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Topological expansion of unitary integrals and maps

Thomas Buc-d’ Alché

Abstract. We study integrals on the unitary group with respect to the Haar measure. We give
a combinatorial interpretation in terms of maps of the asymptotic topological expansion, estab-
lished previously by Guionnet and Novak. The maps we introduce—the maps of unitary type—
satisfy Tutte-like equations. It allows us to show that in the perturbative regime, they describe
the different orders of the asymptotic topological expansion. Furthermore, they generalize the
monotone Hurwitz numbers.

1. Introduction

In the breakthrough article [5], Brézin et al. used random matrix theory to address
the problem of enumeration of maps, graphs embedded in surfaces up to homeomor-
phisms. The topological properties of Feynman diagrams had previously been shown
to be critical in the work of ’t Hooft [39], thus relating the combinatorics of maps to
field theory (see also the review article [1]). For instance, the planar diagrams give the
leading order in the expansion of physically significant quantities.

The random matrix approach to the enumeration of maps pioneered by Brézin et
al. subsequently found many applications. Harer and Zagier used the same approach
to study the topological properties of the moduli space of curves [24]. In the cel-
ebrated article [28], Kontsevitch used matrix integrals to solve Witten’s conjecture.
See also [12] for a review of the application of random matrix theory to combina-
torial problems appearing in 2D gravity. More generally, random matrices provide a
powerful tool to address hard combinatorial problems such as the problem of the enu-
meration of Riemann surfaces, see the work of Eynard [17]. For another approach on
the enumeration of maps, see, for instance, [3].

In all the problems above, the matrix models used are related to the Gaussian
Unitary Ensemble (GUE). Let dM = []; dM;; [[;.; d Re(M;;)d Im(M;;) be the
Lebesgue measure on the space of Hermitian matrices K and V be a polynomial
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called the potential. We consider the measure

1 N 2

N —NTrV(M)——TrM
MGUE,y = N 2 dM,
GUE,V

where the normalization constant is the partition function

—NTtV(M)—& Tr M2
ZGUEV _/ e 2 dM.
Hn

Many relevant quantities, such as the partition function can be expressed as a
formal series of maps using Wick’s formula (see [44] for an introduction). For instance,
for V(M) =tq(M), withq(M) = M* and t € R, we get the formal expansion in the
dimension N of the random matrix M,

t
In ZGUE v = Z N2 2g Z ( ) eMGUE (g)

g>0 n>0

where MGUE &) i5 the number of connected maps of genus g with n vertices, all of
them of degree 4. Notice that the term of order N22¢ in this expansion is a gener-
ating series of maps of genus g. We call such an expansion a (formal) fopological
expansion.

In general, the above equality holds in the sense of formal power series, see [16]
for instance. By the above equality, we mean that the derivatives with respect to ¢ at
t = 0 of the left and right sides of the equation above coincide. In fact, the series of
maps on the right side may not converge in general.

We can replace this divergent series with an asymptotic expansion as N — oo,
where the equality holds up to an error of order N 7, for some integer p. Ercolani and
McLaughlin obtained such an expansion in a one-matrix model for a potential whose
coefficients are close to zero [15]. The case with several random matrices was studied
by Guionnet and Maurel-Segala [21,22], and Maurel-Segala [31]. More complicated
models involving not only a matrix from the GUE but also deterministic matrices,
sometimes called models with external sources, have been studied, see [4].

The multi-matrix models display much more variety. As for the one-matrix mod-
els, they were first studied by physicists, see the reviews [12,20]. From an analytical
point of view, they are harder to solve than one-matrix models; see, for instance, the
works of Mehta [32], and from a combinatorial point of view, they allow to address
a wealth of combinatorial problems as they are related to the enumeration of colored
maps; see, for instance, [21].

In this article, we establish a similar link between integrals of unitary matrices and
the combinatorics of some maps. More precisely, we introduce new maps, the maps
of unitary type (Definition 3.13), that describe the topological expansion. These maps
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allow us to relate the Weingarten calculus and the Dyson—-Schwinger equation—two
important ways to study unitary integrals. In a particular case, the maps of unitary
type are related to the Hurwitz numbers. In this way, we generalize part of the results
obtained in [19], which relate a particular integral, the HCIZ integral, to Hurwitz
numbers.

The Haar unitary matrices share the same unitary invariance as matrices of the
Ginibre ensemble. An expansion in terms of non-crossing permutations for expecta-
tion of traces of words of Ginibre matrices G; has been obtained in [33]. This point of
view in terms of non-crossing permutations is similar to the interpretation in terms of
maps. For instance, the annuli considered in multi-annulus permutations correspond
to the vertices in a map. A genus expansion in terms of maps has been obtained in [13].
They consider only some pairings, admissible pairings, which correspond to the fact
that edges are oriented in the maps of unitary type. In particular, the unitary invari-
ance of the Ginibre ensemble implies that to have a non-zero expectation, the words
in Ginibre matrices considered must be balanced, i.e., contain as many G; as Gi*. A
similar condition appears for Haar unitary matrices.

We introduce some notation. We consider matrices of dimension N € N*, where
N* ={1,2,3,...}. We denote by Tr A = ZIN=1 Aj; the trace of a matrix A4, and by
tr = Tr /N the normalized trace. Notice that both Tr and tr depend on the dimension
N. The conjugate transpose of a matrix M is denoted by M*. Let p € N*, For all
N > 1, we fix p deterministic matrices AN A;,V of size N x N. The matrix UM
will be a unitary matrix of size N x N, i.e., an element of the unitary group U(N),
and (UN)* = (UY)~! will be its conjugate transpose.

Let dUY be the Haar measure on the unitary group U(N), and V be a polynomial
in several non-commutative variables, which does not depend on N. The measure ;L{)’
is given by

1 * * *
dud (UN) = Z—Nexp(NTrV(UN,(UN) AY (AN AT A)*))duN

v
(1.1)
where the partition function Z y is

zZy = / exp(N TrV(UN, (UY)*, A7, (AY)*, ... AY . (A))*))dUN . (1.2)
U(N)
We will evaluate all non-commutative polynomials at the matrices
UN (ON)* AV (A", A (4]
and will omit writing this explicitly in the sequel, e.g., writing Tr(}") to mean

Tr(V(UN (UM)*, AY ... A))).
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In Section 5, we will consider measures of the form

1
7N exp(N Tr V)dU} ---dUN,
14
where V is a noncommutative polynomial that depends on UY , . .., U,fv , all indepen-
dent and Haar-distributed.
We will assume the two following hypotheses.

Hypothesis 1.1. Forall N > 1 and for all Uy, ..., U, € U(N)", TrV is real.

Hypothesis 1.2. Assume that

sup sup ||AZN|| < 00,
N>11<i<p

where || - || is the operator norm.
In most of the article, we will not assume Hypothesis 1.2, but rather Hypothesis 1.3.

Hypothesis 1.3. Forall N > 1 and forall 1 <i < p, ||AIN|| < 1, where || - || is the
operator norm.

This will prove convenient and will not change the main result, Theorem 1.4 stated
below. Stating Theorem 1.4 with Hypothesis 1.2 instead of Hypothesis 1.3 corre-
sponds to rescaling the coefficients of the polynomial V.

Hypothesis 1.1 implies that the measure pL{)’ is a probability measure, and in par-
ticular that Z y € (0, +00). We write the potential V' as a sum of monomials ¢g; with
complex coefficients z;, V = ), z;g;. Thus, we will sometimes consider the parti-
tion functions, cumulants, etc., as functions of z = (z1, z5, ... ). With this notation,
the reality conditions is

Yz Tr(g) = Y 7 Te(g)).

Notice that for generic g;’s, Tr V might be real for only specific values of z.

When considering the partition function with potential V =1 AU B(U")*, where
t € C and A, B are self-adjoint matrices, we recover the Harish—Chandra—Itzykson—
Zuber (HCIZ) integral

Zg =[ exp(tN Tr(AUNB(UN)*))dUNv
U(N)

which was first studied by Harish—Chandra [25] and Itzykson and Zuber [26], and
whose asymptotics have been since investigated, see [19,23,35,43].
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We will compute joint moments and cumulants (see Definition 2.1) of the ran-
dom variables Tr(Py), ..., Tr(P;) under M{}’ (for V small), where the P; are non-
commutative polynomials. In [8], the first-order asymptotics of partition functions
was studied. In [23], it has been shown that the joint cumulants admit an asymptotic
expansion as N — oo, when the coefficients of the potential V' are small enough.

The goal of this article is to give a combinatorial interpretation of the coefficients
of this expansion. We show that unitary matrix integrals enumerate a particular family
of maps, which we call maps of unitary type. They are introduced in Section 3.2,
Definition 3.13. This interpretation links the Dyson—Schwinger equation, which is
satisfied by sums of maps of unitary type, and the Weingarten calculus studied first
by Weingarten [42], and then by [37], whose results were rediscovered and expanded
upon by Collins [7] and Collins and Sniady [11]. See [10] for a review.

Expansions in terms of combinatorial objects have already been introduced for
unitary matrices. For instance, in the case of the HCIZ integral, expansions for the
free energy using double Hurwitz numbers are computed in [19]. In [8], the leading
order of the expansion of unitary integrals is expressed in terms of maps with “dotted
edges”. However, to our knowledge, no interpretation of these expansions using maps
has been obtained at all orders for the unitary integrals we consider. As an interesting
particular case, when considering alternated polynomials (see Definition 3.39), the
combinatorics of maps of unitary type is related to triple Hurwitz numbers.

In the case of the GUE, integrals of random matrices and enumeration of maps
are related by Wick’s formula. In the case of unitary matrices, Wick’s formula is
replaced by Weingarten’s formula. In Section 2, we express joint moments of random
variables Tr( P;), for non-commutative polynomials P;, using Weingarten’s formula.
In the case where the potential V' = 0, we can express such moments as weighted
sums of permutations. In Section 3, we recall a few notions on maps and introduce
the maps of unitary type, which are our main combinatorial tools. This allows us to
deduce a topological expansion for the joint cumulants in the case of no potential (i.e.,
V = 0). To address the general case V' # 0, we introduce generating series of maps
of unitary type of the form

zn
MEN(Pr Py = Y0 X Y wn(€an Vo Py Py,

neNk

where the second sum is on a set of connected maps € of unitary type (see Defini-
tion 3.13) of genus g whichdependson V, Py,..., P;,n. Theterm wy (€,n,V, Py,. ..,
P;) is a weight which depends on the size N, €, n andon V, Py, ..., P;. See Defini-
tion 3.38.

In Section 4, we describe a decomposition of maps of unitary type, which can
be interpreted as a cutting procedure. It allows us to deduce induction relations—
similar to the topological recursion of Chekhov, Eynard, and Orantin, see [6, 18]—on
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weighted sums M%f: l) N of maps of unitary type of a given genus g. This decomposi-
tion is reminiscent of a procedure introduced by Tutte [40]. In Section 5, we extend
the results obtained so far to the case of integrals over several independent random
unitary matrices UN, ..., U,fv.

It turns out that the induction relations obtained in Section 4 are related to the
Dyson—Schwinger lattice. The Dyson—Schwinger lattice (see [23]) is a family of equa-
tions relating cumulants together, which generalize the Dyson—Schwinger equation
(see equation (6.1)). This equation admits under some hypotheses a unique solu-
tion [8]. Furthermore, in [23], the Dyson—Schwinger lattice has been used to establish
the existence of an asymptotic expansion of the cumulants, when N — oo. Let us

assume Hypotheses 1.1 and 1.3, and that the joint law of the matrices AlN

, tr admits an
asymptotic expansion as N — oo. For all &, we have an asympotic expansion for the
renormalized joint cumulants N/~2 "W‘I,V ;(P1, ..., Pp) (introduced in Definition 2.3)

when the coefficients of the potential V' are small enough

h |4
o (P1,....Pp)
[—240N l,g
N WVJ(PI""’PI):ZT
g=0

+ o(N72h), (1.3)

where the coefficients TII,/g (P, ..., P;) are uniquely defined by some induction rela-
tions.

