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Abstract. This paper provides a canonical compactification of the plane R2 by adding a circle
at infinity associated to a countable family of singular foliations or laminations (under some
hypotheses), generalizing an idea by Mather (1982). Moreover, any homeomorphism of R2

preserving the foliations extends on the circle at infinity. Then, this paper provides conditions
ensuring the minimality of the action on the circle at infinity induced by an action on R2

preserving one foliation or two transverse foliations. In particular, the action on the circle at
infinity associated to an Anosov flow X on a closed 3-manifold is minimal if and only if X is
non-R-covered.
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1. Introduction

1.1. General presentation. There are many ways to compactify the plane R2, the
simplest one being the Alexandrov compactification by a point at infinity, and R2 [ ¹1º

is the topological sphere S2. This compactification is canonical and does not depend
on any extra structure on R2. That is its strength, but also its weakness as it does not
bring any information on any structure we endow R2 with.

Another very natural and usual compactification of R2 is by adding a circle at
infinity so that R2 [S1 is the disc D2. This compactification is not canonical: it consists
in a homeomorphism hWR2 ! VD2, where VD2 is the open disc. Two homeomorphisms
h1, h2 define the same compactification if h2 ı h�11 W VD2 ! VD2 extends on S1 D @D2

as a homeomorphism of D2. There are uncountably many such compactifications.
Many authors have built such a compactification associated to a foliation of the plane
R2, the first being by Wilfred Kaplan in 1941 [11].

Here, we start by recalling Mather [13] canonical compactification of the plane
R2, endowed with a foliation F , by a circle at infinity S1

F
. Then, we explore the

flexibility of this construction for extension to more general objects. Thus, we provide
an elementary (nothing sophisticated), simple (nothing too complicated), and unified
construction which associates a compactification D2

F
of the plane R2 by the disc D2

to a countable family F D ¹Fiº of foliations, non-singular or with singular points
of saddle type, which are pairwise transverse or at least have some kind of weak
transversality condition at infinity; see the precise statements below. The boundary
@D2

F
is called the circle at infinity of F and is denoted by S1

F
. This compactification

is unique, in the sense that the identity on R2 extends as a homeomorphism on the
circles at infinity of two such compactifications.

To give a concrete example, Corollary 5.3 builds this canonical compactification
D2

F
associated to any countable family F D ¹Fiº of singular foliations, where each

Fi is directed by a polynomial vector field on R2 whose singular points are hyperbolic
saddles.

The uniqueness of the compactification implies that any homeomorphism of R2

preserving F (that is, permuting the Fi ) extends as a homeomorphism of the compact-
ification D2

F
, inducing a homeomorphism of the circle at infinity S1

F
.

1.2. Mather idea for building the circle at infinity. The common setting for this
unified construction is families of rays, where a ray is a proper topological embedding
of Œ0;C1/ on R2. We require that the germs of the rays in the family be pairwise
disjoint, meaning that the intersection between any two distinct rays is compact. The
key idea is that a set of rays in R2 whose germs are pairwise disjoint is totally cyclically
ordered, and we will use this cyclic order for building the circle at infinity.
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The key technical result (essentially due to [13]) is as follows.

Theorem 1.1. Let R be a family of rays in R2 whose germs are pairwise disjoint.
Let E � R be a countable subset which is separating for the cyclic order; that is, any
non-degenerate interval contains a point in E (see Definition 2.2).

Then, there is a compactification of R2 by the disc D2 so that
� any ray of R tends to a point of the circle at infinity @D2 D S1,
� any two distinct rays of R tend to distinct points of S1,
� the points of S1 which are the limit point of a ray in R are dense in S1.
Furthermore, this compactification is unique up to a homeomorphism of D2 and does
not depend on the separating countable set E .

Furthermore, Theorem 2.1 provides such a canonical compactification for a count-
able union R D

S
Ri ; i 2 I � N, of families Ri of rays, assuming that

� the germs of rays in R are pairwise disjoint,
� each family Ri admits a countable separating subset Ei .

The difficulty here is that R by itself may not admit any separating family. The idea
for solving this problem consists in considering a natural equivalence relation on R,
identifying the rays which cannot be separated.

1.3. Countable families of transverse foliations. A natural setting where we will
apply this general construction is (at most countable) families of transverse foliations
on the plane R2. Notice that any half-leaf of a (non-singular) foliation of R2 is a ray.
An end of leaf is the germ at infinity of a half-leaf. In this setting, we get the following
theorem.

Theorem 1.2. Let F D ¹Fiºi2I�N be an at most countable family of pairwise trans-
verse foliations on the plane R2.

There is a compactification D2
F
' D2 of R2 by adding a circle S1

F
D @D2

F
with

the following properties.
� Any end of leaf tends to a point of the circle at infinity S1

F
.

� The set of ends of leaves tending to the same point of S1
F

is at most countable.
� For any non-empty open subsetO � S1

F
, the set of ends of leaves having their limit

in O is uncountable.
This compactification with these three properties is unique, up to a homeomorphism

of D2
F

.

The circle S1
F

is called the circle at infinity of the family F D ¹Fiºi2I�N .
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Remark 1.1. The countability of the set of ends tending to the same point implies that
� the two ends of a given leaf always have distinct limits on S1

F
,

� if two leaves L1, L2 of the same foliation Fi have the same pair of limits of ends,
they are equal (see Lemma 4.6).

Recall that foliations of R2 may have leaves which are not separated from each
other. The leaves which are separated from any other leaves are called regular leaves.
At most countably many leaves are not regular (see here Lemma 3.3).

Proposition 1.2. Let F D ¹Fiºi2I�N be an at most countable family of pairwise
transverse foliations on the plane R2. Any two distinct ends of regular leaves of the
same foliation Fi tend to two distinct points of S1

F
.

Now, in the setting of Theorem 1.2, we can apply this theorem to each foliation Fi ,
i 2 I , so that we get a family of compactifications D2

Fi
. In fact, we get a compactifi-

cation D2
J for any subfamily J � I leading to an uncountable set of (maybe distinct)

compactifications of R2 by the disc D2. (Example 2.18 provides a simple example
where these compactifications D2

J , for J � I , are pairwise distinct and uncountably
many.)

These compactifications are easily related: for any subfamily J � I the identity
map on R2 extends in a unique way by continuity as a projection

…I;J WD
2
F D D2

I ! D2
J ;

which simply collapses the intervals in S1I which do not contain any limit of an end of
a regular leaf of a foliation Fj ; j 2 J .

We will also see in a simple example that the assumption of at most countability of
the family I of foliations cannot be erased: for instance, the conclusion in Theorem 1.2 is
false for the family of all affine foliations (by parallel straight lines) of R2, parametrized
by RP1 (see Example 2.17).

Example 4.18 and Lemma 4.19 present a simple example where generic points
(i.e., points in a residual set) of the circle at infinity S1

F
of a foliation F are not the

limit of any end of leaf of F . In this example, there are also points in a dense subset of
S1

F
which are limits of 2 distinct ends of leaves.
Lemmas 4.8 and 4.9 characterize the points p on the circle at infinity S1

F
, where

F is a foliation of R2, which are limits of several ends of leaves: the rays arriving at p
are ordered as an interval of Z and two successive ends bound a hyperbolic sector.

Corollary 5.10 generalizes Lemmas 4.8 and 4.9 to the case of a countable family
F D ¹Fiº of transverse foliations and gives a complete description of the points in
S1

F
which are limits of several ends of leaves of the same Fi .
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1.4. Countable families of non-transverse or singular foliations. This construc-
tion can be generalized easily to the setting of families of non-transverse or singular
foliations. Let us present the most general setting we consider here.

The foliations we consider admit singular points which are saddle points with k-
separatrices (also called k-prongs singularity), k > 1, the case k D 2 corresponding
to non-singular points.

In this setting, an end of leaf is a ray of R2 disjoint from the singular points and
contained in a leaf.

Theorem 1.3. Let F D ¹Fiº, i 2 I � N, be a family of singular foliations of R2

whose singular points are each a saddle with k-separatrices with k > 2. We assume
that, given any two ends L1, L2 of leaves,
� either the germs of L1 and L2 are disjoint
� or the germs of L1 and L2 coincide.
Then, there is a compactification D2

F
' D2 of R2 by adding a circle S1

F
D @D2

F
with

the following properties.
� Any end of leaf tends to a point of the circle at infinity S1

F
.

� The set of ends of leaves tending to a same point of S1
F

is at most countable.
� For any non-empty open subsetO � S1

F
, the set of ends of leaves having their limit

in O is uncountable.
This compactification with these three properties is unique, up to a homeomorphism

of D2
F

.

The hypothesis that the germs of ends of leaves are either equal or disjoint means
that if the intersection of two leaves is not bounded, then these two leaves coincide on
a half-leaf. One easily checks that transverse foliations satisfy this hypothesis so that
Theorem 1.2 is a straightforward corollary of Theorem 1.3.

As a simple and natural example, we will see that any countable family

F D ¹Fiº

of singular foliations, directed by polynomial vector fields on R2 whose singular
points are hyperbolic saddles, satisfies the hypotheses of Theorem 1.3: this will prove
Corollary 5.3 already mentioned above.

Another natural setting where Theorem 1.3 applies is provided by pseudo-Anosov
flows on closed 3-manifold M (see Section 5.2).

1.5. Laminations. The construction of the circle at infinity for foliations cannot
be extended without hypotheses to the case of laminations of R2, as half-leaves of
laminations may fail to be rays, and can even be recurrent; see, for instance, Example 6.1.
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Theorems 6.1 and 6.3 provide a generalization of this construction to closed ori-
entable laminations with no compact leaves and with uncountably many leaves. This
generalization is not as satisfactory as in the case of foliations, and we discuss some of
the issues in Section 6. In particular, Theorem 6.2 provides another canonical com-
pactification, which holds also for countable oriented laminations with no compact
leaves.

1.6. Minimality of the action on the circle at infinity. We now consider group
actionsH � Homeo.R2/ on R2 preserving 1 or 2 transverse foliations Fi . The action
of H extends canonically on the circle at infinity, and we will consider the following
question.

Question 1.3. Under what conditions on H and on the foliations Fi can we ensure
that the action induced on S1

¹Fi º
is minimal?

Reference [5] provides some answer to this question but with a totally distinct point
of view.

Our main result, for the case of 1 foliation, is the following theorem.

Theorem 1.4. Let F be a foliation of R2 andH � Homeo.R2/ a group of homeomor-
phisms preserving F . We assume that, for any leaf L, the union of its images H.L/ is
dense in R2.

Then, the following two properties are equivalent:
(1) the action induced by H on the circle at infinity is minimal;
(2) there are pairs of distinct leaves .L1; L2/ and .L3; L4/ so that L1 and L2 are not

separated from above and L3 and L4 are not separated from below.

We will also generalize Theorem 1.4 for families of transverse foliations.

1.7. Action on the circle at infinity of an Anosov flow. Finally, we will consider the
setting of an Anosov flow X on a closed 3-manifold M .

Remark 1.4. In this setting, it is known that �1.M/ acts on S1 by orientation-
preserving homeomorphisms; see work of Calegari Dunfield [5] inspired by an unpub-
lished work of Thurston [14]. This work follows distinct ideas that those presented here.

Another construction of this circle at infinity (called ideal circle boundary) is given
in [6] for pseudo-Anosov flows.

Barbot and Fenley [1, 8] show that the lift zX of X is conjugated to the constant
vector field @

@x
on R3 so that the zX -orbit space is a plane

PX ' R2:



Action on the circle at infinity of foliations of R2 91

This plane PX is endowed with two transverse foliations F s , F u which are the
projections of the stable and unstable foliations of X lifted on R3. Thus, .PX ; F s; F u/
is the bifoliated plane associated to X . Furthermore, the fundamental group �1.M/

acts on PX and its action preserves both foliations F s and F u. This action induces a
natural action of �1.M/ on the circles at infinity S1F s , S1F u , and S1F s ;F u .

A folklore conjecture asserts that two Anosov flows are orbitally equivalent if and
only if they induce the same action on the circle at infinity of ¹F s; F uº; see [1] for a
result in this direction. This conjecture has been recently announced to be proved for
transitive flows in [2].

References [1, 8] show that every leaf of F s is regular if and only if every leaf of
F u is regular, in which case the Anosov flow X is called R-covered. Our main result
in that setting is the following theorem.

Theorem 1.5. Let X be an Anosov flow on a closed 3-manifold and .PX ; F s; F u/ its
bifoliated plane. Let D2

F s ;F u , D2
F s , and D2

F u be the compactifications associated to,
respectively, the pair of foliations F s; F u, the foliation F s , and the foliation F u. Then,
(1) D2

F s ;F u D D2
F s D D2

F u unless X is orbitally equivalent to the suspension of an
Anosov diffeomorphism of the torus T2,

(2) the action of �1.M/ on the circles at infinity S1F s ;F u (or equivalently S1F s or S1F u)
is minimal if and only if X is not R-covered.

When X is assumed to be transitive, this result is a simple consequence of Theo-
rem 1.4 above and a result by Fenley [9] ensuring that, assuming X is non-R-covered,
then F s and F u admit non-separated leaves from above and non-separated leaves from
below. The proof of Theorem 1.5, when X is not assumed to be transitive, is certainly
the most technically difficult argument of the paper and is based on a description of
hyperbolic basic sets for flows on 3-manifolds.

Theorem 1.5 implies that the minimality of the action on the circle at infinity is
not related with the transitivity of the flow. However, in the case of transitive Anosov
flows, according to [2], the action on the circle at infinity characterizes the dynamics
of the flow. This leads to the following question.

Question 1.5. What property of the action of �1.M/ on the circle at infinity S1F s ;F u

implies the transitivity of X?
Can we find the transverse tori by looking at the action of �1.M/ on the circle at

infinity?

Remark 1.6. I have no doubt that the proof of Theorem 1.5 extends to pseudo-Anosov
flows, showing the minimality of the action at infinity unless the flow was a non-singular
R-covered Anosov flow, but showing this would require one to adapt each step to this
new setting.
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1.8. Organization of the paper. Section 2 first proves Theorem 1.1: the compactifi-
cation is obtained by adding an abstract circle to R2, where this circle is a completion
of the natural cyclic order associated to any family of pairwise disjoint rays on R2.
Then, it considers a countable family of families of rays for proving Theorem 2.1. The
trick here is to define the suitable equivalence relation between rays that cannot be
separated and which therefore will go to the same point at infinity.

Section 3 recalls basic properties and definitions on foliations and singular foliations
on the plane.

Section 4 builds the compactification D2
F

associated to a singular foliation whose
singular points are saddles. Then, in the case of a non-singular foliation, it provides a
complete description of a neighborhood of the points of the circle at infinity which
are the limits of several ends of leaves. It also provides several examples, for instance,
where generic points of the circle at infinity are not the limit of any end of leaf.

Section 5 proves Theorem 1.3 (and therefore Theorem 1.2) by applying Theorem 2.1
to the rays in a family of singular foliations.

Section 6 considers the case of laminations of R2. After providing examples of
laminations for which the ends of leaves are not rays (and therefore the construction
cannot apply), this section focuses on orientable laminations without compact leaves,
for which the ends of leaves are rays. Then, it provides two compactifications associated
to such laminations, each of them being unique for a choice of rules: one may take into
account, or not, the countable set of isolated leaves.

Section 7 considers actions on R2 preserving a foliation or a pair of transverse
foliations and provides conditions on this action for ensuring the minimality of the
induced action on the circle at infinity.

Section 8 proves the minimality of the action of the circle at infinity associated
to a transitive non-R-covered Anosov flow (Theorem 1.5 in the transitive case) after
recalling some classical background on Anosov flows of closed 3-manifolds.

Finally, Section 9 ends the proof of Theorem 1.5 by considering non-transitive
Anosov flows. The minimality of the action on the circle at infinity is proved after
recalling basic notions and classical properties of non-transitive Anosov flows.

2. Circles at infinity for families of rays on the plane

2.1. Cyclic order. Let X be a set. A total cyclic order on X is a map � WX3 !
¹�1; 0;C1º with the following properties.
� �.x; y; z/ D 0 if and only if x D y or y D z or x D z.
� �.x; y; z/ D ��.y; x; z/ D ��.x; z; y/ for every .x; y; z/.



Action on the circle at infinity of foliations of R2 93

� For every x 2 X , the relation on X n ¹xº defined by

y < z, �.x; y; z/ D C1

is a total order.

The emblematic example is the following.

Example 2.1. The oriented circle S1DR=Z is totally cyclically ordered by the relation
� defined as follows:

�.x; y; z/ D C1

if and only if, y belongs to the interior of the positively oriented simple arc staring at
x and ending at z.

If � is a total cyclic order, then for x ¤ z we define the interval .x; z/ by

.x; z/ D ¹y j �.x; y; z/ D 1º:

We define the semi-closed and closed intervals Œx; z/, .x; z�, and Œx; z� by adding
the corresponding extremities x or z to the interval .x; z/.

We say that y is between x and z if y 2 .x; z/.
The following notion of separating set will be fundamental all along this work.

Definition 2.2. Let X be a set endowed with a total cyclic order. A subset E � X is
said to be separating if given any distinct x; z 2 X there is y 2 E between x and z.

We will use the following easy exercise in the topology of R and S1.

Proposition 2.3. Let X be a set endowed with a total cyclic order. Assume that there
is a countable subset E � X which is separating.

Then, there is a bijection ' of X with a dense subset Y � S1 which is strictly
increasing for the cyclic orders of X and of S1. Furthermore, this bijection is unique
up to composition by a homeomorphism of S1.

The argument is classical but short and beautiful, and I have no references for this
precise statement. So, let me present it.

Proof. One builds a bijection � of E to a countable dense subset D � S1 by induction,
as follows: one chooses an indexation of E D ¹ei ; i 2 Nº and of D D ¹di ; i 2 Nº.
One defines
� �.e0/ D d0, �.e1/ D d1, i.0/ D j.0/ D 0, and i.1/ D j.1/ D 1.
� Consider e2; it belongs either in .e0; e1/ or in .e1; e0/ and we choose �.e2/ being

dj.2/, where j.2/ is the infimum of the di in the corresponding interval .d0; d1/ or
.d1; d0/. One denotes i.2/ D 2.
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� Consider now j.3/ D inf N n ¹0; 1; j.2/º and define ��1.dj.3// D ei.3/, where
i.3/ is the infimum of the i … ¹0; 1; 2º so that the position of ei.3/ with respect to
e0, e1, e2 is the same as the position of dj.3/ with respect to d0, d1, dj.2/.

