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q–de Rham complexes of higher level
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Abstract – In this article, we construct two kinds of de Rham–like complexes which compute the
cohomology of complete crystals on the higher-level q-crystalline site, which was introduced
in a previous article by the author. One complex is the q-analog of the higher de Rham
complex constructed by Miyatani, and another complex is the q-analog of the jet complex
constructed by Le Stum–Quirós. The complexes we construct can also be regarded as the
higher-level analogs of the q–de Rham complex.

Mathematics Subject Classification 2020 – 14F20 (primary); 14F30 (secondary).

Keywords – crystalline cohomology, crystalline site, de Rham complex.

Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
1. q-analog of the binomial coefficients of higher level . . . . . . . . . . . . . 88
2. q-analog of the crystalline site of higher level . . . . . . . . . . . . . . . . 94
3. q-analog of the higher de Rham complex . . . . . . . . . . . . . . . . . . . 120
4. q-analog of the jet complex . . . . . . . . . . . . . . . . . . . . . . . . . . 133
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

Introduction

This article is the continuation of [14]. It is devoted to giving certain q-analogs
of the de Rham complexes that compute the cohomology of complete crystals on the
higher-level q-crystalline site.
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We fix a prime p. Berthelot [1] constructed a fundamental p-adic cohomology
theory called crystalline cohomology. It is defined for a schemeX over a p-adic formal
PD-scheme S , and when X is embeddable into a smooth p-adic formal scheme over S ,
it is quasi-isomorphic to a certain de Rham complex by the Poincaré lemma. Recently,
Bhatt and Scholze introduced a kind of generalization of crystalline cohomology, called
q-crystalline cohomology. It is defined for a p-completely smooth affine formal scheme
X over R=IR, where .R; IR/ is a q-PD pair. When X is embeddable smoothly over R
in a suitable sense, they constructed a certain q–de Rham complex which computes the
q-crystalline cohomology. When q D 1, these recover the classical crystalline theory.

On the other hand, for a non-negative integerm, Berthelot also introduced crystalline
cohomology of level m in [2] to consider the crystalline cohomology theory in a more
general situation. WhenmD 0, it recovers the usual crystalline cohomology. In [11], Le
Stum and Quirós constructed a certain complex called the jet complex, and showed that
it computes the m-crystalline cohomology by considering the corresponding Poincaré
lemma. However, the jet complex may not be bounded above in general, and their proof
of the local freeness of each term is not correct. To overcome these difficulties, Miyatani
constructed in [15] another complex, called the higher de Rham complex, and showed
that it computes a direct sum of finitely many copies of m-crystalline cohomology
by considering the corresponding Poincaré lemma. The higher de Rham complex is
bounded and locally free, and these properties were used to prove the finiteness of
m-crystalline cohomology. However, this complex is not accurate enough to compute
only one copy of m-crystalline cohomology.

In a previous article [14], we constructed the level-mq-crystalline site .X=R/m-q-crys

for a q-PD pair .R; IR/ and a smooth and separated p-adic formal scheme X over
R=JR, where JR ´ .�m/�1.IR/ is defined by using the Frobenius lift � of R. This
can be considered as a generalization of both the q-crystalline site and them-crystalline
site. We also proved that a certain category of crystals on the m-q-crystalline site
.X=R/m-q-crys is equivalent to that on the q-crystalline site .X 0=R/q-crys, where X 0´
X b�Spf.R=JR/;.�m/� Spf.R=IR/ is the pullback of X by the m-fold iteration �m of the
Frobenius lift.

The purposes of the present article are to develop the level-m q-crystalline coho-
mology theory, and to construct the q-analogs of the complexes in [15] and [11] that
compute the cohomology of complete crystals on the level-m q-crystalline site. When
qD 1, these recover the usual level-m crystalline theory, and whenmD 0, the q-analogs
of these complexes coincide with the q–de Rham complex in [4] in the situation we
will consider.
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Let us explain the content of each section. In Section 1 we define the q-analog of
the binomial coefficients of higher level (Definition 1.7), which will frequently appear
in the formulas of differential calculus related to the level-m q-crystalline theory. When
q D 1, these recover the usual binomial coefficients of higher level in [2].

In Section 2 we first calculate a certain qpm-PD envelope (Theorem 2.12), which is
crucial in the level-m q-crystalline cohomology theory. We also construct a natural
q-analog of the m-PD polynomial algebra, and show that in a certain situation, the
qp

m-PD envelope above coincides with this m-q-PD polynomial algebra (Proposition
2.15), which is much better behaved. Based on these results, we develop the theory of the
m-qpm-crystalline site . NA=R/m-qpm -crys for a morphism of qpm-PD pairs .R; IR/!
.A; IA/ with fixed rank-one étale coordinates x D .x1; : : : ; xd / in A which satisfies
IAD IRA

cl, where NA´A=JA and IRA
cl is the closure of IRA inA for the .p; .p/qpm /-

adic topology. We generally consider the complete crystals (Definition 2.19) developed
by Tian [18] as coefficients. Then we can show the higher-level q-analogs of the results
related to the linearizations and stratifications in the classical theory.

In Section 3 we first do some differential calculus related to them-q-PD polynomial
algebra bAh�i.m/;q;x . Next we construct the higher q–de Rham complex (Definition 3.8).
Finally, we prove the Poincaré lemma for the higher q–de Rham complex (Corollary
3.16), which states that this complex computes a direct sum of pmd copies of m-qpm-
crystalline cohomology of complete crystals. These are essentially the q-analogs of
the results in [15]. But we may need some non-trivial q-analogs of the constructions
and calculations since the q-analogs of some usual calculations, such as the binomial
formula, may not work in complete generality.

In Section 4 we first construct the q-jet complex (Definition 4.1). Next we construct
the homotopy map h on the q-jet complex (Proposition 4.3), called the integration of
differential forms. Finally, we use this homotopy map h to show the Poincaré lemma
for the q-jet complex (Corollary 4.12), which states that this complex computes m-
qp

m-crystalline cohomology of complete crystals. These are essentially the q-analogs
of the results in [11]. In contrast to the difficulty of the description of the homotopy
map h, these q-analogs can be considered by simply replacing the basis of the m-PD
polynomial algebra �¹kº.m/ and the binomial coefficient of higher level

˝ k
k0

˛
.m/

with
their q-analogs �¹kº.m/;q and

˝ k
k0

˛
.m/;q

respectively. However, some of the cases in the
proofs of [11] were not fully considered, so we give detailed proofs for the completeness
of the present article.

Throughout this article, the set of natural numbers N means the set of non-negative
integers.
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1. q-analog of the binomial coefficients of higher level

In this section we define a q-analog of the binomial coefficients of higher level,
following [2]. First we review the usual binomial coefficients of higher level. Fix a
non-negative integer m in order to consider the level-m theory.

Definition 1.1. Let k;k0; k00 2N such that k D k0C k00, and let r; r 0; r 00; s; s0; s00 2
N such that

k D pmr C s .0 � s < pm/;

k0 D pmr 0 C s0 .0 � s0 < pm/;

k00 D pmr 00 C s00 .0 � s00 < pm/:

We sometimes denote the integer r by b k
pm
c and call it the integer part of k

pm
. Recall

that the usual binomial coefficient is defined as�
k

k0

�
´

kŠ

k0Šk00Š
:

Following [2], we define the binomial coefficients of higher level as²
k

k0

³
.m/

´
rŠ

r 0Šr 00Š
and

�
k

k0

�
.m/

´

�
k

k0

�²
k

k0

³�1
.m/

:

We have the following lemma.

Lemma 1.2 ([2, Lemme 1.1.3]). For all m; k; k0 2 N such that k0 � k, we have²
k

k0

³
.m/

2 N;

�
k

k0

�
.m/

2 Z.p/:

We also use the usual conventions on multi-indices: for a non-negative integer d
and for k D .k1; : : : ; kd / and k0 D .k01; : : : ; k

0
d
/ in Nd satisfying k0 � k, i.e., k0i � ki

for all i D 1; : : : ; d , we define�
k

k0

�
´

dY
iD1

�
ki

k0i

�
;

²
k

k0

³
.m/

´

dY
iD1

²
ki

k0i

³
.m/

and
�
k

k0

�
.m/

´

dY
iD1

�
ki

k0i

�
.m/

:

On the other hand, we may consider various q-analogs of the usual concepts on inte-
gers, such as q-integers and q-binomial coefficients, which recover the usual concepts
when q D 1. A useful reference on this subject is [12].

We fix an associative ring R and an element q in R. If n 2 N, the q-analog of n is

.n/q ´ 1C q C � � � C qn�1:
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We will also say that .n/q is a q-integer of R. When R D Z is the ring of integers and
q D 1, we recover the usual natural number n.

The following formula is frequently used.

Proposition 1.3. For all n; n0 2 N, we have

.nn0/q D .n/q.n
0/qn :

Proof. We can check it directly from the definition:

nn0�1X
jD0

qj D

� n�1X
j 0D0

qj
0

�� n0�1X
j 00D0

qnj
00

�
:

Note that in general, for j 2 N, we can consider the qpj -integer .n/
qp
j (that is, the

q-integer when the element q is qpj ). Then the following lemma is frequently used.

Lemma 1.4. Let n; j 2 N such that gcd.n; p/ D 1; then .n/
qp
j is invertible in

ZŒq�.p;q�1/.

Proof. We always have .n/
qp
j � n modulo q � 1. Since n is invertible in Z.p/,

the result follows.

By using q-integers, we can define the q-analog of the factorial of n 2 N:

.n/qŠ´

n�1Y
jD0

.n � j /q:

The q-analog of the binomial coefficients can be defined inductively as follows:

Definition 1.5. The q-binomial coefficients are defined by induction for k; k0 2N

via Pascal identities�
k

k0

�
q

�
k

k0

�
q

D

�
k � 1

k0 � 1

�
q

C qk
0

�
k � 1

k0

�
q

with �
0

k0

�
q

D

´
1 if k0 D 0;
0 otherwise:

Note that if R D ZŒq�, we see that all q-binomial coefficients belong to ZŒq� by
induction. IfRDQ.q/, then we have the following q-analog of the familiar expression,
which is frequently used in the computation of q-binomial coefficients.
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Proposition 1.6 ([12, Proposition 2.6]). If R D Q.q/, then for all k; k0 2 N such
that k0 � k, �

k

k0

�
q

D
.k/qŠ

.k0/qŠ.k � k0/qŠ
:

Now we want to define the q-analogs of²
k

k0

³
.m/

and
�
k

k0

�
.m/

:

By taking into account Definition 1.1 and Proposition 1.3, we may make the following
definition.

Definition 1.7. Let k;k0; k00 2N such that k D k0C k00, and let r; r 0; r 00; s; s0; s00 2
N such that

k D pmr C s .0 � s < pm/;

k0 D pmr 0 C s0 .0 � s0 < pm/;

k00 D pmr 00 C s00 .0 � s00 < pm/:

We assume that R D Q.q/. Then we define the q-analog of the binomial coefficients
of higher level as²

k

k0

³
.m/;q

´
.r/qpm Š

.r 0/qpm Š.r
00/qpm Š

and
�
k

k0

�
.m/;q

´

�
k

k0

�
q

²
k

k0

³�1
.m/;q

:

We can also consider the multi-indices case: if k D .k1; : : : ; kd / and k0 D .k01; : : : ; k
0
d
/

in Nd satisfy k0 � k, i.e., if k0i � ki for all i D 1; : : : ; d , then we define�
k

k0

�
q

´

dY
iD1

�
ki

k0i

�
q

;

²
k

k0

³
.m/;q

´

dY
iD1

²
ki

k0i

³
.m/;q

and
�
k

k0

�
.m/;q

´

dY
iD1

�
ki

k0i

�
.m/;q

:

Then we have the following lemma, which is the q-analog of Lemma 1.2.

Lemma 1.8. Let m 2 N, and let k; k0 2 Nd such that k0 � k. Then we have²
k

k0

³
.m/;q

2 ZŒq�;

�
k

k0

�
.m/;q

2 ZŒq�.p;q�1/:

In particular,
® k
k0

¯
.m/;q

and
˝ k
k0

˛
.m/;q

are well defined as elements of any ZŒq�.p;q�1/-
algebra R.
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Proof. Since the multi-indices case of the binomial coefficients is defined as the
products of the one-index case, it is sufficient to show the assertion for non-negative
integers k, k0. We follow the notation in Definition 1.7, so let k00 be the non-negative
integer with k D k0 C k00. Then there are two cases we need to consider: the case r D
r 0 C r 00 (where s D s0 C s00), and the case r D r 0 C r 00 C 1 (where pm C s D s0 C s00).

First we consider the element
® k
k0

¯
.m/;q

. In the case r D r 0 C r 00, we see from the
definition that ²

k

k0

³
.m/;q

D

�
r

r 0

�
qp
m
:

In the case r D r 0 C r 00 C 1, we can check that²
k

k0

³
.m/;q

D
.r 0 C r 00/qpm Š.r

0 C r 00 C 1/qpm

.r 0/qpm Š.r
00/qpm Š

D

�
r 0 C r 00

r 0

�
qp
m
� .r 0 C r 00 C 1/qpm :

It follows by induction that all the qpm-binomial coefficients as in Definition 1.5 belong
to ZŒqp

m
� � ZŒq�. So we see that²

k

k0

³
.m/;q

2 ZŒq�:

To prove the rest, thanks to Lemma 1.4, we only need to consider the terms .pl/
qp
j

in the definition of
˝ k
k0

˛
.m/;q

, where l is a non-negative integer. For the calculations
below, the next claim is useful.

Claim 1.9. Let r 2 N, and let s be an integer such that 0 < s < pm. Then, in the
ring ZŒq�.p;q�1/, we have

.pmr C s/q D u � .s/q

for a unit u 2 ZŒq�.p;q�1/.

We prove the claim. Let s D pnl , where l , n are non-negative integers and gcd.l; p/
D 1. Then by Proposition 1.3, we have

.pmr C s/q D .p
n.pm�nr C l//q D .p

n/q.p
m�nr C l/qpn ;

.s/q D .p
nl/q D .p

n/q.l/qpn :

As m � n > 0, we see that gcd.pm�nr C l; p/ D 1. So .pm�nr C l/qpn is a unit. As
.l/qpn is also a unit by Lemma 1.4, the claim follows.
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Now we consider the element
˝ k
k0

˛
.m/;q

. We first consider the case r D r 0 C r 00. By
Proposition 1.6, we can check that�

k

k0

�
q

D
.pmr C s/qŠ

.pmr 0 C s0/qŠ.pmr 00 C s00/qŠ

D
.pmr/qŠ

.pmr 0/qŠ.pmr 00/qŠ
�

Qs
jD1.p

mr C j /qQs0

j 0D1.p
mr 0 C j 0/q

Qs00

j 00D1.p
mr 00 C j 00/q

:

Since 0 < j; j 0; j 00 < pm, by using Claim 1.9, we see that up to a unit in ZŒq�.p;q�1/,
the second term on the right-hand side is equal toQs

jD1.j /qQs0

j 0D1.j
0/q
Qs00

j 00D1.j
00/q
D

�
s

s0

�
q

2 ZŒq�:

So it suffices to consider the first term on the right-hand side, and we are reduced to
proving the statement for k D pmr , k0 D pmr 0, k00 D pmr 00. Then we have²

k

k0

³
.m/;q

D
.r/qpm Š

.r 0/qpm Š.r
00/qpm Š

:

On the other hand, by Proposition 1.3, for all non-negative integers l , we have

.pml/q D .p
m/q.l/qpm :

So, by cancelling the terms .l/qpm in
®
k
k0

¯
.m/;q

with the terms .pml/q in
�
k
k0

�
q
, we

have�
k

k0

�
.m/;q

D

Qr�1
lD0

�
.pm/q �

Qpm�1
jD1 .pml C j /q

��Qr 0�1
l 0D0

�
.pm/q �

Qpm�1
j 0D1 .p

ml 0Cj 0/q
���Qr 00�1

l 00D0

�
.pm/q �

Qpm�1
j 00D1 .p

ml 00Cj 00/q
��

D
..pm/q/

r
Qr�1
lD0

Qpm�1
jD1 .pml C j /q

..pm/q/r
0Cr 00

�Qr 0�1
l 0D0

Qpm�1
j 0D1 .p

ml 0 C j 0/q
��Qr 00�1

l 00D0

Qpm�1
j 00D1 .p

ml 00 C j 00/q
�

D

Qr�1
lD0

Qpm�1
jD1 .pml C j /q�Qr 0�1

l 0D0

Qpm�1
j 0D1 .p

ml 0 C j 0/q
��Qr 00�1

l 00D0

Qpm�1
j 00D1 .p

ml 00 C j 00/q
� :

By using Claim 1.9 again, we see that up to a unit in ZŒq�.p;q�1/, this is equal to�Qpm�1
jD1 .j /q

�r�Qpm�1
j 0D1 .j

0/q
�r 0�Qpm�1

j 00D1 .j
00/q
�r 00 D 1:
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It remains to consider the case r D r 0 C r 00 C 1. By Proposition 1.6, we can check
that�

k

k0

�
q

D
.pmr C s/qŠ

.pmr 0 C s0/qŠ.pmr 00 C s00/qŠ

D
.pm.r 0 C r 00//qŠ

.pmr 0/qŠ.pmr 00/qŠ
�

QpmCs
jD1 .pm.r 0 C r 00/C j /q�Qs0

j 0D1.p
mr 0 C j 0/q

��Qs00

j 00D1.p
mr 00 C j 00/q

�
D

�
pm.r 0 C r 00/

pmr 0

�
q

�

QpmCs
jD1 .pm.r 0 C r 00/C j /q�Qs0

j 0D1.p
mr 0 C j 0/q

��Qs00

j 00D1.p
mr 00 C j 00/q

� :
We also have ²

k

k0

³
.m/;q

D
.r 0 C r 00/qpm Š

.r 0/qpm Š.r
00/qpm Š

� .r 0 C r 00 C 1/qpm

D

²
pm.r 0 C r 00/

pmr 0

³
.m/;q

� .r 0 C r 00 C 1/qpm :

So, the element
˝
k
k0

˛
.m/;q

is equal to�
pm.r 0 C r 00/

pmr 0

�
.m/;q

�

�Qpm�1
jD1 .pm.r 0 C r 00/C j /q

��QpmCs
j 000DpmC1.p

m.r 0 C r 00/C j 000/q
��Qs0

j 0D1.p
mr 0 C j 0/q

��Qs00

j 00D1.p
mr 00 C j 00/q

�
�
.pm.r 0 C r 00 C 1//q

.r 0 C r 00 C 1/qpm
:

The first term belongs to ZŒq�.p;q�1/ by the case r D r 0 C r 00. For the third term, by
Proposition 1.3, we see that

.pm.r 0 C r 00 C 1//q D .p
m/q.r

0
C r 00 C 1/qpm :

So the third term is equal to .pm/q . Now we consider the second term. By using Claim
1.9, we see that up to a unit in ZŒq�.p;q�1/, the second term is equal to�Qpm�1

jD1 .j /q
��QpmCs

j 000DpmC1.j
000/q

��Qs0

j 0D1.j
0/q
��Qs00

j 00D1.j
00/q
� :

After multiplying the third term .pm/q , we get
�
pmCs
s0

�
q
2ZŒq�, so the result follows.
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2. q-analog of the crystalline site of higher level

A q-analog of the crystalline cohomology theory, called the q-crystalline cohomol-
ogy theory, was introduced by Bhatt and Scholze [4]. On the other hand, the higher-level
crystalline cohomology theory was introduced by Berthelot [2] and it was developed by
Le Stum–Quirós and Miyatani in [11,15]. In [14], the author constructed the higher-level
q-crystalline cohomology theory, which was compatible with these two theories.

