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Parabolic obstacle problems with a drift term: Existence,
uniqueness and asymptotic behavior

Fernando Farroni, Gioconda Moscariello, and Maria Michaela Porzio

Abstract. In this paper we are concerned with the obstacle problem related to an operator with
a drift-type lower order term that in the linear case represents the one related to the Fokker—
Plank equation, whose (normalized) solution describes the evolution of the probability density for
a stochastic process. The main novelty is the presence in the coefficient of the lower order term
of a singularity in the spatial variable and minimal-in-time integrability assumption. We prove the
well-posedness of a global solution to the obstacle problem and we describe the asymptotic behavior
of such a solution. In particular, in the autonomous case, we prove that the global solution of our
obstacle problem converges to the solution of the corresponding elliptic obstacle.

1. Introduction

Let Q be a bounded Lipschitz domain of RN, N > 2, and T > 0. In the present paper
we study the parabolic obstacle problem on the cylinder Q7 := Q x (0, T') related to the
operator

H(u) :=u, —div[A(x,t,Vu) + B(x,t,u)]. (1.1

Here the vector fields
A=A, 1,8 Qr xRN - RV,

and
B = B(x,t,5) : Qr xR - RV

are both Carathéodory functions, that is, they are measurable with respect to (x,7) € Qr
for all £ € RN and for all s € R respectively and continuous with respect to s € R and
£ € RV respectively for almost every (x,¢) € Q7. For A we require strong monotonicity
and Lipschitz continuity with respect to the &£-variable—namely, we assume that there
exist o, B positive constants such that

[A(x.2.8) = ACe e, )] - (=) = alg —nl%, (12)
|A(x»tw§)_A(x»ts77)|§,3|‘§_77|s (13)
A(x,1,0) = 0, (1.4)

Mathematics Subject Classification 2020: 35R35 (primary); 35J25, 35J87 (secondary).
Keywords: parabolic obstacle problems, asymptotic behavior.


https://creativecommons.org/licenses/by/4.0/

F. Farroni, G. Moscariello, and M. M. Porzio 112

for almost every (x, 1) € Q7 and for all £, 7 € RV . Finally, we assume that

|B(x,t,s1) — B(x,t,52)| < b(x,t)|s1 — 52/, (1.5)
B(x,t,0) =0, (1.6)
for almost every (x,?) € Q7 and for any s1, s, € R. We require that b € L?(Q7) and

that b can be split as
b =b1 + by + b3, (1.7

where
by € L=(Qr), (1.8)

while b, satisfies the following assumption:

by(-1) € LN®°(Q) forae.t € (0,7), (1.9)
(0.T) >t = [|b2(-, 1) | Lrvoocq) belongs to L°(0, T), (1.10)

and finally,
by € L%(0, T, L>®(RQ)). (1.11)

Here LY%°(Q) denotes the Marcinkiewicz space. An example of function b that we have
in mind is

b(x,1) = (e~ + h(t))% + (e—’%), X#£0, A>0, (1.12)
defined in the unit ball of RY centered in the origin, with g(x) € L>() and h(t)
€ L2(0, 7).

The main difficulty when studying the operator appearing in (1.1) consists in the lack
of coercivity of such an operator and the presence of a singular term in the drift coef-
ficient b(x,1). As well as establishing existence and a uniqueness result, we provide
estimates in time for the related solution to obstacle problem. In the linear case, the opera-
tor # (u) in (1.1) represents the one related to Fokker—Plank equation, whose (normalized)
solution describes the evolution of the probability density for a stochastic process related
to the It stochastic differential equation. A similar operator also occurs in the diffusion
model for semiconductor devices (see [13]) or the electrochemistry model (see [12]). A
wide literature occurs on this topic and related applications. For an almost complete clas-
sical overview, see [31] and references therein. See also [17, 18,21, 32]. More recently,
the case of a nonsmooth growth drift term has been studied in [6,7, 15, 16, 19,30]. About
the theory of elliptic obstacle problems as well as of elliptic variational inequalities, we
refer to the classical overviews of Bensoussan and Lions (see [4]) and of Kinderlerer and
Stampacchia (see [20]). Concerning the parabolic case, first existence results related to
problems with time-independent obstacles have been treated by Lions and Stampacchia
(see [25]) in the linear case and by Brezis (see [10]) for the more general parabolic prob-
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lems. The case of regular-in-time obstacle functions has been considered by Brezisin [11].
More generally, obstacle functions that are less regular in time are studied in [1]. In the
present paper, we treat time-continuous obstacles in L2(0, T, W 1:2(Q)) as in [8].

To formulate our problem, we consider for simplicity the particular case of the zero
obstacle function. Throughout the paper you will find the general case. Set

WO, T) = {v e L*0,T, W, *(Q)) : v, € L*0, T, W™ '2(Q))}.
We define its convex set
Ko(Qr) :={ve W(O.T): v=0ae inQr}.
Definition 1.1. For
uo € L*(Q) suchthatug = 0a.e.in Q, (1.13)

and
felL*(Qr), (1.14)

we say that a function u € Ko(€27) is a solution to the obstacle problem related to (1.1)
with initial datum u¢ and forcing term f if u(-, 0) = u¢ and it satisfies the following
variational inequality:

T
/ (ug,v—u) dr + / A(x,t,Vu) - V(v —u)dxdt
0 Qr
+ / B(x,t,u)-V(v—u) dxdt
Qr
= / f(v—u)dxdr forallv e Ko(Q7). (1.15)
Qr

Our first result is the following a priori estimate, which states the continuity of a solu-

tion with respect to the initial datum and the forcing term:

Theorem 1.1. Assume (1.2)—(1.11), (1.13), and (1.14). Let fe L2(Q7) and wg € LZ(Q).
Let u and w be solutions to the obstacle problem for (1.1) with data ug, f and wo, f
respectively. Then

/ |u(t)—w(t)|dx$/ |u0—w0|dx+/ |f — f]dxds, (1.16)
Q Q Q

foreveryt € (0,T).

As a consequence, a solution to the obstacle problem (in the sense of Definition 1.1)
is unique, despite the lack of coercivity and the singularity in the drift term (see [26]).
However, assumptions (1.8)—(1.11) do not guarantee in general the existence of a solution;
see [5, 14, 16]. A bound on the singular part of the function b is then required.
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Let b satisfy (1.8)—(1.11) and let

Dy = esssup [|b2(, 1) || L ¥.00 () (1.17)
te(0,T)

From now on we assume that

[07
Dy < ——, (1.18)
b SN2

where Sy 5 is the Sobolev constant appearing in (2.5) below. Then we have the following:

Theorem 1.2. Assume (1.2)—(1.11), (1.13), (1.14), and (1.18). Then the obstacle problem
for (1.1) admits a unique non-negative solution. Moreover, the following Lewy—Stampac-
chia inequality holds:

0 < u; —div[A(, -, Vu) + B(-, -, u)] — f < max{—f,0}. (1.19)

As a consequence (see Remark 4.6 below), if f is non-negative, u is the unique non-
negative solution of the Cauchy—Dirichlet problem with non-negative initial datum ug
related to operator (1.1)—namely,

Hu) = f.

Let us remark that condition (1.18) does not imply in general a bound on the norm of b(-, 1)
in LN=°°(Q). Indeed, if b(x, t) is the function in (1.12), then condition (1.18) reduces to

o
A< -(N-2).
<SW-2)

On the other hand, an easy calculation shows that for almost every ¢ € (0, T),

C(N)
||b(l)||LN,o<>(Q) = A (1.20)
Anyway, we point out that if
by € C([0,T], LY (Q)), (1.21)

condition (1.18) is always satisfied by a suitable decomposition of b (see Section 4
and [14,27] for details) and so we have the next result.

Corollary 1.3. Assume (1.2)—(1.8), (1.11), (1.13), (1.14), and (1.21). Then, the conclu-
sions of Theorem 1.2 hold true.

The global well-posedness of the obstacle problem related to (1.1) is addressed, when-
ever the structure data are defined in Q4 := 2 X (0, 00). Roughly speaking, a global
solution is a function u € Cioc ([0, 00), L2(2)) N L2, (0, 00, W,y *(£2)) that satisfies (1.15)
for all T > 0. Once we have established the existence and the uniqueness of a continuous-

in-time global solution, we examine its asymptotic behavior.
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Despite the presence of a lower order term in (1.1) and the obstacle function, we
provide a description of the time behavior for the solution. More generally, assuming
global-in-time summability of the structure data and the forcing term, under a bound sim-
ilar to (1.18), we establish exponential decay for the spatial L2-norm of the difference
of two solutions, with constants continuously depending on the data (see Theorem 5.2).
As consequence, we obtain that if ¥ and w are global solutions to the obstacle problem
related to (1.1) with initial data 1y and wg and forcing terms f and ]7 , respectively, then

Jim Jlu(t) = w(®)l|z2@) = 0.
—>00

Hence, global solutions to the obstacle problem related to (1.1) have the same asymptotic
profile, no matter what the initial values and forcing terms are.

