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Free-boundary monotonicity for almost-minimizers of the
relative perimeter

Gian Paolo Leonardi and Giacomo Vianello

Abstract. LetE �� be a local almost-minimizer of the relative perimeter in the open set��Rn.
We prove a free-boundary monotonicity inequality for E at a point x 2 ı�, under a geometric
property called “visibility”, that � is required to satisfy in a neighborhood of x. Incidentally, the
visibility property is satisfied by a considerably large class of Lipschitz and possibly non-smooth
domains. Then, we prove the existence of the density of the relative perimeter of E at x, as well as
the fact that any blow-up of E at x is necessarily a perimeter-minimizing cone within the tangent
cone to � at x.

1. Introduction

Consider an open set��Rn with Lipschitz boundary, and fix x0 2 @�. The main goal of
this work is to prove a free-boundary monotonicity inequality for a local almost-minimizer
E � � of the relative perimeter at the boundary point x0, under a suitable geometric
property of @� near x0, which we call “visibility”.

Monotonicity inequalities are key tools in the regularity theory for minimizers and
almost-minimizers of the area functional. In the prototypical setting of E being a local
perimeter minimizer near 0 2 � (or even just a critical point of the perimeter functional)
and given 0 < r1 < r2 such that the ball Br2 of radius r2 and center 0 is contained in �, it
is known thatZ

.Br2nBr1 /\@
�E

hx; �E i
2

jxjnC1
dHn�1.x/ �

P.EIBr2/

rn�12

�
P.EIBr1/

rn�11

; (1.1)

where P.EIBr / is the perimeter of E in Br , Hn�1 is the Hausdorff .n � 1/-dimensional
measure in Rn, @�E is the reduced boundary of E, and �E is the weak interior normal
defined for Hn�1-almost every x 2 @�E.

The first, fundamental consequences of an inequality like (1.1) are:

(i) the monotonicity of the renormalized perimeter r 7! P.E IBr /

rn�1
, which turns out to

be a non-decreasing function admitting a finite limit as r ! 0 (denoted as �E .0/,
the perimeter density of E at 0);
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(ii) the fact that if a perimeter minimizer has a constant renormalized perimeter, then
the left-hand side of (1.1) vanishes for all 0 < r1 < r2, and consequently, E coin-
cides up to null sets with a cone with vertex at the origin.

These two facts allow the application of the monotonicity formula in several steps of
the proof of the C 1;˛-regularity of the reduced boundary @�E, as well as in the analysis of
the singular set @E n @�E. After the pioneering work of De Giorgi [10] on the partial reg-
ularity of local perimeter minimizers, the internal regularity theory has been successfully
extended to (rectifiable) sets of varying topological type [26], area-minimizing integral
currents [4, 11–13, 17], and varifolds [1, 3]. In the codimension-1 case, in particular, the
dimension of the singular set is sharply estimated as � n� 8, after the work of Bombieri–
De Giorgi–Giusti [8] combined with a dimension-reduction argument due to Federer [29].
In these works, monotonicity formulas arise in specific but substantially equivalent forms,
through proofs based either on comparison with cones or by testing the first variation of
area with suitable radially symmetric vector fields.

A key feature of regularity theory is its stability under perturbations that, at small
scales, have a higher order of infinitesimality than area. This has led to the extension
of the regularity theory to wider classes of almost-minimizers including, for instance,
minimizers of isoperimetric or prescribed mean curvature problems (see, e.g., [7, 19, 25,
28, 30]).

Coming to the boundary properties of almost-minimizers, we record regularity results
proved for integral currents minimizing parametric elliptic integrals and k-varifolds with
mean curvature in Lp for p > k, assuming C 1;˛ regularity of their boundary [2, 9, 14].
In the free-boundary case, regularity results have been proved for area-minimizing cur-
rents and varifolds when the domain � is either of class C 2 [20–23] or, more recently,
a local C 2-deformation of a wedge-type polyhedral cone [15]. In these cases, monoton-
icity properties of the renormalized area are shown by testing with locally constructed,
almost-radial vector fields that are smooth and tangent to @�.

The background motivation of this paper is the study of the free-boundary proper-
ties and regularity of perimeter almost-minimizers when the boundary of the domain �
is Lipschitz but not necessarily smooth. We aim to consider � that might not be locally
of class C 1;˛ or coincide with a smooth deformation of a polyhedral wedge (as assumed
in [15]). Carrying over the full regularity program in such a general setting seems particu-
larly challenging. For this reason, in this paper, we focus on the monotonicity property as
a preliminary step towards the extension of the free-boundary regularity results mentioned
so far.

1.1. Description of the main definitions and results

Let � � Rn be an open set with Lipschitz boundary and E � � be a measurable set. In
what follows, E will be called a local almost-minimizer of the relative perimeter in � if
for any x 2�, there exists rx > 0 such that for any 0 < r < rx and any measurable F ��
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with F�E �� Br .x/, one has

P.EIBr .x/ \�/ � P.F IBr .x/ \�/C jF�Ej
n�1
n  �.EI x; r/;

for a suitable function  �.EI x; r/ such that limr!0C  �.EI x; r/ D 0. Of course, when
the error term jF�Ej

n�1
n  �.EI x; r/ vanishes, we have a local perimeter minimizer. We

conveniently introduce the following classical notation: given a function f 2 BVloc.�/,1

we define the minimality gap of f in A as

‰�.f IA/ D jDf.� \ A/j � inf
®
jDgj.� \ A/ W g 2 BVloc.�/; spt.g � f / �� A

¯
and, when f D 1E , we set ‰�.EIA/ WD ‰�.1E IA/. If E is an almost-minimizer and
x 2 �, it is immediate to check that ‰�.EIBr .x// . rn�1 �.EI x; r/. The two main
applications of Theorem 5.2 (our general monotonicity inequality) are Corollary 5.3 and
Theorem 6.1. For them, we will need to assume that the minimality gap on balls centered
at 0 2 @� decays to 0 suitably fast as r ! 0C, which is expressed through the following
summability property:Z R

0

‰�.EIB�/

�n
d� '

Z R

0

 �.EI 0; r/

�
d� < C1: (1.2)

Several notions of almost-minimality are available in the literature. Among those where
the minimality error is in additive form, like ours, we mention the well-known ƒ-mini-
mality [5, 24], where the minimality error is estimated by ƒjF�Ej for some ƒ > 0,
which is a special case of our definition. We also remark that the definition of almost-
minimality given by Tamanini in [31]2 is slightly more general than ours, even though
we take direct inspiration from it. The reason why we are forced to consider a slightly
stronger almost-minimality is that, in the boundary case, it seems impossible to use the
monotonicity inequality to prove lower-density estimates for the perimeter and the volume
of E at x 2 @�, as it happens for the interior case. On the other hand, a local almost-
minimizer in our sense turns out to fulfill volume and perimeter density estimates directly
(see Lemma 3.8). We point out that these estimates are crucially used in the proof of
Theorem 6.1.

The key assumption needed for the proof of our monotonicity formula is the afore-
mentioned visibility property, which we now briefly describe. Let � � Rn be an open set
with Lipschitz boundary such that 0 2 @� and in graphical form around 0 with respect
to the variables x0 D .x1; : : : ; xn�1/, so that � is locally the epigraph of some Lipschitz
function of x0. We say that � satisfies the visibility property at 0 if there exist R > 0 and

1Here we mean that f 2 L1loc.�/ and has bounded variation in � \ A, for any bounded set A � Rn.
2In Tamanini’s definition, the term jF�Ej

n�1
n is replaced by rn�1.
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a function v 2 C 1.Œ0; R// such that

(V1) v.0/ D v0.0/ D 0 and 0 � v0 � 2�1;

(V2) The function


v.r/ WD r
�1 sup

0<s�r

r
v.s/

s
C v0.s/

is summable on .0; R/;

(V3) for all 0 < r < R, the segment joining the point Vr D .0; : : : ; 0;�v.r// with a
point x belonging to @� \ Br does not intersect �.

The visibility property allows us to construct a quasi-conical competitor for a local almost-
minimizer of the relative perimeter in �, which is a key step in the proof of our mono-
tonicity inequality. It is worth observing that this property guarantees the existence of
the tangent cone to � at 0 (Proposition 4.5). The visibility property at 0 is satisfied, for
instance, by cones with vertex at 0 (with the trivial choice v � 0), by C 1;ˇ open sets and
also by convex sets suitably approximated by their tangent cone at 0; one can also easily
construct examples of Lipschitz domains that do not satisfy the property (see Section 4.4
for more details). Another consequence of the visibility property is the existence of a foli-
ation of a neighborhood of 0 by spheres with varying centers, which correspond to the
level sets of a function � of class C 1, that is, such that ��1.r/ D @Br .Vr /. Moreover,
by (V1) and (V2) one can show that � is C 1-close to the function jxj (see Lemma 4.9).

In our main result, Theorem 5.2, we establish the following monotonicity inequality
for f 2 BVloc.�/, under the visibility property:�Z

�\Ar1;r2

�1�n
ˇ̌˝
�f ;r�

˛ˇ̌
d jDf j

�2
� 2

�Z
�\Ar1;r2

jr�.x/j

�.x/n�1
d jDf j

�h
�f .r2/ � �f .r1/C

Z r2

r1

n � 1

�n
‰�.f IB�.V�//d�

CG.f I r1; r2/
i
: (1.3)

Here, 0 < r1 < r2 are sufficiently small, Ar1;r2 D Br2.Vr2/ n Br1.Vr1/, �f represents the
Radon–Nikodym derivative of Df with respect to its total variation jDf j,

�f .r/ D
jDf j.� \ Br .Vr //

rn�1
;

andG.f I r1; r2/ is an error term whose precise expression is given in (5.1), which depends
on the properties of the boundary of �, and goes to 0 when r2 ! 0 as soon as

�f .r/ � C for all r > 0 small enough and for some C > 0. (1.4)

Inequality (1.3) has important consequences when f D 1E and E is a local almost-mini-
mizer of the relative perimeter in � satisfying the assumption in (1.2). Indeed, in this
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case, the abovementioned density estimates guarantee that (1.4) holds. We then infer that
the function Z r

0

n � 1

�n
‰�.f IB�.V�//d�CG.f I 0; r/

is infinitesimal as r! 0C. Consequently, the density ratio �f .r/ is almost-monotone, and
hence it admits a finite limit �E .0/ as r ! 0C (see Corollary 5.3).

Finally, the left-hand side of (1.3) can be interpreted as an approximate conical devi-
ation term, since it is as small as E is close to being a cone with vertex at 0 (at least when
�.x/ D jxj, i.e., if the visibility property at 0 is satisfied with v � 0). This observation is
exploited in the proof of Theorem 6.1, where we show that any blow-up sequence of an
almost-minimizer of the relative perimeter in � admits a subsequence that converges to a
minimizing cone in the tangent cone to � at 0.

2. Preliminaries

Let n 2 N, n � 2. For i D 1; : : : ; n, we denote by ei the i -th vector of the standard
basis of Rn. Given x, y 2 Rn, their Euclidean product is hx; yi WD

Pn
iD1 xiyi , while the

Euclidean norm of x is jxj WD
p
hx; xi. When needed, we will write x D .x0; xn/, where

x0 D .x1; : : : ; xn�1/ 2 Rn�1. We let Br .x/ be the open ball of radius r > 0 centered at
x 2 Rn, and we set Br WD Br .0/. Similarly, we let B 0r .x

0/ be the .n � 1/-dimensional
open ball with center x0 and radius r . We denote by either Ln.E/ or jEj the Lebesgue
measure of E � Rn, and we set !n WD Ln.B1/. Given a measurable set A � Rn, we set

A.t/ WD
°
x 2 Rn W lim

r!0C

jE \ Br .x/j

!nrn
D t

±
for all 0 � t � 1 .