In this section we introduce some more tools for higher-level q-crystalline the-
ory, which will be used later in order to construct the complexes that compute the
cohomology.

First, we review the theory of twisted divided polynomials. Our setting is based
on that of [9, Chapter 3], which is the higher-dimensional version of [7]. As before,
fix a non-negative integer d . Let R be a ı-ZŒq�.p;q�1/-algebra, where q is seen as a
rank-one element ofR, i.e., ı.q/D 0. We endow all modules with their .p; q � 1/-adic
topology. When we consider (classical or derived) completion, it will always be with
respect to the .p; q � 1/-adic topology. Let A be a classically .p; q � 1/-complete
R-algebra (in particular, A is derived .p; q � 1/-complete) with fixed étale coordinates
x D .x1; : : : ; xd / (i.e., the xi are the images of the indeterminatesXi under some étale
map RŒX�! A). By [4, Lemma 2.18], there exists a unique structure of ı-R-algebra
on A such that x1; : : : ; xd are rank-one elements.

Note that, as a ı-ring,R is endowed with a Frobenius lift� which satisfies�.q/D qp .
As a ı-R-algebra,A is endowed with a Frobenius lift � which is semilinear with respect
to the Frobenius lift � of R, and satisfies �.xi / D xpi for i D 1; : : : ; d .

To consider more general ı-R-algebras than A above, let B be a ı-R-algebra
endowed with a sequence of elements x D .x1; : : : ; xd / which are not necessarily étale
coordinates nor rank-one elements. We will make several definitions for this general
ı-R-algebra B , which have additional explicit descriptions and structures when the xi
are all rank-one elements (in particular when there exists a morphism of ı-R-algebras
A! B such that the xi in B are the images of the xi in A).

We consider the polynomial ring BŒ��´ BŒ�1; : : : ; �d � endowed with the unique
ı-structure overB such that, for i D 1; : : : ; d , the element xi C �i has rank one. We call
this ı-structure the symmetric ı-structure. When the xi in B are all rank-one elements,
the ı-structure is given by

ı.�i / D

p�1X
jD1

1

p

�
p

j

�
x
p�j
i �

j
i :

This corresponds to the following Frobenius lift:

�.�i / D .�i C xi /
p
� x

p
i :
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Recall that in [5, Section 1], Gros–Le Stum–Quirós introduced the notion of twisted
powers in one dimension. We can naturally extend it to the higher-dimensional case.
First, for y D .y1; : : : ; yd / 2 Bd and k 2 N, we set

�
.k/q;yi
i ´

k�1Y
jD0

.�i C .j /qyi / 2 BŒ��:

Then we can consider the multi-indices version of the twisted powers: for k 2 Nd , we
set

�.k/q;y ´

dY
iD1

�
.ki /q;yi
i :

Following [7, Section 2], if yi ´ .1� q/xi for i D 1; : : : ; d , then we drop the indices
yi , y and simply denote them by �.k/qi , �.k/q respectively:

�
.k/q
i ´ �

.k/q;.1�q/xi
i ´

k�1Y
jD0

.�i C .j /q.1 � q/xi /

D

k�1Y
jD0

.�i C .1 � q
j /xi / D

k�1Y
jD0

.�i C xi � q
jxi /;

�.k/q ´

dY
iD1

�
.ki /q
i :

Since each �.ki /qi is a monic polynomial in �i , we see that the �.k/q for k 2 Nd form a
basis of the B-module BŒ��. Later, we will need the following multiplication rule with
respect to this basis, which was shown in [5, Lemma 1.2]:

(2.1) �
.k/q
i �

.k0/q
i D

X
0�j�k;k0

.j /qŠq
j.j�1/
2

�
k

j

�
q

�
k0

j

�
q

.q � 1/jx
j
i �
.kCk0�j /q
i :

In [5, Section 2], Gros–Le Stum–Quirós introduced the ring of twisted divided
polynomials in one dimension. We define the higher-dimensional version Bh�iq;x of it
as follows: as a B-module, it is free on abstract generators � Œk�q indexed by k 2 Nd .
We call the � Œk�q the twisted divided powers. By [5, Propositions 2.1 and 2.2], we can
endow Bh�iq;x with a ring structure using the multiplication rule

�
Œk�q
i �

Œk0�q
i D

X
0�j�k;k0

q
j.j�1/
2

�
k C k0 � j

k

�
q

�
k

j

�
q

.q � 1/jx
j
i �
ŒkCk0�j �q
i :
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Using (2.1), we can check that the B-linear map

(2.2) BŒ��! Bh�iq;x; �
.k/q
i 7! .k/qŠ�

Œk�q
i ;

is a morphism of B-algebras. We see from this map that the � Œk�q recover the usual
divided powers when q D 1. We also denote by I Œ1� the augmentation ideal generated
by all � Œk�q with jkj ´ k1 C � � � C kd � 1.

When the xi in B are all rank-one elements, we can endow Bh�iq;x with the unique
ı-structure such that (2.2) is a morphism of ı-B-algebras: we can define the Frobenius
lift � on Bh�iq;x by using [5, Definition 7.10] and the arguments in [7, Section 2] for
several variables. When B is p-torsion-free (in particular when R D ZŒq�.p;q�1/ and
B D ZŒq�.p;q�1/Œx�), this corresponds to a unique ı-structure on Bh�iq;x . In general,
we can use the ı-structure on ZŒq�.p;q�1/Œx�h�iq;x to define the ı-structure on Bh�iq;x
by using the isomorphism

Bh�iq;x ' B ˝ZŒq�.p;q�1/Œx� ZŒq�.p;q�1/Œx�h�iq;x;

where the ı-structure on the right-hand side is defined by using [4, Remark 2.7].
Next we recall the notion of q-PD pair. Our setting is based on that of [7, Section 7].

Definition 2.1. A q-PD pair is a derived .p; .p/q/-complete ı-pair .D; ID/
consisting of a ı-R-algebra D and an ideal ID which satisfy the following conditions:

(1) For any f 2 ID , �.f / � .p/qı.f / 2 .p/qID .

(2) The ring D is bounded, i.e., D is .p/q-torsion-free and D=..p/q/ has bounded
p1-torsion.

(3) D=ID is classically p-complete.

By condition (1) and the .p/q-torsion-freeness ofD in condition (2), we can introduce
the map


 W ID ! D; f 7!
�.f /

.p/q
� ı.f /:

Then condition (1) means that 
.ID/ � ID .

Remark 2.2. Let us make some remarks about Definition 2.1:

(1) For m 2 N, we have the congruence

.p/qpm � p mod q � 1:

We can also check that

.p/qpm .q � 1/
pm
� .p/qpm .q

pm
� 1/ � qp

mC1

� 1 � .q � 1/p
mC1

mod p;
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so we have the following congruence:

.p/qpm � .q � 1/
pm.p�1/ mod p:

It follows that .p/qpm 2 .p; q � 1/ and .q � 1/pm.p�1/ 2 .p; .p/qpm /. Therefore,
the .p; q � 1/-adic topology, the .p; .p/q/-adic topology, the .p; .p/qpm /-adic
topology and the .p; qpm � 1/-adic topology coincide for m 2 N.

(2) By [4, Lemma 3.7], a q-PD pair .D; ID/ is actually classically .p; .p/q/-complete.
So, by Remark 2.2 (1), we see that the completeness of the q-PD pair .D; ID/
coincides with the classical .p; q � 1/-adic completeness assumption on A we
made at the beginning of this section.

For any ı-ring C , we can consider the ı-envelope of a C -algebra (see [7, Definition
1.1]). In this article, we mainly consider the following two cases: one is the ı-envelope
C ŒX�ı of the polynomial ring C ŒX�, which can be identified with the free ı-ring on
generators X1; : : : ; Xd . For the elements f D .f1; : : : ; fd / 2 C d and g 2 C , we can
also consider the ı-envelope C Œf =g�ı of the C -algebra C Œf =g�. This can be identified
withC ˝CŒX�ı C ŒY �ı , where the structural maps on the left and on the right are defined
by Xi 7! fi , Xi 7! gYi respectively.

We can also consider the q-PD envelope (for more details, see [4, Lemma 16.10]).

Definition 2.3 (Cf. [7, Definitions 3.3, 4.8]). Let .C; IC / be a ı-pair. Then (if it
exists) its q-PD envelope .C Œ �q ; I Œ �qC / is a q-PD pair that is universal for morphisms
to q-PD pairs: there exists a morphism of ı-pairs .C; IC /! .C Œ �q ; I

Œ �q
C / such that

any morphism .C; IC /! .C 0; IC 0/ to a q-PD pair extends uniquely to .C Œ �q ; I Œ �qC /.

Now we can give an explicit description of the q-PD envelope in a specific case,
which will be useful later.

Theorem 2.4 (Cf. [7, Theorem 3.5, Proposition 4.9]). If B is a bounded ı-R-
algebra with elements x D .x1; : : : ; xd / 2 Bd andBŒ�� is endowed with the symmetric

ı-structure, then .BŒ��Œ �.�/
.p/q

�ı;^;K/ is the q-PD envelope of .BŒ��; .�1; : : : ; �d //, where
K is the minimal .p; .p/q/-complete ideal containing .�1; : : : ; �d / and stable under
the operation 
 . Moreover, if the xi in B are all rank-one elements, then we have an
isomorphism of ı-R-algebras

bBh�iq;x ' BŒ��
�
�.�/

.p/q

�ı;^
so that . bBh�iq;x; I Œ1�

cl
/ is also the q-PD envelope of .BŒ��; .�1; : : : ; �d //, where I Œ1�

cl

denotes the closure of I Œ1� bBh�iq;x in bBh�iq;x for the .p; .p/q/-adic topology.
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Proof. The first assertion follows from the assumptions and the universal properties
of .BŒ��Œ �.�/

.p/q
�ı;^; K/. The second assertion follows from [9, Théorème 3.3.5].

Let B be a bounded ı-R-algebra and let A! B be a morphism of R-algebras (not
necessarily a morphism of ı-rings). By abuse of notation, we will denote the images
of the xi in B by the same symbols. Note that the xi in B are not necessarily rank-one
elements. There is a unique ı-structure on the ring B y̋R A (where y̋ here means the
classical .p; q � 1/-adic completion) compatible with the ı-structure on B and that on
A by [4, Remark 2.7 and Lemma 2.17]. We can consider a morphism of ı-B-algebras

BŒ��! B y̋R A; �i 7! 1˝ xi � xi ˝ 1:

Let J be the kernel of multiplication B y̋R A� B . Then we have the following
lemma.

Lemma 2.5 (Cf. [7, Lemma 7.2]). If two morphisms of ı-pairs

u1; u2W .B y̋R A; J /! .D; ID/

to a q-PD pair coincide when restricted to BŒ��, then they are equal.

Proof. We follow the proof of [7]. It is sufficient to show that any morphism of
ı-pairs

.B y̋R A; J /˝.BŒ��;.�// .B y̋R A; J /! .D; ID/

factors through the multiplication map

.B y̋R A; J /˝.BŒ��;.�// .B y̋R A; J /! .B y̋R A; J /:

LetN be the kernel of the multiplication fromQ´ A y̋RŒx� A to A. Since x are étale
coordinates on A, by [17, Tag 02FL], we have an isomorphism Q ' N � A of rings
such that the mapsN !Q andQ! A correspond to the inclusion and the projection
respectively. By [7, Lemma 1.3], we see thatN is a ı-ring. So if we letM ´ B y̋R N ,
then there exists a sequence of isomorphisms of ı-rings

.B y̋R A/ y̋BŒ�� .B y̋R A/ ' B y̋R Q ' B y̋R .N � A/ 'M � .B y̋R A/;

which fits into the following isomorphism of exact sequences:

0 .B y̋R A/ y̋BŒ�� J C J y̋BŒ�� .B y̋R A/ .B y̋R A/ y̋BŒ�� .B y̋R A/ B 0

0 M � J M � .B y̋R A/ B 0:

' ' '
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Here, the upper-right map is induced from the multiplication map, and the lower-
right map is the composition of the projection to B y̋R A and the multiplication map.
Therefore, we have an isomorphism of ı-pairs

.B y̋R A; J /˝.BŒ��;.�// .B y̋R A; J /

D
�
.B y̋R A/ y̋BŒ�� .B y̋R A/; .B y̋R A/ y̋BŒ�� J C J y̋BŒ�� .B y̋R A/

�
' .M � .B y̋R A/;M � J /

D .M;M/ � .B y̋R A; J /:

It remains to show that any morphism of ı-pairs

uW .M;M/ � .B y̋R A; J /! .D; ID/

factors through .B y̋R A; J /. If we denote the image of .1; 0/, .0; 1/ under u by e1,
e2 and put .Di ; IDi / D .eiD; eiID/ for i D 1; 2, then the morphism u can be written
as the product u0 � u00 with

u0W .M;M/! .D1; ID1/;

u00W .B y̋R A; J /! .D2; ID2/;

and by [7, Lemma 1.3], these are morphisms of ı-pairs. The map u0 factors through
the q-PD envelope of .M;M/, which is the zero ring by [7, Examples 2 after Lemma
4.10].

Keep the assumption that B is bounded and that there exists a morphism of R-
algebras f WA! B . We can consider the morphism of ı-R-algebras

(2.3) RŒX�! BŒ��

�
�.�/

.p/q

�ı;^
; Xi 7! �i C xi :

Since RŒX�! A is étale (in particular, it is .p; .p/q/-completely étale), and since
�
p
i D .p/q �

�.�i /
.p/q
� pı.�i /, there exists a unique morphism � making the following

diagram commute:

A BŒ��
� �.�/
.p/q

�ı;^
=.�/

RŒX� BŒ��
� �.�/
.p/q

�ı;^
:

�

f

(2.3)

It follows from [6, Lemma 3.4] that � is a morphism of ı-A-algebras. By the linear
extension of � , we get a morphism of ı-rings Q� WB y̋R A! BŒ��Œ

�.�/

.p/q
�ı;^. For an
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element
Pr
jD1 bj ˝ aj 2 J , by the constructions of J and Q� , we can check that

Q�.
Pr
jD1 bj ˝ aj / D

Pr
jD1 bj .f .aj /C yj / D

Pr
jD1 bjyj 2 .�/ for some yj in .�/.

Therefore, the morphism of ı-rings Q� uniquely extends to a morphism of ı-pairs
Q� W .B y̋R A; J /! .BŒ��Œ

�.�/

.p/q
�ı;^; K/. When the xi in B are all rank-one elements,

the morphism Q� coincides with the linear extension and the completion of the morphism
A˝R A! bAh�iq;x in [9, Définition 3.4.2], since these are uniquely characterized by
the requirement 1˝ xi � xi ˝ 1 7! �i . Now we have the higher-dimensional version
of [7, Theorem 7.3] in this more general setting.

Theorem 2.6 (Cf. [7, Theorem 7.3]). If B is a bounded ı-R-algebra and A!
B is a morphism of R-algebras, then .BŒ��Œ �.�/

.p/q
�ı;^; K/ is the q-PD envelope of

.B y̋R A;J /, whereK is the minimal .p; .p/q/-complete ideal containing .�1; : : : ; �d /
and stable under the operation 
 . Moreover, if the xi in B are all rank-one elements,
then . bBh�iq;x; I Œ1�

cl
/ is also the q-PD envelope of .B y̋R A; J /.

Proof. Let uW .B y̋R A;J /! .D; ID/ be a morphism to a q-PD pair. The restric-
tion of u to .BŒ��; .�1; : : : ; �d // extends uniquely to a morphism

vW

�
BŒ��

�
�.�/

.p/q

�ı;^
; K

�
! .D; ID/:

Since the diagram

.BŒ��; .�1; : : : ; �d //

.B y̋R A; J /
�
BŒ��

� �.�/
.p/q

�ı;^
; K
�Q�

is commutative, we can apply Lemma 2.5 to the maps u1 D u and

u2W .B y̋R A; J /
Q�
�!

�
BŒ��

�
�.�/

.p/q

�ı;^
; K

�
v
�! .D; ID/:

The second assertion follows from the description in Theorem 2.4.

Fix a non-negative integer m. To develop the level-m qpm-crystalline cohomology
theory (that is, the level-m q-crystalline cohomology theory when the element q is
qp

m), we first make the following definitions, which generalize Definitions 2.1 and 2.3
(the case m D 0) by simply replacing q by qpm :

Definition 2.7. A qpm-PD pair is a derived .p; .p/qpm /-complete ı-pair .D; ID/
consisting of a ı-R-algebra D and an ideal ID which satisfy the following conditions:
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(1) For any f 2 ID , �.f / � .p/qpm ı.f / 2 .p/qpm ID .

(2) The ring D is .p/qpm -bounded, i.e., D is .p/qpm -torsion-free and D=..p/qpm /
has bounded p1-torsion.

(3) D=ID is classically p-complete.

Definition 2.8. Let .C; IC / be a ı-pair. Then (if it exists) its qpm-PD envelope
.C

Œ �
qp
m
; I
Œ �
qp
m

C / is a qpm-PD pair that is universal for morphisms to qpm-PD pairs:

there exists a morphism of ı-pairs .C; IC /! .C
Œ �
qp
m
; I
Œ �
qp
m

C / such that any mor-

phism .C; IC /! .C 0; IC 0/ to a qpm-PD pair extends uniquely to .C Œ �qpm ; I
Œ �
qp
m

C /.

Remark 2.9. Thanks to Remark 2.2 (1), the .p; .p/qpm /-adic topology we consider
coincides with the .p; q � 1/-adic topology.

For the arguments later about the level-m qpm-crystalline cohomology theory, we
are interested in what is the qpm-PD envelope of .B y̋R A; �m.J /.B y̋R A//. We
can calculate it explicitly by using the base change of Theorem 2.4. First note that the
element �m.xi /C �m.�i / has rank one:

�.�m.xi /C �
m.�i // D �

mC1.xi C �i / D .xi C �i /
pmC1

D .�m.xi C �i //
p:

In particular, when the xi inB are all rank-one elements, we see that the element xp
m

i C

�m.�i / has rank one. So, if we now take the elements q, x, � which were used in the
construction of the twisted divided polynomials to be the rank-one elements qpm , xpm

and the elements �m.�/, we can construct the ring ZŒq�.p;q�1/Œx
pm �h�m.�/iqpm ;xpm .

Let BŒ��h�m.�/iqpm ;xpm be the base change of ZŒq�.p;q�1/Œx
pm �h�m.�/iqpm ;xpm

along the map of rings

ZŒq�.p;q�1/Œx
pm �Œ�m.�/�! BŒ��:(2.4)

As a BŒ��-module, BŒ��h�m.�/iqpm ;xpm is generated by .�m.�//Œk�qpm;.1�qpm/xpm

indexed by k 2 Nd , which are heuristically the images of � Œk�q under �m. When the
xi in B are all rank-one elements, the morphism (2.4) is a map of ı-rings, so we can
endow BŒ��h�m.�/iqpm ;xpm with a ı-structure.

The following theorem is the higher-level version of Theorem 2.4.