In Section 6, we use the same techniques to express the terms of this expansion in
terms of maps of unitary type. We obtain a topological expansion: the coefficient of
ﬁ in the expansion is a generating series of weighted unitary type maps of genus g.

We thus improve on the result of [23, Theorem 25] by relaxing the hypotheses,
showing that the convergence is uniform in g and /, and by giving a combinatorial

interpretation to the coefficients TlVg (Py,...,Pp).

Theorem 1.4 (Main theorem). Assume that for all N > 1, Tr(V') is real for all unitary
matrices Uy, ..., U, € U(N)" and that ) |y~ Supi<i<, ||A1N|| < oo.
There exists € > 0 such that if

z]loo < &,
then foralll > 1, g > 0, and P = (P, ..., P;), we have the asymptotic expansion
as N - oo
! R .
N _ZW[IXI(PI,---,P]) = ZWMV’I’ (Plv,Pl) + (9(N—2g—2).
h=0

Notice that we do not require the trace Tr to have an asymptotic expansion as
in [23, Theorem 25].
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An interesting particular case described in Section 3.6 is when all the polynomials
involved are alternated, see Definition 3.39, that is, if they can be written as

P =BNUNcNwWwNy*-..BNUNCN(WUN)*,

where BiN and CiN fori = 1,...,m are square N x N matrices. This is the case of
the HCIZ integral in particular. In that case, our sums of maps are related to the triple
monotone Hurwitz numbers, which count some ramified coverings of the sphere with
at most three nonsimple ramification points. We thus generalize the link between the
(double) monotone Hurwitz numbers and the HCIZ integral, which had already been
studied in [19]. See also [9] for a study of the HCIZ integral in the tensor setting.

In Section 2, we give definitions and recall important consequences of Weingarten
calculus. In Section 3, we introduce the maps of unitary types and show that they
describe the topological expansion of cumulants with respect to the Haar measure.
When the polynomials are alternated, these maps are related to the triple Hurwitz
numbers. In Section 4, we give a decomposition of maps of unitary type and deduce
induction relations on sums of maps of a given genus and with prescribed vertices,
in the spirit of the work of Tutte [40]. In Section 6, we study the Dyson—Schwinger
equation and give the proof of the main result.

2. Weingarten calculus

In this section, we first give a few definitions and introduce notation pertaining to
moments and cumulants of traces of random matrices. Then, we give a short review
of the Weingarten calculus. This allows us to give expression for the expectation of a
product of traces of monomials in the matrices UV, (UV)*, AZN ,(AMN.

2.1. Moments and cumulants

Let us consider / > 1 non-commutative polynomials Py, Ps, ..., P; in the variables u,
u~ !, and a;, al’-k for 1 <i < p,with p € N. We define the involution * such that u™* =
u=l forl <i <p,(a;)* = a}, and for any letters Xy, ..., Xg in {u,u*,a;,a;:1 <
i < p}andz € C,wehave (zX;--- Xg)* = z* X[ --- X|". We denote the unital asi-
algebra generated by such polynomials by

A=Cuu ' ai.af;1<i<p).

The unital ast-algebra generated by the non-commutative polynomials in the formal
variables aq, af, .. ap, a; only is denoted by 8. We will evaluate all polynomials P;
at the matrices UV, (UN)*, A]lv, (A{V)*, e A}’,V, (Aé,v)* and will omit writing this



T. Buc-d’Alché 8

explicitly in the sequel, e.g., writing Tr(P) to mean Tr(P(UN , (UV)*, AIIV, .. .,A;,V)).

Notice that there is no relation between the formal variables ¥ and u ™!

, or a; and
a’ for i € N* (except for those involving ast). We will denote by tr = % Tr the
normalized trace.

In this article, we study the random variables Tr(Py), ..., Tr(P;), seen as functions
of UV, under the measure ,u{}’ (see (1.1)). We will be interested in computing the
joint moments and cumulants of these random variables. To state the definition of the
cumulants, we introduce some notation about partitions. We denote by & (/) the set
of partitions of a finite set /. In particular, for n € N*, we denote the set {1,2,...,n}
by [n]. We denote the cardinality of a finite set / by |/|. Given a partition & € P (1),
|| is the number of blocks of 7.

Definition 2.1. Let k € N*. The joint moment of the complex random variables
X1,..., Xk is
I’)’lk(Xl, ey Xk) = E[X1X2 Xk]
The joint cumulant of the complex random variables X1, ..., Xi is cg (X1, ..., Xk),
defined recursively by

(X1, ..., Xp) =mp(X1,..., Xg) — Z 1_[ C|B|(Xi2i € B).

reP (k) Ben
|w|>2

Notice that both the joint moments and cumulants are symmetric, multilinear
functions. It can be proved inductively. The symmetry makes c|g|(X;:i € B) above
unambiguous.

Remark 2.2. The cumulants can also be defined, see [38], as the coefficients of the
series of the logarithm of the exponential generating series of the moments

z" z"
chn(xl,...,xl) = lnzn—!mn(Xl,...,Xl).

n>0 n>0

Definition 2.3. For (Py, ..., P;) € Al, we write the joint moments of the traces of
P;’s under ,u{\,’ as

ap,(Pr..... P) = m(Te(Py), ... . Te(P)) = /U( )Tr(Pl) < Tr(Pr)dpdy .
N
We write the joint cumulants under ;Lx as
W (P, ... P) = c)(Te(Py), ... Tr(Py)),

and introduce the renormalized cumulants

WP (Pr..... P1) = N'72¢/(Te(Py). ..., Te(Py)).
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In Section 6, we will discuss an asymptotic expansion (as N — 00) for the joint
cumulants. For now, we study the moments for N fixed. When V = 0, we can compute
directly the moments using Weingarten’s formula, see Section 2.2. When V' # 0, we
can compute the cumulants using the free energy F: II,V defined in terms of the partition
function Z {,V . Recall that

k
V= Zziqz'

is the potential, a sum of k polynomials ¢1, ..., gx € 4 with complex coefficients
Z1,...,Zk. Note that V' does not depend on N. We have

zh = / exp(N Tr(V))dUN,
U(N)
and we define the free energy as

1
N N
Fy = WIHZV' 2.1)
The free energy is always well defined when Tr V' is real.
In the expression of the partition function, we can develop the exponential as a
series and exchange the sum and the integral

k A
(Nz Tr(gi)" . N
zy =/ 5 ) qu
Vv U(N)MZ 1_[ P

e >00=1

KNz
= > [l— f Tr(g1)™ -+ Tr(g)™ U™
n,eng>0i=1 it U

In the second line, we used Hypothesis 1.3, which implies that | Tr(¢g;)| < N, and the
fact that we are integrating with respect to the Haar measure on the compact group
U(N) to exchange the sum and the integral. Notice that this expression is valid for all
z, even if Tr V' is not real.

We introduce the notation z = (z1, ..., zx), and forn = (n1,...,nx) € N¥,

k k
z”:nz;’i and n!:l_[ni!.
i=1

i=1

Then,

z”
ZNZZNn Z Eaé\fn(ql,...,ql,...,qk,...,qk),

nj times nj times
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and therefore, the partition function is a generating series of the moments with respect
to the Haar measure (i.e., with V' = 0).

Similarly, the free energy is a generating series of the renormalized cumulants for
V =0 (see [2, Theorem 1.3.3,4.])

(No)" 1 _ »
FN:§ § —W
a N2 Mol a1 u)

> k . .
nx1 neN nj times ny times

n
zn -
— N
= E E —"Wo,n(ql,...,ql,...,qk,...,qk).
=1 P n! A — D
nz neN nq times ny times

Notice that the free energy a priori exists only for z sufficiently small. Indeed, Z {,V is
defined for all z but is nonzero on an open neighborhood of 0 which depends on N.
In particular, the radius of convergence of F; II,V a priori depends on N.

Notice that by modifying the potential V' and differentiating, we have

9
dt

1
FYop = N/ Tr(P)dpd) (UN)
t=0 Uw)

1 ~
S (P) =Wy (P).

In general, we can prove by induction the following lemma, which is a conse-
quence of the definition of cumulants given in Remark 2.2.

Lemma 2.4. The renormalized joint cumulants are given by

~ ot
WY, (Py,....P) = ———— FY .
V,l( 1 l) 8[1812 . atl tymmity =0 V4t P;

Lemma 2.4 implies that for a fixed N, there exists a neighborhood Uy € Ckof 0
such that for z € Uy,

WII/Y[(P19’PI)

"
:Z Z —WéYn(ql,...,ql,...,qk,...,qk,Pl,...,Pl). 2.2)
—— —— —

n!
n=0 neN¥K

np times nj times
ni+-t+ng=n 1 k

In the next subsections, we compute the moments with respect to the Haar mea-
sure. From these moments and Definition 2.1, we can compute the cumulants with
respect to the Haar measure. The expression (2.2) motivates the introduction in Sec-
tion 3.5 of a formal sum. The first terms of this sum are shown to give the asymptotic
expansion of the cumulants in Theorem 1.4.
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2.2. The Weingarten formula

To compute the moments with respect to Haar measure, the key tool is Weingarten’s
formula, first obtained in [42], which expresses the average of coefficients of a unitary
matrix in terms of the Weingarten function defined below (Definition 2.5). See [10]
for a review on the Weingarten calculus.

The Weingarten formula involves a sum over permutations. Let us fix some nota-
tion pertaining to permutations. For / a finite set, we denote by &(/) the set of
permutations on this set. In particular, &, = S([n]) is the set of permutations on
[n] ={1,2,...,n}. A permutation o admits a decomposition in disjoint cycles. The
set of cycles of o is denoted by Cycles(o) and its number of cycles is denoted by
c(0). A cycle ¢ € Cycles(o) is written as (11 Uy ... ug) with distinct uy, ..., ug. It
is the permutation whose support is {u1, ..., Uy} and such that c(u;) = u; 41 with the
convention U1 = Uj.

We also introduce the modified traces Try (M) and try (M) for 0 € S(1) and
M = (M;,i € I) atuple of matrices, defined by

Try (M) = l_[ Tr(ﬁiEcMi)7

c€Cycles(o)

— (2.3)
woM) = ] u([TiecM:) = N Tro (M),
ceCycles(o)
. . . . . . %
where, if ¢ = (i1 ... ig) is a cycle of the permutation o, the notation [[;e.M;

stands for the non-commutative product M;, M;, --- M;, . Notice that such a non-
commutative product is defined up to circular permutation. The trace property ensures
that the quantity Try (M) is well defined.

Definition 2.5. Let ¢ < N be an integer. The Weingarten function Wgy: &, — C is
defined for all 7 € &, by

Wey () = / UM)11--(UM)gqgUN) 121y -+ (UN ) gy dU™ .
uw)

This function can also be defined for all ¢ € N* using characters of the symmetric
group (see [11]). The invariance of the Haar measure by multiplication by permutation
matrices implies that the Weingarten function is invariant by conjugation, i.e., for all
o, m € ©4, we have

Wey(omo™") = Wey ().

With our definition of the Weingarten function, Weigarten’s formula is valid in
the case ¢ < N. It actually holds for all g > 1 with an appropriate definition of the
Weingarten function.
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Theorem 2.6 (Weingarten’s formula, see [7] and [11]). Let U N be a Haar-distributed
unitary matrix of size N X N and i = (i1,i2,...,ig), j = (J1, J2r---» Jg)s i’ =
(i1.15, ... ,i;,) and j = (j{. jy,-- .,jl;,) be elements of [N]? or [N1? forq.q’ > 1.