Finally, in the autonomous case, we prove that the global solution of the obstacle
problem related to (1.1) converges to the solution of the corresponding elliptic obstacle
problem (see Theorem 6.1). In particular, in the case of the zero obstacle function we have
the following result:

Theorem 1.4. Let Q2 be the unit ball in RN and

g(x) AN x
L)L EO

B(x) = (

with g € L*°(Q) and 0 < A < % Then there exists a unique global solution u €
C([0, 00), L%(R)) to the obstacle problem related to

Hu) = u; —div(Vu + B(x)u),
with initial datum ug € L*(Q) and forcing term f € L*(2). Moreover,
Jim [u(t) ~ 2@ = 0.
with il € WOI’Z(Q) being the unique solution to the elliptic obstacle problem related to
J(u) = —div(Vii + B(x)i),

with forcing term f.

As far as we know, the results above are new also in the case of operator without
lower order term and when the drift coefficient b is as in Corollary 1.3. When dealing
with inequalities, new and greater difficulties arise compared with the case of equations
[7,16,28]. Then new strategies occur.

A fundamental tool in proving our results is the validity of the variational inequality
on any subcylinder €2 x (0, ¢) for all # > 0; see Proposition 3.2. New test functions arise
and a regularizing-in-time procedure is necessary. The paper is organized as follows: in
Section 2, we introduce some preliminary tools. After this, in Section 3, we describe the
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obstacle problem for a more general class of obstacle functions. In this section we also
prove the aforementioned localization property for the variational inequality. In Section 4
the proof of existence and uniqueness of a solution to the obstacle problem is given, and we
establish a Lewy—Stampacchia-type inequality for the solution. In Section 5 we introduce
the notion of global solution and we give a complete description of its asymptotic behavior.
Finally, in Section 6 we address the autonomous case.

2. Preliminary results

2.1. Notation

We will denote by C (or by similar symbols such as Cy, C,, ...) a generic positive con-
stant, which may vary from line to line. To highlight the dependence of a constant C with
respect to a set of parameters, we adopt the notation C(., ..., -).

Among remarkable constants appearing in the paper, we mention the constant €, =
C2(2, N) > 0 appearing in the Poincaré inequality

C2(Q, NI¢lF2) < IVlF2q, forallg € Wy2(). @1
Forall k > 0, we let T : R — R be the truncation at height k—namely,
T (y) == min{k,max{—k, y}} for y e R.

We also introduce the function ®; : R — R defined as

y
Or(y) = /0 Tr(p)dp fory e R. 2.2)

Observe that 5

k
k|y|—?$®k(y)§k|y| for y € R. (2.3)

2.2. Gronwall’s lemma
We shall use the following version of Gronwall’s lemma:

Lemma 2.1. Letty < T. Assume that y,z,y € C([tg, T]) withz = 0in [ty, T]. If

y(@) <z(2) +/ y(s)y(s)ds forallt € [ty, T],

to

then

t t

z(s)y(s) exp (/ y(r) dr) ds forallt € [ty, T].

to

Vo) <20 + /

to
Moreover, if z is nondecreasing, then

y(t) <z(t) exp(/t y(s) ds) forallt € [ty, T].

to
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2.3. Function spaces

Let Q be a bounded domain in RY. Given 1 < p < oo and 1 < ¢ < oo, the Lorentz
space LP9(2) consists of all real measurable functions f defined on Q for which the

quantity
o0

4. .
1= p [ Throlke ak
is finite. Here and in what follows, A # denotes the distribution function of f, defined as
Ar(k) :=|{x € Q:|f(x)| > k}| forallk > 0.

For p = ¢, the Lorentz space L?-?(£2) reduces to the Lebesgue space L?(£2). For ¢ = oo,
the space L?>*°(£2) consists of all measurable functions f defined on 2 such that

£ 117 0 := esssup kP Az (k) < oo,
k>0

and it coincides with the Marcinkiewicz space, denoted by L#:°°(2). The quantity || - || 5.4
is not a norm, since the triangle inequality generally fails. Note that || - || .4 is equivalent
to a norm and L?-7(€2) becomes a Banach space when endowed with it (see [3,29]).

For Lorentz spaces, the following inclusions hold:

LT(Q) C LP1(Q) Cc LP"(Q) C LP*(Q) C L1(Q),
whenever 1 < g < p < r < oo. Moreover, for 1 <p<oo,1$q$ooandl+l/ =1,
% + % = 1, (where we use the notation % =0),if f e LP91(Q), g€ LP"4(Q), we have

the Holder-type inequality
/gl <11 llpgllglpq 24

Remark 2.2. We recall that L°(Q) is not dense in LY°°(€2). Then it makes sense to
define

D= inf — 00 (Q) -
0 geLm(me gllLN.oo ()

The condition Dy < y for some y > 0 is equivalent to saying that there exists f; € L% (2)
such that

If - f1||LN’°°(SZ) <Y
Then, if f = fi + f» with f> € LY°°(Q), a bound on | /2|l ¥.00 () measures how far f
is from L°°(£2). This motivates the notation used in (1.17).

The Sobolev embedding theorem in Lorentz spaces [2,29] reads as follows:
Theorem 2.3. Let us assume that 1 < p < N, 1 < g < p. Then every function u
€ WOI’I(Q) satisfying |Vu| € LP4(Q) actually belongs to LP"4(Q), where p* := NN—_pp
is the Sobolev conjugate exponent of p and

lullpe.q < Sn.p [Vitlip.g, 2.5

where Sy, p is the Sobolev constant given by Sy, , = a);ll/ N NLLP.
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2.4. Continuity with respect to time and compactness

We recall two well-known results (see [33, Chapter III, page 106]). The first one involves
the set

W(,T) := {veL*0,T, W, *(Q)) : v, € L*(0, T, W 1(Q))},
equipped with the norm

lullweo,ry := llullL20,7,wr2@) + luellL20,7,w-12@))-
Lemma 2.4. Ifu € W(0,T), thenu € C([0,T], L>(R)) and

lullcqo,m,22) < Cllullwo,r).

for some constant C > 0 independent of u. Moreover, the function t € [0, T] —
llue(-, ) ||i2(m is absolutely continuous and

1
§(||u(-,t)||§2(9))t = (us(-.1),u(-t)) foraete[0,T].
Due to the classical compactness result of Aubin—Lions, we have the following:

Lemma 2.5. The set W(0, T) is compactly embedded into L*(QT).

2.5. Mollification in time

A peculiar tool in the theory of parabolic equations is provided by mollification with
respect to the time variable introduced by Landes in [22]. Given 1 < r < oo and a function
v e L"(0,T, X) where X is any separable Banach space, this kind of regularization is
denoted by [v] for & > 0 and it formally solves the ODE

Dol = — (ol —v),

with initial datum [v]5(0) = vo € X. The construction of such regularization goes as
follows: the mollification in time [v];, of a function v € L™(0, T, X) with 1 < r < oo is
defined as

t

[v]n (@) := e_%vo + %/ esh;tv(s) ds, (2.6)

0
for h € (0, T] and ¢ € [0, T]. The next lemma collects the basic properties of [-] if X is
either a Lebesgue space or Sobolev space (see, e.g., [9, Lemma 3.1]).

Lemma 2.6. Assume that 1 < p < oo.

(1) Ifv e LP(Q21) and vy € LP(R2), then

1
I[v]rllLr@r) < vllLr@r) + C(PIR7 [vollLr (@)
[vln = v strongly in LP(Q27) as h — 0,

A [vln = %(v — [wln).



Parabolic obstacle problems with a drift term 119
(2) If Vv € LP(Q7) and Vvg € LP(RQ), then V[[v], = [Vv], and

1
IVIvlnllLr@r < IVVllLr@r) + C(P)R7 [[VvolLr(@).
[Vv]p = Vv strongly in L? (Qr) as h — 0.

3) Ifv e L0, T, LP(R)) and vo € LP(R), then [v]4 € C([0, T], L?(RQ)) and
I[v]allzooco,7,Lr@)) < VliLeoco,1,22@) + lvollLr(@)-
Moreover,

[vln — v strongly in L (Q7) as h — 0,
[vln = v strongly in C([0,T], L?(R2)) as h — 0,

and [v],(0) = vo.
@) If vg — v strongly in LP(Q21), then

[veln — [v]n  and  8:[vk]n — 0:[v]n strongly in L? (Qr).
(5) If Vvg — Vv strongly in LP(Q2T), then
Viviln — V[v]n stronglyin L? ().

(6) If vk — v weakly in LP(Q1) (or Vv — Vv) weakly in L?(Q), then [vg]p
— [v]n weakly in LP(Q21) (or V]vg]n — V[v]n weakly in LP(QT)).

3. Statement of the problem
The aim of this section is to introduce the obstacle problem for a general class of obstacle

functions. More precisely, let 1 be a measurable function defined in Q7 satisfying the
following regularity conditions:

Vv € C([0,T], L*>(R)) N L*(0, T, W2(Q)), (3.1
Y <0 ae indQx(0,7), (3.2)
¥ € L*(Qr), (3.3)
¥ (-,0) € Wy (). (3.4)

Let us consider the convex subset Ky (27) of W(0, T') defined as
Ky (Qr):={ve WO.T): v=y ae.inQr}.