Theorem 2.10. IfB is a .p/qpm -bounded ı-R-algebra with elements x D .x1; : : : ;

xd / 2B
d andBŒ�� is endowed with the symmetric ı-structure, then .BŒ��Œ�

mC1.�/

.p/
qp
m
�ı;^;

K.m// is the qpm-PD envelope of .BŒ��; .�m.�1/; : : : ; �m.�d ///, where K.m/ is the
minimal .p; .p/qpm /-complete ideal containing .�m.�1/; : : : ; �m.�d // and stable
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under the operation 
 . Moreover, if the xi in B are all rank-one elements, then we have
an isomorphism of ı-R-algebras

BŒ��h�m.�/i^
qp
m
;xp

m ' BŒ��

�
�mC1.�/

.p/qpm

�ı;^
;

so that
.BŒ��h�m.�/i^

qp
m
;xp

m ; I Œp
m�

cl
/

is also the qpm-PD envelope of .BŒ��; .�m.�1/; : : : ; �m.�d ///, where I Œpm� is the ideal

of BŒ��h�m.�/iqpm ;xpm generated by all .�m.�//Œk�qpm;.1�qpm/xpm for jkj � 1.

Proof. The first assertion follows from the assumptions and the universal prop-
erties of .BŒ��Œ�

mC1.�/

.p/
qp
m
�ı;^; K.m//. We prove the second assertion. By the defini-

tion, the formation of BŒ��h�m.�/iqpm ;xpm is stable under the base change of a
ZŒq�.p;q�1/Œx

pm �Œ�m.�/�-algebra. Since the formation of qpm-PD envelopes is also
stable under the base change, it is enough to consider the qpm-PD envelope of�

ZŒq�.p;q�1/Œx
pm �Œ�m.�/�; .�m.�1/; : : : ; �

m.�d //
�
:

If we now take the elements q, x, � in Theorem 2.4 to be respectively qpm , xpm , �m.�/,

we get the qpm-PD envelope .ZŒq�.p;q�1/Œxp
m
�h�m.�/i^

qp
m
;xp

m ; I Œp
m�

cl
/.

Keep the assumption that B is .p/qpm -bounded, and let A! B be a morphism
of R-algebras. In the same way as the level-0 case, we can consider the morphism of
ı-R-algebras

(2.5) RŒX�! BŒ��

�
�mC1.�/

.p/qpm

�ı;^
; Xi 7! �i C xi :

Since RŒX�! A is étale (in particular, it is .p; .p/qpm /-completely étale), and since
�
pmC1

i D .p/qpm �
�mC1.�i /
.p/

qp
m
� pzi for some elements zi in BŒ�� by [4, Remark 2.13],

there exists a unique morphism �.m/ making the following diagram commute:

A BŒ��
��mC1.�/
.p/

qp
m

�ı;^
=.�/

RŒX� BŒ��
��mC1.�/
.p/

qp
m

�ı;^
:

�.m/

(2.5)
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It follows from [6, Lemma 3.4] that �.m/ is a morphism of ı-A-algebras. We call �.m/ the
q-Taylor map of levelm. By the linear extension of �.m/, we get a morphism of ı-rings
Q�.m/WB y̋R A! BŒ��Œ

�mC1.�/

.p/
qp
m
�ı;^. As we did before Theorem 2.6 in the level-0 case,

we can check that Q�.m/.J / � .�/. Therefore, the morphism of ı-rings Q�.m/ uniquely
extends to a morphism of ı-pairs

Q�.m/W .B y̋R A; �
m.J /.B y̋R A//!

�
BŒ��

�
�mC1.�/

.p/qpm

�ı;^
; K.m/

�
:

We have the higher-level version of Lemma 2.5.

Lemma 2.11. If two morphisms of ı-pairs u1; u2W .B y̋R A;�m.J /.B y̋R A//!
.D; ID/ to a qpm-PD pair coincide when restricted to BŒ��, then they are equal.

Proof. By the proof of Lemma 2.5, we have an isomorphism of ı-pairs

.B y̋R A; J /˝.BŒ��;.�// .B y̋R A; J / ' .M;M/ � .B y̋R A; J /:

Therefore, we also have an isomorphism of ı-pairs

.B y̋R A; �
m.J /.B y̋R A//˝.BŒ��;.�m.�/// .B y̋R A; �

m.J /.B y̋R A//

' .M; �m.M/M/ � .B y̋R A; �
m.J /.B y̋R A//

' .M;M/ � .B y̋R A; �
m.J /.B y̋R A//:

So it is enough to show that any morphism of ı-pairs

uW .M;M/ � .B y̋R A; �
m.J /.B y̋R A//! .D; ID/

factors through .B y̋R A;�m.J /.B y̋R A//. As in the proof of Lemma 2.5, this follows
immediately from the fact that the qpm-PD envelope of .M;M/ is the zero ring.

Now we have the higher-level version of Theorem 2.6.

Theorem 2.12. If B is a .p/qpm -bounded ı-R-algebra andA! B is a morphism
of R-algebras, then �

BŒ��

�
�mC1.�/

.p/qpm

�ı;^
; K.m/

�
is the qpm-PD envelope of .B y̋R A; �m.J /.B y̋R A//, where K.m/ is the minimal
.p; .p/qpm /-complete ideal containing .�m.�1/; : : : ; �m.�d // and stable under the
operation 
 . Moreover, if the xi in B are all rank-one elements, then

.BŒ��h�m.�/i^
qp
m
;xp

m ; I Œp
m�

cl
/

is also the qpm-PD envelope of .B y̋R A; �m.J /.B y̋R A//.
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Proof. Let uW .B y̋R A; �m.J /.B y̋R A//! .D; ID/ be a morphism to a qpm-
PD pair. The restriction of u to .BŒ��; .�m.�1/; : : : ; �m.�d /// extends uniquely to a

morphism vW .BŒ��Œ
�mC1.�/

.p/
qp
m
�ı;^; K.m//! .D; ID/. Since the diagram

�
BŒ��; .�m.�1/; : : : ; �

m.�d //
�

.B y̋R A; �
m.J /.B y̋R A//

�
BŒ��

��mC1.�/
.p/

qp
m

�ı;^
; K.m/

�Q�.m/

is commutative, we can apply Lemma 2.11 to the maps u1 D u and

u2 W .B y̋R A; �
m.J /.B y̋R A//

Q�.m/
���!

�
BŒ��

�
�mC1.�/

.p/qpm

�ı;^
; K.m/

�
v
�! .D; ID/:

The second assertion follows from the description in Theorem 2.10.

On the other hand, in the higher-level crystalline cohomology theory, we can consider
the higher-level analog of the usual PD polynomial algebra. We can consider the divided
power of higher level �¹kº.m/ which satisfies

dY
iD1

�
ki

pm

�
Š�
¹ki º.m/
i D �k;

and the m-PD polynomial algebra which is free as a module on the generators �¹kº.m/

indexed by k 2 Nd .
Now, for a ı-R-algebra B (that need not be .p/qpm -bounded, nor have a morphism

of R-algebras A! B), we can consider the natural q-analog of the m-PD polynomial
algebra, which we call the m-q-PD polynomial algebra Bh�i.m/;q;x , as follows: as a
B-module, it is free on abstract generators �¹kº.m/;q indexed by k 2 Nd . We first check
the following, which is a higher-level analog of [5, Proposition 2.1] in our more general
setting.

Proposition 2.13 (Cf. [5, Proposition 2.1]). There exists a unique morphism of
B-modules

(2.6) BŒ��! Bh�i.m/;q;x; �.k/q 7!

dY
iD1

��
ki

pm

��
qp
m
Š�
¹ki º.m/;q
i :

It is an isomorphism if all positive q-integers are invertible in R.



q–de Rham complexes of higher level 105

Proof. This follows immediately from the facts that �.k/q indexed by k 2Nd form
a basis of BŒ��, and that �¹kº.m/;q indexed by k 2 Nd form a basis of Bh�i.m/;q;x by
definition.

To endow Bh�i.m/;q;x with a ring structure such that (2.6) is a morphism of B-
algebras, we need to check the following quite involved multiplication rule, although it
is not necessary for later computations.

Proposition 2.14 (Cf. [5, Proposition 2.2]). Let k, k0 be non-negative integers.
The multiplication rule

�
¹kº.m/;q
i �

¹k0º.m/;q
i D

X
0�j�k;k0

.j /qŠ

.b j
pm
c/qpm Š

q
j.j�1/
2

²
kC k0� j

k

³
.m/;q

�
k

j

�
q

�
k0

j

�
.m/;q

� .q � 1/jx
j
i �
¹kCk0�j º.m/;q
i

defines a structure of a commutative B-algebra on Bh�i.m/;q;x such that the linear
map (2.6) is a morphism of B-algebras.

Note that, as in the proof of Lemma 1.8, by using the formula .pml/qD.pm/q.l/qpm ,
we can cancel the terms .l/qpm in .b j

pm
c/qpm Š with the terms .pml/q in .j /qŠ for

1 � l � b j
pm
c and show that .j /qŠ

.b j
pm
c/
qp
m Š
2 ZŒq�. So this multiplication rule is well

defined over a ZŒq�.p;q�1/-algebra.

Proof of Proposition 2.14. As the multi-indices case of the twisted powers is
defined as the products of the one-index case, it is enough to show the assertion in the
case d D 1. By using the maps

Q.q/ - ZŒq�.p;q�1/ ! R;

Q.q/Œx� - ZŒq�.p;q�1/Œx�! B;

we may assume that R D Q.q/ and B D Q.q/Œx�. In particular, all positive q-integers
are invertible in B , so the map (2.6) is an isomorphism. Then, using (2.1), we can
check that the multiplications on both sides coincide because of the following equality:��

k C k0 � j

pm

��
qp
m
Š

��
j

pm

��
qp
m
Š.j /qŠ

�
k

j

�
q

�
k0

j

�
q

D

��
k

pm

��
qp
m
Š

��
k0

pm

��
qp
m
Š.j /qŠ

²
k C k0 � j

k

³
.m/;q

�
k

j

�
q

�
k0

j

�
.m/;q

:
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When the xi in B are all rank-one elements, we can endow Bh�i.m/;q;x with the
unique ı-structure such that (2.6) is a morphism of ı-B-algebras. This will be done in
Proposition 2.15. First of all, we can construct a morphism of B-modules

(2.7) Bh�i.m/;q;x ! Bh�iq;x; �¹kº.m/;q 7!

dY
iD1

.ki /qŠ

.b ki
pm
c/qpm Š

�
Œki �q
i :

By the argument before the proof of Proposition 2.14, we see that .ki /qŠ

.b
ki
pm
c/
qp
m Š
2 ZŒq�,

so this map is well defined. To check that this is a morphism of B-algebras, as in the
proof of Proposition 2.14, we may assume thatRDQ.q/ andB DQ.q/Œx�. The maps
(2.2), (2.6) and (2.7) fit into the following commutative diagram:

BŒ�� Bh�i.m/;q;x

Bh�iq;x :

(2.6)

(2.2) (2.7)

Both (2.2) and (2.6) are isomorphisms of B-algebras, since, by the assumption, all
positive q-integers are invertible in R. Therefore, the same holds for (2.7).

First, we consider the ı-structure when B D ZŒq�.p;q�1/Œx�. Then the map (2.7) is
injective (not necessarily isomorphic, since not all positive q-integers are invertible
in ZŒq�.p;q�1/Œx�). By the arguments in [7, Section 2], we have the formula of the
Frobenius lift � on ZŒq�.p;q�1/Œx�h�iq;x:

�.�
Œk�q
i / D

pkX
jDk

.p/kqbk;jx
pk�j
i �

Œj �q
i ;

where the detailed expressions of bk;j 2 ZŒq� are quite complicated. To see that �
restricts to an endomorphism of ZŒq�.p;q�1/Œx�h�i.m/;q;x , it is enough to show that the
coefficients of .j /qŠ

.b j
pm
c/
qp
m Š
�
Œj �q
i in the formula

�

�
.k/qŠ

.b k
pm
c/qpm Š

�
Œk�q
i

�
D

pkX
jDk

.p/kq �
.k/qp Š

.b k
pm
c/
qp
mC1 Š

�
.b j
pm
c/qpm Š

.j /qŠ
bk;jx

pk�j
i

�
.j /qŠ

.b j
pm
c/qpm Š

�
Œj �q
i

�
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are the elements in ZŒq�.p;q�1/Œx�. By the argument before the proof of Proposition
2.14, we see that

.b j
pm
c/qpm Š

.j /qŠ
D

1Qb j
pm
c�1

lD0

�
.pm/q �

Qpm�1
uD1 .pml C u/q

�
�

1Qj�pmb j
pm
c

u0D1 .pmb j
pm
c C u0/q

;

which is equal to 1Qb jpm c�1
lD0

.pm/q

up to a unit in ZŒq�.p;q�1/ by Lemma 1.4. Since this

denominator is biggest when j D pk, it suffices to show that when j D pk, the element

.p/kq �
.k/qp Š

.b k
pm
c/
qp
mC1 Š

�
.b pk
pm
c/qpm Š

.pk/qŠ

belongs to ZŒq�.p;q�1/. Thanks again to Lemma 1.4, for any non-negative integerm0, we
can ignore the terms .n/

qp
m0 when gcd.n;p/D 1. Then the result follows immediately

from the equations

.pl/q D .p/q.l/qp for l D 1; : : : ; k;

.pl 0/qpm D .p/qpm .l
0/
qp
mC1 for l 0 D 1; : : : ;

�
k

pm

�
:

As ZŒq�.p;q�1/Œx� is p-torsion-free, the Frobenius lift � on ZŒq�.p;q�1/Œx�h�i.m/;q;x
corresponds to a unique ı-structure. Now we consider a general B where the xi in B
are all rank-one elements. Then we can define the ı-structure on Bh�i.m/;q;x by using
the isomorphism

Bh�i.m/;q;x ' B ˝ZŒq�.p;q�1/Œx� ZŒq�.p;q�1/Œx�h�i.m/;q;x :

The ring BŒ��h�m.�/iqpm ;xpm that appears in Theorem 2.12 is the ring we are
particularly interested in, but its construction is quite complicated. On the other hand,
the m-q-PD polynomial algebra Bh�i.m/;q;x is the natural q-analog of the usual m-PD
polynomial algebra. So we can consider the q-analogs of the usual calculations for
Bh�i.m/;q;x . However, the relation between these rings is not clear from the definitions.
Actually, these two rings are isomorphic as ı-B-algebras.
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Proposition 2.15. Let

ZŒq�.p;q�1/Œx�Œ��h�
m.�/iqpm ;xpm ,! Z.p/.q/Œx�Œ��;

.�m.�//
Œk�
qp
m
;.1�qp

m
/xp

m
7!

dY
iD1

.�m.�i //
.ki /qpm;.1�qpm/xpm

.ki /qpm Š

and

ZŒq�.p;q�1/Œx�h�i.m/;q;x ,! Z.p/.q/Œx�Œ��;

�¹kº.m/;q 7!

dY
iD1

�
.ki /q
i

.b ki
pm
c/qpm Š

be the natural morphisms of ı-rings. Then the ring ZŒq�.p;q�1/Œx�Œ��h�
m.�/iqpm ;xpm

is isomorphic to the ring ZŒq�.p;q�1/Œx�h�i.m/;q;x as ı-subrings of Z.p/.q/Œx�Œ��. In
particular, by the base change to a ı-R-algebraB with elements xD .x1; : : : ;xd /2Bd ,
we can construct an isomorphism of B-algebras

BŒ��h�m.�/iqpm ;xpm ' Bh�i.m/;q;x :

If the xi in B are all rank-one elements, then this is an isomorphism of ı-B-algebras.

Proof. Let k; r; s 2 Nd such that ki D pmri C si (0 � si < pm) for all i D
1; : : : ; d . By construction, ¹�¹kº.m/;q ºk2Nd is a basis of ZŒq�.p;q�1/Œx�h�i.m/;q;x as a
ZŒq�.p;q�1/Œx�-module. Since we have

ZŒq�.p;q�1/Œx�Œ��h�
m.�/iqpm ;xpm

D ZŒq�.p;q�1/Œx�Œ��˝ZŒq�.p;q�1/Œxp
m
�Œ�m.�/� ZŒq�.p;q�1/Œx

pm �h�m.�/iqpm ;xpm ;

and that ¹�s.�m.�//.r/qpm;.1�qpm/xpm ºk2Nd is a basis of ZŒq�.p;q�1/Œx�Œ�� as a

ZŒq�.p;q�1/Œx�-module, by moving .�m.�//.r/qpm;.1�qpm/xpm to the right of the tensor
product, we see that ¹�s.�m.�//Œr�qpm;.1�qpm/xpm ºk2Nd is a basis of ZŒq�.p;q�1/Œx�Œ�� �

h�m.�/iqpm ;xpm as a ZŒq�.p;q�1/Œx�-module. By considering the images of these bases
in Z.p/.q/Œx�Œ��, we see that as polynomials in variables �, the degrees of �¹kº.m/;q

and �s.�m.�//Œr�qpm;.1�qpm/xpm are both equal to jkj, and have a unique term of the
highest degree with the same leading coefficients. So, if we are able to check that for any
r 2 Nd , the element .�m.�//Œr�qpm;.1�qpm/xpm belongs to ZŒq�.p;q�1/Œx�h�i.m/;q;x ,
then by induction, we can also write �¹kº.m/;q as a linear combination of the
�s.�m.�//

Œr�
qp
m
;.1�qp

m
/xp

m , so the result follows. As the multi-indices case of the
twisted powers is defined as the products of the one-index case, it is sufficient to show the
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assertion in the case d D 1, i.e., for any r 2 N, the element .�m.�//Œr�qpm;.1�qpm/xpm

belongs to ZŒq�.p;q�1/Œx�h�i.m/;q;x . Equivalently, we need to show that

(2.8) .�m.�//
.r/
qp
m
;.1�qp

m
/xp

m
2 .r/qpm ŠZŒq�.p;q�1/Œx�h�i.m/;q;x :

Thanks to Lemma 1.4, in the factorial .r/qpm Š, we only need to consider the terms
.pnl/qpm , where l , n are positive integers with pnl � r such that gcd.l; p/ D 1. By
Proposition 1.3, we have

(2.9) .pnl/qpm D .p/qpm .p/qpmC1 � � � .p/qpmCn�1 .l/qpmCn ;

where the term .l/
qp
mCn can be ignored by Lemma 1.4. Note that ZŒq�.p;q�1/ is a

UFD, and we can check that for j 2 N, each .p/
qp
j is an irreducible polynomial in

ZŒq�.p;q�1/ that is different from the others: we fix a compatible sequence of p-power
roots of unity ¹�pjC1ºj2N as elements of C, which can be used to analyze the terms
.p/

qp
j . The roots of .p/

qp
j in C in variable q are primitive pjC1th roots of unity,

so .p/
qp
j is the pjC1th cyclotomic polynomial, which is irreducible by the classical

result. Therefore, if we want to show (2.8), it is important to count the number of
irreducible factors .p/

qp
j . For this purpose, the next claim is useful.