Given two non-empty, bounded subsets A, B � Rn, we denote by distH .A;B/ the Haus-
dorff distance between A and B , that is,

distH .A;B/ D max
®

sup
x2A

dist.x; B/; sup
y2B

dist.y; A/
¯
; (2.1)

where dist.x; Z/ WD infz2Z jx � zj. Note that the Hausdorff distance becomes a proper
distance function when restricted to compact sets (see [27]).

Given � � Rn open and a vector-valued Radon measure � D .�1; : : : ; �p/ on �,
we denote by j�j its total variation. Let u D .u1; : : : ; up/ W �! Rp be summable with
respect to j�j. Then u � � denotes the Radon measure defined by

u � �.E/ WD

Z
E

u � d� D

pX
qD1

Z
E

uq d�q :

It can be proved (see [6, Proposition 1.23]) that

ju � �j D juj � �:



G. P. Leonardi and G. Vianello 74

Given a Lipschitz map g W Rn! Rp , we denote by Lip.g/ its Lipschitz constant, and
we denote by Lip.Rn/ the space of Lipschitz real-valued functions. We record for future
reference the following, elementary fact:

Lemma 2.1. Let ¹fj ºj2N � Lip.Rn/ be such that supj�1 Lip.fj / <1. Assume further
that fj .x/! f .x/ for all x 2 Rn. Then fj ! f locally uniformly on Rn.

Given f 2 L1loc.�/, we define

jDf j.�/ WD sup
°Z
�

f .x/ div�.x/ dx W � 2 C 1c .�IR
n/; k�kL1.�/ � 1

±
:

We denote by BV.�/ the space of functions f 2 L1.�/ with the property that jDf j.�/
< 1. In other words, a function f 2 L1.�/ belongs to BV.�/ if and only if its dis-
tributional gradient Df is represented by a Rn-valued Radon measure with finite total
variation.

When E is a measurable set, we define the perimeter of E in � as

P.EI�/ WD jD1E j.�/;

where 1E is the characteristic function of E. We say that E has finite perimeter in �
provided P.EI�/ < C1. In what follows, we will often use the following notation:
given another open set A � Rn, we define

P�.EIA/ WD P.EIA \�/;

with the short form P�.E/ WD P�.EIA/ whenever A contains�. We call P� the relative
perimeter in �, and P�.EIA/ the relative perimeter of E in � restricted to A.

For the specific purposes of this paper, it is convenient to define BVloc.�/ as the space
of functions f 2 L1loc.�/ such that f 2 BV.� \ A/ for all open, bounded sets A � Rn.
We remark that f 2 BVloc.�/ implies that f has locally bounded variation in �, but the
converse does not necessarily hold.

Let now f 2 BVloc.�/. As a consequence of [24, Corollary 5.11] we can consider the
density of Df with respect to jDf j defined by

�f .x/ D lim
r!0C

Df.Br .x//

jDf j.Br .x//
for jDf j-a.e. x 2 Rn;

and satisfying Df D �f � jDf j and j�f .x/j D 1 for jDf j-almost every x 2 �. When E
has locally finite perimeter in �, we set �E D �1E .

Next we recall some well-known facts concerning the total variation functional, BV
functions, and sets of locally finite perimeter. For further details, the reader can consult,
for example, [16, 18, 24].

Theorem 2.2 (Lower semicontinuity). Let f;fj 2L1loc.�/ for j 2N be such that fj ! f

in L1loc.�/. Then
jDf j.�/ � lim inf

j
jDfj j.�/:
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BV functions can be approximated by smooth functions in a suitable sense.

Theorem 2.3 (Approximation). Let � � Rn be open and f 2 BV.�/. Then there exists
a sequence ¹fj ºj2N 2 C

1.�/ \ BV.�/ such that

kfj � f kL1.�/ ! 0; jDfj j.�/! jDf j.�/: (2.2)

Moreover, provided (2.2) holds, we also haveDfj*�Df , that is, for all � 2C1c .R
nIRn/,Z

Rn

� � dDfj !

Z
Rn

� � dDf; as j !1:

Remark 2.4. If property (2.2) holds, we say that the sequence fj strictly converges to f
(see [6, Definition 3.14]). Thus Theorem 2.3 tells us in particular thatC1.�/\BV.�/ is
dense in BV.�/ with respect to the strict convergence. Moreover, the sequence ¹fj ºj2N

can be chosen in such a way that the following extra property is satisfied (see [18, Re-
mark 1.18]):

lim
�!0C

��N
Z
�\B�.x0/

jfj � f jdx D 0 for all N > 0, x0 2 @�, j 2 N: (2.3)

Theorem 2.5 (Compactness). Let��Rn be an open, bounded set with Lipschitz bound-
ary, let C > 0 be a fixed constant, and for j 2 N let fj 2 BV.�/ be such that

kfj kBV.�/ WD kfj kL1.�/ C jDfj j.�/ � C for every j .

Then there exists f 2 BV.�/ and a subsequence fjk of fj such that

kfjk � f kL1.�/ ! 0:

Theorem 2.6 (Coarea for BV functions). Let � � Rn be open and f 2 L1.�/. For
t 2 R, let

Et D
®
x 2 � W f .x/ > t

¯
:

Then the following statements hold:

(i) if f 2BV.�/, thenEt has finite perimeter for almost every t 2R, t 7! P.Et I�/

is measurable, and

jDf j.�/ D

Z
R
P.Et I�/dt I

(ii) conversely, if f 2 L1.�/, t 7! P.Et I�/, andZ
R
P.Et I�/dt < C1;

then f 2 BV.�/.
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Theorem 2.7 (Coarea for Lipschitz functions). If � 2 Lip.Rn/, E � Rn is a Borel set,
and f W Rn ! Œ0;1/ is a Borel function, thenZ

E

f jr�j D

Z
R

Z
E\¹�Dtº

f dHn�1 dt;

where Hn�1 denotes the .n � 1/-dimensional Hausdorff measure in Rn.

We will also need the following well-known result, for which proof can be found
in [24]:

Theorem 2.8 (Area Formula). Let M � Rn be a locally Hk-rectifiable set and f W Rn

! Rm be a Lipschitz continuous function, with 1 � k � m. Then

(i) for Hk-almost all x 2 M , the restriction of f to x C TxM , where TxM is the
approximated tangent space to M at x, is differentiable at x and we denote by
dMfx W TxM ! Rm its differential;

(ii) the identity Z
Rm

H0.M \ ¹f D yº/dHk.y/ D

Z
M

JMfdHk (2.4)

holds, where JMf .x/ WD
p

det.dMf �x ı dMfx/ and dMf �x denotes the adjoint
of dMfx .

We continue by introducing the notion of trace of aBV function on a Lipschitz bound-
ary.

Theorem 2.9. Let � � Rn be an open set with Lipschitz boundary and denote by �� the
unit, inner normal vector defined Hn�1-almost everywhere on @�. Then there exists a
unique linear and bounded inner trace operator

TrC.�; @�/ W BV.�/! L1.@�;Hn�1/;

such that, for all f 2 BV.�/,

lim
r!0C

�

Z
Br .x/\�

jTrC.f; @�/.x/ � f .y/j dy D 0 for Hn�1-a.e. x 2 �: (2.5)

Moreover, for all f 2 BV.�/ and � 2 C 1c .R
n;Rn/, the following Gauss–Green formula

holds: Z
�

f div� dx D �.� �Df /� �
Z
@�

h�; ��iTrC.f; @�/ dHn�1:

The function TrC.f; @�/ is called the inner trace of f on @�. Formula (2.5) ensures
in particular that

TrC.f; @�/.x/ D lim
r!0C

�

Z
Br .x/\�

f .y/ dy for Hn�1-a.e. x 2 @�: (2.6)
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Remark 2.10. Under the assumptions of Theorem 2.9, the operator TrC.�; @�/ is also
continuous with respect to the strict convergence in � (see [18, Theorem 2.11] or [6,
Theorem 3.88]). Moreover, by (2.3) and (2.6), we have that the sequence ¹fj ºj2N of The-
orem 2.3 satisfies

jTrC.fj ; @�/.x/ � TrC.f; @�/.x/j

D

ˇ̌̌
lim
r!0C

�

Z
Br .x/\�

fj .y/ dy � lim
r!0C

�

Z
Br .x/\�

f .y/ dy
ˇ̌̌

� lim
r!0C

�

Z
Br .x/\�

jfj .y/ � f .y/j dy D 0

for Hn�1-almost every x 2 @�. In other words, TrC.fj ; @�/D TrC.f; @�/Hn�1-almost
everywhere on @�, for all j .

Let �, �0 � Rn open sets with Lipschitz boundary, such that � � �0. For any f
2 BV.�0/, we can also consider a trace of f on @� computed with respect to�0 n�. We
thus set

Tr�.f; @�/ WD TrC.f; @.�0 n�// @�:

The function Tr�.f; @�/ 2 L1.@�IHn�1/ is called the outer trace of f on @�.

Lemma 2.11. Let �, �0 � Rn be open sets. In addition, let � be bounded and have
Lipschitz boundary, and assume that � �� �0. For all f 2 BV.�0/, we have

jDf j.@�/ D kTrC.f; @�/ � Tr�.f; @�/kL1.@�IHn�1/: (2.7)

Lemma 2.12. Fix an open set A � Rn and a Lipschitz function � W A! R of class C 1,
such that jr�.x/j > 0 for all x 2 A. Set Ar D ��1.�1; r/. Then for all f 2 BV.A/, for
L1-almost every r 2 R, and Hn�1-almost every x 2 @Ar \ A, we have

f .x/ D TrC.f; @Ar /.x/ D Tr�.f; @Ar /.x/: (2.8)

Proof. We observe that, for almost every r 2 R,

TrC.f; @Ar / D Tr�.f; @Ar /; Hn�1-a.e. on @Ar \ A. (2.9)

Indeed, for the proof of (2.9) we can combine (2.7) with jDf j.@Ar \ A/ D 0 for almost
every r 2 R, which in turn comes from the fact that jDf j is a finite measure and @Ar \
@As \AD ; whenever r ¤ s. Let x 2 A be a Lebesgue point for f . Then x 2 @Ar if and
only if r D �.x/. Thanks to the smoothness of @Ar \ A (a consequence of the Implicit
Function Theorem), we have

jAr \ B�.x/j D
1

2
�n C o.�n/ as �! 0C;
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and consequently,

f .x/ D lim
�!0C

1

!n �n

Z
B�.x/

f .y/ dy

D lim
�!0C

1

!n �n

�Z
Ar\B�.x/

f .y/ dy C

Z
B�.x/nAr

f .y/ dy
�

D lim
�!0C

1

2

1

jAr \ B�.x/j

Z
Ar\B�.x/

f .y/ dy C
1

2

1

jB�.x/ n Ar j

Z
B�.x/nAr

f .y/ dy

D
1

2
TrC.f; @Ar /.x/C

1

2
Tr�.f; @Ar /.x/ D Tr˙.f; @Ar /.x/:

Since the set of Lebesgue points for f coincides with A up to a Ln-negligible set, by
Theorem 2.7 we obtain that the first equality in (2.8) is verified for L1-almost every r 2R
and Hn�1-almost every x 2 @Ar \ A, which together with (2.9) concludes the proof.

Proposition 2.13. Under the assumptions of Lemma 2.12, we take f; fj 2 BV.A/ for
j 2 N such that

kfj � f kL1.A/ ! 0; jDfj j.A/! jDf j.A/:

Then, for almost every 0 < r < 1, we have

Tr.f; @Ar / WD TrC.f; @Ar / D Tr�.f; @Ar /; (2.10)

Tr.fj ; @Ar / WD TrC.fj ; @Ar / D Tr�.fj ; @Ar / for all j � 1; (2.11)

and

jDfj j.Ar /! jDf j.Ar /; kTr.fj ; @Ar / � Tr.f; @Ar /kL1.@Ar / ! 0; (2.12)

and hence, in particular, fj strictly converges to f on Ar .

