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Topological expansion of unitary integrals and maps

Thomas Buc-d’Alché

Abstract. We study integrals on the unitary group with respect to the Haar measure. We give
a combinatorial interpretation in terms of maps of the asymptotic topological expansion, estab-
lished previously by Guionnet and Novak. The maps we introduce—the maps of unitary type—
satisfy Tutte-like equations. It allows us to show that in the perturbative regime, they describe
the different orders of the asymptotic topological expansion. Furthermore, they generalize the
monotone Hurwitz numbers.

1. Introduction

In the breakthrough article [5], Brézin et al. used random matrix theory to address
the problem of enumeration of maps, graphs embedded in surfaces up to homeomor-
phisms. The topological properties of Feynman diagrams had previously been shown
to be critical in the work of ’t Hooft [39], thus relating the combinatorics of maps to
field theory (see also the review article [1]). For instance, the planar diagrams give the
leading order in the expansion of physically significant quantities.

The random matrix approach to the enumeration of maps pioneered by Brézin et
al. subsequently found many applications. Harer and Zagier used the same approach
to study the topological properties of the moduli space of curves [24]. In the cel-
ebrated article [28], Kontsevitch used matrix integrals to solve Witten’s conjecture.
See also [12] for a review of the application of random matrix theory to combina-
torial problems appearing in 2D gravity. More generally, random matrices provide a
powerful tool to address hard combinatorial problems such as the problem of the enu-
meration of Riemann surfaces, see the work of Eynard [17]. For another approach on
the enumeration of maps, see, for instance, [3].

In all the problems above, the matrix models used are related to the Gaussian
Unitary Ensemble (GUE). Let dM D

Q
i dMi i

Q
i<j d Re.Mij /d Im.Mij / be the

Lebesgue measure on the space of Hermitian matrices HN and V be a polynomial

Mathematics Subject Classification 2020: 15B52 (primary); 60B20 (secondary).
Keywords: random matrix theory, unitary group, Haar measure, Weingarten calculus.

https://creativecommons.org/licenses/by/4.0/


T. Buc-d’Alché 2

called the potential. We consider the measure

�NGUE;V D
1

ZNGUE;V

e�N TrV.M/�N2 TrM2

dM;

where the normalization constant is the partition function

ZNGUE;V D

Z
HN

e�N TrV.M/�N2 TrM2

dM:

Many relevant quantities, such as the partition function can be expressed as a
formal series of maps using Wick’s formula (see [44] for an introduction). For instance,
for V.M/D tq.M/, with q.M/DM 4 and t 2 R, we get the formal expansion in the
dimension N of the random matrix M ,

lnZNGUE;V D
X
g�0

N 2�2g
X
n�0

.�t /n

nŠ
MGUE;.g/
q;n ;

where M
GUE;.g/
q;n is the number of connected maps of genus g with n vertices, all of

them of degree 4. Notice that the term of order N 2�2g in this expansion is a gener-
ating series of maps of genus g. We call such an expansion a (formal) topological
expansion.

In general, the above equality holds in the sense of formal power series, see [16]
for instance. By the above equality, we mean that the derivatives with respect to t at
t D 0 of the left and right sides of the equation above coincide. In fact, the series of
maps on the right side may not converge in general.

We can replace this divergent series with an asymptotic expansion as N !1,
where the equality holds up to an error of orderN�p , for some integer p. Ercolani and
McLaughlin obtained such an expansion in a one-matrix model for a potential whose
coefficients are close to zero [15]. The case with several random matrices was studied
by Guionnet and Maurel-Segala [21, 22], and Maurel-Segala [31]. More complicated
models involving not only a matrix from the GUE but also deterministic matrices,
sometimes called models with external sources, have been studied, see [4].

The multi-matrix models display much more variety. As for the one-matrix mod-
els, they were first studied by physicists, see the reviews [12, 20]. From an analytical
point of view, they are harder to solve than one-matrix models; see, for instance, the
works of Mehta [32], and from a combinatorial point of view, they allow to address
a wealth of combinatorial problems as they are related to the enumeration of colored
maps; see, for instance, [21].

In this article, we establish a similar link between integrals of unitary matrices and
the combinatorics of some maps. More precisely, we introduce new maps, the maps
of unitary type (Definition 3.13), that describe the topological expansion. These maps
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allow us to relate the Weingarten calculus and the Dyson–Schwinger equation—two
important ways to study unitary integrals. In a particular case, the maps of unitary
type are related to the Hurwitz numbers. In this way, we generalize part of the results
obtained in [19], which relate a particular integral, the HCIZ integral, to Hurwitz
numbers.

The Haar unitary matrices share the same unitary invariance as matrices of the
Ginibre ensemble. An expansion in terms of non-crossing permutations for expecta-
tion of traces of words of Ginibre matricesGi has been obtained in [33]. This point of
view in terms of non-crossing permutations is similar to the interpretation in terms of
maps. For instance, the annuli considered in multi-annulus permutations correspond
to the vertices in a map. A genus expansion in terms of maps has been obtained in [13].
They consider only some pairings, admissible pairings, which correspond to the fact
that edges are oriented in the maps of unitary type. In particular, the unitary invari-
ance of the Ginibre ensemble implies that to have a non-zero expectation, the words
in Ginibre matrices considered must be balanced, i.e., contain as many Gi as G�i . A
similar condition appears for Haar unitary matrices.

We introduce some notation. We consider matrices of dimension N 2 N�, where
N� D ¹1; 2; 3; : : : º. We denote by TrA D

PN
iD1 Ai i the trace of a matrix A, and by

tr D Tr =N the normalized trace. Notice that both Tr and tr depend on the dimension
N . The conjugate transpose of a matrix M is denoted by M �. Let p 2 N�. For all
N � 1, we fix p deterministic matrices AN1 ; : : : ; A

N
p of size N �N . The matrix UN

will be a unitary matrix of size N � N , i.e., an element of the unitary group U.N /,
and .UN /� D .UN /�1 will be its conjugate transpose.

Let dUN be the Haar measure on the unitary group U.N /, and V be a polynomial
in several non-commutative variables, which does not depend onN . The measure �NV
is given by

d�NV .U
N / D

1

ZNV
exp

�
N TrV

�
UN ; .UN /�; AN1 ; .A

N
1 /
�; : : : ; ANp ; .A

N
p /
�
��

dUN ;

(1.1)
where the partition function ZNV is

ZNV D

Z
U.N/

exp
�
N TrV

�
UN ; .UN /�; AN1 ; .A

N
1 /
�; : : : ; ANp ; .A

N
p /
�
��

dUN : (1.2)

We will evaluate all non-commutative polynomials at the matrices

UN ; .UN /�; AN1 ; .A
N
1 /
�; : : : ; ANp ; .A

N
p /
�

and will omit writing this explicitly in the sequel, e.g., writing Tr.V / to mean

Tr.V .UN ; .UN /�; AN1 ; : : : ; A
N
p //:
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In Section 5, we will consider measures of the form

1

ZNV
exp.N TrV /dUN1 � � � dU

N
n ;

where V is a noncommutative polynomial that depends on UN1 ; : : : ; U
N
n , all indepen-

dent and Haar-distributed.
We will assume the two following hypotheses.

Hypothesis 1.1. For all N � 1 and for all U1; : : : ; Un 2 U.N /n, TrV is real.

Hypothesis 1.2. Assume that

sup
N�1

sup
1�i�p

kANi k <1;

where k � k is the operator norm.

In most of the article, we will not assume Hypothesis 1.2, but rather Hypothesis 1.3.

Hypothesis 1.3. For all N � 1 and for all 1 � i � p, kANi k � 1, where k � k is the
operator norm.

This will prove convenient and will not change the main result, Theorem 1.4 stated
below. Stating Theorem 1.4 with Hypothesis 1.2 instead of Hypothesis 1.3 corre-
sponds to rescaling the coefficients of the polynomial V .

Hypothesis 1.1 implies that the measure �NV is a probability measure, and in par-
ticular that ZNV 2 .0;C1/. We write the potential V as a sum of monomials qi with
complex coefficients zi , V D

P
i ziqi . Thus, we will sometimes consider the parti-

tion functions, cumulants, etc., as functions of z D .z1; z2; : : : /. With this notation,
the reality conditions is X

i

zi Tr.qi / D
X
i

zi Tr.q�i /:

Notice that for generic qi ’s, TrV might be real for only specific values of z.
When considering the partition function with potentialV D tAUNB.UN /�, where

t 2 C and A;B are self-adjoint matrices, we recover the Harish–Chandra–Itzykson–
Zuber (HCIZ) integral

ZNV D

Z
U.N/

exp
�
tN Tr.AUNB.UN /�/

�
dUN ;

which was first studied by Harish–Chandra [25] and Itzykson and Zuber [26], and
whose asymptotics have been since investigated, see [19, 23, 35, 43].
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We will compute joint moments and cumulants (see Definition 2.1) of the ran-
dom variables Tr.P1/; : : : ; Tr.Pl/ under �NV (for V small), where the Pi are non-
commutative polynomials. In [8], the first-order asymptotics of partition functions
was studied. In [23], it has been shown that the joint cumulants admit an asymptotic
expansion as N !1, when the coefficients of the potential V are small enough.

The goal of this article is to give a combinatorial interpretation of the coefficients
of this expansion. We show that unitary matrix integrals enumerate a particular family
of maps, which we call maps of unitary type. They are introduced in Section 3.2,
Definition 3.13. This interpretation links the Dyson–Schwinger equation, which is
satisfied by sums of maps of unitary type, and the Weingarten calculus studied first
by Weingarten [42], and then by [37], whose results were rediscovered and expanded
upon by Collins [7] and Collins and Śniady [11]. See [10] for a review.

Expansions in terms of combinatorial objects have already been introduced for
unitary matrices. For instance, in the case of the HCIZ integral, expansions for the
free energy using double Hurwitz numbers are computed in [19]. In [8], the leading
order of the expansion of unitary integrals is expressed in terms of maps with “dotted
edges”. However, to our knowledge, no interpretation of these expansions using maps
has been obtained at all orders for the unitary integrals we consider. As an interesting
particular case, when considering alternated polynomials (see Definition 3.39), the
combinatorics of maps of unitary type is related to triple Hurwitz numbers.

In the case of the GUE, integrals of random matrices and enumeration of maps
are related by Wick’s formula. In the case of unitary matrices, Wick’s formula is
replaced by Weingarten’s formula. In Section 2, we express joint moments of random
variables Tr.Pi /, for non-commutative polynomials Pi , using Weingarten’s formula.
In the case where the potential V D 0, we can express such moments as weighted
sums of permutations. In Section 3, we recall a few notions on maps and introduce
the maps of unitary type, which are our main combinatorial tools. This allows us to
deduce a topological expansion for the joint cumulants in the case of no potential (i.e.,
V D 0). To address the general case V ¤ 0, we introduce generating series of maps
of unitary type of the form

M
.g/;N

V;l
.P1; : : : ; Pl/ D

X
n2Nk

zn

nŠ
�

X
wN .C ;n; V; P1; : : : ; Pl/;

where the second sum is on a set of connected maps C of unitary type (see Defini-
tion 3.13) of genusgwhich depends onV;P1; : : : ;Pl ;n. The termwN .C ;n;V;P1; : : : ;

Pl/ is a weight which depends on the size N , C , n and on V; P1; : : : ; Pl . See Defini-
tion 3.38.

In Section 4, we describe a decomposition of maps of unitary type, which can
be interpreted as a cutting procedure. It allows us to deduce induction relations—
similar to the topological recursion of Chekhov, Eynard, and Orantin, see [6,18]—on
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weighted sums M
.g/;N

V;l
of maps of unitary type of a given genus g. This decomposi-

tion is reminiscent of a procedure introduced by Tutte [40]. In Section 5, we extend
the results obtained so far to the case of integrals over several independent random
unitary matrices UN1 ; : : : ; U

N
n .

It turns out that the induction relations obtained in Section 4 are related to the
Dyson–Schwinger lattice. The Dyson–Schwinger lattice (see [23]) is a family of equa-
tions relating cumulants together, which generalize the Dyson–Schwinger equation
(see equation (6.1)). This equation admits under some hypotheses a unique solu-
tion [8]. Furthermore, in [23], the Dyson–Schwinger lattice has been used to establish
the existence of an asymptotic expansion of the cumulants, when N ! 1. Let us
assume Hypotheses 1.1 and 1.3, and that the joint law of the matricesANi , tr admits an
asymptotic expansion as N !1. For all h, we have an asympotic expansion for the
renormalized joint cumulants N l�2WN

V;l
.P1; : : : ; Pl/ (introduced in Definition 2.3)

when the coefficients of the potential V are small enough

N l�2WN
V;l.P1; : : : ; Pl/ D

hX
gD0

�V
l;g
.P1; : : : ; Pl/

N 2g
C o.N�2h/; (1.3)

where the coefficients �V
l;g
.P1; : : : ; Pl/ are uniquely defined by some induction rela-

tions.
In Section 6, we use the same techniques to express the terms of this expansion in

terms of maps of unitary type. We obtain a topological expansion: the coefficient of
1

N2g
in the expansion is a generating series of weighted unitary type maps of genus g.

We thus improve on the result of [23, Theorem 25] by relaxing the hypotheses,
showing that the convergence is uniform in g and l , and by giving a combinatorial
interpretation to the coefficients �V

l;g
.P1; : : : ; Pl/.

Theorem 1.4 (Main theorem). Assume that for allN � 1, Tr.V / is real for all unitary
matrices U1; : : : ; Un 2 U.N /n and that

P
N�1 sup1�i�p kA

N
i k <1.

There exists " > 0 such that if

kzk1 < ";

then for all l � 1, g � 0, and P D .P1; : : : ; Pl/, we have the asymptotic expansion
as N !1

N l�2WN
V;l.P1; : : : ; Pl/ D

gX
hD0

1

N 2h
M
.h/;N

V;l
.P1; : : : ; Pl/CO.N�2g�2/:

Notice that we do not require the trace Tr to have an asymptotic expansion as
in [23, Theorem 25].
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An interesting particular case described in Section 3.6 is when all the polynomials
involved are alternated, see Definition 3.39, that is, if they can be written as

P D BN1 U
NCN1 .U

N /� � � �BNm U
NCNm .U

N /�;

where BNi and CNi for i D 1; : : : ; m are square N � N matrices. This is the case of
the HCIZ integral in particular. In that case, our sums of maps are related to the triple
monotone Hurwitz numbers, which count some ramified coverings of the sphere with
at most three nonsimple ramification points. We thus generalize the link between the
(double) monotone Hurwitz numbers and the HCIZ integral, which had already been
studied in [19]. See also [9] for a study of the HCIZ integral in the tensor setting.

In Section 2, we give definitions and recall important consequences of Weingarten
calculus. In Section 3, we introduce the maps of unitary types and show that they
describe the topological expansion of cumulants with respect to the Haar measure.
When the polynomials are alternated, these maps are related to the triple Hurwitz
numbers. In Section 4, we give a decomposition of maps of unitary type and deduce
induction relations on sums of maps of a given genus and with prescribed vertices,
in the spirit of the work of Tutte [40]. In Section 6, we study the Dyson–Schwinger
equation and give the proof of the main result.

2. Weingarten calculus

In this section, we first give a few definitions and introduce notation pertaining to
moments and cumulants of traces of random matrices. Then, we give a short review
of the Weingarten calculus. This allows us to give expression for the expectation of a
product of traces of monomials in the matrices UN , .UN /�, ANi , .A�/N .

2.1. Moments and cumulants

Let us consider l � 1 non-commutative polynomials P1;P2; : : : ;Pl in the variables u,
u�1, and ai , a�i for 1 � i � p, with p 2N. We define the involution � such that u� D
u�1, for 1 � i � p, .ai /� D a�i , and for any letters X1; : : : ; Xk in ¹u; u�; ai ; a�i W 1 �
i � pº and z 2 C, we have .zX1 � � �Xk/� D z�X�k � � �X

�
1 . We denote the unital ast -

algebra generated by such polynomials by

A D Chu; u�1; ai ; a
�
i I 1 � i � pi:

The unital ast -algebra generated by the non-commutative polynomials in the formal
variables a1; a�1 ; : : : ; ap; a

�
p only is denoted by B. We will evaluate all polynomials Pi

at the matrices UN ; .UN /�, AN1 ; .A
N
1 /
�; : : : ; ANp ; .A

N
p /
� and will omit writing this
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explicitly in the sequel, e.g., writing Tr.P / to mean Tr.P.UN ; .UN /�;AN1 ; : : : ;A
N
p //.

Notice that there is no relation between the formal variables u and u�1, or ai and
a�i for i 2 N� (except for those involving ast ). We will denote by tr D 1

N
Tr the

normalized trace.
In this article, we study the random variables Tr.P1/; : : : ;Tr.Pl/, seen as functions

of UN , under the measure �NV (see (1.1)). We will be interested in computing the
joint moments and cumulants of these random variables. To state the definition of the
cumulants, we introduce some notation about partitions. We denote by P .I / the set
of partitions of a finite set I . In particular, for n 2 N�, we denote the set ¹1; 2; : : : ; nº
by Œn�. We denote the cardinality of a finite set I by jI j. Given a partition � 2 P .I /,
j�j is the number of blocks of � .

Definition 2.1. Let k 2 N�. The joint moment of the complex random variables
X1; : : : ; Xk is

mk.X1; : : : ; Xk/ D EŒX1X2 � � �Xk�:

The joint cumulant of the complex random variablesX1; : : : ;Xk is ck.X1; : : : ;Xk/,
defined recursively by

ck.X1; : : : ; Xk/ D mk.X1; : : : ; Xk/ �
X

�2P .Œk�/
j�j�2

Y
B2�

cjBj.Xi W i 2 B/:

Notice that both the joint moments and cumulants are symmetric, multilinear
functions. It can be proved inductively. The symmetry makes cjBj.Xi W i 2 B/ above
unambiguous.

Remark 2.2. The cumulants can also be defined, see [38], as the coefficients of the
series of the logarithm of the exponential generating series of the momentsX

n�0

zn

nŠ
cn.X1; : : : ; X1/ D ln

X
n�0

zn

nŠ
mn.X1; : : : ; X1/:

Definition 2.3. For .P1; : : : ; Pl/ 2 Al , we write the joint moments of the traces of
Pi ’s under �NV as

˛NV;l.P1; : : : ; Pl/ D ml.Tr.P1/; : : : ;Tr.Pl// D
Z

U.N/
Tr.P1/ � � �Tr.Pl/d�NV :

We write the joint cumulants under �VN as

WN
V;l.P1; : : : ; Pl/ D cl.Tr.P1/; : : : ;Tr.Pl//;

and introduce the renormalized cumulants

zWN
V;l.P1; : : : ; Pl/ D N

l�2cl.Tr.P1/; : : : ;Tr.Pl//:
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In Section 6, we will discuss an asymptotic expansion (as N !1) for the joint
cumulants. For now, we study the moments forN fixed. When V D 0, we can compute
directly the moments using Weingarten’s formula, see Section 2.2. When V ¤ 0, we
can compute the cumulants using the free energy FNV defined in terms of the partition
function ZNV . Recall that

V D

kX
iD1

ziqi

is the potential, a sum of k polynomials q1; : : : ; qk 2 A with complex coefficients
z1; : : : ; zk . Note that V does not depend on N . We have

ZNV D

Z
U.N/

exp.N Tr.V //dUN ;

and we define the free energy as

FNV D
1

N 2
lnZNV : (2.1)

The free energy is always well defined when TrV is real.
In the expression of the partition function, we can develop the exponential as a

series and exchange the sum and the integral

ZNV D

Z
U.N/

X
n1;:::;nk�0

kY
iD1

.Nzi Tr.qi //ni

ni Š
dUN

D

X
n1;:::;nk�0

kY
iD1

.Nzi /
ni

ni Š

Z
U.N/

Tr.q1/n1 � � �Tr.qk/nkdUN :

In the second line, we used Hypothesis 1.3, which implies that jTr.qi /j � N , and the
fact that we are integrating with respect to the Haar measure on the compact group
U.N / to exchange the sum and the integral. Notice that this expression is valid for all
z, even if TrV is not real.

We introduce the notation z D .z1; : : : ; zk/, and for n D .n1; : : : ; nk/ 2 Nk ,

zn D

kY
iD1

z
ni
i and nŠ D

kY
iD1

ni Š:

Then,

ZNV D
X
n�0

N n
X
n2Nk

n1C���CnkDn

zn

nŠ
˛N0;n.q1; : : : ; q1„ ƒ‚ …

n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

/;
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and therefore, the partition function is a generating series of the moments with respect
to the Haar measure (i.e., with V D 0).