Claim 2.16. Let n be a positive integer, and let v be a non-negative integer. Then

pn�1Y
uD0

.�m.�/C .1 � qup
mCvpmCn/xp

m

/ � �.p
mCn/q 2 .p/

qp
mCn�1ZŒq�Œx�Œ��:

We prove the claim. It is enough to check that, if we assign q D �pmCn in C, then
the element in the claim is equal to 0. Now, the twisted power �.pmCn/q can be factored
as the product

�.p
mCn/q D

pn�1Y
u0D0

pm�1Y
v0D0

.� C .1 � qu
0Cpnv0/x/:

So it is sufficient to show that for u 2 N, if we assign q D �pmCn , then the element

(2.10) .�m.�/C .1 � qup
mCvpmCn/xp

m

/ �

pm�1Y
v0D0

.� C .1 � quCp
nv0/x/

is equal to 0. Since the elements x, � C x are rank-one elements, we see that

�m.�/C xp
m

D �m.� C x/ D .� C x/p
m

:
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So for the left-hand term in (2.10), we can check that

�m.�/C .1 � qup
mCvpmCn/xp

m

D .� C x/p
m

� qup
mCvpmCnxp

m

:

If we assign q D �pmCn , then we have the element

.� C x/p
m

� �
upm

pmCn
xp

m

D

pm�1Y
v00D0

.� C x � �
uCpnv00

pmCn
x/;

which is equal to the right-hand term of (2.10) when q D �pmCn . This proves the claim.
Now we want to show (2.8). We first note that

�.p
mCn/q D .pn/qpm �

¹pmCnº.m/;q D .p/qpm .p/qpmC1 � � � .p/qpmCn�1 �
¹pmCnº.m/;q :

So, by using Claim 2.16, we see that

pn�1Y
uD0

.�m.�/C .1 � qup
mCvpmCn/xp

m

/

2 .p/
qp
mCn�1ZŒq�.p;q�1/Œx�h�i.m/;q;x :(2.11)

Notice that, for ln; sn 2 N such that 0 � sn < pn, the element

.�m.�//
.pnlnCsn/qpm;.1�qpm/xpm

can be factored as the product� ln�1Y
vD0

pn�1Y
uD0

.�m.�/C .1 � qup
mCvpmCn/xp

m

/

�
�

� sn�1Y
u00D0

.�m.�/C .1 � qu
00pmClnp

mCn

/xp
m

/

�
:

So, by applying (2.11) to the left-hand term, we see that

.�m.�//
.pnlnCsn/qpm;.1�qpm/xpm 2 .p/

ln

qp
mCn�1ZŒq�.p;q�1/Œx�h�i.m/;q;x :

Since ZŒq�.p;q�1/ is a UFD, and since monic irreducible polynomials .p/
qp
mCn�1 in

ZŒq�.p;q�1/ are distinct for n 2N, if we set c as the largest integer that satisfies pc � r ,
we see that

(2.12) .�m.�//
.r/
qp
m
;.1�qp

m
/xp

m
2

� cY
nD1

.p/
ln

qp
mCn�1

�
ZŒq�.p;q�1/Œx�h�i.m/;q;x :
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On the other hand, for each positive integer n, if we consider

r D pnln C sn .0 � sn < p
n/

as before, then by using (2.9), we see that the number of irreducible factors .p/
qp
mCn�1

in .r/qpm Š, which appeared in (2.8), is equal to ln. Together with (2.12), we can check
that (2.8) holds, so the result follows.

Now we consider the theory of m-qpm-crystalline sites. Our setting is based on
that of [6, Sections 1 and 4]. First, we begin with the following general construction.
Let T be any site and let zT be the corresponding topos. If we denote by 1´ ¹0º
the final category, then there exists a unique cocontinuous functor eT WT ! 1. By the
identification of the category of sheaves on 1 and the category Sets of sets, we obtain
the final morphism of topoi,

eT W zT ! Sets:

We have eT�.E/ D �.T;E/ and H k.T;E/ D RkeT�.E/.
Next we recall the notion of an m-qpm-crystalline site in [14], in the situation

we will use later. Let .R; IR/! .A; IA/ be a morphism of qpm-PD pairs with fixed
rank-one étale coordinates x D .x1; : : : ; xd / in A. We also assume that

IA D IRA
cl
:

For a qpm-PD pair .D; ID/, let JD ´ .�m/�1.ID/.

Definition 2.17. Let NA ´ A=JA. We define the m-qpm-crystalline site
. NA=R/m-qpm -crys of NA=R as follows. Objects are maps .R; IR/! .D; ID/ of qpm-PD
pairs, together with an R=JR-algebra map NA! D=JD . We will often denote such
an object by .D; ID/ if no confusion arises. A morphism is a map of qpm-PD pairs
.D; ID/! .D0; ID0/ over .R; IR/ such that the induced morphism

D=JD ! D0=JD0

is compatible with the maps NA! D=JD , NA! D0=JD0 . A map (D; ID)! (D0; ID0)
in . NA=R/m-qpm -crys is a cover if it is a .p; .p/qpm /-completely faithfully flat map and
satisfies

ID0 D IDD0
cl
:

The structural ring O
.m/
NA=R

of the site . NA=R/m-qpm -crys is given by O
.m/
NA=R
..D; ID// DD.

By the same argument as in the proof of [4, Corollary 3.12], we can check that O
.m/
NA=R

is a sheaf.
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We can also consider the slice category qpm-CRYS=A over .A; IA/ as follows:
objects are maps .A; IA/! .D; ID/ of qpm-PD pairs, and the notion of morphism is
the obvious one. We endow qp

m-CRYS=A with the flat topology as in Definition 2.17.
Then we have the final morphism of topoi,

eAW
F
qp

m

-CRYS=A ! Sets:

Since the qpm-PD pair .A; IA/ is the final object of the category qpm-CRYS=A, we
see that eA�.E/ D EA is the realization of the sheaf E on A. The structural ring
Oqpm -CRYS=A of the site qpm-CRYS=A is given by Oqpm -CRYS=A..D; ID// D D. In
particular, we have Oqpm -CRYS=A..A; IA// D A. As above, Oqpm -CRYS=A is a sheaf. So
we can consider eA as a morphism of ringed topoi,

eAW .
F
qp

m

-CRYS=A;Oqpm -CRYS=A/! .Sets; A/:

We have eA�.E/ D EA as above, and e�A.M/ is the sheaf associated to the presheaf
.D; ID/ 7! D ˝AM . We define L Oe�A as the derived .p; .p/qpm /-completion of Le�A.

Let C be a commutative ring. We denote by FMod^.p;.p/
qp
m /.C / the category of

derived .p; .p/qpm /-complete .p; .p/qpm /-completely flat C -modules. Then we have
the following lemma.

Lemma 2.18. We keep the notation above:

(1) (Cf. [18, Lemma 2.7]) Let M;N 2 FMod^.p;.p/
qp
m /.A/. Then the derived .p;

.p/qpm /-completion ofM ˝LA N is .p; .p/qpm /-completely flat and discrete, and
it coincides with the classical .p; .p/qpm /-completion of M ˝A N .

(2) (Cf. [16, Lemma 3.7 (i)]) Let .A; IA/! .D; ID/ be a map of qpm-PD pairs and
letM 2 FMod^.p;.p/

qp
m /.A/. Then the derived .p; .p/qpm /-completion ofD ˝LA

M is .p; .p/qpm /-completely flat and discrete, and it coincides with the classical
.p; .p/qpm /-completion of D ˝AM .

Proof. If .A; IA/! .D; ID/ is a map of qpm-PD pairs, then�
A; ..p/qpm /

�
!
�
D; ..p/qpm /

�
is a map of bounded prisms. So (1) follows from [18, Lemma 2.7] by considering the
pair of prismatic type .A; .p; .p/qpm //, and (2) follows from [16, Lemma 3.7 (i)] by
considering I D ..p/qpm /.

In this article, when we consider the derived .p; .p/qpm /-completion of the derived
tensor product, we always consider the cases in Lemma 2.18. So we will simply denote
it by y̋ when there is no risk of confusion.
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We consider the notion of a complete crystal in the sense of [18, Definition 3.3].

Definition 2.19. A complete crystal on . NA=R/m-qpm -crys (resp. on qpm-CRYS=A)
is a sheaf of O

.m/
NA=R

-modules (resp. Oqpm -CRYS=A-modules) E such that for each object
.D; ID/ of the site, the evaluationED ofE at .D; ID/ belongs to FMod^.p;.p/

qp
m /.D/,

and for any morphism f W .D; ID/! .D0; ID0/ in the site, the canonical linearized
transition map

cf .E/WD
0 y̋D ED ! ED0

is an isomorphism. We denote by

CR.. NA=R/m-qpm -crys;O
.m/
NA=R
/ .resp. CR.qpm-CRYS=A;Oqpm -CRYS=A//

the category of complete crystals.

Proposition 2.20 (Cf. [6, Proposition 4.1]). The functors ReA� and L Oe�A induce
an equivalence between CR.qpm-CRYS=A;Oqpm -CRYS=A/ and FMod^.p;.p/

qp
m /.A/.

Proof. Let M 2 FMod^.p;.p/
qp
m /.A/. We consider the presheaf Oe�A.M/ of

Oqpm -CRYS=A-modules that sends an object .D; ID/ in qpm-CRYS=A to D y̋AM . By
Lemma 2.18 (2), we have D y̋AM 2 FMod^.p;.p/

qp
m /.D/. If .D; ID/! .D0; ID0/

is a flat cover in qpm-CRYS=A, then by [18, Proposition 2.9 (i)], we have an equalizer
diagram of D-modules

D y̋AM ! D0 y̋AM � D0 y̋D D
0 y̋AM;

so Oe�A.M/ is a sheaf. Again by Lemma 2.18 (2) and the definition of L Oe�A, we see that
L Oe�A.M/ D Oe�A.M/. The canonical linearized transition maps associated to Oe�A.M/ are
clearly isomorphisms, so we have L Oe�A.M/ 2 CR.qpm-CRYS=A;Oqpm -CRYS=A/.

Now, for E 2 CR.qpm-CRYS=A;Oqpm -CRYS=A/, we show that RieA�E D 0 for
i > 0. We need to show that H i .qp

m-CRYS=A; E/ D 0 for i > 0, but this can be
checked as in [18, Lemma 4.12].

We can calculate that eA� Oe�A.M/ D A y̋A M D M and . Oe�AeA�.E//D D D y̋A

EA D ED , so that eA� and Oe�A induce an equivalence between CR.qpm-CRYS=A;
Oqpm -CRYS=A/ and FMod^.p;.p/

qp
m /.A/.

Now we consider the localization functor

jAW q
pm-CRYS=A ! . NA=R/m-qpm -crys
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that sends a map .A; IA/! .D; ID/ of qpm-PD pairs to a map .R; IR/! .D; ID/ of
qp

m-PD pairs, together with an R=JR-algebra map NA! D=JD . This is a morphism
of sites which extends to a morphism of topoi,

jAW
F
qp

m

-CRYS=A ! A. NA=R/m-qpm -crys:

Definition 2.21. If M 2 FMod^.p;.p/
qp
m /.A/, then the linearization of M is

L.m/.M/´ jA� Oe
�
A.M/;

which is a sheaf on . NA=R/m-qpm -crys.

To compute the linearization, we need to consider the product in . NA=R/m-qpm -crys.
For a ı-pair .C; J /, we denote by NJ cl the closure of J in C for the .p; .p/qpm /-adic
topology.

Proposition 2.22. If .B; IB/ is an object of . NA=R/m-qpm -crys, then�
BŒ��

�
�mC1.�/

.p/qpm

�ı;^
; K.m/ C IBBŒ��

�
�mC1.�/

.p/qpm

�ı;^cl�
is the coproduct of .B; IB/ and .A; IA/ in . NA=R/m-qpm -crys. Moreover, if there exists a
morphism .A; IA/! .B; IB/ in . NA=R/m-qpm -crys, then it is isomorphic to� bBh�i.m/;q;x; I Œpm�cl

C IB bBh�i
cl

.m/;q;x

�
:

In particular, when .B; IB/D .A; IA/, we use the identification ofAŒ��Œ�
mC1.�/

.p/
qp
m
�ı;^

and bAh�i.m/;q;x without comment.

Proof of Proposition 2.22. We denote the structural map NA! B=JB µ NB by
Nf . First, we can choose the liftings of the images of the xi under the map A !
NA
Nf
�! NB and construct the map RŒX�! B . For any element y 2 JB , we can check

that ypmC1 D �mC1.y/ � pz for an element z in B by [4, Remark 2.13], and that
�mC1.y/ 2 .p/qpmB by the definitions of the ideal JB and the qpm-PD pair. Since
RŒX� ! A is .p; .p/qpm /-completely étale, by the arguments in the proofs of [1,
Proposition 1.5.5] and [8, Théorème 18.1.2], there exists a unique morphism of R-
algebras f WA! B making the following diagram commute:

A NA NB

RŒX� B;

f

Nf
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so we can consider the ı-ringB y̋R A and its ideal J as before, where J is the kernel of
multiplicationB y̋R A�B . By Theorem 2.12, we can construct the qpm-PD envelope
.BŒ��Œ

�mC1.�/

.p/
qp
m
�ı;^;K.m// of .B y̋R A;�m.J /.B y̋R A//. Since IB is a qpm-PD ideal

of B , by [7, Lemma 3.2 and Corollary 4.4], we see that

.B 0; IB0/´

�
BŒ��

�
�mC1.�/

.p/qpm

�ı;^
; K.m/ C IBBŒ��

�
�mC1.�/

.p/qpm

�ı;^cl�
is a qpm-PD pair. As we assume that IA D IRA

cl, we have the morphisms of qpm-PD
pairs �.m/W .A;IA/! .B 0; IB0/ and .B;IB/! .B 0; IB0/. Since we have �m.�i / 2K.m/
for any i D 1; : : : ;d , we see that �i 2 JB0 . By the construction ofB 0DBŒ��Œ�

mC1.�/

.p/
qp
m
�ı;^,

we can check that B 0´ B 0=JB0 is a quotient of NB , and by the construction of �.m/, we
see that N�.m/W NA! B 0 is a quotient of Nf . Therefore, the maps �.m/W .A; IA/! .B 0; IB0/

and .B; IB/! .B 0; IB0/ are actually morphisms in . NA=R/m-qpm -crys. It remains to
show that for any morphisms

gW .A; IA/! .C; IC /;

hW .B; IB/! .C; IC /;

in . NA=R/m-qpm -crys, these morphisms uniquely extend to a morphism

.B 0; IB0/! .C; IC /

in . NA=R/m-qpm -crys.
We first have a unique morphism of ı-rings

F WB y̋R A! C ;

rX
jD1

bj ˝ aj 7!

rX
jD1

h.bj /g.aj /;

that extends the underlying rings maps of g, h. We can also consider the following
NA-algebras map induced by g, h:

NgW NA! C=JC µ xC ;

NhW NB ! xC I

then we have Nh ı Nf D Ng. Now, for any element
Pr
jD1 bj ˝ aj 2 J , we have

rX
jD1

bj � f .aj / D 0
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by definition. So we have

F

� rX
jD1

bj ˝ aj

�
D

rX
jD1

Nh.bj / Ng.aj / D Nh

� rX
jD1

bj � Nf .aj /

�
D 0;

namely, F.
Pr
jD1 bj ˝ aj / 2 JC . Therefore, the morphism of ı-rings F uniquely

extends to a morphism of ı-pairs:

F W .B y̋R A; �
m.J /.B y̋R A//! .C; IC /:

By the universal property of a qpm-PD envelope, we can get a unique morphism of
qp

m-PD pairs .B 0; K.m//! .C; IC / extending F , and it actually extends to a unique
morphism of qpm-PD pairs .B 0; IB0/! .C; IC /. Since B 0 is a quotient of NB , it is easy
to check that this is a morphism in . NA=R/m-qpm -crys.

For the second assertion, if we assume that there exists a morphism

.A; IA/! .B; IB/

in . NA=R/m-qpm -crys, then the xi in B are all rank-one elements. Then the result follows
from Theorem 2.12 and Proposition 2.15.

Proposition 2.23. For any object .B; IB/ in . NA=R/m-qpm -crys, we can find a map
i1W .B; IB/! .B 0; IB0/ and a map i2W .A; IA/! .B 0; IB0/ in . NA=R/m-qpm -crys, where
the underlying rings map of i1 is .p; .p/qpm /-completely faithfully flat.

Proof. By [6, Proposition 5.2], we see that BŒ��Œ�
mC1.�/

.p/
qp
m
�ı;^ is .p; .p/qpm /-

completely faithfully flat over B . So we can simply choose the object in Proposition
2.22, and use the fact that it is the coproduct of .B; IB/ and .A; IA/.

Remark 2.24. For the object in Proposition 2.22, the inclusion

K.m/ � IBBŒ��

�
�mC1.�/

.p/qpm

�ı;^
does not hold in general. Therefore, [6, Proposition 5.3] would no longer be correct if
we used the flat topology in Definition 2.17.

From now on, if we write BŒ��Œ�
mC1.�/

.p/
qp
m
�ı;^ ˝0A �, then the notation˝0 indicates

that we use the level-m q-Taylor map �.m/ (which was introduced before Lemma 2.11)
for the A-structure on the left-hand side.
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By Proposition 2.22, we can calculate the functor

j�1A W
A. NA=R/m-qpm -crys !

F
qp

m

-CRYS=A;

jA�W
F
qp

m

-CRYS=A ! A. NA=R/m-qpm -crys;

associated to the morphism of topoi jA. By the same argument as in the proof of
[3, Proposition 5.25], we see that for F 2 A. NA=R/m-qpm -crys, the sheaf j�1A .F / sends an
object .D; ID/ of qpm-CRYS=A to FD , and for an object .B; IB/ of . NA=R/m-qpm -crys,
the sheaf j�1A ..B; IB// is represented by the object

�.m/W .A; IA/!

�
BŒ��

�
�mC1.�/

.p/qpm

�ı;^
; K.m/ C IBBŒ��

�
�mC1.�/

.p/qpm

�ı;^cl�
of qpm-CRYS=A. Then it follows that forF 0 2Fqpm-CRYS=A, the sheaf jA�.F 0/ sends an
object .B; IB/ of . NA=R/m-qpm -crys to F 0

BŒ��Œ
�mC1.�/

.p/
qp
m
�ı;^

. This gives an explicit descrip-
tion of L.m/.M/.

Lemma 2.25. Let M 2 FMod^.p;.p/
qp
m /.A/.

(1) If .B; IB/ is an object of . NA=R/m-qpm -crys, then

L.m/.M/B D BŒ��

�
�mC1.�/

.p/qpm

�ı;^
y̋
0

AM:

(2) If .B; IB/! .C; IC / is a morphism in . NA=R/m-qpm -crys, there exists a canonical
isomorphism

C y̋B L
.m/.M/B

'
�! L.m/.M/C :

In particular, we have L.m/.M/ 2 CR.. NA=R/m-qpm -crys;O
.m/
NA=R
/.

Proof. The first assertion follows from the calculation of jA� above and the def-
inition of Oe�A in the proof of Proposition 2.20, so it follows from Lemma 2.18 (2)
that L.m/.M/B 2 FMod^.p;.p/

qp
m /.B/. Therefore, the second assertion follows from

[4, Lemma 16.10 (3)].

The following standard results are useful to calculate the linearizations.