We provide the following immediate generalization of Definition 1.1:
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Definition 3.1. For

up € L*(Q) (3.5)
satisfying the compatibility condition
ug = ¥(-,0) ae.in Q, (3.6)
and
f e L*(Qr). 3.7)

we say that a function u € Ky, (Q27) is a solution to the obstacle problem related to (1.1)
with initial datum u¢ and forcing term f if u(-,0) = u and the variational inequality

T
/ (ug, v —u) dt—i—/ A(x,t,Vu) - V(v —u)dxdt
0 Qr

+/ B(x,t,u)-V(v—u)dxdt 2/ f(v—u)dxdt, (3.8)
Qr Qr

holds for any v € Ky (7).

As already noticed in the introduction, a feature that deserves to be highlighted for
our problem is a localization property, that is, any solution of the obstacle problem settled
in Q7 solves the same obstacle problem in any subcylinder of the form 2, with € (0, 7).
Before we give the proof of the localization property, we recall an approximation result
for functions v belonging to

L0, T, L*(Q)) N L2(0, T, Wy (),

which satisfy v > 1 almost everywhere in Q27 via mollification in time when the obstacle
satisfies (3.1)—(3.4). It can be found in [8, Lemma 3.1] and we state it below.

Lemma 3.1. Let (3.1)=(3.4) hold and let v € L=(0, T, L*(2)) N L>(0, T, W, *())
be such that v >  almost everywhere in Qr. For h € (0, T] set wy, := max{y., [v]s}
where [v], is defined as in (2.6) with an initial datum vy € WOI’Z(Q) such that vg = ¥ (-, 0)
almost everywhere in Q. Then wy, € Ky (1) and wy, — v strongly in L*(0, T, W12(Q))
as h — 0 and wy(-,0) = vg. Moreover, if 0 <t <t, < T, then

lim sup/ (wp)¢(wp, —v)dxdr <0.
h—0t JQx(11,t2)
We are in a position to state and prove the aforementioned localization property.
Proposition 3.2. Assume (1.2)—(1.11) and let the obstacle function  satisfy (3.1)—(3.4)

and (3.6) with ug € L*(Q2). If u € Ky (Q7) satisfies u(0) = uq and inequality (3.8) for
every v € Ky (Q7) with f satisfying (3.7), then for every t € (0, T), we also have

/(ut,v—u) dt+/ A(x,t,Vu)- V(v —u)dxdt
0

T

+/ B(x,t,u)-V(v—u) dxdt 2/ f(v—u)dxdr. (3.9)
Q. Q:
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Proof. For 6 € (0,7),let & € C°([0, T]) be defined as follows:
ift €[0,7—46],

1
(1) == X[0,0—6] + 5(1 —DX-b0=13=(—1t) ifte(x—0,1],

OQ>|._ —_

ift e (¢, T].

Let us consider v € Ky (Qr) such that v, € L?(Q7) and, for h € (0, T], let wy, :=
max{[u]y, ¥} where [u]y is defined assuming that it satisfies the initial condition
[u]n (-, 0) = (-, 0). Clearly wy € Ky (Q7) by Lemma 3.1. Therefore, the function

Vg, := Egv + (1 —&g)wp,

is admissible for inequality (3.8). Thus, we have
/ (Vo) (Vg —u)dx dt + / [A(x,t,Vu) + B(x,t,u)] - V(Vg, —u)dxdt
Qr Qr
| > 1, . 2
+ 5”1)9’;,(0) - MOHLZ(Q) - EHUG,h(T) - M(T)”Lz(g)
T
= / f(vg —u)de, (3.10)
0
where we used the fact that
T
|t T = upar
0
~ ~ 1, 1
-/ (01 (o =) e+ 3T(0) ol gy = 3 150(T) D
We decompose the second term in the left-hand side of (3.10) as follows:
/ [A(x,t, Vu) + B(x,t,u)]- V(Vg —u)dx dt
Qr
= / [A(x,t,Vu) + B(x,t,u)] - V(v —u)dx dt
Qx(0,7—6)
+ / [A(x,t,Vu) + B(x,t,u)] - V(Vg, —u)dxdt
Qx[t—0,7)
+ / [A(x,t,Vu) + B(x,t,u)] - V(wp, —u) dx dz. (3.1D)
Qx(z,T)
Since 0 < £g(r) < 1 forevery t € (0, T'), we deduce that |V(Vg, — u)| < |Vv| + |[Vwy|

+ |Vu| and so the second term in the right-hand side of (3.11) vanishes as § — 07 by
assumptions (1.3)—(1.11) and applying the dominated convergence theorem. Hence, we
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have

lim [A(x,t,Vu) + B(x,t,u)]- V(g —u)dx dt
6—>0t* JQr

= / [A(x,t,Vu) + B(x,t,u)]- V(v —u)dx dt
Qx(0,7)
+ / [A(x,t, Vu) + B(x,t,u)] - V(wy, —u)dxdr.
Qx(z,T)

In a similar way, we obtain

lim f(f)'g—u)dxdt=/ f(v—u)dxde

0—>0% JQ, Qx(0,7)

—+—/ f(wp —u)dxde.
Qx(t,T)

We deal with the first integral in (3.10) and we decompose it as follows:

(V,n)¢ (Vg,n — u) dx dt

Qr
= / ve(v —u)dxde —+—f (Vo,n)¢ (Vg —u) dx dt
Qx(0,7—0) Qx(t—0,1)
+/ (wp) ¢ (wy, —u)dx dt. (3.12)
Qx(z,T)

Then, we observe that

lim v;(v—u)dxdr = / ve(v—u)dxdr. (3.13)
6—>0% JQx(0,7-0) Qx(0,7)

Now we focus on the second integral in the right-hand side of (3.12). By the definition
of Vg, we see that

[ (Vo,n): (Vg —u)dx dt
Qx(t—0,1)
:/ Sés@'v—wh|2d)€dl+/ Sé(v—wh)(wh_u)dxd[
x(e=f.7) @x(z-0.7)
+ / (Eove + (1 = 9) (wi)e) (8 (v — wp) + wy, —u) dx dr
Qx(z—0,7)

We are interested in estimating the limits of I;(0), I>(#), and I5(6) as & — 0%; hence,
we do not highlight the dependence on % of such integrals. First, we have

. 1
Jim 11(0) = =211 —wn) (72 g)- (3.15)
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Then, we also obtain
elirg+ 1(0) < [[(v —wp)(wp —u) (D) L1 (@)- (3.16)
Moreover, by the dominated convergence theorem, we deduce

lim I3(6) = 0. (3.17)
6—>0t+

If we gather (3.15), (3.16), and (3.17) and if we pass to the limit as § — 07 in (3.14), we
obtain

timsup [ (BT~ wydrar
Qx(t—6,7)

6—0+
1
< —zll(v —wp) () Z2q) + 10 = wp) (Wi =) (@) L1(@)- (3.18)

Subsequently, if we gather (3.13) and (3.18), and if we pass to the limit as § — 0T
in (3.12), we have

lim sup/ (Vo,n): (Vg —u)dx dt
-0+ Qr
1
< /Q (0 =) dxdr = 2|0 = wi) ()22, + 10 = ) w5 — (D) 10y
+ / (wp) ¢ (wp, —u)dx dr.
Qx(z,T)

Now, if we take into account the previous inequalities we pass to the limit as § — 0%
in (3.10), we obtain

1 1
/Q 00 =) dxdr + 2[0(0) ~ ol — 310~ U2y
+ / [A(x,t,Vu) + B(x,t,u)]- V(v —u)dxdt
Qr
+ / [A(x,t,Vu) + B(x,t,u)] - V(w, —u)dx dt
Qx(z,T)
1
10 = wn) wn = 0@l = wn (1) = (T2
+ / (wp)¢(wp, —u) dx de
Qx(z,T)
2/ f(v—u)dxdt—i—/ f(wp —u)dxde.
Q. Qx(z,T)
Then we pass to the limit as 4 — 07, and since by Lemma 2.6 we have

lim sup/ (wp)¢(wp, —u)dxdr <0,
Qx(z,T)

h—0t
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we conclude that

1 2 1 2
[ o=@+ 5100 ~wala g - 310 = 0@ B2

T

+ [A(x,t,Vu) + B(x,t,u)]- V(v —u)dxdr = f(v—u)dxdt. (3.19)
Qr Qo

Once observed that the first three terms in the left-hand side of (3.19) equals

T
/ (ug, v —u)dxdt,
0

we get the inequality
T
f (ug, v —u)dxder + / [A(x,t,Vu) + B(x,t,u)] - V(v —u)dx dt
0 Q:
2/ f(v—u)dxdt,
Qr

for every test function v € Ky (Qr) with the additional property v, € L?(27). This last
requirement can be removed by an approximation argument (see Remark 3.3 below). =