� . . .
� Choose i.2n/D inf N n ¹i.k/ j k < 2nº and �.ei.2n// is dj.2n/, where j.2n/ is the

infimum of the j so that dj has the same position with respect to the dj.k/; k < 2n,
as ei.2n/ with respect to the ei.k/.

� Choose j.2nC 1/ D inf N n ¹j.k/ j k < 2nC 1º and ��1.dj.2nC1// is ei.2nC1/,
where i.2n C 1/ is the infimum of the i so that ei has the same position with
respect to the ei.k/, k < 2nC 1, as dj.2nC1/ with respect to the dj.k/.

At each step of this construction, one uses the separation property of E and D for
ensuring the existence of the point in the specified position.

Once we built � on E , it extends in a unique increasing way on X . Then, the
separation property of E implies that this extension is injective.

Remark 2.4. Assume that Z, � is a set endowed with a total cyclic order, and E �

X � Z are subsets so that E is separating for X , � .
Let 'WX ! Y be the map given by Proposition 2.3. Then, � extends in a unique

way as an (not strictly) increasing map ˆWZ ! S1: ˆ.y/ is between ˆ.x/ and ˆ.z/
only if y is between x and z.

The non-injectivity of the map ˆ is determined as follows. Consider distinct points
x ¤ y of Z; then ˆ.x/ D ˆ.y/ if and only if either .x; y/ or .y; x/ contains no more
than 1 element of X

2.2. Cyclic order on families of rays. A line is a proper embedding of R in R2. A line
L cuts R2 in two half-planes. If L is oriented, then there is an orientation-preserving
homeomorphism h of R2 mapping L to the oriented x-axis of R2 (endowed with the
coordinates .x; y/). This allows us to define the upper and lower half-planes �CL and
��L as the pre-images by h of ¹y � 0º and ¹y � 0º, respectively.

A ray is a proper embedding of Œ0;C1/ in R2. Two rays define the same germ of
ray if their images coincide out of a compact ball. Two germs of rays are said to be
disjoint if they admit disjoint realisations.

Example 2.5. (1) If F is a foliation of R2, every leaf defines two germs of rays called
the ends of the leaf. By fixing an orientation of F , we will speak of the right and
left ends of a leaf.

(2) If ¹Fiºi2I is a family of pairwise transverse foliations of R2, then the set of all
ends of leaves of the foliations Fi is a family of pairwise disjoint germs of rays.
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(3) Consider the set � of all germs of rays 
 which are contained in an orbit of an
affine (polynomial of degree D 1) vector field of saddle type. Then, � is a family
of pairwise disjoint germs of rays.

The next lemmas are simple exercises in plane topology.

Lemma 2.6. Let 
0, 
1, 
2 be three disjoint rays.
Assume thatC1 andC2 are simple closed curves on the plane R2 so that 
i \Cj is a

unique point pi;j , i 2 ¹0; 1; 2º, j 2 ¹1; 2º. We endow Ci with the boundary-orientation
corresponding to the compact disc bounded by Ci . Then, the cyclic order of the 3 points
p0;1, p1;1, p2;1 for the orientation of C1 is the same as the cyclic order of the 3 points
p0;2, p1;2, p2;2 for the orientation of C2.

We call it the cyclic order on the rays 
0, 
1, 
2.

Lemma 2.7. The cyclic order on three disjoint germs of rays R0, R1, R2 does not
depend on the choice of disjoint rays 
0, 
1, 
2 realizing the germs R0, R1, R2.

Corollary 2.8. Let 
0, 
1, 
2 be three disjoint rays and C any simple close curve,
oriented as the boundary of the compact disc bounded by C , and having a non-empty
intersection with every 
i .

Let pi be the last point of 
i in C . Then, the cyclic order of the 
i coincides with
the cyclic order of the pi for the orientation of C .

Corollary 2.9. Let R0, R1, R2 be three disjoint germs of rays. Let L be an oriented
line whose right end is R0 and whose left end is R2. Then, R1 is between R0 and R2
for the cyclic order defined above (we denote R1 2 .R0; R2/) if and only if it admits a
realization contained in the upper half-plane �CL bounded by L.

The next proposition summarizes what we obtain with this sequence of easy lem-
mas.

Proposition 2.10. Consider R a family of pairwise disjoint germs of rays. Then, R is
totally cyclically ordered by the following relation.

Given three distinct germs of rays R0; R1; R2 2 R, the germ R2 is between R1
and R3 if it admits a realization contained in the upper-half plane �CL , where L is an
oriented line whose right end is R0 and whose left end is R3.

2.3. Compactification of a family of rays by a circle at infinity. In this paper, a
compactification of the plane R2 by the disc D2 is by definition a homeomorphism
between R2 and the open disc VD2.

The aim of this section is the proof of Theorem 1.1 which builds a canonical
compactification of R2 associated to a family R of rays, assuming that it admits a
countable separating (for the cyclic order) subset E � R. One of the main ingredients
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for the proof of Theorem 1.1 is the following lemma which is an easy exercise in plane
topology.

Lemma 2.11. Let 
0; 
1; : : : ; 
n be n disjoint rays, n > 0, and K � R2 a compact
set. Then, there is a simple closed curve C so that
� the curve C bounds a compact disc D containing K in its interior,
� the intersection C \ 
i consists in a unique point pi , i 2 ¹0; : : : ; nº.

Proof. Just notice that there is a homeomorphism of R2 mapping 
i , i 2 ¹1; : : : ; nº to
radial (half-straight lines) rays. Then, the proof is trivial.

Sketch of proof of Theorem 1.1. We consider the set of rays endowed with the cyclic
order and we embed it in the circle S1 by Proposition 2.3. We denote by E � S1

the dense countable subset corresponding to E . We define a topology on R2 q S1 by
choosing a basis of neighborhoods of the points in S1 which are the union of
� the half planes bounded by lines L whose both ends are rays R�, RC in E (each

half plane corresponds to an interval .R�; RC/ or .RC; R�/ in S1 n ¹R�; RCº)
� and the corresponding interval .R�; RC/ or .RC; R�/.

This topology does not depend of the choice of the countable separating subset E: if
zE is another countable separating subset, each neighborhood of a point of S1 obtained
by using one family contains a neighborhood obtained by using the other family.

Now, one builds a map from R2 to the interior of D2 as follows.

(1) One considers the circles Cn, n� 1, of radius �n D 1� 1
nC1

(that is, Cn D �n � S1)
endowed with the finite set of point �n � x1; : : : ; �n � xn, where E D ¹xn j n � 1º
is a choice of indexation of the countable set E.

(2) One chooses by induction a realisation Rn of the rays in E and a family of simple
closed loops 
n with the following properties.
� 
n is the boundary of a compact disc Dn containing Dn�1 in its interior and

containing the disc of radius n of R2. In particular,
S
nDn D R2.

� 
n cuts the rays Rm, m < n in a unique point.
� One chooses a representative of Rn, disjoint from Rm, m < n, with origin on


n and with no other intersection point with 
n.

Then, by definition of the cyclic order on the rays, the points 
n \Ri , i � n, are
cyclically ordered on 
n as the points �n � x1; : : : ; �n � xn on Cn.

(3) This allows us to choose a homeomorphism of R2 to the interior of D2 sending
the loops 
n on the circles Cn and the rays Rn on the segments Œ�n; 1/ � xn.

This homeomorphism extends on the circle at infinity S1 to @D2.
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For the uniqueness, assume that 'WR2! D2 is another compactification satisfying
the conclusions of Theorem 1.1. The map which associates its end point on @D2 to
each ray is an increasing bijection on a dense subset of the circle. Thus, according to
Proposition 2.3, there is a unique increasing homeomorphism � of the circle mapping
the end of each ray for one compactification to the end of the same ray for the other
compactification. Then, the images of the rays in E still tend to pairwise distinct points
on @D2 which are still dense in S1. Now, given a line L containing two distinct rays
RC, R� of E , the half plane bounded by '.L/ corresponds now on the circle to the
interval �..RC; R�// or �..R�; RC//. Thus, ' extends by continuity on the circle at
infinity as the homeomorphism �, inducing a homeomorphism of the closed disc, as
announced.

2.4. Union of countably many families of rays: The circle.

Proposition 2.12. Let ¹Xi j i 2 I º, I � N be a finite or countable family of sets so
that

S
i Xi is endowed with a total cyclic order. Assume that, for every i , there exists a

countable separating subset Ei � Xi .
On the union X D

S
i Xi , we consider the relation

x � y , .Œx; y� \Ei is finite for every i , or Œy; x� \Ei is finite for every i/:

In other words, x � y if one of the two segments (for the cyclic order) bounded by x
and y meets each family Ei in at most finitely many points.

Then, � is an equivalence relation and every class contains at most 1 point in
each Xi .

Consider the projection

� WX ! X D
[
i

Xi=�:

We denote by E the projection �.E/ of E D
S
Ei on X.

Then, the cyclic order on X passes to a complete cyclic order on X and E is a
countable separating subset of this quotient order.

Proof. The fact that � is an equivalence relation is quite easy, as the union of two
intervals meeting Xi on finite sets meets Xi on a finite set.

Note that, assuming x � y, the interval Œx; y� or Œy; x� (meeting everyEi in finitely
many points) is contained in the class of x and y. Thus, the class Œx�� is a (proper)
interval for the cyclic order.

Consider x; y 2 X , and assume that Œx; y� \Ej is finite for every j . Assume that
there is an i and distinct z; t 2 Œx; y� \Xi . Then, the separating property of Ei for Xi
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ensures that Œx; y� \Ei is infinite contradicting the choice of the interval Œx; y�. We
deduce that every class meets every Xi at most at 1 point.

Notice that this implies that the projection of Ei on X is injective.
Consider x; y; z 2 X whose classes are distinct, and assume z 2 .x; y/. Consider

now a � x, b � y and c � z. Let Ia; Ib; Ic be the intervals Œx; a� or Œa; x�, Œy; b� or
Œb; y�, Œz; c� or Œc; z� with finite intersections with the Ei , respectively. Then, these
intervals are disjoint as they are contained in disjoint equivalence classes. Thus, the
cyclic order for a point in Ia, Ib , Ic does not depend on the point in Ia, Ib , Ic and thus
c 2 .a; b/.

This shows that the quotient X is endowed with a total cyclic order.
Consider now two distinct classes Œx��; Œy�� 2 X of points x; y 2 X . Thus, there

is i so that Œx; y� \ Xi is infinite. Now, the separating property of Ei implies that
Œx; y� \Ei is infinite.

As � is injective on Ei , one gets that .Œx��; Œy��/ \ �.Ei / is infinite and thus
.Œx��; Œy��/\ E is infinite. One proved that E is separating for X, ending the proof.

2.5. Union of countably many families of rays: The compactification.

Theorem 2.1. Let R D
`
i2I Ri , I � N, be a family of rays in R2 whose germs are

pairwise disjoint. Assume that for every i 2 I there is a countable subset Ei � Ri

which is separating for Ri .
Then, there is a compactification of R2 by the disc D2 so that

� any ray of R tends to a point of the circle at infinity @D2 D S1,
� for every i , any two distinct rays of Ri tend to distinct points of S1,
� for any non-empty open interval J � S1, there is i 2 I so that at least 2 rays in

Ri have their limit points in J .
Furthermore, this compactification is unique up to a homeomorphism of D2 and does
not depend on the separating countable sets Ei .

Let us discuss item (3), whose formulation may be surprising.

Remark 2.13. (1) The third item implies that the points of S1 which are the limit
points of a ray in

S
Ei are dense in S1.

(2) If I is finite, item (3) is equivalent to the density of points in S1 which are limit
points of rays.

(3) Item (3) is equivalent, by the separating property, to requiring that J contains
infinitely many points in Ri or even in Ei .

(4) Item (3) is necessary when there is an uncountable set of equivalence classes Œc�,
(for the equivalence relation � defined in Section 2.4), each of which is infinite
(necessarily countable) and contains a set C.Œc�/ which is separating for the cyclic
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order. In that case, the uniqueness property announced in Theorem 2.1 would be
wrong if we replace item (3) by the density of points in S1 which are limit points
of rays. Example 2.16 provides a simple illustration of this trouble.

Proof of Theorem 2.1. Let us denote X D R, Xi D Ri , and E D
S
Ei . Let � be

the equivalence relation defined in Proposition 2.12 on X D R, and let � denote
the projection � WX ! X D X=�. We choose a subset Y � X with the following
properties:
� each equivalence class Œ
� for � contains exactly 1 point y
 in Y ,
� if a class for � contains a point in E, then y
 2 E.

The existence of such subset Y is certainly implied by the axiom of choice, but this
existence does not require this axiom. For instance, we can choose the subset Y as
follows.
� If Œ
�� 2 �.

S
Ei /, then y
 is the unique point in Ei in the Œ
��, where i is the

smallest index for which Œ
�� 2 �.Ei /.
� If Œ
�� … �.E/, then y
 is the unique point in Xi \ Œ
��, where i is the smallest

index for which Œ
�� \Xi ¤ ;.

We denote F D Y \E. Notice that �.F / D �.E/ by construction.
Now, the projection � W Y ! X is a bijection which is strictly increasing for the

cyclic order. As E D �.E/ is separating for X (see Proposition 2.12), one gets that F
is separating for Y .

We can now apply Theorem 1.1 to the set of rays Y and the countable separating
subset F . One gets a compactification of R2 as a disc D2 so that every ray in Y tends
to a point at the circle at infinity, two distinct rays in Y tend to two distinct points, and
the set of points at infinity which are limits of rays in F is dense in the circle at infinity.

Let us check now that every ray 
 2 R tends to a point at infinity. By construction
of Y there is � 2 Y so that � � 
 . We will prove that 
 tends to the limit point s 2 S1

of � . For that, we recall that a basis of neighborhood of s is given by the half planes
�n bounded by lines Ln whose both ends are ��n ; �Cn 2 Y so that � 2 .��n ; �Cn /. Note
that both intervals .�; �Cn / and .��n ; �/ are infinite when one of the intervals .�; 
/ or
.
; �/ is finite. One deduces that 
 2 .��n ; �Cn / and thus the end of 
 is contained in
�n. Thus, 
 tends to s. Notice that this argument implies that two equivalent rays tend
to the same point at infinity.

Now, consider two distinct rays 
; 
 0 2Ri . As every class for � contains at most 1
point of Ri , the classes of 
 and 
 0 are distinct. Thus, there are � ¤ � 0 2 Y which are
equivalent to 
 and 
 0, respectively. The limit points of 
 and 
 0 are those of � and
� 0, respectively, which are distinct. We just checked that distinct rays in Ri tend to a
distinct point at infinity.
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This already proves that the compactification satisfies the two first items.
Consider now a non-empty open interval J of the circle at infinity. We will show

that there is an i for which J contains at least 2 limits of rays in Ri . Recall that,
according to Theorem 1.1, the points in J which are limits of rays in Y are dense
in J . Thus, there are at least 2 distinct points in J which are limit of rays R1, R2 in
Y . This implies that, up to exchanging R1 and R2, any ray in R between R1 and R2
tends to a point in J . Now, the rays R1, R2 are not equivalent for �, as we have seen
that equivalent rays tend to the same point at infinity. By definition of �, there is i so
that there are infinitely many rays in Ri between R1 and R2. This proves item (3) of
Theorem 2.1.

It remains to prove the uniqueness.

Claim 2.14. Let'WR2!D2 be a compactification satisfying the announced properties.
Then, 2 rays in R tend to the same point of the circle at infinity of the compactification
if and only if they are equivalent for �.

Proof. If two rays a, b are not equivalent, then each of .a; b/ and .b; a/ contains
infinitely many rays in some set Ri , by definition of �. As the limits of distinct rays in
the same Ri are different, one deduces that the limits of a and b are distinct.

Conversely, if a and b have different limit points r and s in S1 for the compacti-
fication, then item (3) implies that there is i 2 I (resp., j 2 I ) so that .a; b/ (resp.,
.b; a/) contains the ends of at least 2 rays in Ri (resp., Rj ). As Ri and Rj admit
separating subsets, this implies that both .a; b/ \Ri and .b; a/ \Rj are infinite so
that a œ b.

Assume now that one has another compactification  WR2 ! D2 satisfying also
the announced properties. One deduces from Claim 2.14 the fact that the images by  
of two distinct rays in the set Y (that we used for building the first compactification ')
have two distinct limit points and that the limit points of the image by  of rays in Y
are dense in S1. Thus, this new compactification satisfies the same property on the set
of rays Y as the one we built. Now, Theorem 1.1 asserts that these compactifications
differ from ' by a homeomorphism of D2, concluding the proof.

Lemma 2.15. Assume that R satisfies the hypotheses of Theorem 2.1, and let zR be a
set of rays so that the germs of rays in R [ zR are pairwise disjoint.

Let R2 ,! D2 be a compactification given by Theorem 2.1 applied to R. Then,
any ray z
 in zR tends to a point at infinity.

Proof. The candidate for the limit is the intersection of all the closed intervals in S1,
bounded by limits of rays a; b 2 R, so that z
 2 .a; b/. The basis of neighborhood of
this point that we exhibit implies that indeed z
 tends to that point at infinity.
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2.6. An example with uncountably many compactifications. The example below
shows that, in the case of an infinite countable family R D ¹Riº; i 2 N, the compact-
ification announced by Theorem 2.1 would not be unique if we replace the item (3)
of the conclusion by the density in S1

R
of the limits of the rays in R. Consider the

example below.

Example 2.16. LetB �R2 be the open strip ¹.x;y/2R2 j jx � yj<1º. Let I �RP1

be the (countable) set of linear lines with a rational inclination ¤ 1. For any i 2 I ,
let Fi be the restriction to B of the trivial foliation by parallel straight lines directed
by i . For any i , let Ri be the set of ends of leaves of Fi . Each Ri admits a countable
separating subset. Thus, R D

S
i2I Ri satisfies the hypotheses of Theorem 2.1.

