(®'.13) = (B [&1[

isa ql’m -PD pair. As we assume that Iy = I;TACI, we have the morphisms of ql’m -PD
pairs O(my: (A, 14) = (B, Ip’) and (B, Ig) — (B’, Ip). Since we have ¢™ (&;) € K ()

m-+1
foranyi =1,...,d,weseethat§; € Jps. By the construction of B’ = B[f;‘][dzp) (g)]‘S’A,

we can check that B := B’/ Jp/isa quotlent of B, and by the construction of O(m), we
see that Q(m) A — B’isaquotientof f.Therefore, the maps Omy: (A, 14) — (B', Ip’)
and (B, Ig) — (B’, Ip’) are actually morphisms in (4/R) It remains to
show that for any morphisms

m-gP" crys

g:(A,]A) —> (C, Ic),
h: (B, IB) —> (C, Ic),

in (A/R) m-qP™ cryss these morphisms uniquely extend to a morphism

(B'.1p)) —> (C.Ic)

in (A/R),pygom grys-
We first have a unique morphism of §-rings

r r
F:B®RA—C. Y bi®aj+— » h(b)g(a)).
j=1 j=1
that extends the underlying rings maps of g, 4. We can also consider the following
A-algebras map induced by g, h:
A —C/Jc =:C,
B — C;

S o

then we have /1 o f = g. Now, for any element Z]r.zl bj ® aj € J, we have

Y b flaj) =0

j=1



K. Li 116

by definition. So we have

F(Zb,- @a,-) =D h(b)3@) = ﬁ(ZE-f(a—,-)) =0
j=1 Jj=1 Jj=1

namely, F (Z;zl b; ® aj) € Jc. Therefore, the morphism of §-rings F uniquely
extends to a morphism of §-pairs:

F: (B ®R Av ¢m(J)(B ®R A)) g (C’ IC)

By the universal property of a q”m -PD envelope, we can get a unique morphism of
g?" -PD pairs (B, Km)) — (C, Ic) extending F', and it actually extends to a unique
morphism of g?” -PD pairs (B, Ig') — (C, I¢). Since B’ is a quotient of B, it is easy
to check that this is a morphism in (4/ R) g0 crys-

For the second assertion, if we assume that there exists a morphism

(A, 14) — (B, Ip)

in (4 /R),. 2P crys® then the x; in B are all rank-one elements. Then the result follows
from Theorem 2.12 and Proposition 2.15. |

ProrosiTioN 2.23. For any object (B, Ig) in (/I/R)m_q,,m erys We can find a map
i1:(B,1g) — (B, Ip') and amap iz: (A, 14) = (B, Ip) in (A/R),py_ g ey
the underlying rings map of i1 is (p, (p) " )-completely faithfully flat.

where

Proor. By [6, Proposition 5.2], we see that B[g][ @, (S)]‘S Nis (p, (p)gom)-
completely faithfully flat over B. So we can simply choose the object in Proposition

2.22, and use the fact that it is the coproduct of (B, Ip) and (A4, 14). |

REmARrk 2.24. For the object in Proposition 2.22, the inclusion

m+1 §,A
qP

does not hold in general. Therefore, [6, Proposition 5.3] would no longer be correct if
we used the flat topology in Definition 2.17.

From now on, if we write B[E][ @, (%')]5 " ®', —, then the notation ®’ indicates

that we use the level-m g-Taylor map G(m) (which was introduced before Lemma 2.11)
for the A-structure on the left-hand side.
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By Proposition 2.22, we can calculate the functor

jit: (/R — g”"-CRYS 4,

m-qP" crys

Jas:q”" -CRYS 4 — (A/R)

m-gP" crys?

associated to the morphism of topoi jg4. B\ythe same argument as in the proof of
[3, Proposition 5.25], we see that for F € (A/ R) o™ crys» the sheaf j g (! (F) sends an
object (D, Ip) of g?"-CRYS 4 to Fp, and for an object (B, Ig) of (A/R),, ,om
the sheaf j; ' ((B, Ip)) is represented by the object

-crys?

")

PIE T
(p)qp’" j| )

§,A
} Kom +IBB[§][ s
qp

Bomy: (A. L4) — (B[S][

of g?" -CRYS 4. Thenit follows that for F'eq?” -CRYS 4, the sheaf j4«(F’) sends an
object (B, 1) of (A/R),_gpm rys 1O F}; o+ E)
tion of L& (M). G 1™

This gives an explicit descrip-

LeEmMMA 2.25. Let M € FMod(p @), m)(A).

(1) If (B, I) is an object of (A/R) then

m-qP"" -crys?
¢”’+1(E)T N & M
(P)gom aM

(2) If (B, Ig) — (C, I¢) is a morphism in (A/R)
isomorphism

L™(M)p = B[g][

m-q?™ crys there exists a canonical

C ®p L™ (M)p = L (M)c.

In particular, we have L™ (M) € CR((A/R) o™ ).

m-qP™ -crys' ¥ 4R

Proor. The first assertion follows from the calculation of j4« above and the def-
inition of €3 in the proof of Proposition 2.20, so it follows from Lemma 2.18 (2)
that L (M)p € FMod( (D), ) (B). Therefore, the second assertion follows from

[4, Lemma 16.10 (3)]. -

The following standard results are useful to calculate the linearizations.

om Yand M €

Lemma 2.26 (CF. [6, Lemma 4.71). If E € CR((A/R) g0 crys O 1

A
FMod(p,(p)qu )(A), then

E® o L™M)~L™(E4&®4 M).
OA/R
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Proor. We follow the proof of [6]. If (A, I4) — (B, Ip) is a map of g?" -PD pairs,
then

(ji'E)p = Ep = B®4 Ea = (¢,Ea)3.

So we see that jA_lE = ¢} E4. By the adjunction map j ]A*eAM — 5 M, we get

the map
.—1 A N
JA (E ®(9(fn) ]A*E'ZM)
A/R
= Jji'E &0 Ja'jaxéiM
A qP"" CRYS /4 A A
= 21Ea o JaljanéiM
A aP"" CcrYS 4 A A
Ak

A% -
— ek e
A=A ®0qpm»CRYS/A A

= (qum-CRYS/A ®A é) ®0qpm (qu'"-CRYS/A @A M)

—CRYS/A
= qum -CRYS, 4 ®4 (E4 ®4 M)
= &1 (Eq ®4 M).

Again by adjunction, we get the natural map

E®qum L™ (M)=E ®@<m) JaxliM — jaxé}(Ea &4 M) = L") (Eq &4 M).

A/R

It remains to show that this is an isomorphism. It is sufficient to show that for any object

(B. IB) of (A/R),y,_ 4o crys» We have

Ep ®p L (M)p ~ L™ (E4 &4 M)p.

G

(m)
@, O;

We write B’ —B[E][ m-q?"-erys' @ g/ R

2.25 (1), we have

=15, Since E € CR((A/R)

), by Lemma

Ep ®p L™ (M)g ~ Eg &3 B'®, M ~ Ep' &y M
~ B & Es®4 M ~ L™ (Eg &4 M)p. L

LemMa 2.27 (Cf. [6, Corollary 4.4]). We have R jyxE =0 fori > 0and E €
CR(ql’m -CRYS 4, (9qu -CRYS/A)'

Proor. We follow the proof of [6]. We write B’ := B[E][ . (E)]‘S A. Then the

sheaf R’ j44E is associated to the presheaf (B, Ig) — H' (qP CRYS/B/, E p’). But
by considering the case A = B’ in Proposition 2.20, we see that

H'(g?"-CRYS,p/, E|p’) = RepxE|p = 0. n
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LemMma 2.28 (Cf. [6, Corollary 4.5]). If M € FMod(p ), ) (A), then

RT((A/R) L™(M)) =M

m
m-qP"" -crys’

Proor. We follow the proof of [6]. As in the previous construction, we have the
final morphism of topoi,

€i/R" (/I/R)m—qpm—crys — Sets

which satisfies e ; JR©JA = ea. Then by Lemma 2.27 and Proposition 2.20, we can
calculate that

RT((A/R) L™ (M) = Re g/, L™ (M)

m-gP™ -crys’
= Re j/pijaxesM
= Rej/p.RjaxeyM
= R(eA/R*jA*)éZM
= RegxéyM
=M. ]

There also exists a notion of stratification in our setting that reads as follows.

DEFINITION 2.29. A hyper m-qP" -stratification on M € FMod(p ), ) (A) is

an A(é‘ ) (m),¢,x-linear isomorphism

A(E)(m)qx By M~ My A(E)(m)qx

satisfying the cocycle condition

(em & 1d & ear) o (8! & 1dy) = (1dyr & 81) o em,

Id—
m) q. x) ° ( A(g)(m) q.x

where
81 <$)(m)qx_>A(E>(m)qx ®A A(E)(m)qx

is the comultiplication map that will be defined after Proposition 3.1.

Prorosition 2.30. The category CR((/I/R)m_q,,m erys (91(4/;) is equivalent to
the category of derived (p, (p) ,pm )-complete (p, (p),om)-completely flat A-modules

endowed with a hyper m—qpm -stratification.