Similarly, the free energy is a generating series of the renormalized cumulants for
V D 0 (see [2, Theorem 1.3.3, 4.])

FNV D
X
n�1

X
n2Nk

n1C���CnkDn

.N z/n

nŠ

1

N 2
WN
0;n.q1; : : : ; q1„ ƒ‚ …

n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

/

D

X
n�1

X
n2Nk

n1C���CnkDn

zn

nŠ
zWN
0;n.q1; : : : ; q1„ ƒ‚ …

n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

/:

Notice that the free energy a priori exists only for z sufficiently small. Indeed, ZNV is
defined for all z but is nonzero on an open neighborhood of 0 which depends on N .
In particular, the radius of convergence of FNV a priori depends on N .

Notice that by modifying the potential V and differentiating, we have

@

@t

ˇ̌̌̌
tD0

FNVCtP D
1

N

Z
U.N/

Tr.P /d�NV .U
N /

D
1

N
˛NV;1.P / D

zWN
V;1.P /:

In general, we can prove by induction the following lemma, which is a conse-
quence of the definition of cumulants given in Remark 2.2.

Lemma 2.4. The renormalized joint cumulants are given by

zWN
V;l.P1; : : : ; Pl/ D

@l

@t1@t2 � � � @tl

ˇ̌̌̌
t1D���DtlD0

FNVC
P
i tiPi

:

Lemma 2.4 implies that for a fixed N , there exists a neighborhood U0 2 Ck of 0
such that for z 2 U0,

zWN
V;l.P1; : : : ; Pl/

D

X
n�0

X
n2Nk

n1C���CnkDn

zn

nŠ
zWN
0;n.q1; : : : ; q1„ ƒ‚ …

n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

; P1; : : : ; Pl/: (2.2)

In the next subsections, we compute the moments with respect to the Haar mea-
sure. From these moments and Definition 2.1, we can compute the cumulants with
respect to the Haar measure. The expression (2.2) motivates the introduction in Sec-
tion 3.5 of a formal sum. The first terms of this sum are shown to give the asymptotic
expansion of the cumulants in Theorem 1.4.
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2.2. The Weingarten formula

To compute the moments with respect to Haar measure, the key tool is Weingarten’s
formula, first obtained in [42], which expresses the average of coefficients of a unitary
matrix in terms of the Weingarten function defined below (Definition 2.5). See [10]
for a review on the Weingarten calculus.

The Weingarten formula involves a sum over permutations. Let us fix some nota-
tion pertaining to permutations. For I a finite set, we denote by S.I / the set of
permutations on this set. In particular, Sn D S.Œn�/ is the set of permutations on
Œn� D ¹1; 2; : : : ; nº. A permutation � admits a decomposition in disjoint cycles. The
set of cycles of � is denoted by Cycles.�/ and its number of cycles is denoted by
c.�/. A cycle c 2 Cycles.�/ is written as .u1 u2 : : : uk/ with distinct u1; : : : ; uk . It
is the permutation whose support is ¹u1; : : : ; ukº and such that c.ui /D uiC1 with the
convention ukC1 D u1.

We also introduce the modified traces Tr� .M / and tr� .M / for � 2 S.I / and
M D .Mi ; i 2 I / a tuple of matrices, defined by

Tr� .M / D
Y

c2Cycles.�/

Tr
��!Y

i2cMi

�
;

tr� .M / D
Y

c2Cycles.�/

tr
��!Y

i2cMi

�
D N�c.�/ Tr� .M /;

(2.3)

where, if c D .i1 : : : ik/ is a cycle of the permutation � , the notation
�!Q
i2cMi

stands for the non-commutative product Mi1Mi2 � � �Mik . Notice that such a non-
commutative product is defined up to circular permutation. The trace property ensures
that the quantity Tr� .M / is well defined.

Definition 2.5. Let q � N be an integer. The Weingarten function WgN WSq ! C is
defined for all � 2 Sq by

WgN .�/ D
Z

U.N/
.UN /11 � � � .U

N /qq.UN /1�.1/ � � � .UN /q�.q/dUN :

This function can also be defined for all q 2N� using characters of the symmetric
group (see [11]). The invariance of the Haar measure by multiplication by permutation
matrices implies that the Weingarten function is invariant by conjugation, i.e., for all
�; � 2 Sq , we have

WgN .���
�1/ DWgN .�/:

With our definition of the Weingarten function, Weigarten’s formula is valid in
the case q � N . It actually holds for all q � 1 with an appropriate definition of the
Weingarten function.
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Theorem 2.6 (Weingarten’s formula, see [7] and [11]). LetUN be a Haar-distributed
unitary matrix of size N � N and i D .i1; i2; : : : ; iq/; j D .j1; j2; : : : ; jq/; i

0 D

.i 01; i
0
2; : : : ; i

0
q0/ and j D .j 01; j

0
2; : : : ; j

0
q0/ be elements of ŒN �q or ŒN �q

0

for q; q0 � 1.Z
U.N/

.UN /i1j1 � � � .U
N /iqjq .U

N /i 0
1
j 0
1
� � � .UN /i 0

q0
j 0
q0

dUN

D ıq;q0
X

�;�2Sq

qY
kD1

ıik ;i 0�.k/
ıjk ;j 0�.k/

WgN .��
�1/: (2.4)

Before giving the expression for the moments with respect to the Haar measure
˛N
0;l
.P1; : : : ; Pl/, let us make a simplifying assumption on our polynomials Pi .
We introduce the set Y of words in the letters a1; a�1 ; : : : ; ap; a

�
p . We assume that

for all i , Pi can be written uniquely as

Mi;1u
"i;1Mi;2u

"i;2 � � �Mi;diu
"i;di ; (2.5)

where di � 1, "i D ."i;1; : : : ; "i;di / 2 ¹˙1º
di , and Mi;j is either the empty word or

an element of Y,. We write X the set of such monomials. We have Y � X. Notice
that A is generated by the elements of X up to cyclic permutation of the factors in a
monomial.

The integer di , that we will sometime write degPi , is the degree of the monomial
Pi . Notice that there is no relation between the formal variables, in particular between
u and u�1 (except for those involving ast ). Therefore, the degree of (2.5) is defined by
counting the total number of letters u or u� in a word. In particular, deg.uu�1/ D 2.

Definition 2.7. With .P1; : : : ; Pl/ 2 Xl , and with the notation (2.5), we set

• P D .P1; : : : ; Pl/,

• MP D .Mi /i2Œ
P
i degPi � D .M1;1; : : : ;M1;d1 ; : : : ;Ml;1; : : : ;Ml;dl /,

• "P D .".i//i2Œ
P
i degPi � D ."1;1; : : : ; "1;d1 ; : : : ; "l;1; : : : ; "l;dl /.

Notice that we change the indices of the monomials Mi;j and of "i;j , by setting for
all 1 � i � k, 1 � j � di , Md1C���Cdi�1Cj DMi;j and ".d1 C � � �di�1 C j / D "i;j .

We set degP D
P
i degPi .

Furthermore, we define the permutation


P D .1 : : : d1/.d1 C 1 : : : d2/ � � � .dl�1 C 1 : : : dl/: (2.6)

In the sequel, we will consider "P as a function, but sometimes using vector nota-
tion for convenience. In particular, we consider the sets

"�1P .C1/ D
®
i 2 ŒdegP �W "P.i/ D C1

¯
; "�1P .�1/ D

®
i 2 ŒdegP �W "P.i/ D �1

¯
:
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Remark 2.8. The permutation 
P defined by (2.6) gives a choice of labeling for the
letters u and u� in the monomials we consider. Notice that this choice is arbitrary. The
cycle notation is convenient here as we are interested in traces of such monomials. The
ordering of the letters in the words needs only to be specified up to cyclic permutation.

For any permutation � 2 SdegP , we can replace 
P ;MP D .Mi /; "P D .".i//

by 
 0 D ��1
P�;M
0 D .M 0i / D .M�.i//; "

0 D ."0.i// D .".�.i///. This new data
describes the same polynomials. By this, we mean that if we write 
 0 D c01 � � � c

0
l

the
decomposition in disjoint cycles of 
 0, we have

lY
iD1

Tr.Pi / D
lY
iD1

Tr
��!Y

j2ciMju
"0.j /

�
:

Notice that the non-commutative product is only defined up to the cyclic permutation
of the factors. The cyclic property of the trace ensures that the quantity on the right-
hand side is well defined.

We can assume all the polynomials are of the form (2.5) without loss of generality
as ˛N

V;l
is multilinear and satisfies the trace property

˛NV;l.P1; : : : ; Pi�1; PiQ;PiC1; : : : ; Pl/ D ˛
N
V;l.P1; : : : ; Pi�1;QPi ; PiC1; : : : ; Pl/;

as Tr.PiQ/ D Tr.QPi /. Furthermore, if there exists i such that Pi contains no letter
u nor u�1, we can factor the term Tr.Pi / out of the moment.

The formula for the moments with respect to the Haar measure involves permu-
tations belonging to the set S."/.I / � S.I / of permutations (introduced in [34]), for
" 2 ¹˙1ºI .

Definition 2.9. Let " 2 ¹˙1ºI . The set S."/.I / � S.I / is the set of permutations
� 2 S.I / such that

�."�1.C1// D "�1.�1/:

Furthermore, we define �."/ D �2j"�1.C1/ 2 S."�1.C1//.

Notice that the set S."/.I / is empty if j"�1.C1/j ¤ j"�1.�1/j.

Example 2.10. For instance, if "D.C1;C1;�1;C1;�1;�1/, then �D.1346/.25/2
S
."/
6 , and �."/ D .1 4/.2/.

The notation of Definitions 2.7 and 2.9 allows us to express the moments in a
compact way.

Proposition 2.11 ([34, Proposition 3.4]). Let P D .P1; : : : ; Pl/ 2 Xl . We have

˛N0;l.P/ D ˛
N
0;l.P1; : : : ; Pl/ D

X
�2S

."P /

deg P

Tr
P�
�1.MP/WgN .�

."P //: (2.7)



T. Buc-d’Alché 14

2.3. Expansion of the Weingarten function

We wish to express the moments and cumulants uniquely in terms of combinatorial
objects and traces. To this end, we now present a result of Novak [36] expressing the
Weingarten function in terms of walks on the Cayley graph of Sn generated by the
transpositions.

Definition 2.12. The value of a transposition � D .i j / 2 S.I /, where I is a finite
subset of N�, is val.�/ D max¹i; j º.

Definition 2.13. Let � and � be in S.I /, with I a finite subset of N�.
A (weakly) monotone walk with r steps on S.I / from � to � is a tuple .�1; : : : ; �r/

of transpositions of S.I / such that

• �r � � � �1� D � ,

• val.�1/ � � � � � val.�r/.

We denote the set of such walks by
�!
W r.�; �/, and we define Ewr.�; �/ as the cardinal-

ity of the set
�!
W r.�; �/.

In this definition, we use the arrow notation Ew and
�!
W to emphasize the mono-

tonicity property, as in [19].

Proposition 2.14 ([36, Theorem 3.1]). Let � 2 Sq with N � q. We have

WgN .�/ D
X
r�0

.�1/r

N rCq
Ewr.Id; �/;

and the series is absolutely convergent.

Propositions 2.14 and 2.11 imply the following result (recall notation from Defi-
nition 2.7).

Corollary 2.15. LetN � 1 be an integer,PD.P1; : : : ;Pl/2Xl withmDdegP=2�
N . The moments admits the expansion

˛N0;l.P1; : : : ; Pl/ D
X
r�0

.�1/r

N rCm

X
�2S

."P /

2m

Tr
P�
�1.MP/ Ew

r.Id; �."P //:

Moreover, the series is absolutely convergent, uniformly onMP .

Notice that if degP is odd, there are a different number of occurrences of u and
of u�, and such moments are 0.

Proof. Starting from the expression for the moment of Proposition 2.11, we use the
expansion for the Weingarten function of Proposition 2.14. Notice that this second
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result can only be used if m D degP=2 � N , where m is the total number of letter
u in the monomials P1; : : : ; Pl . One of the sums is finite, we can exchange the sums
and get the wanted expression.

Finally, as the matrices .Ai / have their operator norm bounded by 1, we can
crudely bound the trace byˇ̌

Tr
P�
�1.MP/

ˇ̌
� N c.
P�

�1/
� N 2m:

This implies that the convergence is uniform inMP .

3. Maps and maps of unitary type

In this section, we introduce combinatorial objects, the so-called maps of unitary type,
that will be convenient to express the moments ˛N

0;l
, and then the cumulants WN

0;l
.

These maps are particular cases of the maps appearing in the Gaussian case.

3.1. Maps

First, we give a few definitions regarding maps. See [30] for more details on maps.

Definition 3.1. An embedded graph is a pair .�;S/, where S is a compact topological
surface and � is a graph (with possibly loops and multiple edges) embedded in S , so
that we write � � S , such that

• the vertices of � are distinct points on the surface S ,

• the edges of � are simple paths on S that can intersect only at their endpoints,

• the complement S n � of the graph is a disjoint union of simply connected open
sets. Each of these connected components is called a face.

The genus of an embedded graph is the genus of the surface S .
An embedded graph will be said to be oriented if � is an oriented graph.

We will sometimes refer to � and S as the underlying graph and surface of an
embedded graph. Notice that the genus of the surface is well defined: it follows from
the fact that the faces are homeomorphic to disks, see [30, Section 1.3.2.2.].

Remark 3.2. In this article, the embedded graphs are in general disconnected. We
will specify it when the maps we consider are connected.

Definition 3.3. Two (oriented or unoriented) embedded graphs .�1; S1/ and .�2; S2/
are said to be isomorphic if there is an orientation-preserving homeomorphism hWS1!

S2 such that hj� is an isomorphism of (oriented or unoriented) graphs.

Definition 3.4. A map (or oriented map) is an equivalence class of embedded graphs
(or oriented embedded graphs) up to isomorphism.
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right right

Figure 1. The left and right sides of a half-edge and of an ingoing half-edge.
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Figure 2. A map with labeled half-edges.

As the genus of a surface is a topological invariant, the genus of a map is the genus
of any of its representatives.

Definition 3.5. A face will be said to be incident to a vertex or an edge if the vertex
or the edge belongs to the boundary of the face.

It will be convenient to regard each edge of a map as being made of two half-
edges. As a part of an embedded graph they can be described as follows. Each edge
eD ¹v;v0º (with possibly vD v0) can be parametrized by 
eW Œ0; 1�! S , with 
e.0/D
v and 
e.1/ D v0. The two half-edges that compose e are h D 
e.Œ0; 1=2�/ and h0 D

e.Œ1=2; 1�/. We will say that h (respectively, h0) is connected to v (resp., v0). As
we will be concerned only with combinatorial data, the choice of parametrization 
e
will be unimportant. When going from the vertex of the half-edge to the other end of
the half-edge (connected to another half-edge), we can distinguish a left side and a
right side (see Figure 1). Notice that the left and right sides are defined relative to the
position of the incident vertex, and does not depend on the eventual orientation.

Defining a left side of a half-edge is crucial for the labeling procedure. Indeed,
we regard each half-edge as being incident to the face on its left. A face will thus be
described by the labels of the half-edges incident to it.

We label the half-edges of a map C from 1 to 2m, wherem is the number of edges
of C . By convention, we write each label at the left of its half-edge. See Figure 2. In
an oriented map with labeled half-edges, the edges can be represented as an ordered
pair of two half-edges. The first half-edge is connected to the first vertex of the edge
and is said to be outgoing. The second half-edge is connected to the second vertex of
the edge and is said to be ingoing.
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These labels allow us to define three permutations that encode the labeled map,
see [30, Section 1.3.3.].

Definition 3.6. Let C be a map with 2m � 2 labeled half-edges. We define the three
permutations �C ; ˛C ; 'C 2 S2m as follows.

• Let i 2 Œ2m�. The half-edge labeled by i is attached to a vertex vi . Starting from
the half-edge i and turning in the clockwise direction around vi , the next half-edge
we encounter is labeled j (possibly i D j ). We set �C .i/ D j .

• Let i 2 Œ2m�. The half-edge labeled by i is attached to another half-edge labeled
j . We set ˛C .i/ D j .

• Let i 2 Œ2m�. The half-edge labeled i has a face fi to its left. Starting from the
half-edge i , we turn in the counterclockwise direction around the face fi . The next
half-edge we encounter with fi to its left is labeled j . We set 'C .i/ D j .

The three permutations �C , ˛C , 'C constitute the permutational model of C . If the
map has no edges then we do not define any permutational data.

The permutation �C describes how the half-edges are arranged around a vertex
(we call this data “the local structure of the map”), and ˛C describes how to attach
them. The permutation ˛C only depends on the underlying graph of the map. Notice
that ˛C belongs to the set of involutions without fixed points

	2m D
®
˛ 2 S2mW˛

2
D Id 8i 2 Œ2m�; ˛.i/ ¤ i

¯
:

Notice that we chose different conventions than in [30], resulting in our permutation
� being the inverse of theirs.

Example 3.7. The map C of Figure 2 is described by

�C D .1 3 2/.4 5/.6 8 7/.9/.10 12 11/;

˛C D .1 12/.2 11/.3 4/.5 6/.7 10/.8 9/;

'C D .1 11/.2 10 6 4/.3 5 8 9 7 12/:

For an oriented map, we must also describe the orientation of each half-edge.

Definition 3.8. Let C be an oriented map with 2m labeled half-edges. We define the
function "C 2 ¹˙1º

Œ2m� as follows. For all i 2 Œ2m�, we set ".i/DC1 if the half-edge
labeled i is outgoing and ".i/ D �1 if the half-edge labeled i is ingoing.

Such an " belongs to the set E2m D ¹" 2 ¹˙1º
2mW

P2m
iD1 ".i/ D 0º.

In the case of an oriented map, ˛ is in the set 	
."/
2m of the permutations of 	2m

such that for all i 2 Œ2m�, ".˛.i// D �".i/.
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Lemma 3.9. [30, Proposition 1.3.16] Let C be a map with labeled half-edges. We
have

'˛ D �:

Conversely, we can reconstruct a map from two permutations � 2 S2m; ˛ 2 	2m.
The following theorem is essentially a restatement of a result obtained in [14].

Theorem 3.10. Let m � 1, � 2 S2m and C.m; �/ be the set of maps with labeled
half-edges C such that �C D � . Then, the mapping

C.m; �/! 	2m;

C 7! ˛C

is a bijection.

This theorem shows that once the local structure of the map (and a labeling of
the half-edges) is fixed, the map only depends on the underlying graph. We have the
corresponding result for oriented maps.

Theorem 3.11. Let m � 1, � 2 S2m; " 2 E2m and C.m; "; �/ be the set of oriented
maps with 2m labeled half-edge C such that �C D � and "C D ". Then,

C.m; "; �/! 	
."/
2m;

C 7! ˛C

is a bijection.

3.2. Maps of unitary type

We have just seen how to describe a map with permutations. We now define a par-
ticular type of map, which we call map of unitary type, whose edge structure is
described by a permutation � 2 S

."/
2m for some " and m � 1 and a monotone walk

.�1; : : : ; �r/ 2
�!
W r.Id; �."//.

Definition 3.12. A vertex in an oriented map will be said to be alternated if when
going around this vertex the half-edges connected to it are alternatively ingoing and
outgoing.

Definition 3.13. Let I be a finite subset of N� and r 2N. A map of unitary type with
labels in I with r black vertices is an oriented map with vertices colored in white or
black such that

(1) there are r black vertices, which are alternated of degree 4 and numbered from
1 to r ;
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Figure 3. A unitary type map. The numbers in red (1 near the black vertex on the left, 2 near
the black vertex on the right) are the numbers of the black vertices, the labels in black are the
labels of the white half-edges.

(2) there are jI j half-edges that are connected to white vertices. We call these
half-edges white half-edges. Each element of I labels exactly one white half-
edge;

(3) if an oriented edge connects the black vertex numbered k to the black vertex
numbered l , with the orientation from k to l , then k < l .

See Figure 3 for an example.

Remark 3.14. There is a correspondence between a tupleP D .P1; : : : ;Pl/ of mono-
mials and a family of maps of unitary type. The number of white vertices is l , each of
them corresponds to a monomial. The white outgoing half-edges correspond to occur-
rences of u, the white ingoing half-edges correspond to occurrences of u�. The black
vertices correspond to steps in a walk as defined in Definition 2.13. Note however
that the monotonicity condition of the walk corresponds to the increasing condition
defined in Definition 3.20. This link will be described in more details in Section 3.4.

Remark 3.15. The map has oriented edges so there are as many ingoing as outgoing
half-edges, of any color. The black vertices are alternated and of edgree 4, so there
are as many ingoing black half-edges as black outgoing half-edges. Thus, there are as
many white ingoing half-edges as white outgoing half-edges.