Then, there are uncountably many distinct compactifications of R2 for which
� any ray of R tends to a point of the circle at infinity @D2 D S1,
� for every i , any two distinct rays of Ri tend to distinct points of S1,
� the points of S1 which are the limit point of a ray in

S
Ei are dense in S1.

Proof. Let D2
R

be the compactification of B ' R2 by adding the circle at infinity S1
R

.
Every class C for � contains exactly 1 ray in Ri for any i 2 I . The rays in C are

ordered, for the cyclic order, as the points of I in RP1. So, C is a separating set for
itself.

By construction of S1
R

, the class C corresponds to a point c 2 S1R. We can build
another circle S1

R;C
by opening the point c in a segment IC . Then, we can build a

compactification D2
R;C

so that the rays in C tend to distinct points dense in IC . In
particular, IC contains exactly 1 limit point of a ray in Ri for any i .

We can repeat this argument opening not just a point in S1
R

but a countable subset
C of classes for �: we build a compactification D2

R;C
, where the circle at infinity

contains disjoint intervals IC ; C 2 C , so that each IC contains exactly 1 limit point of
a ray in Ri for any i , and these points are dense in IC .

As there are uncountably many such countable subsets C , this provides an uncount-
able family of pairwise distinct compactifications of B satisfying the 2 first items and
the density of the limit points of rays.

This shows that the uniqueness part of Theorem 2.1 becomes wrong if we replace
item (3) by the density in S1 of the set of limits of rays.

2.7. Uncountable families of families of rays. Theorem 2.1 is wrong for the union
of an uncountable family of sets of rays, as shown by Example 2.17 below.

Example 2.17. We consider R2 endowed with all constant foliations F� ; � 2 RP1,
where F� is the foliation whose leaves are the straight lines parallel to � .
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Then, given any compactification of R2 by D2 for which every end of leaf tends to
a point at infinity, then for all but a countable set of � the right ends of the leaves of
F� tend to the same point at infinity.

Proof. The ends of leaves FC
�

at the right, and those at the left F �
�

of the foliation
F� , are disjoint intervals JC

�
and J�

�
depending on the uncountable parameter � . On

the circle, at most countably many disjoint intervals can be non-trivial, ending the
proof.

2.8. Projection on the compactifications associated to each family. Let us start
with a very easy example, showing that the circles at infinity associated to the subsets
of a countable family of transverse foliations may lead to uncountably many distinct
compactifications. (All these compactifications are quotient of the compactification
associated to the whole family.)

Example 2.18. Consider an infinite countable subset I �RP1 and consider the family
RI of the leaves of the constant foliations F� ; � 2 I on R2 as already considered in
Example 2.17.

Now, the set of ends of leaves of each foliation F� corresponds to 2 (because each
leaf has 2 ends) non-empty open intervals in S1I , and these intervals do not contain any
end of leaf of any other foliation.

Thus, if J;K � I are distinct subsets, the circles at infinity S1J and S1K are obtained
by collapsing distinct intervals of S1I and they are different.

As the set P .I / of all subsets of I is uncountable, this leads to an uncountable
family of compactifications ¹D2

J ºJ2P .I / of R2 by a circle at infinity.

This situation is quite general.
Let R D

S
Ri , i 2 I � N be a family of rays in R2 whose germs are pairwise

disjoint. Assume that for every i 2 I there is a countable subset Ei � Ri which is
separating.

Thus, for every subset J � I , Theorem 2.1 provides a compactification D2
I of R2,

by the circle at infinity corresponding to the rays in Rj ; j 2 J .

Proposition 2.19. If J � I , then the identity map on R2 extends by continuity as a
projection …I;J WD2

I ! D2
J . This projection consists in collapsing intervals of S1I D

@D2
I which contains at most 1 limit point of ray in Rj for each j 2 J .
Furthermore, if K � J , then

…I;K D PJ;K ı PI;J :

Proof. Two rays a, b in RJ D
S
j2J Rj tend to the same point in S1I (resp., S1J ) if

and only if they are equivalent for the equivalence relation �I (reps., �J ) defined in
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Proposition 2.12 for RI (resp., Rj ): in other words, if there is an interval .a; b/ or
.b; a/ (for the cyclic order) meeting every Ri , i 2 I , (resp., Rj , j 2 J ), in at most
one point.

Thus, �I is more restrictive than �J for a; b 2 Ri :

a �I b) a �J b:

There is therefore a natural projection for �I;J WRJ =�I ! RJ =�J , which is
(non-strictly) increasing for the cyclic order. Notice that RJ =�I and RJ =�J are in
increasing bijection with the sets of S1I and S1J , respectively, that consist of limits of
rays in RJ . Furthermore, these points are dense in S1J . Thus, �I;J extends in a unique
way in a (non-strictly) increasing continuous map �I;J WS1I ! S1J of topological degree
equal to 1.

Let us understand the injectivity defect of �I;J . The inverse image of a point
x 2 S1J is an interval. All rays in RJ tending to points in the interval ��1I;J .x/ � S1I
are equivalent for �J : in other words, this interval contains at most 1 limit point of ray
in Rj for each j 2 J , which is the announced characterization.

For ending the proof, we will check that �I;J is the extension by continuity of the
identity map of R2 to the circles at infinity.

Recall that we defined a basis of neighborhood of each point of the circle at infinity
S1I (resp., S1J ) as the half-planes �CL bounded by lines whose both ends are in RI

(resp., RJ ). In particular, as J � I , the neighborhoods of points at infinity in D2
J

are still neighborhoods of points at infinity for D2
I , proving that the map which is the

identity from R2 D VD2
I to R2 D VD2

J and is �I;J from S1I to S1J is continuous. This
ends the proof.

3. Background on foliations: Regular leaves and non-separated leaves

3.1. Non-singular foliations. Let F be a foliation of R2. Then, the following hold.

(1) As R2 is simply connected, F is orientable and admits a transverse orientation.
Let us fix an orientation of F and a transverse orientation.

(2) Every leaf is a line (i.e., a proper embedding of R in R2).

(3) A basis of neighborhoods of a leaf L is obtained by considering the union of leaves
through a transverse segment � through a point of L.

Definition 3.1. � Two leaves L1, L2 are not separated from each other if they do
not admit disjoint neighborhood.

� A leaf L is called not separated or not regular if there is a leaf L0 which is not
separated from L.
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� A leaf is called regular if it is separated from any other leaf.

We will need some times to be somewhat more specific.
LetL1 andL2 be distinct leaves of F . Consider two segments �i W Œ�1;1� transverse

to F , positively oriented for the transverse orientation of F , so that �i .0/ 2Li , i D 1;2.
Then, L1 being not separated from L2 means that there are sequences t in, i D 1; 2,
tending to 0 as n!C1 so that �1.t1n / and �2.t2n / belong to the same leaf Ln. Then,
the following hold.
� As F is transversely oriented and the �i are positively oriented, one gets that t1n

has the same sign as t2n for every n. Furthermore, all the t in have the same sign
(because R2 is simply connected).
One says that L1 and L2 are not separated from above (resp., from below) if the t in
are positive (resp., negative).

� By shrinking the segments �i if necessary, one may assume that they are disjoint.
Now, up to exchanging L1 with L2, we may assume that �1.tn/ is at the left of
�2.tn/ in the oriented leaf Ln. We say that L1 (resp., L2) is not separated from L2
at its right (resp., at its left).
Consider a leaf L and � W Œ�1; 1�! R2 a transverse segment (positively oriented)

with �.0/ 2 L. Let Lt be the leaf through �.t/. Let Ut , t 2 .0; 1/, be the closure of the
connected component of R2 n .Lt [ L�t / containing L. Then, we have the following
lemma.

Lemma 3.2. The leaf L is regular if and only if\
t

Ut D L:

The intersection
T
t Ut does not depend on the segment � and is denoted U.L/.

If L is not regular, U.L/ has non-empty interior, and the leaves which are not
separated from L are precisely the leaves in the boundary of U.L/.

Proof. A leaf zL not separated from L is contained in every Ut and is accumulated by
leaves Ltn in the boundary of Utn . Thus, zL is contained in the boundary of U.L/ DT
t Ut . Furthermore, one of the two half planes bounded by zL is contained in Ut and

therefore in U.L/.
Conversely,

T
t Ut consists of entire leaves of F , and so does its boundary. Now,

any transverse segment through a leaf in the boundary of
T
t Ut crosses the boundary

Lt [ L�t of Ut for t small: that is the definition of being not separated from L.

Lemma 3.3. Let F be a foliation of R2. The set of not separated leaves is at most
countable.
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Proof. We consider a countable family of transverse lines † whose union cuts every
leaf of F . It is enough to prove that such a transverse line † cuts at most a countable
set of non-regular leaves L admitting a non-separated leaf zL.

For that just notice that the sets U.L/, for L \† ¤ ;, are pairwise disjoint. Thus,
there are at most countably many of them with non-empty interior, ending the proof.

Note that L cuts the strip Ut , t 2 .0; 1� in two strips UCt and U�t bounded, respec-
tively, by Lt [ L and by L�t [ L, and we denote

UC.L/ D
\
t

UCt and U�.L/ D
\
t

U�t :

Then, we have the following lemma.

Lemma 3.4. L is non-separated from above (resp., from below) if and only if UC.L/¤

L (resp., U�.L/¤ L) and if and only if UC.L/ (resp., U�.L/) has non-empty interior.

In the same spirit, � cuts the strip Ut in two half-strips U left
t and U right

t according
to the orientation of F . Then, one says that the right end LC (resp., left endL�) of L
is regular if

Uright.L/ D
\
t

U
right
t D LC.resp., Uleft.L/ D

\
t

U left
t D L

�/:

We can be even more precise by considering the 4 quadrants UC;right
t , UC;left

t ,
U
�;right
t , U�;left

t obtained by considering the intersections of UCt and U�t with U right
t

and U left
t . This allows us to speak of right or left ends of leaves non-separated from

above or from below in the obvious way.

3.2. Singular foliations: Saddles with k-separatrices. A singular foliation F on
R2 is a foliation on R2 n Sing.F /, where Sing.F / is a closed subset of R2. A leaf of
F is a leaf of the restriction of F to R2 n Sing.F /. Let us now recall the notion of
saddles with k-separatrices, also called k-prongs singularities.

We denote by A0 the quotient of Œ�1; 1�2 by the involution

.x; y/ 7! .�x;�y/:

The projection of .0; 0/ on A0 is still called .0; 0/. Note that the horizontal foliation
(whose leaves are the segments Œ�1; 1� � ¹tº) is invariant by the involution .x; y/ 7!
.�x;�y/ and therefore passes to the quotient on A0 n .0; 0/, and we denote by H1 the
induced foliation on A0 n ¹.0; 0/º.

A 1-prong singular point p of F is an isolated point of Sing.F / which admits a
neighborhood U and a homeomorphism h from U to A0 so that h.p/ D .0; 0/ and h
maps F on H1.
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We denote by Ak the k-fold cyclic ramified cover of A0 at the point .0; 0/ and by
Hk the lift of H1 on Ak . A separatrix of .0; 0/ for Kk is a connected component of
the lift of the leaf �0; 1� � ¹0º of H1. There are k separatrices.

A k-prongs singular point p, equivalently a saddle point with k separatrices of F ,
is a singular point admitting a homeomorphism of a neighborhood onto Ak mapping
p to .0; 0/ and F to Hk . A separatrix (also called a prong) of the saddle point p is
the leaf of F containing a separatrix of .0; 0/ for Hk .

Remark 3.5. � If p is a 2-prongs singular point of F , then the foliation F can be
extended on p so that p is not singular.

� The Poincaré–Hopf index of a k-prongs singular point is 1 � k
2
.

A foliation with singularities of saddle type on R2 is a singular foliation for which
each singular point is a saddle with k separatrices, k > 2.

3.3. Leaves of singular foliations.

Lemma 3.6. Let F be a foliation on R2 with singular points of saddle type. Let

� W Œ0; 1�! R2 n Sing.F /

be a segment transverse to F . Then, for every leaf 
 , one has

#� \ 
 � 1;

where # denotes the cardinal.

Proof. Assume (arguing by contradiction) that #� \ 
 � 2. Let x, y be two successive
(for the parametrization of 
) intersection points with � . The concatenation of the
segments Œx; y�
 and Œy; x�� is a simple closed curve c in R2 n Sing.X/. By Jordan
theorem, the curve c bounds a disc D in R2. The Poincaré Hopf index of F on D
is either equal to 1, if 
 cuts � with the same orientation at x and y, or 1

2
otherwise:

anyway this index is strictly positive. However, this index is the sum of the Poincaré–
Hopf indices of the singular points of F contained in D. As each of them is negative,
that is a contradiction, ending the proof.

The same argument gives the following lemma.

Lemma 3.7. Let F be a foliation on R2 with singular points of saddle type. Then, F

has no compact leaves.

Proof. The index of F on the disc bounded by a compact leaf would be 1, which is
impossible with singular points with negative index.
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Corollary 3.8. Let F be a singular foliation of R2 with singularities of saddle type.
Then, every half-leaf of F either is a ray or tends to a singular point p of F (in that
case it is contained in a separatrix of p).

Proof. Consider the Alexandrov compactification of R2 by a point at infinity. Consider
a leaf 
 and choose a parametrization 
.t/. Consider

lim sup
t!C1


.t/ D
\
t>0


.Œt;C1//;

where the closure is considered in R2[ ¹1º. It is a decreasing intersection of connected
compact sets, and hence, it is a non-empty connected compact set.

If lim supt!C1 
.t/ is not just a point, it contains a regular point x of F ; hence,
it cuts infinitely many times any transverse segment through x, which is forbidden by
Lemma 3.6.

Now, lim supt!C1 
.t/ either is the point1 or is a singular point of F , which is
the announced alternative.

3.4. Regular leaves of singular foliations. Let F be a foliation with singular points
of saddle type,L0 a leaf of F , and � a transverse segment through the point �.0/ 2 L0.

The set of t so that �.t/ is contained in a separatrix of a singular point is at
most countable. For any t so that �.t/ and �.�t / are not in a separatrix of a singular
point, the leaves Lt and L�t through �.t/ and �.�t / are disjoint lines and therefore
cut R2 in 3 connected components. We denote by Ut the closure of the connected
component of R2 n .Lt [L�t / containingL0. Notice thatUt is a strip (homeomorphic
to R � Œ�1; 1�) bounded by Lt [ L�t and saturated for F .

Lemma 3.9. With the notation above,
T
t Ut is a non-empty closed subset of R2

saturated for F , and we have the following alternative:
� either

T
t Ut D L0 and L0 is a non-singular leaf of F ,

� or
T
t Ut has non-empty interior.

Furthermore,
T
t Ut does not depend on the choice of the transverse segment �

through L0 and is denoted U.L0/.

Proof. U.L0/ n L0 is saturated for F . If it contains a non-singular leaf, it contains
one of the half planes bounded by this leaf. If it contains a singular leaf, it contains the
corresponding singular point, and then it contains at least one of the sectors bounded
by the separatrices.

Definition 3.10. With the notation above, the leaf L0 is called regular if U.L0/D L0,
and will be called non-regular otherwise.



C. Bonatti 108

Remark 3.11. If L0 is a separatrix1 of a singular point, then it is non-regular.

As in the case of non-singular foliations, we have the following proposition.

Proposition 3.12. Let F be a foliation with singular points of saddle type. Then, the
set of non-regular leaves is at most countable.

Proof. For any transverse segment � , let us denote by Lt the leaf through �t . Then, by
construction, the closed sets U.Lt / are pairwise disjoint. Thus, at most countably many
of them may have non-empty interior; that is, at most countably many of leaves Lt are
non-regular. We conclude the proof by noticing that F admits a countable family of
transverse segment �n; n 2 N, so that every leaf of F cuts at least 1 segment �n.

The leaves of a foliation have two ends, and the notion of regular leaves can be
made more precise, looking at each of its ends.

More precisely, let L0;C be a half-leaf of F , and let � be a transverse segment so
that �.0/ is the initial point of L0;C. For any t so that �.t/ and �.�t / do not belong to
a separatrix of a singular point, we consider Lt;C and Lt;� the half leaves starting at
�.t/ and �.�t / in the same side of � asL0;C. We denote byUt .L0;C/�R2 the closed
half plane containing L0;C and bounded by the line of R2 obtained by concatenation
of Lt;C, �.Œ�t; t �/ and Lt;�. We denote U.L0;C/ D

T
t Ut .L0;C/. Then,

� either U.L0;C/ D L0;C and one says that the half-leaf L0;C (or equivalently, the
end of L0 corresponding to L0;C) is regular,

� or U.L0;C/ ¤ L0;C is a closed subset with non-empty interior.

A leaf is regular if and only if its two ends are regular, and the set of non-regular
ends of leaves is at most countable.

3.5. Orientations. A foliation with singular points of saddle type is locally orientable
(and transversely orientable) in a neighborhood of a singular point x if and only if the
number of separatrices of x is even.

Thus, a foliation of R2 whose singular points are saddles with even numbers of
separatrices is locally orientable and transversely orientable, and therefore is globally
orientable and transversely orientable, as R2 is simply connected.

Let F be a foliation with singular points of saddle type with even numbers of
separatrices, and fix an orientation and transverse orientation of F .

1Recall that, in this paper, a leaf of a singular foliation F is by definition a leaf of the restriction of F to
R2 n Sing.F /. In this terminology, a separatrix is a leaf. This terminology comes from foliations theory.
Other schools prefer to consider singular leaves, union of the singular point and of all its separatrices, but that
is not the choice here.
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Thus, every leaf L has a right and left end. We define Uright.L/ and Uleft.L/ so
that L can be regular at the right or at the left.

IfL0 is a leaf which is not a separatrix and � be a transverse segment with �.0/2L0.
One defines in the same way the notions of being regular from above and from below,
for L0 or for each of its two ends.

For instance, Lright
0 is regular from above if UC.L

right
0 /D

T
t Ut;C.L

right
0 /D L

right
0 ,

where Ut;C.Lright/ is bounded by Lright
0 , �.Œ0; t �/ and Lright

t .

4. The circle at infinity of a singular foliation

4.1. The circle at infinity of a foliation of R2: Statement. The aim of this section is
to recall the following result essentially due to [13] and to present a short proof of it.