Proor. By using Propositions 2.22 and 2.23, this can be proved in the same way as
in [18, Proposition 4.8] by replacing bounded prisms with ql’m -PD pairs, and putting

~ ~ ¢m+1
R = Aand B = B[§]] @,

(n%) 1% in the notation there. .
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3. g-analog of the higher de Rham complex

In this section we construct a g-analog of the “de Rham-like” complex and prove
the corresponding Poincaré lemma, following [15].

First, we do some differential calculus related to the m-g? " -crystalline theory. Let
(R, IR) — (A, I4) be amorphism of g?” -PD pairs with fixed rank-one étale coordinates
x = (x1,...,xq)in A. We also assume that /4 = md. Let P := A ®r A. Similarly
to Section 2, if we write — ®1’4 —, then the notation ®’ indicates that we use the right
A-module structure on the left-hand side. For r € N, let I(r) be the kernel of the
surjection ~

ABUHD) — 4 QR RrRA~P R,y --®y P — A.

r + 1 times r times

Let ™) (r) be the g?" -PD envelope of (A®T+D ¢ (1(r)) ABT+D) with the A-

A/R.q R
module structure induced by multiplication by the first factor of A®7 1 By Theorem
2.12 and Proposition 2.15, we have Pf}% q(l) = A(£) (m).q.x- More generally, we have

the following result.

PropositioN 3.1. The graded A-algebra Pé'/"; q(°) can be identified with the

complete tensor algebra of A(E)(m).q,x Over A, namely, we have

o0
(m) _ 68
PA/R,q (o) = @ A(g)(m;,q,z'
r=0

e~

In particular, Pf/n])e,q (2) = A(€)m).q.x @):4 AE) (m).q.x-

—_a

Proor. We can check as in the proof of [7, Corollary 7.4] that A(§ )E‘i’n; 4 is
bounded. Thus, by [7, Lemma 4.10], it is the ¢?" -PD envelope of P® 7 = A®(+1)

with respect to the ideal ¢™ (1 (r))Aé’(’ +1_ Thus we have the canonical isomorphism

o~

Pf}?z,q (r) ~ A<§)€n;,q,;€ for r € N. Moreover, by definition, we have the product

structure

~/
Pj’/";’q(r) 8, Pj’/”;,q(s) N Pj’/”;,q(r +5)

induced by the natural morphism
P®,r @:4 P®/S - P®/(r+s)
which is compatible with the natural morphism

A& s A TT0\& (r+s)
A<§>(m;,q,;c ®4 A<§)(m§,q,;c - A<§>(m),q,;c )
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Thus the isomorphisms Pé'/"lz q(r) ~ A/(E ) f% 4 for » € N induce the isomorphism

o0
(m) ~ 768
PA’/nR,q (o) = @ A(§>(m;,q,>,c
r=0

of graded A-algebras. u

Forr € N, let 8! Pj% () = Pé'/"; ,(r + 1) (0 =i =r+1)denote the map of
8- R-algebras corresponding to the strictly increasing map of simplices

[r]:={0,1,....r} = [r +1]
that skips , i.e., 8] is induced by the map A®C+D . 4®C+2) given by

@ ®ar—>a® - Qai-1Q1®a; ®---Qay.

Then we can consider the differential morphism d: Pé'/"ll,q (r) —> Pj'/nl)e,q (r+1)by
r+1

3.1 dm =) (=18,
i=0

and this makes Pj%,q (o) a DGA (differential graded algebra) over R.

Forr € N, let o Pj'/"l)e’q(r) — Pj'/"l)e’q(r —1) (0 <i <r —1)denote the map of

8- R-algebras corresponding to the surjective non-decreasing map of simplices
[F]:=40,1,....r} > [r — 1]

such that {i } C [r — 1] has two elements, i and i + 1, in its preimage, i.e., 0] is induced
by the map A®U+D . A®() given by

Q- Qar—>agQ--®ai—1 ®ajdiy1 Qdit2 Q- R ay.

Then we can define the sub-DGA N P%}e (@) of P/Y/n})e () by

r—1
NPX%’q(r) = ﬂ Ker(a/]).
i=0

(m)
A/R.q

freely generated by {§ &} om).q }kend\{o}> and the DGA N PX;I)R q(°) is isomorphic to

(m)
A/R.q

It is easy to see that NP (1) is the (p, (p)4pm)-completion of the A-module

the complete tensor algebra of NP

(1) over A, namely, we have

o0
NPﬁl"/’L,q(o) = @NPEI”;}MU)@ r
r=0



K. Li 122

Next we make some explicit computations related to the above constructions.

TueoreM 3.2. Forall k € N9, the morphism 81 Pér/"lz q(l) — P,f/nl)e q(2) satisfies

511 (g{k}(m),q) — Z <]£/> S{lj/}(m),q Q' g{k_]g’}(m),q_

0<k’<k (m),q_

Proor. As in the proof of Proposition 2.14, we may assume that R = Q(g) and
A = Q(q)[x]. First we consider theelements & :=1Q x; —x; @ le Pfori =1,...,d
(notice that these would have been called —z; in [15], and therefore the signs in our
formulas will not always agree with those given by Miyatani) and the map

511:P—>P®:4P, fRg—> fRIQg.
By [13, Theorem 3.5], we have
k ’ ’
sle®ay — Ad k)q o £k—k)q
= 3 () € e'e

0<k'<k ~~

—

By considering the images of these elements in A(§)(m),q,x Via the map

¢m+1(§)

8,A -
~ A m),q,x

Omy: P — A[g][

before Lemma 2.11, we get the equation

so the result follows. [

Prorosrition 3.3 (Cf. [15, Proposition 2.18]). For all k € Nd, the morphism

dl: PX/"I)Q q(l) — Pé'/"; q(2) satisfies

dl(g{li}(m),q) — _ Z <lﬁ/> %-{Ig/}(m),q Q' g{li—k/}(m),q.
N O<k’<k ]S (m)sq_ N
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Proor. By definition, the morphism d! is equal to 83 -6 % + 8;. It is easy to see
that

si®may = 1 @ g®ema and sl (W) = gBloma g/,
Then the result follows from Theorem 3.2. [

Now we calculate the hyper m-g?" -stratification on L") (M) 4, which exists by
Lemma 2.25 and Proposition 2. ?0 Note that we consider the left A-module structure
on LU (M)4 = A(E)m.q.c 814 M.

Lemma 3.4 (Cf. [15, Lemma 2.16]). Let M € FMod(Ap ), ) (A). Then the hyper
m-qP" -stratification on L™ (M) 4 = (5)(,,,) a.x ®A M is induced by
PRy (PRyM)— (PRyM)®R, P,
@b (f®) @ (188 @ h)®(@@ebf).

Proor. By the construction of the hyper m-g? " _stratification and Lemma 2.25,
we see that the hyper m-g?" -stratification on L") (M), is the composite of the
isomorphism

A(E)my.qx By (AE)my.q.x &g M) > Py () &4 M

which is induced by (¢ ® D) @ (f ® ) ® h) — (a ® bf ® g) ® h, and the inverse
of the isomorphism

(A(E>(m) q.x ®A M) ®A A(g)(m),q,;c — P A/R q(2) ®A

which is induced by ((f ® ) @ h) ® (a ® b) — (af ® b ® g) ® h. Then the
assertion follows from the direct computation. u

In order to make explicit calculations later, we will need the following technical
map. It is possible to give an explicit formula for this map as in [7, Proposition 5.4],
but we omit it because we will not need it in this article.

DEerinNiTION 3.5. The R-linear flip map t: A(E)(m) ax = A(E)(m) ¢.x is the R-
algebra automorphism of A(E )(m),q,x induced by the map

ARRA—> AR®RA, fRgHgQ® f
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—

Note that the flip map 7 is the unique R-algebra automorphism of A(§)(m),q.x that
satisfies the following conditions:

{f|—>9(m)(f) for f € A,
§> -t

Then the explicit formula for the hyper m-g?”" -stratification on A/(\g Yom)g.x =L ) (4) 4
is given in the following proposition.

ProrposiTion 3.6 (Cf. [15, Proposition 2.19]). The hyper m—qpm -stratification
— ) — — o —
€. A(§>(m),q,;c ®4 A<§>(m),q,;c - A<§>(m),q,;c ®4 A<§>(m),q,;c

of A(E) my.q.x maps 1 @ g-}m.a 1o

Z <IS,> E{ls’}(m),q ® r(g{li—’i/}(m),q).

Ofk/fk (m),q_

Proor. By Lemma 3.4, the hyper m-g?" -stratification is induced by
PP —>P& P @®b)Q(fRg—~(1®g) Q(a®bf).

For later computations, we use the map

e~ — e~

" ALE) ) g.x B4 AE) imy.qx = AE)m)gx Bt AE) (m).g.x
induced by the map

PR P—>PR,P, a®b)R(fRg (g®af)® (1Qb).