Proof. Thanks to Lemma 2.12, the two identities (2.10) and (2.11) hold for almost every
0 < r < 1. In particular, for such r , we deduce that jDf j.@Ar / D 0, hence jDf j.Ar /
D jDf j.Ar /. Moreover, by Theorem 2.2, we have

lim inf
j!1

jDfj j.Ar / � jDf j.Ar / D jDf j.Ar / D jDf j.A/ � jDf j.A n Ar /

D lim
j!1

jDfj j.A/ � jDf j.A n Ar /

� lim sup
j!1

jDfj j.A/ � jDfj j.A n Ar /

D lim sup
j!1

jDfj j.Ar / � lim sup
j!1

jDfj j.Ar /;

which proves that
jDf j.Ar / D lim

j!1
jDfj j.Ar /:
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Since kfj � f kL1.A/ ! 0, we have in particular kfj � f kL1.Ar / ! 0, and thus ¹fj ºj�1
strictly converges to f in Ar . Finally, (2.12) holds because, as observed in Remark 2.10,
the inner trace operator is continuous with respect to the strict convergence.

Let E � � be a set of locally finite perimeter in �. We define the reduced boundary
of E, denoted by @�E, as the set of those points x 2 � such that jD1E .Br .x//j > 0, for
all r > 0, and there exists a unit vector �E .x/ such that

�E .x/ D lim
r!0C

D1E .Br .x//
jD1E .Br .x//j

:

Clearly, we have that �E .x/D �1E .x/ for jD1E j-almost every x 2 �; therefore, the peri-
meter measure jD1E j is concentrated on the reduced boundary @�E.

Theorem 2.14 (De Giorgi–Federer’s Structure Theorem). Let E � Rn be a set of locally
finite perimeter. Then

jD1E j D Hn�1 @�E; D1E D �E �Hn�1 @�E;

and the following Gauss–Green Formula holds:Z
E

r� dx D

Z
@�E

��E dHn�1; 8� 2 C 1c .R
n/:

Moreover, @�E is countably .n � 1/-rectifiable, that is, there exist countably many C 1

hypersurfaces Mj � Rn and a Borel set F with Hn�1.F / D 0 such that

@�E � F [
[
j�1

Mj :

Finally, @�E � E.1=2/ and Hn�1.Rn n .E.0/ [E.1/ [ @�E// D 0.

2.1. A local extension result

From now on, we assume that � � Rn is an open set with Lipschitz boundary. We fix
� > 0 such that, up to an isometry, there exists a Lipschitz function ! W B 0� ! R and a
constant m > 0, with !.0/ D 0 and m > k!kL1.B 0�/, satisfying the following property: if
we set C�;m D B

0
� � .�m;m/, we have

� \ C�;3m D
®
x D .x0; xn/ 2 Rn W x0 2 B 0�; !.x

0/ < xn < 3m
¯
: (2.13)

We aim to prove that, under this assumption, any measurable set E � � with 1E 2
BVloc.�/

3 can be extended to a locally finite perimeter set zE in � [ C�;m, in such a
way that zE \�D E \�, P. zEI@�\ C�;m/D 0, and P. zEIS.B// � C P.EIB/, for all

3We recall that in this paper f 2 BVloc.�/ means f 2 BV.A/ for all A � � open and bounded.
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Borel sets B � C�;m n� and for some constant C > 0 depending on the dimension n and
the function !. In what follows, we will denote by TxE the approximate tangent space
to @�E at x.4

Set C� D B
0
� �R and define the map S W C� ! C� as

S.x/ WD .x0; 2!.x0/ � xn/: (2.14)

Note that S satisfies S2.x/ D x for all x. Moreover, elementary computations show that

Lip.S/ �
p
3C 6Lip.!/2: (2.15)

Given E � � measurable with 1E 2 BVloc.�/, we define zE � � [ C� as

zE D E [ .S�.E/ n�/; (2.16)

where S�.E/ D S.E \ C�/. Clearly, we have zE \� D E \�. Further properties of zE
are stated in the next lemma.

Lemma 2.15. Let E � � be a measurable set with 1E 2 BVloc.�/. Then, for almost all
x 2 @�E, S restricted to x C TxE is differentiable at x, and we denote by dESx W TxE
! Rn its differential. Moreover, if zE is the set defined in (2.16), we have

P. zEI @� \ C�;m/ D 0 (2.17)

and, for all Borel sets B � S.C�;m \�/,

P. zEIB/ D P.S�.E/IB/ D

Z
@�E\S.B/

JES.x/ dHn�1.x/ � C P.EIS.B//; (2.18)

where and C D Lip.S/n�1.

Proof. Owing to Theorem 2.14, we know that @�E is countably .n � 1/-rectifiable. Then
the fact that S jTxE is differentiable at Hn�1-almost every x 2 @�E follows immediately
from Theorem 2.8(i).

Now, we prove (2.17) in the following way: thanks to Lemma 2.11, we only need to
check that, for Hn�1-almost every x 2 @� \ C�;m, we have

TrC.1 zE ; @�/.x/ D Tr�.1 zE ; @�/.x/;

that is,
TrC.1E ; @�/.x/ D TrC.1S�.E/; @.R

n
n�//.x/: (2.19)

The proof of (2.19) goes as follows. We employ the characterization of the trace as a limit
of averages: for Hn�1-almost every x 2 @�, we have

TrC.1E ; @�/.x/ D lim
r!0C

jE \ Br .x/ \�j

jBr .x/ \�j

4The approximate tangent space TxE is given by the orthogonal complement of �E .x/.



Free-boundary monotonicity for almost-minimizers of the relative perimeter 81

and

TrC.1S�.E/; @.R
n
n�//.x/ D lim

r!0C

jS�.E/ \ Br .x/ n�j

jBr .x/ n�j
:

Then we combine this characterization with a consequence of (2.5)—namely, that the
trace of aBV characteristic function coincides with a characteristic function Hn�1-almost
everywhere on @�, to infer that we only need to show the equivalence

TrC.1E ; @�/.x/ D 0 , TrC.1S�.E/; @.R
n
n�//.x/ D 0:

One of the two required implications (the other can be discussed similarly) is

TrC.1E ; @�/.x/ D 0 ) TrC.1S�.E/; @.R
n
n�//.x/ D 0:

This implication can be restated as

jE \ Br .x/ \�j D o.r
n/ ) jS�.E/ \ Br .x/ n�j D o.r

n/ as r ! 0C. (2.20)

Up to taking r > 0 small enough, we have Br .x/ � C�;m, and hence, setting L D Lip.S/
we get

jS�.E/ \ Br .x/ n�j � jS
�
E \ S.Br .x// \�

�
j � LnjE \ BLr .x/ \�j

D Lno.Lnrn/ D o.rn/ as r ! 0C;

which proves the implication in (2.20) and concludes the proof of (2.17).
Finally, for the proof of (2.18), it is enough to show that

Hn�1.@�S.E/�S.@�E// D 0: (2.21)

Indeed, if (2.21) holds, Theorem 2.14 ensures that

P.S.E/IB/DHn�1.@�S.E/\B/DHn�1.S.@�E/\B/DHn�1.S.@�E \ S.B///;

thus (2.18) is an immediate consequence of the Area Formula for rectifiable sets given
in (2.4). Let us demonstrate (2.21). Again by Theorem 2.14, it suffices to prove that

S.E/.0/ D S.E.0//; S.E/.1/ D S.E.1//:

Let us prove the first of the previous identities, as the proof of the other one is obtained
by observing that .Rn n E/.0/ D E.1/. Let 0 < ı < �, and x 2 � \ .B 0

��ı
� R/. Set

L D Lip.S/ as before, then by construction, for any 0 < r < ı, S.Br .S.x/// � BLr .x/,
and thus the Area Formula (see (2.4)) yields

jS.E/ \ Br .S.x//j D

Z
E\Br .S.x//

JS dx � LnjBLr .x/j: (2.22)

Since r is arbitrary and S�1 D S , it is easy to check that, thanks to (2.22), if x 2E.0/ then
S.x/ 2 S.E/.0/, which proves the inclusion S.E.0// � S.E/.0/. The reverse inclusion is
proved in a completely analogous way. The proof of the lemma is then achieved thanks
to (2.15).
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3. Almost minimality

Here we introduce the almost-minimality for the relative perimeter, which is needed in the
proofs of the free-boundary monotonicity results shown in Section 5. As a consequence
of our definition, we show some properties of the minimality gap function, which will be
needed later on, and (boundary) density estimates for the volume and the perimeter of an
almost-minimizer.

Definition 3.1 (Almost-minimality). Given � � Rn open and E � � measurable, we
say that E is a local almost-minimizer of P� if, for any x 2 � there exists rx > 0 such
that, for any 0 < r < rx and any measurable F � � with F�E �� Br .x/, one has

P�.EIBr .x// � P�.F IBr .x//C jF�Ej
n�1
n  �.EI x; r/; (3.1)

for a suitable function  �.EI x; r/ such that limr!0C  �.EI x; r/ D 0. If additionally

 �.EI r/ WD sup
x2�

 �.EI x; r/! 0 as r ! 0C;

then we say that E is an almost-minimizer of P�.

We note that if  �.EIx; r/ D 0, then E is a minimizer of P� in Br .x/. In particular,
if  �.EIx; r/D 0 for all x 2� and r > 0, thenE is a (global) minimizer of P�. We shall
later discuss suitable summability properties of the function r !  �..EIx; r/, which are
required in the proof of the monotonicity formula.

It is worth recalling that, among the various notions of almost-minimality for sets
of locally finite perimeter that can be found in the literature, the one expressed by (3.1)
can be understood as a generalization of the well-known ƒ-minimality property [5, 24];
however, it is slightly more restrictive than the notion considered by Tamanini in [31]
(however, we point out that Tamanini’s work is focused on internal regularity theory). For
more completeness, we recall that a set E is a ƒ-minimizer of P� if, for any x 2 �,
there exists rx > 0 such that, for any 0 < r < rx and any measurable subset F of � with
F�E �� Br .x/, one has

P�.EIBr .x// � P�.F IBr .x//CƒjF�Ej:

It is then clear that a ƒ-minimizer satisfies (3.1) with

 �.EI x; r/ D ƒr !
1=n
n :

For better study of almost-minimizers, it is convenient to introduce the notion of minim-
ality gap.

Definition 3.2. Let�, A � Rn be open sets and f 2 BVloc.�/. The minimality gap of f
in A relative to � is

‰�.f IA/ D jDf.� \ A/j � inf
®
jDgj.� \ A/ W g 2 BVloc.�/; spt.g � f / �� A

¯
:

When f D 1E , for some measurable subset E � Rn, we write ‰�.EIA/ in place
of ‰�.1E IA/.
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3.1. Some estimates for the minimality gap

Lemma 3.3. Let �, A � Rn be open sets and E � � be such that 1E 2 BVloc.�/. Then

‰�.EIA/ D P�.EIA/ � inf
®
P�.F IA/ W 1F 2 BVloc.�/; F�E �� A

¯
:

Proof. Let us define

	1 D inf¹jDgj.� \ A/ W g 2 BVloc.�/; spt.g � 1E / �� Aº;
	2 D inf¹P�.F IA/ W 1F 2 BVloc.�/; F�E �� Aº:

It suffices to show that 	1 D 	2. For sure, 	1 � 	2 because we can take g D 1F in the
definition of 	1. Fix now " > 0, and let g 2 BVloc.�/ be such that spt.g � 1E /�� A and

jDgj.� \ A/ � 	1 C ": (3.2)

For t 2 R, let us set
Gt D

®
x 2 � W g.x/ > t

¯
:

We observe that, for each 0 < t < 1, Gt n spt.g � 1E / D E n spt.g � 1E /, and so

Gt�E � spt.g � 1E / �� A: (3.3)

We can now exploit Theorem 2.6 and (3.3) to infer that

jDgj.� \ A/ D

Z
R
P�.Gt IA/dt �

Z 1

0

P�.Gt IA/dt � 	2: (3.4)

By (3.2) and (3.4), we deduce that 	1 � 	2 � 	1 C " and then, since " > 0 is arbitrary,
we get 	1 D 	2 and complete the proof of the lemma.