Lemma 2.26 (Cf. [6, Lemma 4.7]). If E 2 CR.. NA=R/m-qpm -crys;O
.m/
NA=R
/ andM 2

FMod^.p;.p/
qp
m /.A/, then

E y̋
O
.m/
NA=R

L.m/.M/ ' L.m/.EA y̋AM/:
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Proof. We follow the proof of [6]. If .A; IA/! .B; IB/ is a map of qpm-PD pairs,
then

.j�1A E/B D EB D B y̋A EA D . Oe
�
AEA/B :

So we see that j�1A E D Oe�AEA. By the adjunction map j�1A jA� Oe
�
AM ! Oe

�
AM , we get

the map

j�1A .E y̋
O
.m/
NA=R

jA� Oe
�
AM/

D j�1A E y̋O
qp
m -CRYS=A

j�1A jA� Oe
�
AM

D Oe�AEA y̋O
qp
m -CRYS=A

j�1A jA� Oe
�
AM

! Oe�AEA y̋O
qp
m -CRYS=A

Oe�AM

D .Oqpm -CRYS=A
y̋A EA/ y̋O

qp
m -CRYS=A

.Oqpm -CRYS=A
y̋AM/

D Oqpm -CRYS=A
y̋A .EA y̋AM/

D Oe�A.EA y̋AM/:

Again by adjunction, we get the natural map

E y̋
O
.m/
NA=R

L.m/.M/DE y̋
O
.m/
NA=R

jA� Oe
�
AM ! jA� Oe

�
A.EA y̋AM/DL.m/.EA y̋AM/:

It remains to show that this is an isomorphism. It is sufficient to show that for any object
.B; IB/ of . NA=R/m-qpm -crys, we have

EB y̋B L
.m/.M/B ' L

.m/.EA y̋AM/B :

We writeB 0´BŒ��Œ
�mC1.�/

.p/
qp
m
�ı;^. SinceE 2CR.. NA=R/m-qpm -crys;O

.m/
NA=R
/, by Lemma

2.25 (1), we have

EB y̋B L
.m/.M/B ' EB y̋B B

0 y̋
0

AM ' EB0 y̋
0

AM

' B 0 y̋
0

A EA y̋AM ' L
.m/.EA y̋AM/B :

Lemma 2.27 (Cf. [6, Corollary 4.4]). We have RijA�E D 0 for i > 0 and E 2
CR.qpm-CRYS=A;Oqpm -CRYS=A/.

Proof. We follow the proof of [6]. We write B 0 ´ BŒ��Œ
�mC1.�/

.p/
qp
m
�ı;^. Then the

sheaf RijA�E is associated to the presheaf .B; IB/ 7! H i .qp
m-CRYS=B0 ; EjB0/. But

by considering the case A D B 0 in Proposition 2.20, we see that

H i .qp
m

-CRYS=B0 ; EjB0/ D RieB0�EjB0 D 0:
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Lemma 2.28 (Cf. [6, Corollary 4.5]). If M 2 FMod^.p;.p/
qp
m /.A/, then

R�.. NA=R/m-qpm -crys; L
.m/.M// DM:

Proof. We follow the proof of [6]. As in the previous construction, we have the
final morphism of topoi,

e NA=RW
A. NA=R/m-qpm -crys ! Sets

which satisfies e NA=R ı jA D eA. Then by Lemma 2.27 and Proposition 2.20, we can
calculate that

R�.. NA=R/m-qpm -crys; L
.m/.M// D Re NA=R�L

.m/.M/

D Re NA=R�jA� Oe
�
AM

D Re NA=R�RjA� Oe
�
AM

D R.e NA=R�jA�/ Oe
�
AM

D ReA� Oe
�
AM

DM:

There also exists a notion of stratification in our setting that reads as follows.

Definition 2.29. A hyper m-qpm-stratification on M 2 FMod^.p;.p/
qp
m /.A/ is

an bAh�i.m/;q;x-linear isomorphism

"M W bAh�i.m/;q;x y̋ 0AM 'M y̋A bAh�i.m/;q;x
satisfying the cocycle condition

."M y̋ IdbAh�i.m/;q;x / ı .IdbAh�i.m/;q;x y̋
0
"M / ı .ı

1
1
y̋
0 IdM / D .IdM y̋ ı11/ ı "M ;

where
ı11 W

bAh�i.m/;q;x ! bAh�i.m/;q;x y̋ 0A bAh�i.m/;q;x
is the comultiplication map that will be defined after Proposition 3.1.

Proposition 2.30. The category CR.. NA=R/m-qpm -crys;O
.m/
NA=R
/ is equivalent to

the category of derived .p; .p/qpm /-complete .p; .p/qpm /-completely flat A-modules
endowed with a hyper m-qpm-stratification.

Proof. By using Propositions 2.22 and 2.23, this can be proved in the same way as
in [18, Proposition 4.8] by replacing bounded prisms with qpm-PD pairs, and putting
zR D A and zB D BŒ��Œ�

mC1.�/

.p/
qp
m
�ı;^ in the notation there.
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3. q-analog of the higher de Rham complex

In this section we construct a q-analog of the “de Rham–like” complex and prove
the corresponding Poincaré lemma, following [15].

First, we do some differential calculus related to the m-qpm-crystalline theory. Let
.R;IR/! .A;IA/ be a morphism of qpm-PD pairs with fixed rank-one étale coordinates
x D .x1; : : : ; xd / inA. We also assume that IA D IRA

cl. Let P ´ A y̋R A. Similarly
to Section 2, if we write �˝0A �, then the notation˝0 indicates that we use the right
A-module structure on the left-hand side. For r 2 N, let I.r/ be the kernel of the
surjection

A
y̋ .rC1/

D A y̋R � � � y̋R A„ ƒ‚ …
r C 1 times

' P y̋
0

A � � �
y̋
0

A P„ ƒ‚ …
r times

! A:

Let P .m/
A=R;q

.r/ be the qpm-PD envelope of .A y̋ .rC1/; �m.I.r//A y̋ .rC1// with the A-

module structure induced by multiplication by the first factor of A y̋ .rC1/. By Theorem
2.12 and Proposition 2.15, we have P .m/

A=R;q
.1/ D bAh�i.m/;q;x . More generally, we have

the following result.

Proposition 3.1. The graded A-algebra P .m/
A=R;q

.�/ can be identified with the

complete tensor algebra of bAh�i.m/;q;x over A, namely, we have

P
.m/

A=R;q
.�/ D

1M
rD0

bAh�i y̋
0
r

.m/;q;x
:

In particular, P .m/
A=R;q

.2/ D bAh�i.m/;q;x y̋ 0A bAh�i.m/;q;x .

Proof. We can check as in the proof of [7, Corollary 7.4] that bAh�i y̋
0
r

.m/;q;x
is

bounded. Thus, by [7, Lemma 4.10], it is the qpm-PD envelope of P y̋
0
r D A

y̋ .rC1/

with respect to the ideal �m.I.r//A y̋ .rC1/. Thus we have the canonical isomorphism
P
.m/

A=R;q
.r/ ' bAh�i y̋

0
r

.m/;q;x
for r 2 N. Moreover, by definition, we have the product

structure
P
.m/

A=R;q
.r/ y̋

0

A P
.m/

A=R;q
.s/! P

.m/

A=R;q
.r C s/

induced by the natural morphism

P
y̋
0
r y̋
0

A P
y̋
0
s
! P

y̋
0
.rCs/;

which is compatible with the natural morphism

bAh�i y̋
0
r

.m/;q;x
y̋
0

A
bAh�i y̋

0
s

.m/;q;x
! bAh�i y̋

0
.rCs/

.m/;q;x
:
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Thus the isomorphisms P .m/
A=R;q

.r/ ' bAh�i y̋
0
r

.m/;q;x
for r 2 N induce the isomorphism

P
.m/

A=R;q
.�/ '

1M
rD0

bAh�i y̋
0
r

.m/;q;x

of graded A-algebras.

For r 2 N, let ıri WP
.m/

A=R;q
.r/! P

.m/

A=R;q
.r C 1/ (0 � i � r C 1) denote the map of

ı-R-algebras corresponding to the strictly increasing map of simplices

Œr�´ ¹0; 1; : : : ; rº ! Œr C 1�

that skips i , i.e., ıri is induced by the map A y̋ .rC1/ ! A
y̋ .rC2/ given by

a0 ˝ � � � ˝ ar 7! a0 ˝ � � � ˝ ai�1 ˝ 1˝ ai ˝ � � � ˝ ar :

Then we can consider the differential morphism d r WP
.m/

A=R;q
.r/! P

.m/

A=R;q
.r C 1/ by

(3.1) d r D

rC1X
iD0

.�1/iıri ;

and this makes P .m/
A=R;q

.�/ a DGA (differential graded algebra) over R.
For r 2 N, let � ri WP

.m/

A=R;q
.r/! P

.m/

A=R;q
.r � 1/ (0 � i � r � 1) denote the map of

ı-R-algebras corresponding to the surjective non-decreasing map of simplices

Œr�´ ¹0; 1; : : : ; rº ! Œr � 1�

such that ¹iº � Œr � 1� has two elements, i and i C 1, in its preimage, i.e., � ri is induced
by the map A y̋ .rC1/ ! A

y̋ .r/ given by

a0 ˝ � � � ˝ ar 7! a0 ˝ � � � ˝ ai�1 ˝ aiaiC1 ˝ aiC2 ˝ � � � ˝ ar :

Then we can define the sub-DGA NP
.m/

A=R;q
.�/ of P .m/

A=R;q
.�/ by

NP
.m/

A=R;q
.r/´

r�1\
iD0

Ker.� ri /:

It is easy to see that NP .m/
A=R;q

.1/ is the .p; .p/qpm /-completion of the A-module
freely generated by ¹�¹kº.m/;q ºk2Ndn¹0º, and the DGA NP

.m/

A=R;q
.�/ is isomorphic to

the complete tensor algebra of NP .m/
A=R;q

.1/ over A, namely, we have

NP
.m/

A=R;q
.�/ D

1M
rD0

NP
.m/

A=R;q
.1/
y̋
0
r :
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Next we make some explicit computations related to the above constructions.

Theorem 3.2. For all k 2Nd , the morphism ı11 WP
.m/

A=R;q
.1/! P

.m/

A=R;q
.2/ satisfies

ı11.�
¹kº.m/;q / D

X
0�k0�k

�
k

k0

�
.m/;q

�¹k
0
º.m/;q ˝

0 �¹k�k
0
º.m/;q :

Proof. As in the proof of Proposition 2.14, we may assume that R D Q.q/ and
ADQ.q/Œx�. First we consider the elements �i´ 1˝ xi � xi ˝ 12P for i D 1; : : : ;d
(notice that these would have been called ��i in [15], and therefore the signs in our
formulas will not always agree with those given by Miyatani) and the map

ı11 WP ! P y̋
0

A P; f ˝ g 7! f ˝ 1˝ g:

By [13, Theorem 3.5], we have

ı11.�
.k/q / D

X
0�k0�k

�
k

k0

�
q

�.k
0/q ˝

0 �.k�k
0/q :

By considering the images of these elements in bAh�i.m/;q;x via the map

Q�.m/WP ! AŒ��

�
�mC1.�/

.p/qpm

�ı;^
' bAh�i.m/;q;x

before Lemma 2.11, we get the equation

ı11

 � dY
iD1

��
ki

pm

��
qp
m
Š

�
�¹kº.m/;q

!

D

X
0�k0�k

�
k

k0

�
q

� dY
iD1

��
k0i
pm

��
qp
m
Š

�
�¹k
0
º.m/;q

˝
0

� dY
iD1

��
ki � k

0
i

pm

��
qp
m
Š

�
�¹k�k

0
º.m/;q ;

so the result follows.

Proposition 3.3 (Cf. [15, Proposition 2.18]). For all k 2 Nd , the morphism
d1WP

.m/

A=R;q
.1/! P

.m/

A=R;q
.2/ satisfies

d1.�¹kº.m/;q / D �
X

0<k0<k

�
k

k0

�
.m/;q

�¹k
0
º.m/;q ˝

0 �¹k�k
0
º.m/;q :
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Proof. By definition, the morphism d1 is equal to ı10 � ı
1
1 C ı

1
2 . It is easy to see

that

ı10.�
¹kº.m/;q / D 1˝0 �¹kº.m/;q and ı12.�

¹kº.m/;q / D �¹kº.m/;q ˝0 1:

Then the result follows from Theorem 3.2.

Now we calculate the hyper m-qpm-stratification on L.m/.M/A, which exists by
Lemma 2.25 and Proposition 2.30. Note that we consider the left A-module structure
on L.m/.M/A D bAh�i.m/;q;x y̋ 0AM .

Lemma 3.4 (Cf. [15, Lemma 2.16]). LetM 2 FMod^.p;.p/
qp
m /.A/. Then the hyper

m-qpm-stratification on L.m/.M/A D bAh�i.m/;q;x y̋ 0AM is induced by

P y̋
0

A .P y̋
0

AM/! .P y̋
0

AM/ y̋A P ;

.a˝ b/˝0 ..f ˝ g/˝0 h/ 7! ..1˝ g/˝0 h/˝ .a˝ bf /:

Proof. By the construction of the hyper m-qpm-stratification and Lemma 2.25,
we see that the hyper m-qpm-stratification on L.m/.M/A is the composite of the
isomorphism

bAh�i.m/;q;x y̋ 0A .bAh�i.m/;q;x y̋ 0AM/! P
.m/

A=R;q
.2/ y̋

0

AM

which is induced by .a˝ b/˝0 ..f ˝ g/˝0 h/ 7! .a˝ bf ˝ g/˝0 h, and the inverse
of the isomorphism

.bAh�i.m/;q;x y̋ 0AM/ y̋A bAh�i.m/;q;x ! P
.m/

A=R;q
.2/ y̋

0

AM;

which is induced by ..f ˝ g/ ˝0 h/ ˝ .a ˝ b/ 7! .af ˝ b ˝ g/ ˝0 h. Then the
assertion follows from the direct computation.

In order to make explicit calculations later, we will need the following technical
map. It is possible to give an explicit formula for this map as in [7, Proposition 5.4],
but we omit it because we will not need it in this article.

Definition 3.5. The R-linear flip map � W bAh�i.m/;q;x ! bAh�i.m/;q;x is the R-
algebra automorphism of bAh�i.m/;q;x induced by the map

A y̋R A! A y̋R A; f ˝ g 7! g ˝ f:
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Note that the flip map � is the unique R-algebra automorphism of bAh�i.m/;q;x that
satisfies the following conditions:´

f 7! �.m/.f / for f 2 A;
� 7! ��:

Then the explicit formula for the hyperm-qpm-stratification on bAh�i.m/;q;x DL.m/.A/A
is given in the following proposition.

Proposition 3.6 (Cf. [15, Proposition 2.19]). The hyper m-qpm-stratification

"W bAh�i.m/;q;x y̋ 0A bAh�i.m/;q;x ! bAh�i.m/;q;x y̋A bAh�i.m/;q;x

of bAh�i.m/;q;x maps 1˝0 �¹kº.m/;q to

X
0�k0�k

�
k

k0

�
.m/;q

�¹k
0
º.m/;q ˝ �.�¹k�k

0
º.m/;q /:

Proof. By Lemma 3.4, the hyper m-qpm-stratification is induced by

"0WP y̋
0

A P ! P y̋A P; .a˝ b/˝0 .f ˝ g/ 7! .1˝ g/˝ .a˝ bf /:

For later computations, we use the map

� 00W bAh�i.m/;q;x y̋A bAh�i.m/;q;x ! bAh�i.m/;q;x y̋ 0A bAh�i.m/;q;x
induced by the map

� 0WP y̋A P ! P y̋
0

A P; .a˝ b/˝ .f ˝ g/ 7! .g ˝ af /˝0 .1˝ b/:

For elements y; z 2 bAh�i.m/;q;x , it is easy to see that .� 00/�1 is given by y ˝0 z 7!
z ˝ �.y/. If we define the map p2 by

p2WP ! P y̋
0

A P; .a˝ b/ 7! .1˝ 1/˝0 .a˝ b/;

then we can check that � 0 ı "0 ı p2 is equal to ı11 . So, by Theorem 3.2, we see that

.� 00 ı "/.1˝0 �¹kº.m/;q / D
X

0�k0�k

�
k

k0

�
.m/;q

�¹k�k
0
º.m/;q ˝

0 �¹k
0
º.m/;q :

Applying the map .� 00/�1, we get the result.
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Based on the explicit description of linearizations in Lemma 2.25, we can also con-
struct a DGA LP

.m/

A=R;q
.�/´ P

.m/

A=R;q
.� C 1/ over A and its sub-DGA LNP

.m/

A=R;q
.�/

by

LNP
.m/

A=R;q
.r/´

r\
iD1

Ker.� rC1i /:

Here, the differential morphism d r WLP
.m/

A=R;q
.r/! LP

.m/

A=R;q
.r C 1/ is defined by

(3.2) d r D

rC2X
iD1

.�1/iC1ırC1i :

Note that in these definitions, we exclude the map � rC10 and the map ırC10 respectively.
By Lemma 2.25 and Proposition 2.30, each LP .m/

A=R;q
.r/ D L.m/.P

.m/

A=R;q
.r//A for

r 2 N has a hyper m-qpm-stratification.

Lemma 3.7 (Cf. [15, Lemma 2.20]). For each r 2 N, the differential morphism
d r WLP

.m/

A=R;q
.r/!LP

.m/

A=R;q
.r C 1/ is compatible with the hyperm-qpm-stratification

on both sides.

Proof. By Lemma 3.4, the hyper m-qpm-stratification on LP .m/
A=R;q

.r/ is induced
by

P y̋
0

A A
y̋ .rC2/

! A
y̋ .rC2/ y̋A P ;

.a˝ b/˝0 .f ˝ g ˝ h1 ˝ � � � ˝ hr/ 7! .1˝ g ˝ h1 ˝ � � � ˝ hr/˝ .a˝ bf /:

We can check that the hyperm-qpm-stratification is compatible with the morphism ırC1i

for i D 1; : : : ; r C 2. Therefore, the assertion follows from definition (3.2) of d r .

Now we introduce the higher q–de Rham complex. We denote by 1i the element
.0; : : : ; 0; 1; 0; : : : ; 0/ in Nd , where 1 sits in the i th entry. Let {K.m/

A=R;q
.�/ be the DG-

ideal of NP .m/
A=R;q

.�/ generated by the .p; .p/qpm /-completion of the free A-module
with basis �¹kº.m/;q , where k 2 Ndn¹0;pm11; : : : ; pm1d º. We can check that the ideal
bAh�i.m/;q;x y̋ 0A {K.m/A=R;q

.�/´
L1
rD0

bAh�i.m/;q;x y̋ 0A {K.m/A=R;q
.r/ of LNP .m/

A=R;q
.�/ is

also a DG-ideal.

Definition 3.8. We define the higher q–de Rham complex {�.m/
A=R;q

.�/ as the
quotient of NP .m/

A=R;q
.�/ by the DG-ideal {K.m/

A=R;q
.�/, and define the linearized higher

q–de Rham complex L {�.m/
A=R;q

.�/ as the quotient of LNP .m/
A=R;q

.�/ by the DG-ideal
bAh�i.m/;q;x y̋ 0A {K.m/A=R;q

.�/.
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Recall that, for 0 � k < 2pm, we have �¹kº.m/;qi D �
.k/q
i via the map (2.6). So we

will often denote the images of �¹p
mº.m/;q

i via the natural surjection

NP
.m/

A=R;q
.1/! {�

.m/

A=R;q
.1/

by N�.p
m/q

i for i D 1; : : : ; d if no confusion arises.

Proposition 3.9 (Cf. [15, Proposition 3.2]). We keep the notation above:

(1) {�.m/
A=R;q

.1/ is a free A-module of rank d with basis ¹ N�.p
m/q

i ºiD1;:::;d .

(2) {�.m/
A=R;q

.�/ is isomorphic to the exterior algebra of {�.m/
A=R;q

.1/ as a graded A-
module.

