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Global smooth axisymmetric solutions of the damped
Boussinesq equations with zero thermal diffusion
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Abstract – In this paper we study the Cauchy problem for the three-dimensional damped
Boussinesq system with zero thermal diffusion. We show that the solution of this system with
1 � ˇ � 7

3
is globally well posed if the initial data is axisymmetric without swirl.
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1. Introduction

We study the following three-dimensional incompressible damped Boussinesq
equations with zero thermal diffusion:

(1.1)

8̂̂̂̂
<̂
ˆ̂̂:
@tuC u � ru ��uC juj

ˇ�1uCrP D �e3; x 2 R3; t > 0;

@t�C u � r� D 0;

divu D 0;
u.x; 0/ D u0.x/; �.x; 0/ D �0.x/;

where uD .u1.x; t/;u2.x; t/;u3.x; t// 2R3 is the velocity of the fluid,P DP.x; t/ 2
R is the scalar pressure, � D �.x; t/ 2 R is the temperature and e3 D .0; 0; 1/.
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Here, ˇ � 1 and jujˇ�1u is the so-called damping term, which is from the resis-
tance to the motion of the flow; see [4] and references cited therein. The system (1.1)
is widely used to model the dynamics of the ocean or the atmosphere; see [19–21, 25].

When the damping term is absent, (1.1) becomes the well-known three-dimensional
Boussinesq system with zero thermal diffusion. It is well known that local existence and
uniqueness of smooth solutions for the three-dimensional Boussinesq system with zero
thermal diffusion have been proved; see [5, 6, 17]. However, the problem of the global
existence of the unique smooth local solution still remains unsolved. Therefore, in
connection with this point, many works are concerned with the study of solutions with
some special structures such as axisymmetric flows. We first introduce the definition
of axisymmetric vector fields. A vector field f is axisymmetric, that is,

f .t; x/ D f r.t; r; z/er C f
� .t; r; z/e� C f

z.t; r; z/ez;

where x D .x1; x2; z/, r D
q
x21 C x

2
2 and

er D
�x1
r
;
x2

r
; 0
�
; e� D

�
�
x2

r
;
x1

r
; 0
�
; ez D .0; 0; 1/:

We call f � the swirl component and f is axisymmetric without swirl if f � D 0.
Abidi, Hmidi and Keraani [2] showed the global existence and uniqueness result for
the axisymmetric Boussinesq system without swirl. They use as a key ingredient the
quadratic growth estimate


�

r
.t/




L2
�




�0
r





L2
C C0




ur
r





L1tL

1
.1C kukL1tL1

/;

under the assumption that the support of the initial temperature does not intersect
the axis r D 0. Later on, this result was improved in [9] by removing the assumption
on the support of the temperature. When the swirl component presents, the global
regularity with large initial data is still open. See Fang–Le–Zhang [8], Li–Pan [16] and
Wang–Guo [23] for the regularity criterion of the axisymmetric Boussinesq system
with zero thermal diffusion. Other interesting results on the Boussinesq system can be
found in [1, 10, 14, 18, 24].

When the temperature � vanishes, system (1.1) reduces to the three-dimensional
incompressible damped Navier–Stokes equations, which were studied first by Cai–Jiu
[4]. The authors in [4] obtained that for such a system there exist a global weak solution
for any ˇ � 1, and global strong solutions for any ˇ � 7

2
. Moreover, the strong solution

is unique for any 7
2
� ˇ � 5. Zhou [30] proved the strong solution exists globally for

ˇ � 3. However, since the good effect of the damping becomes weaker in the case
1 < ˇ < 3, the global existence of a strong solution to the damped Navier–Stokes



Global smooth axisymmetric solutions of the damped Boussinesq equations 3

equations for 1 < ˇ < 3 is still unknown. Recently, for the axisymmetric without swirl
solutions of the damped Navier–Stokes system, Yu [26] established the global existence
and uniqueness of a strong solution with large initial data. For more related results, see
[27–29] and references therein.

Wen and Ye [25] gave the global existence and the uniqueness for the three-
dimensional incompressible damped Boussinesq equations (1.1) with ˇ � 3. Li, Liu
and Zhou [15] proved regularity criteria of the three-dimensional damped Boussinesq
system (1.1) with 1 � ˇ < 3 via two components of the velocity or the gradient of
velocity involving Lorentz spaces in both time and spatial directions. Motivated by
[25,26], we investigate in this paper the global well-posedness of (1.1) with 1 � ˇ � 7

3
,

corresponding to large axisymmetric data without swirl. Our main result is as follows.

Theorem 1.1. Assume that u0 and �0 are axisymmetric and u0 is a divergence-free
vector field with u�0 D 0. Let u0 2 H 2.R3/, and �0 2 H 2.R3/ such that supp �0 does
not intersect the z-axis and the projection of supp �0 to the z-axis is compact. Then
there exists a unique global solution .u; �/ to system (1.1) with 1 � ˇ � 7

3
satisfying

u 2 L1.0; T IH 2.R3// \ L2.0; T IH 3.R3//;

� 2 L1.0; T IH 2.R3//;

for any 0 < T <1.