—

For elements y, z € A(§)(m).q.x» it is easy to see that (t”)~! is given by y @' z >

z ® t(y). If we define the map p, by
PP —>PR,P, (a®b)~(1®1)Q (a®bh).

then we can check that t/ o ¢’ o p, is equal to §}. So, by Theorem 3.2, we see that

(_[// o 8)(1 ®/ éj{]ﬁ}(m),q) — Z <IS/> g{li_k/}(m),q ®/ g{]j/}(m),q.
o<k/<k '~ M4

Applying the map (z”)~!, we get the result. [
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Based on the explicit description of linearizations in Lemma 2.25, we can also con-

struct a DGA LPZ% ()= Pé'/"l)? ,(® + 1) over 4 and its sub-DGA LNPX;'}QJ] (o)
by

P
LNPX;’},e (r) = ﬂ Ker(o] ™).
Here, the differential morphism d”: Lp™ q(r) — Lp™ (r + 1) is defined by

A/R, A/R.q

r+2

(3.2) dr = (-1)tisrtt,

Note that in these definitions, we exclude the map oy, *1 and the map 80 *1 respectively.

By Lemma 2.25 and Proposition 2.30, each LPI(‘;';},2 q(r) = L(’")(PX/"; (r))4 for

r € N has a hyper m—qpm -stratification.

Lemma 3.7 (Cf. [15, Lemma 2.20]). For eachr € N, the differential morphism
dr: LPX;’}e q(r) — LPX';}Q’[I (r + 1) is compatible with the hyper m-qP" -stratification
on both sides.

Proor. By Lemma 3.4, the hyper m-g?" -stratification on LP, (m) A/R.g (r) is induced
by
P&, ABC+2) _ 480+2) o p
@) (f®g®M® - @h) > (1®g®h ®-+-®h) ® (a®DbS).

We can check that the hyper m-g? " stratification is compatible with the morphism §; +1
fori = 1,...,r + 2. Therefore, the assertion follows from definition (3.2) of d”. =

Now we introduce the higher g—de Rham complex. We denote by 1; the element
(0,...,0,1,0,...,0) in N?, where 1 sits in the ith entry. Let Kf{;’l)e 4 (e) be the DG-
ideal of N Pi";}e (e) generated by the (p, (p),»m)-completion of the free A-module
with basis ";‘{k}(’") 7, where k € N4\{0, p™14,..., p™ ld} We can check that the ideal

A(E)my.q.x Bl KT 1 (0) i= D720 AlE)my.q.x By KJp () of LNP (9) is
also a DG-ideal.

DerintTion 3.8. We define the higher g—de Rham complex Qum A/ R (e) as the
quotient of N Pg’;}e (o) by the DG-ideal KX;’I)e (e), and define the linearized higher

q—de Rham complex LG A/ R (e) as the quotient of LN Pi";;z,q (o) by the DG-ideal
A(E)(m) q,x ®A A/R q(')
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Recall that, for 0 < k < 2p™, we have E{k}(’"’ = E(k)q

{P }(m) q

via the map (2.6). So we

will often denote the images of §; via the natural surjection

(m) (m)
NP (1) = S5 (1)

by éi(pm)q fori = 1,...,d if no confusion arises.

Prorposition 3.9 (Cf. [15, Proposition 3.2]). We keep the notation above:

(1) QX% q(l) is a free A-module of rank d with basis {é(pm)q Yi=1,..d

) Q(/R (e) is isomorphic to the exterior algebra of Q;/L (1) as a graded A-
module.

(3) The differential map d” sends the section g{k}(””” Q' §l.(l"m)‘1 AN A 51.(,_’"")‘1 of

LQX’;;{ (1) wherek = (ki,... . kq) € N4, 10 the section

Z <§rln> %-{k 2" 1i}m).q ® E(P )a A %_(P )a A /éi(VPM)q‘
i=1,...,d (m).q
lkiIZPm

Proor. We follow the proof of [15]. By Definition 3.8 and Proposition 3.3, as an
A-module, Q( AR (r) is generated by the elements

S(p )a Q' 5(17 )a Q- ® E(p )q

subject to the relations generated by

& o k VIR~
0=diE@ma=— Y <k/> EP"a gy E
o<k’'<k '~ (m).q
]S/:Pmlz
k—k'=p™1;
for k € N9\{0, p™1;,..., p™14}. The above relations are trivial except for the cases

k = 2p™1; and the cases k = p™1; + p™1; withi # j.
For the cases k = 2p™1;, the above relations give

gi(Pm)q ®/ %__i(Pm)q =0

because the coefficient ( P )(m) J
For the cases k = ml + p™1; with i # j, the above relations give

%Ti(P )a ®/ é](P )a + g](P )a ®/ éi(P )a =0,

is invertible in Z[q](p,4—1) by Lemma 3.10 below.

so the first and the second assertions follow. Now, the third assertion follows from (3.2)
and the formula of Theorem 3.2. [
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LemwMma 3.10. Ifk > p™, then the element ( pkm )(m) g Zq](p,g—1) is congruent
to 1 modulo (p,q — 1).
k
Proor. The element ( pm )(

is congruent to (p]fn ) modulo ¢ — 1. By [15,

m),q (m)

Lemma 3.3], the element ( plin ) is congruent to 1 modulo p, so we get the result. m

(m)
Now we prove the formal Poincaré lemma for the linearized higher g—de Rham
complex LQ;’;’}Q (®)-
Lemma 3.11 (Cf. [15, Lemma 3.4]). The linearized higher g—de Rham complex
LQ%}Q’CI (®) is a resolution of the direct sum ofpmd copies of A, i.e., the A-linear map

I @ Aey — LSVZEI”Z2 (%), e g{k}(’”’”

k e%flm)
is a quasi-isomorphism, where ‘B;m) denotes the set of elementsk = (ky, ..., kq) € N4

such that0 < k; < p™ fori =1,...,d.

Proor. We follow the proof of [15]. We first consider the case d = 1. Then we
need to show that the sequence

p"—1
——— 40 —— —(

0— @ Aeg, = AEN my g — AED g &7 7 =0

k1=0

is exact. We can check that
0 ifk < p™,
{k}
dO (m).q — om Cm
(Sl ) < k > éik D }(m).q ®/ %-fp )a if k > pm.
" m).q

is invertible in A by Lemma 3.10, the desired exactness follows.

) k
Since (pM)(m),q

Now we consider a general d. In this case, the morphism ¢’ is the complete ten-
sor product of that for the (d — 1)-dimensional case and that for the 1-dimensional
case. Since each term of these complexes belongs to FMod(\p ), pm) (A), the desired

Mg

exactness follows by induction on d. |

For arguments later, we need to slightly modify the map ¢’ in Lemma 3.11.
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Prorosrtion 3.12 (Cf. [15, Proposition 3.5]). Let

d ki—1

() B =TT [] (e’

i=1j=0
Using the isomorphism

@ Aey — @ Aey,

keBy™ keBy™

e ) ( )(X)(k)" €k’

0<k’<k

we define the morphism

vi=lo T P ek — LG, (9.
ke

Then this is a quasi-isomorphism.
Proor. This is a direct consequence of Lemma 3.11 since 8 is an isomorphism. =

Next we consider the corresponding results for the m-g? " -crystalline site. Let

We endow it with the hyper m-ql’m -stratification
EF A(S)(m) ax ®4 Fa 2 Fs ®4 A($>(m),q,;c’ y ® aeg > ex ® Opmy(@)y.

By Proposition 2.30, the A-module F4 endowed with its hyper m-q”m -stratification

er uniquely corresponds to F € CR((4/R) om ). The complete crystal

m-qP" -crys* ¥ 4R
F is isomorphic to the direct sum of p™¢ copies of the structure sheaf (9,(:/13?

LemMma 3.13 (Cf. [15, Lemma 3.6]). The A-linear morphism
i Fa — LR, (0) = AE)(my.q.x

defined in Proposition 3.12 is compatible with the hyper m—q"m -stratification on both
sides.
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Proor. We follow the proof of [15] although the computation here is more compli-
cated. We need to show that the diagram

—

(g)(m)qx ®A Fy —> A(E)(m) q,x ®A A(g)(m),q,;c
Fi ®4 AE) my.gx —— A(E)my.gx ®a A(E)

is commutatlve where the exphcu formula for € is given in Proposition 3.6. We consider
the basis of A(E)(m) a.x ®A F4 as an A(E)(m)’q,)j -module consisting of elements

k /
(2 ()]

(3.3)
0<k’<k

indexed by k € %fim). First note that, for k, k' € %((im) such that k" < k, since k]
(/) - Now, fork € ?Bfim), the element

; k —
ki < p™fori = 1,...,d,wehave(k,)(m)’q =
(3.3)issentby I ® tto 1 ® g{k}(’”)’q, and its image under ¢ is

k ’ -k
Z (];/) §{k Yom).q ® T(g{k k }(m),q)7
o<k’<k ~~ 74

which is the image of

oo 2
- 0<k” <k’

0<k’<k
under ¢ ® 1. On the other hand, the image of (3.3) under e is the element

k /
(3.5) > (,;) e ® Omy ((—x) V9.
=/q

0<k'<k
Therefore, we are reduced to proving that the two elements (3.4) and (3.5) are identical

The element (3.4) is equal to

k' /
ORI ( )(l—lg_+lg/)q(_)-€)(l_k+k)q'e""®r(§{k Ko .a

0<I<k k—I<k'<k
by the change of variables [ = k — k" + k”. We can check that

(f’)q(z—£+ @/)q - (l;)q(k —llg’)q'



