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On the average degree sum of proper subgroups of a finite group
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Abstract – In this paper, the structure of a finite group G when all proper subgroups H of G
satisfy that the average degree sum of H is � 2 is determined.
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1. Introduction

All groups are finite in this note. Let G be a finite group and let Irr.G/ be the
set of all complex irreducible characters of G, say Irr.G/ D ¹�1; �2; : : : ; �sº. Let
cd.G/ D ¹�i .1/ W �i 2 Irr.G/º. Write

acd.G/ D
1

jIrr.G/j

X
�2Irr.G/

�.1/:

Then acd.G/ is the average (irreducible) character degree of G. Some scholars have
shown the relation between acd.G/ and group structure. For instance, a group G is
solvable when acd.G/ � 3 [10, Theorem A] or acd.G/ < 16

5
[1, 16] or acd.G/ � 2

[15, Theorem 1.4] or acd.G/ < 2.r2�1/

r2 [18, Proposition 5.4]; a groupG is p-nilpotent
when acdp0.G/ < 2p.p C 1/, p � 3 [17, Theorem A] or [6]; G has a normal Sylow
p-subgroup when acdp.G/ < 2l.p/p

l.p/pC1
[7, Theorem A].

Some researchers have determined the structure of groups by using some subgroup
properties. For example, a group G is determined when the Sylow p-subgroup is a
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T. I. set [12] or when proper subgroups have prime power degrees [13] or when proper
subgroups have only square-free character degrees [14].

In this paper, we consider the connection between proper subgroup properties and
group structure. In order to argue briefly, we introduce the following definition.

Definition 1.1. Let prop.G/ be the set of the proper subgroups of a finite group
G. A group G is called an SAD-group if for each H 2 prop.G/, acd.H/ � 2.

We know that a group G is abelian if and only if acd.G/ D 1. Corresponding to
the results of [10, Theorem A] and [15, Theorem A], we prove the following result.

Theorem 1.2. An SAD-group is either solvable or isomorphic to PSL2.7/ or
PSL2.2p/ with p a prime or SL2.5/.

As an application of Theorem 1.2, we also can show the following result.

Corollary 1.3. Let G be a finite group. If for all H 2 prop.G/, acd.H/ < 1:5,
then G is solvable.

Note that in Corollary 1.3 the bound “acd.H/ < 1:5 for each H 2 prop.G/” is
best possible. In fact, A5 has A4, D10 and S3 as its maximal subgroups (see [4, p. 2]),
and so

acd.A4/ D
3 � 1C 1 � 3

4
D 1:5;

acd.D10/ D
2 � 1C 2 � 2

4
D 1:5;

acd.S3/ D
2 � 1C 1 � 2

3
D
4

3
� 1:33:

Now we will introduce the structure of this paper. In Section 2, some properties of
average character degree are given and also some other information is obtained which
will be used to control the group structure. In Section 3, we will prove Theorem 1.2
and also Corollary 1.3. The notation and notions are standard; see [4] and [9].

2. Some needed results

In this section, some wanted results are shown. First the basic properties of the
average degree of irreducible character are given.

Let exp.G; d/ be the number of all ordinary irreducible characters of G having the
same degree d and let Cn be a cyclic group of order n. The following two lemmas are
given since they can control the structures of groups.
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Lemma 2.1. Let G be a dihedral group D2n of order 2n. Then

acd.G/ D

8̂̂<̂
:̂
2nC 2

nC 3
; n odd;

2nC 4

nC 6
; n even:

Proof. We divide the proofs into two cases in light of n.

Case 1: n is odd. Then G0 D Cn, so for each � 2 Irr.G/, �.1/
ˇ̌
jG=G0j D 2, and

�.1/ D 1 or �.1/ D 2. Now the equation

jG=G0j � 12 C exp.G; 2/ � 22 D 2n

gives that exp.G; 2/ D n�1
2

. It follows that

acd.G/ D
jG=G0j C exp.G; 2/ � 2
jG=G0j C exp.G; 2/

D
2C n�1

2
� 2

2C n�1
2

D
2nC 2

nC 3
:

Case 2: n is even. NowG0 D Cn=2 and jG=G0j D 4. In this case, for every � 2 Irr.G/,
�.1/2

ˇ̌
jG=G0j D 4, so cd.G/ D ¹1; 2º and we have

4 � 12 C exp.G; 2/ � 22 D 2n:

It follows that exp.G; 2/ D n�2
2

and so acd.G/ D 2nC4
nC6

.
The lemma is complete.