Remark 1. When �D 0, system (1.1) reduces to the incompressible Navier–Stokes
equations with damping in R3, and Theorem 1.1 generalizes a previous result by Yu
[26].

Remark 2. As pointed out in [2], we can relax the assumption that supp�0 is away
from the z-axis by assuming that � is a constant c0 near the z-axis, by taking a change
of variable N� D � � c0 and xP D P � c0z. More detail can be founded in [2].

Remark 3. It is worth pointing out that we only prove the global regularity when
1 � ˇ � 7

3
. For 7

3
< ˇ < 3, due to the strong nonlinearity of jujˇ�1u, it is insufficient

to control the nonlinear term using only the dissipative term. In the future, we will
further study how to use the good effect of the damping term to extend the exponent to
1 � ˇ < 3.

To prove Theorem 1.1, we need to deeply use the special structure of system
(1.1) in the axisymmetric without swirl case. In contrast with the case in [26], the
singular term @r�

r
causes difficulties in estimating kw

�

r
kL2 , due to the appearance

of the temperature �. To do this, inspired by [2], we assume that supp �0 is away
from the z-axis and its projection to the z-axis is compact. Taking advantage of the
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local-in-space estimate for solutions and some interpolation inequalities, we derive the
L1.0; T IL2.R3// \ L2.0; T IH 1.R3// estimate of w

�

r
; see (3.8) below. Moreover,

we establish the L1.0; T IL1.R3// estimate of ru by making good use of maximal
regularity results of the heat flow, and then the L1.0; T IL6.R3// estimate of r� fol-
lows; see Proposition 3.3 below. Based on this preparation, combining with commutator
estimates allows us to obtain the H 2 estimate of the solution.

An outline of this paper is as follows. In Section 2, we introduce system (1.1) in
cylindrical coordinates and review some basic facts. Section 3 is devoted to showing
some a priori estimates, and completing the proof of Theorem 1.1.

Throughout the paper, we always denote
R
�dx´

R
R3 �dx, k � kLp ´ k � kLp.R3/

and rh ´ .@1; @2/. The letter C stands for some real positive constant, which may
vary from line to line. In addition, we use the notation …z for the orthogonal projector
over the axis (Oz).

2. Preliminaries

Let us now introduce system (1.1) in cylindrical coordinates. For system (1.1), it is
easy to show the following local existence and uniqueness result.

Lemma 2.1. Let .u0; �0/ 2 H 2.R3/ be axisymmetric and u0 be divergence-free.
Then there exist T > 0 and a unique axisymmetric solution .u; �/ on Œ0; T / for system
(1.1) with ˇ � 1 such that

u 2 L1.0; T IH 2.R3// \ L2.0; T IH 3.R3//;

� 2 L1.0; T IH 2.R3//:

The proof is quite similar to that local existence and uniqueness result for the
incompressible Navier–Stokes equations and so is omitted. We refer the reader to [12].
From the uniqueness of solutions, we see that u�0 D 0 implies u� D 0 for all later time.
In this case, system (1.1) can be written as8̂̂̂̂

ˆ̂̂<̂
ˆ̂̂̂̂̂:

@tu
r
C u � rur C jujˇ�1ur �

�
� �

1

r2

�
ur C @rP D 0;

@tu
z
C u � ruz C jujˇ�1uz ��uz C @zP D �;

@t�C u � r� D 0;

@ru
r
C
ur

r
C @zu

z
D 0;

where u � r D ur@r C uz@z and � D @2r C @2z C
1
r
@r .
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Direct computations show us that the vorticity of the swirl-free axisymmetric
velocity takes the form

w D r � u D w�e� D .@ru
r
� @ru

z/e� ;

and satisfies

@t!
�
C u � r!� ��!� C

1

r2
!� �

1

r
!�ur C jujˇ�1!�

C .ˇ � 1/jujˇ�3..ur/2@zu
r
C uruz@zu

z
� uruz@ru

r
� .uz/

2@ru
z/

D �@r�:(2.1)

Moreover, letting � ´ !�

r
, the above system gives

@t� C u � r� �
�
�C

2

r
@r

�
� C jujˇ�1� C .ˇ � 1/jujˇ�3.uz/2�

C .ˇ � 1/jujˇ�3
�
.ur/2@z

�ur
r

�
� .uz/2@z

�ur
r

�
� 2uruz@r

�ur
r

�
� 3

�ur
r

�2
uz
�

D �
@r�

r
:(2.2)

To ensure the reasonableness of the calculation, we recall the following two lemmas.

