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Square roots and lattices

Jens MARKLOF

Abstract. We construct a point set in the Euclidean plane that elucidates the relationship
between the fine-scale statistics of the fractional parts of /n and directional statistics for a
shifted lattice. We show that the randomly rotated, and then stretched, point set converges in
distribution to a lattice-like random point process. This follows closely the arguments in Elkies
and McMullen’s original analysis for the gap statistics of v/# mod 1 in terms of random affine
lattices [Duke Math. J. 123 (2004), 95-139]. There is, however, a curious subtlety: the limit
process emerging in our construction is not invariant under the standard SL(2, R)-action on R?.
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1. Introduction

Square roots. In their landmark paper [4] published twenty years ago, Elkies and
McMullen proved that the gap distribution for the fractional parts of /n (n = 1,..., N,
N — 00) converges to the previously unknown limiting distribution plotted as the
continuous curve in Figure 1 (left). To state their result more precisely, let us denote by
0<§& <& <---<En < 1the fractional parts of /n (n = 1, ..., N) ordered by size,
and furthermore, lets, = &,4+1 — &, be the gapbetween &, and &, (n=1,...,N — 1),
and sy = 1 + & — &y the gap between &y and 1 + &;. (Think of the unit interval
[0, 1) as the real line mod 1 with the endpoints 0 and 1 identified.) It is important to
note that &, and s,, will change as we move to a different N. The Elkies—-McMullen
theorem then states that, for every s > 0,

#{n <N | Ns, > o0
lim tn = N | Nsn > 5} =/ P(s")ds',
N—>o0 N s

where the gap density P(s) is a piecewise analytic function with a power-law tail,
cf. Figure 1 (left); for an explicit formula, see [4, Theorem 3.14]. The scaling of s, by
N is necessary in view of the average gap size 1/N. It is remarkable that if we change
the square root to any other fractional power nf with 0 < B < 1, the gap distribution
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FIGURE 1

The distribution of gaps in the sequence /n mod 1,n = 1,...,7765 (left) and in the directions
of the vectors (m — +/2,n) € RZ withm € Z,n € Z=0, (m — V2)2 + n? < 4900 (right). The
continuous curve is the Elkies—-McMullen distribution. Reproduced from [11].

of the fractional parts appears to have instead an exponential limit density P(s) = e™*

— the same as for a Poisson point process! This observation is purely conjectural and
mainly based on numerical experiments. The best rigorous results in this direction are
currently due to Lutsko, Sourmelidis, and Technau [8], who showed that the two-point
correlation function (a slightly weaker fine-scale statistics) of n# converges to that of
a Poisson point process, when 0 < < % We refer the reader to [8,21] for further
background and references on the pseudo-random properties of related arithmetic

sequences.

Lattices. Let us now consider a given Euclidean lattice £ C R? of full rank; the
simplest example to keep in mind is £ = Z2. We are interested in the directional
statistics of the lattice points of &£ as viewed from a fixed observer located at g € R2.
Lety,,...,yn denote the first N shortest vectors in the shifted lattice £ — ¢ (if there
are two or more vectors of the same length, pick your favourite order), and record their
angles (relative to the horizontal axis, say) as 61, ...,0y € [0, 2m). Dividing by 27
and ordering by size produces a set of &, in [0, 1), as above for the fractional parts.
One of the findings of [11] is that (a) the gap distribution also converges for this new
sequence, and (b) its limit density agrees with the Elkies—McMullen distribution if and
only if ¢ ¢ Q&. This is illustrated in Figure 1 (right) for £ = Z? and ¢ = (+/2,0).
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The fundamental reason why the two limit distributions are the same is that they
follow from the equidistribution of two different unipotent translates on the space of
affine lattices which both converge to the same invariant measure and are integrated
against the same test function. In the present paper, we will provide a more intuitive
explanation of this surprising phenomenon by formulating the Elkies-McMullen con-
vergence in terms of a natural point process in R? (which is different from the unipotent
dynamics on the space of lattices considered in their original paper). The idea is to
construct a point set in R? such that (a) its directions exactly reproduce the fractional
parts of 4/n and (b) it is approximated locally by affine lattices.