Remark 3.3. Inequality (3.9) holds for admissible test function w only satisfying
w e L2(0, T, W,"*(Q)) such that w = v a.e. in Qr, (3.20)

without requiring the existence of the time derivative of w. Indeed, if w satisfies (3.20), we
can define the function wy, := max{Jw]x, ¥} where [w] is chosen such that [w](:, 0)
= ¥ (-,0) and by Lemma 3.1 we have [w], € Ky (7). Therefore, we can use wy, as a
test function for (3.9) and we have

T
/(ut,wh—u) dt—i—[ A(x,t,Vu) - V(wy, —u) dx dt
0

T

+ / B(x,t,u)-V(wy —u) dxdr = / f(wp, —u)dxde. (3.2
Q; Qe
Again by Lemma 3.1, we have wj, — w strongly in L2(0, T, W, >()) as h — 07, we
pass to the limit in (3.21) and we obtain that (3.9) holds for all w satisfying (3.20).
4. A priori estimates, existence, and uniqueness

We start the present section by stating and proving the following more general version of
Theorem 1.1:
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Theorem 4.1. Assume (1.2)—(1.11). Let the obstacle function  satisfy (3.1)-(3.4) and
assume that (3.5)—(3.7) hold and that wo > ¥ (-, 0) almost everywhere in 2, with
wo € L2(RQ). Let u and w be solutions to the obstacle problem for (1.1) with data ug, f
and wy, ]F, respectively, where [ and fbelong to L?>(Q27). Then

/;Z|u(t)—w(t)|dx$/9|u0—w0|dx+[9t|f—f|dxds 4.1)
foreveryt € (0,T).

Proof. We fix ¢ > 0. By Proposition 3.2 we know that inequalities (3.8) and (5.10) hold
true in Q;, for every t € (0, T). Testing such inequalities in 2; by (respectively) v —
Te(u — w) and w — T, (w — u) and summing the resulting inequalities, we obtain

/ Og(u(t) —w(t))dx + / [A(x,s, Vu) — A(x,s, Vw)]VT(u — w) dx ds
Q Q

+ [B(x,s,u) — B(x,s,w)|VTg(u —w)dxds
Q;

< / O, (g — wo) dx +/ (f = /)Ts(u — w) dx ds, 4.2)
Q Q:
where ©,(z) is as in (2.2). By (4.2) and (2.3), we have
/ Oc(u(t) —w())dx + / [A(x,s, Vu) — A(x,s, Vw)]VTe(u — w) dx ds
Q Q;
SS[ |u0—w0|dx+s/ |f—f|dxds
Q Q2
+ 8/ b(x,$)|VTe(u —w)|dx ds.
Q;
We divide by € and we obtain
1 o P
— | O (u(@)—w())dx + — |VTe(u — w)|”dx ds
¢ Ja e Jo,

< f |ug — wo| dx —|—/ |f — f| dx ds +[ b(x,s)|VTe(u —w)| dx ds.
Q Qt s-Zt
By Young’s inequality we have
€42 @ 2
bIVT(u —w)| < —b" + —|Te(u —w)|*.
200 2¢
By the previous inequalities, we deduce

1 o
;/Qe)e(u(z)—w(z))dH Z/Q VT, (u — w)|*dx ds

s/ |u0—w0|dx+/ |f—f|dxds+i/ |b(x, 5)|* dx ds. 4.3)
Q Q 2a Jq,
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Once observed that by (2.3) it follows that

®
lim

e—>0"t

= |z|,

and dropping the second non-negative term in the left-hand side of (4.3), we obtain asser-

tion (4.1) as ¢ — 0. [
Theorem 4.1 gives the following uniqueness result:

Corollary 4.2. Under the assumptions of Theorem 4.1, the obstacle problem admits a
unique solution in the sense of Definition 3.1.

Another immediate consequence of Theorem 4.1 is the following result:

Corollary 4.3. Under the assumptions of Theorem 4.1, for every A > 0 we have

esssup)t|{x €Q: Julx,7)—w(x, 1) > )L}|

Oo<t<t

5/ |u0—w0|dx+/ f = Fldxds,
Q Q

As far as uniqueness is achieved, now we prove existence of a solution to the obstacle
problem.

Theorem 4.4. Assume (1.2)—(1.11) and (1.18). Let ug € L?>(Q), f € L*>(Qr), and
¥ Q2 — R satisfy (3.1)-(3.4), (3.6), and
Ve —div(AC, -, V¥) + B(. - ¥)) € L*(Qr). (4.4)

Then, the obstacle problem for (1.1) with initial value uoy and forcing term f admits
a unique solution u € Ky (). Moreover, the following Lewy—Stampacchia inequality
holds:

0 < u; —div[A(,-, Vu) + B(, -, u)] = f
. +
< (Ve —div[AC. - VYY) + By = f) 45)
In order to get existence for the obstacle problem, we implement a penalization tech-

nique. More precisely, for every fixed A > 0, we consider the sequence (4} ,)nen Of
solutions to the problems

i B(x,t,T,(u
ol = (4G5, V) S E)

=+ VT Zy( —urn) inQr, (4.6)
Upr, =0 on 92 x (0,7T),
ul,n(.,()):uo in Q
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where
V=, —div(A(, -, V¥) + B(G, -, ¥) — f 4.7
and Z, € W1 (R) is defined as
Zi(s) =0 ifs<—A, (4.8)
Zi(s) =1+ % if—A <s<0, 4.9)
Z,(s)=1 ifs>0. (4.10)

As a direct consequence of the definition of Z), we have
|Z,(s)] <1 forevery s € R. (4.11)

Because of (3.7) and (4.4), the function U belongs to L2(Q27). Therefore, the existence
of asolution u; _, € C([0,T], L3()) N L*(0, T, Wol’z(Q)) follows by the classical theory
of monotone operators (see [24]). For the sequence (1, ,)nen, We have a priori estimates
and compactness in suitable spaces, as we state in the following result:

Lemma 4.5. Forall A > 0 and for all n € N, there exists a positive constant C indepen-
dent of A and n such that

”u/\,n||L°°(O,T,L2(Q)) + ”Vuk,n”Lz(QT) + ”(u)t,n)t”iZ(O’T,W—I,Z(Q)) <C. (4.12)

In addition, there exists uy € C([0, T], L>(R)) N L2(0, T, W, *(Q)) with (u3), €
L0, T, W 12(Q)) such that u, (-,0) = uq and up to a subsequence (denoted again u;, ,)
asn — oo, we have

Upy —> Uy strongly in L*(Q27), (4.13)
Upp —> Uy a.e.in Qr, 4.14)

* * 00 2
Upp — Uy, weakly™ in L>°(0,T; L=(2)), (4.15)
Upn —up  weaklyin L2(0, T, W, (), (4.16)
(an)e = (ua)e  weakly in L*(0, T, W~"*(Q)), (4.17)
Vurn, — Vu, ae inQr. (4.18)

Proof. We test the equation in problem (4.6) by u, , and we obtain (thanks to the structure
assumptions and to (4.11)) the following estimate:

1
5/ |u;t’n|2dx+a/ |Vu;t,n|2dxds
Q

t

1
<5 [ ol ar+ [ b0l Vsl axas
2 Ja Q,

+/ |f||u,1,n|dxds+/ [ ||uj ] dx ds, (4.19)
Q Q
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for every ¢ € (0, T') arbitrarily fixed. By (1.7), the second integral in the right-hand side
of (4.19) can be decomposed as follows:

3
/gz b(x,$)|upnllVuy pldxds = Z/ﬂ bi(x,8)|upnllVuy ,|dx ds. (4.20)
t t

i=1

By the Holder inequality (2.4) and the Sobolev inequality (2.5), we have
[ b2t sl Vil axas
Q;

t
$/ [162() [ zv.00 @) 2.0 () || 2% 22 VU1 () I L2 (02) ds
0
< SN2Dp [ VianlF o, (4.21)

Hence, we reabsorb the second term in the right hand-side of (4.19) by the left hand-side,
since by assumption (1.18) we have that

0:=a—Sy,Dp > 0. (4.22)

We obtain
1 2 2 1 2
E”MAJ’([)”LZ(Q) + 9”V”A,n”L2(QI) =< 5””0"[,2(9) + o b1|uk,n||vuk,n| dx ds
b [ bsbenall Gl dxds + [ 11l dxds
Q Q
+ / |WH| |z dx ds. (4.23)
Q;
By means of Young’s inequality, we have

bilupnlIVity n|dx ds
Q

2 2 ! 2 0 2
< G0l [ 2O+ 10O @) @29
| sl Il as
Q

2 [ 0
< 5/0 153() 117 002y 1120 ()17 22y s + g”vul’n”izm,y (4.25)

£

By means of Young’s inequality and Poincaré’s inequality, we have
' 2 o 2
| 17 sl e ds < (. 2. | 17O e85 + 1Vl @20

! 0
/Q, [WH|upnldxds < c(N,Q,G)/O ||‘Ij+(s)||i2(sz) ds + §||Vu,1,n||iz(9t). (4.27)
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By (4.23)-(4.27), we deduce
”u/l,n (t)”%;(gz) + 9||Vu/1,n ”22(91)