Remark 3.4. The minimality gap of a local almost-minimizer E satisfies the estimate

‰�.EIBr .x// � !
1� 1n
n rn�1 �.EI x; r/

for all x 2 �, 0 < r < rx , where  �.EI x; r/ is the function appearing in (3.1). This
means that ‰�.EIBr .x// D o.rn�1/ as r ! 0. However, we anticipate here that the
monotonicity formula proved in Section 5 will require a slightly stronger assumption
on  �.EI x; r/, namely, that r�1 �.EI x; r/ is summable on .0; rx/. We notice that this
kind of hypothesis is somehow well known in the context of regularity theory (see [31]).

Lemma 3.5. Let �;A;A0 � Rn be open sets and f 2 BVloc.�/. If A �� A0, then

‰�.f IA/ � ‰�.f IA
0/:

Proof. Let us fix " > 0 and take g 2 BVloc.�/ such that

spt.g � f / �� A and jDf j.� \ A/ � jDgj.� \ A/ � ‰�.f IA/ � ":
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Of course, g also satisfies spt.g � f / �� A0, hence we get

‰�.f IA
0/ � jDf j.� \ A0/ � jDgj.� \ A0/

D jDf j.� \ A/C jDf j.� \ .A0 n A// � jDgj.� \ A/

� jDf j.� \ .A0 n A//

D jDf j.� \ A/ � jDgj.� \ A/ � ‰�.f IA/ � ":

Since " is arbitrary, we conclude the proof.

We now prove two key results. The first one is the lower semicontinuity property of
the minimality gap for uniform sequences of local almost-minimizers. An extra, technical
difficulty arising in the proof is that the tangent cone to the domain may not locally contain
the dilations of the domain itself, since we are in the boundary case. This requires us to
suitably extend a competitor from the tangent cone �0 to the rescaled domains of the
form t�1�, t ! 0C via Lemma 2.15. The second is an upper bound for the difference
between the minimality gaps of two BVloc functions.

In what follows, we will say that �j ! � locally in Hausdorff distance if there exist
r0; m;L > 0, with r0 < m, and L-Lipschitz functions !j ; ! W B 0r0 ! .�m;m/ providing
local graphical representations of @�j ; @�, respectively, as in (2.13), such that !j ! !

uniformly in B 0r0 .

Lemma 3.6. For j 2N, we let�j ;��Rn be open sets with uniformly Lipschitz bound-
ary, such that 0 2 @� and �j ! � locally in Hausdorff distance. Let Ej ; E be sets of
locally finite perimeter, such that Ej ��j ; E ��, and Ej ! E in L1.Br0/. Finally, we
assume that Ej satisfies (3.1) for all 0 < r < r0 and x D 0, and that moreover we have

lim
r!0C

sup
j

 �j .Ej I 0; r/ D 0:

Then, E satisfies (3.1) for all 0 < r < r0, with  �.EI 0; r/ D supj  �j .Ej I 0; r/, and

lim inf
j

‰�j .Ej IBr0/ � ‰�.EIBr0/: (3.5)

Moreover, if ‰�j .Ej IBr0/! 0 as j !1, then for almost all 0 < r < r0 we have

lim
j!1

P�j .Ej IBr / D P�.EIBr / for almost all r > 0: (3.6)

Proof. Let us fix " > 0. Let F � � be such that F�E �� Br0 and

‰�.EIBr0/ � P�.EIBr0/ � P�.F IBr0/C ": (3.7)

By Lemma 2.12, for all j � 1, for almost every 0 < r < r0 and Hn�1-a.e. x 2 @Br ,
we have

1Ej .x/ D Tr˙.Ej ; @Br /.x/ and 1E .x/ D Tr˙.E; @Br /.x/; (3.8)
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where Tr˙.A; @Br / WD Tr˙.1A; @Br /. By the L1loc-convergence of Ej to E, we can choose
r < r0 with the above property and the additional

P�.EIBr / � P�.EIBr0/ � "; (3.9)

then take j" large enough, such that

F�E �� Br ; (3.10)Z
@Br

j1Ej � 1E jdHn�1 < " for j � j": (3.11)

Let us fix ı > 0, define

Uı WD
®
x D .x0; xn/ 2 Cr;m W !.x

0/ � ı < xn � !.x
0/
¯
;

and assume ı so small that
Hn�1.@Br \ Uı/ < " (3.12)

and
P�.EIBr / � P.EIBr \ .�C ıen//C ": (3.13)

Owing to the uniform convergence of !j to !, we can select jı � 1 such that k!j �
!k1 < ı for all j � jı , then for those j we define

Aj WD �j \� \ Br ; Bj WD .�j n�/ \ Br ;

and observe that Bj � Uı . Now we set

Fj WD . zF \�j \ Br / [ .Ej \ .Br0 n Br //; (3.14)

where zF D F [ .S.F / n�/ and S is the symmetry through @� defined in (2.14) (with
� D r0). Thanks to (3.10), we have Fj � �j and Fj�Ej �� Br0 , which means that Fj
is a competitor for Ej in the definition of ‰�j .Ej ; Br0/. Moreover, by (3.14), (3.11),
and (3.12), we have

P�j .Fj IBr0/ � P�j .Fj IBr /C P�j .Ej IBr0 n Br /

C

Z
@Br\�j\�

j1Ej � 1E jdHn�1
CHn�1.@Br \ Uı/

� P�j .Fj IBr /C P�j .Ej IBr0 n Br /C 2": (3.15)

Let us compute P.Fj IBr \�j /. By Lemma 2.15, P. zF I @� \ Cr0;m/ D 0, hence

P�j .Fj IBr / D P.F IAj /C P.S.F /IBj /: (3.16)

Again by Lemma 2.15, up to possibly taking a smaller ı, we have

P.S.F /IBj / D P. zF IBj / � P. zF IUı/ � ": (3.17)
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Putting together (3.15), (3.16), and (3.17), and taking into account (3.8), we obtain

‰�j .Ej IBr0/ � P�j .Ej IBr0/ � P�j .Fj IBr0/ � P�j .Ej IBr / � P.F IAj / � 3"

� P�j .Ej IBr / � P�.F IBr0/ � 3": (3.18)

Now, since for all j � j" we have k!j � !k1 < ı, we infer that

Br \ .�C ıen/ � Br \�j :

This inclusion combined with (3.18) and (3.13) gives

‰�j .Ej IBr0/ � P.Ej IBr \ .�C ıen// � P.F IBr0 \�/ � 3"; (3.19)

so that taking the liminf as j !1 in (3.19), and using the lower semicontinuity of the
perimeter, (3.13), (3.9), and (3.7), we find

lim inf
j

‰�j .Ej IBr0/ � lim inf
j

P.Ej IBr \ .�C ıen// � P�.F IBr0/ � 3"

� P.EIBr \ .�C ıen// � P�.F IBr0/ � 3"

� P�.EIBr / � P�.F IBr0/ � 4"

� P�.EIBr0/ � P�.F IBr0/ � 5" � ‰�.EIBr0/ � 6":

Then, the arbitrary choice of " implies (3.5). Now, the fact that E satisfies (3.1) with
 �.EI 0; r/ as in the statement can be proved with the same argument used to show (3.5),
also taking into account that jEj�Fj j ! jE�F j as j !1. Finally, to prove (3.6) we
consider the sequence Fj defined as before, but now with F D E. Choosing " > 0 arbit-
rarily, for j large enough we obtain as before

‰�j .Ej IBr0/ � P�j .Ej IBr0/ � P�j .Fj IBr0/ � P�j .Ej IBr / � P�.EIBr / � 3";

which gives the desired conclusion.

Lemma 3.7. Let�;A�Rn be open sets, with @� Lipschitz and A bounded, of class C 2,
and such that Hn�1.@A \ @�/ D 0. Let f; g 2 BVloc.�/, then

j‰�.f; A/ �‰�.g; A/j �
ˇ̌
jDf j.� \ A/ � jDgj.� \ A/

ˇ̌
C kTrC.f0; @A/ � TrC.g0; @A/kL1.@A/; (3.20)

where f0; g0 denote the zero-extensions of f and g respectively on A n�.

Proof. Given " > 0, there exists h 2 BVloc.�/ with spt.h � f / �� A, such that

‰�.f; A/ � jDf j.A \�/ � jDhj.A \�/C "

�


Df j.A \�/ � jDgj.A \�/ˇ̌C‰�.g; A/C jDzhj.A \�/
� jDhj.A \�/C "; (3.21)
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where zh 2BVloc.�/will be suitably chosen, so that in particular spt.zh� g/��A. For the
definition of zh, we claim that it is possible to construct a sequence A.k/ of inner parallel
sets of A that converge to A, for which jDf0j.@A.k//D jDg0j.@A.k//D 0 and, moreover,

lim
k

Z
@A.k/
jTrC.f0 � g0; @A.k//j dHn�1

D

Z
@A

jTrC.f0 � g0; @A/j dHn�1: (3.22)

For the proof of (3.22) we argue as follows. Since A is of class C 2, there exists ı > 0

such that, for all 0 < t < ı, the map �t .x/ D x C t�A.x/ is a diffeomorphism of class C 1

between @A and the boundary @At of the inner parallel setAt D ¹x 2A W dist.x; @A/ > tº.
Now, we consider two sequences f0;j ;g0;j of smooth approximations of f0;g0 onA, with
traces TrC.f0;j ; @A/ D TrC.f0; @A/ and TrC.g0;j ; @A/ D TrC.g0; @A/, respectively (see
Remark 2.10). By inspecting the proof of Anzellotti–Giaquinta’s approximation theorem,
it is not restrictive to ask that the sequences f0;j ; g0;j also satisfyZ

AnA1=k

.jf0;j � f0j C jg0;j � g0j/ dx �
1

k2
; (3.23)

for all j and for k > ı�1. We note that the tangential Jacobian of �t satisfies J�t .x/ D
1CO.t/; hence, the area formula givesZ

@At

jf0;j .y/ � g0;j .y/j dHn�1.y/

D .1CO.t//

Z
@A

jf0;j .�t .x// � g0;j .�t .x//j dHn�1.x/: (3.24)

As t ! 0C we have �t .x/ ! x uniformly. Therefore, by following the same Cauchy-
sequence argument as in the classical construction of the trace (see, e.g., [16]), the com-
positions f0;j .�t .x// and g0;j .�t .x// can be shown to converge in L1.@A/ to some lim-
its yf0;j and yg0;j , respectively. Hence, (3.24) implies

lim
t!0C

Z
@At

jf0;j .y/� g0;j .y/jdHn�1.y/D

Z
@A

j yf0;j .x/� yg0;j .x/jdHn�1.x/: (3.25)

At the same time, if we choose a vector field � 2 C 1.RnIRn/ and set either uj D f0;j or
uj D g0;j , by the Gauss–Green Theorem we obtainZ
At

.uj div � Cruj � �/ dx D �
Z
@At

uj � � �At dHn�1

D �.1CO.t//

Z
@A

uj .�t .x// �.�t .x// � �A.x/ dHn�1.x/I

hence, taking the limit as t ! 0C givesZ
A

.uj div � Cruj � �/ dx D �
Z
@A

yuj � � �A dHn�1;
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which means that yf0;j and yg0;j coincide, respectively, with TrC.f0; @A/ and TrC.g0; @A/
up to Hn�1-null sets and for all j , by the uniqueness of the trace. We can thus re-
write (3.25) as

lim
t!0C

Z
@At

jf0;j .y/ � g0;j .y/j dHn�1.y/

D

Z
@A

jTrC.f0 � g0; @A/.x/j dHn�1.x/: (3.26)