For other aspects of the statistics of /7 mod 1, we refer the reader to [3,5,9, 16,
18]; for the distribution of directions in affine lattices, see [2,7, 11, 20]; for general
background and applications of spherical averages of point sets, see the introduction
of [14].

2. Random point sets

In the following, elements of R? are represented as row vectors. Define the 2 x 2

T-1V2 9 cosf —sinb
b(T) = ( 0 Tl/z) » KO = (sin9 cos 6 )

and let 6 be a random variable on R/2x7Z distributed according to an absolutely

matrices

continuous probability measure A. Note that D(7T) and k(6) have unit determinant and
are thus elements of the special linear group SL(2, R). For fixed £, ¢ as above, and
T > 0, the random set E7 = (£ — q)k(0) D(T) defines a point process in R?, i.e.,
a random counting measure that assigns a unit mass to the location of every element
in E7. By abuse of notation, we will use the same symbol for a random point set
and the corresponding point process. For more background on point processes and
random point sets, see [19, Section 4]. A key observation in the proof of [11, Theorem
1.3] is that the convergence of the gap distribution for the directions follows from the
convergence (in distribution) of the point processes &7 = & for T — oo to a limit
process E. It is proved in [11] (see Theorem 2.1 and Section 6) that & is given by a
random affine lattice whose distribution will depend on the choice of ¢. If ¢ ¢ Q&,
then the limit process E is in fact independent of ¢ and distributed according to the
unique ASL(2, R)-invariant probability measure on the space of affine lattices. Here,
ASL(2,R) denotes the semidirect product group SL(2, R) x R? with multiplication law
(M, &)(M',E"Y= (MM’ ,EM’ + §'). The (right) action of (M, &) on R? is defined by
x — xM + &, and the space of affine lattices can be identified with the homogeneous
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FIGURE 2
Left: The point set . Right: A realization of ®7 with T = 4 and 6 = 0.7.

space X = '\ G with G = ASL(2,R), I' = ASL(2, Z). We embed SL(2, R) in
ASL(2,R) by M — (M, 0) and use the shorthand M for (M, 0).
Let us turn to /7 mod 1. Consider the point set

P = {(\/gcos (27 /1), \/gsin (Znﬁ))

see Figure 2 (left), and the corresponding rotated (through an angle 6) and stretched
(by the linear map D(T')) point set

(1) Pk(O)D(T) = {(,/;—Tcos(znﬁ—e),,/%sin(znf—e))

see Figure 2 (right). For 6 random, we denote by ®7 = Pk (6) D(T) the corresponding
random point set. Note that & is a Delone set with uniform density in R? [10]. That is,
for any bounded A C R? with boundary of Lebesgue measure zero,
#(P NTA)
m —
T—o0 T2

neN};

neN},

= vol A.

This follows from the fact that (1/7),eN is uniformly distributed modulo one, since
we can approximate # by finite unions and intersections of sectors of varying radii;
see [10] for details.

Let H- = R<o x R and Ht = R5¢ x R denote the left and right half-plane,
respectively. We define the congruence subgroup

[20(4) = {M € SL(Z,Z)‘M = (é (1)) or <(1) ?) mod 4},
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and furthermore the random point set

2) ® = (Z’¢NH4) U (—([22 + (%,—%)]g) N H_),

where g is distributed according to the unique G-invariant probability measure p on
the homogeneous space Y = A \ G with A = T’ ¢(4) x Z2. Note that

1 1 1 1
3 - — | o@)el=— 72,
3) (2 4) 2,0(4) (2 4)+
and hence, [Z? + (%, —%)]g is independent of the choice of representative of Ag in Y.

The purpose of this note is to prove the weak convergence ®7 = ® and investigate
the properties of the limit process ©.

Theorem 1. If 6 is random according to an absolutely continuous probability measure
onR/2xZ, then Or = ® as T — oo.