[U(N)(UN)iljl e (UN)iqjq (UN)iij{ T (UN)i;/j(;/dUN

q
—1
=800 ]_[Sik,i(;(k)Sjk,j;(k)WgN(C’P )- 24

p,0€G, k=1

Before giving the expression for the moments with respect to the Haar measure
aé\f ;(P1, ..., Pp), let us make a simplifying assumption on our polynomials P;.

We introduce the set ¥ of words in the letters ay,aj, ..., ap, a;. We assume that
for all i, P; can be written uniquely as

Mi it My pu®i2 - My g i, 2.5)

whered; > 1,&; = (8i,1,...,8i,4;) € {:i:l}d", and M; ; is either the empty word or
an element of ¥,. We write X the set of such monomials. We have ¥ C X . Notice
that # is generated by the elements of X up to cyclic permutation of the factors in a
monomial.

The integer d;, that we will sometime write deg P;, is the degree of the monomial
P;. Notice that there is no relation between the formal variables, in particular between
u and u~! (except for those involving ast). Therefore, the degree of (2.5) is defined by
counting the total number of letters u or u* in a word. In particular, deg(uu™') = 2.

Definition 2.7. With (Py,...,P)) € X ! and with the notation (2.5), we set

* P=(P,.... P,

* Mp =My, aep1= Mi11,....Myq,....My1,...,Myq,),

e ep=(e(0)iery; degP;] = (E1,15 -+ ELdys- -+ EL1s -+ E1,d))-

Notice that we change the indices of the monomials M; ; and of €; ;, by setting for
all<i<k,1<j<di,Mg4.qaq,_,+j =M, jande(d| +---di1+])=¢;.

We setdeg P = ) ; deg P;.
Furthermore, we define the permutation

yp = ...d)di+1...d)(d_y +1...d). (2.6)

In the sequel, we will consider € p as a function, but sometimes using vector nota-
tion for convenience. In particular, we consider the sets

ep'(+1) = {i € [deg Pl:ep(i) = +1}, ep'(—1)={i € [deg Pl:ep(i) = —1}.
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Remark 2.8. The permutation yp defined by (2.6) gives a choice of labeling for the
letters u and u™ in the monomials we consider. Notice that this choice is arbitrary. The
cycle notation is convenient here as we are interested in traces of such monomials. The
ordering of the letters in the words needs only to be specified up to cyclic permutation.

For any permutation 0 € Gy, p, We can replace yp, Mp = (M;),ep = ((i))
by y' = o 'ypo. M' = (M) = (My(;)). € = (¢/(i)) = (¢(o(i))). This new data
describes the same polynomials. By this, we mean that if we write y’ = ¢} ---¢; the
decomposition in disjoint cycles of y’, we have

—

1 1
[Tree) = TT1e([ Lees Miu®).
i=1 i=1
Notice that the non-commutative product is only defined up to the cyclic permutation
of the factors. The cyclic property of the trace ensures that the quantity on the right-
hand side is well defined.

We can assume all the polynomials are of the form (2.5) without loss of generality
as ag ; is multilinear and satisfies the trace property

Ol‘]y’l(Pl,...,Pj_l,PiQ,Pj.l,.],...,Pl):ag’l(Pl,...,Pi_l,QPi,Pi+1,...,P[),

as Tr(P; Q) = Tr(QP;). Furthermore, if there exists i such that P; contains no letter

unoru~!

, we can factor the term Tr(P;) out of the moment.
The formula for the moments with respect to the Haar measure involves permu-
tations belonging to the set @@ (1) c &(I) of permutations (introduced in [34]), for

ee {1}

Definition 2.9. Let ¢ € {£1}!. The set ® (1) C &(I) is the set of permutations
w € &(I) such that
(e (+1)) = 71 (=1).

Furthermore, we define 7® = n2|8—1(+1) € G(e~1(+1)).
Notice that the set @ (1) is empty if [e~' (+1)] # |71 (—=1)].

Example 2.10. Forinstance,ife=(+1,+1,—1,+1,—1,—1),thenm=(1346)(25)€
G¥, and 7 = (14)(2).

The notation of Definitions 2.7 and 2.9 allows us to express the moments in a
compact way.

Proposition 2.11 ([34, Proposition 3.4]). Let P = (Py,..., P;) € X!, We have

ad (P)=ad ) (Pr.....P)= Y Tr,,—1(Mp)Wegy (x®P). (2.7)

(ep)

ﬂe@deg P
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2.3. Expansion of the Weingarten function

We wish to express the moments and cumulants uniquely in terms of combinatorial
objects and traces. To this end, we now present a result of Novak [36] expressing the
Weingarten function in terms of walks on the Cayley graph of &,, generated by the
transpositions.

Definition 2.12. The value of a transposition t = (i j) € ©([), where [ is a finite

subset of N*, is val(r) = max{i, j}.

Definition 2.13. Let p and ¢ be in G(7), with [ a finite subset of N*.
A (weakly) monotone walk with r steps on ©(1) from p to o is a tuple (zq,...,7,)
of transpositions of &(/) such that

¢« T,---Tip=o0,
o wval(ry) <--- < val(ty).

We denote the set of such walks by W (p,0), and we define W (p, o) as the cardinal-
ity of the set W’(p, 0).

- H .
In this definition, we use the arrow notation w and W to emphasize the mono-
tonicity property, as in [19].

Proposition 2.14 ([36, Theorem 3.1]). Let w € &, with N > q. We have

_1 r R
wey(m = Y S aa ),

r>0

and the series is absolutely convergent.

Propositions 2.14 and 2.11 imply the following result (recall notation from Defi-
nition 2.7).

Corollary 2.15. Let N > 1 be an integer, P =(P1,..., P;)e X! withm =degP/2 <
N. The moments admits the expansion

=D’ .
a(l)\,’l(Pl, P = Z N Z Trypﬂ_l (Mp)w' (1d, JT(E‘P))'

r>0 (ep)
nEG,

Moreover, the series is absolutely convergent, uniformly on M p.

Notice that if deg P is odd, there are a different number of occurrences of u and
of u*, and such moments are 0.

Proof. Starting from the expression for the moment of Proposition 2.11, we use the
expansion for the Weingarten function of Proposition 2.14. Notice that this second
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result can only be used if m = deg P/2 < N, where m is the total number of letter
u in the monomials Py, ..., P;. One of the sums is finite, we can exchange the sums
and get the wanted expression.

Finally, as the matrices (A4;) have their operator norm bounded by 1, we can
crudely bound the trace by

Tty et (Mp)| < NCOPT™D < N2,

ypw

This implies that the convergence is uniform in Mp. |

3. Maps and maps of unitary type

In this section, we introduce combinatorial objects, the so-called maps of unitary type,

N
0,l°

These maps are particular cases of the maps appearing in the Gaussian case.

that will be convenient to express the moments «',, and then the cumulants "Wév /-

3.1. Maps
First, we give a few definitions regarding maps. See [30] for more details on maps.
Definition 3.1. An embedded graph is a pair (', S), where S is a compact topological

surface and I" is a graph (with possibly loops and multiple edges) embedded in S, so
that we write I’ C S, such that

» the vertices of I" are distinct points on the surface S,
» the edges of I" are simple paths on S that can intersect only at their endpoints,

» the complement S \ I' of the graph is a disjoint union of simply connected open
sets. Each of these connected components is called a face.

The genus of an embedded graph is the genus of the surface S.
An embedded graph will be said to be oriented if I" is an oriented graph.

We will sometimes refer to I' and S as the underlying graph and surface of an
embedded graph. Notice that the genus of the surface is well defined: it follows from
the fact that the faces are homeomorphic to disks, see [30, Section 1.3.2.2.].

Remark 3.2. In this article, the embedded graphs are in general disconnected. We
will specify it when the maps we consider are connected.

Definition 3.3. Two (oriented or unoriented) embedded graphs (I';, S1) and (I'2, S>)
are said to be isomorphic if there is an orientation-preserving homeomorphism 4: S; —
S5 such that 4| is an isomorphism of (oriented or unoriented) graphs.

Definition 3.4. A map (or oriented map) is an equivalence class of embedded graphs
(or oriented embedded graphs) up to isomorphism.
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oy oﬁ/
right right

Figure 1. The left and right sides of a half-edge and of an ingoing half-edge.

Figure 2. A map with labeled half-edges.

As the genus of a surface is a topological invariant, the genus of a map is the genus
of any of its representatives.

Definition 3.5. A face will be said to be incident to a vertex or an edge if the vertex
or the edge belongs to the boundary of the face.

It will be convenient to regard each edge of a map as being made of two half-
edges. As a part of an embedded graph they can be described as follows. Each edge
e = {v, v} (with possibly v = v’) can be parametrized by y,: [0, 1] — S, with . (0) =
v and y.(1) = v’. The two half-edges that compose e are & = v,([0,1/2]) and i’ =
ve([1/2, 1]). We will say that & (respectively, /) is connected to v (resp., v'). As
we will be concerned only with combinatorial data, the choice of parametrization y,
will be unimportant. When going from the vertex of the half-edge to the other end of
the half-edge (connected to another half-edge), we can distinguish a left side and a
right side (see Figure 1). Notice that the left and right sides are defined relative to the
position of the incident vertex, and does not depend on the eventual orientation.

Defining a left side of a half-edge is crucial for the labeling procedure. Indeed,
we regard each half-edge as being incident to the face on its left. A face will thus be
described by the labels of the half-edges incident to it.

We label the half-edges of a map € from 1 to 2m, where m is the number of edges
of €. By convention, we write each label at the left of its half-edge. See Figure 2. In
an oriented map with labeled half-edges, the edges can be represented as an ordered
pair of two half-edges. The first half-edge is connected to the first vertex of the edge
and is said to be outgoing. The second half-edge is connected to the second vertex of
the edge and is said to be ingoing.
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These labels allow us to define three permutations that encode the labeled map,
see [30, Section 1.3.3.].

Definition 3.6. Let € be a map with 2m > 2 labeled half-edges. We define the three
permutations oe, e, e € Gapy as follows.

* Leti € [2m]. The half-edge labeled by i is attached to a vertex v;. Starting from
the half-edge i and turning in the clockwise direction around v;, the next half-edge
we encounter is labeled j (possibly i = j). We setoe(i) = J.

* Leti € [2m]. The half-edge labeled by i is attached to another half-edge labeled
j. Wesetae(i) = j.

* Leti € [2m]. The half-edge labeled i has a face f; to its left. Starting from the

half-edge i, we turn in the counterclockwise direction around the face f;. The next
half-edge we encounter with f; to its left is labeled j. We set pe (i) = j.

The three permutations oe, ae, @e constitute the permutational model of €. If the
map has no edges then we do not define any permutational data.

The permutation oe describes how the half-edges are arranged around a vertex
(we call this data “the local structure of the map”), and ae describes how to attach
them. The permutation ae only depends on the underlying graph of the map. Notice
that e belongs to the set of involutions without fixed points

Tom = {a € Gppia® =1d Vi € 2m], (i) #1i}.
Notice that we chose different conventions than in [30], resulting in our permutation
o being the inverse of theirs.

Example 3.7. The map € of Figure 2 is described by

oe = (132)(45)(687)(9)(1012 11),
ae = (112)(211)(34)(56)(710)(89),
ge = (111)(21064)(3589712).

For an oriented map, we must also describe the orientation of each half-edge.

Definition 3.8. Let € be an oriented map with 2m labeled half-edges. We define the
function ¢ € {£1}12] as follows. Forall i € [2m], we set e(i) = +1 if the half-edge
labeled i is outgoing and &(i) = —1 if the half-edge labeled i is ingoing.

Such an & belongs to the set &,,, = {e € {£1}>™: 212;"1 e(i) = 0}.

In the case of an oriented map, « is in the set I ésrzl of the permutations of 15,,
such that for all i € [2m], e(a(i)) = —e(i).
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Lemma 3.9. [30, Proposition 1.3.16] Let € be a map with labeled half-edges. We
have
Yo =o.