To get (3.22) from (3.26), we must choose A.k/ appropriately. To this aim, we apply the
coarea formula to the integral in (3.23) and average the resulting inequality, deducing the
existence of 0 < tk < 1=k such that for all j ,Z

@A.k/
.jf0;j � Tr.f0; @A.k//j C jg0;j � Tr.g0; @A.k//j/ dHn�1

�
1

k
; (3.27)

where we have set A.k/ D Atk . By the triangle inequality and (3.27), we obtainZ
@A.k/
jTrC.f0 � g0; @A.k//j dHn�1

�

Z
@A.k/
jf0;j � g0;j j dHn�1

C
1

k
;

which gives (3.22) at once from (3.26).
Now we observe that jDf0j.@A.k// D jDg0j.@A.k// D 0 because the inner and outer

traces of f0 and g0 on @A.k/ coincide; hence, we can define

zh D h1A.k/ C g1AnA.k/ :

Note that spt.zh � g/ �� A and, if k is large enough, spt.h � f / �� A.k/, so that

jDzhj.A \�/ � jDhj.A.k/ \�/C jDg0j.A n A.k//

C

Z
@A.k/
jTr.f0 � g0; @A.k//j dHn�1:

By choosing k large enough, we obtain jDg0j.A n A.k// < ", and thus

jDzhj.A \�/ � jDhj.A \�/ �

Z
@A

jTrC.f0 � g0; @A/j dHn�1
C ": (3.28)

By combining (3.21) and (3.28), we get

‰�.f; A/ �


Df j.A \�/ � jDgj.A \�/ˇ̌C‰�.g; A/
C

Z
@A

jTrC.f0 � g0; @A/j dHn�1
C 2":

Since " is arbitrary, we conclude

‰�.f; A/ �‰�.g; A/ �


Df j.A \�/ � jDgj.A \�/ˇ̌
C

Z
@A

jTrC.f0 � g0; @A/j dHn�1

and, by exchanging the role of f and g in the argument above, we obtain (3.20).
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3.2. Density estimates

In this subsection we establish perimeter and volume density estimates for almost-mini-
mizers at a point either in � or on @�.

Lemma 3.8. Let � � Rn be an open set with a Lipschitz boundary. Let E be an almost-
minimizer in �, and let x 2 �. Assume that P�.EIBr .x// > 0 for all r > 0. Then, there
exist constants C � 1; r0 > 0, depending on �, E and x, such that

C�1rn�1 � P�.EIBr .x// � Cr
n�1; (3.29)

min
�
jE \ Br .x/ \�j; j.Br .x/ \�/ nEj

�
� C�1rn; (3.30)

for all 0 < r < r0.

Proof. Up to a translation, we assume that x D 0. We start proving (3.30). Given r > 0
we set

m.r/ WD jBr \� \Ej; �.r/ WD jBr \� nEj:

Both m and � are non-decreasing, and thus differentiable for almost all r > 0. By [24,
Example 13.3], for almost all r > 0, we have

m0.r/ D Hn�1.E \ @Br \�/; �0.r/ D Hn�1.@Br \� nE/:

Now, up to an isometry, and for r0 sufficiently small and L � 1 sufficiently large, if we set
QL;r0 D B

0
r0
� .�Lr0; Lr0/ and �L;r0 WD � \QL;r0 , we have that �L;r0 is connected

and has a Lipschitz boundary. Hence, it supports a relative isoperimetric inequality of
the form

P.F I�L;r0/ � C0 min
®
jF \�L;r0 j; j�L;r0 n F j

¯ n�1
n : (3.31)

From (3.31) and the fact that Br �� QL;r0 for all 0 < r < r0, we infer that

m0.r/C P�.EIBr / D P.E \ Br I�L;r0/ � C0 min
®
m.r/; �.r/

¯ n�1
n : (3.32)

and

�0.r/C P�.EIBr / D P.Br nEI�L;r0/ � C0 min
®
m.r/; �.r/

¯ n�1
n (3.33)

for almost all 0 < r < r0. Set 0 < t < r and define the competitor

Ft D

´
E [ Bt \� if m.t/ > �.t/;

E n Bt \� otherwise.

We note that in the first case Ft�E D Bt \� n E, while in the second case Ft�E D
Bt \� \ E. In any case, we have Ft�E �� Br \�. Thus, by the almost-minimality
of E in �, and for almost all 0 < t < r , we infer that either

P�.EIBr / � P�.Ft IBr /C �.t/
n�1
n  .r/

� P�.EIBr n Bt /CHn�1.@Bt \� nE/C �.r/
n�1
n  .r/; (3.34)
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or

P�.EIBr / � P�.Ft IBr /Cm.t/
n�1
n  .r/

� P�.EIBr n Bt /CHn�1.@Bt \� \E/Cm.r/
n�1
n  .r/; (3.35)

where  .r/ WD  �.EI 0; r/. Taking the limit as t % r in (3.34) and (3.35), and us-
ing (3.32), we deduce that, if m.r/ > �.r/, then for almost all 0 < r < r0 we have

2�0.r/C �.r/
n�1
n  .r/ � C0�.r/

n�1
n ;

while otherwise, by (3.33), we have

2m0.r/Cm.r/
n�1
n  .r/ � C0m.r/

n�1
n :

Therefore, calling s.r/ WD min¹m.r/; �.r/º and owing to the infinitesimality of  .r/ as
r ! 0, we obtain

s0.r/

s.r/
n�1
n

� C

for 0 < r < r0 and for some explicit constant C > 0 depending on C0. Integrating this
inequality on the interval .0; r/, we obtain (3.30). Then, the first inequality in (3.29) fol-
lows from (3.30) and (3.32). Finally, the second inequality in (3.29) follows from the
observation that, taking the limit as t % r in (3.34) and possibly redefining r and C , we
have

P�.EIBr / � H .@Br \� nE/C �.r/
n�1
n  .r/ � Crn�1;

for every 0 < r < r0.

4. The visibility property

In this section, we introduce the visibility property and its main consequences. In what
follows, � � Rn denotes an open set with Lipschitz boundary such that 0 2 @� and @�
is a graph in a neighborhood of 0, as in (2.13). For notational convenience, we will only
consider the visibility property at 0, but of course, we could equally define the property at
a generic point of @�.

Definition 4.1. We say that � satisfies the visibility property provided there exists T > 0
and a function u 2 C 1.Œ0; T //5 such that

(V1) u.0/ D u0.0/ D 0 and 0 � u0 � 2�1;

5By u 2 C 1.Œ0; T // we mean that u 2 C 1.0; T / and there exist finite limits of u.t/ and u0.t/ as t ! 0.
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(V2) The function


u.t/ WD t
�1 sup

0<s�t

r
u.s/

s
C u0.s/

is summable on .0; T /;

(V3) for all 0 < t < T , the segment joining the point Ut D �u.t/ en with a point x
belonging to @� \ Bt does not intersect �.

Remark 4.2. We note that (V1) and (V2) imply that u.t/ D o.t/ and

t
u.t/! 0 (4.1)

as t ! 0. Moreover, since by (V1) we have 0 � u.t/ � t , we infer that

0 �
u.t/

t2
D t�1

u.t/

t
� t�1

r
u.t/

t
� 
u.t/:

Therefore, the summability of 
u implies that of t�2u.t/.

In the following proposition, we rewrite the assumption (V3) in the form of a property
involving the functions !.x0/ and u.t/. This will be particularly useful when checking
the visibility property for relevant classes of domains (see the examples at the end of the
section).

Proposition 4.3. The set � satisfies property (V3) in Definition 4.1 if and only if, for any
� 2 @B 01 and for all 0 < t < T , the slope mt .s/ of the line connecting Ut with .s; !.s�//,
given by

mt .s/ D
!.s�/C u.t/

s
;

is non-increasing as a function of s, for s > 0 such that s2 C !.s�/2 < t2.

Proof. Let us assume that (V3) holds, and set !�.s/D !.s�/ for more simplicity. By con-
tradiction, let s1 < s2 be such that s2i C !�.si /

2 < t2, for i D 1; 2, and mt .s1/

< mt .s2/. By the definition of mt , we have

!�.s1/C u.t/

s1
<
!�.s2/C u.t/

s2
;

and so equivalently,
!�.s1/ <

s1

s2
.!�.s2/C u.t// � u.t/:

This implies that the point

x D
�
s1�;

s1

s2

�
!�.s2/C u.t/

�
� u.t/

�
is internal to � and lies on the segment connecting .s2�; !�.s2//. This contradicts (V3).
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Conversely, let us suppose that mt .s/ is non-increasing in s, for s > 0 such that s2 C
!�.s/

2 < t2. Set P.s/ D .s�; !�.s//, then, arguing by contradiction, assume that s2 > 0
is such that s22 C !�.s2/

2 < t2 and there exists � 2 .0; 1/ with the property

.1 � �/Ut C �P.s2/ D .�s2; �.u.t/C !�.s2// � u.t// 2 �:

Then !�.�s2/ < �.u.t/ C !�.s2// � u.t/. By continuity, for all ı > 0 there exists �ı
2 .�; 1/ such that

�ı.u.t/C !�.s2// � u.t/ � ı < !�.�ı s2/ < �ı.u.t/C !�.s2// � u.t/: (4.2)

Since the segment ŒUt ; P.s2/� is compactly contained in Bt , by (4.2), we can pick ı > 0
small enough and a correspondent �ı such that

P.�ıs2/ 2 Bt : (4.3)

Let s1 D �ıs2. We observe that (4.3) and (4.2) imply

mt .s1/ < mt .s2/; s21 C !�.s1/
2 < t2;

and this contradicts our hypothesis. This completes the proof of the proposition.

Corollary 4.4. Assume that ! satisfies

hx0;r!.x0/i � !.x0/C u.jx0j/ for a.e. x0 2 B 0�; (4.4)

where u W .0; T /! R is a non-decreasing function satisfying properties (V1) and (V2).
Then � satisfies the visibility property.

Proof. Since ! is Lipschitz, the function mt defined in the statement of Proposition 4.3
is almost everywhere differentiable, thus mt is non-increasing if and only if m0t .s/ � 0 at
almost every s. We observe that

m0t .s/ D
!0�.s/

s
�
!�.s/C u.t/

s2
;

thus m0t � 0 if and only if
s !0�.s/ � !�.s/C u.t/: (4.5)

The hypothesis in (4.4) implies that

s !0�.s/ � !�.s/C u.s/ for almost all 0 < s < T: (4.6)

Hence, if s > 0 is such that s2 C !�.s/2 < t2, then s < t , and by (4.6), since u is non-
decreasing, we obtain

s !0�.s/ � !�.s/C u.t/;

which is precisely (4.5). Consequently, (V3) is verified thanks to Proposition 4.3.
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4.1. Existence of the tangent cone

An important consequence of the visibility property is the existence of the tangent cone
to � at 0.