K. Li 130

So, the element (3.6) is equal to

o 5 (el

0<I<k

(k_lk) ( x)(l —k+k’ g .T(g{k—k/}(qu)).
k—1<k'<k -

By the change of variables [’ = k — k/, the element of A(§ )(m),q,x in the brackets of
(3.7) is equal to

(3.8) ) ( ZZ,) ()0 o Wma),

o<l/<t =714

Comparing with (3.5), we are reduced to proving that the element (3.8) and the element

Omy ((—x) D)

are identical. First, as elements of P,ifweseta =—1Q x;,b=x;  1fori =1,...,d
in Proposition 3.14 below, we see that

d -1 ’

i ) i B
[Nwei-tedn= 3 () cecn@oxen’
i=1j=0 o<l"<l'

By considering the images of these elements in A(E )(m).,q,x Via the map

9(m) P — A(g)(m),q,;c

before Lemma 2.11, we get the equation

r(g{l/}(m),q) — T(( li[(\‘ J) !)E{l/}(m).q)
i=1 e /-
!
1"

= 2 ( )%(( )0l

o<l”<l'

where the first equality holds because [/ < [; < k; < p™. By applying it to (3.8), we
get the element

2 ( ) (l) (=)0 - 0y ()05

o<l'<lo<l"<l

5t 2 (1) (£) or0es)

0<1"<l 1"<l'<l
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So it remains to show that, for /" < [ (that is, if there exists some i such that li” < 1),

’
Z (l/) (l//) (_)_C)(l_l’)q . )_Cl/_l// =0.
l q [ q

"<l'<l -

As usual, we may assume that A = Z[q](p,q—1)[X]. We can check that

(1),(+),= (=) ()
l/ J l// p l—l/ q l// q’

so it remains to show that, for [” < [,

5 (L8 ottt o
Tt /q

U"<l'sl ~~
Ifweseta = —x; ® 1, b = x; ® 1 in Proposition 3.14 below, we can check that
3.9) ﬁliﬁ_l‘ weldnen- Y L=1"Y (=g (-1
9 11 ¥ (—¢'xi®@1+x® _l”sl/fl(l_ll)q( X) xE

Notice that, for i such that /[ < /;, there exists a term —x; ® 1 4 x; ® 1 on the left-hand
side, so (3.9) is equal to 0 and the result follows. ]

The following quantum binomial formula was used above.

Proposition 3.14 ([12, Proposition 2.14]). Assume that C is a commutative ring
with a fixed g € C. Then we have for allk € N anda,b € C,

k Kw'=v [k
5 () st
q

k—1 )
[[@a+b) =
j=0 k'=0

We are now ready to prove the g-analog of the higher Poincaré lemma in [15].

(9("1) )

ProrosrTion 3.15 (Cf. [15, Theorem 3.7]). If E € CR((A/R)m_q,,m_Crys, AR

then
0%/’1? ( A/R,q( )

forms a complex of (9;7;-m0dules that resolves the direct sum of p™? copies of E.

Proor. We follow the proof of [15]. By Lemma 3.7, each differential of L SVZX% . (o)
is compatible with the hyper m-g?"" -stratification on each term. So, by Proposition 2.30,
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we have a complex L("’)(SVZI(‘('Ze q(o)) of OEIm;-modules that gives L

we evaluate at A. Also, by Lemma 3.13, we have an (9%”/’3e -linear map

5251’7;2,(1 (e) when

F — L™Q{ 0).

By taking the complete tensor product with E over (9%'7;, we get an (91({"/';e -linear map

E®ym F—E @0% L™ (G, ().

A/R

We need to show that, for any object (B, Ig) of (4/R) the map

m-gP"" -crys>

@ Epey — Ep ®p L(’”)(ﬁﬁ’;’}g,q(ﬂ)s
kes(™

is a quasi-isomorphism. By Proposition 2.23, we can find a map
i1: (B, IB) — (B/, IB/)

and a map
i2: (A, 14) — (B', Ip)

in (/I/R)m—ql’m -crys”?
faithfully flat. Therefore, we are reduced to proving that the map

where the underlying rings map of i is (p, (p) 47" )-completely

@ EAek — Ey ®A Léin;}e’q(o)
keBY™

is a quasi-isomorphism, which follows because it is the complete tensor product of the

quasi-isomorphism ¢ in Proposition 3.12 with E4 € FMod(Ap ), pm y(A). [
g
CoroLLARY 3.16. If E € CR((/I/R)m_q,,m_qys, (9;";;), then we have a quasi-
isomorphism
— o) md ~ ~ ~
(RU(A/R) g ey BN = Ea @4 Q[T ,(9).

Proor. We follow the notation in Section 2. Then we have
@ pmd md
E)®" = Re g p, (E®P™)
~ Re g/ pu(E ® gom L(QI (0))
—= €4 R« @A’?R A/R.q .

(RT((4/R),,

-gP™ -crys?
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By Lemma 2.26, this is quasi-isomorphic to
Re 1/ pu (L™ (Ea &4 QY (o).
Then, by calculations similar to the proof of Lemma 2.28, this is quasi-isomorphic to

Eg &4 QY (o). .

4. g-analog of the jet complex

In this section we construct the g-analog of the “jet complex of order p™” and the
corresponding Poincaré lemma, following [11].

As in Section 3, let (R, Ig) — (A, I4) be a morphism of ¢ -PD pairs with fixed
rank-one étale coordinates x = (x1,...,Xxy) in A. We also assume that /4 = md.

We consider the DGA P,Y/n})z, ,(#) and its sub-DGA N P;’;’}e’ 4(®)- Let K{S’;’I)e’q (o) be

the DG-ideal of N PX'/’}e q(o) generated by the (p, (p),,m)-completion of the free

A-module with basis g{k}(’""q, where |k| > p™ + 1.

DEeriniTION 4.1. We define the g-jet complex (of order p™) Qim (o) as the

A/R.q
quotient of NP {7} (e) by the DG-ideal K7} (o).

In this section we sometimes omit the index r of the differential d” of Pé'/"l)e q(o),

N Pi’;’}e’q (o), 521(4'7;%,(1 (e) and simply denote the differential by d°®. For elements y, z

of these DGA, possibly of different degrees, the Leibniz rule holds:

(4.1) d*(y®'z)=d®y @ z + (=)W y @' d°z.
Also note thatif y,z € P,il;ll)e q( 1) and f € A, then we have the formula for moving

coeflicients inside products:

Y& fz=0m(fly® z=fy® z+d°f)y® =

As before, if 0 < k; <2p™ fori = 1,...,d, then we have g{k}(’"”q = 5(@" via the

map (2.6). When 0 < |k| < p™, we will often denote the image of § &l .a via the
natural surjection N PEI"/?Q p

k| > p™, weset (dx)®< = 0. Then Qm (1) is a free A-module with basis (dx)®«,

A/R.q
where 0 < |k| < p™.

The description of 91(4'7;{ q(r) for r > 1 is more complicated. By Proposition 3.3

and Definition 4.1, we can check that QX’/’}e,q (e) is the quotient of the tensor algebra of

1) —» QX% q(l) by (dx)®a, and for convenience, when
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SZX'/’}?, q(l) by the ideal generated by the images of the d'! (g {IS}(’”W) with p™ < |k| <

2p™. So for the degree-2 part, QX% q(2) is generated by (dx)%m)e @ (dx)&@)a
with k(l)’lg(Z) S Nd and 0 < |I£(1)

k)| < p™ subject to the relations

’

@42 > <;f> (d0)® 0 @ (dx)®0 =0 with p” < [k| <2p™.
o<k/<k '~ (M4

For the degree r > 2 parts, Q%}e,q (r) is generated by the (dx) &™) @' (dx)k@)e @’
- @' (dx) &) with 0 < lkyls- -5 [kl < p™. The relations are given by tensoring
on the right and on the left of (4.2) by elements of the form (dx)* 1) ®' (dx)&@)e @’
e Q (cﬁc)(k(ﬂ)q. Note that in general, the g-jet complex may not be bounded above.

As in Section 3, we can also consider the DGA LPEl”/l}?,q () and its sub-DGA

LN P%}e,q (»). We can check that the ideal

o0
A(E) m).q.x R K,g%)z,q(') = @ A(E) m).q.x B K,g’;ll)'e,q (r)

r=0
of LN P;’;’}e,q (e) is a DG-ideal. Then we can get the linearization of the g-jet complex.

DEerinNITION 4.2. We define the linearized q-jet complex (of order p™) LQX'/I;% p (o)

as the quotient of LN PZ% ,(#) by the DG-ideal A/(E Yom)gx D4 Kf(lml)e (%)

As before, we sometimes simply write d°® for the differential of LP?}},e q(o),

—

LNP™ (o), LQX% ,(®)-Leta e A(E) m).q.x and z € Qg’/’}e , (7). For the differen-

tial d‘A gI;’qLQ/(l”/‘}Q’q (»), the Leibniz rule holds:

4.3) d*a® z)=d% ® z+a® d z,
where

(4.4) d’: A/@hm),q,;c - X@)(m),q,;c @’;1 Q,(:;;g,q(l)

is the differential map of the linearized complex as in (3.2), and

d Q% () = Q%+ 1)

is the differential map of the usual complex as in (3.1).
There is an identification

(m) X (m) ~ (m)
L2ka D O .0 LR (D) = L2455 4 (2).