Lemma 2.2 ([12]). Let u be a smooth axisymmetric vector field with u 2 L1.0; T I
H 2.R3// \ L2.0; T IH 3.R3// and ! D !�e� its curl. Then

(i) !�

r2�"
and 1

r1�"
@!�

@r
belong to L2.0; T IL2.R3// for all " > 0;

(ii) letting

g1.�/ D

Z 1
�1

�
�ı
ˇ̌̌!�
�

ˇ̌̌2�
.�; z/ dz; g2.�/ D

Z 1
�1

�
�ı
ˇ̌̌@!�
@r

ˇ̌̌2�
.�; z/ dz;

then g1 and g2 are bounded for any ı 2 .0; 2/.

Lemma 2.3 ([12]). For any " > 0, there holds

lim
�!0C

Z 1
�1

@!�

@r

!�

�1�"
.�; z/ dz D 0:

We end up in this section by citing the following lemma, which is the cornerstone
for establishing the estimate k!

�

r
kL2 .
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Lemma 2.4 ([2]). Let u be a smooth axisymmetric divergence-free vector field, and
� be a solution of the transport equation

@t�C u � r� D 0

with initial data �0 2 L2 \ L1. In addition, assume that

r0´ d.supp �0; ¹Ozº/ > 0 and d0´ diam.…z.supp �0// <1:

Then there holdsZ
R3

�2.t; x/

r2
dx �

1

r20
k�0k

2
L2

C 2�k�0k
2
L1

Z t

0





urr .�/





L1

d�

�
d0 C 2

Z t

0

ku.�/kL1 d�

�
:

3. Proof of Theorem 1.1

This section is devoted to deriving some useful a priori estimates and then completing
the proof of Theorem 1.1. We first give the basic estimate for solutions of system (1.1),
which do not need the axisymmetric assumption.

Proposition 3.1. Suppose 1 � ˇ � 7
3
. Let .u0; �0/ 2 H 2.R3/. Then for every

smooth solution .u; �/, it holds that

(3.1) k�.t/kLp � k�0kLp ; 82 � p � 1;

and

(3.2) ku.t/k2
L2
C

Z T

0

kru.t/k2
L2
dt C

Z T

0

ku.t/k
ˇC1

LˇC1
dt � C:

Here, C depends on ku0kH2 and k�0kH2 .

Proof. The estimate in (3.1) is classical and can be found in [25], so we omit
the details here. For the estimate in (3.2), by taking the L2 inner product of the first
equation of system (1.1) with u we get

1

2

d

dt
ku.t/k2

L2
C kruk2

L2
C

Z
jujˇC1 dx � kukL2k�kL2 ;

which along with (3.1) and Gronwall’s inequality leads to the desired result.
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Next, our target is to show the L1T L
2 \ L2TH

1 estimate of ru, which plays the
key role in our proof.

Proposition 3.2. Suppose 1 � ˇ � 7
3
. Let .u; �/ be the smooth solution of system

(1.1) with .u0; �0/ 2H 2.R3/ satisfying the assumptions of Theorem 1.1. Then one has

sup
0�t�T

kru.t/k2
L2
C

Z T

0

kr
2u.t/k2

L2
dt � C.T /:

Proof. For small ", multiplying equation (2.2) by !�

r1�"
and integrating the resulting

equation over R3,we have

1

2

d

dt




 !�

r1�
"
2




2
L2
C




r !�

r1�
"
2




2
L2
C

�
" �

"2

4

�


 !�

r2�
"
2




2
L2

C

Z
jujˇ�1

ˇ̌̌ !�
r1�"

ˇ̌̌2
dx C .ˇ � 1/

Z
jujˇ�3.uz/2

ˇ̌̌ !�
r1�"

ˇ̌̌2
dx

D
"

2

Z
ur

r

.!� /2

r2�"
dx �

Z
@r�

�

!�

r1�"
dx

� .ˇ � 1/

Z
jujˇ�3

�
.ur/2@z

�ur
r

�
� .uz/2@z

�ur
r

�
� 2uruz@r

�ur
r

�
� 3

�ur
r

�2
uz
� !�
r1�"

dx

´

6X
iD1

Ii ;(3.3)

where we have used Lemmas 2.2 and 2.3.
Motivated by the method in [12, 26], we now estimate the terms I1 to I6. Using

Hölder’s inequality, Young’s inequality and the interpolation estimate

kf kL1 � Ckrf k
1
2

L2
kr

2f k
1
2

L2
;

we get

I1 �
"

2

Z
jur j

ˇ̌̌ !�
r1�

"
2

ˇ̌̌ˇ̌̌ !�
r2�

"
2

ˇ̌̌
dx

�
"

2
kurkL1




 !�

r1�
"
2





L2




 !�

r2�
"
2





L2

�
"

4




 !�

r2�
"
2




2
L2
C
"

2
krukL2kr

2ukL2




 !�

r1�
"
2




2
L2
:
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For I2, integrating by parts and using Hölder’s inequality, we have