4 t 4 [t
< 213, /0 130 (5) gy 05 + [0 1635) 1oy 122, () 1223y s

t
+¢(N.2.6) /0 (1LF O + 197 ) Z20gy) ds + luoll32q)- 428)
We apply Lemma 2.1 by choosing
y(@) =l n ()72 (4.29)

t
z(1) = ¢(N,Q,0) /0 (IS 2y + 1¥F O F2(y) ds + luoll7 2y, (4:30)

4
y(s) = 5(Ilbllliw(gr) + 1631 7o) (4.31)

and we conclude that
lurnllLeo,r,L2@) < Cis (4.32)
where C; is a positive constant independent of A and n. Combining (4.28) with (4.32), we

also obtain
Vurnllz,) < Cas (4.33)

where C, is a positive constant independent of A and n. With the aid of the equation
in (4.6) and taking into account estimates (4.32) and (4.33), we obtain

lan)ellLzo,r,w-120) < Cs,

where C3 is a positive constant independent of A and n. Therefore, thanks also to the
compactness lemma of Aubin-Lions, we obtain the existence of a limit function u, for
which (4.13)—(4.17) hold. It is then also clear that u (-, 0) = uo, since u}_,(-,0) = uo for
alln € N.

It remains to prove that (4.18) holds. To this aim, we test problem (4.6) by Ty (uj,
—u, ), and recalling the definition of ® in (2.2), we have

| O (1) = a1
+/ [A(x.t,Vuy n) — A(x,t,Vup)] - VI (up pn —uy)dx de
Qr
< —/ A(x,t,Vuy) - VTi(uy p —uy)dxde
Qr

+ | (f+YTZi —ua ) Ti(upn —up) dx de
Qr

_/ B(x.t, Ty(uj,,))
Qr

-VTi(uy,, —uy)dxde. 4.34
Y k(U —uy) (4.34)
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Observe that

lim A(x,t,Vuy) - VT (up p —uy)dxdt =0,

n—>+o0 Jo

because of (4.16). Moreover, we have that
ngrfoo QT(f + U Z3( —up ) Tk (pn —up)dxdr =0,

because of (4.14) together with the dominated convergence theorem. Now we show that

B(x, 1, Ty (upn))

-V(uy , —uy)dxdr =0. 4.35
1+ %b(x,t) ( )L,n /1) ( )

lim _
n—>+o0 Jo. X{lupn—upl<k}

First observe that
B(.X, t’ Tn (uk,n))
1+ %b(x, t)
because of (4.14). On the other hand, we have
|B(x,1, Tn(uk,n)”
1+ 1b(x,1)
because of (1.5) and (1.6). Hence, it follows that
B(x,t, Ty (uj n))
1+ 1b(x.1)
and this allows to conclude that (4.35) holds true. Previous facts allow us to pass to the
limit in (4.34) to get

Xy p—up <k} — B(x,t,up,) ae inQr,

< b(x, 0)(lupl + k) € L2(Q7),

X{lujp p—upl<k}

Xl =z <k} — B(x,t,uy) strongly in LZ(QT),

lim [A(x. 2, Vuy ) — A(x,t,Vuy)] - VT (upn —uy)dxde =0,

n—-+o00 Qr

which leads to (4.18), arguing as in the proof of [23, Lemma 3.3]. |
Now we are in a position to prove Theorem 4.4.

Proof of Theorem 4.4. 1t is sufficient to prove the existence of a solution to the obstacle
problem, since the uniqueness is given by Corollary 4.2. For reader’s convenience, we
split the proof in several steps.

Step 1: convergence scheme for a penalization problem.

With convergences (4.13)—(4.16) and (4.18) proved above, we can pass to the limit
as n — oo in (4.6) and we obtain that the function u; obtained in Lemma 4.5 solves the
following problem:

(uyp)e —div(A(x,t,Vuy) + B(x,t,uy))

= [+ VYT Zy(y —up) in Q7.
u; =0 on 02 x (0, 7),
u(-,0) = ug in Q.

(4.36)
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Moreover, by (4.12), we also have

luallzooo. 2@y + IVulL2@r) + 1@ N7 20,7 w-12(0)) < C (4.37)
where C is independent of A. Proceeding as in the proof of Lemma 4.5, we deduce the
existence of a function u € C([0, T'], L2(2)) N L2(0, T, Wy *(2)) such that u(-, 0) = o
and (up to a subsequence) as A — 0" we have

u) — u strongly in L*(Qr),
Uy —>u ae. inQr, (4.38)
uy —~u  weakly* in L®(0, T; L2(R)),
up —u  weakly in L2(0, T, W, (),
() — u; weakly in L2(0, T, W ~12(Q)).
Step 2: we prove that u = ¥ a.e. in Q.

We choose (1 —uy)™ as test function in the first equation in problem (4.36) and we
obtain

t
/0 (@a)es (f —uz)*)ds + /Q (ACx.5.Vuz) + B(x.s.u2)) V(¥ —uz)* dxds

=/ f(l/f—u;k)"'dxds—i-/ U Z, (¥ —up)(¥ —uy)tdxds. (4.39)
Q

We estimate the first integral in the left-hand side of (4.39). Thanks to compatibility con-
dition (3.6), we deduce

t
| v =y as
t t
= [ e —uyas— [ = =
t
0
Hence, it follows that (recalling the definition of W in (4.7))

1
SN =) ) + /Q (A5, V9) = A5 Vi) V) — )" drds

— [ —u ) s = 100 1) gy

+ / (B(x,s, uy) — B(x,s, 1//))V(1ﬁ —uy) T dxds
Q;

< —/ U™ (¢ —uy) T dx ds. (4.40)
Q;
The right-hand side of (4.40) is nonpositive, and so by the structure assumptions, we have

1
NGO = 00) oy + /Q [V~ dx s

s/ b(x, )W —uy)T|IV(¥ —uy)T|dxds. (4.41)

t
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The right-hand side of (4.41) can be decomposed as follows:

b(x,$)( —up) "IV —up)T | dx ds
Q

_ /Q by () (¥ — uz) IV —uz) | dx ds
+ / ba(eo$) (W —un) V(P —uz)* | dx ds
Q
+ [ baGes)W —u) IV — )| dx ds.
Q

With computation similar to the one leading to (4.21), we observe that

[Q ba(eo )W —un) V(P —uz) | dx ds

t
< [0 126 eey I = 1) (220 IV (W — 2)* (5) |2 ds

< SN2DplIV (Y — “A)Jr”iz(sz,)'

Hence, by (4.41)—(4.43) and thanks to assumption (1.18), we obtain
1
SO =10 2 ) + 6 /Q VO =) P avds

< /Q by, )W (5) — ur () V(Y (s) — uz(5) ™| dx ds

+/Q b3(x,5) (¥ (s) = ua (N TIV(Y(s) = up(s) | dx ds,

where 0 is as in (4.22). By means of Young’s inequality we have
/9 br(x, ) (Y (s) —ua () TV (s) —ua(s) T dx ds
t 1 ¢
< gl [ 10/6) 1) gy s

0
+ 5 V(¥ — u)t)+ ”iz(gl),

and also
/Q bS(X,S)(w(S)—MA(S))+|V(w(S)_ul(s))+|dxds
L 2 +12
< %/0 ”bS(S)”Loo(Q) (¥ (s) —up(s)) ||L2(Q) ds

0

132

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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Gathering (4.44)—(4.46), we obtain
” (w(t) —Uu, (t))+ ”12(9)
1 t
<5 [ 51y + 1030w I ¥ 5) = 1a(5)* g .