@®y)® (b z)~ (§{(h)a R y)  z,
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where this time the notation ®" indicates that, for the A(é )(m),q,x-module structure
on the left-hand side, we use the map §: Pj'/"l)e q(l) — P é'/"lé q(2) in Theorem 3.2 and
the multiplication rule induced by the ring structure on P A / R q (2). Then we have the

following formula for moving coefficients inside products: if w, n € LQX’;}Q p (1) and
¥ € A(E)my.g.x- then

(4.5) w® yn=yo & n+((d°y)w)  n,

where d° is the differential map in (4.4), and the multiplication (d°y)w is the one
induced by the ring structure on Pé'/"l)e g (2).
We will write (d_é)(’i)‘l = 1® (dx)®a as an element of LQX;’}Q (1). Note that

when |k| > p™, we have (a’_é)(k)q = 0. For the differential d*® of LQ;";}Q g (o), we have

the following formulas:

(4.6) do(g{k}(qu) — Z <]]f/>( ) f{k k}(’”)‘f(dg)(k )q
m).q

0<k'<k '~

@n  d(@H®y=- Y </§>( | (@60 g (@),
m).q

0<k'<k '~

As before, we can consider
(d_é)(k“))‘i ' (d_é)(k‘”)" QR (d_g)(k(r))q

with O < [k, ..., |k < p™ as aset of generators of LQA/R (r) over A(f)(m),q’)i.
The relations are given by tensoring on the right and on the left of

> (5) @t @e® =0 win <kl <2
e V= 1 m)yg
0<k'<k

by the elements of the form (d£)* 1) @’ (cﬁg)(k(z))q QR - ® (d_g)(k(j))q,
To prove the formal Poincaré lemma for the g-analog of the jet complex, we need

to consider a technical homotopy map called the integration of differential forms.

We write x = (x1,...,xy) as before and we set X = (xq,...,xz_1). We also write
§=(1.....8¢) and § = (§1,...,54-1). When we consider the multi-index k, it
will belong to N or N¢~1 and when it is a d-tuple k = (ky, ..., kg), we will write

12 = (k1,...,kq—1). Moreover, given a (d — 1) -tuple k kandn e N we will denote by
(k n) the d-tuple obtained by concatenating k k and n.

We define the following homotopy map /4. We will show in Proposition 4.7 that &
is well defined, and in Proposition 4.5 that /4 is unique.
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Prorosition 4.3 (Cf. [11, Proposition and Definition 2.1]). There exists a unique

A-linear map h: LQX’;}Q q(r) — LQI(‘;’/’;e q(r — 1) such that

h[é{k}(m).q i__;k}(m),q (d_g)(’i(l))q R - R (d_g)(/g(s_l))q Q' (d_g)(k(s))‘l (dfd)(l)q
® (d&)Est)e @' ... ® (d&)Ew)e]
0 i£(1)s = randl =0,
or (2)1 # 0and kg # 0,
or(3) p™ t k,

Sl {0 gy ks
k- Tam.a™ o
QR R (dé‘\)(k(sfl))q

®/§L{ik+l}(m),q (d%-)(]i(s+1))q

®/... ®/ (d_g)(k(r))q lf IS(S) == 0, pm | k and
either (1) 0 < < p™

k + l>‘1 Ak o).

or(2Q)l = p™ands =r.

In the above equation and in the sequel of the article, if w € LQX% q(l) and y €

A/(E) (m).q,x> then, following (4.5), we set

4.8) o®y:=yo+d)o.

So by (4.6), in the case | = p™ and s = r, the above equation means the following:

A k m ~ o m
h[i_“{i}( )Jli_-;k}(m),q (ﬁ)(k(l))q ®’ ®’ (d_i:)(’i(rfﬂ)q ®/ (di:'d)(p )q]
- k+pm\™h [k +pm
:(—1)‘Z<kp> <k/p>
0<k/<pm (m),q (m).q
% é{li}(m).q (d_é)(k“))" ®/ . ®/ (d_é-\)(li(r—z))q

®/ Et{l,k—i_pm_k }(m).tl (d_é)(lg(,_l))q (d%_d)(k/)q ]
Note that when p™ | k and 0 <[ < p™, we can show that (k;l )(m) q in the formula
above is invertible in Z[g](,,4—1) by the same argument as in the proof of Lemma 3.10.
We first check that, if 4 is well defined, then we have the following formula for
moving coeflicients inside products.
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Lemma 4.4 (Cf. [11, Lemma 2.3]). We always have

Al om N o o
h[g{,}( ).qst{ik}(m).q (d_g)(k(”)q QR R (g)(l;(s_]))q Q' (g)(l;(s))q (d%'d)(l)q

® (ds)(li(s+l))q Q- ® (d&')(k(r))‘l]

= h[g_{k}(m).q (d_é)(li(l))q QR .- R (d_é)(k(s_”)q Q' %_[{lk}(m),q (d_é)(k(ﬁ)q (déd)(l)q
&’ (ﬁ)(k(ﬁ»l))q & & (CE)(IS(V))CI].

Proor. We follow the proof of [11]. We proceed by induction on s. The case s = 1
is trivial. Using formula (4.5) for moving coefficients across the tensor products, we
have

"{IS}(m).q

h[g (dé)(k(l))q ®/ ‘e ®/ (dé\)(]ﬁ(x_z))q ®/ (dé\)(k(‘_l))q

& S‘E’k}(m)yq (d_é)(k(”)" (déd)‘”q Q- ]
’\{k}(m),q

— h[§ (d_g)(k(l))q Q- ® (d_é)(li(xfﬂ)q Q' gt{ik}(m)!q (d_é)(k(s‘fl))q

Q' (d_g?)(’im)q de) P @' - ]

’\{]S}(m),q

+ h[g (d_é)(li(l))q ®/ cee ®/ (d_é\)(k(sz))q ®/ dO(g({lk}(m),fl)(d_é-\)(]g(sil))q

® (@5 & (dg)De @' -],

For the first term, we can apply the induction hypothesis with the case [ = 0. So it
suffices to show for the second term that, if lg(s_l) # 0, then

"{]E}(m),q

h[€

= 0.

(@B 0 @' .. @ () k) @ 1Oy @f) ke g .. ]

By (4.6), we have

k}Yon k k—k’ m ’
do(éé 3 ),q) — Z <k/> gé Yom).q (déd)(k )a ,
(m),q

0<k’<k
so it is enough to show that for k’ # 0, we have

’\{IS}(m),q

h[é: (cﬁ)(k“))‘f R - ® (Cg)(’i(s—zﬂq Q' ;:;k_k/}(’")’q (d_é)(k(s—l))q (di:d)(k/)q

®/...] =0.

By the induction hypothesis, this is

"{]S}(m).q

hg
®’...]_

g ma gy ke @ ... @ (df)ks-2)0 @ (df) k-1 (dgg) e
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Since k" # 0 and k ;_y # 0, it is O by the definition of A. =

ProrosiTion 4.5 (Cf. [11, Proposition 2.4]). If the map h is well defined, then h is
unique. More precisely, for | € N2 such that p™ < || < 2p™ and 1z > p™, we write
1 =14,1" =13 — p™. Then, for the condition

Z <ll/> h[é{k}(m).q ‘{1k}(m),q (d_g)(lg(l))q Q& (d_é)(lg(s_l))q
=1 (m),q

o<l'<l

4.9) Q' (d_E)(l_l/)q ® (d_g)(l/)q ® - ] =0
to be satisfied, it is necessary and sufficient that both the condition

p[EE g B ma (g fykaDa g .. g7 (dF) K- @ (dEg) @™
& (df)Da(dgg) e @' -]

_ Z <pm + l//>—1 <pm + l//>
1" 1 ma

17<l'<pm (m),q
% h[é{k}(m).qgc{lk}(m),q (dé)(k(]))q & (dé)(k(s—l))q
(4]0) ®’ (dg:d)(Pln+lN—l/)q ®/ (d_é)(l)q (d%-d)(l’)q ®/ . ]’

when 1" > 0, and the condition

Nk N R , ~ m
p[Er e B gy ke g/ .. g (df) ks & (dEg) ™

& @bV g -]
_ _h[g{k}(m),q gWma ke g ... g (df) k-1 @' (df)Da
® (dE))P1 @' -]
o
B 0<I’Z<pm< ' >(m),q
% h[é{k}om.qgt{lk}(m),q (d_é)(k“))q Q- ® (d_é)(lg(s_l))q
(4.11) Q' (deg)P" e & (d_g)@q (deg) e @' -],

when " = 0, are satisfied.
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Proor. We follow the proof of [11]. First note that the statement gives a definition
of h for all generators: for [’ > 0, we can get the definition for generators of the type

~{kYom).q

§ é_.ik}(m).q (dé)(k(l))q R R (dé)(k(sfl))q Q' (d%'d)(pm)q

Q' (d_é)(b" (déd)(l”)" ® -

by using (4.10), and for /" = 0, we can get the definition for generators of the type