I2 D �

Z
@r�

�

!�

r1�"
dx D �

Z
@r�

r

!�

r1�
"
2

1

r�
"
2

dx

D �2�

Z 1
�1

Z 1
0

@r�
!�

r1�
"
2

1

r�
"
2

dr dz

D 2�

Z 1
�1

Z 1
0

�@r

� !�

r1�
"
2

1

r�
"
2

�
dr dz

D 2�

Z 1
�1

Z 1
0

�
1

r�
"
2

@r

� !�

r1�
"
2

�
dr dz C 2�

Z 1
�1

Z 1
0

�
!�

r1�
"
2

@r

� 1

r�
"
2

�
dr dz

D

Z
�

r1�
"
2

@r

� !�

r1�
"
2

�
dx C

"

2

Z
�

r

!�

r2�"
dx

� C



 �

r1�
"
2





L2




r !�

r1�
"
2





L2
C
"

2




�
r





L2




 !�
r2�"





L2

� C



 �

r1�
"
2




2
L2
C
1

2




r !�

r1�
"
2




2
L2
C
"

4




�
r




2
L2
C
"

4




 !�
r2�"




2
L2
:

Although the estimates of the terms I3 to I6 basically follow from that of [26, Lemma
2.6], we briefly present the proof of these estimates for the sake of completeness. For I3,
it follows from Hölder’s inequality, Young’s inequality and the interpolation estimate

kf k
L

4
3�ˇ
� kf k

7�3ˇ
4

L2
krf k

3ˇ�3
4

L2
; 81 � ˇ �

7

3

that

jI3j � C

�Z
r�1

C

Z
juj�1;r>1

C

Z
juj>1;r>1

�
jujˇ�1

ˇ̌̌
@z
ur

r

ˇ̌̌ˇ̌̌ !�
r1�"

ˇ̌̌
dx

� Ck jujˇ�1k
L

2
ˇ�1




@z ur
r





L

4
3�ˇ




!�
r





L

4
3�ˇ
C C




@z ur
r





L2
k!�kL2

C Ck juj
4
3 kL3




@z ur
r





L6
k!�kL2

� Ckuk
ˇ�1

L2
k�k

7�3ˇ
2

L2
kr�k

3ˇ�3
2

L2
C CkrukL2k�kL2

C Ckuk
1
3

L2
krukL2kr�kL2k!

�
kL2

�
1

10
kr�k2

L2
C Ckuk

4.ˇ�1/
7�3ˇ

L2
k�k2

L2
C Ckruk2

L2

C Ck�k2
L2
C Ckuk

2
3

L2
kruk2

L2
k!�k2

L2
:

This together with (3.2) ensures

jI3j �
1

10
kr�k2

L2
C Ck�k2

L2
C C.1C k!�k2

L2
/kruk2

L2
:
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By the same argument as the estimate of I3, one deduces that

jI4j C jI5j �
1

10
kr�k2

L2
C Ck�k2

L2
C C.1C k!�k2

L2
/kruk2

L2
:

Applying Hölder’s inequality again, the term I6 can be bounded by

jI6j � C

�Z
juj>1;r>1

C

Z
juj>1;r�1

C

Z
juj�1;r>1

C

Z
juj�1;r�1

�
jujˇ�2

ˇ̌̌ur
r

ˇ̌̌2 ˇ̌̌ !�
r1�"

ˇ̌̌
dx

� C

Z
juj>1;r>1

juj
4
3

ˇ̌̌ur
r

ˇ̌̌
j!� j dx C C

Z
juj>1;r�1

juj
1
3

ˇ̌̌ur
r

ˇ̌̌2 ˇ̌̌!�
r

ˇ̌̌
dx

C C

Z
juj�1;r>1

jujˇ�1
ˇ̌̌ur
r

ˇ̌̌
j!� j dx

C C

Z C1
�1

�Z
juj�1;r�1

ˇ̌̌ur
r

ˇ̌̌ˇ̌̌!�
r

ˇ̌̌1
r
dx1 dx2

�
dx3

� C



ur
r





L1
kuk

4
3

L
8
3

k!�kL2 C Ckuk
1
3

L2




ur
r





L1




ur
r





L2




!�
r





L3

C C



ur
r





L2
k!�kL2

C C

Z C1
�1




ur
r





L6.R2/




!�
r





L6.R2/




1
r





L
3
2 .R2/\¹r�1º

dx3

� C



!�
r




 12
L2




r!�
r




 12
L2
kuk

5
6

L2
kruk

1
2

L2
k!�kL2

C Ckuk
1
3

L2




!�
r





L2




r!�
r





L2




ur
r





L2
C Ckruk2

L2

C C

Z C1
�1




ur
r




 13
L2.R2/




rhur
r




 23
L2.R2/




!�
r




 13
L2.R2/




rh!�
r




 23
L2.R2/

dx3

� Ckuk
5
6

L2
kruk

3
2

L2
k�k

1
2

L2
kr�k

1
2

L2
C Ckuk

1
3

L2
k�kL2kr�kL2krukL2

C Ckruk2
L2
C C




ur
r




 13
L2




rhur
r




 23
L2
k�k

1
3

L2
krh�k

2
3

L2

�
1

10
kr�k2

L2
C Ckuk

10
9

L2
kruk2

L2
k�k

2
3

L2
C Ckuk

2
3

L2
k�k2

L2
kruk2

L2

C Ckruk2
L2
C C




ur
r




 12
L2
k�k

3
2

L2
;