T. Buc-d’Alché 20

1

4

2

7

1 2

2

7

6
8

1

4

7

3

5

6

2 8

Figure 4. Procedure to assign labels to half-edges. The newly labeled half-edges are in blue
(and follow the dotted arrows).

Remark 3.16. Notice that condition (3) in Definition 3.13 implies that each face is
incident to at least one white vertex. Indeed, if it were not the case, there would be a
face incident to only black vertices, numbered n1 < n2 < � � � < nk , with nk < n1, a
contradiction.

Remark 3.17. The maps of unitary type are very similar to the maps introduced in [8]
to describe the leading term in the asymptotics of the cumulants when N !1. In
fact, the two kinds of maps in genus 0 are related by a surgery that transforms black
vertices of unitary maps into “dotted edges” of the maps from [8]. Here, we consider
the non-planar cases as well.

We denote by wk.C/ the white vertex in the unitary type map C connected to the
half-edge labeled k. We will omit the notation C if there is no ambiguity.

Notice that in a map of unitary type, the half-edges connected to black vertices
are not unlabeled. We now explain how to label them. Consider, in a map of unitary
type, an unlabeled half-edge which we denote by h. This half-edge has a face f to its
left (see Figure 1). Starting from h, we turn around the face in the clockwise direction
until we encounter a labeled half-edge connected to a white vertex, which is labeled
by i . We assign to h the label i . See Figures 3 and 4.

Notice that by Remark 3.16, all faces are incident to at least one white vertex, so
all unlabeled half-edges can be labeled by this procedure, in a unique way.

The following lemma will be used to prove Lemma 3.24.
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Lemma 3.18. Let h be a half-edge labeled by i . There exists a unique white half-edge
h0 labeled by i . If h is ingoing then h0 is ingoing. If h is outgoing then h0 is outgoing.

Proof. Consider an ingoing half-edge h. The existence and uniqueness of h0 is a con-
sequence of the definition. If h is a white half-edge, the statement is obvious. If not,
then consider the face f to its left. Starting from h we turn around f in the clockwise
direction until we reach a white vertex w. All the vertices we encounter before w are
black. The black vertices are alternated so all the half-edges such that f is at their left
are ingoing as well, and so is the white half-edge h0 that we reach, whose label is the
same as the label of h. We proceed similarly for outgoing half-edges.

The labels for the edges allow us to define the notion of value of a black vertex.

Definition 3.19. Consider a black vertex b. Let i and j be the labels of the two
outgoing half-edges at b. The value of the black vertex b is val.b/ D max.i; j /.

Definition 3.20. A map of unitary type with r black vertices b1; : : : ; br numbered,
respectively, 1; : : : ; r is nondecreasing if

val.b1/ � val.b2/ � � � � � val.br/:

Example 3.21. Figure 4 displays an example. The labels of the black vertices are in
red. The values of the black vertices s1 and s2 are val.s1/ D 2; val.s2/ D 6.

3.3. Permutational model

Similarly as in Section 3.1, we define a permutational model for the maps of unitary
type.

Definition 3.22. Let I �N� be finite and r 2N. Let C be a map of unitary type with
labels in I ¤ ; and r black vertices.

We define "C D .".i/; i 2 I / as follows. If the white half-edge labeled i 2 I is
outgoing, we set ".i/ D C1, else we set ".i/ D �1.

We define 
C ; �C ; �C 2 S.I / and �C D .�1; : : : ; �r/ 2 S."�1
C
.C1//r as follows.

• Let i 2 I . The white half-edge hi , labeled i , is connected to a white vertex wi .
Starting from hi , we turn in the clockwise direction around wi . Let j be the label
of the next half-edge connected to wi . We set 
C .i/ D j .

• Let i 2 I . The white half-edge hi labeled i is connected to another half-edge hj ,
which is labeled by j . We set �C .i/ D j .

• Let i 2 I . The white half-edge labeled i has a face fi to its left. Starting from the
half-edge i , we turn in the counterclockwise direction around the face fi . The next
white half-edge with fi on its left we encounter is labeled j . We set �C .i/ D j .
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Figure 5. Proof of Lemma 3.25.

• Let bl be the black vertex numbered l . The outgoing half-edges that are connected
to it are labeled by i and j . We set �l D .i j /.

The permutations 
C , �C , �C are the counterparts for maps of unitary type of the
permutations �C , ˛C , 'C defined in Definition 3.6.

Example 3.23. For the map in Figure 4, we have r D 2 and


C D .1 7 3 4/.5 6/.2 8/;

"C D .C1;C1;�1;�1;C1;C1;�1;�1/;

�1 D .1 2/; �2 D .2 6/;

�C D .1 7 6 8 2 4/.3 5/;

�C D .1/.2/.3 6/.4 8 5/.7/:

Lemma 3.24. The permutation �C belongs to S."C /.I /, defined in Definition 2.9.

Proof. An edge consists of an outgoing half-edge h attached to an ingoing half-edge
h0. Assume that h is white. Let i be the label of h and j be the label of h0. We
have �.i/ D j . By Lemma 3.18, j is the label of a white ingoing half-edge. Thus,
".i/ D �1 and ".j / D C1. We proceed similarly if h0 is white.

We have the following counterpart of Lemma 3.9.

Lemma 3.25. For a unitary type map C , we have 
C�
�1
C
D �C .

Proof. Let i 2 I be the label of a white outgoing half-edge, and f the face at the left
of the half-edge. Starting from the half-edge labeled i , we follow the boundary of the
face until we encounter a white vertex. The last half-edge we traversed, which was
ingoing, was labeled j . This half-edge is connected to a outgoing half-edge labeled
i . By definition, we thus have �C .j / D i . The next labeled half-edge when going
around f in the counterclockwise order is the half-edge following the half-edge j
when turning in the clockwise direction around the white vertex. This next half-edge
is thus labeled 
C .j / D 
C�

�1
C
.i/, see Figure 5.

The proof is identical if i is the label of an ingoing half-edge.
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Figure 6. Chain of edges around the face f .

Proposition 3.26. Let I be a finite subset of N�, r 2 N�, 
 2 S.I /, and " 2 ¹˙1ºI .
Let C be a unitary type map with set of labels I and with r black vertices such that

C D 
 and "C D ", and let �C D .�1; : : : ; �r/. Then, �r � � � �1 D �

."/

C
.

Proof. Let k 2 I be the label of a white outgoing half-edge connected to a vertex
wk D u0. Let f be the face at its right. We construct a path starting from the half-edge
labeled k as follows, see also Figure 6. Consider the edge e1 D .u0; u1/ of which the
half-edge labeled k is part. If u1 is white then for all 1 � j � r , �j .k/D k D �

."/

C
.k/.

If u1 is black, we can find vertices u2; u3; : : : ; upC1 such that u2; : : : ; up are black
and upC1 is white, and .uj ; ujC1/ follows .uj�1; uj / when going around the vertex
uj in the counterclockwise order. Notice that these edges are all part of the boundary
of f .

Let n1; n2; : : : ; np be the labels of the black vertices u1; : : : ; up , and kj , 1 � j �
pC 1 be the labels of the outgoing half-edges edges (connected to uj�1) in .uj�1;uj /.
Notice that 1 � n1; : : : ; np � r as black vertices have labels in Œr�. By construction,
we have �nj .kj�1/ D kj .

We have �np�np�1 � � � �n1.k/ D kp , so the labels of the black ingoing vertices
incident to f are all equal to l D �C .k/, by construction of �C . We have �C .k/ D

l D ��1
C
.kp/. Thus, �np�np�1 � � � �n1.k/ D �

."/.k/.
Assume now that �r � � � �1.k/ ¤ �np�np�1 � � � �n1.k/. Let j be the minimal index

such that there exists p0 satisfying np0 � j < np0C1 (with the convention npC1 D
r C 1) and �j � � � �1.k/ ¤ �np0 � � � �n1.k/. The index j is minimal so j > np0 (else
we would have a contradiction as �j�1 � � � �1.k/ D �np0�1 � � � �n1.k/). We have kp0 D
�j�1 � � � �1.k/ D �np0 � � � �n1.k/. By construction, all the half-edges labeled kp0 are on
the boundary of a same face f 0, and they follow each other. We have just seen that
there is such an half-edge in the edge between up0 and up0C1. The fact that �j .kp0/ ¤
kp0 implies that there is an half-edge labeled kp0 that is connected to the j th black
vertex. However, this edge must be before (when going around the face f 0) or after
the edge .up0 ; up0C1/ in the boundary of f 0. This contradicts the fact that if there is
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an edge going from a black vertex i to a black vertex labeled j we have i < j , as
np0 < j < np0C1.

Definition 3.27. We denote by Cr.I; "; 
/ the set of nondecreasing unitary type maps
C with set of labels I and with r black vertices such that 
C D 
 and "C D ".

Similarly, we denote by C.g; I; "; 
/ the set of nondecreasing unitary type maps
C with set of labels I and with genus g such that 
C D 
 and "C D ".

Theorem 3.28. Let I be a finite subset of the positive integers, r 2 N�, " 2 ¹˙1ºI

and 
 2 S.I /.
The mapping

Cr.I; "; 
/!
[

�2S."/.I /

¹�º �
�!
W r.Id; �."//;

C 7! .�C ; �C /

is a bijection.

Proof. Lemma 3.24 and Proposition 3.26 show that this map has values in[
�2S."/.I /

¹�º �
�!
W r.Id; �."//:

We now construct an inverse mapping. To do so, we explicitly construct a map cor-
responding to permutations � and � D .�1; : : : ; �r/. By Theorem 3.10, it suffices to
construct from � and � the incidence relation of the underlying graph.

To this end, we introduce the set whose elements represent the half-edges zI D
¹hi W i 2 I º [

Sr
jD1¹hj;1; hj;2; hj;3; hj;4º. We can split this set into the set of ingo-

ing and outgoing edges zI D zIin [ zIout. We have zIout D ¹hi W i 2 I; ".i/ D C1º [Sr
jD1¹hj;2; hj;4º. The elements hj;k represent the half-edges of the black vertices

of the map we are going to construct, and the elements hi represent the half-edges of
the white vertices. We are going to define a labeling function LW zI ! I . We set for all
i 2 I , L.hi / D i . The function L is constructed by induction. At the initial step, it is
only defined for the white half-edges. We then define it for the black half-edges of the
black vertex i at step i .

To construct a map, we use Theorem 3.10. We define two permutations �; ˛ 2
S. zI / as follows. We define z
 2 S. zI / by z
.hi / D h
.i/ and the identity otherwise.
We set

� D z
.h1;1 h1;2 h1;3 h1;4/ � � � .hr;1 hr;2 hr;3 hr;4/:

The permutation ˛ is given by the following algorithm. Let � 2 S."/.I /, and
� D .�1; : : : ; �r/ 2

�!
W r.Id; �."//. We consider first the permutation �1 D .i1; j1/, with
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L.h1;4/ D 1

L.h1;2/ D 3

1
2

34

5

6

h1;4

h1;3

h1;1

h1;2
h2

h1

h4 h3

h5

h6

Figure 7. First step of the construction of the permutation ˛ from one transposition �1 D .1 3/,
represented as a map. The name of the half-edges are in red (h1; : : : ; h6 near the white ver-
tices and h1;1; : : : ; h1;4 near the black vertices), and the labels are in black. Here, ˛1 D
.h1 h1;1/.h3 h1;3/.

i1 < j1. We set ˛1 D .hi1 h1;1/.hj1;h1;3/. We set L.h1;2/ D j1 and L.h1;4/ D i1. In
terms of maps, this procedure corresponds to connecting two edges to a same black
vertex, see Figure 7.

We proceed similarly to construct the black vertices labeled 2; 3; : : : ; r from
the transpositions �2; : : : ; �r . At the kth step, we consider the transposition �k D
.ik jk/, with ik < jk . There is only one half-edge h (respectively, h0) in zIout such that
L.h/ D ik and ˛k�1.h/ D h (respectively, L.h0/ D jk and ˛k�1.h0/ D h0). We set
˛k D ˛k�1.h hk;1/.h

0 hk;3/.
Finally, we connect each remaining outgoing half-edge labeled i to the ingoing

half-edge ��1.i/. For all i 2 I , there is a unique h such that ˛r.h/D h and L.h/D i .
We set ˛rC1;i D .hh��1.i// and define ˛ D ˛r

Q
i2I ˛rC1;i . We define z" 2 ¹˙1ºzI by

z".i/ D C1 if i 2 zIout and z".i/ D �1 otherwise.
Theorem 3.10 implies that given � , ˛, and z", we construct a unique map zC . By

construction, the resulting map is of unitary type: the vertices attached to the half-
edges hi are the white vertices and the other are the black vertices. The black vertex
attached to the half-edges hj;k is numbered j . The map is constructed such that �C D

� zC and �C D � zC .
Furthermore, the map is nondecreasing (recall Definition 3.20) as the tuple � is a

monotone walk.
We have constructed a right inverse, so the map C 7! .�C ; �C / is surjective. We

now show that this map is injective. We show that the incidence relation of a map of
unitary type C is determined by the permutations. Indeed, consider a map of unitary
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type described by � and � D .�1; : : : ; �r/, and an outgoing half-edge hi labeled i .
There are four cases.

• If hi is a white half-edge such that for all j we have �j .i/ D i , then hi is neces-
sarily attached to the white half-edge labeled ��1.i/.

• If hi is a white half-edge and there exists k such that �k.i/ ¤ i , then hi is neces-
sarily connected to the k0th black vertex, where k0 D min¹kW �k.i/ ¤ iº.

• If hi is a half-edge connected to the kth black vertex and for all l > k �l.i/ D i ,
then hi is necessarily attached to a white half-edge labeled ��1.i/

• If hi is a half-edge connected to the kth black vertex and l is the smallest integer
such that l > k and �l.i/¤ i , then hi is necessarily attached to the l-black vertex.

Thus, two maps of unitary type in Cr.I; "; 
/ described by the same permutations �
and � have necessarily the same edges, i.e., are identical.

For a tuple of permutations, .�1; : : : ; �k/ 2 S.I /k , we denote the subgroup of
S.I / they generate by

h�1; : : : ; �ki:

We can associate to the triplet .
C ; �C ; �C / the group

G.C/ D h
C ; �C ; �1; : : : ; �ri; (3.1)

where �C D .�1; : : : ; �r/.

Proposition 3.29. A unitary type map C with set of labels I is connected if and only
if the group G.C/ defined by (3.1) acts transitively on I .

Proof. First, assume that C is connected. Let i; j 2 I . There is a path � (made up by
vertices and edges) connecting the white vertices wi and wj . First, let us assume that
� contains only black vertices, except for its boundary which is made up of wi and
wj . The path encounters the black vertices n1; : : : ; np , the labels on the left of the
edges that constitute � are k1; : : : ; kpC1. The first and last edges are connected to wi
and wj so k1 D 


m1
C
.i/ and kpC1 D 


m2
C
�
m3
C
.j / for some integers m1, m2, m3.

Let 1� i � p. If ki D kiC1, we set �i D Id, and if �ni .ki /D kiC1, we set �i D �ni ,
see Figure 8. Those are the only two possibilities as the half-edges connected to a
black vertex labeled k, with �k D .u v/ can only be labeled by u or v.

Thus, we have proved that there is �� D �
�m3
C



�m2
C

�p � � � �1

�m1
C
2 G.C/ such

that ��.i/ D j .

In general, any path connecting wi and wj can be written as the concatenation of
paths with only black vertices in their interiors, we can thus construct by composition
a permutation in G.C/ that sends i to j . Thus, G.C/ is transitive.
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k1

k2

k3

k4

n1 n2

n3

Figure 8. Three situations for �i . We set �1 D �n1 , �2 D Id, and �3 D �n3 . The black vertices
are labeled n1, n2, n3 in red. In grey are the two half-edges that do not play a role for each
black vertex.

Conversely, if G.C/ is transitive, for any k; l 2 I , there exists � 2 G.C/ such that
�.k/ D l . We can write � D �p � � � �1, with for all i , �i is one of 
C ; �

�1
C
; �1; : : : ; �r .

We use this to construct a path connecting vk to vl . For all i , we attach to �i a path �i
starting from a half-edge labeled ki . We set k1 D k, and we will show that kpC1 D l .

• If �i D 
C , �i is the empty path, and kiC1 D 
C .ki /.

• If �i D ��1C
, �i is the path connecting the half-edge ki to the half-edge ��1.ki /.

Such a path exists by the propagation of labels procedure. We set kiC1D ��1.ki /.

• If �i D �ni , for some ni , and �ni .ki /D ki , then �i is the empty path and kiC1D ki .

• If �i D �ni , for some ni , and �ni .ki / ¤ ki , then we set kiC1 D �ni .ki /. Both ki
and kiC1 are labels of outgoing half-edges. We set �i to be the path that starts
from the half-edge ki , follows the half-edges labeled ki until it reaches the black
vertex ni , and then follows the half-edges labeled kiC1 until the half-edge kiC1,
and the vertex wkiC1 .

We have constructed a path going from the half-edge i to the half-edge kpC1 D
�.i/ D j , as wanted.

3.4. Expression of the moments in terms of maps of unitary type

Theorem 3.28 allows us to rewrite the expression for the moments given in Corol-
lary 2.15 (see Definition 2.7 for relevant notation).

Corollary 3.30. LetN � 1 be an integer,P D .P1; : : : ;Pl/ 2Xl be monomials with
m D 1

2
degP � N . The moments under the Haar measure �N0 (see Definition 2.3)

admit the following expansion:

˛N0;l.P1; : : : ; Pl/ D
X
r�0

.�1/r

N rCm

X
C2Cr .Œ2m�;"P ;
P /

Tr�C
.MP/:

Furthermore, the series is absolutely convergent.
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Tr.M3M2M7M5/
Tr.M1M4/ Tr.M6M8/

2
1

3 4

5
6

78

Figure 9. A map with its weights. This weighted map gives (up to a sign) a contribution from
the sum ˛

.0/;N

0;4
.M1u

�1M2u
�1;M3uM4u;M5u

�1M6u;M7u
�1M8u/.

The weights Tr�C
.MP/ can be interpreted as product of weights given by the

faces of the map C ; see Figure 9.

Proof of Corollary 3.30. Recall the expression of Corollary 2.15:

˛N0;l.P1; : : : ; Pl/ D
X
r�0

.�1/r

N rCm

X
�2S

."P /

2m

Tr
P�
�1.MP/ Ew

r.Id; �."P //:

By definition of Ewr.Id; �."P //, we can rewrite this as

˛N0;l.P1; : : : ; Pl/ D
X
r�0

.�1/r

N rCm

X
�2S

."P /

2m

.�1;:::;�r /2
�!
Wr .Id;�."P //

Tr
P�
�1.MP/

D

X
r�0

.�1/r

N rCm

X
C2Cr .Œ2m�;"P ;
P /

Tr
P�
�1
C
.MP/;

where we used Theorem 3.28 in the last line.
We get the result by using Lemma 3.25, which gives 
P��1C

D �C .

Definition 2.1 and Corollary 3.30 allow us to express the cumulants in terms of
maps of unitary types. We deduce the following lemma.

Lemma 3.31. Let N � 1 be an integer P D .P1; : : : ; Pl/ 2 Xl be monomials with
m D 1

2
degP . The cumulants admit the expansion

WN
0;l.P1; : : : ; Pl/ D

X
r�0

.�1/r

N rCm

X
C2Cr .Œ2m�;"P ;
P /

C is connected

Tr�C
.MP/:

Furthermore, the series is absolutely convergent.
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Proof. We show the formula by induction using Corollary 3.30. Notice first that when
l D 1, ˛N0;1.P1/ D WN

0;1.P1/ and the maps in Cr.Œ2m�; "P ; 
P/ are connected.
Then, we notice that a map can be decomposed into its connected components.

This decomposition gives a partition of the set of labels of half-edges. Each block con-
tains the labels appearing in one connected component. Using Definitions 2.1 and 2.3,
we obtain that

WN
0;l.P1; : : : ; Pl/ D ˛

N
0;l.P1; : : : ; Pl/ �

X
…2P .Œl�/
j…j�2

Y
B2…

WN
0;jBj.Pi ; i 2 B/

D

X
r�0

.�1/r

N rCm

X
C2Cr .Œ2m�;"P ;
P /

Tr�C
.MP/

�

X
r�0

.�1/r

N rCm

X
C2Cr .Œ2m�;"P ;
P /

C has at least 2 connected components

Tr�C
.MP/:

Hence, we get the result.