(3) The differential map d r sends the section �¹kº.m/;q ˝0 N�.p
m/q

i1
^0 � � � ^0 N�

.pm/q
ir

of
L {�

.m/

A=R;q
.r/, where k D .k1; : : : ; kd / 2 Nd , to the sectionX

iD1;:::;d
ki�p

m

�
ki

pm

�
.m/;q

�¹k�p
m1i º.m/;q ˝0 N�

.pm/q
i ^

0 N�
.pm/q
i1

^
0
� � � ^

0 N�
.pm/q
ir

:

Proof. We follow the proof of [15]. By Definition 3.8 and Proposition 3.3, as an
A-module, {�.m/

A=R;q
.r/ is generated by the elements

N�
.pm/q
i1

˝
0 N�
.pm/q
i2

˝
0
� � � ˝

0 N�
.pm/q
ir

;

subject to the relations generated by

0 D d1.�¹kº.m/;q / D �
X

0<k0<k

k0Dpm1i
k�k0Dpm1j

�
k

k0

�
.m/;q

N�
.pm/q
i ˝

0 N�
.pm/q
j

for k 2 Ndn¹0; pm11; : : : ; pm1d º. The above relations are trivial except for the cases
k D 2pm1i and the cases k D pm1i C pm1j with i ¤ j .

For the cases k D 2pm1i , the above relations give

N�
.pm/q
i ˝

0 N�
.pm/q
i D 0

because the coefficient
˝
2pm

pm

˛
.m/;q

is invertible in ZŒq�.p;q�1/ by Lemma 3.10 below.
For the cases k D pm1i C pm1j with i ¤ j , the above relations give

N�
.pm/q
i ˝

0 N�
.pm/q
j C N�

.pm/q
j ˝

0 N�
.pm/q
i D 0;

so the first and the second assertions follow. Now, the third assertion follows from (3.2)
and the formula of Theorem 3.2.
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Lemma 3.10. If k � pm, then the element
˝
k
pm

˛
.m/;q

in ZŒq�.p;q�1/ is congruent
to 1 modulo .p; q � 1/.

Proof. The element
˝
k
pm

˛
.m/;q

is congruent to
˝
k
pm

˛
.m/

modulo q � 1. By [15,
Lemma 3.3], the element

˝
k
pm

˛
.m/

is congruent to 1 modulo p, so we get the result.

Now we prove the formal Poincaré lemma for the linearized higher q–de Rham
complex L {�.m/

A=R;q
.�/.

Lemma 3.11 (Cf. [15, Lemma 3.4]). The linearized higher q–de Rham complex
L {�

.m/

A=R;q
.�/ is a resolution of the direct sum of pmd copies ofA, i.e., theA-linear map

�0W
M

k2B
.m/

d

Aek ! L{�
.m/

A=R;q
.�/; ek 7! �¹kº.m/;q

is a quasi-isomorphism, where B
.m/

d
denotes the set of elements k D .k1; : : : ; kd / 2Nd

such that 0 � ki < pm for i D 1; : : : ; d .

Proof. We follow the proof of [15]. We first consider the case d D 1. Then we
need to show that the sequence

0!

pm�1M
k1D0

Aek1 !
1Ah�1i.m/;q;x1

d0

�! 1Ah�1i.m/;q;x1 N�.p
m/q

1 ! 0

is exact. We can check that

d0.�
¹kº.m/;q
1 / D

8̂̂<̂
:̂
0 if k < pm;�
k

pm

�
.m/;q

�
¹k�pmº.m/;q
1 ˝0 N�

.pm/q
1 if k � pm:

Since
˝ k
pm
˛
.m/;q

is invertible in A by Lemma 3.10, the desired exactness follows.

Now we consider a general d . In this case, the morphism �0 is the complete ten-
sor product of that for the .d � 1/-dimensional case and that for the 1-dimensional
case. Since each term of these complexes belongs to FMod^.p;.p/

qp
m /.A/, the desired

exactness follows by induction on d .

For arguments later, we need to slightly modify the map �0 in Lemma 3.11.
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Proposition 3.12 (Cf. [15, Proposition 3.5]). Let

.�x/.k/q ´

dY
iD1

ki�1Y
jD0

.�qjxi /:

Using the isomorphism

ˇW
M

k2B
.m/

d

Aek !
M

k2B
.m/

d

Aek;

ek 7!
X

0�k0�k

�
k

k0

�
q

.�x/.k
0/q � ek�k0 ;

we define the morphism

�´ �0 ı ˇ�1W
M

k2B
.m/

d

Aek ! L{�
.m/

A=R;q
.�/:

Then this is a quasi-isomorphism.

Proof. This is a direct consequence of Lemma 3.11 since ˇ is an isomorphism.

Next we consider the corresponding results for the m-qpm-crystalline site. Let

FA´
M

k2B
.m/

d

Aek :

We endow it with the hyper m-qpm-stratification

"F W bAh�i.m/;q;x y̋ 0A FA ' FA y̋A bAh�i.m/;q;x; y ˝0 aek 7! ek ˝ �.m/.a/y:

By Proposition 2.30, the A-module FA endowed with its hyper m-qpm-stratification
"F uniquely corresponds to F 2 CR.. NA=R/m-qpm -crys;O

.m/
NA=R
/. The complete crystal

F is isomorphic to the direct sum of pmd copies of the structure sheaf O
.m/
NA=R

.

Lemma 3.13 (Cf. [15, Lemma 3.6]). The A-linear morphism

�WFA ! L{�
.m/

A=R;q
.0/ D bAh�i.m/;q;x

defined in Proposition 3.12 is compatible with the hyper m-qpm-stratification on both
sides.
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Proof. We follow the proof of [15] although the computation here is more compli-
cated. We need to show that the diagram

bAh�i.m/;q;x y̋ 0A FA bAh�i.m/;q;x y̋ 0A bAh�i.m/;q;x

FA y̋A bAh�i.m/;q;x bAh�i.m/;q;x y̋A bAh�i.m/;q;x

1˝0�

"F "

�˝1

is commutative, where the explicit formula for " is given in Proposition 3.6. We consider
the basis of bAh�i.m/;q;x y̋ 0A FA as an bAh�i.m/;q;x-module consisting of elements

(3.3) 1˝0
� X
0�k0�k

�
k

k0

�
q

.�x/.k
0/q � ek�k0

�

indexed by k 2 B
.m/

d
. First note that, for k; k0 2 B

.m/

d
such that k0 � k, since k0i �

ki < p
m for i D 1; : : : ; d , we have

˝ k
k0

˛
.m/;q

D
�k
k0

�
q
. Now, for k 2 B

.m/

d
, the element

(3.3) is sent by 1˝0 � to 1˝0 �¹kº.m/;q , and its image under " isX
0�k0�k

�
k

k0

�
q

�¹k
0
º.m/;q ˝ �.�¹k�k

0
º.m/;q /;

which is the image of

(3.4)
X

0�k0�k

�
k

k0

�
q

� X
0�k00�k0

�
k0

k00

�
q

.�x/.k
00/q � ek0�k00

�
˝ �.�¹k�k

0
º.m/;q /

under �˝ 1. On the other hand, the image of (3.3) under "F is the element

(3.5)
X

0�k0�k

�
k

k0

�
q

ek�k0 ˝ �.m/..�x/
.k0/q /:

Therefore, we are reduced to proving that the two elements (3.4) and (3.5) are identical.
The element (3.4) is equal to

(3.6)
X
0�l�k

X
k�l�k0�k

�
k

k0

�
q

�
k0

l � k C k0

�
q

.�x/.l�kCk
0/q � ek�l ˝ �.�

¹k�k0º.m/;q /

by the change of variables l D k � k0 C k00. We can check that�
k

k0

�
q

�
k0

l � k C k0

�
q

D

�
k

l

�
q

�
l

k � k0

�
q

:
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So, the element (3.6) is equal to

(3.7)
X
0�l�k

�
k

l

�
q

ek�l ˝

� X
k�l�k0�k

�
l

k � k0

�
q

.�x/.l�kCk
0/q � �.�¹k�k

0
º.m/;q /

�
:

By the change of variables l 0 D k � k0, the element of bAh�i.m/;q;x in the brackets of
(3.7) is equal to

(3.8)
X
0�l 0�l

�
l

l 0

�
q

.�x/.l�l
0/q � �.�¹l

0
º.m/;q /:

Comparing with (3.5), we are reduced to proving that the element (3.8) and the element

�.m/..�x/
.l/q /

are identical. First, as elements ofP , if we set aD�1˝ xi , bD xi ˝ 1 for i D 1; : : : ; d
in Proposition 3.14 below, we see that

dY
iD1

l 0
i
�1Y

jD0

.xi ˝ 1 � 1˝ q
jxi / D

X
0�l 00�l 0

�
l 0

l 00

�
q

.1˝ .�x/.l
00/q /.x ˝ 1/l

0
�l 00 :

By considering the images of these elements in bAh�i.m/;q;x via the map

Q�.m/WP ! bAh�i.m/;q;x
before Lemma 2.11, we get the equation

�.�¹l
0
º.m/;q / D �

 � dY
iD1

��
l 0i
pm

��
qp
m
Š

�
�¹l
0
º.m/;q

!
D

X
0�l 00�l 0

�
l 0

l 00

�
q

�.m/..�x/
.l 00/q /xl

0
�l 00 ;

where the first equality holds because l 0i � li � ki < p
m. By applying it to (3.8), we

get the elementX
0�l 0�l

X
0�l 00�l 0

�
l

l 0

�
q

�
l 0

l 00

�
q

.�x/.l�l
0/q � �.m/..�x/

.l 00/q /xl
0
�l 00

D

X
0�l 00�l

�.m/..�x/
.l 00/q /

� X
l 00�l 0�l

�
l

l 0

�
q

�
l 0

l 00

�
q

.�x/.l�l
0/q � xl

0
�l 00
�
:
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So it remains to show that, for l 00 < l (that is, if there exists some i such that l 00i < li ),X
l 00�l 0�l

�
l

l 0

�
q

�
l 0

l 00

�
q

.�x/.l�l
0/q � xl

0
�l 00
D 0:

As usual, we may assume that A D ZŒq�.p;q�1/Œx�. We can check that�
l

l 0

�
q

�
l 0

l 00

�
q

D

�
l � l 00

l � l 0

�
q

�
l

l 00

�
q

;

so it remains to show that, for l 00 < l ,X
l 00�l 0�l

�
l � l 00

l � l 0

�
q

.�x/.l�l
0/q � xl

0
�l 00
D 0:

If we set a D �xi ˝ 1, b D xi ˝ 1 in Proposition 3.14 below, we can check that

(3.9)
dY
iD1

li�l
00
i
�1Y

jD0

.�qjxi ˝ 1C xi ˝ 1/ D
X

l 00�l 0�l

�
l � l 00

l � l 0

�
q

.�x/.l�l
0/q � xl

0
�l 00 :

Notice that, for i such that l 00i < li , there exists a term�xi ˝ 1C xi ˝ 1 on the left-hand
side, so (3.9) is equal to 0 and the result follows.

The following quantum binomial formula was used above.

Proposition 3.14 ([12, Proposition 2.14]). Assume that C is a commutative ring
with a fixed q 2 C . Then we have for all k 2 N and a; b 2 C ,

k�1Y
jD0

.qjaC b/ D

kX
k0D0

q
k0.k0�1/

2

�
k

k0

�
q

ak
0

bk�k
0

:

We are now ready to prove the q-analog of the higher Poincaré lemma in [15].

Proposition 3.15 (Cf. [15, Theorem 3.7]). If E 2 CR.. NA=R/m-qpm -crys;O
.m/
NA=R
/,

then
E y̋

O
.m/
NA=R

L.m/. {�
.m/

A=R;q
.�//

forms a complex of O
.m/
NA=R

-modules that resolves the direct sum of pmd copies of E.

Proof. We follow the proof of [15]. By Lemma 3.7, each differential ofL {�.m/
A=R;q

.�/

is compatible with the hyperm-qpm-stratification on each term. So, by Proposition 2.30,
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we have a complex L.m/. {�.m/
A=R;q

.�// of O
.m/
NA=R

-modules that gives L {�.m/
A=R;q

.�/ when
we evaluate at A. Also, by Lemma 3.13, we have an O

.m/
NA=R

-linear map

F ! L.m/. {�
.m/

A=R;q
.0//:

By taking the complete tensor product with E over O
.m/
NA=R

, we get an O
.m/
NA=R

-linear map

E y̋
O
.m/
NA=R

F ! E y̋
O
.m/
NA=R

L.m/. {�
.m/

A=R;q
.�//:

We need to show that, for any object .B; IB/ of . NA=R/m-qpm -crys, the mapM
k2B

.m/

d

EBek ! EB y̋B L
.m/. {�

.m/

A=R;q
.�//B

is a quasi-isomorphism. By Proposition 2.23, we can find a map

i1W .B; IB/! .B 0; IB0/

and a map
i2W .A; IA/! .B 0; IB0/

in . NA=R/m-qpm -crys, where the underlying rings map of i1 is .p; .p/qpm /-completely
faithfully flat. Therefore, we are reduced to proving that the mapM

k2B
.m/

d

EAek ! EA y̋A L {�
.m/

A=R;q
.�/

is a quasi-isomorphism, which follows because it is the complete tensor product of the
quasi-isomorphism � in Proposition 3.12 with EA 2 FMod^.p;.p/

qp
m /.A/.

Corollary 3.16. If E 2 CR.. NA=R/m-qpm -crys;O
.m/
NA=R
/, then we have a quasi-

isomorphism �
R�.. NA=R/m-qpm -crys; E/

�˚pmd '
�! EA y̋A {�

.m/

A=R;q
.�/:

Proof. We follow the notation in Section 2. Then we have�
R�.. NA=R/m-qpm -crys; E/

�˚pmd
' Re NA=R�.E

˚pmd /

' Re NA=R�.E y̋O
.m/
NA=R

L.m/. {�
.m/

A=R;q
.�///:
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By Lemma 2.26, this is quasi-isomorphic to

Re NA=R�
�
L.m/.EA y̋A {�

.m/

A=R;q
.�//

�
:

Then, by calculations similar to the proof of Lemma 2.28, this is quasi-isomorphic to

EA y̋A {�
.m/

A=R;q
.�/:

4. q-analog of the jet complex

In this section we construct the q-analog of the “jet complex of order pm” and the
corresponding Poincaré lemma, following [11].

As in Section 3, let .R; IR/! .A; IA/ be a morphism of qpm-PD pairs with fixed
rank-one étale coordinates x D .x1; : : : ; xd / in A. We also assume that IA D IRA

cl.
We consider the DGA P

.m/

A=R;q
.�/ and its sub-DGA NP

.m/

A=R;q
.�/. Let K.m/

A=R;q
.�/ be

the DG-ideal of NP .m/
A=R;q

.�/ generated by the .p; .p/qpm /-completion of the free
A-module with basis �¹kº.m/;q , where jkj � pm C 1.

Definition 4.1. We define the q-jet complex (of order pm) �.m/
A=R;q

.�/ as the
quotient of NP .m/

A=R;q
.�/ by the DG-ideal K.m/

A=R;q
.�/.

In this section we sometimes omit the index r of the differential d r of P .m/
A=R;q

.�/,
NP

.m/

A=R;q
.�/, �.m/

A=R;q
.�/ and simply denote the differential by d �. For elements y, z

of these DGA, possibly of different degrees, the Leibniz rule holds:

(4.1) d �.y ˝0 z/ D d �y ˝0 z C .�1/deg.y/y ˝0 d �z:

Also note that if y; z 2 P .m/
A=R;q

.1/ and f 2 A, then we have the formula for moving
coefficients inside products:

y ˝0 f z D �.m/.f /y ˝
0 z D fy ˝0 z C d0.f /y ˝0 z:

As before, if 0 � ki < 2pm for i D 1; : : : ; d , then we have �¹kº.m/;q D �.k/q via the
map (2.6). When 0 < jkj � pm, we will often denote the image of �¹kº.m/;q via the
natural surjection NP .m/

A=R;q
.1/! �

.m/

A=R;q
.1/ by .dx/.k/q , and for convenience, when

jkj>pm, we set .dx/.k/q D 0. Then�.m/
A=R;q

.1/ is a freeA-module with basis .dx/.k/q ,
where 0 < jkj � pm.

The description of �.m/
A=R;q

.r/ for r > 1 is more complicated. By Proposition 3.3
and Definition 4.1, we can check that�.m/

A=R;q
.�/ is the quotient of the tensor algebra of
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�
.m/

A=R;q
.1/ by the ideal generated by the images of the d1.�¹kº.m/;q / with pm < jkj �

2pm. So for the degree-2 part, �.m/
A=R;q

.2/ is generated by .dx/.k.1//q ˝0 .dx/.k.2//q

with k.1/; k.2/ 2 Nd and 0 < jk.1/j; jk.2/j � pm subject to the relations

(4.2)
X

0<k0<k

�
k

k0

�
.m/;q

.dx/.k�k
0/q ˝

0 .dx/.k
0/q D 0 with pm < jkj � 2pm:

For the degree r > 2 parts,�.m/
A=R;q

.r/ is generated by the .dx/.k.1//q ˝0 .dx/.k.2//q ˝0

� � � ˝0 .dx/.k.r//q with 0 < jk.1/j; : : : ; jk.r/j � pm. The relations are given by tensoring
on the right and on the left of (4.2) by elements of the form .dx/.k.1//q ˝0 .dx/.k.2//q ˝0

� � � ˝0 .dx/.k.j//q . Note that in general, the q-jet complex may not be bounded above.
As in Section 3, we can also consider the DGA LP

.m/

A=R;q
.�/ and its sub-DGA

LNP
.m/

A=R;q
.�/. We can check that the ideal

bAh�i.m/;q;x y̋ 0A K.m/A=R;q
.�/´

1M
rD0

bAh�i.m/;q;x y̋ 0A K.m/A=R;q
.r/

of LNP .m/
A=R;q

.�/ is a DG-ideal. Then we can get the linearization of the q-jet complex.

Definition 4.2. We define the linearized q-jet complex (of order pm)L�.m/
A=R;q

.�/

as the quotient of LNP .m/
A=R;q

.�/ by the DG-ideal bAh�i.m/;q;x y̋ 0A K.m/A=R;q
.�/.

As before, we sometimes simply write d � for the differential of LP .m/
A=R;q

.�/,
LNP

.m/

A=R;q
.�/, L�.m/

A=R;q
.�/. Let a 2 bAh�i.m/;q;x and z 2 �.m/

A=R;q
.r/. For the differen-

tial d � of L�.m/
A=R;q

.�/, the Leibniz rule holds:

(4.3) d �.a˝0 z/ D d0a˝0 z C a˝0 d rz;

where

(4.4) d0W bAh�i.m/;q;x ! bAh�i.m/;q;x y̋ 0A �.m/A=R;q
.1/

is the differential map of the linearized complex as in (3.2), and

d r W�
.m/

A=R;q
.r/! �

.m/

A=R;q
.r C 1/

is the differential map of the usual complex as in (3.1).
There is an identification

L�
.m/

A=R;q
.1/ y̋

0

bAh�i.m/;q;x L�
.m/

A=R;q
.1/ ' L�

.m/

A=R;q
.2/;

.a˝0 y/˝0 .b ˝0 z/ 7! .ı11.b/.a˝
0 y//˝0 z;
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where this time the notation y̋ 0 indicates that, for the bAh�i.m/;q;x-module structure
on the left-hand side, we use the map ı11 WP

.m/

A=R;q
.1/! P

.m/

A=R;q
.2/ in Theorem 3.2 and

the multiplication rule induced by the ring structure on P .m/
A=R;q

.2/. Then we have the
following formula for moving coefficients inside products: if !; � 2 L�.m/

A=R;q
.1/ and

y 2 bAh�i.m/;q;x , then

(4.5) ! ˝0 y� D y! ˝0 �C ..d0y/!/˝0 �;

where d0 is the differential map in (4.4), and the multiplication .d0y/! is the one
induced by the ring structure on P .m/

A=R;q
.2/.