We apply Lemma 2.1 by choosing y () := || (¥ (t) —u(¢)) T ||i2(9), z(t)=0,and y(¢) :=
7Ub1117 0@y T 163()[1F 0o (qy)» and we conclude that [|(¥ (1) — ua ()™ 172y = O for
allt € (0,T), thatis, uy = 1 almost everywhere in Q7. Finally, it follows that

u=1vy ae.inQr 4.47)

due to the convergence in (4.38).
Step 3: we prove that (3.8) holds (i.e., u solves the obstacle problem).
We test problem (4.36) by T,(u; — u), where ¢ > 0 is arbitrarily fixed. We obtain

/ Of(uy —u)(x,T)dr + [A(x,t,Vuy) — A(x,t,Vu)] - VT (uy —u)dx de
Q Qr
< —/ A(x,t,Vu) - VTs(uy —u)dxde
Qr
+ | (f+YTZ(y —up)Te(uy —u)dxde

Qr
—/ B(x,t,uy) - VTe(uy —u)dxdte, (4.48)
Qr
where O, is as in (2.2). We explicitly remark that the left-hand side of (4.48) is non-

negative, while the right-hand side vanishes in the limit as A — 0T. Hence, it follows
that

lim O (uy —u)(x,T)dx =0, (4.49)
A—0t Jo
AlimJr [A(x,t,Vuy) — A(x,t,Vu)] - VT (u) —u)dxdt = 0. (4.50)
—0 Qr

Once again, (4.50) implies
Vu; — Vu ae.in Qr. 4.51)

Moreover, because of (2.3), one has
1 e
|MA(X,T)—M(X,T)| < g®8(ul_u)(x’T)+§' (452)

Observe that (4.49) and (4.52) imply

Passing to the limit as ¢ — 0%, we obtain

lim / lus(x, T) —u(x, T)| dx = 0. (4.53)
A—0t Jo
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Let v € Ky (R27) and let 0, be a cut-off function with respect to the space variable
such that ny € C§°(R2),0<n; <1in R, ny =1lin Q= {x € Q: dist(x,dQ) > A},

and A|Vn,| < C. We define vy := v + An,. We use Ty (vy, — u,) as a test function in the
first equation of (4.36) and we obtain

T
[ (Ua)e, T (ua —up))ds + [ (A(x,s, Vup) + B(x,5,u3)) VT (vy —uy)dxds
0 Qr
= / Ut Z3 (¢ —up) T (vy —uy)dxds + / fTr(vy—uy)dxds. (4.54)
Qr Qr
Integrating by parts, the first term in the left-hand side of (4.39) satisfies the identity

T T
[ (e, Te(s — uz)) ds = [ (2)r. Tic (v — 1)) ds
0 0

+/ ®k(v;k(x,0)—uo)dx—/ Or(vy —uy)(x, T)dx. (4.55)
Q Q

As Oy is Lipschitz continuous, we have
’/ Or(vy —uy)(x,T)dx — / Or(v—u)(x,T)dx
Q Q
< [ 10k ). T) ~ 4o =), T

$/ Ivk—v|(x,T)dx+/ |uy —ul(x, T)dx. (4.56)
Q Q

Because of (4.53), we have

A—0t

lim Or(vy —uy)(x,T)dx = / Or(v—u)(x,T)dx.
Q Q
Observing that (vy); = v, we can pass to the limit in (4.55) and we obtain
T
tim [ (@) v = ) ds
A—01 Jo
T
= / (vg, T (v —u))ds + / O (v(x,0) —up) dx — / Or(v—u)(x,T)dx
0 Q Q

T
= / (uy, Ty (v —u)) ds. 4.57)
0
Now we estimate the integral
/ \IJ+Z,1(I//—M,1)Tk(UA—M,1)dXdS.
Qr

If either v; < uy orif vy > u,, the monotonicity of Z, implies

U Z3( —up) Te(oa —uyp) = VT Zy (¢ —va) T (va —uy).
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Recalling that v = v almost everywhere in Q7, we have ¥ — vy = ¥ —v — Any < —Any
= — in Q*. Combining these properties, we arrive at

/ Ut Z5 (¢ —up)Ti(vy —uy)dxds
Qr
B/ \IJ+ZA(W—U)L)Tk(U/\—u)L)dde
Qr

= f W Z (¥ — i) T (v — up) dx ds
Qr\Q4

\V

—/;2 . |WH||lvy —uy|dxds
T

T

1/2 1/2
—(f |\IJ+|2dxds) (/ |U;L—u;t|2dxds> . (4.58)
Qr\Qk Qr

We observe that the term 12
(/ |v;L—uA|2dxds)
Qr

is uniformly bounded with respect to A, while

\V

lim Wt 2dx ds =0,
A—>0F QT\Q;:

since |27 \ Q%| — 0 as A — 0T. We deduce that

lim Ut Z5(p —up)Ti(vy —uy)dxds = 0.
A—0t JQr

The remaining terms in (4.54) pass to the limit because of (4.51). Hence, we obtain
T
/ (ug, T (v —u))ds + / (A(x,s,Vu) + B(x,s,u))VTi(v —u)dxds
0 Qr
= / ST (v —u)dxds.
Qr
Now the variational inequality follows passing to the limit as k — oo.

Step 4: we prove that the Lewy—Stampacchia inequality holds.
Since 0 < Z; < 1, we have

0 < (u3)e — div(A(x, 1, Vup) + B(x, t,u3)) — f < W

in the sense of distribution. Therefore, the Lewy—Stampacchia inequality follows by pass-
ing to the limit as A — 07 in the latter relation. ]
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Remark 4.6. As a byproduct of the existence and uniqueness result together with the
validity of the Lewy—Stampacchia inequality stated in Theorem 4.4, we obtain that for all
non-negative initial values uo € L?(2) and for all non-negative source terms f € L2(Q7),
the problem

—div(A(x,t,Vu) + B(x,t,u)) = f inQp,
u=20 ond2 x (0,7),
u(-,0)=0 in Q

admits a unique non-negative solution u € C([0, T'], L2(2)) N L?(0, T, Wol’z(Q)).
We conclude this section by proving Corollary 1.3 stated in the introduction.

Proof of Corollary 1.3. To prove the claimed result, it suffices to observe that b, = b, —
Ty (b2) + Tar(by) for M > 0 and

ess sup (b2 — Tar (2)) (@) |l Lv.00 () < Jmax (b2 — Tpr (b2)) ()| v (@) (4.59)
<t< <

Then, one can choose My > 0 such that the right-hand side of (4.59) with M = M, is
strictly less that T The result then follows by Theorem 4.4, leaving unchanged the
choice of b3 and replacing by and by by by + Tag,(h2) € L®(Q27) and by — Ty, (b2),
respectively. ]

5. Global solutions

In this section we denote Q2 := 2 X (0, 00) and we assume that
A=A, 1,8 Qoo xRN - RV

and
B = B(x,t,s): QOOXR—>]RN

are both Carathéodory functions. We require that assumptions (1.2)—(1.4) on A are satis-
fied for almost every (x,1) € Qoo and for all £, € RY . Moreover, b € L2 (0,00, L*(R))
is such that (1.7) holds where by, b,, and b3 satisfy (1.8)—(1.11) for all T > 0. Then, let
assumptions (1.5)—(1.6) on B hold for almost every (x,?) € Q4 and for all s1, s, € R.
For the obstacle function, we assume that ¥ : Q,, — R satisfies (3.1)—(3.3) forall 7 > 0.
Finally, we assume compatibility condition (3.6).

Here, for a global solution to the obstacle problem, we mean the following:

Definition 5.1. Letug € L*(2) and f € L2 (0,00, L?(£2)). Under the structure assump-
tions above, by a global solution to the obstacle problem related to (1.1) with initial data u¢
and forcing term f, we mean a function u € Cic ([0, 00), L*(£2)) N L2 ([0, 00), WOI’Z(Q))
with u(-,0) = uy such that for all 7 > 0, one has ¥ = i almost everywhere in Q7 and
inequality (3.8) holds true for every v € Ky (Q71).
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We establish existence and uniqueness of a global solution.

Theorem 5.1. Under the assumptions above on A, B, V, ug, and f, assume also that

o
Dp,r 1= esssup [|[ba(, 1)L N.oo(q) < oo 5.1
0<t<T N,2
and
div[A(, -, V§) + B, )] € L*(Qr), (5.2)

hold for all T > 0, where Sy in (5.1) is the Sobolev constant appearing in (2.5). Then
there exists a unique global solution to the obstacle problem related to (1.1) with initial
data uy and forcing term f.

Proof. Let Ty > 0 be arbitrarily fixed. For every m € N, let us denote u™ e Ky (QLmty)
as the solution to the obstacle problem in the parabolic cylinder £2,,7,, whose existence
and uniqueness is guaranteed by Theorem 4.1. By Proposition 3.2, the function u™+V
solves the obstacle problem also in the parabolic cylinder €2,,7,. Due to the uniqueness of
a solution of the obstacle problem recalled above, we get w1 = 4 m iy mT,- There-
fore, the function u := u™ in Q mT, for every m € N is well defined and by construction
is the unique global solution to the obstacle problem in the sense of Definition 5.1. ]

A quantitative description of the asymptotic behavior of a global solution is provided
by next result. As a byproduct, we get that global solutions to the obstacle problem related
to (1.1) have the same asymptotic profile, no matter what the initial values and forcing
terms are.

Theorem 5.2. Let the structure assumptions of Theorem 5.1 be in charge. Let u and w
be global solutions to the obstacle problem related to (1.1) in the sense of Definition 5.1
with initial data ug and wo and forcing terms f and ]7, respectively, where [ — f IS
LY (Q060) N L%(Roo). Assume there exists wo € L?(Q) satisfying wo(x) > ¥ (x, 0) almost
everywhere in Q. Let b € L?(Qo0) satisfy (1.7) with

by € L*(Q60) N L%°(Roo), (5.3)
b3 € L*(0, 00, L®(R)), (5.4)

and by satisfies

ba(-,1) € LN®(Q) fora.e. t € (0,0),
(0,00) 3t > [[ba (-, )| Lryoo(q) belongs to L™(0, 00).