Let Eq be an elementary abelian �.q/-group of order q.

Lemma 2.2. Let G be a Frobenius group Eq W Cn or (q W n) with kernel Eq and
complement Cn respectively. Then acd.G/ D n2Cn.q�1/

n2Cq�1
.

Proof. Theorem 13.7 of [5] shows that G0 D Eq , cd.G/ D ¹1; nº and so the
equation

jG=G0j C exp.G; n/ � n2 D qn

implies that exp.G; n/ D q�1
n

. Thus acd.G/ D n2Cn.q�1/

n2Cq�1
.

We also need the following result due to Thompson [20].

Lemma 2.3 ([20, Corollary 1]). Every minimal simple group is isomorphic to one
of the following minimal simple groups:

(1) PSL2.2p/ for p a prime;

(2) PSL2.3p/ for p an odd prime;
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(3) PSL2.p/, for p any prime exceeding 3 such that p2 C 1 � 0 .mod 5/;

(4) Sz.2p/ for p an odd prime;

(5) PSL3.3/.

3. Nonsolvable SAD-groups

In this section, first the structures of minimal nonabelian simple SAD-groups are
given, then those of nonsolvable SAD-groups are determined and finally the proof of
Corollary 1.3 is shown.

Lemma 3.1. Let G be a nonabelian simple group. If G is an SAD-group, then G
is isomorphic to PSL2.7/ or PSL2.2p/ with p a prime.

Let maxG be the set of maximal proper subgroups of a groupG subject to subgroup-
order divisibility.

Proof of Lemma 3.1. LetN 2 prop.G/. ThenN is solvable as acd.N / � 2 < 3.
It follows that a nonabelian simple groupG is nonsolvable but its proper subgroups are
all solvable, so G is a minimal simple group. Now Lemma 2.3 gives the possibilities
for G, so, the following cases are dealt with.

Case 1: PSL2.2p/, p a prime. In this case, k D 1, and by Table 1,

max PSL2.2p/ D
®
E2p W C2p�1;D2.2p�1/;D2.2pC1/

¯
and forH 2maxPSL2.2p/, acd.H/� 2 by hypothesis. In fact, we know from Lemmas
2.1 and 2.2 that

acd.E2p W C2p�1/ D
.2p � 1/2 C .2p � 1/.2p � 1/

.2p � 1/2 C 2p � 1
� 2;

acd.D2.2p�1// D
2.2p � 1/C 2

2p � 1C 3
� 2;

acd.D2.2pC1// D
2.2p C 1/C 2

2p C 1C 3
� 2;

so for all H 2 prop.PSL2.2p//, acd.H/ � 2. Thus PSL2.2p/ is an SAD-group and
so G is isomorphic to PSL2.2p/.

Case 2: PSL2.3p/, p an odd prime. Now k D 2 andE3p W C.3p�1/=2 2max PSL2.3p/
by Table 1, so the hypothesis shows that acd.E3p W C.3p�1/=2/ � 2. By Lemma 2.2,
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max PSL2.q/ Condition

C1 Eq W C.q�1/=k k D gcd.q � 1; 2/
C2 D2.q�1/=k q 62 ¹5; 7; 9; 11º

C3 D2.qC1/=k q 62 ¹7; 9º

C5 PSL2.q0/:.k; b/ q D qb
0

, b a prime, q0 ¤ 2

C6 S4 q D p � ˙1 .mod 8/
A4 q D p � 3; 5; 13; 27; 37 .mod 40/

� A5 q � ˙1 .mod 10/; Fq D FpŒ
p
5�

Table 1. PSL2.q/, q � 5 [8, Chapter II, Theorem 8.27]

the equation

acd.E3p W C.3p�1/=2/ D
.3

p�1
2
/2 C 3p�1

2
.3p � 1/

.3
p�1
2
/2 C 3p � 1

� 2

shows p D 2, a contradiction.