Theorem 4.1. Let F be a foliation of the plane R2, possibly with singularities of
saddle type. Then, there is a compactification D2

F
of R2 by adding a circle at infinity

S1
F
D @D2

F
with the following property.

� Any half-leaf tends either to a saddle point or to a point at infinity.
� Given a point � 2 S1

F
, the set of ends of leaves tending to � is at most countable.

� The subset of S1
F

corresponding to limits of regular ends of leaves is dense in S1
F

.
Furthermore, this compactification of R2 by D2 with these three properties is

unique, up to a homeomorphisms of the disc D2.

Remark 4.1. If LC1 ¤ L
C
2 are two ends of leaves2 tending to the same point � 2 S1

F
,

then LC2 � U.LC1 /. In particular, the ends LC1 and LC2 are not regular.

Remark 4.2. The third item is equivalent to the following:
� every non-empty open interval of S1

F
contains the limit points of an uncountable

set of ends of leaves.

Corollary 4.3. If a homeomorphisms f of the plane R2 preserves the foliation F ,
then it extends in a unique way as a homeomorphism F of the compactification D2

F
.

Furthermore, the restriction ofF to S1
F

is the identity map if and only if f preserves
every leaf of F and preserves the orientation on each leaf.

Proof. The first part is, as already noted, a straightforward consequence of the unique-
ness of the compactification.

2The notation LC

i
only indicates that they are half leaves but has no orientation meaning.
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If f preserves every leaf and preserves the orientation of the leaves, then it preserves
every end of leaf. Thus, the extension F fixes every point of S1

F
which is limit of an

end of leaf. As the limit points of end of leaves are dense in S1
F

, one deduces that the
restriction of F to S1

F
is the identity map.

Conversely, assume that F is the identity map on S1
F

. If � 2 S1
F

is the limit of an
unique end of leaf LC, then LC is preserved by f .

Thus, f preserves every regular end of leaf. As the regular leaves are dense in R2,
one deduces that f preserves every oriented leaf, concluding the proof.

4.2. Proof of Theorem 4.1. We denote by Reg.F / the set of regular leaves of F and
by R.F / the set of ends of regular leaves. (Any non-singular leaf and, in particular,
any regular leaf have two ends.) Recall that R.F / is a family of disjoint rays of R2

and therefore is cyclically ordered.

Lemma 4.4. If D is a family of regular leaves whose union in dense in R2, then the
set D of ends of the leaves in D is a separating family for the set of ends of regular
leaves R.F /.

Proof. Let L0 be a regular leaf of F , � W Œ�1; 1�! R2 a segment transverse to F with
�.0/ 2 L0, and Ut the family of neighborhoods of L0 associated to the transverse
segment � . Our assumption implies that for a dense subset of t 2 Œ�1; 1�, the leaf Lt
belongs to D . Consider a sequence tn 2 Œ�1; 1�, n 2 Z so that
� Ln D Ltn 2 D ,
� tn ! 0 as jnj ! 1,
� tn has the same sign as n 2 Z.

Let LCn and L�n be the half leaves of Ln (for the orientation given by the transverse
orientation induced by � ). As L0 is regular, one gets U.LC0 / D L

C
0 . This implies that

LC0 (resp., L�0 ) is the intersection of the intervals (for the cyclic order) ŒLC�n; LCn �
(resp., ŒL�n ; L��n�) for n > 0. In other words, the rays LC�n; LCn (resp., L�n ; L��n) are
separating the ray LC0 (resp., L�0 ) from any other ray in R.F / (and indeed from any
other ray of leaf, regular or not), concluding the proof.

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. We choose a countable set E of regular leaves whose union is
dense in R2. According to Lemma 4.4, the set E of ends of leaves in E is a countable
separating subset of R.F /. Thus, we may apply Theorem 1.1.

One gets a compactification of R2 by the disc D2
F
' D2 so that every two distinct

ends of regular leaves tend to two distinct points at the circle at infinity S1
F

and these
points are dense on the circle and this compactification does not depend on the choice
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of the family. This proves items (2) and (3) of the theorem, and also proves that these
two items are enough for the uniqueness of this compactification.

It remains to prove the first item, that is, to show that the rays contained in non-
regular leaves also tend to points on S1

F
. That is done by Lemma 2.15.

Remark 4.5. Let F be a foliation (possibly with saddles). Then, every lineL transverse
to F has 2 distinct limit points at infinity corresponding to its 2 ends.

Proof. The two ends of L are rays disjoint from the ends in R.F / (that is, of the ends
of leaves of F ), as any transverse segment intersects any leaf in at most 1 point. Now,
Lemma 2.15 implies that the ends of L tend to points on S1

F
. These points are distinct

because the regular half leaves through L are between these two ends.

Lemma 4.6. Let F be a foliation (possibly with saddles). Given any two (non-singular)
leaves L1, L2, if the ends of L1 and L2 tend to the same 2 points in S1

F
, then

L1 D L2:

Proof. Assume that L1 ¤ L2 share the same end points. Then, the leaves in the strip
bounded by L1 [L2 would have their ends on the same points in S1

F
contradicting the

fact that at most countably many ends of leaves share the same end point on S1
F

.

As a by-product of the proof of Lemma 4.4, we get the following lemma.

Lemma 4.7. Let F be a foliation (maybe with saddle-like singular points), and let

� W Œ�1; 1�! R2 n Sing.F /

be a transverse segment. Let ¹LCt º and ¹L�t º be the half leaves starting at �.t/. Con-
sider the map associating to t 2 .�1; 1/, for which LCt does not lie on a singular leaf,
the limit point of LCt on S1

F
. Then, t is a continuous point of this map if and only if

LCt is a regular end.

4.3. Points at S1
F

which are limits of several ends of leaves: Hyperbolic sectors.

Lemma 4.8. Let A and B be distinct ends of leaves. Then, the following properties
are equivalent.
� There are no ends of regular leaves between A and B .
� The set of ends of leaves between A and B is at most countable.
� The set of ends of leaves between A and B is finite.

Proof. First, assume that there is an end LC of a regular leaf L between A and B . We
will prove that the interval .A;B/ is uncountable.
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Consider the neighborhood Ut of L associated to a transverse segment � with
�.0/ 2 L. As L is regular, one gets that

U.L/ D
\
t

Ut D L:

As a consequence, there is t so that A and B are out of Ut .
First, assume that A and B are in the same connected component of R2 nUt . Then,

there is a line L whose left end is B and whose right end is A and which is disjoint
from Ut . One deduces that one of the intervals .A; B/ and .B; A/ contains no end
of leaf in Ut (this cannot be .A;B/ which contains LC by assumption) and the other
contains all ends of leaves in Ut , so .A;B/ contains uncountably many ends of leaves
as announced.

Now, assume that A and B are in distinct connected components of R2 n Ut . Then,
there is a line � whose left end is B , whose right end is A, and whose intersection
with Ut is �.Œ�t; t �/. As LC is in the interval .A;B/ so that LC � �C� , one deduces
that all the positive half leaves LCr , r 2 Œ�t; t � are contained in the upper half plane
�C� and therefore are between A and B . So, the interval .A; B/ (and also .B;A/) is
uncountable which is what we announced.

Conversely, if there are uncountably many ends in .A;B/, one of them is the end
of a regular leaf as non-regular leaves are countably many.

This proves the equivalence of the two first items. The third item implies trivially
the second, so we now prove that the second implies the third.

Let A and B be two distinct ends of leaves so that .A;B/ is at most countable. We
consider a line ı with the following properties:
� A and B are the right and left ends of ı, respectively,
� ı n .B [ A/ is a segment � , consisting in finitely many transverse segments

a0; : : : ; ak and finitely many leaf segments b1; : : : ; bk , with a0.0/ 2 B and ak.1/ 2
A.

Let � D �C.ı/ be the upper half plane bounded by ı and corresponding to the
interval .A;B/.

Notice that no entire leaf may be contained in�; otherwise, there would be uncount-
ably many ends between A and B .

We consider the half leaves LC0;t that enter � through a0.t/. As there are only
countably many ends between A and B , there is a sequence of tn ! 0 so that LC0;tn
goes out of � through a point �.sn/.

Note that
� this point �.sn/ cannot belong to the transverse segment a0 as a transverse segment

meets a leaf in at most a point,
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� the half leaves LC0;t , t 2 ŒtnC1; tn� need to go out of �.

Thus, every LC0;t , t � t0, goes out of � at a point �.s.t//, where t 7! s.t/ is a
decreasing function. Let s0 be the limit

s0 D lim
t!0

s.t/:

Notice that a half-leaf entering � through a0 cannot go out � through a0 because
a transverse segment cuts a leaf in at most a point. Thus, we deduce that s0 belongs to
some ai , i > 0.

We consider the compact segments It � LC0;t joining a0.t/ to �.s.t//. We consider

lim sup
t!0

It :

It is a closed subset of R2 consisting of B and of whole leaves contained in� and of a
half-leaf zB1 ending at �.s0/. We already noticed that no entire leaves may be contained
in �. Thus, this limit consists in B [ zB1. As a consequence, the ends B and zB1 are
successive ends, zB1 2 .A;B/, and thus .A; zB1/ is at most countable too.

We consider B1 � zB1 the half-leaf starting at the last intersection point of zB1
with � . Note that B1 starts at a point of some segment ai , with i > 0.

Thus, if B1 ¤ A, one may iterate the argument, getting successive half leaves Bi
starting at points of some transverse segment aj.i/, where i 7! j.i/ is strictly increasing.
As there are finitely many segments ai , one gets that this inductive argument needs to
stop. In other words, there is i with Bi D A, ending the proof:

ŒA; B� D A D Bi ; Bi�1; : : : ; B1; B:

This proves that the second item is equivalent to the third.

The proof of Lemma 4.8 gives, as a by-product, the following lemma.

Lemma 4.9. Assume that A and B are successive ends of leaves; that is, the interval
.A;B/ is empty. Then, there is an embedding of  W Œ�1; 1� � Œ0; 1�! D2

F
so that

� the segments  .Œ�1; 1� � ¹tº/, 0 � t < 1, are leaf segments,
� A D  .Œ�1; 0/ � ¹1º/ and B D  ..0; 1� � ¹1º/,
� the point  .0; 1/ is the point is S1

F
that is the limit of both A and B .

Definition 4.10. The embedding  W Œ�1; 1� � Œ0; 1� ! D2
F

is called a hyperbolic
sector.

We say that two half leaves A;B are asymptotic if ŒA;B� or ŒB;A� does not contain
any end of regular leaf. We already proved the next lemma.
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Lemma 4.11. To be asymptotic is an equivalence relation in the set of ends of leaves
of F .

Each equivalence class is either finite or countable and is, as an ordered set,
isomorphic to an interval of .Z; </.

There are at most countably many non-trivial classes.

We also already proved the following lemma.

Lemma 4.12. Let F be a foliation (possibly with singular points of saddle type). Then,
two half leaves tend to the same point � 2 S1

F
if and only if they are asymptotic, and

every half-leaf arriving to � belongs to their asymptotic class.

In particular, if a point of S1
F

is the limit of a regular end of leaf, it is the limit of a
unique end of leaf.

Notice that a point at infinity which is the limit of a unique end of leaf may be the
limit of a non-separated end of leaf, as shown in the next example.

Example 4.13. Let K � R be a Cantor set, and consider

PK D R2 n .K � Œ0;C1//:

Thus, PK is homeomorphic to R2.
Let FK be the restriction to PK of the horizontal foliation on R2 (whose leaves

are the R � ¹yº). Thus, all the leaves of the form I � ¹0º, where I is a connected
component of R nK, are pairwise not separated from below.

However, any two distinct ends of leaves of FK tend to distinct points in S1
FK

.

Remark 4.14. Assume that F is oriented.
IfA0; : : : ;Ak are successive ends of leaves, and assuming thatA0 is a right half-leaf,

then A1 is a left half-leaf and A0 and A1 are not separated from above.
Then, A2 is a right half-leaf and A1 and A2 are not separated from below, and

so on.
Thus, each non-trivial class of the asymptotic relation consists in alternately right

and left ends of non-separated leaves, alternately from above and from below.

4.4. Points at infinity which are not limits of leaves: Center-like points. In this
section, foliations are assumed to be non-singular.

Remark 4.15. Let F be a foliation of R2 and o 2 S1
F

a point so that

o D
\
n

.an; bn/; n 2 N;

where an, bn are the limit points of the two ends of the same leaf Ln.
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Then, an and bn tend to o and o is not a limit point of an end of leaf of F .

Proof. Consider �n being the compact disc of D2
F

whose boundary (as a disc) is
Ln [ Œan; bn�. Then, the �n are totally ordered by the inclusion and o 2

T
n�n. If

a leaf L had an end on o, it should be contained in every �n and hence contained inT
n�n. Thus, the two ends of L are distinct points in

T
nŒan; bn� contradicting the

hypothesis.

We say that a point o 2 S1
F

satisfying the hypothesis of Remark 4.15 is a center-like
point.

Here is a very simple example with this situation.

Example 4.16. The trivial horizontal foliation H admits two center-like points at
infinity which are the limit points of the (vertical) y-axis (transverse to H ).

It is indeed easy to check that the following.

Remark 4.17. Given any foliation F of R2, S1
F

carries at least 2 center-like points.
To see that, just consider the (decreasing) intersection of the closure in D2

F
of the half

planes �˙L for a maximal chain (given by Zorn lemma) for the inclusion.

But the situation may be much more complicated, as shown by the next example.

Example 4.18. Consider a simple closed curve 
 D 
C [ 
� of R2, where 
C and

� are the graphs of continuous functions 'W Œ�1; 1�! Œ0; 1� and �', respectively,
where
� '.�1/ D '.1/ D 0,
� '.t/ > 0 for t 2 .�1; 1/,
� the local maxima and minima of ' are dense in Œ�1; 1� (some kind of Weierstrass

function).

Let � be the open disc bounded by 
 and endowed with the constant horizontal
foliation F .

Then, S1
F
D 
 and any local maximum point of 
C and any local minimum of 
�

are center-like points of S1
F

The aim of this section is to show that the situation of Example 4.18 is in fact very
common.

Lemma 4.19. Let F be a foliation on R2. Assume that the union of leaves which are
non-separated at their right side is dense in R2, and in the same way, that the union of
leaves which are non-separated at their left side is dense in R2.

Then, the set of center-like points on S1
F

is a residual subset of S1
F

.
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Proof. Fix a metric on S1
F

. Let On � S1
F

be the set of points belonging to an interval
.a; b/ of length less than 1

n
, where a, b are both ends of the same leaf of F .

We will prove that On is a dense open subset of S1
F

. Then,
T
n On will be the

announced residual subset.
The fact that On is open is by definition. We just need to prove the density of On.
Recall that the ends of regular leaves are dense in S1

F
. Thus, we just need to prove

that the ends of regular leaves are contained in the closure of On.
LetL be a regular leaf and � W Œ�1;1�!R2 a positively oriented transverse segment

with �0 2L. We denote byLt the leaf through �t , and we recall that, asL is regular, the
right and left endsLCt ;L�t ofLt tend to the right and left endsLC andL�, respectively,
as t ! 0.

Given any r < s 2 Œ�1; 1�, we denote by Ur;s; U
right
r;s , and U left

r;s the strip bounded by
Lr and Ls , and the two closed half strips obtained by cutting Ur;s along the segment
�.Œr; s�/. Let I right

r;s � S1
F

and I left
r;s � S1

F
be the corresponding intervals on S1

F
. Notice

that, as L is regular, these intervals have a length smaller than 1
n

if r; s close to 0.
Our hypotheses imply that there are t right; t left 2 .r; s/ so thatLt right is non-separated

at the right, and Lt left is non-separated at the left.
This implies that both U right

r;s and U left
r;s contain entire leaves. Thus, I right

r;s and I left
r;s

contain intervals whose both extremal points are ends of the same leaf. Taking r; s
small enough, these intervals are contained in On, showing that the points of S1

F

corresponding to LC and L� are in the closure of On. This ends the proof.

However, not every point o which is not the limit of an end of leaf is center-like.

Example 4.20. Let FK be the foliation defined in Example 4.13 by restriction of the
horizontal foliation on R2 n .K � Œ0;C1//, whereK is a Cantor setK � R. Consider
a point x 2 K which is not the end point of a component of R nK. Then, the point
.x; 0/ corresponds to a point in S1

F
which is not the limit of an end of a leaf and is not

center-like.

Consider a point o 2 S1
F

, and assume that it is not the limit point of any end of
leaf. For any leaf L, we denote by�L � D2

F
the compact disc containing o and whose

frontier in D2
F

is the segment xL given by the closure ofL. Then,�L \ S1L is a segment
IL whose end points are the limit points of the ends ofL. Note that the closed segments
IL are totally ordered by inclusion, and so are the disks �L. Let us denote

Io D
\
L

IL and �o D
\
L

�L:

Then,
� if o D Io, then o is a center-like point.
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� Otherwise, @�o \ VD2
F

consists in infinitely (countably) many leaves that are pair-
wise not separated and there is a subsequence of them whose limit is o.

5. The circle at infinity of a countable family of foliations

The aim of this section is the proof of Theorem 1.3, that is, to build the com-
pactification associated to a countable family of foliations with saddles and prove its
uniqueness.

Remark 5.1. Example 2.17 has already shown us that Theorem 1.3 is wrong for
uncountable families.

The new difficulty in comparison to Theorem 4.1 is that there are no more separating
families for the set of ends of all the foliations.

Example 5.2. Consider the restriction of the constant horizontal and vertical foliations
to the strip ¹.x; y/ j jx � yj < 1º, which is important for the study of Anosov flows.
Then, every end of horizontal leaf has a unique successor or predecessor which is the
end of a vertical leaf. Thus, no family can be separating.

For bypassing this difficulty, we will apply Theorem 2.1 instead of Theorem 1.1.

Proof of Theorem 1.3. The ends of regular leaves

R D
[
i2I

Ri

of all the foliations Fi ; i 2 I , are a family of disjoints ends of rays.
We have seen that for every foliation Fi the set of ends of regular leaves Ri admits

a countable separating family, for instance, by considering regular leaves through a
dense subset in R2.