Conversely, we can reconstruct a map from two permutations o € ©,,,, @ € Loy.
The following theorem is essentially a restatement of a result obtained in [14].

Theorem 3.10. Let m > 1, 0 € ©,,, and €(m, o) be the set of maps with labeled
half-edges € such that oe = o. Then, the mapping

C(m,0) > Iom,

fl—)ot*g

is a bijection.

This theorem shows that once the local structure of the map (and a labeling of
the half-edges) is fixed, the map only depends on the underlying graph. We have the
corresponding result for oriented maps.

Theorem 3.11. Letm > 1, 0 € ©ypy, & € Epyy, and €(m, &, 0) be the set of oriented
maps with 2m labeled half-edge € such that ce = o and e¢ = &. Then,
C(m,e,0) —> IS,Z,

fl—)af

is a bijection.

3.2. Maps of unitary type

We have just seen how to describe a map with permutations. We now define a par-
ticular type of map, which we call map of unitary type, whose edge structure is
described by a permutation 7w € @gﬁl for some ¢ and m > 1 and a monotone walk

(t1,....1,) € W (1d, 7®).

Definition 3.12. A vertex in an oriented map will be said to be alternated if when
going around this vertex the half-edges connected to it are alternatively ingoing and
outgoing.

Definition 3.13. Let / be a finite subset of N* and r € N. A map of unitary type with
labels in I with r black vertices is an oriented map with vertices colored in white or
black such that

(1) there are r black vertices, which are alternated of degree 4 and numbered from
ltor;
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Figure 3. A unitary type map. The numbers in red (1 near the black vertex on the left, 2 near
the black vertex on the right) are the numbers of the black vertices, the labels in black are the
labels of the white half-edges.

(2) there are || half-edges that are connected to white vertices. We call these
half-edges white half-edges. Each element of I labels exactly one white half-
edge;

(3) if an oriented edge connects the black vertex numbered k to the black vertex
numbered [/, with the orientation from k to /, then k < [.

See Figure 3 for an example.

Remark 3.14. There is a correspondence between a tuple P = (Pq,. .., P;) of mono-
mials and a family of maps of unitary type. The number of white vertices is /, each of
them corresponds to a monomial. The white outgoing half-edges correspond to occur-
rences of u, the white ingoing half-edges correspond to occurrences of u#*. The black
vertices correspond to steps in a walk as defined in Definition 2.13. Note however
that the monotonicity condition of the walk corresponds to the increasing condition
defined in Definition 3.20. This link will be described in more details in Section 3.4.

Remark 3.15. The map has oriented edges so there are as many ingoing as outgoing
half-edges, of any color. The black vertices are alternated and of edgree 4, so there
are as many ingoing black half-edges as black outgoing half-edges. Thus, there are as
many white ingoing half-edges as white outgoing half-edges.
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Figure 4. Procedure to assign labels to half-edges. The newly labeled half-edges are in blue
(and follow the dotted arrows).

Remark 3.16. Notice that condition (3) in Definition 3.13 implies that each face is
incident to at least one white vertex. Indeed, if it were not the case, there would be a
face incident to only black vertices, numbered n; < ny < -+ < ng, with ngp <ni, a
contradiction.

Remark 3.17. The maps of unitary type are very similar to the maps introduced in [8]
to describe the leading term in the asymptotics of the cumulants when N — oo. In
fact, the two kinds of maps in genus O are related by a surgery that transforms black
vertices of unitary maps into “dotted edges” of the maps from [8]. Here, we consider
the non-planar cases as well.

We denote by wy (€) the white vertex in the unitary type map € connected to the
half-edge labeled k. We will omit the notation € if there is no ambiguity.

Notice that in a map of unitary type, the half-edges connected to black vertices
are not unlabeled. We now explain how to label them. Consider, in a map of unitary
type, an unlabeled half-edge which we denote by /. This half-edge has a face f to its
left (see Figure 1). Starting from /4, we turn around the face in the clockwise direction
until we encounter a labeled half-edge connected to a white vertex, which is labeled
by i. We assign to A the label i. See Figures 3 and 4.

Notice that by Remark 3.16, all faces are incident to at least one white vertex, so
all unlabeled half-edges can be labeled by this procedure, in a unique way.

The following lemma will be used to prove Lemma 3.24.
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Lemma 3.18. Let h be a half-edge labeled by i. There exists a unique white half-edge
W' labeled by i. If h is ingoing then I’ is ingoing. If h is outgoing then I’ is outgoing.

Proof. Consider an ingoing half-edge /. The existence and uniqueness of /4’ is a con-
sequence of the definition. If / is a white half-edge, the statement is obvious. If not,
then consider the face f to its left. Starting from & we turn around f in the clockwise
direction until we reach a white vertex w. All the vertices we encounter before w are
black. The black vertices are alternated so all the half-edges such that f is at their left
are ingoing as well, and so is the white half-edge /’ that we reach, whose label is the
same as the label of . We proceed similarly for outgoing half-edges. ]

The labels for the edges allow us to define the notion of value of a black vertex.

Definition 3.19. Consider a black vertex b. Let i and j be the labels of the two
outgoing half-edges at b. The value of the black vertex b is val(b) = max(i, j).

Definition 3.20. A map of unitary type with r black vertices b1, ..., b, numbered,
respectively, 1, ..., r is nondecreasing if

val(by) < val(by) < --- < wval(b,).

Example 3.21. Figure 4 displays an example. The labels of the black vertices are in
red. The values of the black vertices s; and s are val(sy) = 2, val(s,) = 6.

3.3. Permutational model

Similarly as in Section 3.1, we define a permutational model for the maps of unitary
type.

Definition 3.22. Let / C N* be finite and r € N. Let € be a map of unitary type with
labels in I # @ and r black vertices.

We define ee = (e(i),i € I) as follows. If the white half-edge labeled i € [ is
outgoing, we set £(i) = +1, else we set e(i) = —1.

We define ye, e, pe € ©(1) and e = (11,...,7r) € 6(8@1(—{—1))’ as follows.
* Leti € I. The white half-edge /;, labeled i, is connected to a white vertex w;.

Starting from /;, we turn in the clockwise direction around w;. Let j be the label
of the next half-edge connected to w;. We set ye (i) = j.

* Leti € I. The white half-edge h; labeled i is connected to another half-edge /;,
which is labeled by j. We set e (i) = .

* Leti € I. The white half-edge labeled i has a face f; to its left. Starting from the
half-edge i, we turn in the counterclockwise direction around the face f;. The next
white half-edge with f; on its left we encounter is labeled j. We set ¢e (i) = j.
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Figure 5. Proof of Lemma 3.25.

* Let b; be the black vertex numbered /. The outgoing half-edges that are connected
to it are labeled by i and j. We set 7; = (i ).

The permutations ye, me, Pe are the counterparts for maps of unitary type of the
permutations oe, ae, e defined in Definition 3.6.

Example 3.23. For the map in Figure 4, we have r = 2 and

ve = (1734)(56)(28),

ge = (+1,+1, -1, =1, +1,+1,—1,-1),
u=(12), ©n=1©20),

me = (176824)(35),

pe = ()(2)(36)(485)(7).

Lemma 3.24. The permutation we belongs to @¢€)(I), defined in Definition 2.9.

Proof. An edge consists of an outgoing half-edge /4 attached to an ingoing half-edge
h'. Assume that & is white. Let i be the label of & and j be the label of A’. We
have (i) = j. By Lemma 3.18, j is the label of a white ingoing half-edge. Thus,
e(i) = —l and e(j) = +1. We proceed similarly if 4’ is white. [

We have the following counterpart of Lemma 3.9.
Lemma 3.25. For a unitary type map C, we have yeme 1= ge.

Proof. Leti € I be the label of a white outgoing half-edge, and f the face at the left
of the half-edge. Starting from the half-edge labeled i, we follow the boundary of the
face until we encounter a white vertex. The last half-edge we traversed, which was
ingoing, was labeled j. This half-edge is connected to a outgoing half-edge labeled
i. By definition, we thus have me(j) = i. The next labeled half-edge when going
around f in the counterclockwise order is the half-edge following the half-edge j
when turning in the clockwise direction around the white vertex. This next half-edge
is thus labeled ye (j) = yemg' (i), see Figure 5.

The proof is identical if i is the label of an ingoing half-edge. |
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Figure 6. Chain of edges around the face f.

Proposition 3.26. Let I be a finite subset of N*, r € N*, y € &(I), and ¢ € {+1}!.
Let € be a unitary type map with set of labels I and with r black vertices such that

ye =y and e = ¢, and let te = (11,...,7,). Then, 1y --- 11 = ng).

Proof. Let k € I be the label of a white outgoing half-edge connected to a vertex
wyr = up. Let f be the face at its right. We construct a path starting from the half-edge
labeled k as follows, see also Figure 6. Consider the edge e; = (ug, u1) of which the
half-edge labeled k is part. If u; is white thenforall 1 < j <r,7j(k) =k = ng) (k).

If uy is black, we can find vertices u3,u3, ..., up41 such thatu,, ..., u, are black
and up4; is white, and (u;, u; 1) follows (u;_1,u;) when going around the vertex
u; in the counterclockwise order. Notice that these edges are all part of the boundary
of f.

Letny,na,...,n, be the labels of the black vertices uy, ..., up, and k;, 1 < j <
p + 1 be the labels of the outgoing half-edges edges (connected to u; 1) in (u;_1,u;).
Notice that 1 < ny,...,n, < r as black vertices have labels in [r]. By construction,
we have Tnj (kj_l) = kj.

We have 7,7y, , -+ T, (k) = kj, so the labels of the black ingoing vertices
incident to f are all equal to [ = me(k), by construction of me. We have me (k) =
I = g (kp). Thus, Tn, Tn,_, =+~ Tn, (k) = 7 (k).

Assume now that 7, -+ 71 (k) # Ty, Tn,_, *** Tn, (k). Let j be the minimal index
such that there exists p’ satisfying n,y < j < np 41 (with the convention n,41 =
r+1)and 7j -+ 71(k) # Tn,, -+ Ty, (k). The index j is minimal so j > np (else
we would have a contradiction as tj— -~ T1(k) = Tn,,_, *** Tn, (k)). We have kpr =
T+ Ti(k) = Tn, Ty (k). By construction, all the half-edges labeled &,/ are on
the boundary of a same face f’, and they follow each other. We have just seen that
there is such an half-edge in the edge between u,’ and 1, 4. The fact that t; (k,/) #
kps implies that there is an half-edge labeled k,/ that is connected to the jth black
vertex. However, this edge must be before (when going around the face f’) or after
the edge (u,/, up/+1) in the boundary of f’. This contradicts the fact that if there is
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an edge going from a black vertex i to a black vertex labeled j we have i < j, as
Ny < j <npy1. n

Definition 3.27. We denote by €" (1, ¢, ) the set of nondecreasing unitary type maps
€ with set of labels / and with r black vertices such that ye = y and e = ¢.

Similarly, we denote by €(g, I, &, y) the set of nondecreasing unitary type maps
€ with set of labels / and with genus g such that ye¢ = y and ge = ¢.

Theorem 3.28. Let I be a finite subset of the positive integers, r € N*, ¢ € {1}/
andy € &(I).
The mapping

C(Ley) — | o) xWad=®),
re&©) (1)

€+ (e, te)

is a bijection.

Proof. Lemma 3.24 and Proposition 3.26 show that this map has values in

U {7} x W’(Id, @),

ne&@ (1)

We now construct an inverse mapping. To do so, we explicitly construct a map cor-
responding to permutations 7 and T = (ty, ..., 7). By Theorem 3.10, it suffices to
construct from 7 and 7 the incidence relation of the underlying graph.