Case 3: PSL2.p/, p > 3 an odd prime with p2 C 1 � 0 .mod 5/. Also k D 2 and by
Table 1, Ep W C.p�1/=2 2 max PSL2.p/. Thus acd.Ep W C.p�1/=2/ � 2 by assumption.
From Lemma 2.2, we obtain that

acd.Ep W C.p�1/=2/ D
.p�1
2
/2 C p�1

2
.p � 1/

.p�1
2
/2 C p � 1

� 2

”

�p � 1
2

�2
C .p � 1/

�
1 �

p � 1

2

�
� 0(*)

Now equation (*) has p � 9. Note that p2 C 1 � 0 .mod 5/ and p > 3, so p D 7. By
[4, p. 3], max PSL2.7/ D ¹S4; 7 W 3º. From [3], we obtain that

acd.S4/ D
1C 1C 2C 3C 3

5
D 2 and acd.7 W 3/ D

3C 2 � 3

5
D
9

5
< 2;

so for H 2 prop.PSL2.7//, acd.H/ � 2. Thus G is isomorphic to PSL2.7/.

Case 4: Sz.2p/, p an odd prime. Let q D 2p. By [2, p. 385], we get E1C1q W Cq�1 2

max Sz.2p/. Let H D E1C1q W Cq�1. Then Cq�1 acts fixed-point-freely on E1C1q , so
q � 1 2 cd.H/ and exp.H; q � 1/ D 1. Now by [19, Lemma 1], Z.E1C1q / is abelian

of order q, so E
1C1
q

Z.E
1C1
q /

is abelian of order q. We know that for a nonlinear character

� 2 Irr.E1C1q /, �.1/2 j q. Say p D 2mC 1, then �.1/ D 2m. By [5, Theorem 13.7],
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2m.22mC1 � 1/ 2 cd.H/. Note that G0 D E1C1q , so

.22mC1 � 1/C .22mC1 � 1/2 C exp.G; 2m.22mC1 � 1// � .2m.22mC1 � 1//2

D .22mC1/2.22mC1 � 1/:

It follows that exp.G;2m.22mC1 � 1//D 2. Now acd.H/D 2.q�1/C2
p
q=2.q�1/

qC2
. Since

H 2 prop.Sz.q//, acd.H/ � 2 by assumption, and so, 2.q�1/C2
p
q=2.q�1/

qC2
� 2, i.e.,

(**)
p
q=2.q � 1/ � 3:

But since q � 8, (**) has no solution in N, the set of nature integers.

Case 5: PSL3.3/. By [4, p. 13], 13 W 3 2 max PSL3.3/ and so, acd.13 W 3/ � 2. By
Lemma 2.2 or [3], acd.13 W 3/ D 32C3.13�1/

32C13�1
D

15
7

” 2, a contradiction.

Lemma 3.2. Let G D PSL2.q/ with q D 2p . Then acd.PSL2.q// D q2

1Cq
.

Proof. By [11], we obtain

acd.PSL2.q// D
1 � 1C .q � 1/ � 1

2
q C q � 1C .q C 1/ � .1

2
q � 1/

1C 1
2
q C 1C 1

2
q � 1

D
q2

1C q
;

the desired result.

Note that A5 Š PSL2.5/ Š PSL2.4/.

Theorem 3.3. Let G be an almost simple SAD-group. Then G is isomorphic to
PSL2.7/ or PSL2.2p/ with p a prime.