which along with (3.2) leads to

jI6j �
1

10
kr�k2

L2
C Ck�k2

L2
.1C kruk2

L2
/C Ckruk2

L2
:
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Putting all the above estimates into (3.3), we obtain

d

dt




 !�

r1�
"
2




2
L2
C




r. !�
r1�

"
2

/



2
L2
C

�3
2
" �

"2

2

�


 !�

r2�
"
2




2
L2

� C"krukL2kr
2ukL2




 !�

r1�
"
2




2
L2
C
3

5
kr�k2

L2
C Ck�k2

L2

C C.1C kruk2
L2
/.k�k2

L2
C k!�k2

L2
/

C Ckruk2
L2
C C




 �

r1�
"
2




2
L2
C
"

2




�
r




2
L2
C
"

2




 !�
r2�"




2
L2
:

Integrating over Œ0; T �, one then has


 !�

r1�
"
2




2
L2
C

Z T

0




r. !�
r1�

"
2

/



2
L2

�




 !�0

r1�
"
2




2
L2
C C"

Z T

0

krukL2kr
2ukL2




 !�

r1�
"
2




2
L2
dt

C
3

5

Z T

0

kr�k2
L2
dt

C C

Z T

0

k�k2
L2
C C

Z T

0

.1C kruk2
L2
/.k�k2

L2
C k!�k2

L2
/ dt

C C

Z T

0

kruk2
L2
dt C C

Z T

0




 �

r1�
"
2




2
L2
dt

C
"

2

Z T

0




�
r




2
L2
dt C

"

2

Z T

0




 !�
r2�"




2
L2
dt:(3.4)

Noticing that ˇ̌̌ f

r1�
"
2

ˇ̌̌
� C

�ˇ̌̌f
r

ˇ̌̌
C jf j

�
;

we get


 !�

r1�
"
2





L2
� C

�


!�
r





L2
C k!�kL2

�
;




 �

r1�
"
2





L2
� C

�


�
r





L2
C k�kL2

�
:

This together with Lemmas 2.1, 2.2 and 2.4 ensures we can pass to the limit as "! 0 on
the right-hand side of (3.4). Passing "! 0 in (3.4) and using the Lebesgue dominated
convergence theorem, one has

k�k2
L2
C
2

5

Z T

0

kr�k2
L2
dt � Cku0kH2CC

Z T

0

.1C kruk2
L2
/.k�k2

L2
C k!�k2

L2
/ dt

C C

Z T

0




�
r




2
L2
dt:(3.5)
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To estimate the last term of the above inequality, we apply Lemma 2.4 and (3.1) to
getZ T

0




�
r




2
L2
dt

� CT C CT

Z T

0




ur
r





L1

dt C CT

Z T

0




ur
r





L1

dt

Z T

0

kukL1 dt

� CT C CT

Z T

0




ur
r





L1

dt C CT
3
2

Z T

0




ur
r





L1

dt

�Z T

0

kuk2L1 dt

� 1
2

� CT C CT

Z T

0




ur
r





L1

dt C CT 3
�Z T

0




ur
r





L1

dt

�2
C C

Z T

0

kuk2L1 dt:

Recall the following estimate (see [7, inequality (2.3)]):


ur
r





L1
� C




!�
r




 12
L2




r!�
r




 12
L2
:

This together with Hölder’s inequality ensures

T ˛
Z T

0




ur
r





L1

dt � CT ˛
Z T

0

k�k
1
2

L2
kr�k

1
2

L2
dt

� CT
1
2C˛

�Z T

0

k�k2
L2
dt

� 1
4
�Z T

0

kr�k2
L2
dt

� 1
4

;

which implies

T

Z T

0




ur
r





L1

dt � CT
3
2

�Z T

0

k�k2
L2
dt

� 1
4
�Z T

0

kr�k2
L2
dt

� 1
4

� CT 2
�Z T

0

k�k2
L2
dt

� 1
3

C
1

10

Z T

0

kr�k2
L2
dt

� C C CT 6
Z T

0

k�k2
L2
dt C

1

10

Z T

0

kr�k2
L2
dt;

and

T 3
�Z T

0




ur
r





L1

dt

�2
� CT 4

�Z T

0

k�k2
L2
dt

� 1
2
�Z T

0

kr�k2
L2
dt

� 1
2

� CT 8
Z T

0

k�k2
L2
dt C

1

10

Z T

0

kr�k2
L2
dt:

Moreover, we use the following estimate (see [2, Proposition 4.2]):

kukL1 � Ck!
�
k
1
2

L2
kr!�k

1
2

L2
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to get

C

Z T

0

kuk2L1 dt � C

Z T

0

k!�kL2kr!
�
kL2 dt

� C

Z T

0

k!�k2
L2
dt C

1

2

Z T

0

kr!�k2
L2
dt:

Therefore, we obtainZ T

0




�
r




2
L2
dt � C C CT 8

Z T

0

k�k2
L2
dt C

1

5

Z T

0

kr�k2
L2
dt

C C

Z T

0

k!�k2
L2
dt C

1

2

Z T

0

kr!�k2
L2
dt:

Inserting the above estimate into (3.5), we infer

k�k2
L2
C

Z T

0

kr�k2
L2
dt

� Cku0kH2 C C.1C T
8/

Z T

0

.1C kruk2
L2
/.k�k2

L2
C k!�k2

L2
/ dt

C
1

2

Z T

0

kr!�k2
L2
dt:(3.6)

On the other hand, by taking the L2 inner product of equation (2.1) with !� we get

1

2

d

dt
k!�k2

L2
C kr!�k2

L2
C




!�
r




2
L2
C

Z
jujˇ�1.!� /2 dx

D

Z
ur

r
.!� /2 dx �

Z
@r�!

� dx

� .ˇ � 1/

Z
jujˇ�3..ur/2@zu

r
� .uz/2@ru

z
� uruz@ru

r

� uruz@zu
z/!� dx:(3.7)

Before proceeding, let us recall the following well-known Biot–Savart law (see
[3, inequality (3.8)]):

krukLp � C
p2

p � 1
k!kLp ; 81 < p < C1:

From this along with Hölder’s inequality and Young’s inequality, we have

.ˇ � 1/

Z
jujˇ�3..ur/2@zu

r
� .uz/2@ru

z
� uruz@ru

r
� uruz@zu

z/!� dx

� .ˇ � 1/

Z
jujˇ�1jruj j!� j dx
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� Ck jujˇ�1k
L
ˇC1
ˇ�1

krukLˇC1k!
�
kLˇC1

� Ckuk
ˇ�1

LˇC1
k!�k2

LˇC1

� Ckuk
ˇ�1

LˇC1
k!�k

5�ˇ
ˇC1

L2
kr!�k

3.ˇ�1/
ˇC1

L2

�
1

10
kr!�k2

L2
C Ck!�k2

L2
kuk

2.ˇ�1/.ˇC1/
5�ˇ

LˇC1

and Z
ur

r
.!� /2 dx � CkurkL3




!�
r





L2
k!�kL6

� Ckurk
1
2

L2
krurk

1
2

L2




!�
r





L2
kr!�kL2

� CkukL2krukL2




!�
r




2
L2
C

1

10
kr!�k2

L2
:

Applying integration by parts and Hölder’s inequality again yields

�

Z
@r� !

� dx D �2�

Z 1
�1

Z 1
0

@r�!
�r dr dz D 2�

Z 1
�1

Z 1
0

�@r.!
�r/ dr dz

D 2�

Z 1
�1

Z 1
0

�@r!
�r dr dz C 2�

Z 1
�1

Z 1
0

�
!�

r
r dr dz

D

Z �
�@r!

�
C �

!�

r

�
dx

� Ck�kL2kr!
�
kL2 C Ck�kL2




!�
r





L2

� Ck�k2
L2
C

1

10

�
kr!�k2

L2
C




!�
r




2
L2

�
:

Putting the above estimate into (3.7), we obtain

d

dt
k!�k2

L2
C
7

5
kr!�k2

L2
C
9

5




!�
r




2
L2
C 2

Z
jujˇ�1.!� /2 dx

� Ck!�k2
L2
kuk

2.ˇ�1/.ˇC1/
5�ˇ

LˇC1
C CkukL2krukL2




!�
r




2
L2
C Ck�k2

L2
:

Integrating the above inequality with respect to time, we get from Proposition 3.1 that

k!�k2
L2
C
7

5

Z T

0

kr!�k2
L2
dt C

9

5

Z T

0




!�
r




2
L2
dt

� Cku0kH1 C C

Z T

0

k!�k2
L2
kuk

2.ˇ�1/.ˇC1/
5�ˇ

LˇC1
C C

Z T

0

krukL2




!�
r




2
L2
dt

C Ck�0k
2
L2
T:
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From this, together with (3.6), we deduce that

k!�k2
L2
C k�k2

L2
C

Z T

0

kr!�k2
L2
dt C

Z T

0




!�
r




2
L2
dt C

Z T

0

kr�k2
L2
dt

� Cku0kH2 C CT

C C.1C T 8/

Z T

0

�
1C kuk

2.ˇ�1/.ˇC1/
5�ˇ

LˇC1
C kruk2

L2

�
.k�k2

L2
C k!�k2

L2
/ dt:

Noticing that 2.ˇ�1/.ˇC1/
5�ˇ

� ˇ C 1 when 1 � ˇ � 7
3
, it follows from the integral

Gronwall inequality and (3.2) that

k!�k2
L2
C k�k2

L2
C

Z T

0

kr!�k2
L2
dt

C

Z T

0




!�
r




2
L2
dt C

Z T

0

kr�k2
L2
dt � C.T /:(3.8)

Thanks to the Biot–Savart law, we get

krukL2 � Ck!
�
kL2 and kr

2ukL2 � C
�
kr!�kL2 C




!�
r





L2

�
;

which along with (3.8) implies the desired result. This ends the proof.