We will write .d�/.k/q ´ 1˝0 .dx/.k/q as an element of L�.m/
A=R;q

.1/. Note that
when jkj > pm, we have .d�/.k/q D 0. For the differential d � ofL�.m/

A=R;q
.�/, we have

the following formulas:

d0.�¹kº.m/;q / D
X

0<k0�k

�
k

k0

�
.m/;q

�¹k�k
0
º.m/;q .d�/.k

0/q ;(4.6)

d1..d�/.k/q / D �
X

0<k0<k

�
k

k0

�
.m/;q

.d�/.k�k
0/q ˝

0 .d�/.k
0/q :(4.7)

As before, we can consider

.d�/.k.1//q ˝0 .d�/.k.2//q ˝0 � � � ˝0 .d�/.k.r//q

with 0 < jk.1/j; : : : ; jk.r/j � pm as a set of generators ofL�.m/
A=R;q

.r/ over bAh�i.m/;q;x .
The relations are given by tensoring on the right and on the left ofX

0<k0<k

�
k

k0

�
.m/;q

.d�/.k�k
0/q ˝

0 .d�/.k
0/q D 0 with pm < jkj � 2pm;

by the elements of the form .d�/.k.1//q ˝0 .d�/.k.2//q ˝0 � � � ˝0 .d�/.k.j//q .
To prove the formal Poincaré lemma for the q-analog of the jet complex, we need

to consider a technical homotopy map called the integration of differential forms.
We write x D .x1; : : : ; xd / as before and we set Ox D .x1; : : : ; xd�1/. We also write
� D .�1; : : : ; �d / and O� D .�1; : : : ; �d�1/. When we consider the multi-index k, it
will belong to Nd or Nd�1, and when it is a d -tuple k D .k1; : : : ; kd /, we will write
Ok D .k1; : : : ; kd�1/. Moreover, given a .d � 1/-tuple Ok and n 2 N, we will denote by
. Ok; n/ the d -tuple obtained by concatenating Ok and n.

We define the following homotopy map h. We will show in Proposition 4.7 that h
is well defined, and in Proposition 4.5 that h is unique.
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Proposition 4.3 (Cf. [11, Proposition and Definition 2.1]). There exists a unique
A-linear map hWL�.m/

A=R;q
.r/! L�

.m/

A=R;q
.r � 1/ such that

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d O�/.k.s//q .d�d /
.l/q

˝
0 .d�/.k.sC1//q ˝0 � � � ˝0 .d�/.k.r//q

�

D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

0 if (1) s D r and l D 0;
or (2) l ¤ 0 and k.s/ ¤ 0;
or (3) pm − k;

.�1/s�1
�
k C l

k

��1
.m/;q

O�
¹kº.m/;q

.d O�/.k.1//q

˝0 � � � ˝0 .d O�/.k.s�1//q

˝0�
¹kClº.m/;q
d

.d�/.k.sC1//q

˝0 � � � ˝0 .d�/.k.r//q if k.s/ D 0, pm j k and
either (1) 0 < l < pm

or (2) l D pm and s D r:

In the above equation and in the sequel of the article, if ! 2 L�.m/
A=R;q

.1/ and y 2
bAh�i.m/;q;x , then, following (4.5), we set

(4.8) ! ˝0 y ´ y! C .d0y/!:

So by (4.6), in the case l D pm and s D r , the above equation means the following:

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.r�1//q ˝0 .d�d /
.pm/q

�
D .�1/r�1

X
0�k0<pm

�
k C pm

k

��1
.m/;q

�
k C pm

k0

�
.m/;q

� O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.r�2//q

˝
0 �
¹kCpm�k0º.m/;q
d

.d O�/.k.r�1//q .d�d /
.k0/q :

Note that when pm j k and 0 < l � pm, we can show that
˝
kCl
k

˛
.m/;q

in the formula
above is invertible in ZŒq�.p;q�1/ by the same argument as in the proof of Lemma 3.10.

We first check that, if h is well defined, then we have the following formula for
moving coefficients inside products.
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Lemma 4.4 (Cf. [11, Lemma 2.3]). We always have

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d O�/.k.s//q .d�d /
.l/q

˝
0 .d�/.k.sC1//q ˝0 � � � ˝0 .d�/.k.r//q

�
D h

�
O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 �
¹kº.m/;q
d

.d O�/.k.s//q .d�d /
.l/q

˝
0 .d�/.k.sC1//q ˝0 � � � ˝0 .d�/.k.r//q

�
:

Proof. We follow the proof of [11]. We proceed by induction on s. The case s D 1
is trivial. Using formula (4.5) for moving coefficients across the tensor products, we
have

h
�
O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�2//q ˝0 .d O�/.k.s�1//q

˝
0 �
¹kº.m/;q
d

.d O�/.k.s//q .d�d /
.l/q ˝

0
� � �
�

D h
�
O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�2//q ˝0 �
¹kº.m/;q
d

.d O�/.k.s�1//q

˝
0 .d O�/.k.s//q .d�d /

.l/q ˝
0
� � �
�

C h
�
O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�2//q ˝0 d0.�
¹kº.m/;q
d

/.d O�/.k.s�1//q

˝
0 .d O�/.k.s//q .d�d /

.l/q ˝
0
� � �
�
:

For the first term, we can apply the induction hypothesis with the case l D 0. So it
suffices to show for the second term that, if k.s�1/ ¤ 0, then

h
�
O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�2//q ˝0 d0.�
¹kº.m/;q
d

/.d O�/.k.s�1//q ˝0 � � �
�

D 0:

By (4.6), we have

d0.�
¹kº.m/;q
d

/ D
X

0<k0�k

�
k

k0

�
.m/;q

�
¹k�k0º.m/;q
d

.d�d /
.k0/q ;

so it is enough to show that for k0 ¤ 0, we have

h
�
O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�2//q ˝0 �
¹k�k0º.m/;q
d

.d O�/.k.s�1//q .d�d /
.k0/q

˝
0
� � �
�
D 0:

By the induction hypothesis, this is

h
�
O�
¹kº.m/;q

�
¹k�k0º.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�2//q ˝0 .d O�/.k.s�1//q .d�d /
.k0/q

˝
0
� � �
�
:
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Since k0 ¤ 0 and k.s�1/ ¤ 0, it is 0 by the definition of h.

Proposition 4.5 (Cf. [11, Proposition 2.4]). If the map h is well defined, then h is
unique. More precisely, for l 2 Nd such that pm < jl j � 2pm and ld � pm, we write
l D ld , l 00 D ld � pm. Then, for the conditionX

0<l 0<l

�
l

l 0

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�/.l�l

0/q ˝
0 .d�/.l

0/q ˝
0
� � �
�
D 0(4.9)

to be satisfied, it is necessary and sufficient that both the condition

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d�d /
.pm/q

˝
0 .d O�/.

Ol/q .d�d /
.l 00/q ˝

0
� � �
�

D �

X
l 00<l 0�pm

�
pm C l 00

l 00

��1
.m/;q

�
pm C l 00

l 0

�
.m/;q

� h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�d /

.pmCl 00�l 0/q ˝
0 .d O�/.

Ol/q .d�d /
.l 0/q ˝

0
� � �
�
;(4.10)

when l 00 > 0, and the condition

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d�d /
.pm/q

˝
0 .d O�/.

Ol/q ˝
0
� � �
�

D �h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d O�/.
Ol/q

˝
0 .d�d /

.pm/q ˝
0
� � �
�

�

X
0<l 0<pm

�
pm

l 0

�
.m/;q

� h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�d /

.pm�l 0/q ˝
0 .d O�/.

Ol/q .d�d /
.l 0/q ˝

0
� � �
�
;(4.11)

when l 00 D 0, are satisfied.
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Proof. We follow the proof of [11]. First note that the statement gives a definition
of h for all generators: for l 00 > 0, we can get the definition for generators of the type

O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d�d /
.pm/q

˝
0 .d O�/.

Ol/q .d�d /
.l 00/q ˝

0
� � �

by using (4.10), and for l 00 D 0, we can get the definition for generators of the type

O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d�d /
.pm/q ˝

0 .d O�/.
Ol/q ˝

0
� � �

by using (4.11) and descending induction on s.
Now, for pm < jl j � 2pm and l � pm, we consider the condition (4.9). We write

l 0 D l 0
d

. By checking the term .d�/.l�l
0/q , we see that all the terms in the sum are 0

except in two mutually exclusive cases, l 0 D l or Ol 0 D Ol . Thus, we are only left with
these two sums. When l > pm, there is only one sum related to the case Ol 0 D Ol :X
0�l 0<l

�
l

l 0

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d�d /
.l�l 0/q

˝
0 .d O�/.

Ol/q .d�d /
.l 0/q ˝

0
� � �
�
D 0:

Since all terms are 0 unless l 00 � l 0 � pm, we get formula (4.10).
When l D pm, note that since jl j > pm, we have Ol ¤ 0. By the sum

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d O�/.
Ol/q

˝
0 .d�d /

.pm/q ˝
0
� � �
�

C

X
0�l 0<pm

�
pm

l 0

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�d /

.pm�l 0/q ˝
0 .d O�/.

Ol/q .d�d /
.l 0/q ˝

0
� � �
�
D 0;

we get formula (4.11).

Remark 4.6 (Cf. [11, Remark 2.5]). We follow the remark and make a small
correction of [11]. We can check by the definition of h in Proposition 4.3 that, unless
l D 0 or

k.s/ D 0; p
m
j k; l D pm and s < r;
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we have

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d O�/.k.s//q .d�d /

.l/q ˝
0 .d�/.k.sC1//q ˝0 � � � ˝0 .d�/.k.r//q

�
D .�1/s�1 O�

¹kº.m/;q
.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 h
�
�
¹kº.m/;q
d

.d O�/.k.s//q .d�d /
.l/q

�
.d�/.k.sC1//q

˝
0
� � � ˝

0 .d�/.k.r//q :(4.12)

(The condition “unless l D 0” was missing in [11].)
We can also check that we always have

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d O�/.k.s//q .d�d /

.l/q ˝
0 .d�/.k.sC1//q ˝0 � � � ˝0 .d�/.k.r//q

�
D .�1/s�1 O�

¹kº.m/;q
.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 h
�
�
¹kº.m/;q
d

.d O�/.k.s//q .d�d /
.l/q ˝

0 .d�/.k.sC1//q

˝
0
� � � ˝

0 .d�/.k.r//q
�
;(4.13)

since when l D pm and s < r , we can apply formula (4.10), (4.11).
Moreover, if l ¤ 0, then by (4.10), we have

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d�d /
.pm/q

˝
0 .d O�/.k.sC1//q .d�d /

.l/q ˝
0
� � � ˝

0 .d�/.k.r//q
�

D .�1/s�1 O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 h
�
�
¹kº.m/;q
d

.d�d /
.pm/q ˝

0 .d O�/.k.sC1//q .d�d /
.l/q

�
˝
0
� � � ˝

0 .d�/.k.r//q :(4.14)

Proposition 4.7 (Cf. [11, Proposition 2.6]). The map h is well defined.

Proof. We follow the proof of [11]. We need to show that the definition of h is
stable under the relations induced by

(4.15)
X
0<l 0<l

�
l

l 0

�
.m/;q

.d�/.l�l
0/q ˝

0 .d�/.l
0/q D 0
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forpm < jl j � 2pm. More precisely, after excluding the trivial case, we need to consider
the following two cases whenever pm j k and pm < jl j � 2pm:X

0<l 0<l

�
l

l 0

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�/.l�l

0/q ˝
0 .d�/.l

0/q ˝
0
� � �
�
D 0;(4.16)

andX
0<l 0<l

�
l

l 0

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d�d /
.l 00/q

˝
0
� � � ˝

0 .d�/.l�l
0/q ˝

0 .d�/.l
0/q ˝

0
� � �
�
D 0;(4.17)

where .d�d /.l
00/q is the sth term and .d�/.l�l

0/q is the .s C r/th term for a positive
integer r .

We first show the case (4.16). As in the proof of Proposition 4.5, we write l D ld
and l 0 D l 0

d
. The case l D 0 is trivial by using (4.13). The case l � pm was done in

Proposition 4.5. So it suffices to consider the case 0 < l < pm. As in the proof of
Proposition 4.5, we are left with two sums:X
0� Ol 0<Ol

�
Ol
Ol 0

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d O�/.
Ol� Ol 0/q

˝
0 .d O�/.

Ol 0/q .d�d /
.l/q ˝

0
� � �
�

C

X
0�l 0<l

�
l

l 0

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�d /

.l�l 0/q ˝
0 .d O�/.

Ol/q .d�d /
.l 0/q ˝

0
� � �
�
:

For the first sum, it is non-trivial only when Ol 0 D 0, and we have the following:

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q ˝0 .d O�/.
Ol/q

˝
0 .d�d /

.l/q ˝
0
� � �
�

D .�1/s
�
k C l

k

��1
.m/;q

O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d O�/.

Ol/q ˝
0 �
¹kClº.m/;q
d

� � �
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D .�1/s
�
k C l

k

��1
.m/;q

O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 �
¹kClº.m/;q
d

.d O�/.
Ol/q ˝

0
� � �

C .�1/s
�
k C l

k

��1
.m/;q

O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 d �.�

¹kClº.m/;q
d

/.d O�/.
Ol/q ˝

0
� � � :(4.18)

Now we consider the second sum. We get

.�1/s�1
X
0�l 0<l

�
l

l 0

�
.m/;q

�
k C l � l 0

k

��1
.m/;q

O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 �
¹kCl�l 0º.m/;q
d

.d O�/.
Ol/q .d�d /

.l 0/q ˝
0
� � � :(4.19)

We can replace the sum over 0 � l 0 < l by that over 0 � l 0 � k C l , because if
l � l 0 � k C l , we have j.Ol ; l 0/j � jl j > pm and so

.d O�/.
Ol/q .d�d /

.l 0/q D 0:

We can check that�
l

l 0

�
.m/;q

�
k C l � l 0

k

��1
.m/;q

D

�
k C l

k

��1
.m/;q

�
k C l

l 0

�
.m/;q

;

and (4.19) can be split into the l 0 D 0 part and the sum for 0 < l 0 � k C l :

.�1/s�1
�
k C l

k

��1
.m/;q

O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 �
¹kClº.m/;q
d

.d O�/.
Ol/q ˝

0
� � �

C .�1/s�1
�
k C l

k

��1
.m/;q

�

X
0<l 0�kCl

�
k C l

l 0

�
.m/;q

� � � ˝
0 �
¹kCl�l 0º.m/;q
d

.d O�/.
Ol/q .d�d /

.l 0/q ˝
0
� � � :

By (4.6), this is equal to

.�1/s�1
�
k C l

k

��1
.m/;q

O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 �
¹kClº.m/;q
d

.d O�/.
Ol/q ˝

0
� � �
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C .�1/s�1
�
k C l

k

��1
.m/;q

O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 d �.�

¹kClº.m/;q
d

/.d O�/.
Ol/q ˝

0
� � � :(4.20)

Adding (4.18) and (4.20), we get 0 as expected.
Now we consider the case (4.17). If 0 < l 00 < pm, then we can use (4.12) and get 0

by the relation (4.15). So we assume that l 00 D pm. For the case r > 1, we focus on the
.s C 1/st term .d O�/.k.sC1//q .d�d /

.l 000/q . If l 000 > 0, then we can use (4.14) and get 0
by the relation (4.15). If l 000 D 0, then we can apply formula (4.11) and, again by using
(4.12), we are able to apply induction on r . So it suffices to consider the case l 00 D pm,
r D 1 whenever pm j k and pm < jl j � 2pm:X

0<l 0<l

�
l

l 0

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�d /

.pm/q ˝
0 .d�/.l�l

0/q ˝
0 .d�/.l

0/q ˝
0
� � �
�
D 0:(4.21)

We consider the d -tuple u D .Ol ; ld C pm/ and the elements

1˝0 �¹uº.m/;q 2 LP
.m/

A=R;q
.1/;

d �.d �.1˝0 �¹uº.m/;q // 2 LP
.m/

A=R;q
.3/:

Since the differential satisfies d � ı d � D 0, by formulas similar to (4.7) and (4.1), we
have X

0<w<u

�
u

w

�
.m/;q

d �.1˝0 �¹u�wº.m/;q /˝0 .1˝0 �¹wº.m/;q /

D

X
0<w<u

�
u

w

�
.m/;q

.1˝0 �¹u�wº.m/;q /˝0 d �.1˝0 �¹wº.m/;q /:

By considering the images of these elements in L�.m/
A=R;q

.�/, we see that

X
0<w<u

�
u

w

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 d �..d�/.u�w/q /˝0 .d�/.w/q ˝0 � � �

�
D

X
0<w<u

�
u

w

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�/.u�w/q ˝0 d �..d�/.w/q /˝0 � � �

�
:
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We now consider the terms in the first sum. If jwj > pm, then by .d�/.w/q we get 0.
If not, then ju � wj > pm, so by using (4.7) for d �..d�/.u�w/q / and applying (4.16),
we see that the corresponding term is 0. Thus the first sum is equal to 0 and we haveX

0<w<u

�
u

w

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�/.u�w/q ˝0 d �..d�/.w/q /˝0 � � �

�
D 0:

We write u D ud and w D wd . As before, all the terms are 0 unless w D u or yw D Ou,
so we haveX
0�yw< Ou

�
Ou

yw

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d O�/. Ou�yw/q ˝0 d �..d O�/. yw/q .d�d /

.u/q /˝0 � � �
�

C

X
0�w<u

�
u

w

�
.m/;q

h
�
O�
¹kº.m/;q

�
¹kº.m/;q
d

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q

˝
0 .d�d /

.u�w/q ˝
0 d �..d O�/. Ou/q .d�d /

.w/q /˝0 � � �
�
D 0:

For the first sum, if j.yw; u/j > pm, then we can use (4.7) for d �..d O�/. yw/q .d�d /.u/q /
and apply (4.16). So all the terms in the first sum are 0 unless u D pm and yw D 0. But
in this case, we have ld D 0 and so j Ou � ywj D jOl j > pm, so by the factor .d O�/. Ou�yw/q

we also get 0. For the second sum, if u � w > pm, then by the factor .d�d /.u�w/q we
get 0. If 0 < u � w < pm, then we have j. Ou; w/j > jl j > pm. So after using (4.12),
we can use (4.7) for d �..d O�/. Ou/q .d�d /.w/q / and get 0 by the relation (4.15). So we
are left with the term u � w D pm, namely, w D l . Since

˝
pmCl
l

˛
.m/;q

is invertible in
ZŒq�.p;q�1/ by Lemma 3.10, we get formula (4.21) and the result follows.

We also need the following lemma.