Proof. Since G is an almost simple group, we have that G is isomorphic to either
PSL2.7/ or PSL2.7/:2 or PSL2.2p/ or PSL2.2p/:p. If G is isomorphic to PSL2.7/ or
PSL2.2p/, we get the desired result. If G Š PSL2.7/:2, then PSL2.7/ 2 prop.G/ and
by [4, p. 3],

acd.PSL2.7// D
1C 3C 3C 6C 7C 8

6
D
28

6
� 4:6 – 2;

a contradiction. If G is isomorphic to PSL2.2p/:p, then, PSL2.2p/ 2 prop.G/ and
by hypothesis, acd.PSL2.2p// � 2. Thus by Lemma 3.2,

q2

1C q
� 2; i.e., q2 �

p
q �
p
2 � 0:
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Consider the function f .x/D x2 �
p
2x �

p
2, f 0.x/D 2x �

p
2 > 0 as x � 4, and

f .x/ � f .4/ D 16 � 4 �
p
2 �
p
2 � 8:9 > 0. It follows that the inequality q2

1Cq
� 2

has no solution in N as q � 4.
Thus G is isomorphic to PSL2.7/ or PSL2.2p/ with p a prime.

Lemma 3.4. Let G be an SAD-group and assume that G=H is isomorphic to
PSL2.5/. Then G is isomorphic to SL2.5/ or PSL2.5/.

Proof. Since G=H Š PSL2.5/, we have G0=H Š PSL2.5/. Notice that PSL2.5/
has Schur multiplier with order 2 (see [4, p. xvi]), so ŒG0;H � � C2.

If ŒG0;H � � 1, then G is isomorphic to PSL2.5/ �H . If H > 1, then PSL2.5/ 2
prop.G/, and so PSL2.5/ is solvable since acd.PSL2.5// � 2, a contradiction. Thus
H D 1 and G Š PSL2.5/, as desired.

If ŒG0;H � D C2, then G Š SL2.5/ �H , where A � B denotes the central product
of two groups A and B . If H > C2, then SL2.5/ 2 prop.G/. By [3], we have

acd.SL2.5// D
1C 2C 2C 3C 3C 4C 4C 5C 6

9
D
30

9
� 3:33 – 2;

a contradiction. ThusH DC2. Now by [2, p. 377], maxSL2.5/D ¹E5 WC4;D12; 2:A4º,
and by Lemmas 2.1 and 2.2,

acd.E5 W C4/ D
42 C 4 � .5 � 1/

42 C 5 � 1
D
32

20
D 1:6;

acd.D12/ D
4

3
� 1:3;

acd.2:A4/ D
1 � 3C 3 � 1C 2 � 3

3C 1C 3
D
12

7
� 1:7:

Thus for every H 2 prop.SL2.5//, acd.H/ � 2 by hypothesis. Now SL2.5/ is an
SAD-group and so G is isomorphic to SL2.5/.

Lemma 3.5. Let G be an SAD-group and assume that G=H is isomorphic to
PSL2.7/ or PSL2.2p/ with p > 2 a prime. Then G is isomorphic to PSL2.7/ or
PSL2.2p/ with p > 2 a prime.

Proof. If G=H Š PSL2.2p/ with p > 2 a prime, then G Š PSL2.2p/ �H as

SL2.2p/ Š PSL2.2p/ Š GL2.2p/:

IfH > 1, then PSL2.2p/ 2 prop.G/ and by Lemma 3.2, acd.PSL2.2p//D 22p

1C2p � 2.
So .2p/2 � 2 � 2p � 2 � 0. Consider the function f .x/D x2 � 2x � 2. Then f 0.x/D
2x � 2, and f 00.x/D 2. We know that x � 8, so f 0.x/ � f 0.8/D 14 > 0 and f .x/ �
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f .8/ D 46 > 0. It follows that .2p/2 � 2 � 2p � 2 > 0, a contradiction. Now H D 1

and G is isomorphic to PSL2.2p/ with p > 2 a prime, the desired result.
If G=H Š PSL2.7/, then G0=H is isomorphic to PSL2.7/. We see that the Schur

multiplier of PSL2.7/ has order 2, so ŒG0;H � � C2.
If ŒG0;H � D 1, then G Š H � PSL2.7/. If H > 1, then PSL2.7/ 2 prop.G/ and

acd.PSL2.7// � 2 by hypothesis. But by [4, p. 3],

acd.PSL2.7// D
1C 3C 3C 6C 7C 8

6
D
28

6
� 4:66 – 2;

a contradiction. It follows that H D 1 and G is isomorphic to PSL2.7/.
If ŒG0;H � D C2, then G is isomorphic to SL2.7/ �H . Similarly, if H > C2, then