To obtain theH 2 estimate for .u; �/ , we need to establish the following proposition.

Proposition 3.3. Suppose 1 � ˇ � 7
3
. Let .u; �/ be the smooth solution of (1.1)

with .u0; �0/ 2 H 2.R3/ satisfying the assumptions of Theorem 1.1. Then there holdsZ T

0

krukL1 dt C sup
0�t�T

kr�kLp � C.T /; 8 2 � p � 6:

Proof. Recalling the equation for vorticity ! D r � u, we have

@t! ��! D �r � .u � ru/ � r � .juj
ˇ�1u/Cr � .�e3/:

In order to obtain the estimate r! 2 L 4
3 .0; T IL4.R3//, we need to establish the

L
4
3

TL
4 estimates of the terms u � ru, jujˇ�1u and �e3. From the interpolation estimate

kf kL1 � Ckrf k
1
2

L2
kr2f k

1
2

L2
and Proposition 3.2, one hasZ T

0

kuk4L1 dt � C

Z T

0

kruk2
L2
kr

2uk2
L2
dt

� C sup
0�t�T

kruk2
L2

Z T

0

kr
2uk2

L2
dt � C.T /:(3.9)
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Applying Hölder’s inequality and (3.1) ensures thatZ T

0

ku � ruk
4
3

L4
dt �

Z T

0

kuk
4
3

L1kruk
4
3

L4
dt

�

�Z T

0

kuk4L1 dt

� 1
3
�Z T

0

kruk2
L4
dt

� 2
3

� C

�Z T

0

kuk4L1 dt

� 1
3
�Z T

0

kr
2uk2

L2
dt

� 2
3

� C.T /;

and Z T

0

k�e3k
4
3

L4
� C

Z T

0

k�0k
4
3

L4
dt � C:

Since 1 � ˇ � 7
3

, we can obtain the following interpolation estimate:

kf kL4ˇ � Ckf k
1
ˇ

L4
kf k

1� 1
ˇ

L1 :

This together with Proposition 3.2 leads toZ T

0

k jujˇ�1uk
4
3

L4
dt �

Z T

0

kuk
4
3ˇ

L4ˇ
dt

� C

Z T

0

kuk
4
3

L4
kuk

4
3ˇ�

4
3

L1 dt

� C sup
0�t�T

kruk
4
3

L2

Z T

0

kuk
4
3ˇ�

4
3

L1 dt

� C sup
0�t�T

kruk
4
3

L2

�Z T

0

kuk4L1 dt

�ˇ�1
3

T
4�ˇ
3 � C.T /:

With the above estimates in hand, we apply the LqTL
p (1 < q; p < C1) estimates

for the parabolic equation of singular integral and potentials (see [13, 22]) with q D 4
3

and p D 4 to get
r! 2 L

4
3 .0; T IL4.R3//:

By using the interpolation estimate kf kL1 � Ckf k
1
7

L2
krf k

6
7

L4
and Proposition 3.2,

we infer Z T

0

krukL1 dt � C

Z T

0

kruk
1
7

L2
kr

2uk
6
7

L4
dt

� C sup
0�t�T

kruk
1
7

L2

Z T

0

kr!k
6
7

L4
dt
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� C sup
0�t�T

kruk
1
7

L2

�Z T

0

kr!k
4
3

L4
dt

� 9
14

T
5
14

� C.T /:

On the other hand, applying the operator r to the � equation of (1.1) gives

@tr�C u � rr� D �ru � r�:

For 2 � p � 6, multiplying the above equation by jr�jp�2r� and integrating over
R3, we obtain

1

p

d

dt
kr�k

p
Lp D �

Z
ru � r�jr�jp�2r� dx � krukL1kr�k

p
Lp ;

which implies
d

dt
kr�kLp � krukL1kr�kLp :

Thanks to Gronwall’s inequality, we have

kr�kLp � kr�0kLp exp
�Z T

0

krukL1 dt

�
� C.T /:

This ends the proof of Proposition 3.3.

Finally, our target is to show theH 2 estimate for .u; �/ and then complete the proof
of Theorem 1.1.