Lemma 4.8 (Cf. [11, Proposition 3.1]). Let P be an element of the form .d�/.k.1//q

˝0 � � � ˝0 .d�/.k.j//q . Then for 0 < l < pm; we have

h
�
d �.�

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q /˝0 P

�
D hd �.�

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q /˝0 P:

Proof. We follow the proof of [11]. Since h is A-linear and

d �.�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q /

D d �.�
¹kº.m/;q
d

/˝0 .d O�/.l/q .d�d /
.l/q C �

¹kº.m/;q
d

d �..d O�/.l/q .d�d /
.l/q /;
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it suffices to show that we can move the P outside in

h
�
d �.�

¹kº.m/;q
d

/˝0 .d O�/.l/q .d�d /
.l/q ˝

0 P
�

and
h
�
�
¹kº.m/;q
d

d �..d O�/.l/q .d�d /
.l/q /˝0 P

�
:

First, we compute

d �.�
¹kº.m/;q
d

/˝0 .d O�/.l/q .d�d /
.l/q

D

X
0<k0�k

�
k

k0

�
.m/;q

�
¹k�k0º.m/;q
d

.d�d /
.k0/q ˝

0 .d O�/.l/q .d�d /
.l/q :

For the terms 0 < k0 <pm, we can use (4.12), and for the term k0D pm, since l ¤ 0, we
can use (4.14) to move the P outside in hŒd �.�¹kº.m/;q

d
/˝0 .d O�/.l/q .d�d /

.l/q ˝0 P �.
Next we compute

d �..d O�/.l/q .d�d /
.l/q /

D �

X
0<.l 0;l 0/<.l;l/

�
l

l 0

�
.m/;q

�
l

l 0

�
.m/;q

.d O�/.l�l
0/q .d�d /

.l�l 0/q ˝
0 .d O�/.l

0/q .d�d /
.l 0/q :

As in the proof of Proposition 4.5, we are left with two sums for the element
hŒ�
¹kº.m/;q
d

d �..d O�/.l/q .d�d /
.l/q /˝0 P �:

�

X
0�l 0<l

�
l

l 0

�
.m/;q

h
�
�
¹kº.m/;q
d

.d O�/.l�l
0/q ˝

0 .d O�/.l
0/q .d�d /

.l/q ˝
0 P
�

�

X
0�l 0<l

�
l

l 0

�
.m/;q

h
�
�
¹kº.m/;q
d

.d�d /
.l�l 0/q ˝

0 .d O�/.l/q .d�d /
.l 0/q ˝

0 P
�
:

Since in the first sum, we have 0 < l < pm, and in the second sum, we have 0 < l � l 0 <
pm, we can use (4.12) to move the P outside in hŒ�¹kº.m/;q

d
d �..d O�/.l/q .d�d /

.l/q /˝0

P �.

Proposition 4.9 (Cf. [11, Proposition 3.2]). We have h ı d � C d � ı h D Id � � ,
where � is the projector that sends �¹ki º.m/;qi and .d�i /.li /q to themselves if i < d and
to 0 if i D d .

Proof. We follow the proof and make some corrections of [11]. It is enough to
check the identity on a set of generators of L�.m/

A=R;q
.r/. By using (4.5) and (4.6)

repeatedly, we can choose the generators of the form

Q˝0 �
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q ˝

0 P ;
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with Q´ O�
¹kº.m/;q

.d O�/.k.1//q ˝0 � � � ˝0 .d O�/.k.s�1//q , P ´ .d�/.k.sC1//q ˝0 � � � ˝0

.d�/.k.r//q and either s D r or 0 < l < pm. By using Lemma 4.4, (4.12) and (4.13),
we have

.hd � C d �h/
�
Q˝0 �

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q ˝

0 P
�

D hd �
�
Q˝0 �

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q ˝

0 P
�

C d �h
�
Q˝0 �

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q ˝

0 P
�

D h
�
d �Q˝0 �

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q ˝

0 P
�

C .�1/s�1h
�
Q˝0 d �.�

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q /˝0 P

�
C .�1/sh

�
Q˝0 �

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q ˝

0 d �P
�

C .�1/s�1d �
�
Q˝0 h.�

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q /P

�
D .�1/sd �Q˝0 h

�
�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

�
P

CQ˝0 h
�
d �.�

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q /˝0 P

�
�Q˝0 h

�
�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

�
d �P

C .�1/s�1d �Q˝0 h
�
�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

�
P

CQ˝0 d �h
�
�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

�
˝
0 P

CQ˝0 h
�
�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

�
d �P

D Q˝0 h
�
d �.�

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q /˝0 P

�
CQ˝0 d �h

�
�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

�
˝
0 P:

Then, by Lemma 4.8, we see that

.hd � C d �h/
�
Q˝0 �

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q ˝

0 P
�

D Q˝0 .hd � C d �h/
�
�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

�
˝
0 P;

so we may assume that r � 1. We need to show that

.hd � C d �h/
�
�
¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

�
D �

¹kº.m/;q
d

.d O�/.l/q .d�d /
.l/q

unless k D l D 0, in which case we get 0. We write ! ´ �
¹kº.m/;q
d

.d�d /
.l/q and

compute .hd � C d �h/Œ!.d O�/.l/q �. First, we assume that l ¤ 0 and l ¤ 0. By using
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(4.3) and making the same computation as in the proof of Proposition 4.5, we have

hd �
�
!.d O�/.l/q

�
D

X
0<k0�k

�
k

k0

�
.m/;q

h
�
�
¹k�k0º.m/;q
d

.d�d /
.k0/q ˝

0 .d O�/.l/q .d�d /
.l/q

�
�

X
0�l 0<l

�
l

l 0

�
.m/;q

h
�
�
¹kº.m/;q
d

.d O�/.l�l
0/q ˝

0 .d O�/.l
0/q .d�d /

.l/q
�

�

X
0�l 0<l

�
l

l 0

�
.m/;q

h
�
�
¹kº.m/;q
d

.d�d /
.l�l 0/q ˝

0 .d O�/.l/q .d�d /
.l 0/q

�
:

For the term k0 D pm in the first sum, we can use (4.10), (4.12), and for the rest, we
can use (4.12) to get

hd �
�
!.d O�/.l/q

�
D

X
0<k0�k

�
k

k0

�
.m/;q

h
�
�
¹k�k0º.m/;q
d

.d�d /
.k0/q ˝

0 .d�d /
.l/q

�
.d O�/.l/q

C .d O�/.l/q ˝0 h
�
�
¹kº.m/;q
d

.d�d /
.l/q

�
�

X
0<l 0<l

�
l

l 0

�
.m/;q

h
�
�
¹kº.m/;q
d

.d�d /
.l�l 0/q ˝

0 .d�d /
.l 0/q

�
.d O�/.l/q

� h
�
�
¹kº.m/;q
d

.d�d /
.l/q

�
.d O�/.l/q :

The following calculations are not correct in [11] (but the end result is), so we make
corrections here. By using (4.3), we have

hd �.!/.d O�/.l/q C .d O�/.l/q ˝0 h.!/ � h.!/.d O�/.l/q ;

and by formula (4.8), this is equal to

hd �.!/.d O�/.l/q C d �h.!/.d O�/.l/q :

On the other hand, by the definition of h, we can check that d �hŒ!.d O�/.l/q � D 0. So
we see that

.hd � C d �h/Œ!.d O�/.l/q � D .hd � C d �h/.!/.d O�/.l/q :

Obviously, this formula still holds when l D 0.
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Now we consider the case l D 0 and l ¤ 0 in order to move .d O�/.l/q outside. By
using (4.3), we have

hd �
�
�
¹kº.m/;q
d

.d O�/.l/q
�

D

X
0<k0�k

�
k

k0

�
.m/;q

h
�
�
¹k�k0º.m/;q
d

.d�d /
.k0/q ˝

0 .d O�/.l/q
�

�

X
0<l 0<l

�
l

l 0

�
.m/;q

h
�
�
¹kº.m/;q
d

.d O�/.l�l
0/q ˝

0 .d O�/.l
0/q
�
:(4.22)

The second sum is equal to 0 by the definition of h. The calculation for the first sum is
not obvious as in the proof of [11], so we give them explicitly. If k0 ¤ pm, then we
can move .d O�/.l/q outside by using (4.12). The term k0 D pm may be calculated using
(4.11):

h
�
�
¹k�pmº.m/;q
d

.d�d /
.pm/q ˝

0 .d O�/.l/q
�

D �h
�
�
¹k�pmº.m/;q
d

.d O�/.l/q ˝0 .d�d /
.pm/q

�
�

X
0<l 0<pm

�
pm

l 0

�
.m/;q

h
�
�
¹k�pmº.m/;q
d

.d�d /
.pm�l 0/q ˝

0 .d O�/.l/q .d�d /
.l 0/q

�
:

By excluding the trivial case, we may assume that k > 0 and pm j k. Then we can use
the definition of h and formula (4.8) to get

D

�
k

pm

��1
.m/;q

.d O�/.l/q ˝0 �
¹kº.m/;q
d

�

X
0<l 0<pm

�
pm

l 0

�
.m/;q

�
k � l 0

k � pm

��1
.m/;q

�
¹k�l 0º.m/;q
d

.d O�/.l/q .d�d /
.l 0/q

D

�
k

pm

��1
.m/;q

�
¹kº.m/;q
d

.d O�/.l/q

C

�
k

pm

��1
.m/;q

�

X
0<l 00�k

�
k

l 00

�
.m/;q

�
¹k�l 00º.m/;q
d

.d O�/.l/q .d�d /
.l 00/q

�

X
0<l 0<pm

�
pm

l 0

�
.m/;q

�
k � l 0

k � pm

��1
.m/;q

�
¹k�l 0º.m/;q
d

.d O�/.l/q .d�d /
.l 0/q :(4.23)

We can check that �
k

pm

��1
.m/;q

�
k

l 0

�
.m/;q

D

�
pm

l 0

�
.m/;q

�
k � l 0

k � pm

��1
.m/;q

;
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and since .d O�/.l/q .d�d /.l
00/q is 0 when pm � l 00 � k, we can cancel the sums in (4.23),

so we get

h
�
�
¹k�pmº.m/;q
d

.d�d /
.pm/q ˝

0 .d O�/.l/q
�
D

�
k

pm

��1
.m/;q

�
¹kº.m/;q
d

.d O�/.l/q

D h
�
�
¹k�pmº.m/;q
d

.d�d /
.pm/q

�
.d O�/.l/q :

For (4.22), after moving .d O�/.l/q outside in the first sum, we have

hd �
�
�
¹kº.m/;q
d

.d O�/.l/q
�
D hd �.�

¹kº.m/;q
d

/.d O�/.l/q :

On the other hand, by the definition of h, we have

d �h
�
�
¹kº.m/;q
d

.d O�/.l/q
�
D 0 D d �h.�

¹kº.m/;q
d

/.d O�/.l/q :

So we get

.hd � C d �h/
�
�
¹kº.m/;q
d

.d O�/.l/q
�
D .hd � C d �h/.�

¹kº.m/;q
d

/.d O�/.l/q :

By the arguments above, we are reduced to showing the equation when d D 1:

.hd � C d �h/
�
�¹kº.m/;q .d�/.l/q

�
D �¹kº.m/;q .d�/.l/q :

The case k D l D 0 is trivial. For the case k ¤ 0 and l D 0, by (4.6), we have

hd �
�
�¹kº.m/;q

�
D

X
0<k0�k

�
k

k0

�
.m/;q

h
�
�¹k�k

0º.m/;q .d�/.k
0/q
�
:

We write k D pmr C s with 0 < s � pm. Then, by the definition of h, we see that
hŒ�¹k�k

0º.m/;q .d�/.k
0/q � D 0 unless pm j .k � k0/ and 0 < k0 � pm, namely, k0 D s.

So we have

.hd � C d �h/
�
�¹kº.m/;q

�
D

�
k

s

�
.m/;q

h
�
�¹k�sº.m/;q .d�/.s/q

�
D

�
k

s

�
.m/;q

�
k

s

��1
.m/;q

�¹k�sCsº.m/;q D �¹kº.m/;q :

Now we assume that l ¤ 0. If k D 0, then we can check that

.hd � C d �h/
�
.d�/.l/q

�
D hd �

�
.d�/.l/q

�
C d �h

�
.d�/.l/q

�
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D �

X
0<l 0<l

�
l

l 0

�
.m/;q

h
�
.d�/.l�l

0/q ˝
0 .d�/.l

0/q
�
C d �.�¹lº.m/;q /

D �

X
0<l 0<l

�
l

l 0

�
.m/;q

�¹l�l
0º.m/;q .d�/.l

0/q

C

X
0<l 00�l

�
l

l 00

�
.m/;q

�¹l�l
00º.m/;q .d�/.l

00/q D .d�/.l/q :

Therefore, we are left with the case k ¤ 0 and l ¤ 0. We have

hd �
�
�¹kº.m/;q .d�/.l/q

�
D h

�
d ��¹kº.m/;q ˝0 .d�/.l/q

�
C h

�
�¹kº.m/;qd �..d�/.l/q /

�
D

X
0<k0�k

�
k

k0

�
.m/;q

h
�
�¹k�k

0º.m/;q .d�/.k
0/q ˝

0 .d�/.l/q
�

�

X
0<l 0<l

�
l

l 0

�
.m/;q

h
�
�¹kº.m/;q .d�/.l�l

0/q ˝
0 .d�/.l

0/q
�
:

First, we assume that pm − k, and we write k D pmr C s with 0 < s < pm. Then the
second sum is 0, and for the first sum, all terms are 0 unless k0 D s. Thus, we see that

hd �
�
�¹kº.m/;q .d�/.l/q

�
D

�
k

s

�
.m/;q

�
k

s

��1
.m/;q

�¹kº.m/;q .d�/.l/q D �¹kº.m/;q .d�/.l/q :

Since in this case d �hŒ�¹kº.m/;q .d�/.l/q � D 0, we get the equation as desired.
Now we are left with the case pm j k and k ¤ 0. We have

d �hŒ�¹kº.m/;q .d�/.l/q � D d �
��
k C l

k

��1
.m/;q

�¹kClº.m/;q
�

D

�
k C l

k

��1
.m/;q

�

X
0<k0�pm

�
k C l

k0

�
.m/;q

�¹kCl�k
0º.m/;q .d�/.k

0/q(4.24)

and

hd �
�
�¹kº.m/;q .d�/.l/q

�
D

X
0<k0�pm

�
k

k0

�
.m/;q

h
�
�¹k�k

0º.m/;q .d�/.k
0/q ˝

0 .d�/.l/q
�

�

X
0<l 0<l

�
l

l 0

�
.m/;q

h
�
�¹kº.m/;q .d�/.l�l

0/q ˝
0 .d�/.l

0/q
�

D

�
k

pm

�
.m/;q

h
�
�¹k�p

mº.m/;q .d�/.p
m/q ˝

0 .d�/.l/q
�

�

X
0<l 0<l

�
l

l 0

�
.m/;q

�
k C l � l 0

k

��1
.m/;q

�¹kCl�l
0º.m/;q .d�/.l

0/q :
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By formula (4.10), we see that

h
�
�¹k�p

mº.m/;q .d�/.p
m/q ˝

0 .d�/.l/q
�

D �

X
l<l 00�pm

�
pmC l

l

��1
.m/;q

�
pm C l

l 00

�
.m/;q

h
�
�¹k�p

mº.m/;q .d�/.p
mCl�l 00/q

˝
0 .d�/.l

00/q
�

D �

X
l<l 00�pm

�
pmC l

l

��1
.m/;q

�
pmC l

l 00

�
.m/;q

�
kC l� l 00

k � pm

��1
.m/;q

�¹kCl�l
00º.m/;q .d�/.l

00/q :

Now we can check that�
k

pm

�
.m/;q

�
pmC l

l

��1
.m/;q

�
pmC l

l 00

�
.m/;q

�
kC l � l 00

k � pm

��1
.m/;q

D

�
kC l

k

��1
.m/;q

�
kC l

l 00

�
.m/;q

;

so it follows that�
k

pm

�
.m/;q

h
�
�¹k�p

mº.m/;q .d�/.p
m/q ˝

0 .d�/.l/q
�

D �

�
k C l

k

��1
.m/;q

�

X
l<l 00�pm

�
k C l

l 00

�
.m/;q

�¹kCl�l
00º.m/;q .d�/.l

00/q :

Since we can also check that�
l

l 0

�
.m/;q

�
k C l � l 0

k

��1
.m/;q

D

�
k C l

k

��1
.m/;q

�
k C l

l 0

�
.m/;q

;

we have

hd �
�
�¹kº.m/;q .d�/.l/q

�
D �

�
k C l

k

��1
.m/;q

�

X
0<l 0�pm

l 0¤l

�
k C l

l 0

�
.m/;q

�¹kCl�l
0º.m/;q .d�/.l

0/q :(4.25)

Adding (4.24) and (4.25), we get

.hd � C d �h/
�
�¹kº.m/;q .d�/.l/q

�
D �¹kº.m/;q .d�/.l/q ;

so the result follows.

Now we prove the formal Poincaré lemma for the linearized q-jet complex
L�

.m/

A=R;q
.�/.
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Theorem 4.10 (Cf. [11, Theorem 3.3]). The linearized q-jet complex L�.m/
A=R;q

.�/

is a resolution of A.

Proof. We follow the proof of [11]. Since the canonical map

A y̋RŒX�^ L�
.m/

RŒX�^=R;q
.�/

'
�! L�

.m/

A=R;q
.�/

is an isomorphism, it is enough to show the assertion for A D RŒX1; : : : ; Xd �^. We
proceed by induction on d . We need to show that forA0 D RŒX1; : : : ;Xd�1�^, the map
of complexes A y̋A0 L�.m/A0=R;q

.�/! L�
.m/

A=R;q
.�/ is a quasi-isomorphism. We check

that this map is actually a homotopy equivalence. Since this map, which is just the
inclusion �¹ki º.m/;qi 7! �

¹ki º.m/;q
i and .d�i /.li /q 7! .d�i /

.li /q for i D 1; : : : ;d � 1, has an
obvious retraction map given by �¹kd º.m/;q

d
7! 0 and .d�d /.ld /q 7! 0, it suffices to show

that the projector � on L�.m/
A=R;q

.�/ in Proposition 4.9 is homotopic to the identity. So
we need to construct a homotopy h onL�.m/

A=R;q
.�/ such that h ı d �C d � ı hD Id� � ,

which was done in Proposition 4.9.

We are now ready to prove the Poincaré lemma for the q-jet complex.

Proposition 4.11 (Cf. [11, Theorem 4.7]). If E 2 CR.. NA=R/m-qpm -crys;O
.m/
NA=R
/,

then
E y̋

O
.m/
NA=R

L.m/.�
.m/

A=R;q
.�//

forms a complex of O
.m/
NA=R

-modules that resolves E.

Proof. First, following the proof of Proposition 3.15, we have a complex
L.m/.�

.m/

A=R;q
.�// of O

.m/
NA=R

-modules that gives L�.m/
A=R;q

.�/ when we evaluate at A
by Lemma 3.7. We need to show that, for any object .B; IB/ of . NA=R/m-qpm -crys, the
map

EB ! EB y̋B L
.m/.�

.m/

A=R;q
.�//B

is a quasi-isomorphism. As in the proof of Proposition 3.15, we may assume that
B D A. Then by Theorem 4.10, we see that

A! L�
.m/

A=R;q
.�/

is a quasi-isomorphism. By the complete tensor product of this map with

EA 2 FMod^.p;.p/
qp
m /.A/;

we get the desired quasi-isomorphism.
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Corollary 4.12. If E 2 CR.. NA=R/m-qpm -crys;O
.m/
NA=R
/, then we have a quasi-

isomorphism
R�.. NA=R/m-qpm -crys; E/

'
�! EA y̋A �

.m/

A=R;q
.�/:

Proof. We follow the notation in Section 2. Then we have

R�.. NA=R/m-qpm -crys; E/ ' Re NA=R�E

' Re NA=R�
�
E y̋

O
.m/
NA=R

L.m/.�
.m/

A=R;q
.�//

�
:

By Lemma 2.26, this is quasi-isomorphic to

Re NA=R�
�
L.m/.EA y̋A �

.m/

A=R;q
.�//

�
:

Then, by calculations as in the proof of Lemma 2.28, this is quasi-isomorphic to
EA y̋A �

.m/

A=R;q
.�/.
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