A{IS}(m).q

g Ez{ik}(mm (d_g)(k(l))q ®® (d_é‘)(k(s—l))q ® (dgd)(l’m)q Q' (d_é)@q ® .-

by using (4.11) and descending induction on s.
Now, for p™ < |[| <2p™ and [ > p™, we consider the condition (4.9). We write
I" = 1};. By checking the term (CE)(Z_Z/)Q, we see that all the terms in the sum are 0

except in two mutually exclusive cases, I’ = [ or l:’ = Z Thus, we are only left with
these two sums. When [ > p™, there is only one sum related to the case [’ = [:

l stk om), m P ’ / < / =
Z < /> h[s{ }( ).q ;k}( ).q (CZ_S)(]S(I))(I ® . ® ((j_g)(lj(s,”)q ® (dgd)(l l )q
(m).q

0<l'<l -
® (@6 &' -] =0,
Since all terms are 0 unless [” < I’ < p™, we get formula (4.10).
When [ = p™, note that since |/| > p™, we have [ # 0. By the sum

h[g{k}(m)’qét{ik}(m).q (d_é)(’i(l))q R R (d_é)(k(s—l))q ® (d_é)@q

®' (d5a)"" @' -]
p™ alkomya Ak omy.g o 54 (k(1y) ’ 18V Es—1))
2 () ETTE e @b o g g @B
o<l’<pm (m),q m_y 2 %
& (dfd)(p —Na g/ (aﬁ)(,)q(dgd)( )a & ] =0,

we get formula (4.11). [ ]

RemARrk 4.6 (Cf. [11, Remark 2.5]). We follow the remark and make a small
correction of [11]. We can check by the definition of / in Proposition 4.3 that, unless
[ =0or

ki =0,p" |kl =p™ands <r,
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we have
h[é{k}(mm gRma gfykas g ... g () ko1
& (dE)Ee)a(dgy)De @ (df)ke+a @ ... @' (d) k)]
= (11 g gk g g (ad) 1)
Q' h[g[{lk}_<m).q (d_g)zm)q (dfd)(l)q](d_f)z(ﬁ-l))q
(4.12) ® - @ (dg) &,

(The condition “unless / = 0” was missing in [11].)
We can also check that we always have

kY om o N
h[g{,}( ),q%_ik}(m).q (g)(k(l))q ®/ . ®/ (g)(k(s_l))q

® (dE)kw)a(dgy) Ve g (dg)Es+1)e @ ... @ (dg)(’i(r))q]
= (_1)S—1§{k}""’*" dE) ke g/ ... @ (dE)ks—1)a
Q' h[ét{lk}(mm (d_é)(k(s))t] (déd)(l)" ® (zﬁ;‘)(k““))q
4.13) ® - ® (df)En)d],
since when / = p™ and s < r, we can apply formula (4.10), (4.11).
Moreover, if [ # 0, then by (4.10), we have
h[é{khm),qga{lk}(m),q (Cﬁf)(k(l))q & R (cﬁ;)(k“—l))q & (déd)(p’n)q
® (dE)Es+1a(dg) D g ... @ (d%‘)(k(r))Q]
= (_1)S—1§{k}"’”"’ (dE) ke g/ ... @ (dE)ks—1)a
Q' h[gt{ik}(mw (déd)(Pm)q ® (d_é)(k(sﬂ))q (dgd)(l)q]
(4.14) ® - ® (df)*n)a.

Prorosition 4.7 (Cf. [11, Proposition 2.6]). The map h is well defined.

Proor. We follow the proof of [11]. We need to show that the definition of /4 is
stable under the relations induced by

(4.15) Z <ll/>( ) (ﬁ)(l—l/)q ' (‘E)(l/)q =0
m).q

o<l'<l'”
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for p™ < |I| < 2p™. More precisely, after excluding the trivial case, we need to consider
the following two cases whenever p™ | k and p™ < |[| < 2p™:

Z <l/> h[é{k}(m),q ;k}(m),q (dé)(lg(l))q Q& (dé)(k(sfl))q
= lm).q o o

o<l’'<l

4.16) ® (@5 o @hH P '] =0,

and

<Z/> h[é{k}(m),q%_;k}(m),q (dé)(lj(l))q ®/ . ®/ (dé)(k(s_l))q ®/ (d%_d)(l”)q
(myg o o

1Y~

o<l’'<l

(4.17) Q& (cﬁ')(l_l/)q Q' (cﬁ)(l,)q & - ] =0,

where (d£;)¢"4 is the sth term and (dé)(l_l/)q is the (s + r)th term for a positive
integer r. -

We first show the case (4.16). As in the proof of Proposition 4.5, we write [ = [
and /" = [/;. The case [ = 0 is trivial by using (4.13). The case / > p” was done in
Proposition 4.5. So it suffices to consider the case 0 </ < p™. As in the proof of
Proposition 4.5, we are left with two sums:

) <l> p[g gt gy g ... gf (df) ke @ (d)d-De
(m).q T o o

f/ S
o<l’<l

B Q' (d_é)@)q (déd)(l)q ® - ]

’\ k m < £
+ Z <IZ/> h[g{f}( )ﬂéi’k}(m).q (dg_-)(’i(l))q ®’ e ®/ (dé)(k(’_l))q
0<l’/<l (m),q , -1 , 2 (i) (A /
®' ()7 @ (a§)De(deg) N @' -],

For the first sum, it is non-trivial only when lA_’ = 0, and we have the following:

h[g{k}(mmg[{lk}(m).q (d_é)(k“’)" Q- ® (d_é)(k(H))" ®’ (d_é')(z)"

® (d&g) e ®' -]

-1
_ (_1)s<k 2— l> é:{li}(m),q

(d_g)(km)q QR (g?)(k(sﬂ))q
.4 5
&\ {k+1om).
Q' (d_é)(f)" ® Sd a..,

(m)
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-1
Ak om N o
= (_1)S<k 2_ l> g{*}( 4 (d_g)(’im)q Q- ® (d_g)(k(s—l))q
(m).q s
' Sa{lk-i-l}(m).q (‘E)(Dq & -
k l -1 "{]E} m),
+(_1)s< l‘: > E (m).q

(dé)(liu))q ® - ® (dé)(lﬁ(s—l))l]
(m).q - o

(4.18) ® d'(gék"‘l}(m),q)(d_é)(bq & - .

Now we consider the second sum. We get

n—1
(_l)s—l Z <ll/> <k +li—l > é{k}(m).q (dé)(k(]))q ®/ ®/ (dé)(lg(s_l))q
(m).q - T o

o<l’<l (m),q

(4.19) ®' S‘{ik-i'l—l'}(m),q (d_é)(bq (di:d)(l’)q & -

We can replace the sum over 0 </’ < [ by that over 0 < [’ < k + [, because if
[ <l'<k+1,wehave |([,I")] > |l] > p™ and so

@6V (dgg) e = o.
We can check that
<z> <k +l—1/>‘1 N <k - z>‘1 <k +1>
U\ K Tomg N K Tong\ U Jong
and (4.19) can be split into the /” = 0 part and the sum for 0 < /" < k + I:

-1
(_l)s—1<k ]-: l> i::{k}(mm (d_é)(k(l))q ® R (cg?)(km—l))q
(m).q 5 %.({11(+l}(m).q (d_g;)(i)q & -

-1
4 (_1)s_1<k + l>
k (m).q
k+1 L ,
Z < . > ...®/§c{i+ 3 )~"(cl_$)(l)"(déd)(l)" R .
0<l’'<k+1 (m).q

By (4.6), this is equal to

-1
(_1)5—1<k ]—: l> é{k}(’""q dE)En)e @' ... @ (dE)Es-1)4
(m).q~ o o

® Ei’kﬁ—l}(m),q (dg)(i)q & ---
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—1
+ (_l)s—1<k + l> g_{li}(m),q (dé)(k(l))q ®/ . ®/ (dé)(k(“'_l))q
kL omya” - -
(4.20) Q' d.(ét{ik-‘rl}(m).q)(d_é)(l)q Q- .

Adding (4.18) and (4.20), we get 0 as expected.

Now we consider the case (4.17). If 0 < [” < p™, then we can use (4.12) and get 0
by the relation (4.15). So we assume that /" = p™. For the case r > 1, we focus on the
(s 4 st term (d€) &+ (dg,)TDa If 1" > 0, then we can use (4.14) and get 0
by the relation (4.15). If I = 0, then we can apply formula (4.11) and, again by using
(4.12), we are able to apply induction on r. So it suffices to consider the case [” = p™,
r = 1 whenever p™ | k and p™ < |[| <2p™:

Z <ll/> h[é_{k}(m).qéc{ik}(m),q (d_g)(]g(l))q ®/ . ®/ (dé)(k(s_l))q
£l (m).q o

o<l'<l

4.21) Q' (dgd)(Pm)q ®’ (d_g)(l—l/)q ® (d_é)(l/)" ® ] =0.
We consider the d-tuple u = (Z, lg + p™) and the elements

1&g e LP (1),

d*(d*(1® £¥ma)) e LP{ (3).