To this end, we introduce the set whose elements represent the half-edges I =
{hizi e I} U U —1thj1.hja. h] 3, ]4} We can split this set into the set of ingo-
ing and outgoing edges I = Im U Iom We have Iom ={hi:i el ei)=+1} U
U j:l{h j,2, hja). The elements h;; represent the half-edges of the black vertices
of the map we are going to construct, and the elements /; represent the half-edges of
the white vertices. We are going to define a labeling function L: T — I.We set for all
i € I, L(h;) =i.The function L is constructed by induction. At the initial step, it is
only defined for the white half-edges. We then define it for the black half-edges of the
black vertex i atstepi.

To construct a map, we use Theorem 3.10. We define two permutations o, o €
&(1) as follows. We define y e &) by ¥(h;i) = hy(;) and the identity otherwise.
We set

o=yYhihipghizhia) - (heyhrahrshreg).

The permutation « is given by the following algorithm. Let 7 € &@ (1), and
—
T =(11,...,7,) € W (Id, 7®). We consider first the permutation 7, = (i1, j1), with
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/11,4
Lwa)=14

Figure 7. First step of the construction of the permutation « from one transposition t; = (1 3),
represented as a map. The name of the half-edges are in red (A1, ..., he near the white ver-
tices and h1.1,...,Hh1 4 near the black vertices), and the labels are in black. Here, o1 =
(h1hi1)(h3 hy 3).

i1 < ji1-Weseta; = (hil hl’l)(hjl,]’ll,'g). We set L(/’ll,z) = Ji and L(h1,4) =1i;.In
terms of maps, this procedure corresponds to connecting two edges to a same black
vertex, see Figure 7.

We proceed similarly to construct the black vertices labeled 2, 3, ..., r from
the transpositions tz, ..., 7. At the kth step, we consider the transposition 73 =
(ix jx), with i < ji. There is only one half-edge % (respectively, &) in Tou such that
L(h) = iy and ag_(h) = h (respectively, L(h') = jir and ax_1(h') = h'). We set
ox = og—1 (R hi,1) (M hi3).

Finally, we connect each remaining outgoing half-edge labeled i to the ingoing
half-edge w~1(i). For all i € I, there is a unique /4 such that o, () = h and L(h) =1.
We set @y +1,; = (hhy—1(;y) and define & = o, [ [;c; &tr41,i. We define & € {1} by
g(i) = +1ifi € Iy and £(i) = —1 otherwise.

Theorem 3.10 implies that given o, ¢, and €, we construct a unique map €. By
construction, the resulting map is of unitary type: the vertices attached to the half-
edges h; are the white vertices and the other are the black vertices. The black vertex
attached to the half-edges /; x is numbered j. The map is constructed such that e =
g and Te = Tg.

Furthermore, the map is nondecreasing (recall Definition 3.20) as the tuple 7 is a
monotone walk.

We have constructed a right inverse, so the map € — (me, te) is surjective. We
now show that this map is injective. We show that the incidence relation of a map of
unitary type € is determined by the permutations. Indeed, consider a map of unitary
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type described by 7 and t = (3, ..., 7,), and an outgoing half-edge 4, labeled i.
There are four cases.

» If h; is a white half-edge such that for all j we have 7;(i) = i, then A; is neces-
sarily attached to the white half-edge labeled 7~ ().

o If h; is a white half-edge and there exists k such that 1 (i) # i, then A; is neces-
sarily connected to the k’th black vertex, where k' = min{k: 1 (i) # i}.

o If h; is a half-edge connected to the kth black vertex and for all/ > k 7;(i) = i,
then h; is necessarily attached to a white half-edge labeled 7! (i)

» If h; is a half-edge connected to the kth black vertex and / is the smallest integer
such that/ > k and 7;(i) 5 i, then h; is necessarily attached to the /-black vertex.

Thus, two maps of unitary type in € (/, ¢, y) described by the same permutations 7

and 7 have necessarily the same edges, i.e., are identical. n
For a tuple of permutations, (o1, ...,0%) € &(/ )k , we denote the subgroup of
&([1) they generate by
(01,...,0%).

We can associate to the triplet (y¢, we, Te) the group

G(C) = (ye.me, 1, ..., Tr), 3.1
where te = (11,...,Tr).

Proposition 3.29. A unitary type map € with set of labels I is connected if and only
if the group G(€) defined by (3.1) acts transitively on 1.

Proof. First, assume that € is connected. Let i, j € I. There is a path p (made up by
vertices and edges) connecting the white vertices w; and w;. First, let us assume that
p contains only black vertices, except for its boundary which is made up of w; and
w;. The path encounters the black vertices n1, ..., np, the labels on the left of the
edges that constitute p are ky, ..., kp41. The first and last edges are connected to w;
and wj so ki = yg ' (i) and kpy1 = yg me? (j) for some integers my, ma, ms.

Letl1 <i < p.Ifk; =k;41,weseto; =1d,and if 7,, (k;) = k; 1, we set 0; = 1y,
see Figure 8. Those are the only two possibilities as the half-edges connected to a
black vertex labeled k, with 7z = (1 v) can only be labeled by u or v.

Thus, we have proved that there is 0, = 72"y 20p -+ 01Ye € G(€) such
that o,(i) = j.
In general, any path connecting w; and w; can be written as the concatenation of

paths with only black vertices in their interiors, we can thus construct by composition
a permutation in G(€) that sends i to j. Thus, G(€) is transitive.
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Figure 8. Three situations for o;. We set 01 = 1, 02 = Id, and 03 = 71,,5. The black vertices
are labeled n1, ns, n3 in red. In grey are the two half-edges that do not play a role for each
black vertex.

Conversely, if G(€) is transitive, for any k,[ € I, there exists ¢ € G(€) such that
o(k) = 1. We can write 0 = 0, --- 01, with for all 7, o; is one of ye, ngl, 2 D
We use this to construct a path connecting v to v;. For all i, we attach to o; a path p;
starting from a half-edge labeled k;. We set k1 = k, and we will show that k, 1, = /.

o Ifo; = ye, p; is the empty path, and k; +1 = ye(k;).

« Ifo; = mg!, pi is the path connecting the half-edge k; to the half-edge 7~ (k;).
Such a path exists by the propagation of labels procedure. We set k; +1 = w1 (k;).

* Ifo; =1,,, forsome n;, and 7,,; (k;) = k;, then p; is the empty path and k; 1 = k;.

* Ifo; = 1,,, for some n;, and 1, (k;) # k;, then we set k; 1 = 1, (k;). Both k;
and k; 4 are labels of outgoing half-edges. We set p; to be the path that starts
from the half-edge k;, follows the half-edges labeled k; until it reaches the black
vertex n;, and then follows the half-edges labeled k;4; until the half-edge k; 41,
and the vertex wg; _ , -

We have constructed a path going from the half-edge i to the half-edge kp41 =
o(i) = Jj, as wanted. [

3.4. Expression of the moments in terms of maps of unitary type

Theorem 3.28 allows us to rewrite the expression for the moments given in Corol-
lary 2.15 (see Definition 2.7 for relevant notation).

Corollary 3.30. Let N > 1 be an integer, P = (P, ..., P;) € X! be monomials with
m = % deg P < N. The moments under the Haar measure ,u(l)v (see Definition 2.3)
admit the following expansion:

—1)"
a(j)\,’l(Pl’--wPl):Z](Vr_i_)m Z Tr¢€(Mp).

r>0 €eCr([2ml.ep,yp)

Furthermore, the series is absolutely convergent.
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Figure 9. A map with its weights. This weighted map gives (up to a sign) a contribution from
the sum a(()?‘)"N(Mlu_l Mou™', MauMau, Msu™" Mgu, M7u™" Mgu).

The weights Trg. (M p) can be interpreted as product of weights given by the
faces of the map €; see Figure 9.

Proof of Corollary 3.30. Recall the expression of Corollary 2.15:
(="

Ol(])\jl(Pl, ey Pl) = Z N Z Tr”mi1 (Mp)lz)r(ld, j_[(sp))‘
r=0 rcE@(;P)

By definition of w” (Id, xEP )), we can rewrite this as

(="
ap (Pr.....P) =) N > Tr, 1 (Mp)
r>0 JTEGSP)

—
T1sestr ) EWT (1d, 7 EP))

D DR (7S}

r>0 €eCr([2ml.ep,yp)

where we used Theorem 3.28 in the last line.
We get the result by using Lemma 3.25, which gives yp e U= ge. |

Definition 2.1 and Corollary 3.30 allow us to express the cumulants in terms of
maps of unitary types. We deduce the following lemma.

Lemma 3.31. Let N > 1 be an integer P = (Py,..., Pj) € X! be monomials with
m = % deg P. The cumulants admit the expansion

-
W(i\,,l(leuvPl):vaH_)m Z Tr¢€(Mp).

rz0 €eC’([2ml.ep.yp)
€ is connected

Furthermore, the series is absolutely convergent.
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Proof. We show the formula by induction using Corollary 3.30. Notice first that when
[ =1, a{)‘{l(Pl) = 'Wé"’l(Pl) and the maps in €" ([2m], e p, yp) are connected.

Then, we notice that a map can be decomposed into its connected components.
This decomposition gives a partition of the set of labels of half-edges. Each block con-
tains the labels appearing in one connected component. Using Definitions 2.1 and 2.3,
we obtain that

Wy (Pro.... P =ag,(Pr.....P)— > ] Wo\s(Pisi € B)

TTe>([I]) Bell
[TI|>2
(—=1"
= Z Nrm Z Trpe (M)
r>0 €eCr (2ml.ep,yp)
G
- Z NTm Z Trge (Mp).
r>0 €eC’ ([2ml,ep,vp)

€ has at least 2 connected components
Hence, we get the result. |

Remark 3.32. The formulae imply that we can express moments and cumulants with
respect to the Haar measure as a weighted sum over maps. The maps are the non-
decreasing maps of unitary type whose local structure (i.e., how the half-edges are
attached to the vertices, but not how the half-edges are attached together) is deter-
mined by y;l and e p. To each face is associated a weight, which is the trace of a
certain word in the matrices of M p, times a sign.

A topological expansion for the Haar measure. We now rewrite Lemma 3.31 as
a sum over the genus g of the maps rather than on the number of black vertices r.
We will see that this gives us an expansion in powers of ﬁ We first recall Euler’s
formula

2—2g(€) = V(€) — E(€) + F(€), (3.2)

where V(€), E(€) and F(€) are the number of vertices, edges and faces of a map
€, and g(€) is its genus. In the case of a map of unitary type labeled by a set of 2m
integers, and with r black vertices, we have

* c¢(ye) white and r black vertices,

* 2m white half-edges and 4r half-edges out of black vertices, for a total of m + 2r
edges,

* c(¢e) faces (see Definition 3.1).

Thus, we get

2-28(€) = (c(ye) + 1) = (m +2r) + c(pe) = c(ye) + c(pe) —m —r. (3.3)
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A change of variable in the sum of Lemma 3.31, and the identities / = c(yp) and
Trge (Mp) = N try_(Mp) give the following proposition.

Proposition 3.33. Let N > 1 be an integer, P = (P1, ..., P;) € X! be monomials
withm = % deg P. The cumulants admit the expansion

1
N -1 1
Wou(Pr..o. Py = N2 =1y 7 o > (DO (Mp).
g=0 €eC(g,[2ml.ep.yp)
€ is connected

Furthermore, the series is absolutely convergent.

Notice that this expansion is in terms of the normalized trace tr = % Tr. The
factors with the trace are bounded by 1 if we assume ||AlN | <1foralll <i <N and
N >1.

Remark 3.34. The sum in Proposition 3.33 is in general not finite. Indeed, even for
I =1and P; = AUBU™, the sum contains terms of arbitrary genus. They appear for
instance because of the factorization of the identity Id = (1 2)2¥ for all k > 0.