What we will in fact show is that, for any bounded Borel sets A C R? with boundary
of Lebesgue measure zero and any integer r,

) dim P(#Or NA) =7r) =P(#ONA) =r).

Since © is a simple point process, the convergence in (4) implies the convergence in
distribution asserted in Theorem 1 [6, Theorem 16.16]. An important point in this
argument is the observation that, by Theorem 3 below, we have vol A4 = 0 if and only
if #(® N dA) = 0 almost surely.

We will see below (Theorem 6) that © is not invariant under the standard SL(2, R)
action on R2, although its two-point function is the same as that of a Poisson process
(Theorem 5). Similar processes arise in the Boltzmann—Grad limit of the Lorentz gas
in polycrystals [13].

Note that Elkies and McMullen [4] do not see the full process ® since their setting
corresponds to triangular test sets of the form {(x, y) | 0 < x < 1, |y| < ox}, which
are contained in the right half-plane H . . By definition (2), ® is indistinguishable from
the random affine lattice Z2g when restricted to the right half-plane.

The plan for the proof of Theorem 1 is to show that, in any bounded set A C R2,
the set Or is very close to an affine lattice and then apply a slight extension of the
Elkies—McMullen equidistribution theorem, which we will state now.

3. Equidistribution

NG = ((3 215) ok, —52)).

Let
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Note that the embedding R — G, & — N (&), defines a group homomorphism. We
will in the following represent functions on X = I' \ G as functions on G that are
I-invariant, i.e., for which f(yg) = f(g) forall y € I". The integral of such a function
over X should be viewed as an integral restricted to the fundamental domain of I in G.

Theorem 2. Let A be an absolutely continuous probability measure on T = R/Z.
Then, for any bounded continuous function f : X x X — R,

. 1 1
Jim [ (vop. (1.(5.-1) J¥enm )aae)

e (52

Proof. The space Y is a finite cover of X. The equidistribution theorem [4, The-
orem 2.2] extends to Y (and in fact to any quotient by a finite-index subgroup of I'):
for any bounded continuous function / : ¥ — R, we have

Jin [ V@DM)d2© = [ erdnte)

(Note that [4, Theorem 2.2] assumes A is the uniform probability measure on the interval
[0, p]. The statement can be extended to general absolutely continuous probability
A by a monotone class argument, where the density of A is approximated by finite
linear combination of indicator functions of bounded intervals.) To complete the proof,
choose h(g) = f(g, (1, (%, —%))g) and note that due to (3) this / is indeed A -invariant
(hence can be identified as a function on Y') and bounded continuous. ]

Effective versions of the equidistribution theorem of [4], which is a consequence of
Ratner’s measure classification theorem [15, 17], have recently been established in [1].

4. Properties of the limit process

The intensity of a random point set ® is defined by

I;©) =EY f(y).

yeo®

where f € Cy(R?), i.e., continuous and with compact support. The following claim
states that the intensity measure of our process is the Lebesgue measure.

Theorem 3. For f € L'(R?),

Ir(©®) = /]RZ f(x)dx.
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Proof. The point processes defined by the pointsets & =Z2g, & =—([Z2+ (%, — %)] g),
with g € Y randomly distributed according to u, are translation-invariant and have
asymptotic density equal to one. (E is in fact the same process as discussed in the
introduction, despite the fact that we are now working with A rather than ASL(2, Z).)
Therefore, by Campbell’s formula,

© @ = [ rwa 1@ = [ feds,

Thus, for f4(x) = f(x)xm, (x) the restriction of f to the respective half-plane,

lf(®)=If+(E)—|-If_(§)=/]Rz f+(x)dx+/Rz f-(x)dx =/R2 f(x)dx. =

Theorem 3 implies the useful fact that for any Borel set 4 C R? we have vol .4 = 0
if and only if #(® N d4A) = 0 almost surely. To see this, choose f as the indicator
function of d-4, which yields E #(® N dA) = vol 9.