Thus, Theorem 2.1 provides a compactification of R2 by D2 satisfying the an-
nounced properties for the regular leaves, that is, items (2) and (3).

For item (1), one needs to see that even the ends of non-regular leaves tend to points
at infinity. This is given by Lemma 2.15.

For the uniqueness, a compactification satisfying the conclusion of Theorem 1.3
satisfies the fact that every non-trivial open interval I � S1 contains an uncountable
subset of points which are limits of ends of leaves. As the family Fi is at most count-
able, one may choose this uncountable set as limits of ends of leaves of the same
foliation Fi . As the set of non-regular leaves of Fi is at most countable, one may
choose this uncountable set as limits of ends of regular leaves of Fi . Now, one may
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apply Theorem 2.1 which ensures the uniqueness of the compactification, ending the
proof.

5.1. Example: Countable families of polynomial vector fields.

Corollary 5.3. Let F D ¹Fiºi2I ; I � N, be a countable family of foliations directed
by polynomial vector fields on R2 whose singular points are all of saddle type. Then,
the ends of leaves are either disjoint or coincide.

Thus, according to Theorem 1.3, there is a unique compactification D2
F
DR2 [S1

F

for which the ends of regular leaves of the same foliation tend to pairwise distinct
points at the circle at infinity, and these ends of leaves are dense in S1

F
.

Proof. We just need to prove that the ends of leaves are either disjoint or equal for 2
such distinct foliations F and G . Consider the tangency locus of F and G , that is, an
algebraic set in R2 which is either R2 (so that F D G contradicting the assumption)
or at most 1-dimensional. Thus, it consists in the union of a compact part and a finite
family of disjoint rays ı1; : : : ; ık .

If it is compact, then every end of leaf of F is transverse to G and therefore cuts
every leaf of G in at most 1 point: the ends are disjoints.

Otherwise, each ray ıi either is tangent to both foliations and is therefore a common
leaf (which is one of the announced possibilities) or is transverse to F and to G out of
a finite set (because the tangencies on ıi are an algebraic subset).

Thus, up to shrinking the non-tangent rays ıi , we assume that they are transverse
to both foliations. Therefore, the non-tangent rays ıi cut every leaf of F in at most
1 point. This implies that every end of leaf of F which is not an end of leaf of G is
transverse to G and thus is disjoint from any end of leaf of G , concluding the proof.

Remark 5.4. The compactification in Corollary 5.3 is in general distinct from the
algebraic extension of the Fi on RP2: for instance, consider the trivial example of R2

endowed with the horizontal and vertical foliations. In this case, the compactification
by the algebraic extension, all the leaves of the horizontal (resp., vertical) foliations
tend to the same point at RP1 (which corresponds to 2 points for the circle at infinity).

5.2. Pseudo-Anosov flows on closed 3-manifolds. This section provides another
point of view for results already shown in [6].

A pseudo-Anosov flow on a closed 3-manifold is a flow directed by a vector field
X which is smooth out of a finite set � of periodic orbits. This flow leaves invariant 2
transverse foliations F s , F u which are singular along the periodic orbits in � . Along
the singular set � , the foliations F s , F u are locally the product of a flow-orbit segment
by a k-prongs singularity, k > 2. Finally, the natural action of the flow on its normal
bundle NX contracts uniformly, for positive times (resp., negative times), the vectors
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in NX which are tangent to F s (resp., to F u). Natural examples are
� the flows obtained as suspension of pseudo-Anosov homeomorphisms,
� the Anosov flows,
� the flow obtained from the example above by performing Dehn–Goodman–Fried

surgeries along a finite set of periodic orbits.

Reference [7] shows that the orbit space of the lift zX of X on the universal cover
zM of M is a plane R2, and the stable and unstable (singular) foliations of X induce a

pair of foliations F s , F u with saddle singular points so that F s and F u are mutually
transverse out of the singular points. Then, Theorem 1.3 applied to this pair of foliations
gives back (by a different method) Fenley’s compactification in [6, Theorem A]. Notice
that Fenley emphasizes his compactification is not unique, whereas here the uniqueness
is ensured by the requirement on the compactification in Theorem 1.3.

We will see in Section 8 that the compactification D2
F s ;F u associated to the pair

of singular foliations F s , F u coincides with both compactifications D2
F s and D2

F u

associated to each of these foliations, unless X is a (non-singular) suspension Anosov
flow. The proof is detailed in the Anosov case; the pseudo-Anosov case will be obtained
with a similar argument as a consequence of [6, Theorem 2.7]; see Remark 8.2.

5.3. Projections of D2
F

on D2
Fi

and center-like points on the circle at infinity. Let
us start by presenting two very simple examples with opposite behaviors.

Example 5.5. Consider R2 endowed with the trivial horizontal and vertical foliations,
H and V , respectively. Then, the compactification D2

H ;V
is conjugated to the square

Œ�1; 1�2 endowed with the trivial horizontal and vertical foliation. Every point p 2
S1

H ;V
, except the four vertices, is the limit of exactly 1 end of leaf, either horizontal

(for p in the vertical sides) or vertical (for p in the horizontal sides).
The projection…H WD2

H ;V
! D2H consists in collapsing the two horizontal sides,

which are transformed into the center-like points of S1
H

.
The projection …H WD2

H ;V
! D2V consists in collapsing the two vertical sides,

which are transformed into the center-like points of S1
H

.

Example 5.6. Consider the strip ¹.x; y/ 2 R2 j jx � yj < 1º endowed with the hori-
zontal and vertical foliations H and V , respectively. Then,

D2
H ;V D D2

H D D2
V

and consists in adding to two points˙1 to the closed strip ¹.x;y/ 2R2; jx � yj � 1º.
Every point in the sides jx � yj D 1 are the limit of exactly 1 end of leaf of H and 1
end of leaf of V , and the points˙1 are center-like for both foliations.
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These two examples show that pairs of very simple foliations may lead to differ-
ent behaviors of the projection of the compactification associated to the pair on the
compactification of each foliation.

Proposition 5.7 below shows that, for complicated foliations, the compactification
of the pair of foliations in general coincides with the compactification of each foliation.

Proposition 5.7. Let F , G be two transverse foliations on R2. Assume that
� the union of leaves of G which are not separated at their right from another leaf is

dense in R2,
� the union of leaves of G which are not separated at their left from another leaf is

dense in R2.
Then, the identity map on R2 extends as a homeomorphism from D2

F ;G
! D2

F
: in

other words, D2
F ;G
D D2

F
.

Proof. Assume that there is an open interval I of S1
F ;G

corresponding to no end of
leaf of F . Then, the ends of leaves of G are dense in I , and therefore, the projection
of I on S1

G
is injective.

Now, Lemma 4.19 implies that there are leaves L of G having both ends on I .
Thus, up to changing positive to negative, every positive half-leaf of F through L has
its end on I contradicting the definition of I .

So, the points of S1
F ;G

corresponding to ends of leaves of F are dense. Thus,
S1

F ;G
D S1

F
, concluding the proof.

As a direct corollary of Proposition 5.7 and Lemma 4.19, one gets the following.

Corollary 5.8. Let F , G be two transverse foliations on R2 so that both F and G

have density of leaves non-separated at the right and of leaves non-separated at the
left.

Then, generic points in S1
F ;G
D S1

F
D S1

G
are center-like for both foliations. (In

other words, the set of points which are center-like for both foliations is a residual
subset of S1

F ;G
.)

5.4. Hyperbolic sectors. In the case of one foliation, we have seen that if several ends
of leaves have the same limit points on the circle at infinity, then they are ordered as a
segment of Z and two successive ends bound a hyperbolic sector. These hyperbolic
sectors have a very precise model, which allows us to understand the position of a
transverse foliation.

Lemma 5.9. Let F and G be two transverse foliations on R2, and consider the
projection �F WD2

F ;G
! D2

F
. Assume that p 2 D2

F
is the corner of a hyperbolic sector

bounded by the ends A and B of leaves of F .
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Then, there is a non-empty interval IG of ends of leaves of G ending at p in D2
F

.
Furthermore,
� either IG consists in a unique end of leaf C of G and A, B , C tend to tend the same

point at infinity in D2
F ;G

� or ��1
F
.IG/ is a closed interval on the circle S1

F ;G
whose interior consists in

regular ends of leaves of G .

Proof. Just use the model Œ�1;1�� Œ0;1�, where p is the point .0;1/,AD Œ�1;0/� ¹1º
and B D .0; 1� � ¹1º, and the horizontal segments Œ�1; 1� � ¹tº, 0 � t < 1, are F -
leaf segments. We can choose this model so that the vertical sides ¹�1º � Œ0; 1� and
¹1º � Œ0; 1� are leaves segments of G . Consider the G -leaves through Œ�1; 1� � ¹0º.
The leaves reaching A and the leaves reaching B are two non-empty intervals, open
in Œ�1; 1� � ¹0º and disjoint. By connectedness of Œ�1; 1� � ¹0º, there are leaves,
corresponding to a closed interval of Œ�1; 1� which reach neither A nor B: these leaves
tend to .0; 1/ in the model, that is, to p 2 S1

F
.

Assume that this interval is not reduced to a single end of leaf of G and consider
an end C in the interior of this interval and assume that C is, for instance, a right end.
Consider the neighborhoods U right

t of C defined in Section 3. Then,
T
t U

right
t consists

of C and a (maybe empty) set of entire leaves of G contained in the hyperbolic sector.
Assume that this set is not empty, and letD be such a leaf of G . Every leaf of F cutting
D has a half-leaf contained in the hyperbolic sector, contradicting the definition of
hyperbolic sector. Thus, C D

T
t U

right
t , meaning that C is a regular end of leaf of G ,

ending the proof.

As a straightforward consequence, one gets the following corollary.

Corollary 5.10. Let F D ¹Fiºi2I , I � N, be an at most countable family of pairwise
transverse foliations on R2. Consider a point p 2 D2

F
. Then,

� either at most 1 end of leaf of each Fi has p as its limit,
� or the set of ends tending to p is ordered as an interval of Z and, between any two

successive ends of leaves of the same Fi , there is exactly 1 end of a leaf of each Fj ,
j ¤ i .

6. The circle at infinity for orientable laminations

6.1. The circle at infinity of a lamination. The way we proposed to compactify R2

can be generalized for any object providing a family of rays admitting a separating set.
For instance, what about laminations? The theory cannot be extended without

hypotheses. An evident obstruction is if there are too few leaves to limit to a dense
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subset of a circle at infinity. But there are more subtle issues as shown by Example 6.1
below.

Example 6.1. There are closed laminations whose leaves are recurrent. For instance,
consider a Plykin attractor on R2: it is a compact minimal lamination (by the unstable
manifolds).

If you consider now a Plykin attractor on

S2 D R2 [ ¹1º;

where1 belongs to the attractor, we get a closed lamination on R2, where every leaf
is unbounded but recurrent.

Notice that the recurrent lamination in Example 6.1 is not orientable. We show that
Poincaré–Bendixson argument applies to orientable laminations.

Lemma 6.2. Let L be a closed orientable lamination of R2. Given any leaf L, either
the closure xL contains a compact leaf or L is a line.

Proof. If xLD L, then L is either a compact leaf or is a line (i.e., is properly embedded
in R2). Assume now that xL n L contains a point x 2 R2. We fix an orientation of
L. Chose a segment � W Œ�1; 1� transverse to L so that �.0/ D x, and so that � cuts
positively every leaf. The hypothesis implies that L cuts � in an infinite set. Consider
2 successive (for the order in the leaf L) intersection points z0; z1. Then, one gets a
simple closed curve ı in R2 by concatenation of the segments Œz0; z1�L and Œz1; z0��
joining z0 to z1, in L and in � , respectively.

Consider the disc � bounded by ı. Every leaf cuts ı with the same orientation;
that is, either every leaf enter in � or every leaf goes out of �. Up to reversing the
orientation, one may assume that every leaf enters in � and in particular, L enters in
�. In other words, there is a positive half-leaf LC included in �. This half-leaf cannot
be recurrent (otherwise, it would cut again Œz0; z1�� and for that it needs to go out of
�). Furthermore, we have the following claim.

Claim 6.3. No other leaf L0 ¤ L can accumulate on L: L \ xL0 D ; if L0 ¤ L.

Proof. If L0 accumulates on L, it cuts Œz0; z1�� in an infinite set.

Thus, the !-limit set is !.L/D xLC nLC and is not empty. Consider y 2 xLC nLC.
The leaf Ly is contained in �. Either Ly is compact and !.L/ D Ly and we are done,
or xLy n Ly ¤ ;. In that case, repeating the argument of Claim 6.3 replacing L by Ly ,
one gets that Ly is not accumulated by any leaf, in particular, by L, contradicting the
definition of Ly .
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We are now ready to extend Theorem 4.1 to the case of orientable laminations.

Theorem 6.1. Let L be a closed orientable lamination of R2 with no compact leaf,
and assume that the set of leaves of L is uncountable. Then, there is a compactification
D2

L
' of R2 by adding a circle at infinity S1

L
D @D2

F
with the following properties:

� any half-leaf tends to a point at infinity,
� given a point � 2 S1

L
, the set of ends of leaves tending to � is at most countable,

� for any non-empty open subset I of S1
L

, the set of points in I corresponding to
limits of ends of leaves is uncountable.
Furthermore, this compactification of R2 by D2 with these three properties is

unique, up to a homeomorphism of the disc D2.

Let me just give a sketch of the proof.

Proof. The lamination L is assumed to be oriented and without compact leaves so that
every leaf is a line, according to Lemma 6.2.

According to Cantor–Bendixson theorem, see, for instance, [12], the lamination L

can be written in a unique way as union L D L0 [L1 of two disjoint laminations,
where L0 is a closed lamination with no isolated leaves and L1 consists in a countable
set of leaves.

A leaf L 2 L0 is called regular if it is accumulated on both sides by leaves in L0

and is separated from any other leaf of L0. The same proof as for foliations shows that
the set of leaves in L0 which are not regular are at most countable.

Finally, as for foliations, one considers the set R of germs of rays contained in
regular leaves of L0. We consider a countable set D of regular leaves, whose union
is dense in L0, and as for the case of foliations, one proves that the rays in D are
separating for R.

Then, we apply Theorem 1.1 and we get the announced canonical compactifica-
tion.

When L is transversely a perfect compact set (that is, there is a transverse segment �
through every point x 2L so that � \L is a compact set without isolated points), then
the compactification given by Theorem 6.1 seems very natural: any homeomorphism h

of R2 preserving L extends on S1
L

as a homeomorphismH of D2
L

, and the restriction
H jS1

L
is the identity map if and only if h preserves every leaf of L. That is, it is more

the case if L has isolated leaves.
For lamination with isolated leaves, Theorem 6.1 just ignores the countable part L1

of L (in the Cantor–Bendixson decomposition of L). We will now propose a canonical
compactification which takes into account this countable part.
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We start by looking at two very different examples of countable oriented lamina-
tions.

Example 6.4. Consider the lamination L D R � Z. Then, L does not admit any
compactification by a circle at infinity so that any homeomorphism h preserving L

extends on the circle at infinity.
The reason is that any end of leaf is isolated for the cyclic order. Thus, the corre-

sponding points on the circle at infinity of a compactification cannot be dense. Thus,
some connected component � of the complement of the lamination is adjacent to a
non-empty open interval J on the circle where no leaf is arriving. Any homeomorphism
supported on this component � preserves the lamination, but some of them have no
continuous extension on J .

Example 6.5. Consider a hyperbolic surface S of finite volume, and consider a set `
of essential disjoint simple closed geodesics on S . Then, the lift L of ` on the universal
cover zS D VD2 is a countable, discrete lamination by geodesics of the Poincaré disc so
that the ends of leaves tend to points on the circle:

S1 D @D2;

and the set of such limit points is dense on S1 as the action of �1S on S1 is minimal.
In this example, the lamination is transversely discrete, but the set of ends of leaves

is a separating set for itself for the cyclic order.

In Example 6.5 above, what implies the existence of a separating set is the mini-
mality of the action on the circle at infinity of a natural compactification.

In order to propose a canonical compactification for a closed, oriented lamination
without compact leaves, we need to determine what part of a cyclically totally ordered
set admits a separating subset, that is, what is done in the next proposition whose proof
is left to the reader.

A totally cyclically ordered set E is self-separating if it is a separating subset for
itself, and its cardinal is #E � 2.

Proposition 6.6. LetX be a set endowed with a total cyclic order. Consider the relation
on X defined as follows: x � y if one of the intervals Œx; y� or Œy; x� does not contain
any self-separating subset E (with #E � 2). Then,
� the relation� is an equivalence relation,
� each equivalence class is an interval,
� the cyclic order on X induces a total cyclic order on the quotient X= �;

furthermore, X= � is either a single point or is an infinite self-separating set.
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Note that any two distinct points in a self-separating set belong to distinct classes
so that #.X=�/D 1 if and only if X does not contain any (non-trivial) self-separating
subsets. Otherwise, #.X= �/ D1.

The canonical compactification is now given by Theorem 6.2 below.

Theorem 6.2. Let L be a closed oriented lamination of the plane R2, with no compact
leaf, and let R be the set of ends of leaves of L. As the ends of leaves are disjoints rays,
the set R is totally cyclically ordered. Assume that #.R= �/ > 1.

Then, there is a unique compactification D2
L

of R2 by adding a circle at infinity
S1

L
so that

� any end of leaf of L tends to a point in S1
L

,
� the set of points in S1

L
which are the limit of an end of leaf is dense in S1,

� two ends of leaves tend to the same point in S1
L

if and only if they belong to the
same class in R= �.

Proof. Just apply Theorem 1.1 to a subsetE �R containing exactly 1 representative in
each class of�. One checks that the compactification obtained satisfies the announced
properties and does not depend on the choice of E.

Remark 6.7. Every class of� in R is at most countable because the set of ends of
regular leaves in the perfect part L0 is self-separating.

This compactification takes into account more leaves than the compactification
given by Theorem 6.1, but it is still may have unexpected behaviors.

Example 6.8. Consider a non-compact hyperbolic surface S of finite volume and
consider a closed lamination ` defined by two disjoint freely homotopic essential closed
curves and a closed (but non-compact) non essential leaf whose both ends tend to the
same puncture of S .