SL2.7/ 2 prop.G/ shows that acd.SL2.7// � 2. But by [3],

acd.SL2.7// D
1C 3C 3C 4C 4C 6C 6C 6C 7C 8C 8

11
D
56

11
� 5:09;

a contradiction. So H D C2 and G is isomorphic to SL2.7/. By [2, p. 377], 2:S4 2
max SL2.7/. By [3], we have

acd.2:S4/ D
1 � 2C 2 � 3C 3 � 2C 4 � 1

8
D 2:25 – 2;

a contradiction. Thus SL2.7/ is not an SAD-group.

In the proof of Theorem 3.7, we can get the result k D 1 by the following lemma.

Lemma 3.6. acd.H �K/ D acd.H/ acd.K/.

Proof. Let �i 2 Irr.H/ and �j 2 Irr.K/. Then by [9, Theorem 4.21], �i � �j 2
Irr.H �K/. Thus

acd.H �K/ D
P
i;j .�i � �j /.1/

j�i � �j W �i 2 Irr.H/; �j 2 Irr.K/j

D

P
i;j �i .1/�j .1/

k.H/k.K/

D

P
i �i .1/.�1.1/C �2.1/C � � � C �k.1//

k.H/k.K/

D

P
i �i .1/T.K/
k.H/k.K/

D
T.H/T.K/
k.H/k.K/

D acd.H/ acd.K/;

the desired result.
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Theorem 3.7. Let G be a nonsolvable SAD-group. Then G is isomorphic to
PSL2.2p/ with p > 2 a prime or PSL2.7/ or SL2.5/.

Proof. Let N be a minimal normal subgroup of G. If N is nonabelian, then, as G
is nonsolvable,

N Š S1 � � � � � � � �Sk;

where Si is isomorphic to S for all i 2 ¹1; 2; : : : ; kº. Let k � 2. Then Sk�1 2 prop.N /
is solvable, a contradiction. It follows that k D 1 andN Š S is isomorphic to PSL2.2p/
with p a prime or PSL2.7/.

Note that G cannot be an almost simple group by Lemma 3.3, and so, G D N is
isomorphic to PSL2.2p/ with p a prime or PSL2.7/.

Now we consider that N is abelian. Then there is a normal subgroup H such that
H=N is isomorphic to PSL2.2p/ with p a prime or PSL2.7/. By Lemmas 3.4 and 3.5,
H is isomorphic to PSL2.2p/ with p > 2 a prime or PSL2.7/ or SL2.5/. If H < G,
then acd.H/ � 2, and so H is solvable, a contradiction. It follows that H D G.

This completes the proof.

Now we can prove Theorem 1.2.

Proof of Theorem 1.2. Assume thatG is nonsolvable. Then by Theorem 3.7, we
get the desired result.

We will prove Corollary 1.3.

Proof of Corollary 1.3. Let G be a counterexample with minimal possible
order. Then G is nonsolvable. In particular, as acd.G/ < 1:5 � 2, G is an SAD-group
and so, by Theorem 1.2, G is isomorphic to PSL2.2p/ with p > 2 a prime or PSL2.7/
or SL2.5/. So three cases are done with in the following.

Case 1: PSL2.2p/with p > 2 a prime. By Table 1,E2p W C2p�1 2max PSL2.2p/ and
by Lemma 2.2 and hypothesis, acd.E2p W C2p�1/ D

2.2p�1/
2p < 1:5. Let f .x/ D 2x �

1:5x � 2D 0:5x � 2. Then f .x/ � 0 as 2p � 1 � 3, so 2.2p�1/
2p � 1:5, a contradiction.

Case 2: PSL2.7/. We see from [4, p. 3], E7 W C3 2 max PSL2.7/ and by Lemma 2.2,
acd.E7 W C3/ D 32C3.7�1/

32C7�1
D

9
5
D 1:8 – 1:5, a contradiction.

Case 3: SL2.5/. We know that 2:S4 2 max SL2.5/ and acd.2:S4/ D 2:25 – 1:5, a
contradiction.

These contradictions complete the proof.
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