Remark 3.32. The formulae imply that we can express moments and cumulants with
respect to the Haar measure as a weighted sum over maps. The maps are the non-
decreasing maps of unitary type whose local structure (i.e., how the half-edges are
attached to the vertices, but not how the half-edges are attached together) is deter-
mined by 
�1

P
and "P . To each face is associated a weight, which is the trace of a

certain word in the matrices ofMP , times a sign.

A topological expansion for the Haar measure. We now rewrite Lemma 3.31 as
a sum over the genus g of the maps rather than on the number of black vertices r .
We will see that this gives us an expansion in powers of 1

N2
. We first recall Euler’s

formula
2 � 2g.C/ D V.C/ �E.C/C F.C/; (3.2)

where V.C/; E.C/ and F.C/ are the number of vertices, edges and faces of a map
C , and g.C/ is its genus. In the case of a map of unitary type labeled by a set of 2m
integers, and with r black vertices, we have

• c.
C / white and r black vertices,

• 2m white half-edges and 4r half-edges out of black vertices, for a total ofmC 2r
edges,

• c.�C / faces (see Definition 3.1).

Thus, we get

2 � 2g.C/ D .c.
C /C r/ � .mC 2r/C c.�C / D c.
C /C c.�C / �m � r: (3.3)
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A change of variable in the sum of Lemma 3.31, and the identities l D c.
P/ and
Tr�C

.MP/ D N
c.�C / tr�C

.MP/ give the following proposition.

Proposition 3.33. Let N � 1 be an integer, P D .P1; : : : ; Pl/ 2 Xl be monomials
with m D 1

2
degP . The cumulants admit the expansion

WN
0;l.P1; : : : ; Pl/ D N

2�l.�1/mCl
X
g�0

1

N 2g

X
C2C.g;Œ2m�;"P ;
P /

C is connected

.�1/c.�C / tr�C
.MP/:

Furthermore, the series is absolutely convergent.

Notice that this expansion is in terms of the normalized trace tr D 1
N

Tr. The
factors with the trace are bounded by 1 if we assume kANi k � 1 for all 1 � i � N and
N � 1.

Remark 3.34. The sum in Proposition 3.33 is in general not finite. Indeed, even for
l D 1 and P1 D AUBU �, the sum contains terms of arbitrary genus. They appear for
instance because of the factorization of the identity Id D .1 2/2k for all k � 0.

Definition 3.35. LetN � 1 be an integer,P D .P1; : : : ;Pl/ 2Xl be monomials with
m D 1

2
degP . The term of order 2g in the expansion of the cumulant is denoted by

M
.g/;N

0;l
.P1; : : : ; Pl/ D .�1/

mCl
X

C2C.g;Œ2m�;"P ;
P /
C is connected

.�1/c.�C / tr�C
.MP/:

We extend this definition to all monomials in A by setting for P1; : : : ; Pl 2X andM
a word in a1; a�1 ; : : : ; ap; a

�
p ,

M
.g/;N

0;l
.P1; : : : ; Pi�1; PiM;PiC1; : : : ; Pl/

DM
.g/;N

0;l
.P1; : : : ; Pi�1;MPi ; PiC1; : : : ; Pl/

for all 1 � i � l .

The last property is enforced so that M
.g/;N

0;l
has a property of cyclicity, as does

the trace.

Stationary distribution of the .AN
i
/1�i�p. Let us consider a particular choice for

the sequence of matrices .ANi /1�i�p;N�1. Fix a family of p matrices of fixed size
M �M , .AMi /1�i�p , and consider the sequence of matrices .AqMi /1�i�p; q�1, where
A
qM
i is the block-diagonal matrix with q blocks, whose blocks are AMi . When con-

sidering the sums of maps for N D qM , the traces tr�.M / no longer depend on q or
N D qM .
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In the case of zero potential (V D 0), by Proposition 3.33, the renormalized cumu-
lant zWN

0;1 converges with limit

lim
q!1

zW
qM
0;1 .P / DM

.0/;M
0;1 .P /

for P 2 A. This fact allows us to prove the following lemma.

Lemma 3.36. Fix N 2 N�. Assume that kANi k � 1 for all 1 � i � p. Let P 2X be
a monomial. We have for all choices of .ANi /1�i�p thatˇ̌

M
.0/;N
0;1 .P /

ˇ̌
� 1:

Proof. By the previous remark, we have for the choice of with the .ANi /1�i�p block
diagonal as above,ˇ̌

M
.0/;M
0;1 .P /

ˇ̌
D lim
N!1

ˇ̌
zWN
0;1.P /

ˇ̌
D lim
N!1

EŒtr.P /� � 1;

as kP k � 1.

More generally, with the .ANi /1�i�p block diagonal as above, we have

zW
qM

0;l
.P/ D .�1/mCl

X
g�0

1

.qM/2g

X
C2C.g;Œ2m�;"P ;
P /

C is connected

.�1/c.�C / tr�C
.MP/;

where tr�C
.MP/ does not depend on q. This implies the following lemma.

Lemma 3.37. For all N � 1, g � 0, l � 1, and P 2 Xl , we have the following
properties.

(i) (Traciality) For all Q 2 X,

M
.g/;N

0;l
.P1; : : : ; Pl�1; PlQ/ DM

.g/;N

0;l
.P1; : : : ; Pl�1;QPl/:

(ii) (Symmetry) For all permutations � 2 Sl ,

M
.g/;N

0;l
.P1; : : : ; Pl/ DM

.g/;N

0;l
.P�.1/; : : : ; P�.l//:

(iii) (Simplification) We have

M
.g/;N

0;l
.P1; : : : ; Pl�1; u

�Plu/ DM
.g/;N

0;l
.P1; : : : ; Pl/:

(iv) (Conjugation) We have

M
.g/;N

0;l
.P �1 ; : : : ; P

�
l / DM

.g/;N

0;l
.P1; : : : ; Pl/:
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Proof. Consider the series

G.„/ D .�1/mCl
X
g�0

„
2g

X
C2C.g;Œ2m�;"P ;
P /

C is connected

.�1/c.�C / tr�C
.MP/;

where the polynomials in the tupleMP are evaluated at the matricesAM1 ; .A
M
1 /
�; : : : ;

AM2m; .A
M
2m/
�. Proposition 3.33 implies that G.1=qM/ D zWN

0;l
.P/.

Thus, as the renormalized cumulant under the Haar measure zWN
0;l
D N l�2WN

0;l

satisfies all four properties, and the set ¹1=qM ºq�1 has an accumulation point, we get
the result.

3.5. Formal topological expansion

When the potential V is not zero, we expect to have an expansion of the free energy
as in Proposition 3.33. Let us now consider a potential of the form V D

Pk
iD1 ziqi ,

with z D .z1; : : : ; zk/ 2 Ck and q D .q1; : : : ; qk/ 2 Xk .
Proposition 3.33 motivates the introduction of the formal series

F
N;f
V D

1

N 2

X
n2Nk

.�z/n

nŠ
zWN
0;
P
i ni
.qn/

D

X
g�0

1

N 2g

X
n2Nk

zn

nŠ
.�1/degqn

X
C2C.g;Œ2 degqn�;"qn ;
.qn//

C is connected

.�1/c.�C / tr�C
.Mqn/;

(3.4)

where we use the notation qn D .q1; : : : ; q1„ ƒ‚ …
n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

/ for nD .n1; : : : ; nk/, as

well as zn D
Qk
iD1 z

ni
i and nŠ D

Qk
iD1 ni Š.

Similarly, we introduce formal series corresponding to the cumulants.

Definition 3.38. Let N 2 N�, P D .P1; : : : ; Pl/ 2 Xl be monomials with m D
1
2

degP . The formal cumulant of P is the formal series

MN
V;l.P1; : : : ; Pl/ D

X
g�0

1

N 2g
M
.g/;N

V;l
.P1; : : : ; Pl/;

where the gth term is

M
.g/;N

V;l
.P1; : : : ; Pl/ D

X
n2Nk

zn

nŠ
.�1/degqnCdegP

�

X
C2C.g;ŒdegqnCdegP�;"qnP ;
.qnP//

C is connected

.�1/c.�C / tr�C
.MqnP/;
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where qnP is the concatenation of the two tuples qn and P . In particular, 
qnP is the
permutation defined in (2.6) associated to the tuple qnP .

Notice that the total numbers of u and u� (or white half-edges) are
P
i ni degqi C

2m, and the number of white vertices is
P
i ni C l . The case of the formal free energy

corresponds to m D 0, l D 0.
At this point, it is not clear whether the series M

.g/;N

V;l
.P1; : : : ; Pl/ converge. It

will be shown in Section 4.3. In Section 6, we will show that in the asymptotic regime,
the cumulant WN

V;l
.P1; : : : ; Pl/ coincides with the formal cumulant up to an arbitrary

order, for z small enough.

3.6. Alternated polynomials and Hurwitz numbers

In this section, we consider a particular case; that is, we assume that all polynomials
are alternated monomials (see Definition 3.39). In particular, this covers the case of a
potential of the form V D zAUNB.UN /� encountered in the HCIZ integral. In [19],
the HCIZ integral had been expressed in terms of monotone double Hurwitz numbers.
In the multimatrix case, results relating the more general tensor HCIZ integral to the
Hurwitz numbers have been obtained in [9].

Here, we consider only the case where we have a single unitary matrix.

Definition 3.39. A monomial P 2 A is said to be alternated if it can be written as

P D B1uC1u
�1
� � �BmuCmu

�1;

with Bi ; Ci ; 1 � i � m words in a1; a�1 ; : : : ; ap; a
�
p .

In this section, we assume that all the polynomials involved, P1; : : : ;Pl ; q1; : : : ; qk ,
are alternated monomials. We write as beforeP D .P1; : : : ;Pl/. We now explain how
we can give different expressions for the renormalized cumulants in this case. To do
so, we reason only using the permutational model of the maps of unitary type.

In this case, " D .C1;�1;C1;�1; : : : /, and we have 
P."�1.C1// D "�1.�1/
and 
P."�1.�1// D "�1.C1/. Thus, 
P 2 S

."/
2m. We define z
 D 
2

P
j"�1.C1/.

In particular, this implies for all C 2 C.g; Œ2m�;"; 
P/, we have �C ."
�1.C1// D

"�1.C1/ and �C ."
�1.�1// D "�1.�1/. That is, we can write �C as a product of two

permutations, one, �C , having its support in "�1.C1/, and the other, �C , having its
support in "�1.�1/.

Write �C D .�1; : : : ; �r/. We notice that the group generated by 
P ; �C ; �1; : : : ; �r

is transitive if and only if the group generated by 
P ; �C ; �C ; �1; : : : ; �r is transitive.
As conjugating the elements of a group by one of the elements does not change the
group, we have

h
P ; �C ; �C ; �1; : : : ; �ri D h
P ; 

�1
P �C
P ; �C ; �1; : : : ; �ri:
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Now, we remark that the subgroup of S2m on the right-hand side is transitive if
and only if the subgroup hz
; 
�1

P
�
P ; �; �1; : : : ; �ri of S."�1.C1// is transitive.

This remark allows us to rewrite the sum of Definition 3.35,

W
.g/;N

0;l
.P1; : : : ; Pl/ D .�1/

m
X

C2C.g;Œ2m�;"P
P /
C connected

.�1/c.�C / tr�C
.MP /

D .�1/m
X

�;�2Sm

�2
�!
Wg.Id;��1z
�/

hz
;�;�;�1;:::;�r i transitive

.�1/c.�/Cc.�/ tr�.BP/ tr� .CP/;

where we introduced the notation

BP D .Mi I i 2 "
�1.C1//;

CP D .Mi I i 2 "
�1.�1//;

ifMP D .Mi /1�i�degP .

Definition 3.40. Let �; 
; � 2 Sm. The r th monotone triple Hurwitz number asso-
ciated to �; 
; � , denoted by Ehr.�; 
; �/, is the number of r-tuples of transpositions
.�1; : : : ; �r/ 2 Sr

m such that

• �r � � � �1 D �
� ;

• val.�1/ � val.�2/ � � � � � val.�r/;

• the group h
; �; �; �1; : : : ; �ri � Sm is transitive.

When g satisfies the Euler equation

2 � 2g D c.
/C c.�/C c.�/ � r �m;

we set Ehg.
; �; �/ D Ehr.
; �; �/.

This gives us the following proposition.

Proposition 3.41. Let P D .P1; : : : ; Pl/ be alternated monomials. We have

W
.g/;N

0;l
.P1; : : : ; Pl/

D .�1/m
X

�;�2Sm

.�1/c.�/Cc.�/ tr�.BP/ tr� .CP/Ehg.��1; z
; �/: (3.5)

Remark 3.42. In the case of the HCIZ integral, we have z
 D Id; thus, the monotone
triple Hurwitz numbers reduce to the monotone double Hurwitz numbers.

Remark 3.43. Notice that when all the polynomials are alternated, all the white ver-
tices in the unitary type maps involved are alternated vertices (see Definition 3.12).
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Remark 3.44. In this particular case, the maps of unitary type bear similarity with
the ribbon graphs introduced in [27].

4. Tutte-like equations

We will now state induction relations that apply to the sums of maps M
.g/;N

0;l
defined

in Definition 3.35. They are obtained by a procedure very similar to the one used by
Tutte in [40]. These induction relations are the analog of the topological recursion for
matrices of the GUE [18]. Similar induction relations have been obtained for maps
related to the Gaussian case in [22] and [31], and for maps with “dotted edges” in the
unitary case for g D 0 in [8]. More precisely, we will prove the following theorem.

Theorem 4.1. LetN 2N�,P D .P1; : : : ;Plu/ 2Xl be monomials. Then, for g � 0
and m D 1

2
degP � 2, we have the induction relation

M
.g/;N

0;l
.P1; : : : ; Plu/

D �

X
PlDQuR

M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1;Qu;Ru/

�

X
PlDQuR

X
g1Cg2Dg
I�Œl�1�

M
.g1/;N

0;jI jC1
.P jI ;Qu/M

.g2/;N

0;l�jI j
.P jIc ; Ru/

�

l�1X
jD1

X
PjDQuR

M
.g/;N

0;l�1
.P1; : : : ; Pj�1; PjC1; : : : ; Pl�1; RQuPlu/

C

X
PlDQu

�R

M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1;Q;R/

C

X
PlDQu

�R

X
g1Cg2Dg
I�Œl�1�

M
.g1/;N

0;jI jC1
.P jI ;Q/M

.g2/;N

0;l�jI j
.P jIc ; R/

C

l�1X
jD1

X
PjDQu

�R

M
.g/;N

0;l�1
.P1; : : : ; Pj�1; PjC1; : : : ; Pl�1; RQPl/;

where we use the notation P jI D .Pi /i2I and we set by convention, M
.�1/;N

0;l
D 0

and M
.g/;N
0;0 D 0.

With a similar proof, we can state a similar theorem for P D .P1; : : : ; Plu
�/.

Equivalently, this is a consequence of the invariance by conjugation of the sums of
maps, see Lemma 3.37.

Theorem 4.1 describes how a map of unitary type can be decomposed into one or
several maps. In Section 4.1, we will describe the precise procedure used to cut maps
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of unitary type into one or more maps of unitary types, or equivalently to decompose
the permutations describing a particular map. The procedure can be understood as an
elaborate way of contracting an edge in a map. This allows us to give an interpretation
to the terms appearing in the recurrence.

Consider first the terms in the last two lines (the other terms have a similar inter-
pretation). When contracting an edge, three situations can occur.

• The edge is a non-contractible loop; informally, it goes around a handle of the
surface, in that case when contracting it, we remove the handle and create a new
vertex, this corresponds to the termX

PlDQu
�R

M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1;Q;R/:

• The edge is a contractible loop. When contracting the edge, we cut the map into
two disconnected components. This corresponds to the termX

PlDQu
�R

X
g1Cg2Dg
I�Œl�1�

M
.g1/;N

0;jI jC1
.P jI ;Q/M

.g2/;N

0;l�jI j
.P jIc ; R/:

• The edge is not a loop. When contracting the edge, we just merge two vertices.
This corresponds to the term

l�1X
jD1

X
PjDQu

�R

M
.g/;N

0;l�1
.P1; : : : ; Pj�1; PjC1; : : : ; Pl�1; RQPl/:

The other terms have a similar form. They do not correspond to the contraction of an
edge, but rather to the erasure of a black vertex. This theorem shows that a sum of
maps can be expressed in terms of the sums of maps with either lower genus, lower
overall degree, or lower number of vertices.

Before describing precisely the procedure used to cuts the maps of unitary type,
and giving the proof of Theorem 4.1, we show how to rewrite these equations in a
compact way. The function M

.g/;N

0;l
was defined only on some monomials, i.e., on the

set Xl . Recall that A is the algebra of noncommutative polynomials in the variables
u; u�; a1; a

�
1 ; : : :. We now extend M

.g/;N

0;l
by linearity to a linear form on the tensor

space A˝l DA˝C � � � ˝C A. We will use the notation M
.g/;N

0;l
.P1; : : : ;Pl/ (M.g/;N

0;l

as a multilinear function) and M
.g/;N

0;l
.P1 ˝ � � � ˝ Pl/ (M.g/;N

0;l
as a linear function

on A˝l ) interchangeably. We can then rewrite Theorem 4.1 using the notion of non-
commutative derivative.

Let P D .P1; : : : ; Pl/ be a k-tuple of polynomials, and I D ¹i1 < i2 < � � � < ipº
be a non-empty subset of Œl �; then, we define

PI D Pi1 ˝ Pi2 ˝ � � � ˝ Pip :
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We define the operations� and ] as follows. LetP 2Al , I � Œl � 1�,QDQ1˝Q2 2
A˝2 and S D S1 ˝ S2 2 A˝2; then, we set

Q � S D .Q1 ˝Q2/ � .S1 ˝ S2/ D .Q1S1/˝ .Q2S2/ (4.1)

and
PI ˝PIc]Q D PI ˝Q1 ˝PIc ˝Q2: (4.2)

Definition 4.2. The logarithmic non-commutative derivative

@WA! A˝2

with respect to u of a monomial P 2 A is defined by

@P D
X

PDQuR

Qu˝R �
X

PDQu�1R

Q˝ u�1R 2 A˝2:

The definition extends by linearity to any polynomial in A.

Remark 4.3. This derivative was introduced by Voiculescu in [41, Section 8.1]. How-
ever, as remarked by an anonymous reviewer, this corresponds to the derivation on
the unitary group invariant under multiplication from the right. Near the identity, this
derivation corresponds to the ordinary gradient rH , where expH D U , hence the
name logarithmic derivative.

Remark 4.4. Consider a monomial P 2 A evaluated in U; U �; A1; A�1; : : :, and
denote by @m;j the derivative with respect to the coefficient .m; j / of U . We haveX

m

Um;k.@m;jP /i;l D
X
m

X
PDQUR

Qi;mUm;kRj;l D
X

PDQUR

.QU /i;kRj;l ;

and similarly, if x@m;j is the derivative with respect to the coefficient .m; j / of U �,X
m

U �j;m.
x@k;mP /i;l D

X
m

X
PDQU�R

Qi;kU
�
j;mRm;l D

X
PDQUR

Qi;k.U
�R/j;l :

In coordinates, the non-commutative derivative thus corresponds to

.@P /i;k
j;l

D

X
m

�
Um;k@m;jP � U

�
j;m
x@k;mP

�
i;l
:

Definition 4.5. The cyclic derivative D WA ! A with respect to u of a monomial
P 2 A is defined by

DP D
X

PDQuR

RQu �
X

PDQu�1R

u�1RQ:

The definition extends by linearity to any polynomial in A.
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Remark 4.6. Let P be a monomial. In coordinates, the cyclic derivative is

.DP /i;j D
X
k;m

�
Um;j @m;iP � U

�
m;j
x@j;mP

�
k;k
D

X
k

.@P /j;k
i;k

:

To take advantage of the notation just introduced, we will write

M
.g/;N

0;l
˝M

.g0/;N

0;l 0
.P1 ˝ � � � ˝ PlCl 0/

with Pi 2 A to mean

M
.g/;N

0;l
˝M

.g0/;N

0;l 0
.P1 ˝ � � � ˝ PlCl 0/

DM
.g/;N

0;l
.P1; : : : ; Pl/M

.g0/;N

0;l 0
.PlC1; : : : ; PlCl 0/:

Theorem 4.1 can then be rewritten as follows.

Corollary 4.7. For m � 2, g � 1, and P1; : : : ; Pl 2 A, we have the following equa-
tion: X

I�Œl�1�

X
gDg1Cg2

M
.g1/;N

0;jI jC1
˝M

.g2/;N

0;jIc jC1
.PI ˝PIc]@Pl/

D �M
.g�1/;N

0;lC1
.P1 ˝ � � � ˝ Pl�1 ˝ @Pl/

�

l�1X
jD1

M
.g/;N

0;l�1
.P1 ˝ � � � ˝ {Pj ˝ � � � ˝ .DPj /Pl/; (4.3)

where {Pj means that the factor Pj is omitted.