Definition 3.35. Let N > 1 be an integer, P = (P1,...,P;) € X ! be monomials with
m = % deg P. The term of order 2g in the expansion of the cumulant is denoted by

N
MEN (Py.... Py = (~1)"! Yoo (=D ey (Mp).
€eC(g,[2ml.ep.vp)
€ is connected
We extend this definition to all monomials in « by setting for Py,..., P; € X and M
aword inay,af,... ,ap,a;,

ME N Py Py PIM Piyy..... P)
N
= MEN(Py.... Pisi. MP;, Piyy..... P)

foralll <i <.

The last property is enforced so that M(()gl)’N has a property of cyclicity, as does

the trace.

Stationary distribution of the (At{V )1<i <p- Let us consider a particular choice for
the sequence of matrices (A{V)lsifp,Nzl. Fix a family of p matrices of fixed size
M x M, (A,M)lsiszn and consider the sequence of matrices (A?M) 1<i<p,q>1, Where
A?M is the block-diagonal matrix with g blocks, whose blocks are AlM . When con-
sidering the sums of maps for N = g M, the traces trs (M) no longer depend on g or

N =gM.
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In the case of zero potential (V' = 0), by Proposition 3.33, the renormalized cumu-
lant W, converges with limit

lim Wi (P) = MG (P)
q—>00 ’ ’
for P € 4. This fact allows us to prove the following lemma.

Lemma 3.36. Fix N € N*. Assume that |AN|| < 1 forall 1 <i < p. Let P € X be
a monomial. We have for all choices of (AlN)lsiSP that

MY (P < 1.

Proof. By the previous remark, we have for the choice of with the (AfV )1<i<p block
diagonal as above,

MM (P)| = Tim | WY, (P)| = lim E[w(P)] <1,
’ N—>oo ’ N—>o0
as | P|| < 1. [

More generally, with the (42 )1 <; <, block diagonal as above, we have

~ 1
Wot (P) = (=)™ Y > (D)@ tr, (Mp),
g>0 (gM) €eC(g,[2m],ep.vp)

€ is connected
where trg,. (M p) does not depend on g. This implies the following lemma.

Lemma 3.37. Forall N > 1, g > 0,1 > 1, and P € X!, we have the following
properties.

(i)  (Traciality) For all Q € X,
MEN (P P PIO) = MEN (PrLL L Py, OP).
(i) (Symmetry) For all permutations o € &,
MEN Py, P = MEN (P, Poqy).
(iii) (Simplification) We have
MEN Py, Pt Py = MEN (PP

(iv) (Conjugation) We have

N N
MEN(PEL Py = MEN (P P
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Proof. Consider the series

Gy = (D)"Y w3 (DD (Mp),
£20 €eC(g,[2mlep,vp)
€ is connected
where the polynomials in the tuple M p are evaluated at the matrices AM, (AM)*, ...,
2m, (A )" . Proposition 3.33 implies that G(1/gM ) = W I(P)
Thus, as the renormalized cumulant under the Haar measure "Wé\,’l = N2 "Wé\"l
satisfies all four properties, and the set {1/gM },>1 has an accumulation point, we get
the result. ]

3.5. Formal topological expansion

When the potential V is not zero, we expect to have an expansion of the free energy
as in Proposition 3.33. Let us now consider a potential of the form V = Zle Ziqi,
withz = (z1,...,2x) € Cck andqg = (q1,....qk) € Xk,

Proposition 3.33 motivates the introduction of the formal series

v L 3 CHN )
V.o T N2 n! 0. n;\dn

neNk
1 z"
=D w2 v 2 (D trge (M),
g=0 neNk €eC(g,[2deggn].eqn v (qn))
€ is connected
3.4)
where we use the notation ¢, = (¢1,..-.491,---,qk,---,qx) forn = (ny,...,ng), as
S——— S———

n) times ny times
n _ k n; 1Tk .
well as z" = [[;_, z;" andn! = [[;_ n;!.
Similarly, we introduce formal series corresponding to the cumulants.

Definition 3.38. Let N e N*, P = (P1,..., P)) € X! be monomials with m =
% deg P. The formal cumulant of P is the formal series

N
MQI(PI""’PI):ZWM@) (Pl,...,P[),
&=0

where the gth term is

N z" "
MY Py Py = YT (Rl
neNK

x > (—1)°9) trs. (M, p),

€eC(g,[deggn+deg Pl.eg, p.y(an P))
€ is connected
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where g, P is the concatenation of the two tuples g, and P. In particular, y,, p is the
permutation defined in (2.6) associated to the tuple ¢q, P.

Notice that the total numbers of u and u* (or white half-edges) are ) ; n; degq; +
2m, and the number of white vertices is ) ; n; + [. The case of the formal free energy
correspondstom = 0,/ = 0.

At this point, it is not clear whether the series M%}’N(Pl, ..., Pr) converge. It
will be shown in Section 4.3. In Section 6, we will show that in the asymptotic regime,
the cumulant W{,\f ;(P1,..., Pp) coincides with the formal cumulant up to an arbitrary

order, for z small enough.

3.6. Alternated polynomials and Hurwitz numbers

In this section, we consider a particular case; that is, we assume that all polynomials
are alternated monomials (see Definition 3.39). In particular, this covers the case of a
potential of the form V = zAU B(U")* encountered in the HCIZ integral. In [19],
the HCIZ integral had been expressed in terms of monotone double Hurwitz numbers.
In the multimatrix case, results relating the more general tensor HCIZ integral to the
Hurwitz numbers have been obtained in [9].

Here, we consider only the case where we have a single unitary matrix.

Definition 3.39. A monomial P € +# is said to be alternated if it can be written as

P = BluClu_l Bmquu_l,

with B;, C;,1 <i <m words inay,af,.. .,ap,a;.
In this section, we assume that all the polynomials involved, Py,..., P;,q1,. .., gk,
are alternated monomials. We write as before P = (Pq,..., P;). We now explain how

we can give different expressions for the renormalized cumulants in this case. To do
so, we reason only using the permutational model of the maps of unitary type.

In this case, € = (+1,—1,+1,—1,...), and we have yp (e~ (4+1)) = 71 (-1)
and yp (e~ (=1)) = e 1(+1). Thus, yp € @ge”)l We define y = y%|€—1(+1).

In particular, this implies for all € € €(g, [2m], e, yp), we have e (e 1 (+1)) =
e 1(+1) and pe (e~ (—1)) = e~ 1(—1). That is, we can write ¢e as a product of two
permutations, one, pe, having its support in e 1(41), and the other, oe¢, having its
support in 1 (—1).

Write te = (11, ..., Tr). We notice that the group generated by yp, ¢e, 11, ..., Tr
is transitive if and only if the group generated by yp, pe, o€, 71, . - - , T 1S transitive.
As conjugating the elements of a group by one of the elements does not change the
group, we have

(yp,oe,pe.T1,--. Tr) = (YP, VP OEVP, PEs Tl -+ Tr).
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Now, we remark that the subgroup of &,,, on the right-hand side is transitive if
and only if the subgroup (7, yp'oyp.p. 71, ..., 1) of (e7'(+1)) is transitive.
This remark allows us to rewrite the sum of Definition 3.35,

W (P P)= (DT Y DT g (M)

€eC(g,[2ml.epyp)
€ connected

= (-1)" >, ()@@ r,(Bp) try (Cp),

0,0€G
_
€W (ld, 0~ ¥0)
(V,0,0,T1 5eens 7,-) transitive

where we introduced the notation

Bp = (M;:i e e7'(+1)).

Cp = (M;;i e e (-1)),
if Mp = (M;)1<i<deg P-

Definition 3.40. Let p, y,0 € &,,. The rth monotone triple Hurwitz number asso-
ciated to p, y, o, denoted by h"(p, y, ¢), is the number of r-tuples of transpositions
(t1,.... ) € @, such that

« T--Ty = pyo]
o val(ry) <val(rp) <--- < val(z);

e the group (y, p,0, 11, ..., Tr) C &), is transitive.
When g satisfies the Euler equation

2-2g=c(y)+c(p)+clo)—r—m,

we set Eg (y,0,p) = l;’(y, o, p).
This gives us the following proposition.

Proposition 3.41. Let P = (P, ..., P;) be alternated monomials. We have
WM Py P)

= (D" Y ()OO 1, (Bp) g (Cp)hg (p7'. F.0). (3.5
0,0€G,

Remark 3.42. In the case of the HCIZ integral, we have ¥ = Id; thus, the monotone
triple Hurwitz numbers reduce to the monotone double Hurwitz numbers.

Remark 3.43. Notice that when all the polynomials are alternated, all the white ver-
tices in the unitary type maps involved are alternated vertices (see Definition 3.12).
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Remark 3.44. In this particular case, the maps of unitary type bear similarity with
the ribbon graphs introduced in [27].

4. Tutte-like equations

We will now state induction relations that apply to the sums of maps M((fl)’N defined
in Definition 3.35. They are obtained by a procedure very similar to the one used by
Tutte in [40]. These induction relations are the analog of the topological recursion for
matrices of the GUE [18]. Similar induction relations have been obtained for maps
related to the Gaussian case in [22] and [31], and for maps with “dotted edges” in the
unitary case for g = 0 in [8]. More precisely, we will prove the following theorem.

Theorem 4.1. Let N e N*, P = (Pyq,..., Pju) € X! be monomials. Then, forg >0
and m = % deg P > 2, we have the induction relation

MEN (P, ... P

=— > MENN(P. Py Qu.Ru)
P;=QuR

N N
= > > MENN (Pl QMED T (Plie, Ru)

P;=QuR g1+g>=¢
Ic[l-1]

-1
- Z Z M((fl)ilr(Pl,---,Pj—17Pj+1,~--7Pl—17RQuPlu)
j=1P;=QuR

+ Z M((fl:-ll),N(Pl’---vPl—lvQ,R)
P;=Qu*R

N N
+ Y MEDN (Pl OMED Y (Pl R)

P=Qu*Rg1+82=¢
Icli=1]

-1
+30 > ME (P Pi1.Pig1..... Pl ROPY),
j=1P;=Qu*R

where we use the notation P|; = (P;)ie; and we set by convention, M(()_ll)’N =0
and M(()gg’N =0.
With a similar proof, we can state a similar theorem for P = (P, ..., Pju™).

Equivalently, this is a consequence of the invariance by conjugation of the sums of
maps, see Lemma 3.37.

Theorem 4.1 describes how a map of unitary type can be decomposed into one or
several maps. In Section 4.1, we will describe the precise procedure used to cut maps
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of unitary type into one or more maps of unitary types, or equivalently to decompose
the permutations describing a particular map. The procedure can be understood as an
elaborate way of contracting an edge in a map. This allows us to give an interpretation
to the terms appearing in the recurrence.

Consider first the terms in the last two lines (the other terms have a similar inter-
pretation). When contracting an edge, three situations can occur.

* The edge is a non-contractible loop; informally, it goes around a handle of the
surface, in that case when contracting it, we remove the handle and create a new
vertex, this corresponds to the term

-1),N
Yo MENN (P P OB,
P;=Qu*R

* The edge is a contractible loop. When contracting the edge, we cut the map into
two disconnected components. This corresponds to the term

(g1),N (g2),N
Z Z *Mo,|1”+1(P|1,Q)Mo,lz_m(P“f,R)'
P=Qu*R g1t+g2=¢
Icli—1]
* The edge is not a loop. When contracting the edge, we just merge two vertices.
This corresponds to the term

-1

N
oY MEN (P Pt Piir.. . Pl ROP)).
j=1 P,=Qu*R

The other terms have a similar form. They do not correspond to the contraction of an
edge, but rather to the erasure of a black vertex. This theorem shows that a sum of
maps can be expressed in terms of the sums of maps with either lower genus, lower
overall degree, or lower number of vertices.