Let us now consider second-order correlations. For f € Co(R? x R?), define the
two-point function R}‘: :Y - Rby

R;(g) = Z f(mig,myg),

m #szZZ

o= I (el ()

ml,mzeZZ
This defines linear functionals f > ij from L' (R2 x R?) to L1(Y, dp).

Theorem 4. For f € L'(R? x R?),
| @ = [ fexyaxay.
Y R2xR2

Proof. The relation for R}L is proved in [2, Proposition A.3]. The other is analogous:
in view of the density of Cg in L! and the Lebesgue monotone convergence theorem, it
suffices to prove the claim for f € Co(R? x R?). Let 1o denote the SL(2, R)-invariant
probability measure on Yo = I'; 9(4) \ SL(2, R). Then,

~(2)d
/Y R ()du(s)

=/YO (D> f((m1+y)M,—(mz+y+(%,—%))M)dyduo(M)

mi,mj

LT Ao () s o
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The Siegel integral formula for f € Co(R?) reads

L% (e (3:-3) ) Jawotrn = [ Feoras,
O mez2

This follows either by direct computation or the general Siegel-Veech formula [22]; it
is in fact also a special case of the generalised Siegel-Veech formula for Euclidean
model sets [12, Theorem 5.1]. Applying this with

fx) = / Sy, —x = y)dy
R2
proves the theorem. ]

The two-point intensity of the random point process ® is defined by
Kr@)=E Y  f(y1.92):
Y17#y2€0

where f € Co(R? x R?). The following corollary of Theorem 4 shows that the two-
point intensity of ® is the same as that of a Poisson process. This extends the observation
of [3] for v/n mod 1 to the full two-dimensional process.

Theorem 5. For f € L}(R? x R?),

Kf(@)):f f(x1,x2)dxdx>.

R2xR2

Proof. Let
Sre(x1,x2) = f(x1,x2) xm, (x1) xm, (x2),
fr—(x1,x2) = f(x1,x2) xm, (1) rH_(X2),
S—+(x2.x1) = f(x1, x2)ym_(x1) xm, (x2),
J—(x1,x2) = f(x1,x2) xm_(x1) xm_(x2)

be the restrictions to the various half-planes. We have

I 1 _ _
k= [ [rp @+ rp ((1(5-7))e)+ R @47, @]duto
The corollary now follows from Theorem 4 by integrating term-wise. |

Given a subgroup H C G, we say © is H -invariant if ®/ has the same distribution
as © (viewed as random point sets in R?) forall 7 € H.
Consider the subgroup

pP= {((g llja),(o,y))‘b,yeR, aeR\{O}} CG.
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Theorem 6. ©® is P-invariant but not SL(2, R)-invariant.

a b
(6 2w

is evident for all a > 0, b € R, since these transformations preserve the half-planes

Proof. The invariance under

H 4 and H_. What remains for the proof of P-invariance is the invariance under
the element (—1, (0, 0)), which acts on R? by reflection at the origin. By the G-
invariance of u, Z2g has the same distribution as Z?(—1, (%, —%)) g. This implies
that © = (Z2g N H4) U (—([Z% + (3. —1)]g) N H_) has the same distribution as
the random point set

(el )
(7 G- 3))e) )
_ ([Zz + (%—%)]g n H+) U (= (22%) NEH).

This shows ® = —©’, which establishes the (—1, (0, 0))-invariance.

As to the SL(2, R)-invariance, we note that every realisation of ®, restricted to the
right half-planes H , looks like an affine lattice Z? restricted to the right half-plane. It
is evident that the rotated process

~ 0 —1
®_®(1 0)

does not have this property, since every realisation produces two different affine lattices
(which are copies of the same underlying lattice) in the upper and lower half-planes,
respectively. This shows that © and © do not have the same distribution. Hence, © is
not SL(2, R)-invariant. [

5. Proof of Theorem 1

To establish the convergence @7 = 0, it is sufficient to prove that convergence
holds in finite-dimensional distribution [6, Theorem 16.16] (recall the remark following
Theorem 3). Since ® is a simple point process, it is in fact sufficient to consider the
one-dimensional distributions. That is, we need to prove that, for any bounded Borel set
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A C R? with boundary of Lebesgue measure zero, the random variable #(O1 N A)
converges in distribution to #(® N ). It is in fact sufficient to prove the convergence
for test sets » that are rectangles of the form [a, b]. More general Borel sets # (bounded
with boundary of Lebesgue measure zero) can then be approximated by unions of such
rectangles. This will require proof of convergence for the joint distribution for finitely
many rectangles. We will limit the presentation to one rectangle; the case of multiple
rectangles is analogous.