Proof. We group the terms two by two. We have

�

X
PlDQuR

M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1;Qu;Ru/

C

X
PlDQu

�R

M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1;Q;R/

D �M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1; @.Plu//

CM
.g�1/;N

0;lC1
.P1; : : : ; Pl�1; Pl ; 1/

D �M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1; @.Plu//;

where we used the traciality property of Lemma 3.37 to replace u�Ru by R in the
last argument of M

.g�1/;N

0;lC1
in the second line. In the third line, we used the fact that

there are no connected map with l C 1 vertices, l � 1, and one vertex of degree 0.
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We proceed similarly for the two other terms. We have

�

X
PlDQuR

X
g1Cg2Dg
I�Œl�1�

M
.g1/;N

0;jI jC1
.P jI ;Qu/M

.g2/;N

0;l�jI j
.P jIc ; Ru/

C

X
PlDQu

�R

X
g1Cg2Dg
I�Œl�1�

M
.g1/;N

0;jI jC1
.P jI ;Q/M

.g2/;N

0;l�jI j
.P jIc ; R/

D �

X
g1Cg2Dg
I�Œl�1�

M
.g1/;N

0;jI jC1
˝M

.g2/;N

0;l�jI j
.P jI ˝P jIc].@Pu//CM

.g/;N

0;l
.P/;

where we used that there are no maps with one vertex of degree 0 if g � 1 or l � 2.
The third term is

�

l�1X
jD1

X
PjDQuR

M
.g/;N

0;l�1
.P1; : : : ; Pj�1; PjC1; : : : ; Pl�1; RQuPlu/

C

l�1X
jD1

X
PjDQu

�R

M
.g/;N

0;l�1
.P1; : : : ; Pj�1; PjC1; : : : ; Pl�1; RQPl/

D �

l�1X
jD1

M
.g/;N

0;l�1
.P1; : : : ; Pj�1; PjC1; : : : ; Pl�1; .DPj /Plu/:

Putting the three terms together, we get the result when Pl is a monomial that finishes
by u. The cyclicity property of Lemma 3.37 implies that it is then the same if Pl
contains a u. Finally, if Pl does not contain a u, then it is either a constant and the
formula is clear, or it contains a u�. In the latter case, the conjugation property of
Lemma 3.37 allows us to recover the result.

Finally, the result extends by linearity to all polynomials, as it is linear in each of
the Pi .

Notice that the formula in Corollary 4.7 is valid not only for monomials Pl finish-
ing by a u but also for all polynomials.

4.1. How to cut maps

In this section, we fix two integers m � 2 and g � 0, a permutation 
 2 S2m and
" 2 E2m D ¹" D .".i//i2Œ2m� 2 ¹˙1º

2mW
P2m
iD1 ".i/ D 0º. By the cyclicity and the

symmetry properties proved in Lemma 3.37, we can assume that the polynomial Pl
finishes by the letter u. We thus assume that ".2m/ D C1. We consider a map of
unitary type, C 2 C.g; m; 
; "/, with r black vertices. Let S denote the underlying
surface of the map C .
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(a) (b)

Figure 10. (a) An oriented map of genus 0 with two vertices. (b) The corresponding map where
vertices are seen as boundary components. The underlying surface is a cylinder.


�1c .i/
C

B

i

Figure 11. The corner C at the left of i , displayed with a red thick line. Here, i is a white
half-edge.

By Theorem 3.28, this map is described by the permutation � WD �C and the tuple
of transpositions �C D .�1; : : : ; �r/ 2

�!
W r.�."//, with r related to g, �C , and 
C by

Euler’s formula, see (3.3). We will consider two ways of cutting this map, depending
on whether �r.2m/ D 2m or not.

Remark 4.8. We can also see vertices as “holes” in the surface, that is, we take the
underlying surface S to be a surface with boundaries. A vertex is then a boundary
component (homeomorphic to a circle) of the surface S . An edge is then a path con-
necting two boundary components. See Figure 10 for an example.

We will see white vertices as boundary components of the underlying surface, as
explained in Remark 4.8. To describe the cutting procedure, we introduce the defini-
tion of a corner; see Figure 11.

Definition 4.9. Let C be a map of unitary type. Consider a (white or black) vertex v
in C , seen as a boundary component of a surface, as explained in Remark 4.8, and a
half-edge h.
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� 2m

j

1.

�

2. 3.

Figure 12. First way to cut the map.

The corner at the left (respectively, at the right) of h is the connected, closed set
C such that

• C is a subset of the boundary component B corresponding to v;

• C is in the boundary of the face f at the left (respectively, right) of the half-edge
h;

• the boundary of C is ¹u; vº, where u is the point of intersection of B and the half-
edge h, and v is the point of intersection of B and the half-edge h0 that follows the
half-edge h when going around the face f in the clockwise (resp., counterclock-
wise) direction starting from the left (resp., the right) of h.

4.1.1. First case: �r.2m/ D 2m. In this case, val.�r/ < 2m, see Definition 2.12.
The monotonicity of the walk � implies that for all i 2 Œr�, val.�i / < 2m, and in
particular �i .2m/D 2m. By Definition 3.22, the half-edge 2m is not connected to any
black half-edge, and is thus connected to a white-half-edge, say the j th one. Note
that by our assumption that ".2m/ D C1, ".j / D �1. Notice that because C is non-
decreasing, �r.2m/ D 2m implies that for all i , �i .2m/ D 2m.

We construct a map C 0 of unitary type from C using the following procedure,
depicted in Figure 12.

(1) We choose a path � in the face f at the right of the half-edge 2m. This path is
chosen to start from the white vertex w2m, attached in the corner (see Defini-
tion 4.9) at the right of the half-edge 2m, and end at wj , attached in the corner
at the left of the half-edge j . As faces are homeomorphic to disks, there is
only one way to choose � up to homotopy.

(2) We remove the edge containing the half-edges j and 2m.

(3) We cut the surface along �. Depending on the cases we connect two distinct
boundary components of S , or we connect one boundary component to itself.
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Remark 4.10. Notice that ifwj andw2m are distinct vertices, this surgery is the usual
contraction of an edge.

Remark 4.11. If the path � is a loop, then it may be that the resulting map C 0 is
disconnected. Furthermore, one of the connected components can be a vertex with no
edges. In this case, we remove this component.

Lemma 4.12. If C is a map of unitary type with label set I of size 2m, then C 0 is a
map of unitary type, with label set I n ¹j; 2mº, of size 2m � 2. Furthermore, if C is
non-decreasing, then so is C 0.

Proof. We first check that C 0 is a map. We only need to check that each face of C 0 is
homeomorphic to a disk. We only modify the faces fleft and fright at the left and the
right of the edge .w2m;wj /. At step 2, when we remove the edge, we connect fleft and
fright. However, at step 3, we cut along a path homotopic to the edge, thus separating
the two faces. All the faces of C 0 thus remain disks.

We now check that this map is a map of unitary type. The map C 0 has 2m � 2
labeled white half-edges (maybe 0 if m D 1), with label set I n ¹j; 2mº (property 2
in Definition 3.13 is satisfied). The black vertices have not been modified when trans-
forming C into C 0, so properties 1 and 3 in Definition 3.13 are satisfied. As the black
vertices are not modified, a non-decreasing map remains non-decreasing.

Let us now compute the permutations that represent C 0. We will need the notion
of the trace of a permutation introduced by Kreweras [29]. This notion has nothing to
do with the notion of trace of a matrix.

Definition 4.13. Let A be a finite subset of N. The trace of a permutation � 2 S.A/,
on B�A, denoted by Tr.� IB/, is the permutation in S.B/ defined for each x2B by

Tr.� IB/.x/ D �px .x/;

with px � 1 the smallest integer so that �p.x/ 2 B .

Computing the trace of a permutation in cycle notation is straightforward: write
the cycle decomposition of � , and erase all elements in the cycles that do not belong
to B .

Let Ij D Œ2m � 1� n ¹j º.

Lemma 4.14. Let � 0 WDTr.�C IIj /. We have � 0D�C .j 2m/D .j 2m/�C , and �C 0 D

� 0 D �C jIj .

Proof. We have assumed that the half-edges 2m and j are connected to form an edge.
This imply �C .2m/D j and �C .j /D 2m. Thus, as �C is a permutation, for all k 2 Ij ,
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�C .k/ 2 Ij . This means that in the notation of Definition 4.13, pk D 1. We get the
first claim, and that � 0 D �C jIj .

When removing the edge at step 2, it is clear that the map we obtain is still
described by �C , with a cycle removed. When cutting the map at step 3, we do not
modify the edges further.

Lemma 4.15. Let 
 0 WD Tr.
.j 2m/I Ij /. We have 
C 0 D 

0.

Proof. Assume first that wj and w2m are two distinct vertices. Let c D .u1 : : : up j /
and c0 D .u01 : : : u

0
p0 2m/ be the cycles that represent them. After cutting the map at

step 3, the vertices are replaced by a vertex with structure .u1 : : : up u01 : : : u
0
p0/ D

Tr.cc0.j 2m/I Ij /.
Ifwj Dw2m, this vertex is represented by a cycle cD .u1 : : : up j u01 : : : u

0
p0 2m/,

which we cut using the transposition .j 2m/. We obtain two vertices represented by
the two cycles Tr.c.j 2m/I Ij /.

Lemma 4.16. We have �C 0 D Tr.�C I Ij /.

Proof. By Lemmas 3.25, 4.14, and 4.15,

�C 0 D 

0� 0�1 D Tr.
C .j 2m/I Ij /�C j

�1
Ij
:

Notice first that for any k 2 I and p 2 N, .
C�
�1
C
/p.k/ 2 ¹j; 2mº if and only if

..j 2m/
C�
�1
C
.j 2m//p.k/ 2 ¹j; 2mº. This implies that

Tr.
C�
�1
C I Ij / D Tr..j 2m/
C�

�1
C .j 2m/I Ij / D Tr..j 2m/
�1C � 0�1I Ij /;

where we used Lemma 4.14 for the last equality.
Then, as � 0.j / D j and � 0.2m/ D 2m, we have

Tr..j 2m/
� 0�1I Ij / D Tr..j 2m/
 I Ij /� 0�1 D �C 0 :

Lemma 4.17. If the map C of unitary type is connected, then the map C 0 has one
or two connected components. Furthermore, if j and 2m do not belong to the same
cycle in 
 , then C 0 is connected.

Proof. Assume first that j and 2m belong to the same cycle in 
 . This means that
wj D w2m. If we erase the edge containing the half-edges 2m and j , C stays con-
nected. However, when we cut the map along the path �, we may separate the map
into two connected components. More precisely, we separate the map into two con-
nected components if and only if � is homologically trivial, that is, the boundary of a
surface embedded in S .

If j and 2m belong to different cycles, that is wj ¤ w2m, then when removing the
edge we may disconnect the two vertices but we then merge them. Consequently, the
map C 0 is connected.
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Using the permutations 
 0 D 
C 0 and �C , and Lemma 4.17, we can now compute
the genus of C 0. We recall Euler’s formula (3.3) for a map of genus gC with CC

connected components

2CC � 2gC D c.
C /C c.�C / �m � r:

We now discuss the several cases that can occur. First, if both j and 2m are fixed
points of �C then it means that C is reduced to a vertex with 2 half-edges. We will
assume in what follows that m � 2.

If j (respectively, 2m) is a fixed point of �C D 
C�
�1
C

, then it means in terms of
map that the face at the left of the white half-edge j (resp., 2m) is at the left of the half-
edge j (resp., 2m) only. In terms of permutations, we have 
C .2m/D �C�C .2m/D j

(resp., 
C .j / D 2m). Then, .j 2m/
C .2m/ D 2m (resp., .j 2m/
C .j / D j ), and
when taking the trace on Ij , we remove one cycle of .j 2m/
C . Furthermore, if we
remove the disk corresponding to the face at the left of the half-edge j (resp., 2m),
the resulting map C 0 is connected.

If j and 2m are not fixed points of �C , then none of the connected component is
reduced to a vertex without edges. It implies that the total number of faces and cycles
of the associated permutation stays the same. We have c.�C /D c.�C 0/. The resulting
map C 0 has one or two connected components: by cutting the map we either remove
a handle (and decreased the genus by one) or disconnect the map.

It gives us one particular case (the degenerate case where one connected compo-
nent is reduced to a vertex without edges):

(1) if j or 2m is a fixed point of �C , then c.�C 0/D c.�C /� 1, c.
 0/D c.
/, and
C 0 is connected. Thus, gC 0 D gC .

If both j and 2m are not fixed points of �C , we have three cases:

(2) if j and 2m belong to the same cycle of 
C and C 0 is connected, then c.
C 0/D

c.
C /C 1, c.�C 0/ D c.�C /, and g0 D g � 1 (by Euler’s formula),

(3) if j and 2m belong to the same cycle of 
C , and C 0 has two connected com-
ponents, then c.
C 0/ D c.
C /C 1, c.�C 0/ D c.�C /, and g0 D g,

(4) if j and 2m belong to two different cycles of 
C , then c.
C 0/ D c.
C / � 1,
c.�C 0/ D c.�C /, and g0 D g.

4.1.2. Second case: �r.2m/ ¤ 2m. In this case, the white half-edge labeled 2m
is connected to a black vertex. Let j D �r.2m/ 2 "

�1.C1/ (as the support of the
transpositions �i is contained in "�1.C1/). In that case, the last black vertex has an
outgoing half-edge labeled by 2m by Lemma 3.18. Similarly, the last black vertex has
an outgoing half-edge labeled j .
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�2
j

r

r � 1�1

2m

1.

�2
j

r � 1�1

2m

2.

j

r � 1

2m

3.

Figure 13. Second way to cut the map.

We construct a unitary map C 0 from C using the following procedure, depicted in
Figure 13. Notice that the first step is possible as there is no loop with black edges, as
indicated in Remark 3.16.

(1) We choose two paths �1 and �2 contained, respectively, in the face f2m at the
left of the half-edge 2m, and fj at the left of the half-edge j . The path �1
(respectively, �2) is chosen to start from the white vertex w2m (respectively,
wj ), attached in the corner at the left of the half-edge 2m (respectively, j ), and
end at the r th black vertex, attached in the corner at the left of the half-edge
labeled 2m (respectively, j ).

(2) We remove the r th black vertex, and attach each ingoing edge to the outgoing
edge that follows it in the counterclockwise order.

(3) We cut the surface S along � D �1 [ �2.

Lemma 4.18. If C is a map of unitary type with labeling set I and with r black
vertices, then C 0 is a map of unitary type with labeling set I and with r � 1 black
vertices. Furthermore, if C is non-decreasing, then so is C 0.

Proof. As in the proof of Lemma 4.12, we first prove that C 0 is a map. We have to
check that the faces are homeomorphic to disks. When removing the black vertex, at
step 2, we may have connected two faces together, or may have connected a face to
itself, thus creating a “face” homeomorphic to an annulus. However, when we cut the
map, at step 3, we recover one or two faces homeomorphic to disks. Thus, C 0 is a
map.



T. Buc-d’Alché 46

We now show that C 0 is indeed a map of unitary type. The map C 0 has r � 1
black vertices. We removed the last black vertex and did not create any new edge
linking two black vertices, thus properties 1 and 3 of Definition 3.13 are satisfied. We
did not remove any white half-edge so property 2 is satisfied as well. Thus, C 0 is of
unitary type. Furthermore, as we removed the last black vertex and let the other ones
unchanged, if C is non-decreasing (recall Definition 3.20), then C 0 is non-decreasing
as well.

Let us now compute the permutations that represent C 0.

Lemma 4.19. Let � 0 D .j 2m/�C D �r�C . We have �C 0 D �
0.

Proof. We only modify the edges during step 2, when we remove the black vertex.
The outgoing half-edges of the r th black vertex in C are labeled on the left by j
and 2m. These half-edges are part of edges connected at their other end to white
vertices, because the black vertex we remove is the last. These edges are connected,
respectively, to the half edge ��1

C
.j / and ��1

C
.2m/.

Consider the white half-edge labeled ��1
C
.j /. After the surgery, it is connected to

the half-edge labeled 2m. Similarly, the white half-edge labeled ��1
C
.2m/ is attached

to the half-edge labeled j .
This corresponds to having �C 0.�

�1
C
.j // D 2m and �C 0.�

�1
C
.2m// D j , and

�C 0 D �C for all other values. We can write this as �C 0 D .j 2m/�C .

Note that

� 0."/ D .�r�C�r�C /j"�1.C1/ D .�r�
2
C /j"�1.C1/ D �r�

."/

C
D �r�1 � � � �1:

The first and third equalities are Definition 2.9, the second one follows from the
fact that �C ."

�1.C1// D "�1.�1/ and the fact that the support of �r is contained
in "�1.C1/, the fourth one is a consequence of Proposition 3.26. This is coherent
with the fact that

�C 0 D .�1; : : : ; �r�1/: (4.4)

Lemma 4.20. Let 
 0 D 
.j 2m/ D 
�r . We have 
C 0 D 

0.

Proof. The white vertices are only modified when we cut the map, at step 3. The proof
is similar to the one of Lemma 4.15. We consider the two cases of j and 2m in the
same cycle in 
 or not, and we compute 
C D 
�r .

It follows from Lemmas 3.25, 4.19, and 4.20 that

�C 0 D �r�C�r : (4.5)

In particular, c.�C / D c.�C 0/.
We can now state the counterpart of Lemma 4.17.
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Lemma 4.21. If the unitary type map C is connected, then the map C 0 has one or two
connected components. Furthermore, if j and 2m do not belong to the same cycle in

 , then C 0 is connected.

Proof. The proof is almost the same as for Lemma 4.17. Alternatively, we can prove
this lemma using Proposition 3.29.

Let k � 1 be the number of orbits of the action ofG0´G.
 0; � 0; � 0/ on Œ2m�. We
notice that G ´ G.
; �C ; �C / D h


0; � 0; �1; : : : ; �ri. In particular, j and 2m always
belong to the same orbit of G. If j and 2m do not belong to the same orbit of G0,
�r connects two orbits of the action of G0, and G has k � 1 orbits. Conversely, if j
and 2m belong to the same orbit of G0, the actions of the two groups have the same
number k of orbits.

In particular, if j and 2m belong to the same cycle of 
 0 (or equivalently to dif-
ferent cycles of 
 ), then the two groups have the same number of orbits. We assumed
that C is connected so by Proposition 3.29, the action of G has one orbit. Thus, the
action of G0 has one orbit and C 0 is connected.

In the other cases, G has k or k � 1 orbits and necessarily, k is 1 or 2.

Using Lemmas 4.21, 4.20, and (4.5), we can compute the genus g0 of C 0 using
Euler’s formula (3.3). There are three cases:

• if j and 2m belong to the same cycle in 
 and C 0 has two connected components,
then c.
 0/ D c.
/C 1 and g0 D g,

• if j and 2m belong to the same cycle in 
 and C 0 is connected, then c.
 0/ D
c.
/C 1 and g0 D g � 1,

• if j , 2m belong to two different cycles in 
 , then C 0 is connected (Lemma 4.21),
c.
 0/ D c.
/ � 1, and g D g0.

Note that in these three cases, m is unchanged.

4.2. Proof of Theorem 4.1

We can now turn to the proof of Theorem 4.1.

Proof. Fix 
 D 
P 2S2m, "D "P , andM DMP . Assume first thatmD 1
2

degP �
2. We decompose the sum

M
.g/;N

0;l
.P1; : : : ; Plu/ D .�1/

m
X

C2C.g;Œ2m�;";
/
C connected

.�1/c.�C / tr�C
.M /

in two sums, each corresponding to one of the two cases of the previous construction.



T. Buc-d’Alché 48

We introduce the setW f
2m of monotone walks whose last step � satisfies �.2m/D

2m, and the set W c
2m of monotone walks whose last step � satisfy �.2m/ ¤ 2m. The

functions 1
W
f
2m

and 1W c
2m

are the indicator functions of those sets.
The sum corresponding to the first case is thus by the previous surgery of Sec-

tion 4.1

.�1/m
X

C2C.g;m;";
/
C connected

.�1/c.�C / tr�C
.M /1

W
f
2m

.�C /

D .�1/m
X

�2S
."/
2m

�2
�!
Wr.g;m;
;�/.�."//
G.
;�;�/ is transitive

.�1/c.
�
�1/ tr
��1.M /1

W
f
2m

.�/

D .�1/m
X

j2"�1.�1/

X
� 02S."/.Ij /

�D.j 2m/� 0

�2
�!
Wr.g;m;
;�/.� 0."//
G.
;�;�/ is transitive

.�1/c.
�
�1/ tr
��1.M /;

where r.g; m; 
; �/ D c.
/ C c.
�1��1/ � m C 2g � 2 according to (3.3), and
we used the fact that in the first case � can be rewritten as � 0.j 2m/ for some
j 2 "�1.�1/. Notice that the global factor .�1/m will account for a sign �1, when
removing an edge and going from 2m white half-edges to 2m � 2 white half-edges.