Let
o

Dp,oo 1= esssup [[b2 (-, 1)L N.co(q) < Sl (5.5)
0<t<oo N,2

where Sy 5 is the Sobolev constant appearing in (2.5). Then we get

lu(0) = w2y < Aoe™"  forallt >0 (5.6)
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where

1
M = Eez(Q,N)(Ol — Dp,0oSn,2) (5.7)
with Co (2, N) the Poincaré constant defined in (2.1) and
Ao:=C exp(c||b3”1242(0,00,]‘00(9)))[”“0 - wO”iZ(Q) +f = f”]zdz(gzoo)

151133 @y 151220y (00 — wol 32y + 1f = FI2a@)]s 5:8)

for some positive constants ¢ = c(o, N, Dp o0, ) and C = C(ct, N, Dp o, ). As a con-
sequence,

llim lu(t) —w()| 2@ = 0.

— 00

Proof. Since by assumption u and w are global solutions, for all # > 0, we have u, w
€ Ky () with u(-,0) = up and w(-,0) = wp and for all v € Ky (2;), the following
variational inequalities hold true:

¢
/(ut,v—u) ds+/ A(x,s,Vu)- V(v —u)dxds
0

t

+ / B(x,s,u)-V(v—u) dxds > f(v—u)dxds, (5.9)
Qt Qs

and

t
/(wt,v—w) ds+/ A(x,s,Vw) - V(v —w)dxds
0 Q;

+ / B(x,s,w)-V(v—w) dxds = / f(v —w)dxds. (5.10)
Q Q

In both (5.9) and (5.10), we use ”;w as a test function and we sum the resulting estimates
to get the following:

%/Q(u—w)z(-,t)dx+/Qt[A(x,s,Vu)—A(x,s, Vw)]-V(u —w)dxds
S%/Q(uo—wo)zdx+/Qt(f—f)(u—w)dxds

+ [B(x,s,w)— B(x,s,u)]- V(u —w)dxds.
Q

By using assumptions (1.2) and (1.5)—(1.7), we have

1
—/(U—w)z(',l)dx+a/ [V(u —w)|*dx ds
2 Ja Q

1 ~

§—/(Mo—wo)2dx+/ |f— fllu—w|dxds
2 Jao Q,
+/ b1|u—w||V(u—w)|dxds+/ balu — w||V(u — w)|dx ds
Q; Q

+/ bslu — w||V(u — w)|dx ds. (5.11)
Q
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The fourth term in the right-hand side of (5.11) can be estimated with similar compu-
tations, which leads to (4.21); more precisely, it holds that

/ balu — w||Vu — Vw|dx ds < SN,ZDb,oo/ |V (u — w)|? dx ds.
Q;

t

Hence, thanks to assumption (5.5) we get
0:=a—Sy2Dp,00 >0,

and we deduce

1 1
—/(u—w)z(-,t)dx—i-@/ [V(u —w)|*dxds < —/(uo—wo)zdx
2 Q Q 2 Q
+f |f = fllu—w|dxds + [ (bs+by)|u—w||V(u—w)|dxds. (5.12)
Q; Q

The second term in the right-hand side of (5.11) can be estimated by means of the Young
and Poincaré inequalities, and we obtain

/|f—f||u—w|dxds
Q
~ 6
<c(N,Q.,6) |f—f|2dxds+g/ |Vu — Vw|? dx ds.

Qt Ql
On the other hand, we have

/ b3lu — w||V(u — w)|dx ds
Q;
3 20, 2 Q N2
< b|lu —wl“dxds + |V(u — w)|*dxds.
20 Jq, 6 Jo,
Now, we estimate the term
/ bilu — wl||V(u —w)|dx ds.
Q2
First notice that by Young inequality we obtain
/ biju —w||V(u —w)|dxds
Q;
3 0
< —/ b12|u—w|2dxds+—/ |V(u — w)|* dx ds. (5.13)
26 Q, 6 Q,

Furthermore, we have

t
b%|u—w|2dxds=/ [ b¥u — w|*dx ds
Q 0 Jen{lu(s)—w(s)|<A}

t
+/ [ b?u — w|*dx ds
0 JQN{|u(s)—w(s)|>A}

t
sxz/ b? dx ds + ||b1||§oo(QT)/ [ lu —wl?dxds. (5.14)
Q; 0 Jen{lu(s)—w(s)|>A}
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On the other hand, by Holder’s inequality, we deduce

t
/ / lu —w|*dx ds
0 Jan{lu(s)—w(s)|>A}

t *
< esssup|{|u(s) — w(s)| > /\}|2/N/0 (/Q [u — w|2*>2/2 dx ds. (5.15)

5s€(0,00)
Because of Corollary 4.3, we have

esssupA[{x € Q: [u(x,s) —w(x,s)| > A}|

0<s<oo

s/ |u0—w0|dx+/ /|f—f|dxds. (5.16)
Q 0 Q

Estimates (5.15) and (5.16) together with the Sobolev inequality imply the following
inequality:

t
/ / |u —w|?dx ds
0 Jen{lu(s)—w(s)|>A}

fQ |u0—w0|dx+f0°°f9|f—f|dxds>2/N
A

/ |Vu — Vw|? dx ds, (5.17)
Q;

< CoV)(

where Cy = Cy(N) = SIZV,2 is a positive constant depending only on N. We gather
(5.13)—(5.17) and we obtain

312 >
bilu —w||V(u —w)|dxds < ET3 by dxds

Qy 0 Q
3 ) fQ|u0—wo|dx+f0°°f9|f—f|dxds 2/N
+ 55 CoMIbi 2 ( : )
6
x/ |Vu — Vw|* dx ds + —/ |V (u — w)|* dx ds. (5.18)
Q; 6 Q

Using all previous estimates in (5.12), we obtain

lfg(u—w)z(-,t)dx—kg/m |V(u —w)|*dx ds

2
1 5 ~) 322 5
<o | (wo—wo)”dx + Ci(N,RQ,0) | |f—fl"dxds+ — [ bydxds
2 Q Qt 29 Ql
3 fQ|u0—w0|dx+f°°fg|f—f|dxds 2/N
+ 55 CoM) b1 1w ( + )
3
x/ |Vu — Vw|*dxds + = | b2|u—w|*dxds. (5.19)
Q 20 Jq,
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We choose A such that

3 N/2y (N Jo luo = wol dx + [ fo |If = fldxds 2N _ 0
T (CO(N) 161122y R ) T q
namely,

oo
b= LN O)Co ) 1 g ([ w0 —woldx + [ [ 17 = Flaxas),
0
(5.20)
So, in particular, we get

A:C(N,9)||b1||]LVoo(Qoo)</Q|u0—w0|dx+/0 /Qlf—ﬂdxds). (5.21)

Using also Poincaré’s inequality, from (5.22) and thanks to the choice of A, we deduce

t
10 = 0O gy + M [ 1= 0)(5) g ds
0
< |luo — w()”iZ(Q) +allf - f||1%2(gm)

+ 2B 2% @ 1811220y (200 = w0l 22y + 1 = F121 i)

t
+es /0 1535) 12 e g 10t — 0)(5) 2 g . (5.22)

where the constant M is as in (5.7), while the constants c1, ¢», ¢3 depend on o, N, Dp, oo,
and Q2. We merely rewrite (5.22) as follows:

@t — )02
< luo — wol2a(gy + e1l1f = T2
T allbr 12 oy 151 gy (00 — wol2agy + 1 = TBrqr)
t
+ [ ealbs )iy ~ M)l = w6 gy .
0
We set
R 2 72
zo := |luo — wO”LZ(Q) +allf - f”LZ(QOO)
T allbr 12 oy 151 2y (00 = wolZay + 1 = FlZiay)- (5:23)

We apply Gronwall’s inequality of Lemma 2.1, with

z(t) = zog,
y(s) =c¢3 ”b3(s)||zoo(g) - M,
¥(0) = 1 = W) g,
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and we obtain

t
() = (1) 220 < z0exp( /0 (e3l1B3(5)F ey — M) ds)

o0
< 2 exp(C3 / 16352 oe) ds)e—Mt‘
0

We deduce then the existence of positive constants ¢ and C as in the statement such
that (5.6) holds choosing Ay as in (5.8). ]

6. The autonomous case

Let us consider here the autonomous case, that is, when functions A, B together with the
forcing term f and the obstacle functions ¥ are all independent of the time variable ¢. Let
us state our assumptions in this particular case.
The vector fields
A=A, &) : QxRY - RN

and
B =B(x,s): QxR > RY

are both Carathéodory functions. We assume that there exist positive constants «, § such
that

[A(x, §) — A, )] - (€ —n) = als —nl?, (6.1)
|A(x.§) — A(x, )| < BI§ —nl, (6.2)
A(x,0) =0, (6.3)

for almost every x € Q and for all £, 7 € RV . We assume that

|B(x,s1) — B(x,s52)| < b(x)|s1 — 521, (6.4
B(x,0) = 0, (6.5)

for almost every x € Q and for any 51,5, € R, where b : @ — R is split as

b =by + b, (6.6)

with
by € L®() 6.7)

and
by € LNV(Q). (6.8)

Let ¢ : Q — R be a measurable function satisfying

¥ e Wh(Q), (6.9)
Y <0 ae. ondf. (6.10)
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Finally, assume
f e L*(Q). (6.11)

As proved in [14], under the further assumption

[07
Dy = b 100 < —, 6.12
b = |12l Lyeo(q) Sva (6.12)

where Sy > is the Sobolev constant appearing in (2.5), there exists # € Ky (€2) such that

/A(x,Vﬁ)-V(ﬁ—ﬁ)dx+/ B(x,u)- V(@ —1u) dx
Q Q
2/ S@—u)dx forallv € Ky () (6.13)
Q

where
Ky(Q):={p e W2 (Q): ¢= ¢ ae inQ}).