The right half-plane. The following estimates are almost identical to those in [4,
Section 3], which considers the case of triangular test sets of the form {(x, y) | 0 <
x < 1, |y| < ox}, rather than general rectangles. Consider a rectangle [a, b] X [c, d]
and assume for now a > 0. Note first of all that in (1) the sine has to be of order
O((Tn)~1/2), and thus its argument must be close, by the same order, to 0 or 7 mod
2. If it is close to =, the cosine is negative which is ruled out by the assumption
a>0.Set& =—0/2n, and define m € Z so that —% <Jn+é+m< % Using

4|x| < | sin(2wx)| for |x| < %, we have for T'n sufficiently large,

4V + & +m| < [sin@r (v + )] < max{lel.|d} =
and thus,
(6) Vi =—(m+&+001/YTn).

The objective is now to linearise the inequalities

a< ,/nn—Tcos(Zn(\/ﬁ+S)) <b, c¢< V%sin(2n(«/ﬁ+§)) =d.

Taylor’s theorem tells us that | cos(x) — 1| < %xz and | sin(x) — x| < %|x|3, and so,

n 1
@ o= |77+ 0 7amm) <2

®) ;S\/ﬁ+$+m+0(
2/ nTn

1 d
< .
(Tn)3/2) T 2JaTn

The last inequality transforms to

c 1 d
—F——-m+§=Vn+0 = —(m+5),
2/nThn ( H=n ((Tn)3/2) 2/ Tn ( £)
which is equivalent to

c 2 1 d 2
©) [—2 = (m + E)} =n+ 0(_T3/2_n) = [—2 — (m+ 5)} :
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Now, (9) is equivalent to
_cm+§)
VaTn

In view of (6), this is equivalent to

xTn

+(m+$)2§n+0(%)§—M+(m+§)2.

c
VT

and furthermore, (7) is equivalent to

m+ & 1
< _ 0] <b.
<ty (TW) <

Let us assume that £ ¢ [—§, 8] + Z, where § > 0 may be chosen arbitrarily small.

(10) +(m+é)25n+0(Tin)§ d + (m + €)%,

&)

(This assumption is without loss of generality, because the event & € [—§, §] + Z has
probability at most A([—8, 8]), which tends to zero as § — 0.) We can then drop the
condition n > 1, as the positivity of n is implied in (10) for T sufficiently large. Next,
replacing n by n + m? yields

m+ & 1 c 5 1 d
(11 as—m +0(7) <b, = <n-—2mE—¢ +O(T) < =
So, given any & > 0, there exists 7 > 0 such that the number of points (m,n) € Z?
satisfying (11) is bounded above (resp., below) by the number of points with

(12) (—nj/:_; VT (n—2mé — Ez)) € ,A»: (resp., A, )
with

A =la—eb+elx[c—ed+e, A, =la+eb—¢e x[c+ed—el.

&

Note that (12) can be expressed as
(=m,n)N(E)D(xT) € AJ (tesp., A ).