Before describing precisely the procedure used to cuts the maps of unitary type,
and giving the proof of Theor(er)nN4.1, we show how to rewrite these equations in a
g)s
0,!

compact way. The function M was defined only on some monomials, i.e., on the

set X!. Recall that 4 is the algebra of noncommutative polynomials in the variables
u,u*,ay,af,.... We now extend M(()"j’l)’N
space A% = A ®c --- ®c . We will use the notation M(()‘:gl)’N(Pl, .o Pr) (M(()‘:gl)’N
as a multilinear function) and M(()‘?'l)’N(Pl ®--Q Pp) (M(()‘f"l)’N as a linear function

on A%) interchangeably. We can then rewrite Theorem 4.1 using the notion of non-

by linearity to a linear form on the tensor

commutative derivative.
Let P = (Py,.... P;) be a k-tuple of polynomials, and I = {i; <ip <--- <ip}
be a non-empty subset of [/]; then, we define

PI:Pi1®Pi2®"'®Pip'
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We define the operations x and ff as follows. Let P € A, I C[I - 1],0=0,® 0, €
A®Zand S = 51 ® S5 € A®2; then, we set

O xS§=(01® 02)x (51 ®S2) =(0151) ® (0252) 4.1)

and
P; @ PictQ = P11 ® Q1 ® Pre ® 0». 4.2)

Definition 4.2. The logarithmic non-commutative derivative
3 A — A2
with respect to u of a monomial P € +4 is defined by

P= > QueR-— Y O0®u'RecA®.
P=QuR P=Qu~1R
The definition extends by linearity to any polynomial in .
Remark 4.3. This derivative was introduced by Voiculescu in [41, Section 8.1]. How-
ever, as remarked by an anonymous reviewer, this corresponds to the derivation on
the unitary group invariant under multiplication from the right. Near the identity, this

derivation corresponds to the ordinary gradient Vg, where exp = U, hence the
name logarithmic derivative.

Remark 4.4. Consider a monomial P € #A evaluated in U, U*, Ay, A7, ..., and
denote by 9, ; the derivative with respect to the coefficient (m, j) of U. We have

Y Uni@mPlig =Y > QimUniRiz= Y. (QU)ikR),.
m

m P=QUR P=QUR

and similarly, if 5,,,, j is the derivative with respect to the coefficient (m, j) of U*,
D USOkmPlia =Y Y. QukUyRmi= Y Qix(U*R);.
m m P=QU*R P=QUR

In coordinates, the non-commutative derivative thus corresponds to

@P)ix = Y (UnkOm,; P = UfdkmP),; ;-

J> m

Definition 4.5. The cyclic derivative D: A — A with respect to ¥ of a monomial
P € A is defined by

DP= ) RQu— Y u'RQ.

P=QuR P=0Qu—1R

The definition extends by linearity to any polynomial in .
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Remark 4.6. Let P be a monomial. In coordinates, the cyclic derivative is

(DP)ij =) (UnjomiP —Up ;0jmP)y s = Z(ap)j,,g.
k.m k L

To take advantage of the notation just introduced, we will write
,N "),N
M((fl) ®M(():gl/) (Pl R & Pl-i-l')
with P; € #4 to mean

MEN @ MEN (PL® - ® Prip)

N "),N
= MNPy POMEIN (P, Pr).
Theorem 4.1 can then be rewritten as follows.

Corollary 4.7. Form > 2, g > 1, and Py, ..., P; € A, we have the following equa-
tion:

(g1).N (82),N
Z Z M0i11|+1 ® Moﬁ21c|+1(PI ® PrcfioP;)
IC[l-1]18=g1+&2

= -MEN (P @ ® Py ®OP)

-1
S MEN P @@ B ®® (DP)P), 423)
j=1

where P; means that the factor P; is omitted.

Proof. We group the terms two by two. We have

“D).N
- ‘Mffurll) (P1.....Pi_1, Qu, Ru)

P;=QuR
1N
+ Y MEDN L P OR)
P)=0u*R
:_M(g—l),N

0,/+1 (Plv"'ﬂpl_lﬂa(Plu))
+ MEN (P,

0,1_’_1 ---7PI—I7PI91)
-1),N
= —MEN Py Py AP,

where we used the traciality property of Lemma 3.37 to replace u* Ru by R in the
last argument of M (g—1.N

0d+1 in the second line. In the third line, we used the fact that
there are no connected map with [ 4 1 vertices, [ > 1, and one vertex of degree 0.
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We proceed similarly for the two other terms. We have

N N
= Y Y MENN Pl QuMER Y (Plre. Ru)

P;=QuR g1+82=¢
IC[i—-1]

N N
+ Y Y MENN (P OMEDT (Plre. R)
P;=Qu*Rg1+82=¢

IC[l—1]
N N N
=~ Y MENN @ MEN (Pl @ Plen0Pu) + MEY (P).
g1+82=¢

I1c[l-1]

where we used that there are no maps with one vertex of degree 0if g > 1 orl > 2.
The third term is

-1
=33 MNPy P Piga . Py RQuP)
j=1P;=QuR

I-1
N
+ Z Z M((fl)_l (Pr.....Pj—1. Pjt1....., P_1, RQP)
j=1P;=Qu*R

-1
,N
== MEN(Pr.... Piy Pig.... Py (DP)) Piu).
j=1

Putting the three terms together, we get the result when P; is a monomial that finishes
by u. The cyclicity property of Lemma 3.37 implies that it is then the same if P;
contains a u. Finally, if P; does not contain a u, then it is either a constant and the
formula is clear, or it contains a u*. In the latter case, the conjugation property of
Lemma 3.37 allows us to recover the result.

Finally, the result extends by linearity to all polynomials, as it is linear in each of
the P;. ]

Notice that the formula in Corollary 4.7 is valid not only for monomials P; finish-
ing by a u but also for all polynomials.

4.1. How to cut maps

In this section, we fix two integers m > 2 and g > 0, a permutation y € &,,, and
€ € Em = {& = (£(0))iepm € {£1}2": 327 &(i) = 0}. By the cyclicity and the
symmetry properties proved in Lemma 3.37, we can assume that the polynomial P;
finishes by the letter u. We thus assume that ¢(2m) = +1. We consider a map of
unitary type, € € C(g,m, y, €), with r black vertices. Let S denote the underlying
surface of the map €.
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(a) (b)

Figure 10. (a) An oriented map of genus 0 with two vertices. (b) The corresponding map where
vertices are seen as boundary components. The underlying surface is a cylinder.

)

Figure 11. The corner C at the left of i, displayed with a red thick line. Here, i is a white
half-edge.

By Theorem 3.28, this map is described by the permutation 7 := me and the tuple
of transpositions e = (71,...,7r) € W’ (7®), with r related to g, e, and ye by
Euler’s formula, see (3.3). We will consider two ways of cutting this map, depending
on whether t,(2m) = 2m or not.

Remark 4.8. We can also see vertices as “holes” in the surface, that is, we take the
underlying surface S to be a surface with boundaries. A vertex is then a boundary
component (homeomorphic to a circle) of the surface S. An edge is then a path con-
necting two boundary components. See Figure 10 for an example.

We will see white vertices as boundary components of the underlying surface, as
explained in Remark 4.8. To describe the cutting procedure, we introduce the defini-
tion of a corner; see Figure 11.

Definition 4.9. Let € be a map of unitary type. Consider a (white or black) vertex v
in €, seen as a boundary component of a surface, as explained in Remark 4.8, and a
half-edge 4.
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O

n i

o

L. 2. 3.

Figure 12. First way to cut the map.

The corner at the left (respectively, at the right) of % is the connected, closed set

C such that

C is a subset of the boundary component B corresponding to v;

C is in the boundary of the face f at the left (respectively, right) of the half-edge
h;

the boundary of C is {u, v}, where u is the point of intersection of B and the half-
edge £, and v is the point of intersection of B and the half-edge A’ that follows the
half-edge & when going around the face f in the clockwise (resp., counterclock-
wise) direction starting from the left (resp., the right) of /.

4.1.1. First case: 7,(2m) = 2m. In this case, val(z,) < 2m, see Definition 2.12.
The monotonicity of the walk T implies that for all i € [r], val(t;) < 2m, and in
particular 7; (2m) = 2m. By Definition 3.22, the half-edge 2m is not connected to any
black half-edge, and is thus connected to a white-half-edge, say the jth one. Note
that by our assumption that e(2m) = +1, e(j) = —1. Notice that because € is non-
decreasing, t,(2m) = 2m implies that for all i, t; 2m) = 2m.

We construct a map €’ of unitary type from € using the following procedure,

depicted in Figure 12.

(1) We choose a path 7 in the face f at the right of the half-edge 2m. This path is
chosen to start from the white vertex w,,,, attached in the corner (see Defini-
tion 4.9) at the right of the half-edge 2m, and end at w;, attached in the corner
at the left of the half-edge j. As faces are homeomorphic to disks, there is
only one way to choose 7 up to homotopy.

(2) We remove the edge containing the half-edges j and 2m.

(3) We cut the surface along 1. Depending on the cases we connect two distinct
boundary components of S, or we connect one boundary component to itself.
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Remark 4.10. Notice that if w; and w,,, are distinct vertices, this surgery is the usual
contraction of an edge.

Remark 4.11. If the path 7 is a loop, then it may be that the resulting map €’ is
disconnected. Furthermore, one of the connected components can be a vertex with no
edges. In this case, we remove this component.

Lemma 4.12. If € is a map of unitary type with label set I of size 2m, then €’ is a
map of unitary type, with label set I \ {j,2m}, of size 2m — 2. Furthermore, if € is
non-decreasing, then so is €'.

Proof. We first check that €’ is a map. We only need to check that each face of €’ is
homeomorphic to a disk. We only modify the faces fiere and fiigh at the left and the
right of the edge (w2, w;). At step 2, when we remove the edge, we connect fie and
Jrignt- However, at step 3, we cut along a path homotopic to the edge, thus separating
the two faces. All the faces of €’ thus remain disks.

We now check that this map is a map of unitary type. The map €’ has 2m — 2
labeled white half-edges (maybe O if m = 1), with label set I \ {j, 2m} (property 2
in Definition 3.13 is satisfied). The black vertices have not been modified when trans-
forming € into €’, so properties 1 and 3 in Definition 3.13 are satisfied. As the black
vertices are not modified, a non-decreasing map remains non-decreasing. |

Let us now compute the permutations that represent €’. We will need the notion
of the trace of a permutation introduced by Kreweras [29]. This notion has nothing to
do with the notion of trace of a matrix.

Definition 4.13. Let A be a finite subset of N. The trace of a permutation o € G(A4),
on B C A, denoted by Tr(o; B), is the permutation in &(B) defined for each x € B by

Tr(o; B)(x) = oP*(x),

with p, > 1 the smallest integer so that 67 (x) € B.

Computing the trace of a permutation in cycle notation is straightforward: write
the cycle decomposition of o, and erase all elements in the cycles that do not belong
to B.

LetI; = 2m—1]\ {j}.

Lemmad4.14. Let 7' :=Tr(mwe; I;). We have i’ = me (j 2m) = (j 2m)me, and wer =
' = T[fllj-

Proof. We have assumed that the half-edges 2m and j are connected to form an edge.
This imply me (2m) = j and we(j) = 2m. Thus, as e is a permutation, for all k € [;,
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me(k) € I;. This means that in the notation of Definition 4.13, pr = 1. We get the
first claim, and that 7’ = 7e| I;-

When removing the edge at step 2, it is clear that the map we obtain is still
described by me, with a cycle removed. When cutting the map at step 3, we do not
modify the edges further. |

Lemma 4.15. Let y' == Tr(y(j 2m); I;). We have yer = y'.