Proposition 4.5. Let � � Rn satisfy the visibility property. Then there exists the tangent
cone to� at 0, denoted by�0. More precisely, if we set�s WD s�1� for s > 0, we obtain

lim
s!0C

distH .�s \ BR; �0 \ BR/ D 0 for all R > 0. (4.7)

Proof. Let us fix � 2 @B 01, and let

!�.s/ D !.s�/; s � 0;

where ! is the function realizing (2.13). Let s > 0 be a point where !� is differentiable
and let t D

p
s2 C !�.s/2. By (V3) in Definition 4.1, we deduce that the slope of the line

connecting .s; !�.s// with Ut needs to be bounded below by !0�.s/, that is,

!0�.s/ �
!�.s/C u.t/

s
:

We set L D
p
1C Lip.!/2 and observe that t � Ls. Since u is non-decreasing by (V1),

we infer

!0�.s/ �
!�.s/C u.Ls/

s
I

hence, we get �!�.s/
s

�0
D
!0�.s/

s
�
!�.s/

s2
�
u.Ls/

s2
� L2

u.Ls/

.Ls/2
: (4.8)

We integrate (4.8) between s1 < s2 thanks to (V2) (see Remark 4.2), and obtain

!�.s2/

s2
�
!�.s1/

s1
� L2

Z s2

s1

u.Ls/

.Ls/2
ds D L

Z Ls2

Ls1

u.t/

t2
dt:

Thus, we conclude that the function

s 7!
!�.s/

s
� L

Z Ls

0

u.t/

t2
dt

is monotonically non-increasing in s and bounded by Lip.!/ C L
R Ls
0
t�2u.t/ dt , for

0 < s < L�1T . Therefore, there exists

DC� !.0/ WD lim
s!0C

!�.s/

s
D lim
s!0C

!�.s/

s
� L

Z Ls

0

u.t/

t2
dt 2 R:

Let us define

!0.x
0/ D

8<: jx0jD
C
x0

jx0 j

!.0/ if x0 ¤ 0;

0 if x0 D 0:
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The function !0 is 1-homogeneous, and therefore the set

�0 D
®
x 2 Rn W xn > !0.x

0/
¯

is a cone with vertex at 0. Now, for all s > 0, we set

!s.x
0/ D

´
!.sx0/
s

if x0 ¤ 0;

0 if x0 D 0:

It is immediate to observe that !s.0/ D 0 and, setting t D sjx0j,

!s.x
0/ D

!.t.x0=jx0j//

t
jx0j ! jx0jDC

x0

jx0 j

!.0/ D !0.x
0/ as s ! 0C:

Since ¹!sºs>0 is a one-parameter family of locally equibounded and equi-Lipschitz func-
tions that pointwisely converge to !0 as s ! 0C, we can apply Lemma 2.1 to conclude
that this convergence is locally uniform. This easily implies the Hausdorff convergence
stated in (4.7).

Remark 4.6. We note that for the proof of Proposition 4.5, hypothesis (V2) of Defini-
tion 4.1 can be replaced by the weaker hypothesis of summability of t�2u.t/ on .0; T /.
We also observe that, if � is convex, then the existence of the tangent cone �0 is always
granted, even though (V2) may not be satisfied.

4.2. An off-centric visibility property

The next lemma shows that the assumption (V3) in Definition 4.1 can be replaced by an
equivalent assumption, where off-centric balls are taken instead of balls centered at 0. This
off-centric visibility property will be useful later on.

Lemma 4.7. The following properties are equivalent:

(i) � satisfies the visibility property;

(ii) There exist R > 0 and a function v 2 C 1.0; R/ satisfying properties (V1), (V2)
of Definition 4.1, and

(V3’) For all 0 < r < R, any segment joining the point Vr D �v.r/ en with a
point x belonging to @� \ Br .Vr / does not intersect �.

Proof. We prove that (i) implies (ii). Let z.t/ D t � u.t/ where u is as in Definition 4.1.
We can find 0 < T 0 < T such that z.t/ is an increasing C 1 diffeomorphism of the inter-
val .0; T 0/ with the property

1

2
t � z.t/ � t:

LetRD z.T 0/. Then we can consider the inverse z�1 of z in .0;R/, which is an increasing
diffeomorphism such that

r � z�1.r/ � 2 r: (4.9)
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Setting Ut D �u.t/en, it follows that Bt�u.t/.Ut / � Bt for all 0 < t < T , and thus (V3)
holds for all points x 2 @� \ Bt�u.t/.Ut /. We then have that

Br .Uz�1.r// � Bz�1.r/ for any 0 < r < R.

Any line segment joining x 2 @� \ Bz�1.r/ with Uz�1.r/ does not intersect �; hence, the
same property holds for any x 2 @� \ Br .Uz�1.r//. Let

v.r/ D u.z�1.r//; 0 < r < R:

It is clear that (V3’) holds. By (4.9), up to possibly reducing the value of R, (V2) and
v0 � 2�1 follow. Since both u and z�1 are non-decreasing, v is non-decreasing, and
thus (V1) is also satisfied. A completely analogous argument shows that (ii) implies (i),
and the proof is concluded.

For all 0 < r < R, we define

Cr D
®
Vr C t .z � Vr / W z 2 @Br .Vr / \�; t > 0

¯
: (4.10)

The set Cr is an open cone with vertex at Vr .

Lemma 4.8. Assume that � satisfies the (off-centric) visibility property. Then, for all
0 < r < R, the cone Cr contains � \ Br .Vr /.

Proof. By contradiction, let x 2 .� \ Br .Vr // n Cr . For all 0 < t � r , let

xt D Vr C t
x � Vr

jx � Vr j
;

and note that x D xt0 for a suitable 0 < t0 < r . It is clear that xr …�, otherwise xt0 would
belong to Cr for all t > 0, which contradicts our assumption. We can then select a value
s 2 .t0; r� such that xs 2 @�. This leads to a contradiction with the visibility because the
segment joining Vr and xs 2 Br .Vr / \ @� contains xt0 D x 2 �.

4.3. Foliation by off-centric spheres

Let us consider the family of off-centric balls Br .Vr /, with Vr D �v.r/en, for 0 < r

< R. By the Implicit Function Theorem, we can easily show the existence of a smooth
function �, such that @Br .Vr / is the r-level set of �. This means that the punctured ball
BR.VR/ n ¹0º is foliated by the spheres @Bs.Vs/ D ��1.s/ for 0 < s < R.

Lemma 4.9. There exists a function � 2 C 1.BR.VR/ n ¹0º/ such that 0 � � < R and

@Br .Vr / D �
�1.r/ for any 0 < r < R.

In particular, for any x 2 BR.VR/ n ¹0º, we have

r�.x/

jr�.x/j
D

x � V�.x/

jx � V�.x/j
(4.11)
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and ˇ̌̌
r�.x/ �

x

jxj

ˇ̌̌
� 4

s
v.�.x//

�.x/
C v0.�.x//: (4.12)

Proof. If v.r/ is identically 0, then there is nothing to prove because �.x/ D jxj in this
case. We then suppose v ¤ 0. Let us start by proving the existence of the function �.
We observe that, for any x 2 BR.VR/, there exists a unique r D rx 2 Œ0; R/ such that
x 2 @Br .Vr /. Indeed, if x D 0, we can take r D 0. Otherwise, let F W .BR.VR/ n ¹0º/ �
.0; R/! R be the function defined by

F.x; r/ D jx � Vr j
2
� r2: (4.13)

It is immediate to observe that F is continuous. Moreover,

F.x; 0/ D jxj2 > 0 and F.x;R/ < 0 for all x 2 BR.VR/ n ¹0º:

Hence, we can find r 2 .0; R/ such that F.x; r/ D 0, that is, such that x 2 @Br .Vr /. Let
us show the uniqueness. Indeed, if r , r 0 2 .0; R/ have the property that

x 2 @Br .Vr / \ @Br 0.Vr 0/;

then we get

jr � r 0j D kx � Vr j � jx � Vr 0k � jVr � Vr 0 j D jv.r/ � v.r
0/j �

1

2
jr � r 0j;

and thus we must have r D r 0. Now we can define �.x/ D rx . Let us show that � 2
C1.BR.R/ n ¹0º/. To do so, we note that � is implicitly defined by

F.x; �.x// D 0;

where F is the function defined in (4.13). Easy computations give

@rF.x; r/ D �2r C 2v
0.r/.xn C v.r//:

Therefore, if we assume F.x; r/ D 0 (that is, x 2 Br .Vr /) we obtain

@rF.x; r/ D �2r C 2v
0.r/.xn C v.r// � 2r C jxn C v.r/j � �r;

where the first inequality follows from the assumption 0 � v0 � 2�1, while the second
inequality follows from

jxn C v.r/j D jhx � Vr ; enij � jx � Vr j D r:

By the Implicit Function Theorem, we deduce that � 2 C1.BR.VR/ n ¹0º/. Identity (4.11)
is a consequence of the fact that, if �.x/ D r , then the vector r�.x/ is orthogonal to the
level set @Br .Vr / D ��1.r/ at x.
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Let us now prove (4.12). We first observe that, if �.x/ D r > 0, then

r�.x/ D �
@xF.x; r/

@rF.x; r/
D

x C v.r/en

r � v0.r/.xn C v.r//
: (4.14)

Then (4.14) yieldsˇ̌̌
r�.x/ �

x

jxj

ˇ̌̌2
D

jx C venj
2

.r � v0.xn C v//2
C 1 � 2

D x C ven

r � v0.xn C v/
;
x

jxj

E
D

jx C venj
2

.r � v0.xn C v//2
C 1 � 2

jx C venj
2 � v.xn C v/

.r � v0.xn C v//jxj

D
jxj r2 C jxj.r � v0.xn C v//

2 � 2.r � v0.xn C v//Œr
2 � v.xn C v/�

jxj.r � v0.xn C v//2

D

jxj
r
C
jxj
r

�
1 � v0.xnCv/

r

�2
� 2

�
1 � v0.xnCv/

r

��
1 � v

r
xnCv
r

�
jxj
r

�
1 � v0.xnCv/

r

�2
D

1C
�
1 � v0.xnCv/

r

�2
� 2 r

jxj

�
1 � v0.xnCv/

r

��
1 � v

r
xnCv
r

�
�
1 � v0.xnCv/

r

�2 ; (4.15)

where the short forms v D v.r/ and v0 D v0.r/ have been used. Next we observe that
kxj � r j D jx � jx � Vrk, and hence

r � v.r/ � jxj � r C v.r/: (4.16)

Exploiting (4.16) in (4.15) and recalling that v0.r/ � 1=2 and jxn C v.r/j � r , we get

ˇ̌̌
r�.x/ �

x

jxj

ˇ̌̌2
�

2 � 2
�
1 � v.r/

rCv.r/

�
.1 � v0.r//

�
1 � v.r/

r

�
.1 � v0.r//2

� 8
�
1 �

�
1 �

v.r/

r

�2
.1 � v0.r//

�
� 16

�
v0.r/C

v.r/

r

�
;

and this concludes the proof.

4.4. Some examples

We note that there are examples of sets with Lipschitz boundary that do not satisfy the
visibility property at 0, for instance, the epigraph of the function

!.x/ D

´
x2 sin.jxj�1/ if x ¤ 0;

0 otherwise.

Indeed, one can easily check that at xk D 1
.2kC1/�

for k 2 N we have !.xk/ D 0 and
!0.xk/ D 1, and hence any visibility function u for which (V3) holds must satisfy
u.xk/ � xk , which contradicts both (V1) and (V2) (see Remark 4.2).



G. P. Leonardi and G. Vianello 98

In the following, we exhibit some examples of domains for which the visibility holds.
We recall that !�.s/ D !.s�/ for s � 0.

Example 4.10 (Lipschitz cones and outer star-shaped sets). Let � be either a cone with
respect to 0, or such that its complement Rn n� is locally star-shaped with respect to 0.
It is immediate to check that � satisfies the visibility property with visibility function
u.t/ � 0.