Since the differential satisfies d°® o d*® = 0, by formulas similar to (4.7) and (4.1), we

)

O<w<u

= 2 <%> (1@ gehma) g/ 4 (1 @' §hma),
(m).q h -

Oo<w<u '—

> d.(] ®/ S{Z_w}(m),q) ®/ (1 ®/ é{w}(m)’q)
(m).q N -

SIS

By considering the images of these elements in LQX% q(.)’ we see that

<11> p[EH e B (g2 ka)e g .. g (af) -1
Wlm).q - -

O<w<u

& dO((d_s)(Lt—w)q) ®' (@)(&)q Q' ]

— Z <11> h[é{k}(m),qsék}(m),q (dé:)(k(l))q ®/ ®/ (dé)(k(sfl))q
Wiem.g o o

O<w<u

Q' (d_s)(y—w)q ®' d'((d_g)@)‘f) Q' ]
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We now consider the terms in the first sum. If |w| > p™, then by (d_é)(w)‘l we get 0.
If not, then |u — w| > p™, so by using (4.7) for d'((d_é)(’i_w)q) and applying (4.16),
we see that the corresponding term is 0. Thus the first sum is equal to 0 and we have

S (4} g @ o o @
(m).q o o

w 2
O<w<u

® (ag_.)(y—w)q ' dO((CE)(w)q) & .- ] =0.

We write ¥ = uy and w = wy. As before, all the terms are 0 unless w = u or W = 1,
so we have

<l,i\> h[é{k}(m).qéék}(m).q (dé)(lg(l))q QR (dé)(k(f*“)q
Wim).q - -

O<w<u

Q' (d_é)@_@)q Q' d.((d_é)(@)q (d‘i:d)(u)q) Q- ]

Al om . N
n Z <u> h[é{f}( ).qi__;k}(m).q (‘E)(k(l))q QR - ® (CE)(IE(S_U),/
(m).q

w 2
0<w<u

® (dsd)(u—w)q Q' d'((d_é)@)‘f (dfd)(w)q) ®’ ] =0.

For the first sum, if | (@, u)| > p™, then we can use (4.7) for d'((dé)@)q (dEg)Wa)
and apply (4.16). So all the terms in the first sum are O unless u = p_m and W = 0. But
in this case, we have [; = O and so |z — W| = |Z| > p™, so by the factor (cﬁ)@_@q
we also get 0. For the second sum, if u — w > p™, then by the factor (d£7)% )7 we
get 0.If 0 < u — w < p™, then we have |(i, w)| > |I| > p™. So after using (4.12),
we can use (4.7) for d'((d_g)@‘l (d&7)™4) and get 0 by the relation (4.15). So we
P ml+l )(m),q is invertible in
Z1q](p,q—1) by Lemma 3.10, we get formula (4.21) and the result follows. u

are left with the term u — w = p™, namely, w = [. Since (

We also need the following lemma.

Lemma 4.8 (Cf. [11, Proposition 3.1]). Let P be an element of the form (d_E)(’S(U)‘i
® - (agr)(k(ﬂ)". Then for 0 <1 < p™, we have

° kYon < ° kYon <
h[d* & @d)Oa(ag) D0y @' P = ha* € (af) Ve gy D) @' P,
Proor. We follow the proof of [11]. Since /4 is A-linear and

d* (&g @d Ve )P
— do(sﬂ{lkhm»q) ®' (d_é)(l)q (dgd)(l)q + SC{Zk}<m>,qd-((d_i?)(l)q (déd)(l)q),
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it suffices to show that we can move the P outside in
° k m o
hld* €y ) @ (d€) Ve (dg) Ve @ P
and .
h[gg " d*(d8) P (dEa) D) & P].

First, we compute

d* (&) & (dd) Ve (dgg) Ve

= > <k,>( ) g5 (g€ g (df)Da(dgg)Da.
m),q

0<k’<k

For the terms 0 < k' < p™, we can use (4.12), and for the term k' = p™, since [ # 0, we
can use (4.14) to move the P outside in h[d'(é;k}(”')“’) Q' (d_g)@‘l (deg)Da @' P].
Next we compute

d*(d§)Da(dgg) Do)

= — Z <l,>( | <ll’>( : (d_é)(l—l/)q (dg:d)(l—l’)q Q' (d_é)(l’)q (d?;"d)(l/)q.
m),q m),q

o< <

As in the proof of Proposition 4.5, we are left with two sums for the element
Kyom).a je( g8
hlgg " ae (@)D (dsg)Pe) &' PY:

-y <zl’>( | B[S @iyt g (45O (k) Ve @ P
U my.q

o<l’<l

- Z <ll’>( ) h[é;k}(m)’q(déd)(l_l/)q ®' (d_é)(l)q(dg")(l/)q ®' P].
m),q

o<l’<l

Since in the first sum, we have 0 < [ < p™, and in the second sum, we have 0 <[ — 1’ <
p™, we can use (4.12) to move the P outside in h[éjlk}"")"’d'((cﬁ)(l)q (dEg)Day @'
P]. ]

Prorosition 4.9 (Cf. [11, Proposition 3.2]). We have hod® 4+ d®* oh =1d — =,

where 7 is the projector that sends Si{ki Yoma g (d&)Da to themselves ifi < d and
to0ifi =d.

Proor. We follow the proof and make some corrections of [11]. It is enough to
check the identity on a set of generators of LQ%;& q(r). By using (4.5) and (4.6)
repeatedly, we can choose the generators of the form

0 Ejlk}(m).q(d_é)(l)q (déd)(l)" Q P,
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with Q := g{k}(’”)q(dg)(km)q ® e ® (dg)(k(s na p .= (dé:)(k(s-ﬂ))q R - ®

(dé)(km)‘/ and either s = r or 0 </ < p™. By using Lemma 4.4, (4.12) and (4.13),
we have

(hd* +d*n)[Q & &5 (@§) Ve (dgg) P &' P]

= hd*[Q ® £ (dd) Ve (dey) Ve &' P]
+d*h[Q ® £ (@E)De(dg) e & P]

= h[d*0 &' &, (dé) Ve (dEa) D &' P]
+ () h[Q ®' d*(y " (dd) Ve (dEa) D) &' P]
+ (1[0 ® & (@) Ve (de) D @ d* P]
+ (1[0 & by (@) Ve (dg) V) P]

= (~1*d*Q & h[g," " (@) Ve (dg) D] P
+0 & h[d* &y (dé) Ve (dgy) D) @' P]
— 0 & h[gy " (dE)De(deg) D ]a* P
+ (-1 71d* 0 & Wy (@b D (dgg) D] P
+0 & d*h[gy ) De(dgg) V0] & P
+0 & iy (d6)De(dtg)De]at P

= 0 & h[d* (€, @)V (dg) D) ©' P]
+ 0 & d*h[gy " @é)De(dga) V7] &' P.

Then, by Lemma 4.8, we see that

(hd* +d*W)[Q &' &5 " (d§) Ve (ds) D &' P]
—0® (hd* +d°* h)[%.{k}(m)q(dg)(l)q(dgd)(l)q] ® P,

so we may assume that r < 1. We need to show that

(hd* + a*m[gy" " @)V (den) 0] = g (@D (d ) e

unless k =/ = 0, in which case we get 0. We write w := Eflk}(m)'q (dEg)Pa and
compute (hd® + d'h)[a)(d_é)(l)q]. First, we assume that [ # 0 and [ # 0. By using
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(4.3) and making the same computation as in the proof of Proposition 4.5, we have

hd'[a)(d_é:\)(l)q] — Z <]l§/>( . [E{k —k’ }(m)q(dé;d)(k')q Q' (d_é)(l)q(d;:d)(l)q]
m),q

0<k’/<k

-y < > [0 (a8) D0 @' (@)D (dgg) Do)

o<l’'<l (m).q

_ Z < > {k}(m).q(di_—d)(l—l’)q ®/ (d_é-\)(l)q(di;d)(l’)q]

0<l’<l (m),q

For the term X’ = p™ in the first sum, we can use (4.10), (4.12), and for the rest, we
can use (4.12) to get

hd*[wdé)P]= > <I’€‘/>( . WXV () €00 @ (@) D] (@)D
m),q

0<k’<k

+ (@6)Ds @ ey (dta) D]

_ Z < > {k}<m)q(d%- )(l Mg ® (dgd)(l )q](dg:)(l)q

o<l’<l (m).q
k m <
—h[i{z Yom).a (déd)(l)q](ég)(l)q.

The following calculations are not correct in [11] (but the end result is), so we make
corrections here. By using (4.3), we have

hd*(@)(d§) D1 + @6V @ hiw) - h(w)(dé)De,
and by formula (4.8), this is equal to
hd*(@)(d§)De + d*h(w)(dE)D.

On the other hand, by the definition of /, we can check that d ’h[a)(d_é)(l)q] = 0. So
we see that

(hd® + d'h)[a)(cg)(l)q] = (hd® + d'h)(a))(d_é)(l)".