Then, the lift L of ` on the universal cover zS D VD2 is a countable, discrete lami-
nation of the Poincaré disc so that the ends of leaves each tend to points on the circle
S1 D @D2; the set of such limit points is dense on S1 (again as the action of �1S on
S1 is minimal).

In this example, however, there are pairs of leaves which share the same limits of
their both ends, and there are leaves whose both ends tend to the same point.

Given a closed oriented lamination L with no compact leaves and its Cantor–
Bendixson decomposition L D L0 [L1 (L0 is a closed lamination without isolated
leaves and L1 is countable), Theorem 6.2 takes into account the part of the ends of
leaves in L1 with separating subsets, in contrast with Theorem 6.1. From my personal
taste, the main issue in Theorem 6.2 is that I did not find any natural criterion to
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calculate the equivalence classes of � in L1. In fact, Lemma 6.9 below seems to
present as paradoxal the fact that L1 may have separating subsets.

Lemma 6.9. Let D � R be a countable compact subset, ordered by R. Then, D does
not contain any self-separating subsets E � D.

Proof. If E is a non-trivial self-separating subset, then there is an increasing bijection
from E n ¹min E;max Eº to Q \ .0; 1/. This increasing bijection extends in a unique
way in a (non-strictly) increasing map from R! Œ0; 1�. This map is continuous and
the image of D is Œ0; 1�.

Thus, D is not countable.

Lemma 6.9 tells us that the separating property of a closed countable lamination
cannot be obtained locally (in foliated charts of the lamination). One deduces the
following proposition.

Proposition 6.10. Let L be a closed countable oriented lamination of VD2 so that every
end of leaf tends to a point on S1 and the set of such limit points are dense in S1.

Then, given any non-empty open interval I � S1, there is L 2 L whose both ends
have their limits in I .

More precisely, any neighborhood of I in D2 contains an entire leaf of L.

Proof. Consider two half leaves whose limit points are x0 ¤ y0 2 I , Œx0; y0� � I , and
a simple segment �0 �R2 joining these two leaves, and so that the union of �0, the two
half leaves, and Œx; y� is a closed path in D2 bounding a compact disc �0. One may
choose �0 to be the concatenation of a finite family of segments, successively transverse
to L and lying along leaf segments. If no leaves are entirely contained in�0, then every
leaf having an end in I cuts �0. As the end points of leaves are infinitely many and the
segment forming �0 are finitely many, one deduces that there are x0 < x < y < y0
and two half leaves ending at x and y and whose first intersection points with �0 are
the endpoints of the same segment � � �0 transverse to L.

One considers the disc � � D2 bounded by Œx; y� � I , the two half leaves whose
limits are points x and y 2 I , and the segment � transverse to L and joining these two
leaves. If no leaves are contained in �, then every leaf having an end in I cuts � .

On the other hand, any dense subset of an interval J of R is self-separating; thus,
the set of points of Œx; y� which are limits of ends of leaves of L is self-separating.
One deduces that the compact set � \L contains a self-separating subset, but it is a
countable compact set, and this contradicts Lemma 6.9.

This proposition says that the separating property for a countable oriented lamina-
tion is obtained by leaves in small neighborhoods of the points at infinity.
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6.2. Families of transverse laminations. Transversality does not imply in general
the compactness of the intersection of two leaves of transverse laminations. But this
compactness is our main hypothesis for the compactification associated to families of
foliations. This leads to a new issue for defining the circle at infinity associated to a
family of laminations.

However, if two lines L1; L2 � R intersect always with the same orientation, then
#L1 \L2 � 1. One deduces that Theorem 1.2 extends without difficulties to countable
families of oriented closed laminations intersecting pairwise transversely and always
with the same orientation.

Theorem 6.3. Let LD ¹Liº, i 2 I � N, be a family of closed orientable laminations
of R2 with no compact leaves, and so that the set of leaves of Li is uncountable. We
assume that the laminations are pairwise transverse with constant orientation of the
intersections. Then, there is a compactification D2

L
' of R2 by adding a circle at

infinity S1
L
D @D2

L
with the following properties:

� any half-leaf tends to a point at infinity,
� given a point � 2 S1

L
, the set of ends of leaves tending to � is at most countable,

� for any non-empty open subset I of S1
L

, the set of points in I corresponding to
limits of ends of leaves is uncountable.
Furthermore, this compactification of R2 by D2 with these three properties is

unique, up to a homeomorphism of the disc D2.

7. Actions on a bifoliated plane

We have seen that any homeomorphism h 2 Homeo.R2/ preserving an at most
countable family of transverse foliations F admits a unique extension as a homeomor-
phism on the compactification D2

F
.

Thus, if H ,! Homeo.R2/ is a group acting on R2 and preserving the (at most
countable) family of transverse foliations F , then this action extends in an action to
D2

F
. By restriction to the circle at infinity, one gets an action of H on S1

F
.

IfH ,! Homeo.R2/ is a group acting on R2 and preserving a family of foliations
F , we say that the action is minimal on the leaves of F if H.L/ is dense in R2 for
every leaf L of a foliation of the family F .

7.1. Faithfulness.

Proposition 7.1. Let F be a foliation and h 2 Homeo.R2/ a homeomorphism pre-
serving F . Then, the action of h on S1

F
is the identity map if and only if h.L/ D L for

any leaf L, and h preserves the orientation of the leaves.
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Proof. If h preserves every leaf and its orientation, then it preserves any limit of its
ends. As these limits of ends are dense in S1

F
, one gets that the homeomorphism

induced by h on S1
F

is the identity map.
Conversely, if h induces the identity map on S1

F
, then for every leaf L the leaf

h.L/ has the same limit of ends as L. According to Lemma 4.6, this implies h.L/D L
as announced.

Corollary 7.2. Let F D ¹Fiº; i 2 I �N, be a family of at least 2 transverse foliations.
Let h 2 Homeo.R2/ be a homeomorphism preserving each foliation Fi . Then, the
action of h on S1

F
is the identity map if and only if h itself is the identity map.

Proof. If the induced homeomorphism induced by h on S1
F

is the identity map, then
the same happens to homeomorphism induced by h on every S1

Fi
(because they are

quotient of S1
F

). Thus, Proposition 7.1 implies that h preserves each leaf of each Fi . As
every point of R2 is the unique intersection point of the leaves through it, one deduces
that every point of R2 is fixed by h and h is the identity map.

7.2. Orientations and injectivity of the projections. Let F be a foliation of the plane
R2, endowed with an orientation and a transverse orientation. Let G � Homeo.R2/
be a group of homeomorphisms preserving (globally) F . Let GC (resp., GC) be the
index at most 2 subgroup consisting of the elements of G preserving the orientation
(resp., the transverse orientation) of F , and GCC D GC \ GC the subgroup of elements
preserving both orientations. Then, we have the following lemma.

Lemma 7.3. If one of the groups G , GC, GC, GCC acts minimally on the leaves of F ,
then so does each of these 4 groups.

We will indeed prove Lemma 7.4 for which Lemma 7.3 is a particular case.

Lemma 7.4. Let G be a group acting minimally on the leaves of a foliation F of R2

and H � G a subgroup of finite index. Then, H acts minimally on the leaves of F .

Proof. By assumption, the group G acts minimally on the leaves of F , and consider a
leaf L. As H is a finite-index subgroup, there are g1; : : : ; gn 2 G so that for any g 2 G

there is i 2 ¹1; : : : ; nº with g:H D giH . Let us denote Hi D gi �H . In particular,
G D

S
i Hi , and then,

R2 D
[
i

Hi .L/:

Consider any open subset O of R2:

O D O \
[
i

Hi .L/ D
[
i

.O \Hi .L//:
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The open set O is a Baire space so that the union of finitely many closed sets with
empty interior has empty interior: one deduces that at least one of the O \Hi .L/

has non-empty interior. One deduces that the union
S
i
V

Hi .L/ of the interiors of the
Hi .L/ is dense in R2.

Notice that for every i and every g there is j so that g.Hi .L// D Hj .L/.

Consider R2 n
S
i
V

Hi .L/. It is a G -invariant closed set, saturated for the foliation
F , and with empty interior. As every G -orbit is dense, one deduces that this set is
empty.

Thus,
R2 D

[
i

V
Hi .L/:

The open sets V
Hi .L/ are images of each other by homeomorphisms in G , and in

particular, they are all non-empty.

As R2 is connected, one deduces that the open sets V
Hi .L/ are not pairwise disjoint.

Let k 2 ¹1; : : : ; nº be the maximum number so that there are distinct i1; : : : ; ik with
k\
1

V
Hij .L/ ¤ ;:

As the V
Hi .L/ are not pairwise disjoint, we know that k � 2. We will prove, arguing

by contradiction.

Claim 7.5. k D n.

Proof. For that, we assume that k < n.
Then, we consider the union of all the intersections of k of these open sets. This

union is an F -saturated G -invariant non-empty set and hence is dense. Its complement
is an F -saturated invariant closed set with empty interior and therefore is empty.

Thus, R2 is the union of these open sets. Now, again, the connexity of R2 implies
that these open sets are not pairwise disjoint. This provides a non-empty intersection of

2 distinct of these sets, that is, a non-empty intersection of more than k of the V
Hi .L/,

contradicting the choice of k. This shows k D n, proving the claim.

Thus,
n\
1

V
Hi .L/

is a non-empty, G -invariant open set saturated for the foliation F , and thus, it is dense
in R2.

We just proved that H .L/ is dense in R2, concluding the proof.
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We will use the next straightforward corollary of Lemma 7.3.

Corollary 7.6. Let H � Homeo.R2/ be a group preserving a foliation F and acting
minimally on the leaves. Assume that L is a leaf which is not separated at the right and
from below. Then, the union of the leaves h.L/, h 2 H , which are non-separated at
the right and from below, is dense in R2 (the same holds, changing right by left and/or
below by above).

As a direct consequence of Proposition 5.7 and Corollary 7.6, we get the following
proposition.

Proposition 7.7. Let F , G be two transverse foliations of R2 and H � Homeo.R2/
preserving F and G . Assume that the orbit of every leaf of G is dense in R2.

If G has a non-separated leaf, then the projection of…F WD2
F ;G
! D2

F
is injective.

Proof. If G has a non-separated leaf L1 at the right, it is non-separated from a leaf
L2 which is non-separated at the left. Now, Corollary 7.6 asserts that the leaves of G

non-separated at the left as well as the leaves non-separated at the right are dense in R2.
Now, Proposition 5.7 asserts that …F is a homeomorphism, concluding the proof.

7.3. Minimality of the action on the circle at infinity. Theorem 7.1 is a slightly
stronger version of Theorem 1.4.

Theorem 7.1. Let F be a foliation on the plane R2 andH � Homeo.R2/ preserving
the foliation F .
(1) If the action of H on S1

F
is minimal, then the foliation F admits non-separated

leaves from above and non-separated leaves from below.
(2) Conversely, if the foliation F admits non-separated leaves from above and non-

separated leaves from below and if the orbit of every leaf is dense in R2, then the
action of H on S1

F
is minimal.

We will see with Theorem 9.1 that the minimality of the action on the leaves is not
a necessary condition for the minimality of the action on the circle at infinity.

Item (1) of Theorem 7.1 is a consequence of Proposition 7.8 below.

Proposition 7.8. Let F be a foliation of R2, and assume that F has no non-separated
leaves from below. (In other words, any two leaves L1, L2 are separated from below.)
Given any leaf L, we denote by �CL the closure on D2

F
of the upper half plane of R2

bounded by L.
Then,

T
L2F �CL is non-empty and consists in an unique point OF on S1

F
. As a

consequence, any h 2 Homeo.D2
F
/ preserving F admits OF as a fixed point:

h.OF / D OF :
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Proof. We introduce a relation on the set (still denoted by F ) of the leaves of F as
follows: L1 � L2 if there is a positively oriented transverse segment � starting at L1
and ending at L2. One easily checks that � is a partial order relation on F .

Due to the connexity of R2, one gets the following claim.

Claim 7.9. Given any pair of leaves L; zL 2 F , there is k � 0 and L0; : : : ; Lk 2 F

so that
� for any i 2 ¹0; : : : ; k � 1º the leaves Li and LiC1 are comparable for � (that is,

Li � LiC1 or LiC1 � Li ),
� L D L0 and L0 D Lk .

Proof. There is a countable family of segments in R2 transverse to F so that every leaf
L cuts at least one of these segments. The set of leaves cutting a given segment induces
a connected open set of R2. Given any two points in R2, one considers a compact path
joining these two points. By compacity, it is covered by a finite family of these open
sets. One concludes easily.

We denote by � L;L0 � 2 N the minimum value of such a number k. One easily
checks that � �; � � is a distance on the set of leaves F .

Up to now, this could be done for any foliation F . In this setting, our hypothesis that
F does not admit leaves which are non-separate from below is translated as follows.

Claim 7.10. Assume that L0; L1; L2 2 F are three leaves so that L0 � L1 and
L0 � L2. Then, L1 and L2 are comparable for �.

Proof. We assume that the leaves Li are distinct; otherwise, there is nothing to do. Let
�i W Œ0; 1�! R2, i D 1; 2, transverse to F and positively oriented so that �i .0/ 2 L0
and �i .1/ 2 Li .

Let I D ¹t 2 Œ0; 1� j L.�1.t//\ �2 ¤ ;º and J D ¹t 2 Œ0; 1� j L.�1.t//\ �2 ¤ ;º.
As R2 is simply connected, one shows that I and J are connected and each of them
contains 0.

Let t1 D sup I and t2 D sup J . For any t 2 Œ0; t1/, let Qt 2 J so that L.�1.t// D
L.�2.Qt //. In particular, Qt tends to t2 as t tends to t1.

Thus, the leavesL.�1.t1// andL.�2.t2// are accumulated from below by the leaves
L.�1.t// D L.�2.Qt //; thus, are non-separated from below. By assumption on F , this
implies that they are equal:

L.�1.t1// D L.�2.t2//:

If t1 < 1 and t2 < 1, then the leaf L.�1.t// for t > t1 close to t cuts �1 at a point
�2.Qt / with Qt > t2, close to t2. This contradicts our choice of t1 and t2.
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Thus, t1 D 1 or (non-exclusive) t2 D 1. In the first case, L1 D L.�1.t1// cuts �2
and then L1 � L2, and in the second case, L2 cuts �1 and L2 � L1. This ends the
proof.

As a consequence of Claims 7.9 and 7.10, one deduces the following claim.

Claim 7.11. Given any two leaves L, zL, there is a leaf yL so that L � yL and zL � yL.
In particular, the distance � �; � � is bounded by 2.

Proof. Consider a finite sequence of leaves L D L0; : : : ; Lk D zL, k D� L; zL �, and
Li comparable with LiC1.

The minimality of k implies that Li�1 and LiC1 are not comparable (otherwise,
one could delete Li , getting a strictly smaller sequence).

Assume that there is i 2 ¹1; : : : ; k � 1º so that Li�1 � Li . If Li � LiC1, then
Li�1 � LiC1 which is forbidden by the observation above. Thus, Li � LiC1 and
Claim 7.10 implies again thatLi�1 andLiC1 are comparable, which again is impossible.
This proves that

8i 2 ¹1; : : : ; k � 1º; Li�1 � Li :

In particular, L0 � L1. Furthermore, if k > 2, then L1 � L2 which is not possible as
L0 and L2 are not comparable. So, k � 2: either k D 1, that is, L0 and Lk D L1 D zL
are comparable, or k D 2 and L � L1 and zL � L1.

As a consequence, one deduces the following claim.

Claim 7.12. There is an increasing sequence Li � LiC1, i 2 N, Li 2 F , so that,
given any leaf L 2 F , there is n with L � Ln.

Proof. One chooses a countable set of compact positively oriented segments

�i W Œ0; 1�! R2

transverse to F so that any leaf cuts one of the �i (and thus is less thanL.�i .1// for�).
Then, one builds inductively the sequenceLi :LiC1 is obtained by applying Claim 7.11
to the leaves Li and L.�i .1//.

Claim 7.13. The compact discs �CL are decreasing with L for �: more precisely, if
L � zL, then

�C
zL
� �CL :

Proof. The hypothesis L � zL implies that zL is contained in �CL , and zL is oriented in
such a way that the half plane bounded by zL and contained in �CL is �C

zL
.
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Thus, Claims 7.12 and 7.13 imply\
L2F

�CL D
\
i2N

�CLi
:

Now,
T
L2F �CL D

T
i2N �

C

Li
is a decreasing sequence of connected compact metric

sets, saturated for F , and therefore is a non-empty connected compact set saturated for
F . As it does not contain any leaf of F , one deduces that

T
L2F �CL \R2 D ;; that

is,
T
L2F �CL is a compact interval U in S1

F
.

It remains to show that this intervalU D
T
L2F �

C

L is reduced to a point. Otherwise,
there is a half-leafLC whose limit belongs to the interior ofU , and hence in the interior
(for the topology of D2

F
) of the discs�CLi

, for every i . This implies thatLC \�CLi
¤ ;

for every i . However, for i large enough, the leaf Li is larger (for �) than the leaf L
carrying the half-leaf LC, and thus, L \�CLi

D ;.
This contradiction ends the proof of Proposition 7.8.

Proof of item .1/ of Theorem 7.1. If F does not admit non-separated leaves from be-
low, then the point OF in S1

F
given by Proposition 7.8 is a global fixed point of H ;

thus, the action is not minimal. The same holds if F does not admit non-separated
leaves from above.

Proof of item .2/ of Theorem 7.1. We assume that H is a group acting minimally on
the leaves of a foliation F having non-separated leaves, some of them from above and
some of them from below. According to Lemma 7.3, up to considering a finite-index
subgroup ofH , acting minimally on the leaves of F , one may assume thatH preserves
the orientation and transverse orientation of F .

Recall that the ends of regular leaves are dense in S1
F

. Thus, it is enough to check
that any neighborhood of any end of a regular leaf contains points in the orbit forH of
any point of S1

F
. Consider a regular leaf L and � W Œ�1; 1�! R2 a segment transverse

to F with �.0/ 2 L. We will show that the end of LC belongs to the closure of any
H -orbit. (The same argument holds for the end of L�.)