We rewrite this as a sum of four terms, corresponding to the different ways of
computing the genus, as explained in the last section. We interpret the new sums as
series MN

g0;l 0;0
.Q1; : : : ;Ql 0/, with l 0 (which corresponds to the number of vertices in

the new map C 0) and g0 (the genus of the new map C 0) two integers, andQ1; : : : ;Ql 0
monomials either in X or of degree 0. We introduce the notationQD .Q1; : : : ;Ql 0/.
These monomials are chosen so that the combinatorial data 
 0, and "0 described in
the last section, and the tuple M 0 of appropriate monomials of degree 0 is such that

Q D 
 0, "q D "0, and MQ D M

0. The tuple M 0 is chosen differently depending
on the subcase, but always so that tr�C

.M / D trC 0.M
0/ (except for subcase (1), see

below).

There are four cases. Let us consider first the terms corresponding to subcases (1)
and (3):

(1) if j or 2m is a fixed point of �C , then c.�C 0/ D c.�C / � 1, l 0 D c.
C 0/ D

c.
C / D l , and C 0 is connected. Thus, g0 D g,

(3) if j and 2m belong to the same cycle of 
C , and C 0 has two connected com-
ponents, then l 0 D c.
C 0/D c.
C /C 1D l C 1, c.�C 0/D c.�C /, and g0 D g.



Topological expansion of unitary integrals and maps 49

In these two cases, the map C is cut into two maps, with total genus equal to g.
Case (1) corresponds to the degenerate case where one of the two maps has no edges,
and is reduced to a vertex. We associate to it the weight tr.Mj / or tr.M2m/.

Together, these cases account for the term

�

X
PluDQu

�1Ru

X
g1Cg2Dg
I�Œl�1�

M
.g1/;N

0;jI jC1
.P jI ;Q/M

.g2/;N

0;jIc jC1
.P jIc ; R/:

Subcase (1) corresponds to the term for which Q or R in the sum is reduced to a
monomial of degree 0, and the subcase (3) to the other terms. When cutting the map,
we obtain two connected components, each containing a vertex corresponding to part
of Pl . This corresponds to the fact that in the argument of the series, Pl is replaced
by two monomialsQ and R such thatQu�1Ru, and one u and one u�1 are removed,
corresponding to the two removed half-edges.

Similarly, the subcase

(2) If j and 2m belong to the same cycle of 
C , and C 0 is connected, then

l 0 D c.
C 0/ D c.
C /C 1 D l C 1;

c.�C 0/ D c.�C /;

g0 D g � 1

(by Euler’s formula)

corresponds to the term

�

X
PluDQu

�1Ru

M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1;Q;R/:

The subcase

(4) If j and 2m belong to two different cycles of 
C , then

l 0 D c.
C 0/ D c.
C / � 1 D l � 1;

c.�C 0/ D c.�C /;

g0 D g

corresponds to the term

�

l�1X
iD1

X
PiDQu

�1R

M
.g/;N

0;l�1
.P1; : : : ; Pi�1; PiC1; : : : ; Pl�1; RQPl/:

Here, two vertices are glued together, corresponding to replacing two polynomials in
the argument of the series by one: RQPl .
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We proceed similarly for the terms that correspond to the second case, �.2m/ ¤
2m. The corresponding sum is

.�1/m
X

C2C.g;Œ2m�;";
/
C connected

.�1/c.�C / tr�C
.M /1W c

2m
.�C /

D .�1/m
X

�2S
."/
2m

�2
�!
Wr.g;m;
;�/.�."//

G.
;�;�/ is transitive

.�1/c.
�
�1/ tr
��1.M /1W c

2m
.�/

D .�1/m
X

j2"�1.C1/
j¤2m

X
� 02S

."/
2m

.�1;:::;�r�1/2
�!
Wr�1.� 0."//

G.
 0;� 0;�/ is transitive

.�1/c.

0� 0�1/ tr
 0� 0�1.M.j 2m//;

where we use 
 0 D .j 2m/
 , M.j 2m/ D .M.j 2m/.1/; M.j 2m/.2/; : : : ; M.j 2m/.2m//,
� D .�1; : : : ; �r�1; .j 2m//, and r D r.g;m; 
; .j 2m/� 0/. To go from the second to
the third line, we replaced � by � 0 D .j 2m/� .

Following the construction from last section, we get three kinds of terms corre-
sponding to the three subcases from last section. The first subcase is

(1) if j and 2m belong to the same cycle in 
 and C 0 has two connected compo-
nents, then c.
 0/ D c.
/C 1 and g0 D g, corresponding to the sumX

PluDQuRu

X
g1Cg2Dg
I�Œ2m�

M
.g1/;N

0;jI jC1
.P jI ;Qu/M

.g2/;N

0;jIc jC1
.P jIc ; Ru/:

The second subcase is

(2) if j and 2m belong to the same cycle in 
 and C 0 is connected, then c.
 0/ D
c.
/C 1 and g0 D g � 1, corresponding toX

PluDQuRu

M
.g�1/;N

0;lC1
.P1; : : : ; Pl�1;Qu;Ru/:

Finally, the last subcase is

(3) if j;2m belong to two different cycles in 
 , then C 0 is connected (Lemma 4.21),
c.
 0/ D c.
/ � 1, and g D g0, corresponding to

l�1X
iD1

X
PiDQuR

M
.g/;N

0;l�1
.P1; : : : ; Pi�1; PiC1; : : : ; Pl�1; RQuPlu/:

Putting all the terms together, we get the induction relation of Theorem 4.1.
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4.3. Induction relation for the series M
.g/;N

V;l

We first prove that the series M
.g/;N

V;l
.P/ exist with a radius of convergence that

depends on g, l , and V . To that end, we show bounds on the series of maps for
V D 0 that are a consequence of Theorem 4.1. Similar bounds have been obtained in
the Gaussian case in [31, Lemma 4.3].

Proposition 4.22. Assume that for all N � 1 and all 1 � i � p we have the bound
kANi k � 1 on the deterministic matrices .ANi /. Let q D .q1; : : : ; qk/ 2Xk

n be mono-
mials, and �Dmax1�i�k degqi . We introduce the nth Catalan number cnD 1

nC1

�
2n
n

�
.

There exist constantsAk > 1;Bk > 1, and Ck > 1 depend on k, andDk;� > 1 that
depends on k and � such that for allP DP1; : : : ;Pl 2Xl

n, and all nD .n1; : : : ;nk/ 2
Nk , we have the bound

1

nŠ

ˇ̌̌
M
.g/;N

0;
P
i niCl

.q1; : : : ; q1„ ƒ‚ …
n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

; P1; : : : ; Pl/
ˇ̌̌

� A
l.2mC�n/

k
B�lk C

g.2mC�n/Dn
Y
i

cdegPi

kY
jD1

cnj ; (4.6)

where m D 1
2

degP .
The constants can be chosen to be

Ak D Ck D
p
6�1=42kC3;

Bk D 3 � 4
kC1;

Dk;� D 4k.4e1=e/� :

The proof is given in Appendix A. The value of the constants can be improved.
These bounds allow us to prove immediately that the series M

.g/;N

V;l
(see Defini-

tion 3.38) converge.

Corollary 4.23. Suppose that P D .P1; : : : ; Pl/ 2Xl
n, q D .q1; : : : ; qk/ 2Xk

n , and
z D .z1; : : : ; zk/, and let V D

Pk
iD1 ziqi be a potential.

As a series in z, M
.g/;N

V;l
.P1; : : : ; Pl/ converges absolutely with radius of conver-

gence Rl;g;V � .4A
lCg

k
Dk;�/

�1.

We can now turn to the induction relations. The induction relation from Theo-
rem 4.1 translates to an induction relation on the series M

.g/;N

V;l
.

Proposition 4.24. Let P D .P1; : : : ; Pl/ 2 .Xn/
l , q D .q1; : : : ; qk/ 2 .Xn/

k and
zD .z1; : : : ; zk/, and let V D

Pk
iD1 ziqi be a potential. Assume that for all 1� i � k,

jzi j < Rl;g;V .
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For all 1 � i � n, we have the equationX
g1Cg2Dg
I�Œl�1�

M
.g1/;N

V;jI jC1
˝M

.g2/;N

V;jIc jC1
.PI ˝PIc]@Pl/

CM
.g/;N

V;l
.P1 ˝ � � � ˝ Pl�1 ˝ .DV /Pl/

D �M
.g�1/;N

V;lC1
.P1 ˝ � � � ˝ Pl�1 ˝ @Pl/

�

l�1X
jD1

M
.g/;N

V;l�1
.P1 ˝ � � � ˝ Pj�1 ˝ PjC1 ˝ � � � ˝ Pl�1 ˝ .DPj /Pl/: (4.7)

Proof. We sum on n 2 Nk the induction relations of Proposition 5.10 for

M
.g/;N

0;
P
i niCl

.q1; : : : ; q1„ ƒ‚ …
n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

; P1; : : : ; Pl/;

times z
n

nŠ
.

5. The multimatrix case

Up to now, we have only considered integrals involving one Haar-distributed matrix
UN . The results obtained so far can be extended in a straightforward way to the case
where we have n � 1 independent Haar-distributed matrices UN1 ; : : : ; U

N
n . The poly-

nomials we consider in the sequel are the non-commutative polynomials in ui ; u�1i ,
for 1 � i � n and aj ; a�j for 1 � j � p. We denote this ast -algebra by An. Notice
that A D A1.

5.1. Weingarten calculus

As previously, we will consider a subset of monomials of An, as the quantity we
consider are multilinear functions which are tracial in each of their arguments. We
define Xn the set of monomials of An of the form

P DM1u
"1
t1
M2u

"2
t2
� � �Mdu

"d
td
; (5.1)

where "W Œd � ! ¹C1;�1º, t W Œd � ! Œn�, and M D .M1; : : : ; Md / is a d -tuples of
monomials Mj 2 An, each of them being empty or a word in a1; a�1 ; : : : ; ap; a

�
p .

We define for a tuple P D .P1; : : : ; Pl/ the tuples "P ; tP , MP obtained by con-
catenating the tuples corresponding to each polynomial Pj ; 1 � j � l . We also define
for 1 � i � n, "P;i D "jt�1

P
.i/, i.e., the tuple which encodes the exponents of the vari-

ables ui only. We define the degree with respect to ui of a monomial P , degi P as
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the number of occurrences of ui or u�1i in P . The total degree of a tuple is degi P DPl
jD1 degi Pj . We define degP D

Pn
iD1 degi P , and degP D

Pl
jD1 degPj .

Proposition 2.11 is generalized as follows.

Definition 5.1. Let P D .P1; : : : ; Pl/ 2 .Xn/
l . We define the permutation


P D .1 : : : degP1/ � � �

 
l�1X
jD1

degPj C 1 : : : degP

!
:

Definition 5.2. We introduce the moment with respect to the Haar measure in the
multimatrix case

˛NU ;0;l.P1; : : : ; Pl/ D EŒTr.P1/ � � �Tr.Pl/�;

where the expectation is under the product Haar measure dUN1 � � � dU
N
n .

Proposition 5.3. Let P D .P1; : : : ; Pl/ 2 .Xn/
l and Ji D t�1P .i/.

We have

˛NU ;0;l.P1; : : : ; Pl/

D

X
�12S."P;1/.J1/

�22S."P;2/.J2/
���

�n2S."P;n/.Jn/

 
kY
iD1

WgN
�
�
."
.i/

P
/

i

�!
Tr
P�

�1
1
�����1n

.MP/: (5.2)

This proposition is obtained by applying the following lemma n times.

Lemma 5.4. LetMP D .M1; : : : ;MdegP/ and let zM D . zMi ; 1� i � degP/, defined
by zMi DMi if ti D 1, and zMi DMiu

"P .i/
ti

otherwise. Then, we have the expectation
with respect to UN1 only

EUN
1
ŒTr.P1/ � � �Tr.Pl/� D

X
�12S."P;1/.J1/

WgN
�
�
."P;1/

1

�
Tr
P�

�1
1
. zM /:

Proof of Lemma 5.4. Let I � Œl � be the subset of indices i such that Pi contains a
letter u1 or u�1 . Denote by ci the cycle in 
 that corresponds to Pi , i.e.,

ci D

 
i�1X
jD1

degPj C 1 � � �
i�1X
jD1

degPj C degPi

!
:

We have
EUN

1
ŒTr.P1/ � � �Tr.Pl/� D

�Y
i…I

Trci .Pi /
�
E
hY
i2I

Tr.Pi /
i
: (5.3)



T. Buc-d’Alché 54

Furthermore, if we set S D
S
i…I Supp ci and 
 00 D .

Q
i ci /jS , we can rewrite the

terms �Y
i…I

Trci .Pi /
�
D Tr
 00. zM jS /:

Considering only the second term in the right side of (5.3) and using the cyclic
property of the trace, we can assume that the last factor of each polynomial Pi is
a u1 or a u�1 . Let J1 D t�1.1/ D ¹p1 < p2 < � � � < pqº. We let 
 0 D Tr.
P I J1/.
Proposition 2.11 shows that

EUN
1
ŒTr.P1/ � � �Tr.Pl/� D

X
�12S."P;1/.J1/

WgN
�
�
."P;1/

1

�
Tr
 0��1

1
.M 0/;

whereM 0 D .M 0i ; i 2 J1/ is defined by

M 0i DMpi�1C1u
"P .pi�1C1/

t.pi�1C1/
Mpi�1C2u

"P .pi�1C2/

t.pi�1C2/
� � �Mpi�1u

"P .pi�1/

t.pi�1/
Mpi ;

with the convention p0 D 0.
This is equal to

EUN
1
ŒTr.P1/ � � �Tr.Pl/� D

X
�12S."P;1/.J1/

WgN
�
�
."P;1/

1

�
Tr
P�

�1
1
. zM /:

5.2. Multicolored maps of unitary type

We now generalize the notion of a map of unitary type to address the multimatrix
case.

Definition 5.5. Let I be a finite subset of N�. A multicolored map of unitary type
with n colors, with labels in I , and with ri vertices of color i for 1 � i � n, is an
oriented map with vertices colored in white or in one of n colors, and colored half-
edges which can be of any of the n colors such that

• there are ri vertices of color i for 1 � i � n, which are alternated of degree 4 and
numbered from 1 to ri ;

• the half-edges connected to a vertex of color i (which is not white) are of color i
as well;

• there are jI j half-edges that are connected to white vertices. Each element of I
labels exactly one of these half-edges;

• each half-edge connected to a white vertex is colored in one of the n colors;

• each edge is composed of two half-edges of the same color;

• if an oriented edge connects the vertex of color i numbered l1 to the vertex of
color i numbered l2, then l1 < l2.
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Figure 14. A muticolored map of unitary type with two colors. The integers 3, 7, 10, 9 label red
half-edges, and the other elements of Œ10� label blue half-edges.

Remark 5.6. Notice that we can erase the colors of a multicolored unitary map to
obtain a (monocolored) map of unitary type (see Figure 14). To do so, we proceed as
follows:

• each colored half-edge connected to a white vertex becomes a white half-edge;

• each colored half-edge connected to a colored vertex becomes a black half-edge;

• each colored vertex becomes a black vertex.

The resulting map is a map of unitary type with
P
i ri black vertices and labels in

I .

As in Section 3.2, we define for a multicolored map C of unitary type, with n
colors, the following permutations. We construct permutations 
C , �C , and �C , and
the tuple "C , as for a monocolored map of unitary type. If the i th labeled half-edge is
of color j , we set tC .i/ D j . We then define

JC ;i D t
�1
C .i/:

We set
"C ;i D "C jJC;i

for all 1 � i � k.
For each color i 2 Œn�, we consider the edges of this color. We then define as

previously a permutation �C ;i 2S."C;i /.JC ;i / describing these edges and the vertices
of color i . Finally, if we consider the vertices of color i , we can associate to the j th
vertex of color i the transposition �i;j as previously. We set �C D .�i;j ; i 2 Œn�; j 2

Œri �/. Notice that by construction, we have �C D �C ;1�C ;2 � � ��C ;n.
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Definition 5.7. Let n� 1 and g � 0 be integers, and I be a finite subset of the positive
integers. Let r D .r1; : : : ; rn/ 2 Nn, 
 2 S.I /, tW I ! Œn� and "W I ! ¹˙1º.

We denote by Cr.I; "; 
; t/ the set of multicolored maps of unitary type C with
n colors, with label set I , and with ri vertices of color i , for 1 � i � n, such that

C D 
 , "C D ", and tC D t.

We denote by C.g; I; "; 
; t/ the set of multicolored maps of unitary type C with
n colors, with label set I , and of genus g, such that 
C D 
 , "C D ", and tC D t.

We then have the analog of Theorem 3.28

Theorem 5.8. Let n� 1 be an integer, and I be a finite subset of the positive integers.
Let r D .r1; : : : ; rn/ 2Nn, 
 2S.I /, tWI ! Œn� and "WI !¹˙1º. Define Ji D t�1.i/
and "i D "jJi for 1 � i � n.

The previous construction gives a bijection between Cr.I; "; 
; t/ and[
�12S."1/.J1/;:::;�n2S."n/.Jn/

nY
iD1

¹�iº �
�!
W ri

�
�
."i /
i

�
:

Proof. The proof is very similar to the one of Theorem 3.28. By considering each
color, we prove that the construction does give a map

Cr.I; "; 
; t/!
[

�12S."1/.J1/;:::;�n2S."n/.Jn/

nY
iD1

¹�iº �
�!
W ri

�
�
."i /
i

�
:

We can construct its inverse exactly as in the proof for the case with one unitary
matrix, by constructing the edges for the color 1, then for the color 2, etc. More
precisely, we first consider the color 1. At this step, we leave untouched the half-
edges of color 2; : : : ; n. We construct the incidence relation for the edges of color 1
using the data of .�1;j /j2Œr1� and �1. When this is finished, all the half-edges of color
1 are part of some edge.

We then turn to the half-edges of color 2. Using the data of .�2;j /j2Œr2� and �2,
we construct the incidence relation for the edges of color 2. We do this until we reach
color n and obtain a multicolored map of unitary type.

It follows directly by erasing the colors (see Remark 5.6) and Proposition 3.29
that we have the following proposition.

Proposition 5.9. Let C be a multicolored map of unitary type with n colors. The map
C is connected if and only if the group h
C ; �C ;1; : : : ; �C ;n; �i;j ; 1� i�n; 1�j �ri i

is transitive, with
�C D

�
�i;j ; i 2 Œn�; j 2 Œri �

�
:
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Using Proposition 2.14, 5.3, and Theorem 5.8, we can compute the moments with
no potential (for N � m D 1

2
degP). Let P D .P1; : : : ; Pl/ 2 .Xn/

l , we have

˛NU ;0;l.P1; : : : ; Pl/

D N�m
X

�12S."P;1/.J1/

�22S."P;2/.J2/
���

�n2S."P;n/.Jn/

X
r1;:::;rn�0

�
�1

N

�r nY
iD1

Ewri
�
�
."i /
i

�
Tr
P�

�1
1
�����1n

.MP/

D N�m
X
r2Nk

X
C2C.rŒ2m�;"P ;
P ;t

/

�
�1

N

�r
Tr
��1

1
�����1n

.MP/; (5.4)

where we use the notation xr D x
P
i ri for any x 2 R.

We then compute the cumulants for no potential, when N � m,

WN
UN ;0;l

.P1; : : : ; Pl/ D N
�m

X
r2Nn

X
C2Cr .Œ2m�;"P ;
P ;t/

C connected

�
�1

N

�r
Tr�C

.MP/: (5.5)

We now rewrite this sum using the genus of the maps rather than the number of
colored vertices. In this context, the Euler formula becomes

2 � 2gC D c.
C /C c.�C / �m �

kX
iD1

ri :

We thus get the renormalized cumulant zWN
UN ;0;l

,

zWN
UN ;0;l

.P1; : : : ; Pl/

D N l�2WN
UN ;0;l

.P1; : : : ; Pl/

D .�1/mCl
X
g�0

1

N 2g

X
C2C.g;Œ2m�;"P ;
P ;t/

C connected

.�1/c.�C / tr�C
.MP/: (5.6)

Let us recall the relevant notation. Here, l is the number of monomials or the number
of white vertices. In particular, we have c.
P/D l . The set C.g; Œ2m�;"P ; 
P ; t/ was
introduced in Definition 5.7. As in Section 3.4, the coefficients in the 1=N 2 expansion
are sums of maps, with a weight determined by the permutation of the faces �C and
the tuple of matricesM .