Example 4.11 (C 1;ˇ -sets). Let � have C 1;ˇ boundary and assume 0 2 @�. We show
that � satisfies the visibility property. Up to a rotation we can assume that � admits a
representation as in (2.13) with ! 2 C 1;ˇ .B 0�/. By Corollary 4.4, it is enough to show
that ! satisfies (4.4). Since r! is ˇ-Hölder, we have

hx0;r!.x0/i � hx0;r!.0/i C u.jx0j/; (4.17)

where u.t/ D C t1Cˇ for some C > 0. Set x!.x0/ WD !.x0/� hr!.0/; x0i and note that x!
is C 1;ˇ , x!.0/ D 0, r x!.0/ D 0, and

j!.x0/ � hx0;r!.0/ij � max
jy0j�jx0j

jr x!.y0/kx0j � .jr x!.0/j C C jxjˇ /jx0j

D C jx0j1Cˇ : (4.18)

Putting together (4.17) and (4.18), we finally get

hx0;r!.x0/i � !.x0/C u.jx0j/ for a.e. x0 2 B 0�;

which is precisely (4.4). Since trivially u is non-decreasing and satisfies (V2), by Corol-
lary 4.4 we infer that � satisfies the visibility property.

Example 4.12 (Convex sets satisfying (V2)). Let � be a convex set with 0 2 @�. For
s > 0, let�s WD s�1� and�0 WD

S
s>0�s . The set�0 is the tangent cone to� at 0. Let

u.r/ WD distH .� \ Br ; �0 \ Br /; (4.19)

and assume that u.r/ satisfies (V2). We observe that u is non-decreasing in r . Let us prove
that � satisfies the visibility property. As before, we assume that � admits a graphical
representation as in (2.13) with the further property that ! W B 0�! R is convex. Using the
notations introduced in the proof of Proposition 4.5, by the convexity of !, we can define

!0.x
0/ D

8<: jx0jD
C
x0

jx0 j

!.0/ if x0 ¤ 0;

0 if x0 D 0;

and deduce that
�0 D

®
x 2 Rn W xn > !0.x

0/
¯
:

By the definition of u given in (4.19), we have

k! � !0kL1.B 0r / � Cu.r/ for some C > 0: (4.20)
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Owing to Corollary 4.4, the visibility property can be proved by showing that (4.4) holds.
Thanks to the convexity of !, for all � 2 @B 01, we have

DC� !.0/ � !
0
�

� s
2

C�
WD lim

�!0C

!�.s=2C �/ � !�.s=2/

�
for all 0 � s < �: (4.21)

Moreover, for all 0 < � < s=2, by (4.20) and the convexity of !� , we have

!�.s=2C �/ � !�.s=2/

�
�
!�.s/ � !�.s=2/

s=2
D 2

!�.s/

s
�
!�.s=2/

s=2

D 2
!�.s/

s
� 2DC� !.0/CD

C
� !.0/ �

!�.s=2/

s=2
CDC� !.0/

D
2

s
.!�.s/ � !0.s�/C !0.s�=2/ � !�.s=2//CD

C
� !.0/

� DC� !.0/C
zC
u.s/

s
for some zC > 0: (4.22)

Putting together (4.21) and (4.22), we obtainˇ̌̌
DC� !.0/ � !

0
�

� s
2

C�ˇ̌̌
� zC

u.s/

s
:

This suffices for us to conclude. In fact, if x0 2 B 0� n ¹0º is such that ! is differentiable
at x0, setting s WD jx0j, � WD x0=jx0j, for some C > 0 we achieve

hx0;r!.x0/i D hs�;r!.s�/i D s !0�.s
C/ � s DC� !.0/C C u.s/

� !.s�/C C u.s/ D !.x0/C C u.jx0j/:

Since ! is convex, it is differentiable almost everywhere in B 0�, and so (4.4) is verified.
Moreover, u is non-decreasing and satisfies (V2) by our assumption, and thus we con-
clude.

Example 4.13. For i 2 N, let yi D 2�i and zyi D 2�i C 4�i . We observe that yiC1 <
zyiC1 < yi . We define Pi D .yi ; zyi /, Qi D .zyi ; zyi / and consider the polygonal curve
formed by the segments PiQiC1, QiC1PiC1 for all i � 0. It is immediate to observe that
this curve coincides with the graph of the function ! W Œ0; 1�!R defined by !.0/D 0 and

!.y/ D

´
2�.iC1/ C 4�.iC1/ if y 2 .yiC1; zyiC1�;

ai y � bi if y 2 .zyiC1; yi �;
(4.23)

where

ai D
1C 3 � 2�.iC1/

1 � 2�.iC1/
; bi D

4�i C 2�.3iC1/

1 � 2�.iC1/
:

Let � � R2 be an open set such that

� \ ..�1; 1/ �R/ D
®
x D .y; z/ 2 R2 W z > !.jyj/

¯
:
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Figure 1. The graph of !.y/ “bounces” between the graphs of y and y C y2.

Let us show that� satisfies the visibility condition at 0. Owing to Corollary 4.4, it suffices
to show the existence of a non-decreasing function u W .0; 1/! R satisfying (V1), (V2)
and such that

y !0.y/ � !.y/C u.y/ for a.e. y 2 .0; 1/: (4.24)

By (4.23), for every i 2 N, we have

y !0.y/ D

´
0 if y 2 .yiC1; zyiC1�;

ai y if y 2 .zyiC1; yi �:

Thus, in order to verify (4.24), it suffices to choose a function u D u.y/ greater or equal
than the function

u.y/ D

´
0 if y 2 .yiC1; zyiC1�;

bi if y 2 .zyiC1; yi �:

We look for ˛ > 0 such that
u˛.y/ D ˛y

2
� u.y/: (4.25)

To obtain (4.25), it suffices to impose that

u˛.zyiC1/ D ˛ zy
2
iC1 � bi :

It is immediate to observe that

˛ zy2nC1 �
˛

4
2�2i ; bi � 4 � 2

�2i :

Hence, if, for instance, we take ˛ D 16, (4.25) holds. Since the function u.y/ D 16 y2

fulfills (V1) and (V2), we conclude that � satisfies the visibility condition at 0.
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5. Free-boundary monotonicity

The present section is devoted to showing a free-boundary monotonicity property for local
almost-minimizers of P� at a point x0 2 @� satisfying the visibility property up to an
isometry (hence, from now on, we will directly assume x0 D 0). Following the notation
of the previous section, given 0 < r1 < r2 < R, we recall that Vr D �v.r/en and define

Ar1;r2 WD Br2.Vr2/ n Br1.Vr1/ D �
�1.r1; r2/;

where �.x/ is the function defined in Lemma 4.9. We also conveniently introduce some
further notation. Given f 2 BVloc.�/ and 0 < r1 < r2, we set

�f .r/ D
jDf j.� \ Br .Vr //

rn�1

and

G.f I r1; r2/ D

Z r2

r1

n � 1

�n

Z
�\B�.V�/

.jr�j � 1/ d jDf j d�

C
1

rn�12

Z
�\Br2 .Vr2 /

.jr�j � 1/ d jDf j

�
1

rn�11

Z
�\Br1 .Vr1 /

.jr�j � 1/ d jDf j: (5.1)

In the next proposition, we combine the visibility property with an upper bound on �f .r/
and obtain the finiteness of lim�!0G.f I �; r/.

Proposition 5.1. Let � � Rn satisfy the visibility property as in Definition 4.1, and let
f 2 BVloc.�/. Assume that �f .r/ � C for some constant C > 0 and for all r 2 .0; R/.
Then for r 2 .0; R/, the limit

G.f I r/ WD lim
�!0

G.f I �; r/ D

Z r

0

n � 1

�n

Z
�\B�.V�/

.jr�j � 1/ d jDf j d�

C
1

rn�1

Z
�\Br .Vr /

.jr�j � 1/ d jDf j

exists and is finite.

Proof. By (4.12), for all x 2 B�.V�/, we have

kr�.x/j � 1j �
ˇ̌̌
r�.x/ �

x

jxj

ˇ̌̌
� 4

s
v.�.x//

�.x/
C v0.�.x// � 4 sup

0<r��

r
v.r/

r
C v0.r/

D 4�
v.�/;
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where 
v is the function defined in the visibility property (V2). Then, using the upper
bound on �f , for 0 < � < r < R we obtainˇ̌̌

�1�n
Z
�\B�.V�/

.jr�j � 1/ d jDf j
ˇ̌̌
� 4C�
v.�/:

Thanks to the summability of 
v (see property (V2) of the visibility property) and to (4.1),
from the last inequality we easily get the proof of the proposition.

Our monotonicity formula will then follow from the general inequality proved in the
next theorem.

Theorem 5.2 (Monotonicity inequality). Let � � Rn satisfy the visibility property, and
let f 2 BVloc.�/. Then, for R > 0 small enough, for almost every 0 < r1 < r2 < R, we
have �Z

�\Ar1;r2

�1�njh�f ;r�ij d jDf j
�2

� 2
�Z
�\Ar1;r2

jr�.x/j

�.x/n�1
d jDf j

�h
�f .r2/ � �f .r1/

C

Z r2

r1

n � 1

�n
‰�.f IB�.V�//d�CG.f I r1; r2/

i
; (5.2)

where �f is such that Df D �f jDf j.

Proof. We start by assuming f 2 BV.�/ \ C 1.�/. For all 0 < r < R and x 2 Cr
\ Br .Vr /, where Cr is defined in (4.10), we let

Yr .x/ D Vr C r
x � Vr

jx � Vr j
:

Standard computations yield

DYr .x/ D r
h 1

jx � Vr j
D.x � Vr /C .x � Vr /˝rjx � Vr j

�1
i

D
r

jx � Vr j

h
Id �

x � Vr

jx � Vr j
˝

x � Vr

jx � Vr j

i
: (5.3)

We define
gr .x/ D f .Yr .x// for all x 2 Cr ;

and then the “off-centric conical competitor” is

fr .x/ D

´
gr .x/ if x 2 Cr \ Br .Vr /;

f .x/ if x 2 � n Br .Vr /:



Free-boundary monotonicity for almost-minimizers of the relative perimeter 103

By definition, fr coincides with f in � n Br .Vr /, and hence we infer

‰�.f IBr .Vr // � jDf j.� \ Br .Vr // � jDfr j.� \ Br .Vr //: (5.4)

Then, by (5.4), we deduce that

jDf j.� \ Br .Vr // �‰�.f IBr .Vr // � jDfr j.� \ Br .Vr // � jDfr j.Cr \ Br .Vr //

D

Z
Cr\Br .Vr /

jrgr .x/jdx: (5.5)

Let us now compute the gradient of gr . By (5.3), setting

�r .x/ D
x � Vr

jx � Vr j
; Yr D Yr .x/;

we obtain

rgr .x/ D DYr � rf .Yr / D
r

jx � Vr j
rf .Yr /

�r .x/
?