Obviously, this formula still holds when [ = 0.
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Now we consider the case [ = 0 and [ # 0 in order to move (cﬁ;:)@q outside. By
using (4.3), we have

hdo[g__é{ik}(m).q (d_é)(l)q]

= ¥ (o) e e o @O
m),q

0<k’<k

(4.22) -3 <ll> eS80 g ()],

0<l/<l = (m).q

The second sum is equal to O by the definition of /. The calculation for the first sum is
not obvious as in the proof of [11], so we give them explicitly. If k¥’ # p™, then we
can move (d_é)@‘l outside by using (4.12). The term k" = p™ may be calculated using
4.11):

h[gt{ik—Pm}(m),q (de)(pm)q ®’ (d_é)(l)q]
_ _h[gik—lim}(m),q (d_é)(l)q ®' (dé:d)(Pm)q]

_ Z <pl’/n>( ) h[g({ik—Pm}(m),q(dsd)(Pm—l')q Q' (d_é:\)(l)q(dgd)(l')q]‘
m).,q

o<l/<pm

By excluding the trivial case, we may assume that k > 0 and p™ | k. Then we can use
the definition of 4 and formula (4.8) to get

K\ ,
= <pm> (CE)(D‘I ® %—t{ik}(Wl),q

(m).q
m k=1'\"""  —1)m £ ’
S <1;/> <k_ m> gk oma (g £)Da (g g) e
0<lr=pm (m).q P (m).q
k\7! K} om -
=< m> gl 4 (df)Da
P (m).q
k\™ k k=1"Yomy.a ¢ 85D an
o) 2 ) & < (d§) Ve (dgg) "
P m)q 0<l"<k (m),q
m k—=U\"" -1y, A /
(4.23) - > <’;/> <k_ m> e=oma (@) Oa (dgg) e,
0<l/<pm (m).q P [ m).q

We can check that

e B A B re
P limyg\ g \ U Tomy.g\k = P" [my.q
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and since (d_é)(l)‘l (d£g)D4 is 0 when p™ < 1" < k, we can cancel the sums in (4.23),
so we get

1
h[s{k p }(’””’(déd)(p )i @ (d%.)(l)q =< > {k}(m).q(d_é)(l)q
(m).q
h

(67" (dga) P (@) De.
For (4.22), after moving (d_é)(l)‘i outside in the first sum, we have
hd.[silkhm),q (d_g)(g)q] hd® (%-{k}(m) l1)(d_é)(l)q_

On the other hand, by the definition of /4, we have

d°h[§[{1k}(m)'” (d_é)(l)q] —0= d'h(é;k}(’"m)(d_é)(l)q.
So we get

(hd* +d* [, @6 D] = (hd* + d* )&y ") @O,
By the arguments above, we are reduced to showing the equation when d = 1:
(hd® + d'h)[é{k}(”“'q (d%—)(l)q] = gRom.a(gg)Da,

The case k = [ = 0 is trivial. For the case k # 0 and / = 0, by (4.6), we have
hd'[‘g‘{k}(’"”q] = Z <k/> h[s{k—k/}(m),q (dg:)(k/)q].
o<k’<k \" 1m).q

We write k = p™r + s with 0 < s < p™. Then, by the definition of &, we see that
h[g*—*Yoma (d£)*Da] = 0 unless p™ | (k —k’) and 0 < k' < p™, namely, k' = s.
So we have

(hd- + doh)[g{k}(m),q] — <k> h[g{k—s}(m)’q(ds)(s)q]
51 m).q

—1
<k> <k> S{k—S‘FS}(m).q = S{k}(’”)ﬂ,
51 m),q \S1(m).q

Now we assume that [ # 0. If k = 0, then we can check that

(hd® +d°h)[(dg)PD]
= hd*[(d€) D] + d*h[(d&) D]
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— Z < > (dég—)(l Nq ' (dé)(l )q] +d° (E{l}(m)q)

o<l’<l (m).q

== 2 <> gioma (ag)®e

o<l’'<l (m).q
) <l> g a ag) e = (a5)De.
o<17<1V 1m).q

Therefore, we are left with the case k 7% 0 and [ # 0. We have
hd'[é{k}(’”)’q (dg)(l)q] — h[d.g{k}(m),q Q' (dg)(l)q] + h[g{k}(m).qd.((dé)(l)q)]

> <;]f>< MA@ 5 (@) "]
m),q

0<k’<k

- Z< > HEWhm.a (@)1= g (dg)7)

o<l’<l (m).q

First, we assume that p™ } k, and we write k = p™r + s with 0 < s < p™. Then the
second sum is 0, and for the first sum, all terms are O unless k’ = s. Thus, we see that
-1

hd*[E¥loma (q5)Da] = <lsc>( | <k> gRm.a(gg)Da = g*lom.a(gg)Da
m),q

51 (m).q

Since in this case d*h[§F}m.a (d£)Da] = 0, we get the equation as desired.
Now we are left with the case p™ | k and k # 0. We have

-1
d*hfgPoma@e®n = a*|(C F1) T gt
k- fom.g

-1
(4.24) :<k+l> : <kf ’> £+ =K Ym0 (75)® e
ki lma ooz pm (m).q
and
hd*[gRma @ 0a] = 3 <k/> HE*K o (@) @' (d) D]
0<k’/<pm (m),q

- Z< > HgWrema (@) g (@)1

0<l’<l (m).q

V4
n—1
Ul omy.q k (m).q

o<l’<l

_ < km>( ) h[é{k—pm}(w,q (dg)PMe g (dé)(l)q]
m).q
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By formula (4.10), we see that
n[gt=rona(ag) e @' (dg) D]

m -1 m
= — Z <p +l> <P l/j‘ l> ]’l[é{k_pm}(m),q (dé)(pm+l_l//)q
(m).q

I<l”<pm ! (m),q

®' (dg)""]
-1 —1
m S i Ol B ) B
It S (W A WL OO WA Wl i AW

Now we can check that

<k> Gm+”* Fm+» «+1—My1 _644y1<k+”
P"lma\ L g\ 1 g\ K= P" g kK fmyg\ 1" lomyg

so it follows that

< k’">( Mm@ @ (@5 ]
m),q

4
k+1\"! k4l » )
:—< X > . Z < . > E{k+l 1 }(m),q(di_-)(l )q'
(m).q

(m)a  j<pr<pm

Since we can also check that

(> <k+%4y* _&+”” &+w
Ulmyg\  k  lmag k- g\ U g

we have
hd*[g®em.a(dg)Da]
-1
(4.25) :‘<k+l> o> <k+/l> ghH=m.a () e,
k Mg g<p<pm ! (m).q
I'#l

Adding (4.24) and (4.25), we get
(hd* + d*h)[gFrema (@) D] = gFHma @ )P,
so the result follows. ]

Now we prove the formal Poincaré lemma for the linearized g-jet complex

LR, (9.
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THeOREM 4.10 (Cf. [11, Theorem 3.3]). The linearized q-jet complex LQX’;}Q q(o)
is a resolution of A.

Proor. We follow the proof of [11]. Since the canonical map
A ®gxr LW = Lot
BRI LR Ry R g (#) = LSy R 4 (%)

is an isomorphism, it is enough to show the assertion for A = R[X1,..., X4]". We
proceed by induction on d. We need to show that for A’ = R[X1,..., Xz_1]", the map

of complexes A ® 4/ LQXT'/)R q(o) — LQX%e q(o) is a quasi-isomorphism. We check

that this map is actually a homotopy equivalence. Since this map, which is just the
inclusion S{ki}(’")"’ > Ei{ki}('"”" and (d&)"Da > (d&)Wafori =1,....d —1,hasan

i
obvious retraction map given by gjl"d“m) “ 1 0and (d£g)"@)a > 0, it suffices to show

that the projector v on LSZS% q(o) in Proposition 4.9 is homotopic to the identity. So

we need to construct a homotopy / on LQX’}; q(o) suchthathod® +d®*oh =1d—m,

which was done in Proposition 4.9. |

We are now ready to prove the Poincaré lemma for the g-jet complex.

o (m)

Prorposition 4.11 (Cf. [11, Theorem 4.7]). If E € CR((fI/R)m_qpm_crys, A/R)’

then
Ofi/)k ( A/R,q( ))

(m)

forms a complex of O i/ R—modules that resolves E.

Proor. First, following the proof of Proposition 3.15, we have a complex

L(’")(Qf;'/’}e 4(#) of (91(4"/1;(—m0dules that gives LQ;";}Q ,(#) when we evaluate at A
the

by Lemma 3.7. We need to show that, for any object (B, Ig) of (A/R)
map

m-gP" crys>

Eg — Ep & L™ QY ()5

is a quasi-isomorphism. As in the proof of Proposition 3.15, we may assume that
B = A. Then by Theorem 4.10, we see that

A~ LQR (9
is a quasi-isomorphism. By the complete tensor product of this map with

A

we get the desired quasi-isomorphism. [
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(Q(m)

COROLLARY 4.12. If E € CR((A/R),py g1 orysr O R

isomorphism

), then we have a quasi-

RT((A/R) g0 coysn E) = Ea 84 Q)% ,(®).
Proor. We follow the notation in Section 2. Then we have
RT((A/R),, E) ~ Rej/p E

~ Re i p« (E ®(9fin})R L(m)(Qin;;g,q(‘)))-

_qu -crys?

By Lemma 2.26, this is quasi-isomorphic to
Re g/ . (L™ (Ea &4 Q7% ,(9)).

Then, by calculations as in the proof of Lemma 2.28, this is quasi-isomorphic to
Ex 84 QY ,(9). -
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