We denote by Lt the leaf through �.t/. Consider the basis of neighborhood UCt of
the end LC given by the compact discs in D2

F
given by the closure of the half plane

bounded by LC�t , �.Œ�t; t �/, and LCt .
Our hypothesis implies the following claim.

Claim 7.14. There is a dense subset of values of t so that Lt is not separated at the
right. As a consequence, for every t , the topological disc UCt contains entire leaves.

Proof. The first sentence is directly implied by the existence of leaves which are non-
separated at the right, the fact that H preserves the orientations of the leaves and acts
minimally on the leaves of F .
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The second sentence has been observed in Section 4.

Any leaf L cuts D2
F

in two discs,�CL and��L (following the transverse orientation
of F ) whose union �CL [�

�
L is D2

F
.

Claim 7.15. Under the hypotheses, given any L, there are g1, g2 2 H so that

g1.�
C

L / �
V��L and g2.�

�
L/ �

V�CL ;

where V��L and V�CL denote the interiors of ��L and �CL , respectively, for the topology
of D2

F
.

As a consequence, both�CL and��L contain points in anyH -orbit of a point in D2
F

.

Proof. We prove the first inclusion; the other is obtained by reversing the transverse
orientation of F .

Consider L a leaf and � W Œ�1; 1� ! R2 a segment transverse to F (positively
oriented for the transverse orientation of F ) so that �.0/ 2 L. There is �t 2 Œ�1; 0/ so
that the leaf L�t is non-separated from below from a leaf L2 because the leaves non-
separated from below are dense in R2 due to the minimality of the action of H on the
leaves and the fact that H preserves the transverse orientation of F . Thus, L�t � ��L ,
L2 � �

�
L. Furthermore, ��L2

contains L�t and thus contains L. One deduces that

�CL2
� ��L:

Now, there is h 2 H so that h.L2/ D L�s for some �s 2 .�1; 0/. One deduces that

�CL �
V�C
h.L2/

;

and thus,
h�1�CL � h

�1. V�C
h.L2/

/ D V�CL2
� V��L:

This concludes the proof.

We are ready to conclude the proof of Theorem 7.1: any neighborhood in D2
F

of
any point of S1

F
contains an entire leaf L (Claim 7.14 above) and thus contains either

�CL or��L . According to Claim 7.15, this neighborhood contains points in anyH -orbit
of points in D2

F
. This shows the minimality of the action of H on S1

F
, concluding the

proof.

Theorem 7.2. Let F ; G be two transverse foliations on the plane R2. Let H �
Homeo.R2/ be a group preserving both foliations F and G .
(1) If the action ofH on S1

F ;G
is minimal, then both foliations F , G have non-separated

leaves from above and non-separated leaves from below.
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(2) Conversely, if both foliations F , G have non-separated leaves from above and
non-separated leaves from below and if the orbit of every leaf of F and G is dense
R2, then the action of H on S1

F ;G
is minimal.

Proof. For item (1), if the action ofH on S1
F ;G

is minimal, then both actions ofH on
S1

F
and S1

G
are minimal. Thus, item (1) follows from item (1) of Theorem 7.1.

Conversely, if the action on the leaves of F and G is assumed to be minimal and
they have non-separated leaves, then Proposition 7.7 implies that both projections …F

and …G are injective. That is, S1
F ;G
D S1

F
D S1

G
. Now, the minimality of the action

of H on this circle at infinity is given by item (2) of Theorem 7.1.

8. Action of the fundamental group on the bifoliated plane of an Anosov flow

8.1. The bifoliated plane associated to an Anosov flow. Let X be an Anosov flow
on a closed 3-manifold M . Then, Fenley and Barbot show that the lift of X on the
universal cover of M is conjugated to R3; @

@x
; in particular, the space of orbits of this

lifted flow is a plane PX ' R2. Then, the center-stable and center-unstable foliations
ofX induce (by lifting to the universal cover and projecting on PX ) a pair of transverse
foliations F s , F u on the plane PX . The triple .PX ;F s;F u/ is called the bifoliated
plane associated to X . Finally, the natural action of the fundamental group �1.M/ on
the universal cover of M projects on PX in an action preserving both foliations F s

and F u.
Fenley and Barbot proved that if one of the foliations F s , F u is trivial (that is,

has no non-separated leaf and therefore is conjugate to an affine foliation by parallel
straight lines), then the other is also trivial. In that case, one says that X is R-covered.
In that case, the bifoliated plane is conjugated to one of the two possible models:
� the plane R2 endowed with the trivial horizontal and vertical foliations; Solodov

proved that this is equivalent to the fact that X is orbitally equivalent to the suspen-
sion flow of a linear automorphism of the torus T2;

� the restriction of the trivial horizontal and vertical foliation to the strip jx � yj < 1.

8.2. Injectivity of the projection of D2
F s;F u on D2

F s and D2
F u . The aim of this sec-

tion is to prove Theorem 1.5 which is restated as Proposition 8.1 below and Theorem 8.1
(in the next section).

Proposition 8.1. Let X be an Anosov flow on a 3-manifold. Then,
� either X is topologically equivalent to the suspension flow of a hyperbolic element

of GL.2;Z/
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� or both projections of the compactification D2
F s ;F u on D2

F s and D2
F u are homeo-

morphisms.

Proof. Assume that the projection on D2
F u is not injective. Thus, there is a non-trivial

open interval I of S1
F s ;F u whose points are not limits of ends of leaves of F u. Thus,

the limits of ends of leaves of F s form a dense subset in I .
Consider two half leaves of F s whose limits are points x0 ¤ y0 in I , and assume

that Œx0; y0� � I . Consider a simple path �0, concatenation of segment of leaves of F s

and F u joining these two half leaves so that the union of Œx0; y0�, the two half leaves
and �0, is a simple closed curve bounding a disc �0 � D2

F s ;F u . Now, every F s-leaf
ending in .x0; y0/ has a half-leaf in �. If it is contained in �, then the F u-leaves
crossing it have an end point in .x0; y0/ contradicting the hypothesis. So, every F s-leaf
having an end point in .x0; y0/ crosses �0. As there are infinitely many F s-leaves with
an end point in .x;y/ and finitely many leaf segment forming �0, one deduces that there
are x0 < x < y < y0 and two half F s-leaves LC0 , LC1 ending at x and y, respectively,
and a F u-leaf segment � joining LC0 , LC1 , �.0/ 2 LC0 , �.1/ 2 LC1 and crossing them
with the same orientation. Consider the disc � bounded by Œx; y� [ LC0 [ L

C
1 [ � .

Let LCt be the half F s-leaf entering in � through �.t/. If the end LCt is not a regular
end, then there is an entire F s leaf in � and then we have seen that this implies that
the F u leaves crossing it have an end point in .x; y/, contradicting the hypotheses.

Thus, every half F s-leaf LCt is a regular end. Furthermore, every F u-leaf crossing
one of the LCt0 crosses every LCt , t 2 Œ0; 1�.

Then, the union of all these half leaves LCt is what Fenley called a product region
in [10]. Now, [10, Theorem 5.1] asserts that any Anosov flow admitting a product
region is a suspension flow, concluding the proof.

Remark 8.2. This proof holds for pseudo-Anosov flow.
Let X be a pseudo-Anosov flow on a 3-manifold. Then,

� either X is topologically equivalent to the suspension flow of a hyperbolic element
of GL.2;Z/,

� or both projections of the compactification D2
F s ;F u on D2

F s and D2
F u are homeo-

morphisms.

One just needs to replace [10, Theorem 5.1] by its version for pseudo-Anosov
flows, [6, Theorem 2.7].

8.3. Minimality of the action on the circle at infinity. In order to prove Theorem 1.5,
it remains to prove Theorem 8.1 below.

Theorem 8.1. Let X be an Anosov flow on a closed 3-manifoldM . Then, X is non-R-
covered if and only if the action of �1.M/ on the circle S1F s ;F u at infinity is minimal.
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Remark 8.3. If the manifoldM is not orientable and ifX is R-covered, then [8] noticed
thatX is a suspension flow. Thus, on non-orientable manifoldsM , Theorem 8.1 asserts
the minimality of the action on the circle at infinity, except if M is a suspension
manifold.

Remark 8.4. The bifoliated plane .PX ;F s;F u/ remains unchanged if we consider a
lift of X on a finite cover. Thus, it is enough to prove Theorem 8.1 in the case where
M is oriented and the action of �1.M/ preserves both orientation and transverse
orientation of both foliations F s , F u.

Thus, up to now, we will assume that M is oriented and the action of �1.M/

preserves both orientations and transverse orientations of both foliations F s , F u.

Remark 8.5. If X is R-covered, then S1
F s has exactly 2 center-like points, which are

therefore preserved by the action of �1.M/ on S1
F s : this action is not minimal, and

thus, the action on S1
F s ;F u is not minimal.

Thus, we are left to prove Theorem 8.1 in the case where X is not R-covered. We
will start with the easier case, when X is assumed to be transitive. The non-transitive
case will be done in the whole next section.

Proof of Theorem 8.1 when X is transitive. When X is non-R-covered and transitive,
then [9] proved that F s and F u admit non-separated leaves from above and non-
separated leaves from below. Up to considering a finite cover of M , the action of
�1.M/ preserves the orientation and transverse orientation of F s . Moreover, the
action is minimal on the set of leaves of F s . Thus, Theorem 7.1 asserts that the action
of �1.M/ on S1

F s is minimal. As S1
F s D S1

F s ;F u , this concludes the proof.

9. Minimality of the action on the circle at infinity for non-transitive Anosov
flows: Ending the proof of Theorem 1.5

For ending the proof of Theorem 1.5, we are left to prove the following theorem.

Theorem 9.1. LetX be a non-transitive Anosov flow on a closed connected 3-manifold
M . Then, the action of the fundamental group ofM on the circle at infinity is minimal.

This result is somewhat less intuitive, as the action of the fundamental group
�1.M/ on the leaves of M is not minimal, and even, if X has several attractors, may
fail to admit a leaf whose orbit is dense.

The proof of the minimality of the action on the circle at infinity will require some
background on Anosov flows, in particular, on non-transitive Anosov flows. In the
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whole section, X is a non-transitive Anosov flow on an orientable closed connected
manifold M and the natural action of �1.M/ on the bifoliated plane .PX ;F s;F u/

preserves the orientations and transverse orientations of both foliations. Recall that we
have seen that the compactification of both foliations coincides with the one of each
foliation. We will denote by D2

X , S1X this compactification and the corresponding circle
at infinity. We denote by � this package of hypotheses and notations.

9.1. Background on non-transitive Anosov flows. Let X be a non-transitive Anosov
flow. Thus, according to [1, 8], X is not R-covered.

The flow X is a structurally stable flow so that Smale spectral decomposition
theorem splits the non-wandering set of X in basic pieces ordered by Smale order: a
basic piece is greater than another if its unstable manifolds cut the stable manifold of the
other. For this order, the maximal basic pieces are the repellers and the minimal are the
attractors. In [4], Brunella noticed that the basic pieces are separated by incompressible
tori transverse to the flow.

Consider an attractor A ofX . It is a compact set consisting of leaves of the unstable
foliation of X ; hence, it is a compact lamination by unstable leaves. Furthermore, the
intersection of A with a transverse segment � is a Cantor set. An unstable leaf W u

in A is called of boundary type if W u \ � belongs to the boundary of a connected
component of � nA.

A classical result from hyperbolic theory (see, for instance, [3]) asserts that the
unstable leaves in A of boundary type are the unstable manifolds of a finite number of
periodic orbits called periodic orbits of boundary type.

The same happens for repellers R: they are compact laminations by stable leaves,
transversally Cantor sets, and they admit finitely many leaves of boundary type, which
are the stable manifolds of finitely many periodic orbits called of boundary type.

In this section, we will focus on attractors and repellers. Consider an attractor A of
X , its lift zA on the universal cover, and consider the projection of A on the bifoliated
plane PX . This projection is a closed lamination by leaves of F u, and it cuts every
transverse curve along a Cantor set. By a practical abuse of notation, we will still
denote by A this lamination of PX ; thus, A denotes at the same time a 2-dimensional
lamination on M and a 1-dimensional lamination on PX .

The same happens for a repeller.
Let A � PX and R � PX be the unstable and stable laminations (respectively)

corresponding to an attractor and a repeller of X . Then, the following hold.
� A \R D ;. This seems obvious, but it will be a crucial property for us: given an

unstable leaf Lu and a stable leaf Ls , this will be our unique criterion for knowing
that they do not intersect.
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� The periodic points contained in A (resp., R) are dense in A (resp., R).
� Each periodic orbit of X has a discrete �1.M/-orbit in PX .
� The periodic orbits of boundary type are the�1.M/-orbits of finitely manyX -orbits

and therefore are a discrete set in PX .
� Fenley [10] shows that the non-separated stable leaves of F s (resp., F u) correspond

to finitely many orbits of X , and hence to a discrete set of periodic points in PX .
� Thus, the periodic points p in A (resp., R) which are not of boundary type and

whose unstable (resp., stable) leaf is regular are dense in A.
� If A1; : : : ;Ak are the attractors of X , then the union of the stable leaves of F s

through the laminations A1; : : : ;Ak of PX are disjoint open subsets of PX whose
union is dense in PX . The same holds for the unstable leaves through the repellers.

As a straightforward consequence, one gets the following lemma.

Lemma 9.1. There is a dense subset of PX of points x whose stable leafLs.x/ contains
a periodic point p in an attractor A, not of boundary type, so that Lu.p/ is regular. A
symmetric statement holds for repellers.

9.2. Proof of Theorem 8.1. The two main steps of the proof of Theorem 8.1 are
Propositions 9.2 and 9.4 below.

Proposition 9.2. Let Lu be a leaf of F u corresponding to an unstable leaf of X
contained in a attractor of X . Let�C and�� be the closures in D2

X of the half planes
in R2 bounded by Ls . Then, there are gC; g� 2 �1.M/ so that g�.��/ � �C and
gC.�C/ � ��.

The same statement holds for stable leaves in the repellers.

Corollary 9.3. LetLs andLu be leaves of F s and F u in a repeller and in an attractor,
respectively. Let I � S1X be a segment with non-empty interior and whose end points
are the limits of both ends of the same leaf, Ls or Lu.

Then, every orbit of the action of �1.M/ contains points in I .

Proof. According to Proposition 9.2, there is g 2 �1.M/ so that g.S1 n I /� I , ending
the proof.

Proposition 9.4. Given any non-empty open interval J � S1X , there is an L which is
either a leaf of F s in a repeller or a leaf of F u in an attractor whose both ends have
limits in J .

Proof of Theorem 9.1 assuming Propositions 9.2 and 9.4. According to Proposition
9.4, every interval J with non-empty interior contains an interval I whose end points
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are the limit points of both ends of a stable or unstable leaf in a repeller or an attractor,
respectively. Now, according to Corollary 9.3, the interval I contains a point in every
�1.M/ orbit in S1X . Thus, any �1.M/ orbit in S1X has points in any interval with non-
empty interior: in other words, every �1.M/ orbit is dense in S1X , or in other words,
the action of �1.M/ on S1X is minimal, ending the proof.

9.3. Proof of Proposition 9.2. Let Lu0 be an unstable leaf in an attractor A0 and �C0
the closure of the upper half plane bounded by Lu0 . For proving Proposition 9.2, we
want to prove that there is f 2 �1.M/ so that f .��0 / � �

C
0 (the other announced

inclusion is identical).
Consider a point p0 2 Lu0 and Ls0 the stable leaf through p0.

Claim 9.5. There is an unstable leaf Lu1 with the following properties:
� Lu1 � �

C
0 ,

� Lu1 is contained in the basin of a repeller R1,
� Lu1 contains a non-boundary periodic point p1 2 Lu1 of the repeller R1,
� Lu1 cuts the stable leaf Ls0 in a point Lu1 \ L

s
0 D q0.

Proof. The union of unstable leaves in the basin of a repeller and carrying a non-
boundary periodic point of this repeller is dense in R2. We can therefore choose such
a leaf in �C0 and cutting Ls0.

Let Ls1 be the stable leaf through p1. It is a non-boundary stable leaf contained in
the repeller R1. Note that Ls1 is disjoint from the attractor A0. Thus,
� Ls1 is disjoint from Lu0 2 A0;
� the stable leaf Ls1 is distinct, and therefore disjoint, from the stable leaf Ls0.

In other words, the union Ls0 [L
u
0 divides PX into 4 quadrants and Ls1 is contained in

one of these quadrants. Let us denote by C˙;˙ these 4 quadrants so that

�C0 D C
�;C
[ CC;C and Ls1 � C

C;C:

Let us denote by �C1 D �
C.Ls1/ the closure of the half plane bounded by Ls1 and

contained in�C0 . Thus,�C1 is contained in the same quadrant CC;C as Ls1. We denote
by ��1 the closure of the other half plane bounded by Ls1. Note that ��1 contains the 3
other quadrants; in particular, it contains ��0 and C�;C.

As the leaf Ls1 is (by assumption) not a boundary leaf of R1, it is accumulated on
both sides by its �1.M/-orbit. Thus, there is a leaf

Ls2 D g.L
s
1/
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in its orbit, cutting Lu1 at a point x 2 ��1 arbitrarily close to p1 and hence x 2 CC;C.
Notice that Ls2 is contained in the repeller R1 and thus is disjoint from Lu0 [L

s
0. Thus,

it is contained in one quadrant. As it contained x 2 CC;C, one has

Ls2 � C
C;C:

Let h 2 �1.M/ be the generator of the stabilizer p1 so that Lu1 is expanded by h.
We consider the sequence of leaves hn.Ls2/ which cut Lu1;� at the point hn.x/.

Claim 9.6. For n large enough, hn.Ls2/ is contained in the quadrant C�;C.

Proof. Each leaf hn.Ls2/ intersectsLu1 ��
C
0 and is disjoint fromLu0 (because hn.Ls2/

is contained in the repeller). Hence, hn.Ls2/ is contained in �C0 and is distinct and
therefore disjoint from Ls0. Thus, hn.Ls2/ is contained in one of the quadrants CC;C

of C�;C.
The point xn tends to infinity in Lu1 , and so, it goes further than

q0 D L
s
0 \ L

u
1 :

Thus, for n large enough, xn 2 C�;C. We proved that for n large enough hn.Ls2/ �
C�;C, proving the claim.