In other words, # solves an elliptic obstacle problem with forcing term f.

Our next result describes the asymptotic behavior of the global solutions to the auton-
omous parabolic obstacle problem. First of all we prove that the solution i of the elliptic
obstacle problem with forcing term f is unique and then we show that all the global
solutions to the parabolic obstacle problem, whatever their initial datum ug is, tend to %
ast — +oo.

Theorem 6.1. Assume that A= A(x,£): Q xRY — RN and B = B(x,s): Q xR — RN
are Carathéodory functions and that (6.1)—(6.12) hold. Let u be the global solution to the
parabolic obstacle problem related to (1.1) with initial data ug € L*(Q) satisfying uo = ¥
almost everywhere in Q and forcing term f € L?(2). Then, there exists a unique solution
U € Ky () to the elliptic variational inequality in (6.13). Moreover, we have

Iut) = 32 < uo = T2y (1 + cllbr 3@ b1 Baggyt)e ™. (6.14)

where )
M = EGZ(Q’ N)(a@—DpSn,2) (6.15)

with C2(2, N) being the Poincaré constant in (2.1) and ¢ = c(a, N, Dy, Q). As a conse-
quence, we have
lim [Ju(t) —i|L2(q) = 0. (6.16)
t—>00

Proof. Let i € Ky (S2) be a solution of the elliptic obstacle problem. We point out that
a priori we do not know if such a solution is unique, but if we prove that the function
u — i satisfies estimate (6.14), then as an immediate consequence we can conclude that &
is the unique solution of the elliptic obstacle problem belonging to K., (€2). As a matter of
fact, by (6.14) it follows that (6.16) holds true and thus, if there exists another solution i;
of the elliptic obstacle problem belonging to Ky (€2), then as ¢ — +oo the function u(¢)
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converges (strongly in L2(£2)) also to if1. Consequently, by the uniqueness of the limit
in L2(R), i coincides with i, that is, the solution of the elliptic obstacle problem is
unique.

Hence, to conclude the proof, we prove now that estimate (6.14) holds true.
To this aim, let 7 > 0 be arbitrarily fixed and let v € Ky (R27). As ¥ is time independent,
we have v(-,s) € Ky () for all s € (0, T). Therefore, we may test (6.13) by v(-,s) and
then integrate the resulting inequality with respect to s € (0, T') to get

T
/ (ﬁ,,v—ﬁ)ds—i—/ A(x,Vz?)~V(v—17)dxds+/ B(x,%)-V(v—1u)dxds
0 Qr

Qr
> f(v—u)dxds,
Qr
where we used #; = 0. Since T is arbitrarily fixed, we obtain that % (x, ) = u(x) is a
global solution to the parabolic obstacle problem related to (1.1) with initial value %(x)
and forcing term f.
By the definition of global solution for a given ¢ > 0, we know that

u € Ky (), (6.17)
with u(-,0) = up and for all v € Ky (£2;) the variational inequality

t
/(u,,v—u) ds+[ A(x,Vu)- V(v —u)dxds
0 Q

+/ B(x,u)-V(v—u) dxdsZ/ f(v—u)dxds (6.18)
Q Q

holds. Since u and i are global solutions to the parabolic obstacle problem related to (1.1)
with initial values uo and u respectively and for the same forcing term f, Theorem 4.1
gives us

/|u(t)—ii|dx§/ |ug — 2| dx. (6.19)
Q Q

As  is time independent, we have u# € Ky (€2;) and also u(-, s) € Ky (2) for all

s € (0, ). Hence, one can use use '“2"7 as a test function for (6.18) to obtain

t
/(u,,ﬁ—u) ds—i—[ A(x,Vu) - V(U —u)dxds
0 Q;

+/ B(x,u)-V(u —u)dxds B/ f@ —u)dxds. (6.20)
Q; Q

Similarly, one can use W as a test function in (6.13) and then integrate the resulting

inequality with respect to s € (0, 7) to obtain

/ A(x,ViZ)-V(u—iZ)dxds—i—/ B(x,u)- V(U —u)dxds
Q;

t

Z/ f(u—1u)dxds. (6.21)
Q
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If we add inequalities (6.20) and (6.21), we obtain
1 ~ ~
3 / lu(t) — )% dx + / [A(x,Vu) — A(x, ViD)] - V(u — i) dx ds
Q Q
1 ~
< - / lug — )% dx + / [B(x,%) — B(x,u)] - V(u — &) dx ds.
2 Ja Q,
By using assumptions (6.1)—(6.8), we have
1 ~12 ~\12
— [ Ju(@)—ul"dx + « [V(u —u)|*dxds
2 Ja Q
1
< —/ lug — 1| dx + / b1 (x)|lu —u||V(u —u)|dx ds
2 Ja Q,
+/ by (x)|u — u||V(u — %)| dx ds. (6.22)
Q;
The last term in the right-hand side of (6.22) can be estimated with similar computations,

which leads to (4.21), because of assumption (6.12). So, by setting 8 := o — Dp Sy 2, it
holds that

1 ~
—/ lu(t) — > dx + 9/ |V(u —)|* dx ds
2 Ja Q
1
< —/ lug — 1| dx + / bi(x)|u —ul|V(u — u)|dx ds.
2 Ja Q
By Young’s inequality, we have
1 0 ~
/ bi(x)|u—u||V(u—1u)|dxds < —/ b3(x)|u —t[*dxds + = | |V(u—1i)|*dxds.
Q, 20 Jq, 2 Jq,
By the previous estimates, it follows that
/ lu(t) — > dx + 6 |V(u —)|*dx ds
Q Q
1
< / lug — )% dx + —/ b3 (x)|u — if|* dx ds. (6.23)
Q 0 Ja,

For A > 0 arbitrarily fixed, we have

t
b(x)|u —ii|*dx ds = / / b3(x)|u — i|* dx ds
Q; 0 Jn{lu(s)—u(s)|<A}

t
+/ / b3(x)|u — w|*dx ds
0 JQN{ju(s)—u(s)|>A}

=L+ 1.

First, observe that
I < A2||b1Z2 gyt (6.24)
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Using Sobolev’s inequality and (6.19), and proceeding as done to prove (5.17) above, we
obtain

|ug — ut| dx \2/N -
A sCO(N)||b1IIZoo(m(fQ+) /Q |V (u — i) dx ds. (6.25)

Then we choose A such that

Jo luo — 1| dx>2/N 0

1 2
5 CoMIIb1 7 ey (72 =5

namely,
2 N/2 B
3= (Z5C0M) b @10 = Tl o). (6.26)

By (6.23) and thanks the previous choice of A, we deduce
0
/ lu(t) —i)* dx + = / |V(u —i)|* dx ds
Q 2 Jg,
~ 1
< / lug — |* dx + gkznbl ||i2(mt,
Q

and by Poincaré’s inequality, we obtain that the following estimate holds:

/'{2

t
”u(t) - ﬁ”iZ(Q) < ||M0 - I’ZHIZJ(SZ) + 7”b1 ”iZ(Q)t - M/(; ||u(s) - ﬁ”?}(g) dS,

with M as in (6.15). We apply Gronwall’s inequality of Lemma 2.1, with

2
2(0) = o = Tl3a(qy + 101 et

y(s) = -M,
y() = Jut) = il7 )
where we used the fact that z is nondecreasing. Therefore, we have
lu(e) = @l 2qy < z(0)e™™". (6.27)
Taking into account that A is provided by (6.26), by Hélder’s inequality, we obtain
(1) < lluo = 172y (1 + (N, 6, 2111175 ) 16117 201) (6.28)
z(t) < |luo—u L2() CV, 0, e @) 1911l L2(0))- .
Finally, (6.14) follows by (6.27) and (6.28). [

Remark 6.2. We let

g € C([0,T], L*(Q)) N L2(0, T, W3(Q)), (6.29)
gr € L*(Qr). (6.30)
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satisfying the compatibility condition
Yv<g ondQx(0,T). (6.31)
Moreover, we will assume

¥(-,0) € g(-,0) + W, (). (6.32)

Our results still holds true if g is considered as a boundary datum for the obstacle
problem, that is, if the convex set Ky (€27) is replaced by

Kyg(Qr) :={v € C°([0,T]. L*(R)) : v, € L*(0, T, W~ "*(Q)),
veg+L*0,T, Wol’z(Q)), and v = ¢ ae.in QT}.
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