We have thus established that in rectangles with a > 0 the process ®7 looks asymptot-
ically like the random affine lattice

(13) Er = Z*N()D(nT);

see Figure 3. We consider E7 as a process in R?, so the fact that /4 might intersect
with the left half-plane (e.g., in the case a = 0) is not a cause for concern. Elkies and
McMullen’s work implies that, for £ random with respect to any absolutely continuous
probability measure on R /Z, the process & converges in distribution to =, as 7 — oo,
where E is the point process defined at the start of Section 2. In view of (5), the
probability of having one or more points in A7 \ »A_ is of order &. The limits T — 0o
and ¢ — 0 therefore commute. This would complete the proof if we were only interested

in test sets in the right half-plane.
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FIGURE 3

Left: A realisation of the lattice E 7 in (13) correspondingto 7 = 4 and & = —% with 6 = 0.7.
Right: E 7 with ®7 superimposed. This illustrates the approximation of ®7 by an affine lattice
in fixed bounded subsets of the right half-plane.

The left half-plane. Let us therefore turn to the case » < 0. In this case, the argument
of the sine has to be close to 7 as the cosine is now required to be negative. Then, (8)
is replaced by

1 c
= - )
(Tn)3/2) = 2JnTn

with { = —(0 + w)/2m = & — 1/2. Repeating the steps in the previous calculation
leads to

———— <+ +m+0(
2/ nTn ¢

m+¢ 1
< —_) <
a< +O(T)_b,

vrT
c 1 d
§—n+2m+2+0(—)§ :
VT e+t T VT
1 c
— 5n—2m—2+0(—)§— ,
nT (=4 T ST

1
a nT§m+§+0(T)§b\/7rT.

So, upper (resp., lower) bounds on the number of points are given by

(rf/:_;., NaT(—n 4+ 2mi + §2)) S A: (resp., A, ),
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and hence,

(m, —n)(((l) 25) , (¢, EZ))D(JTT) € ,A)j (resp., A ).

We have thus shown that in rectangles with b < 0 the process ®7 looks like the affine
lattice

zz((é 2f) @ z%)mm = [Z2N@)D(T))]

Finally, we check that

22N = Z2<((1) ‘11) , (% —%))N(s) - Zz(l, (% —i))N@).

We have now established that in rectangles with b < 0 the process ®7 looks asymptot-
ically like the random affine lattice

(14) Er = —[Zz(l, (%,—%))N(E)D(ﬂ)];

see Figure 4. As in the case of the right half-plane, the process Er converges in
distribution to E (which has the identical distribution as the process E), as T — oo,
provided we restrict test sets to rectangles in the left half-plane. The final challenge is

now to combine these results to establish joint convergence in both half-planes.

Joint convergence. Let us now consider the remaining case a < 0 < b. We decompose
the rectangle as

[a.b] x [c.d] = ([a.0] x [c,d]) U ([0, 5] x [c, d]).

The argument for the left and right half-planes shows that an upper bound for the
number of points is obtained by considering, for any ¢ > 0, the joint distribution of

(15) ErN(a—eex[c—ed+e), Ern(—eb+e x[c—ed+e]),

where E7 = Z2(1, 3, ~1)N(E)D(xT) and Er = Z2N(£)D(nT) are not inde-
pendent, since there are functions of the same random variable &. Theorem 2 implies
that the joint limit distribution of (15) is given by

EN(a—cex[c—ed+e), EN(—eb+elx[c—ed+e]),
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FIGURE 4

Left: A realisation of jhe lattice &7 in (14) correspondingto 7 =4 and § = { + % =—5r
with @ = 0.7. Right: E 7 with ®7 superimposed. This illustrates the approximation of ®7 by
an affine lattice in fixed bounded subsets of the left half-plane.

=

where & = [Z% + (5. —1)]g. E = Z?g, and g € Y randomly distributed according
to . Similarly, a lower bound on the number of points is given by

EN(a+e—e]xfc+ed—c]), En(eb—c x[c+ed—e).

The remark following Theorem 3 provides the regularity that allows us to exchange the
limits T — oo and & — 0. This shows that indeed ©®7 N ([a, b] X [c, d]) converges in
distribution to

[E N ([a,0] x [e,dD] U [E N ([0, 5] x [¢,d])] = © N (la,b] x [¢,d]),
as required. |

Funding. This research was supported by EPSRC Grant EP/W007010/1. Data sup-
porting this study are included within the article.
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