The term of order 2g is then

M
.g/;N

0;l
.P1; : : : ; Pl/ D .�1/

mCl
X

C2C.g;Œ2m�;"P ;
P ;t/
C connected

.�1/c.�C / tr�C
.MP/:
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We then define the formal cumulant as

M
.g/;N

V;l
.P1; : : : ; Pl/ D

X
n2Nk

zn

nŠ
M
.g/;N

0;l
.q1; : : : ; q1„ ƒ‚ …

n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

; P1; : : : ; Pl/;

as previously.

5.3. Induction relation

We will now deduce from the relations obtained in Section 4 similar relations in the
multimatrix case.

Proposition 5.10. LetP D .P1; : : : ;Pl/ 2 .Xn/
l , i 2 Œn� and g � 1. If 1

2
degi P � 2,

then we have the following equation:X
g1Cg2Dg
I�Œl�1�

M
.g1/;N

V;jI jC1
˝M

.g2/;N

V;jIc jC1
.PI ˝PIc#@iPl/

CM
.g/;N

V;l
.P1 ˝ � � � ˝ Pl�1 ˝ .DiV /Pl/

D �M
.g�1/;N

V;lC1
.P1 ˝ � � � ˝ Pl�1 ˝ @iPl/

�

l�1X
jD1

M
.g/;N

V;l�1
.P1 ˝ � � � ˝ Pj�1 ˝ PjC1 ˝ � � � ˝ Pl�1 ˝ .DiPj /Pl/: (5.7)

Here, @i and Di are the non-commutative and cyclic derivatives with respect to ui for
i 2 Œn�.

This proposition is proved as in Section 4. If no polynomial of P contains a ui
then the equation is trivial. Thus, we can assume by symmetry that degi Pl � 1. We cut
the maps from the sum W

.g/;N

0;l
.P/ as in Section 4.1. Notice that in this construction,

we only modify edges of the color i so we can use the exact same arguments. We thus
obtain the wanted equation.

6. The Dyson–Schwinger equation and the topological expansion

We now work in the multi-matrix setting. All the maps involved will be multicolored
maps. The induction equations obtained in Section 4 are related to Dyson–Schwinger
equations for unitary matrices. In this section, we introduce the Dyson–Schwinger
lattice of equations for the renormalized cumulants zWN

V;l
DN l�2WN

V;l
. Together with

the induction relations derived in Section 4, they allow us to show that the renor-
malized cumulants zWN

V;l
admit an asymptotic topological expansion as N !1. The

methods used in this section are heavily inspired from [23].
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6.1. Scalar product and parametric norms on An

Following [23], we introduce some useful notions. The vector space A—the algebra
of noncommutative polynomials—admits a countable basis, which is the set yXn of
all words in the letters u1; u�1; : : : ; un; u

�
n; a1; a

�
1 ; : : : ; ap; a

�
p , plus the empty word 1.

Notice that this set contains Xn, the set of such words that finishes by a ui or a u�i .
Let h�; �i be the scalar product that makes this basis orthonormal. In particular, B? is
the algebra generated by the polynomials with no constant term, i.e., without factors
ui or u�i .

Definition 6.1. Let � � 1. The �-norm is k � k� defined by

kP k� D
X
Q2 yX

jhP;Qij�degQ

for P 2 A.
We write B?

�
the completion of the algebra B? in the �-norm k � k� .

This norm is a deformation of the `1 norm that takes into account the degree of
the basis monomials. The usual `1 norm will in many cases not be the appropriate
norm, as the effect of many operators we consider in the sequel depends on the degree
of the monomial it is applied to.

Example 6.2. This norm is deformation of the `1 norm, recovered when considering
the 1-norm. For instance, the 1-norm of the potential we consider is

kV k1 D

kX
iD1

jzi j:

This notion of norm allows us to define the parametric �-norm of a linear operator
or form.

Definition 6.3. Let T be an operator on A and �; � 0 � 1. Its .�; � 0/-norm is

kT k�;�0 D sup
P2A

kTP k�0

kP k�
:

When � D � 0, we write kT k� D kT k�;� .
Similarly, let � WA! C be a linear form. Its �-norm is

k�k� D sup
P2A

j�.P /j

kP k�
:

A particularly important sort of linear forms are tracial states.
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Definition 6.4. Let C be a unital ast -algebra. A tracial state on C is a linear form
� WC ! C such that for any P;Q 2 C , we have

• �.1/ D 1, where 1 is the empty word;

• �.PQ/ D �.QP /;

• �.PP �/ � 0.

Remark 6.5. The normalized trace tr is a tracial state on B. Under Hypothesis 1.3,
the Cauchy–Schwarz inequality implies that k trk1 � 1. Furthermore, we have tr.1/D
tr.Id/D 1, where Id is the identity matrix, and thus k trk1 D 1. Assuming furthermore
Hypothesis 1.1, we have that zWN

V;1 is a tracial state on An, with k zWN
V;1k1 D 1.

6.2. The Dyson–Schwinger equations for the unitary matrices

Let � be a tracial state on B. A tracial state � on A is a solution to the Dyson–
Schwinger problem with initial value � if for all P 2 A,´

�˝ �.@iP /C �.DiV � P / D 0 for 1 � i � n;

�jB D �;
(6.1)

where @i and Di are the non-commutative derivative and cyclic derivative with respect
to ui , see Definitions 4.2 and 4.5.

It has been shown in [8] that there exists a solution to this problem when TrV D
TrV � (which implies that TrV is real), and that the solution is unique for a potential
V small enough (i.e.,

Pk
iD1 jzi j< " for some " > 0). Notice that for allN � 1, M

.0/;N
V;1

is a solution to (6.1) with � D trN . In [23], a family of equations that generalize (6.1)
was studied. The renormalized cumulants zWN

V;l
are solution to these equations. We

reproduce them here.

Proposition 6.6 ([23, Proposition 20]). Assume Hypothesis 1.1. The renormalized
cumulants ¹ zWN

V;l
ºl�1 satisfy the equationX

I�Œl�1�

zWN
V;jI jC1 ˝

zWN
V;jIc jC1.PI ˝PIc#@iPl/C zWN

V;l.PŒl�1� ˝ .DiV � Pl//

D �

l�1X
jD1

zWN
V;l�1.P1 ˝ � � � ˝

{Pj ˝ � � � ˝ Pl�1 ˝ .DiPj � Pl//

�
1

N 2
zWN
V;lC1.PŒl�1� ˝ @iPl/; (6.2)

where {Pj means that the factor Pj is omitted.

The series of maps M
.g/;N

V;l
satisfy similar equations (see (4.7)).
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6.3. Radius of convergence of the series M
.g/;N

V;l

Before giving the proof of Theorem 1.4, we show that all the terms M
.g/;N

V;l
have a

radius of convergence greater than some RV > 0. We can apply the gradient trick
from [23] that we explain in Appendix B to the equations from Proposition 5.10. To
do so, we introduce some notation, motivated in Appendix B.

Definition 6.7. Let P 2 yXn be a monomial, we define

�iP

D

X
PDP1uiP2

� X
P2P1DQ1uiQ2

Q1ui ˝Q2ui �
X

P2P1DQ1u
�1
i
Q2

Q1 ˝Q2

�
�

X
PDP1u

�1
i
P2

� X
P2P1DQ1uiQ2

Q1 ˝Q2 �
X

P2P1DQ1u
�1
i
Q2

u�1i Q1 ˝ u
�1
i Q2

�
:

The reduced Laplacian �WAn ! A˝2n is then defined by

� D

nX
iD1

�i :

Let .P;Q/ 2 A2
n, we define the operator PQ by

PQP D

nX
iD1

.DiQ/.DiP /:

We define the operator Di , which acts on a monomial P by DiP D degi .P /P ,
and D by

D D

nX
iD1

Di :

Furthermore, for an operator T , we introduce its regularization xT D TD�1.

Definition 6.8 ([23, Definition 13]). Let … be the orthogonal projection of the poly-
nomials onto B?, the algebra of polynomials without a degree 0 term. Let …0 D
Id�… be the complementary projection of the polynomials onto B.

Let � be a tracial state. We define

T� D .Id˝� C � ˝ Id/�:

The master operator is

„V� D IdC… xT� C xP V ;

where xT� and xP V are the regularization (see Definition 6.7) of T� and P V .
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Applying the gradient trick, we obtain, for .g; l/ ¤ .0; 1/,

M
.g/;N

V;l

�
PŒl�1� ˝„

V

M
.0/;N
V;1

Pl
�

D �M
.g�1/;N

V;lC1
.PŒl�1� ˝ x�Pl/

�

g�1X
hD1

M
.g�h/;N

V;l

�
PŒl�1� ˝M

.h/;N
V;1 ˝ Id

�
.x�Pl/

�

X
;¨I¨Œl�1�
g1Cg2Dg

M
.g1/;N

V;jI jC1
˝M

.g2/;N

V;jIc jC1
.PI ˝PIc#x�Pl/

�

l�1X
jD1

M
.g/;N

V;l�1
.P1; : : : ; {Pj ; : : : ; Pl�1; xP

PjPl/: (6.3)

Proposition 6.9. Fix a potential V D
Pk
iD1 ziqi , with q1; : : : ; qk 2 Xn. Let g � 0,

l � 1, P 2 Al
n.

The radius of convergence of M
.g/;N

V;l
.P/ depends only on k and q1; : : : ; qk , and

is greater than

RV D min
�
1

2
.4AkDk;�/

�1;
1

2k�.4Ak C
2kC2

Bk
/�

�
;

where � D max1�i�k deg qi and the constants Ak , Bk , and Dk;� are those of Propo-
sition 4.22.

Proof. Let P 2 .Xn/
l be monomials. As M

.g/;N

V;l
is linear in each polynomial Pi , the

result follows from the case where the Pi are monomials. Using Proposition 4.22, the
series M

.0/;N
V;1 .P/ can be bounded as follows:ˇ̌

M
.0/;N
V;1 .P/

ˇ̌
�

X
n2Nk

zn

nŠ

ˇ̌̌
M
.0/;N

0;
P
i niCl

.q1; : : : ; q1„ ƒ‚ …
n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

; P1; : : : ; Pl/
ˇ̌̌

�
.4Ak/

degP

Bk

X
n2Nk

zn.4AkDk;�/
n

�
.4Ak/

degP

Bk

kY
iD1

1

1 � 4AkDk;�zi
;

where Proposition 4.22 is used in the second line. Notice that the radius of conver-
gence of the series does not depend on P .

Assuming that kzk1 < 1
2
.4AkDk;�/

�1, we get

M
.0/;N
V;1




4Ak
�
2k

Bk
:
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Define

K.�; V / D
2kC1

Bk

4Ak

� � 4Ak
C k…V k1��

� ;

where as before � Dmax1�i�k degqi . Choose � D 4Ak C 2kC2

Bk
. Then, assuming that

k…V k1 D

kX
iD1

jzi j <
1

2���
;

where… is the projection operator introduced in Definition 6.8, we haveK.�;V / < 1
and„V

M
.0/;N
V;1

is an invertible operator B?
�
!B?

�
. Note that this is satisfied if kzk1 <

1
2k���

. We thus set RV D min.1
2
.4AkDk;�/

�1; 1
2k���

/.
We then proceed by induction. Assume that for all .g0; l 0/ < .g; l/ (with the lexico-

graphic order), and for allP 2Xl 0

n , the series M
.g0/;N

V;l 0
.P/ has a radius of convergence

greater than RV . Then, the right side of (6.3) is a holomorphic function that is defined
on a polydisk of radius RV . The left side is a holomorphic function defined on a poly-
disk of radiusRl;g;V which coincides with the right side. Thus, it can be extended to a
holomorphic function on a polydisk of radius RV . The fact that „V

M
.0/;N
V;1

is invertible

allows us to conclude.

6.4. The topological expansion: proof of Theorem 1.4

We introduce the truncated formal cumulant (cf., Definition 3.38)

S
.g/;N

V;l
D

gX
hD0

1

N 2h
M
.h/;N

V;l
:

We will show that the cumulants zWN
V;l

admit a topological expansion by bounding

the errors ı.g/;N
V;l

defined by

ı
.g/;N

V;l
D zWN

V;l � S
.g/;N

V;l
: (6.4)

In particular, we will set ı.�1/;N
V;l

D zWN
V;l

.

We will derive equations on the errors ı.g/;N
V;l

. To make this clearer, we first con-
sider the case g D 0; l D 1. In that case, when kzk1 <RV , we have as a consequence
of (4.7),

1

2

�
S
.0/;N
V;1 ˝M

.0/;N
V;1 CM

.0/;N
V;1 ˝ S

.0/;N
V;1

�
.@iP /C S

.0/;N
1 ..DiV /P / D 0: (6.5)

On the other hand, Proposition 6.6 implies

zWN
V;1 ˝

zWN
V;1.@iP /C

zWN
V;1.DiV � P / D �

1

N 2
zWN
V;2.@iP /: (6.6)
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Taking the difference of (6.5) and (6.6), we get

1

2

�
ı
.0/;N
V;1 ˝ zWN

V;1 C
zWN
V;1 ˝ ı

.0/;N
V;1 C S

.0/;N
V;1 ˝ ı

.0/;N
V;1 C ı

.0/;N
V;1 ˝ S

.0/;N
V;1

�
.@iP /

C ı
.0/;N
V;1 ..DiV /P / D �

1

N 2
zWN
V;2.@iP /:

We apply the gradient trick as in Appendix B. To do so, we replace P by DiP .
Making use of Lemma B.1 and the fact that

1

2

�
ı
.0/;N
V;1 ˝ zWN

V;1 C
zWN
V;1 ˝ ı

.0/;N
V;1

�
and

1

2

�
S
.0/;N
V;1 ˝ ı

.0/;N
V;1 C ı

.0/;N
V;1 ˝ S

.0/;N
V;1

�
are symmetric, we can make the master operator defined in Definition 6.8 appear. We
get

ı
.0/;N
V;1

�
„V
zWN
V;1

=2CS
.0/;N
V;1

=2

�
.P / D �ı

.0/;N
V;1 ˝ ı

.0/;N
V;1 .x�P/ �

1

N 2
zWN
V;2.@iP /: (6.7)

We now turn to the general case. When kzk1 < RV , the truncated formal cumu-
lants satisfy the equationX

I�Œl�1�
0�f�g

1

2

�
1

N 2f
M
.f /;N

V;jI jC1
˝ S

.g�f /;N

V;jIc jC1
C

1

N 2f
S
.g�f /;N

V;jI jC1
˝M

.f /;N

V;jIc jC1

�
� .PI ˝PIc#@iPl/

C S
.g/;N

l
.PŒl�1� ˝ .DiV /Pl/

D �
1

N 2
S
.g�1/;N

V;l
.PŒl�1� ˝ @iPl/

�

l�1X
jD1

S
.g/;N

V;l�1
.P1 ˝ � � �Pj�1 ˝ Pj ˝ Pl�1 ˝ .DiPj /Pl/: (6.8)

These equations are obtained by summing equations (5.7) for different values of g,
multiplied by 1=N 2g .

Together with (6.2), these equations imply equation (6.9) on the errors defined
by (6.4). Before stating the equation, we explain how this equation is derived. We
subtract from (6.2) equation (6.8). To have all the terms from (6.2) simplified, we
must rewrite the most complicated term:X

I�Œl�1�
0�f�g

1

2

�
1

N 2f
M
.f /;N

V;jI jC1
˝ S

.g�f /;N

V;jIc jC1
C

1

N 2f
S
.g�f /;N

V;jI jC1
˝M

.f /;N

V;jIc jC1

�
� .PI ˝PIc#@iPl/:
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We rewrite
S
.g/;N

V;l
D zWN

V;l � ı
.g/;N

V;l

in the sum X
0�f�g

1

N 2f
M
.f /;N

V;jI jC1
˝ S

.g�f /;N

V;jIc jC1

D

X
0�f�g

1

N 2f
M
.f /;N

V;jI jC1
˝

�
zWN
V;jIc jC1 � ı

.g�f /;N

V;jIc jC1

�
D S

.g/;N

V;jI jC1
˝ zWN

V;jIc jC1 �

X
0�f�g

1

N 2f
M
.f /;N

V;jI jC1
˝ ı

.g�f /;N

V;jIc jC1

D zWN
V;jI jC1 ˝

zWN
V;jIc jC1 � ı

.g/;N

V;jI jC1
˝ zWN

V;jIc jC1

�

X
0�f�g

1

N 2f
M
.f /;N

V;jI jC1
˝ ı

.g�f /;N

V;jIc jC1
:

We proceed similarly for X
0�f�g

1

N 2f
S
.g�f /;N

V;jIc jC1
˝M

.f /;N

V;jI jC1
:

After this rewriting and subtracting (6.2), we haveX
I�Œl�1�

1

2

�
ı
.g/;N

V;jI jC1
˝ zWN

V;jIc jC1 C
zWN
V;jI jC1 ˝ ı

.g/;N

V;jIc jC1

�
.PI ˝PIc#@iPl/

C

X
I�Œl�1�

0�f�g

1

2

�
1

N 2f
M
.f /;N

V;jI jC1
˝ ı

.g�f /;N

V;jIc jC1

�
.PI ˝PIc#@iPl/

C

X
I�Œl�1�

0�f�g

1

2

�
1

N 2f
ı
.g�f /;N

V;jI jC1
˝M

.f /;N

V;jIc jC1

�
.PI ˝PIc#@iPl/

C ı
.g/;N

V;l
.PŒl�1� ˝ .DiV /Pl/

D �
1

N 2
ı
.g�1/;N

V;lC1
.PŒl�1� ˝ @iPl/

�

l�1X
jD1

ı
.g/;N

V;l�1
.P1 ˝ � � �Pj�1 ˝ Pj ˝ Pl�1 ˝ .DiPj /Pl/: (6.9)
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Using the gradient trick (see Section B), these equations can be rewritten as fol-
lows:

ı
.g/;N

V;l

�
PŒl�1� ˝„

V
zWN
V;1

=2CM
.0/;N
V;1

=2

�
.Pl/

D �
1

N 2
ı
.g�1/

lC1
.PŒl�1� ˝ x�Pl/

�
1

2

��
zWN
V;l CM

.0/;N

V;l

�
.PŒl�1� ˝ Id/˝ ı.g/;NV;1

�
.x�Pl/

�
1

2

�
ı
.g/;N
V;1 ˝

�
zWN
V;l CM

.0/;N

V;l

�
.PŒl�1� ˝ Id/

�
.x�Pl/

�

X
;¨I¨Œl�1�

1

2

��
zWN
V;l CM

.0/;N

V;l

�
˝ ı

.g/;N

V;jIc jC1

�
.PI ˝PIc#x�Pl/

�

X
;¨I¨Œl�1�

1

2

�
ı
.g/;N

V;jI jC1
˝
�
zWN
V;l CM

.0/;N

V;l

��
.PI ˝PIc#x�Pl/

�

X
I�Œl�1�
1�f�g

1

2

�
1

N 2f
M
.f /;N

V;jI jC1
˝ ı

.g�f /;N

V;jIc jC1

�
.PI ˝PIc#Pl/

�

X
I�Œl�1�
1�f�g

1

2

�
1

N 2f
ı
.g�f /;N

V;jI jC1
˝M

.f /;N

V;jIc jC1

�
.PI ˝PIc#Pl/

�

l�1X
jD1

ı
.g/

l�1
.P1 ˝ � � � ˝ {Pj ˝ � � � ˝ Pl�1 ˝ xP

PjPl/: (6.10)

The notation Id in the third line means the identity operator, in particular terms on the
third line must be read as follows:�

zWN
V;l CM

.0/;N

V;l

�
.PŒl�1� ˝ Id/˝ ı.g/;NV;1 .P ˝Q/

D
�
zWN
V;l CM

.0/;N

V;l

�
.PŒl�1� ˝ P /˝ ı

.g/;N
V;1 .Q/:

The bounds of Proposition 4.22 imply the following results.