We conclude the proof of Proposition 9.2 by proving the following claim.

Claim 9.7. Consider n large enough so that hn.Ls2/ � C
�;C.

Then, either g.��1 / � C
C;C � �C0 or hng.��1 / � C

�;C � �C0

As��1 contains��0 , the claim implies that either g.��0 /��
C
0 or hng.��0 /��

C
0 ,

which concludes the proof of Proposition 9.2.

Proof of the claim. Assume that g.��1 / is not contained in CC;C. As g.��1 / is one of
the half-planes bounded by

g.Ls1/ D L
s
2 � C

C;C;

one gets that g.�C1 / is the half plane bounded by Ls2 and contained in CC;C. In
particular, g.�C1 / does not contain q0. As p1 and q0 are on distinct sides of Ls2, one
deduces that p1 2 g.�C1 /.

As p1 is the fixed point of h, one deduces that

p1 2 h
ng.�C1 /:

Thus, hng.�C1 / is the half plane bounded by hn.Ls2/ which is not contained in the
quadrant C�;C. Thus, hng.��1 / is the other half plane bounded by hn.Ls2/ and is
contained in C�;C, ending the proof.
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9.4. Proof of Proposition 9.4. We want to prove that any open interval I in the circle
S1X contains the two ends of an unstable leaf in an attractor or the two ends of a stable
leaf of a repeller.

Lemma 9.8. Assuming �, there are dense subsets Es0, Eu0 of S1X so that
� any p 2 Es0 is the limit of an end of a regular leaf of F s containing a periodic

point x which belongs to an attractor A.p/ and is not of boundary type,
� any q 2 Eu0 is the limit of an end of a regular leaf of F u containing a periodic

point y which belongs to a repeller R.q/ and is not of boundary type.

Proof. According to Lemma 9.1, the union of regular stable leaves containing periodic
point of non-boundary type of an attractor is dense in PX . This family is therefore
separating, according to Lemma 3.2. Thus, the limits of their ends are a dense subset
of S1X , as announced.

Lemma 9.8 ensures the density of the endpoints of F s-leaves in the basins of
attractors and of F u-leaves in the basins of repellers and carrying non-boundary-type
periodic orbits. The next step is much more complicated: Lemma 9.9 ensures the
density of the points which are endpoints of F u-leaves contained in the attractor itself
(not in its basin) and of F s-leaves contained in the repeller and carrying non-boundary
periodic orbits.

Lemma 9.9. Assuming �, there are dense subsets Es; Eu � S1X so that
� every x 2 Es is the limit of the end of a regular leaf of F s contained in a repeller

R, carrying a periodic point of non-boundary type,
� every x 2Eu is the limit of the end of a regular leaf of F u contained in an attractor

R, carrying a periodic point of non-boundary type.

Proof. We just prove the density of Eu; the density of Es is similar.
Consider a non-empty open interval I � S1X . According to Lemma 9.8, there is

a point x 2 I which is the limit of an end LsC.p0/ of a regular leaf of F s carrying a
periodic point p0 in a non-boundary-type unstable leaf Lu.p0/ of an attractor A.

The point p0 is accumulated on both sides by periodic points in A. We choose p1
so that the limit y of LsC.p1/ belongs to I (that is possible because LsC.p0/ is regular)
and LsC.p1/ intersects Lu.p0/ at a point q1. Thus, let J � I be the segment contained
in I and whose end points are x and y. Notice that y ¤ x; that is, J has non-empty
interior, as Ls.p0/ is a regular leaf.

Now, Lu.p0/ is accumulated on both sides by regular unstable leaves contained in
the attractor A and containing periodic point of non-boundary type. Let Lu0 be such a
leaf, with non-empty intersection with LsC.p0/.
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If Lu0 does not cut LsC.p1/, then one end is contained in the half-strip bounded by
LsC.p0/, the segment of Œp0; q1�u and LsC.q1/. As a consequence, the limit of this end
belongs to I so that Eu \ I ¤ ;, and we are done.

Thus, we may assume now that Lu0 cuts LsC.p1/.
Let h0 and h1 be the generators of the stabilizers of p0 and p1, respectively, so

that h0 expands LsC.p0/ and h1 expands LsC.p1/.
We consider the images ¹hn0.L

u
0/;h

n
1.L

u
0/ºn2N of the leafLu0 by the positive iterates

of h0 and h1. Each of these images is a regular unstable leaf in A and has a non-empty
intersection with either LsC.p0/ or LsC.p1/. If one of these leaves does not cross both
LsC.p0/ and LsC.p1/, then it has an end in the segment J � I , and we are done.

Assume now that every leaf in ¹hn0.L
u
0/; h

n
1.L

u
0/ºn2N crosses both LsC.p0/ and

LsC.p1/. These images are leaves of F u, and therefore they are either disjoint or equal.
For L 2 ¹hn0.L

u
0/; h

n
1.L

u
0/ºn2N , let D.L/ � D2

F
be the disc obtained as follows: one

cuts along L the strip bounded by LsC.p0/ and LsC.p1/, getting two components; one
considers the closure in D2

F
of these components; now D.L/ is the one containing the

segment J � S1
F

.
The disks D.L/ are naturally totally ordered by the inclusion, and we fix the

indexation

¹hn0.L
u
0/; h

n
1.L

u
0/ºn2N D ¹L

u
nºn2N

according to this order: for this indexation, D.LunC1/ � D.L
u
n/.

ConsiderD D
T
n.D.L

u
n//. It is a compact subset of D2

F
whose intersection with

S1
F

is the segment J .

Claim 9.10. D \ .LsC.p0/ [ LsC.p1// D ;.

Proof. The leaves hn0.L
u
0/ have their intersection with Ls.p0/ tending to x as n!1:

one deduces that D \ Ls.p0/ D ;. The leaves hn1.L
u
1/ have their intersection with

Ls.p1/ tending to y, and thus,

D \ Ls.p1/ D ;:

Claim 9.11. D n S1X ¤ ;.

Proof. There is a point z in the interior of J which is the limit of an end of leaf of F u.
Thus, there is an half unstable leaf LuC contained in the strip bounded by LsC.p0/ and
LsC.p1/, whose limit is z. Now, LuC is disjoint from all the Lun, and therefore,

LuC � D.L
u
n/ for all n:

This concludes the proof of the claim.
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Consider now a point t 2D n S1
F

. The leafLu.t/ is disjoint from the leavesLun for
any n. Thus, it has an empty intersection with .LsC.p0/[L

s
C.p1//. As a consequence,

one gets

Lu.t/ � D:

In particular, Lu.t/ has both ends on J .
Suppose now that the point t 2 D n S1X has been chosen on the boundary of D.

Thus, t is a limit of points in Lun � A. As A is a closed subset of R2 D VD2
F

, one
deduces that t 2 A, and so, Lu.t/ � A.

One just found a leafLu.t/ contained in A, having both ends in J � I . LetDt �D

be the disc bounded by Lu.t/. We are not yet done, because Lut may fail to be a regular
leaf.

Now, Proposition 9.2 implies that every unstable leaf, for instance, Lu0 , has an
image by an element k 2 �1.M/ which is contained in Dt . Now, k.Lu0/ is a regular
unstable leaf in an attractor which has the limits of its both ends contained in J � I ,
that is, Eu \ I ¤ ;, ending the proof.

We are now ready for ending the proof of Proposition 9.4, and therefore of Theo-
rem 9.1 which ends the proof of Theorem 8.1 and Theorem 1.5.

Proof of Proposition 9.4. Let I � S1X be a non-empty open interval. According to
Lemma 9.9, there is a regular unstable leaf Lu0 , contained in an attractor A and con-
taining a periodic point of non-boundary type p0, and having an end, say, Lu0;C, whose
limit is a point x 2 I .

As Lu0 is not a boundary leaf of A, there are unstable leaves in A arbitrarily close
to Lu0 on both sides of Lu0 . As furthermore Lu0 is a regular leaf, one can choose a leaf
Lu1 � A so that
� the limit of the end Lu1;C is a point y 2 I with Œx; y� � I .
� there is a segment � of a stable leaf having both end points a and b on Lu0 and Lu1 ,

respectively.

We denote byD� the disc in D2
X bounded by � , Œx; y�, LuC.a/ � L

u
0 and LuC.b/ � L

u
1 .

Now, according to Lemma 9.8, there is a point z 2 Œx; y� which is the limit of the
end LuC of a unstable leaf Lu which carries a periodic point q in a repeller R, and q
is not of boundary type. We denote by h 2 �1.M/ the generator of the stabilizer of q
which is expanding along Lu.

The stable leaf Ls.q/ is contained in the repeller R and is accumulated on both
sides by stable leaves in R. We denote by Ls0 a stable leaf in R crossing LuC at a
point x0.
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We consider Lsn D hn.Ls0/. It is a stable leaf in R which cuts LuC at the point
xn D h

n.x0/.
Note that xn! z as n!C1. In particular, xn belongs to the discD� for n large.
As R \A D ;, the leaves Lsn are disjoint from Lu0 and Lu1 . As two distinct stable

leaves are disjoint, they are disjoint from � (which is not disjoint from Lu0 and Lu1).
So, for large n, the leaf Lsn is contained in D� and therefore has both its ends on

Œx; y� � I .
We have just exhibited a stable leaf in a repeller, whose both ends are in I . Thus,

we ended the proof of Proposition 9.4.

Acknowledgments. The author would thank Sebastien Alvarez who invited him to
present the results in this paper as a mini-course in Montevideo. This mini-course has
been a motivation for finishing this paper. He would also like to thank Kathrin Mann
for indicating to him that the argument of Theorem 1.1 is essentially contained in [13],
Michele Triestino for the statement and reference of Cantor–Bendixson theorem, and
Thomas Barthelmé for the references of Frankel and of Fenley–Mosher. He extends
a special thanks to the anonymous referee for his/her extremely careful review of the
paper and his/her patience with his countless English mistakes. He/she also pointed
out some imprecise arguments, allowing him to improve the writing.

Funding. The author is member of the Institut de Mathématiques de Bourgogne which
has received support from the EIPHI Graduate School (Contract ANR-17-EURE-
0002).

References

[1] T. Barbot, Caractérisation des flots d’Anosov en dimension 3 par leurs feuilletages faibles.
Ergodic Theory Dynam. Systems 15 (1995), no. 2, 247–270. Zbl 0826.58025
MR 1332403

[2] T. Barthelmé, S. Frankel and K. Mann, Orbit equivalences of pseudo-Anosov flows.
2022, arXiv:2211.10505.

[3] F. Béguin and C. Bonatti, Flots de Smale en dimension 3: Présentations finies de
voisinages invariants d’ensembles selles. Topology 41 (2002), no. 1, 119–162.
Zbl 1102.37307 MR 1871244

[4] M. Brunella, Separating the basic sets of a nontransitive Anosov flow. Bull. London
Math. Soc. 25 (1993), no. 5, 487–490. Zbl 0790.58028 MR 1233413

[5] D. Calegari and N. M. Dunfield, Laminations and groups of homeomorphisms of the
circle. Invent. Math. 152 (2003), no. 1, 149–204. Zbl 1025.57018 MR 1965363

https://doi.org/10.1017/S0143385700008361
https://zbmath.org/?q=an:0826.58025
https://mathscinet.ams.org/mathscinet-getitem?mr=1332403
https://arxiv.org/abs/2211.10505
https://doi.org/10.1016/S0040-9383(00)00032-X
https://doi.org/10.1016/S0040-9383(00)00032-X
https://zbmath.org/?q=an:1102.37307
https://mathscinet.ams.org/mathscinet-getitem?mr=1871244
https://doi.org/10.1112/blms/25.5.487
https://zbmath.org/?q=an:0790.58028
https://mathscinet.ams.org/mathscinet-getitem?mr=1233413
https://doi.org/10.1007/s00222-002-0271-6
https://doi.org/10.1007/s00222-002-0271-6
https://zbmath.org/?q=an:1025.57018
https://mathscinet.ams.org/mathscinet-getitem?mr=1965363


C. Bonatti 146

[6] S. Fenley, Ideal boundaries of pseudo-Anosov flows and uniform convergence groups
with connections and applications to large scale geometry. Geom. Topol. 16 (2012), no. 1,
1–110. Zbl 1279.37026 MR 2872578

[7] S. Fenley and L. Mosher, Quasigeodesic flows in hyperbolic 3-manifolds. Topology 40
(2001), no. 3, 503–537. Zbl 0990.53040 MR 1838993

[8] S. R. Fenley, Anosov flows in 3-manifolds. Ann. of Math. (2) 139 (1994), no. 1, 79–115.
Zbl 0796.58039 MR 1259365

[9] S. R. Fenley, One sided branching in Anosov foliations. Comment. Math. Helv. 70 (1995),
no. 2, 248–266. Zbl 0885.58071 MR 1324629

[10] S. R. Fenley, The structure of branching in Anosov flows of 3-manifolds. Comment.
Math. Helv. 73 (1998), no. 2, 259–297. Zbl 0999.37008 MR 1611703

[11] W. Kaplan, Regular curve-families filling the plane, II. Duke Math. J. 8 (1941), 11–46.
Zbl 67.0744.02 MR 0004117

[12] A. S. Kechris, Classical descriptive set theory. Grad. Texts in Math. 156, Springer, New
York, 1995. Zbl 0819.04002 MR 1321597

[13] J. N. Mather, Foliations of surfaces. I. An ideal boundary. Ann. Inst. Fourier (Grenoble)
32 (1982), no. 1, viii, 235–261. Zbl 0466.57010 MR 0658950

[14] W. P. Thurston, Three-manifolds, foliations and circles, II. 1998, unfinished manuscript.

(Reçu le 30 juin 2023)

Christian Bonatti, Institut de Mathématiques de Bourgogne, Université de Bourgogne,
UMR 5584 du CNRS, 21000 Dijon, France; e-mail: bonatti@u-bourgogne.fr

https://doi.org/10.2140/gt.2012.16.1
https://doi.org/10.2140/gt.2012.16.1
https://zbmath.org/?q=an:1279.37026
https://mathscinet.ams.org/mathscinet-getitem?mr=2872578
https://doi.org/10.1016/S0040-9383(99)00072-5
https://zbmath.org/?q=an:0990.53040
https://mathscinet.ams.org/mathscinet-getitem?mr=1838993
https://doi.org/10.2307/2946628
https://zbmath.org/?q=an:0796.58039
https://mathscinet.ams.org/mathscinet-getitem?mr=1259365
https://doi.org/10.1007/BF02566007
https://zbmath.org/?q=an:0885.58071
https://mathscinet.ams.org/mathscinet-getitem?mr=1324629
https://doi.org/10.1007/s000140050055
https://zbmath.org/?q=an:0999.37008
https://mathscinet.ams.org/mathscinet-getitem?mr=1611703
https://doi.org/10.1215/S0012-7094-41-00802-5
https://zbmath.org/?q=an:67.0744.02
https://mathscinet.ams.org/mathscinet-getitem?mr=0004117
https://doi.org/10.1007/978-1-4612-4190-4
https://zbmath.org/?q=an:0819.04002
https://mathscinet.ams.org/mathscinet-getitem?mr=1321597
https://doi.org/10.5802/aif.867
https://zbmath.org/?q=an:0466.57010
https://mathscinet.ams.org/mathscinet-getitem?mr=0658950
mailto:bonatti@u-bourgogne.fr

	Contents
	1. Introduction
	1.1. General presentation
	1.2. Mather idea for building the circle at infinity
	1.3. Countable families of transverse foliations
	1.4. Countable families of non-transverse or singular foliations
	1.5. Laminations
	1.6. Minimality of the action on the circle at infinity
	1.7. Action on the circle at infinity of an Anosov flow
	1.8. Organization of the paper

	2. Circles at infinity for families of rays on the plane
	2.1. Cyclic order
	2.2. Cyclic order on families of rays
	2.3. Compactification of a family of rays by a circle at infinity
	2.4. Union of countably many families of rays: The circle
	2.5. Union of countably many families of rays: The compactification
	2.6. An example with uncountably many compactifications
	2.7. Uncountable families of families of rays
	2.8. Projection on the compactifications associated to each family

	3. Background on foliations: Regular leaves and non-separated leaves
	3.1. Non-singular foliations
	3.2. Singular foliations: Saddles with k-separatrices
	3.3. Leaves of singular foliations
	3.4. Regular leaves of singular foliations
	3.5. Orientations

	4. The circle at infinity of a singular foliation
	4.1. The circle at infinity of a foliation of \mathbb{R}^2: Statement
	4.2. Proof of Theorem 4.1
	4.3. Points at \mathbb{S}^1_\mathcal{F} which are limits of several ends of leaves: Hyperbolic sectors
	4.4. Points at infinity which are not limits of leaves: Center-like points.

	5. The circle at infinity of a countable family of foliations
	5.1. Example: Countable families of polynomial vector fields
	5.2. Pseudo-Anosov flows on closed 3-manifolds
	5.3. Projections of \mathbb{D}^2_{\mathcal{F}} on \mathbb{D}^2_{\mathcal{F}_i} and center-like points on the circle at infinity
	5.4. Hyperbolic sectors

	6. The circle at infinity for orientable laminations
	6.1. The circle at infinity of a lamination
	6.2. Families of transverse laminations

	7. Actions on a bifoliated plane
	7.1. Faithfulness
	7.2. Orientations and injectivity of the projections
	7.3. Minimality of the action on the circle at infinity

	8. Action of the fundamental group on the bifoliated plane of an Anosov flow
	8.1. The bifoliated plane associated to an Anosov flow
	8.2. Injectivity of the projection of \mathbb{D}^2_{\mathcal{F}^s,\mathcal{F}^u} on \mathbb{D}^2_{\mathcal{F}^s} and \mathbb{D}^2_\mathcal{F}^u
	8.3. Minimality of the action on the circle at infinity

	9. Minimality of the action on the circle at infinity for non-transitive Anosov flows: Ending the proof of Theorem 1.5
	9.1. Background on non-transitive Anosov flows
	9.2. Proof of Theorem 8.1
	9.3. Proof of Proposition 9.2
	9.4. Proof of Proposition 9.4

	References