;

where rf .Yr /�r .x/
?

denotes the projection of rf .Yr / onto the hyperplane

�r .x/
?
WD
®
y 2 Rn W h�r .x/; yi D 0

¯
:

Going on with the computations, we obtain

jrgr .x/j D
r

jx � Vr j

p
jrf .Yr /j2 � hrf .Yr /; �r .x/i2

D
r

jx � Vr j
jrf .Yr /j

s
1 �
hrf .Yr /; �r .x/i2

jrf .Yr /j2
:

Consequently, we getZ
Cr\Br .Vr /

jrgr jdx D

Z r

0

Z
Cr\@B�.Vr /

r

�
jrf .Yr /j

s
1 �
hrf .Yr /; �ri2

jrf .Yr /j2
dHn�1 d�

D

Z r

0

��
r

�n�2
d�

Z
Cr\@Br .Vr /

jrf j

s
1 �
hrf; �ri2

jrf j2
dHn�1

�
r

n � 1

°Z
�\@Br .Vr /

jrf jdHn�1

�
1

2

Z
�\@Br .Vr /

hrf; �ri
2

jrf j
dHn�1

±
: (5.6)

Combining (5.5) and (5.6), we get

r

2.n � 1/

Z
�\@Br .Vr /

hrf; �ri
2

jrf j
dHn�1

�
r

n � 1

Z
�\@Br .Vr /

jrf jdHn�1
�

Z
�\Br .Vr /

jrf jdx C‰�.f IBr .Vr //: (5.7)
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Multiplying both sides of (5.7) by .n � 1/r�n and observing that r D �.y/ for any
y 2 @Br .Vr /, we get

1

2

Z
�\@Br .Vr /

D
rf;

r�

jr�j

E2 1

jrf j�n�1
dHn�1

�
1

rn�1

Z
�\@Br .Vr /

jrf j dHn�1
C
n � 1

rn

Z
�\Br .Vr /

jrf jdx

C
n � 1

rn
‰�.f IBr .Vr //

D
d

dr

� 1

rn�1

Z
�\Br .Vr /

jrf kr�jdx
�

C
n � 1

rn

Z
�\Br .Vr /

jrf j.jr�j � 1/dx C
n � 1

rn
‰�.f IBr .Vr //: (5.8)

Let us now integrate (5.8) between 0 < r1 < r2 < R. We then achieve

1

2

Z
�\Ar1;r2

D
rf .x/;

r�.x/

jr�.x/j

E2 jr�.x/j

jrf .x/j�.x/n�1
dx

�
1

rn�12

Z
�\Br2 .Vr2 /

jrf .x/kr�.x/jdx �
1

rn�11

Z
�\Br1 .Vr1 /

jrf .x/kr�.x/jdx

C

Z r2

r1

n � 1

rn

Z
�\Br .Vr /

jrf .x/j.jr�.x/j � 1/dx dr

C

Z r2

r1

n � 1

rn
‰�.f IBr .Vr //dr: (5.9)

By Hölder’s Inequality, we get�Z
�\Ar1;r2

jhrf .x/;r�.x/ij
dx

�.x/n�1

�2
�

�Z
�\Ar1;r2

jr�.x/j

�.x/n�1
jrf .x/jdx

�
�

�Z
�\Ar1;r2

hrf .x/;
r�.x/

jr�.x/j
i
2 jr�.x/j dx

jrf .x/j�.x/n�1

�
: (5.10)

Putting together (5.9) and (5.10), we obtain�Z
�\Ar1;r2

jhrf .x/;r�.x/ij
dx

�.x/n�1

�2
� 2

�Z
�\Ar1;r2

jr�.x/j

�.x/n�1
jrf .x/jdx

�
�

� 1

rn�12

Z
�\Br2 .Vr2 /

jrf .x/jdx �
1

rn�11

Z
�\Br1 .Vr1 /

jrf .x/jdx
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C

Z r2

r1

n � 1

�n
‰�.f IB�.V�//d�CG.f I r1; r2/

�
; (5.11)

where G.f I r1; r2/ is as in (5.1). This proves (5.2) for all f 2 BV.�/ \ C 1.�/.
Let now f 2 BV.�/. We can select a sequence fj 2 BV.�/ \ C 1.�/ such that

kfj � f kL1.�/ ! 0; jDfj j.�/! jDf j.�/; Dfj
�
*Df in �: (5.12)

In particular, by the continuity of the trace with respect to the strict convergence, we have

kTrC.fj ; @�/ � TrC.f; @�/kL1.@�;Hn�1/ ! 0: (5.13)

Let us consider the extensions

f0;j .x/ D

´
fj .x/ if x 2 �;

0 if x 2 Rn n�;
f0.x/ D

´
f .x/ if x 2 �;

0 if x 2 Rn n�:

We observe that, by (5.12) and (5.13),

kf0;j � f0kL1.Rn/ ! 0; jDf0;j j.R
n/! jDf0j.R

n/:

By Proposition 2.13, for almost all 0 < r < R,

jDf0;j j.Br .Vr //! jDf0j.Br .Vr //;

kTrC.f0;j ; @Br .Vr // � TrC.f0; @Br .Vr //kL1.@Br .Vr // ! 0;
(5.14)

and in particular, owing to (5.13),

jDfj j.� \ Br .Vr // D jDf0;j j.� \ Br .Vr //! jDf0j.� \ Br .Vr //

D jDf j.� \ Br .Vr //: (5.15)

Now (5.14) and (5.15) allow us to apply Lemma 3.7, and we deduce that

j‰�.fj IBr .Vr // �‰�.f IBr .Vr //j ! 0; as j !1

for almost all 0 < r < R. This implies thatZ r2

r1

n � 1

�n
‰�.fj IB�.V�//d�!

Z r2

r1

n � 1

�n
‰�.f IB�.V�//d�:

Finally, to conclude that the right-hand side of (5.11) for f D fj , passes to the limit as
j !1, giving precisely the right-hand side of (5.2), it suffices to show that the termsZ
�\Ar1;r2

�1�n d jDfj j;

Z
�\Br1 .Vr1 /

.jr�j�1/ d jDfj j;

Z
�\Br2 .Vr2 /

.jr�j�1/ d jDfj j
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converge as j !1 toZ
�\Ar1;r2

�1�n d jDf j;

Z
�\Br1 .Vr1 /

.jr�j � 1/ d jDf j;

Z
�\Br2 .Vr2 /

.jr�j � 1/ d jDf j;

respectively. To see this, it suffices to construct a suitable partition of each domain, for
instance, using portions of circular annuli whose boundaries are negligible for jDf j
and jDfj j for all j � 1, to uniformly approximate each integrand by simple functions
(up to removing a small neighborhood of 0 in the case of the last two integrals). About the
left-hand side of (5.11), we observe that (5.12) implies

Dfj
�
*Df in � \Ar1;r2 :

Now, for f smooth, the left-hand side of (5.2) and the left-hand side of (5.11) coincide.
Moreover, we haveZ

�\Ar1;r2

�.x/1�njh�f .x/;r�.x/ij d jDf j.x/ D j�
1�n
r� �Dfj j.� \Ar1;r2/:

In particular, (5.12) implies that

�1�nr� �Dfj
�
* �1�nr� �Df;

and well-known properties of the weak-star convergence of Radon measures (see [24])
ensure that

j�1�nr� �Df j.� \Ar1;r2/ � lim inf
j!1

j�1�nr� �Dfj j.� \Ar1;r2/:

This implies (5.2) and concludes the proof of the theorem.

The next corollary, a first important consequence of Theorem 5.2, states the monoton-
icity of a suitable function of the radius r , which is defined by three terms: the renormal-
ized perimeter �E .r/, the integral of a renormalized minimality gap ‰�.EIBr .Vr //, and
the visibility error G.E; r/. In particular, when E is an almost-minimizer, the infinitesim-
ality of the second and third terms implies that �E .r/ is “almost-increasing”, and hence
that it admits a finite limit as r ! 0. This limit represents the perimeter density of E at 0;
see Remark 5.4 below.

Corollary 5.3 (Boundary monotonicity for almost-minimizers). Let � � Rn satisfy the
visibility property. Let E � � be a local almost-minimizer such that P�.E; Br / > 0 for
all r > 0 and Z R

0

��n‰�.EIB�.V�// d� < C1:

Then, using the same notation introduced at the beginning of the section, we can find
R0 > 0 such that the function

r 7! �E .r/C .n � 1/

Z r

0

��n‰�.EIB�.V�// d�CG.EI r/



Free-boundary monotonicity for almost-minimizers of the relative perimeter 107

is non-decreasing on .0;R0/. Moreover, the terms
R r
0
��n‰�.EIB�.V�// d� and G.EI r/

are infinitesimal as r ! 0, and hence in particular, �E .r/ is “almost-monotone” and the
limit

�E .0/ WD lim
r!0C

�E .r/

exists and is finite.

Proof of Corollary 5.3. By Lemma 3.8 and the fact that Br .Vr / � BrCv.r/, we can find
constants C;R > 0 such that

jDf j.� \ Br .Vr //

rn�1
�
jDf j.� \ BrCv.r//

.r C v.r//n�1

�
1C

v.r/

r

�n�1
� C for all 0 < r < R.

By combining Proposition 5.1 with (4.12) and the previous bound, up to redefining the
constants C;R > 0, we obtain

jG.EI r/j � C
�Z r

0


v.�/ d�C r
v.r/
�

for all 0 < r < R. (5.16)

Finally, the proof of the corollary follows directly from Theorem 5.2 and from the obser-
vation that the right-hand side of (5.16) is infinitesimal as r ! 0C.

Remark 5.4. It is easy to check that, under the assumptions of Corollary 5.3, one has

9 lim
r!0C

P�.EIBr /

rn�1
D �E .0/:

Indeed, this is an immediate consequence of the inclusions

Br�v.r/.Vr / � Br � BrCv.r/.Vr /

combined with v.r/ D o.r/ as r ! 0.

6. Blow-up limits of almost-minimizers are cones

We now apply Theorem 5.2 and prove that any blow-up limit of a local almost-mini-
mizer E of P� is a perimeter-minimizing cone.

Theorem 6.1. Let � � Rn satisfy the visibility property. Let E � � be a local almost-
minimizer in � such that Z R

0

‰�.EIBr /

rn
dr <1:

Fix a decreasing sequence tj ! 0 and set Etj D t�1j E. Then, up to subsequences, Etj
converges to E0 � �0 in L1loc.R

n/. Moreover, E0 is a non-trivial cone minimizing the
relative perimeter in �0.
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Proof. Set Ej D Etj and�j D�tj for more simplicity. Then by the upper density estim-
ate on the relative perimeter of E (Lemma 3.8) coupled with analogous estimates satisfied
by � Lipschitz, we can find a constant C > 0 such that, for every fixed R > 0,

P.Ej IBR/ � P.�j IBR/C P�j .Ej IBR/

D t1�nj .P.�IBRtj /C P�.EIBRtj // � CR
n�1:

By the compactness property of sequences of sets with uniformly bounded relative peri-
meter the ball BR, we conclude that there exists a not relabeled subsequence Ej and a
set E0 of finite perimeter in BR, such that Ej ! E0 in L1.BR/ as j !1. The fact that
E0 � �0 up to null sets is immediate, since Ej � �j for all j , and the sequence �j
converges to the tangent cone �0 locally in Hausdorff distance (and hence, in L1loc.R

n/)
thanks to Proposition 4.5. Up to a standard diagonal argument we can assume that the
subsequence Ej converges to E0 in L1loc.R

n/. Moreover, by the lower-density estimates
on the volume ofE we also deduce thatE0 can be neither the empty set, nor the whole�0
up to null sets (that is, E0 is non-trivial).

By the scaling properties of the perimeter, for any fixed R > 0 we have

‰�tj .Etj IBR/ D
1

tn�1j

‰�.EIBtjR/ � !
1� 1n
n Rn�1 �.EI 0; tjR/! 0I

therefore, we can apply Lemma 3.6 and deduce that

‰�0.E0IBR/ � lim inf
j

‰�tj .Etj IBR/ D 0

for all R > 0 and, also owing to Corollary 5.3,

P�0.E0IBR/ D lim
j
P�tj .Etj IBR/ D lim

j
t1�nj P�.EIBtjR \�/ D R

n�1�E .0/:

Thus, E0 is a minimizer for the relative perimeter in the cone �0 such that

P.E0IBR \�0/

Rn�1
D �E .0/ for all R > 0.

Now, the monotonicity inequality (5.2) written for f D 1E0 and � D �0 takes the form�Z
�0\.Br2nBr1 /

jh�E0.x/; xij

jxjn
d jD1E j.x/

�2
�

�Z
�0\.Br2nBr1 /

jxj1�n d jD1E0.x/j
�

�

�P�0.E0IBr2/
rn�12

�
P�0.E0IBr1/

rn�11

�
D 0;

for almost all 0 < r1 < r2. The only possibility is then that h�E0.x/; xi D 0 at Hn�1-
almost every x 2 @�E0. By [24, Proposition 28.8], we infer that E0 is a cone with vertex
at the origin, up to negligible sets, and the proof is concluded.
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