Proposition 3.4. Suppose 1 � ˇ � 7
3
. Let .u; �/ be the smooth solution of (1.1)

with .u0; �0/ 2 H 2.R3/, which satisfies the conditions of Theorem 1.1. Then there
holds

(3.10) sup
0�t�T

.kuk2
H2
C k�k2

H2
/C

Z T

0

kuk2
H2
dt � C.T /:

Proof. Applying the operator r2 to the u and � equations in system (1.1), we get

(3.11)

8̂̂<̂
:̂
@tr

2uC u � rr2uCrr2P ��r2u

D �r2.jujˇ�1u/ � Œr2; u � r�uCr2.�e3/;

@tr
2�C u � rr2� D �Œr2; u � r��;

where ŒA;B�´ AB � BA denotes the commutator between A and B. Next we
recall the following commutator estimate (see [11, Lemma 2.10]):

kŒƒs; f �gkLp D kƒ
s.fg/ � fƒsgkLp

� C.krf kLp1kƒ
s�1gkLp2 C kƒ

sf kLp3kgkLp4 /;(3.12)

where ƒ´ .��/
1
2 and 1 < p2; p3 <1 satisfy 1

p
D

1
p1
C

1
p2
D

1
p3
C

1
p4

.
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Performing the standard L2 estimate of the first equation of (3.11), we see

1

2

d

dt
kr

2uk2
L2
C kr

3uk2
L2

D �

Z
r
2.jujˇ�1u/ � r2udx �

Z
Œr2; u � r�u � r2udx

C

Z
r
2.�e3/ � r

2udx

´

3X
iD1

IIi :(3.13)

For II1, applying Hölder’s inequality and Young’s inequality leads to

II1 D �
Z
r
2
jujˇ�1u � r2udx � 2

Z
rjujˇ�1ru � r2udx

�

Z
jujˇ�1r2u � r2udx

D

Z
.rjujˇ�1ru � r2uCrjujˇ�1u � r3u/ dx

C 2

Z
jujˇ�1.r2u � r2uCru � r3u/ dx �

Z
jujˇ�1r2u � r2udx

D �

Z
jujˇ�1r2u � r2udx �

Z
jujˇ�1ru � r3udx C

Z
rjujˇ�1u � r3udx

C 2

Z
jujˇ�1.r2u � r2uCru � r3u/ dx �

Z
jujˇ�1r2u � r2udx

�

Z
jujˇ�1jruj jr3uj dx C .ˇ � 1/

Z
jujˇ�2jruj juj jr3uj dx

� Ckuk
ˇ�1
L1 krukL2kr

3ukL2

� Ckuk
2.ˇ�1/
L1 kruk2

L2
C
1

8
kr

3uk2
L2

� Ckuk4L1 C Ckruk
4
3�ˇ

L2
C
1

8
kr

3uk2
L2
:

We invoke (3.12) to deduce

jII2j � kŒr2; u � r�ukL2kr
2ukL2 � CkrukL1kr

2uk2
L2
:

For II3 , we have

jII3j D
ˇ̌̌̌Z
r.�e3/ � r

3udx

ˇ̌̌̌
� kr�kL2kr

3ukL2 � Ckr�k
2
L2
C
1

8
kr

3uk2
L2
:
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Inserting the above estimates into (3.13) implies

d

dt
kr

2uk2
L2
C kr

3uk2
L2

� Ckuk4L1 C Ckruk
4
3�ˇ

L2
C CkrukL1kr

2uk2
L2
C Ckr�k2

L2
;

which together with Gronwall’s inequality, Propositions 3.2 and 3.3 and (3.9) gives

kr
2uk2

L2
C

Z T

0

kr
3u.t/k2

L2
dt

� C

�
kr

2u0k
2
L2
C

Z T

0

.kuk4L1 C kruk
4
3�ˇ

L2
C kr�k2

L2
/ dt

�
� exp

�
C

Z T

0

krukL1 dt

�
� C.T /:(3.14)

Moreover, we give the estimate of r2�. Applying the standard L2 estimate of the
second equation of (3.11), we have

1

2

d

dt
kr

2�k2
L2
D �

Z
Œr2; u � r�� � r2� dx:

It follows from (3.12) that

�

Z
Œr2; u � r�� � r2� dx

� kŒr2; u � r��kL2kr
2�kL2

� C.krukL1kr
2�kL2 C kr

2ukL3kr�kL6/kr
2�kL2

� C.krukL1kr
2�kL2 C kr

2uk
1
2

L2
kr

3uk
1
2

L2
kr�kL2/kr

2�kL2

� CkrukL1kr
2�k2

L2
C Ckr2uk

1
2

L2
kr

3uk
1
2

L2
kr

2�k2
L2

� CkrukL1kr
2�k2

L2
C C.kr2uk

2
3

L2
C kr

3uk2
L2
/kr2�k2

L2
:

Thus,

1

2

d

dt
kr

2�k2
L2
� C.krukL1 C kr

2uk
2
3

L2
C kr

3uk2
L2
/kr2�k2

L2
;

which along with Gronwall’s inequality, Proposition 3.3 and (3.14) ensures

kr
2�kL2 � kr

2�0kL2 exp
�
C

Z T

0

.krukL1 C kr
2uk

2
3

L2
C kr

3uk2
L2
/ dt

�
� C.T /:(3.15)



Global smooth axisymmetric solutions of the damped Boussinesq equations 19

Consequently, combining Proposition 3.1, (3.14) and (3.15) yields the desired result
(3.10), which completes the proof of Theorem 1.1.
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