Lemma 6.10. Assume that for all N � 1, Tr V is real and kANi k � 1 for all i
(Hypotheses 1.1 and 1.3). There exist � > 1 and " > 0 such that if

kzk1 < ";

then, for all g � 0 and l � 1, we have

kı
.0/
1 k� �

C

N 2
:
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Proof. Consider equation (6.7) for the errors with g D 0; l D 1:

ı
.0/
1

�
„V
zWN
V;1

=2CM
.0/;N
V;1

=2
P
�
D �ı

.0/
1 ˝ ı

.0/
1 .x�P/ �

1

N 2
zWN
V;2.
x�P/:

First, notice that the series M
.0/;N
V;1 satisfies kM.0/;N

V;1 k4Ak �
2k

Bk
, with Ak and Bk

the constants from Proposition 4.22. Proposition B.3 implies that


 xT
M
.0/;N
V;1





�
�
2kC1

Bk

4Ak

� C 4Ak
:

Let � � 32Ak � 12 and 0 < " < RV such that

K.�; V / D 2
� C 1

�.� � 1/
C
2k

Bk

4Ak

� C 4Ak
C k…V k1��

� < 1=2:

In that case, the operator „V
zWN
V;1

=2CM
.0/;N
V;1

=2
WB?

�
! B?

�
is invertible.

We get that

kı
.0/
1 k� � kı

.0/
1 k�



 xT
ı
.0/
1




�




�„VzWN
V;1

��1



�
C
C 0

N 2
kx�k�;�=2




�„VzWN
V;1

��1



�
;

where we used that there exists a constant C 0 > 0 such that k zWN
V;2k�=2 � C

0 by [23,
Theorem 22]. Note that for this Theorem 22 to be applicable, one must show that the
sequence of cumulants is �-uniformly bounded in the sense of [23, Definition 21].
This is shown assuming Hypothesis 1.1 in [23, Corollary 32] for all � � 12.

The bound on M
.0/;N
V;1 implies that kı.0/1 k4Ak � 1C

2k

Bk
� 2. This fact and Propo-

sition B.3 give 

 xT
ı
.0/
1




�
� 2

�
1C

2k

Bk

�
4Ak

� � 4Ak
< 1=2:

With this result and [23, Proposition 19], we finally get that

kı
.0/
1 k� �

C 0

N 2

k.„V
zWN
V;1

/�1k�

1 � kxT
ı
.0/
1

k�k.„
V
zWN
V;1

/�1k�
�
C 0

N 2

1

1=2 �K.�; V /
:

Proposition 6.11. Assume that for all N � 1, Tr V is real and kANi k � 1 for all i
(Hypotheses 1.1 and 1.3). There exist � > 1 and " > 0 such that if

kzk1 < ";

then, for all g � 0 and l � 1, we have

kı
.g/

l
k2l�2� D O.N�2g�2/:
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Proof. We proceed by induction on .g; l/, with lexicographic order. For l D 1; g D 0,
the result is given by Lemma 6.10. Assume now that for all .g0; l 0/ < .g; l/, we have

kı
.g0/

l 0
k� D O.N�2g

0�2/:

Then, in equations (6.10) for the errors, all the terms on the right side of the equation
are of orderN�2g . Note that terms ı.�1/

l
D zWN

V;l
are bounded using [23, Theorem 22].

This gives the result.

We can finally prove Theorem 1.4.

Proof of Theorem 1.4. Proposition 6.11 directly implies Theorem 1.4, with Hypothe-
sis 1.2 replaced by Hypothesis 1.3. Then, if we only assume Hypothesis 1.2, we set

c D
1

supN�1 sup1�i�p kA
N
i k
:

We can then replace each matrix ANi by cANi and rescale each coefficient zi of V by
an appropriate multiple of c�1. When the new coefficients of V are small enough, we
can apply the result obtained with Hypothesis 1.2 and obtain the result.

Remark 6.12. Notice that for N big enough, the series
gX
hD0

1

N 2h
M
.h/;N

V;l
.P1; : : : ; Pl/

is well defined for all V with z small enough, even if Hypothesis 1.1 is not satisfied. In
fact, for any V with z small, provided the cumulants exist, are bounded, and satisfy the
Dyson–Schwinger equations, the same method applies and the asymptotic topological
expansion holds.

The complex asymptotics of the HCIZ and BGW partition functions were studied
with a different method in [35].

A. Bounds for the sum of maps M
.g/;N

0;l

This appendix gives a detailed proof of Proposition 4.22.
We assume that � � 1 and that up to cyclic permutation of its factors we can write

Pl as Pu. If Pl has no term u, a similar argument holds with Pl D u�P . Furthermore,
to make notation less cumbersome, we write

M
.g/;N

n;l
.P1; : : : ; Pl/ DM

.g/;N

0;
P
i niCl

.q1; : : : ; q1„ ƒ‚ …
n1 times

; : : : ; qk; : : : ; qk„ ƒ‚ …
nk times

; P1; : : : ; Pl/

and omit the indices k and � in the constants.
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To prove the result, we do an induction on NkC3, where we endow a tuple of
integers .g; l; n1; : : : ; nk; m/ with the lexicographic order. Notice that the result is
obvious when n1D � � �DnkD 0, gD 0, l D 1when degP D 1 (as M

.0/;N
0;1 .MU˙1/D

0 for all M 2 Y), when m D 1 D 1
2

degP (as M
.0/;N
0;1 .M1UM2U

�1/ D trM1 trM2),

as soon as M � 1. In fact, by Lemma 3.36, jM.0/;N
0;1 .P /j � 1 for all P 2 X.

Assuming that m � 2 or n ¤ 0, Theorem 4.1 yields

1

nŠ
M
.g/;N

n;l
.P1; : : : ; Pl�1; P u/

D �
1

nŠ
M
.g�1/;N

n;lC1
.P1; : : : ; Pl�1; .@P / � 1˝ u/

�

X
I�Œl�1�
n1Cn2Dn

X
g1Cg2Dg

1

n1Š

1

n2Š
M
.g1/;N

n1;jI jC1

˝M
.g2/;N

n2;jI
c jC1

.PI ˝PIc#.@P / � 1˝ u/

�

l�1X
jD1

1

nŠ
M
.g/;N

n;l�1
.P1; : : : ; {Pj ; : : : ; Pl�1; .DPj /Pu/

�

kX
jD1

1

.n � 1j /Š
M
.g/;N

n�1j ;l
.P1; : : : ; Pl�1; .Dqj /Pu/; (A.1)

where {Pj means that Pj is removed.
Assuming that the bound (4.6) holds for

.g0; l 0; n01; : : : ; n
0
k; m

0/ < .g; l; n1; : : : ; nk; m/;

we get four terms from (A.1). The first term is

1

nŠ

ˇ̌
M
.g�1/;N

n;lC1
.P1; : : : ; Pl�1; .@P / � 1˝ u/

ˇ̌
�

degPuX
m0D1

A.lC1/.2mC�n/B�l�1C .g�1/.2mC�n/Dncm0cdegPu�m0

l�1Y
iD1

cdegPi

kY
jD1

cnj

� A.lC1/.2mC�n/B�l�1C .g�1/.2mC�n/Dn.cdegPuC1 � cdegPu/

l�1Y
iD1

cdegPi

kY
jD1

cnj

�
3

B

�
A

C

�2m
Al.2mC�n/B�lC g.2mC�n/Dn

lY
iD1

cdegPi

kY
jD1

cnj :

In the second line, we expanded the non-commutative derivative (see Definition 4.2).
In the third line we used the recurrence formula for Catalan cnC1 D

Pn
iD0 cicn�i and
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in the fourth line we used that cnC1 � 4cn for all n 2 N. We choose A and C so that
A=C � 1 and B � 12.

The second term isX
I�Œl�1�
n1Cn2Dn

X
g1Cg2Dg

1

n1Š

1

n2Š

ˇ̌̌
M
.g1/;N

n1;jI jC1
˝M

.g2/;N

n2;jI
c jC1

ˇ̌̌
.PI ˝PIc#.@P / � 1˝ u/

�

degPX
m0D1

X
I�Œl�1�

X
g1Cg2Dg

Am1.jI jC1/Cm2.jI
c jC1/B�l�1C g1m1Cg2m2cm0cdegPu�m0

�

X
n1Cn2Dn

Al�nC g�nDn
l�1Y
iD1

cdegPi

kY
iD1

cn1;i cn2;i ;

where we used the notation m1 D
P
i2I deg Pi C m0 and m2 D

P
i2Ic deg Pi C

degPu �m0. With this notation, we get as soon as C � 2,X
g1Cg2Dg

C g1m1Cg2m2 D C 2mg
gX
hD0

�
1

Cm2

�h�
1

Cm1

�g�h
� C 2mg

gX
hD0

2�g

� C 2mg :

In the second line, we used that m1; m2 � 1. Similarly, we have when A � 2,X
I�Œl�1�

Am1.jI jC1/Cm2.jI
c jC1/

D A2ml
X

I�Œl�1�

A�m1jI
c j�m2jI j

� A2ml
l�1X
iD0

�
l � 1

i

��
1

AdegPu�m0

�i�
1

Am
0

�l�i�i
D A2ml

�
1

AdegPu�m0 C
1

Am
0

�l�1
� A2ml :

We finally getX
I�Œl�1�
n1Cn2Dn

X
g1Cg2Dg

1

n1Š

1

n2Š

ˇ̌̌
M
.g1/;N

n1;jI jC1
˝M

.g2/;N

n2;jI
c jC1

ˇ̌̌
.PI ˝PIc#.@P / � 1˝ u/

�
6 � 4k

B
Al.2mC�n/B�lC g.2mC�n/Dn

lY
iD1

cdegPi

kY
iD1

cni :
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Thus, we choose B � 6 � 4kC1.
The third term is

l�1X
jD1

1

nŠ

ˇ̌
M
.g/;N

n;l�1
.P1; : : : ; {Pj ; : : : ; Pl�1; .DPj /Pu/

ˇ̌
�

l�1X
jD1

.degPj /A.l�1/.2mC�n/B�lC1C g.2mC�n/DncdegPjCdegPu

l�1Y
iD1
i¤j

cdegPi

kY
jD1

cnj

�
B

A2mC�n

 
l�1X
jD1

.degPj /
cdegPjCdegPu

cdegPj cdegPu

!

� Al.2mC�n/B�lC g.2mC�n/Dn
lY
iD1

cdegPi

kY
jD1

cnj :

To bound this term, we use the following estimate for the Catalan numbers, a conse-
quence of the Stirling bound:

4n

.nC 1/
p
�n

exp
�

1

24nC 1
�

1

24n

�
� cn

�
4n

.nC 1/
p
�n

exp
�
1

24n
�

1

24nC 2

�
;

which implies
4n

p
�.nC 1/3=2

� cn �
4n

p
�n3=2

:

It implies that for p; q 2 N�,

cpCq

cpcq
� �1=2

�
.p C 1/.q C 1/

p C q

�3=2
� �1=2.p C 1/3=2:

Thus,

B

A2mC�n

 
l�1X
jD1

.degPj /
cdegPjCdegPu

cdegPj cdegPu

!

�
�1=2B

A2mC�n
.degPuC 1/3=2.2m � degPu/:

As we can assume that m � 1 (else this term could be bounded by 0), it suffices to
choose A � 2B1=2�1=423=2. Notice that for all n � 1, .nC 1/3=2 � 23n=2.
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The fourth term is

kX
jD1

1

.n � 1j /Š
M
.g/;N

n�1j ;l
.P1; : : : ; Pl�1; .Dqj /Pu/

�
1

D

kX
jD1

.deg qk/Al.2mC�n/B�lC g.2mC�n/Dn
cdegPuCdegqj cnj�1

cdegPucnj

lY
iD1

cdegPi

kY
iD1

cni

�
1

D

kX
jD1

4degqk .deg qk/Al.2mC�n/B�lC g.2mC�n/Dn
lY
iD1

cdegPi

kY
iD1

cni

�
1

D

kX
jD1

.4e1=e/degqkAl.2mC�n/B�lC g.2mC�n/Dn
lY
iD1

cdegPi

kY
iD1

cni :

We choose D D 4k.4e1=e/� to get the result. Notice that we can thus choose

A D C D 2kC3
p
6�1=4;

B D 3 � 4kC1;

D D 4k.4e1=e/� :

B. The gradient trick

We use several times the gradient trick, previously introduced in [23]. The main idea
of the gradient trick is to replace the polynomial P (or Pl ) the equations of Proposi-
tion 6.6 (or in the Dyson–Schwinger problem (6.1), see Section 6) by its cyclic deriva-
tive DiP . An operator—the master operator introduced below—naturally appears in
the equations. When the potential V is small enough, this operator is invertible. The
gradient trick was introduced in [23] to study the Dyson–Schwinger lattice of equa-
tions.

B.1. The trick

The gradient trick allows us to simplify quadratic terms. We take as an example the
equation for the sums of maps for g D 0; l D 2X

I�Œl�1�

M
.0/;N

0;jI jC1
˝M

.0/;N

0;jIc jC1
.PI ˝PIc#@iP2/ D �M

.g/;N
0;1 ..DiP1/P2/:

We can rewrite it as

M
.0/;N
0;2

�
P1 ˝ Id˝M

.0/;N
0;1 C P1 ˝M

.0/;N
0;1 ˝ Id

�
.@iP2/ D �M

.g/;N
0;1 ..DiP1/P2/;
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where Id denote the identity operator. In particular, the notation

P1 ˝ Id˝M
.0/;N
0;1 .@iP2/

must be understood as follows. For .Q1;Q2/ 2 A2
n,

P1 ˝ Id˝M
.0/;N
0;1 .Q1 ˝Q2/ D

�
M
.0/;N
0;1 .Q2/

�
� .P1 ˝Q1/ 2 A˝2n :

We now replace P2 by its cyclic derivative DiP2 and obtain

M
.0/;N
0;2

�
P1 ˝ Id˝M

.0/;N
0;1 C P1 ˝M

.0/;N
0;1 ˝ Id

�
.@iDiP2/

D �M
.g/;N
0;1 ..DiP1/.DiP2//:

Lemma B.1. Let �2WAn �An ! C be a bilinear form, tracial in each of its vari-
ables. For a monomial P 2Xn, write degCi .P / for the number of factors ui in P and
deg�i .P / for the number of factors u�i in P . We have for any monomial P 2 An,

�2.@iDiP / D degCi .P /�2.P ˝ 1/C deg�i .P /�2.1˝ P /C �2.�iP /;

with the operator �i introduced in Definition 6.7. In particular, if �2 is symmetric,
we get

�2.@iDiP / D degi .P / � �2.1˝ P /C �2.�iP /:

This lemma allows us to rewrite the above expression as

M
.0/;N
0;2

�
degi .P2/P1 ˝ IdC.P1 ˝ Id˝M

.0/;N
0;1 C P1 ˝M

.0/;N
0;1 ˝ Id/.�iP2/

�
D �M

.g/;N
0;1 ..DiP1/.DiP2//:

Introducing the operator

P
q
i P D .Diq/.DiP /;

for P;Q 2 An, we get

M
.0/;N
0;2

�
degi .P2/P1 ˝ IdC.P1 ˝ Id˝M

.0/;N
0;1 C P1 ˝M

.0/;N
0;1 ˝ Id/.�iP2/

�
D �M

.g/;N
0;1 .P

P1
i P2/

for 1 � i � n.
Using the operators defined in Definition 6.7. The sum of maps M

.0/;N
0;2 satisfies

M
.0/;N
0;2

�
P1 ˝ IdC.P1 ˝ Id˝M

.0/;N
0;1 C P1 ˝M

.0/;N
0;1 ˝ Id/.x�P2/

�
D �M

.g/;N
0;1 . xPP1P2/
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for all P1;P2 2An. This computation justifies the introduction of the master operator
„V� of Definition 6.8.

Thus, we have

M
.0/;N
0;2

�
P1 ˝„

0

M
.0/;N
0;1

P2

�
D �M

.g/;N
0;1 . xPP1P2/

for all P1; P2 2 An. This will be called the secondary form of equation (5.7). Notice
that in this particular case V D 0. In the sequel, we will derive secondary equation
with a potential.

B.2. Operator norm estimates

We now give some bounds on the norms of the different operators. These bounds and
more were derived in [23, Section 3.2]. In particular, it was shown that under some
hypotheses the master operator is invertible.

Proposition B.2 ([23, Section 3.3]). Let � � 1, V 2 A and � be a tracial state satis-
fying k�k � 1. Introduce

K.�; V / D 4
� C 1

�.� � 1/
C kV k1�

degV degV;

and assume that K.�; V / < 1. Then, the operator „V� extends to an operator B?
�
!

B?
�

(B?
�

is defined in Definition 6.1) which is invertible, with inverse satisfying

�„V� ��1

� � 1

1 �K.�; V /
:

We use a slightly modified version of [23, Proposition 17].

Proposition B.3. Let 1 � �1 < �2, and � be a linear form An ! C. We have

k xT�k�2 � 2k�k�1
�1

�2 � �1
:

Proof. We proceed as in [23]. Let P be a monomial of degree d � 1. We have

T�P

D

nX
iD1

X
PDP1uiP2

� X
P2P1uiDQ1uiQ2ui

.Q1ui�.Q2ui /C �.Q1ui /Q2ui /
�

�

nX
iD1

X
PDP1uiP2

� X
P2P1uiDQ1u

�1
i
Q2ui

.Q1�.Q2/C �.Q1/Q2/
�
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�

nX
iD1

X
PDP1u

�1
i
P2

� X
u�1
i
P2P1Du

�1
i
Q1uiQ2

.Q1�.Q2/C �.Q1/Q2/
�

C

nX
iD1

X
PDP1u

�1
i
P2

� X
u�1
i
P2P1Du

�1
i
Q1u

�1
i
Q2

.u�1i Q1�.u
�1
i Q2/

C �.u�1i Q1/u
�1
i Q2/

�
:

We now take the norm k � k�2 (recall Definition 6.1). Using the triangle inequality and
j�.P /j � k�k�1�

degP
1 , we get (as Q1;Q2 are monomials)

kT�P k�2
k�k�1

�

nX
iD1

X
PDP1uiP2

� X
P2P1uiDQ1uiQ2ui

�
degi Q1ui
2 �

degi Q2ui
1 C �

degi Q1ui
1 �

degi Q2ui
2

�

C

nX
iD1

X
PDP1uiP2

� X
P2P1uiDQ1u

�1
i
Q2ui

�
degi Q1
2 �

degi Q2
1 C �

degi Q1
1 �

degi Q2
2

�

C

nX
iD1

X
PDP1u

�1
i
P2

� X
u�1
i
P2P1Du

�1
i
Q1uiQ2

�
degi Q1
2 �

degi Q2
1 C �

degi Q1
1 �

degi Q2
2

�

C

nX
iD1

X
PDP1u

�1
i
P2

� X
u�1
i
P2P1Du

�1
i
Q1u

�1
i
Q2

�
degi u

�1
i
Q1

2 �
degi u

�1
i
Q2

1

C �
degi u

�1
i
Q1

1 �
degi u

�1
i
Q2

2

�
� 2

nX
iD1

degi P

 degi P�1X
kD1

�k2 �
degi P�k
1

!
:

The main step of the computation is the second inequality. The factor degi P accounts
for the first sum, on the decompositions of P as

P D P1uiP2 or P D P1u
�
i P2:

The sum on k accounts from the decompositions of P2P1 as

P2P1 D Q1uiQ2 or P2P1 D Q1u
�
iQ2:
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Finally, there is a factor 2 as we count those decompositions at most twice. For
instance, we have

nX
iD1

X
PDP1uiP2

� X
P2P1uiDQ1uiQ2ui

�
�

degi Q1ui
2 �

degi Q2ui
1 C �

degi Q1ui
1 �

degi Q2ui
2

��
C

nX
iD1

X
PDP1uiP2

� X
P2P1uiDQ1u

�1
i
Q2ui

�
�

degi Q1
2 �

degi Q2
1 C �

degi Q1
1 �

degi Q2
2

��
�

nX
iD1

X
PDP1uiP2

X
P2P1DQ1u

˙1
i
Q2

2�
degi Q1u

˙1
i

2 �
degi Q2u

˙1
i

1

�

nX
iD1

X
PDP1uiP2

degi P�1X
kD1

2�k2 �
degi P�1
1

� 2

nX
iD1

degCi P
degi P�1X
kD1

�k2 �
degi P�1
1 :

In the first inequality, we abused notation and wrote u˙1i to mean either of ui or u�i .
In the last line, degCi P denotes the number of letter ui in P .

We can then conclude that

kT�P k�2
k�k�1

D 2

nX
iD1

.degi P /�
degi P
2

degi P�1X
kD1

�
�1

�2

�degi P�k

� 2

nX
iD1

.degi P /�
degi P
2

�1

�2

1

1 � �1=�2

� 2

nX
iD1

.degi P /�
degi P
2

�1

�2 � �1

� 2d
�1

�2 � �1
kP k�2 :

In the last line, d is the total degree of P .
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