Proof. Assume first that w; and w,,, are two distinct vertices. Let ¢ = (41 ... up j)
and ¢’ = (u) ... u;,, 2m) be the cycles that represent them. After cutting the map at
step 3, the vertices are replaced by a vertex with structure (v ... upu) ... u;,) =

Tr(cc'(j 2m); ).

If w;j = wom, this vertex is represented by acyclec = (uy ... up ju ... u;, 2m),
which we cut using the transposition (j 2m). We obtain two vertices represented by
the two cycles Tr(c(j 2m); I;). [

Lemma 4.16. We have ¢/ = Tr(¢e; I;).

Proof. By Lemmas 3.25, 4.14, and 4.15,
per = y'n'! = Te(ye(j 2m); Ij)me|7 .

Notice first that for any k € [ and p € N, (yengl)p(k) € {Jj,2m} if and only if
((j 2m)y;37rgl(j 2m))P (k) € {j,2m}. This implies that

Tr(yeme': Ij) = Tr((j 2m)yeme ' (j 2m); Ij) = Tr((j 2m)yg ' n'~ "1 1)),

where we used Lemma 4.14 for the last equality.
Then, as 7/(j) = j and 7’ (2m) = 2m, we have

Tr((j 2m)yn'~ " 1) = Te((j 2m)y: I;)n'™! = e n

Lemma 4.17. If the map € of unitary type is connected, then the map €' has one
or two connected components. Furthermore, if j and 2m do not belong to the same
cycle in y, then €' is connected.

Proof. Assume first that j and 2m belong to the same cycle in y. This means that
w; = Wap,. If we erase the edge containing the half-edges 2m and j, € stays con-
nected. However, when we cut the map along the path n, we may separate the map
into two connected components. More precisely, we separate the map into two con-
nected components if and only if 1 is homologically trivial, that is, the boundary of a
surface embedded in S.

If j and 2m belong to different cycles, that is w; # w2y, then when removing the
edge we may disconnect the two vertices but we then merge them. Consequently, the
map €’ is connected. [
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Using the permutations Y’ = pes and ¢e, and Lemma 4.17, we can now compute
the genus of €’. We recall Euler’s formula (3.3) for a map of genus ge with Ce
connected components

2Ce —2g¢ = c(ye) + c(pe) —m —r.

We now discuss the several cases that can occur. First, if both j and 2m are fixed
points of ¢e then it means that € is reduced to a vertex with 2 half-edges. We will
assume in what follows that m > 2.

If j (respectively, 2m) is a fixed point of pe = yeme !, then it means in terms of
map that the face at the left of the white half-edge j (resp., 2m) is at the left of the half-
edge j (resp., 2m) only. In terms of permutations, we have ye (2m) = gpeme(2m) = j
(resp., ye(j) = 2m). Then, (j 2m)ye(2m) = 2m (resp., (j 2m)ye(j) = j), and
when taking the trace on /;, we remove one cycle of (j 2m)ye. Furthermore, if we
remove the disk corresponding to the face at the left of the half-edge j (resp., 2m),
the resulting map €’ is connected.

If j and 2m are not fixed points of ¢¢, then none of the connected component is
reduced to a vertex without edges. It implies that the total number of faces and cycles
of the associated permutation stays the same. We have ¢(¢e) = c(¢e). The resulting
map €’ has one or two connected components: by cutting the map we either remove
a handle (and decreased the genus by one) or disconnect the map.

It gives us one particular case (the degenerate case where one connected compo-
nent is reduced to a vertex without edges):

(1) if j or 2m is a fixed point of ¢re, then c(pe’) = c(pe) — 1, c(y') = ¢(y), and

€' is connected. Thus, ger = ge.

If both j and 2m are not fixed points of ¢e, we have three cases:

(2) if j and 2m belong to the same cycle of ye and € is connected, then ¢ (ye/) =
c(ye) + 1, c(¢per) = c(¢e), and g’ = g — 1 (by Euler’s formula),

(3) if j and 2m belong to the same cycle of ye, and €’ has two connected com-
ponents, then ¢(ye) = c(ye) + 1, c(¢er) = c(¢e), and g’ = g,

(4) if j and 2m belong to two different cycles of ye, then c(ye’) = c(ye) — 1,
c(per) = c(e), and g’ = g.

4.1.2. Second case: t,(2m) # 2m. In this case, the white half-edge labeled 2m
is connected to a black vertex. Let j = 7,(2m) € e !(+1) (as the support of the
transpositions 7; is contained in 1 (+4-1)). In that case, the last black vertex has an
outgoing half-edge labeled by 2m by Lemma 3.18. Similarly, the last black vertex has
an outgoing half-edge labeled ;.
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L. 2. 3.

Figure 13. Second way to cut the map.

We construct a unitary map €’ from € using the following procedure, depicted in
Figure 13. Notice that the first step is possible as there is no loop with black edges, as
indicated in Remark 3.16.

(1) We choose two paths 7n; and 7, contained, respectively, in the face f>,, at the
left of the half-edge 2m, and f; at the left of the half-edge j. The path n;
(respectively, 1,) is chosen to start from the white vertex w,,, (respectively,
w; ), attached in the corner at the left of the half-edge 2m (respectively, j ), and
end at the rth black vertex, attached in the corner at the left of the half-edge
labeled 2m (respectively, ;).

(2) We remove the rth black vertex, and attach each ingoing edge to the outgoing
edge that follows it in the counterclockwise order.

(3) We cut the surface S along n = n; U ;.

Lemma 4.18. If € is a map of unitary type with labeling set I and with r black
vertices, then €' is a map of unitary type with labeling set I and with r — 1 black
vertices. Furthermore, if € is non-decreasing, then so is €'.

Proof. As in the proof of Lemma 4.12, we first prove that €’ is a map. We have to
check that the faces are homeomorphic to disks. When removing the black vertex, at
step 2, we may have connected two faces together, or may have connected a face to
itself, thus creating a “face” homeomorphic to an annulus. However, when we cut the
map, at step 3, we recover one or two faces homeomorphic to disks. Thus, €’ is a
map.
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We now show that €’ is indeed a map of unitary type. The map €’ has r — 1
black vertices. We removed the last black vertex and did not create any new edge
linking two black vertices, thus properties 1 and 3 of Definition 3.13 are satisfied. We
did not remove any white half-edge so property 2 is satisfied as well. Thus, €’ is of
unitary type. Furthermore, as we removed the last black vertex and let the other ones
unchanged, if € is non-decreasing (recall Definition 3.20), then €’ is non-decreasing
as well. ]

Let us now compute the permutations that represent €.
Lemma 4.19. Let n’ = (j 2m)me = 1,me. We have mer = 7'

Proof. We only modify the edges during step 2, when we remove the black vertex.
The outgoing half-edges of the rth black vertex in € are labeled on the left by j
and 2m. These half-edges are part of edges connected at their other end to white
vertices, because the black vertex we remove is the last. These edges are connected,
respectively, to the half edge 7' (j) and g (2m).

Consider the white half-edge labeled 7 1(j). After the surgery, it is connected to
the half-edge labeled 2m. Similarly, the white half-edge labeled 7 1(2m) is attached
to the half-edge labeled ;.

This corresponds to having mg/(ngl(j)) = 2m and nf/(ngl(Zm)) = j, and

mer = me for all other values. We can write this as mer = (j 2m)me. ]
Note that
7'® = (rrngtrn€)|s_1(+1) = (trné)|8_1(+1) = rrmg) =T T1.

The first and third equalities are Definition 2.9, the second one follows from the
fact that me (7! (4+1)) = e '(—1) and the fact that the support of 7, is contained
in 71(+1), the fourth one is a consequence of Proposition 3.26. This is coherent
with the fact that

Ter = (T1,. .., Tr—1)- 4.4)
Lemma 4.20. Let y' = y(j 2m) = yt,. We have yer = y’.

Proof. The white vertices are only modified when we cut the map, at step 3. The proof
is similar to the one of Lemma 4.15. We consider the two cases of j and 2m in the
same cycle in y or not, and we compute ye = Y t,. |

It follows from Lemmas 3.25, 4.19, and 4.20 that
de = 1 Petr. 4.5)

In particular, c(¢e) = c(¢e’).
We can now state the counterpart of Lemma 4.17.
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Lemma 4.21. If the unitary type map € is connected, then the map €' has one or two
connected components. Furthermore, if j and 2m do not belong to the same cycle in
y, then €’ is connected.

Proof. The proof is almost the same as for Lemma 4.17. Alternatively, we can prove
this lemma using Proposition 3.29.

Let k > 1 be the number of orbits of the action of G’ := G(y’, #’, 7") on [2m]. We
notice that G := G(y, me, te) = (y', 7', t1,..., 7). In particular, j and 2m always
belong to the same orbit of G. If j and 2m do not belong to the same orbit of G’,
7, connects two orbits of the action of G’, and G has k — 1 orbits. Conversely, if j
and 2m belong to the same orbit of G, the actions of the two groups have the same
number k of orbits.

In particular, if j and 2m belong to the same cycle of ¥’ (or equivalently to dif-
ferent cycles of y), then the two groups have the same number of orbits. We assumed
that € is connected so by Proposition 3.29, the action of G has one orbit. Thus, the
action of G’ has one orbit and €’ is connected.

In the other cases, G has k or k — 1 orbits and necessarily, k is 1 or 2. ]
Using Lemmas 4.21, 4.20, and (4.5), we can compute the genus g’ of €’ using

Euler’s formula (3.3). There are three cases:

* if j and 2m belong to the same cycle in y and €’ has two connected components,
thenc(y’) =c(y)+land g’ = g,

o if j and 2m belong to the same cycle in y and €’ is connected, then c(y’) =
c(y)+land g =g—1,

e if j, 2m belong to two different cycles in y, then €’ is connected (Lemma 4.21),
c(y)=c(y)—1l,and g = g".

Note that in these three cases, m is unchanged.

4.2. Proof of Theorem 4.1
We can now turn to the proof of Theorem 4.1.

Proof. Fixy =yp € Gy, e =cp,and M = M p. Assume first that m = %degP >
2. We decompose the sum

MNP Py = (D" Y (DT e (M)

€el(g,[2m].e,y)
€ connected

in two sums, each corresponding to one of the two cases of the previous construction.
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We introduce the set WZJ:” of monotone walks whose last step 7 satisfies 7(2m) =
2m, and the set Wy, of monotone walks whose last step t satisfy 7(2m) # 2m. The
functions ]lWZ/}n and ]lWZcm are the indicator functions of those sets.

The sum corresponding to the first case is thus by the previous surgery of Sec-
tion 4.1

0" Y EDD g (M), (ve)

€eC(g,m.ce,y)
€ connected

—1
=(=D" Z (_I)C(Vﬂ )tryﬂ*1 (M)]lef (v)
nE@(;’L "
1-eﬁa>r(z<'m,)/,7r)(,.,(s))
G(y,m,T) is transitive

= (—1)" Z Z (—1)c(yﬂ_l)try;rl (M),

jee~1(=1) n’e@(g)(lj)
n=(j 2m)n’
—
rerwr(g.m,y.n)(n/(s))
G (y,m,T) is transitive

where r(g.m,y, ) = c(y) + c(y"'x~!) —m + 2g — 2 according to (3.3), and
we used the fact that in the first case 7 can be rewritten as n'(j 2m) for some
j € e71(=1). Notice that the global factor (—1) will account for a sign —1, when
removing an edge and going from 2m white half-edges to 2m — 2 white half-edges.

We rewrite this as a sum of four terms, corresponding to the different ways of
computing the genus, as explained in the last section. We interpret the new sums as

series Mév/ I 0(Q 1,..., Qp), with [’ (which corresponds to the number of vertices in
the new map €’) and g’ (the genus of the new map €’) two integers, and Q1,..., Qp
monomials either in X or of degree 0. We introduce the notation Q = (Q1,..., Q).

These monomials are chosen so that the combinatorial data y’, and ¢’ described in
the last section, and the tuple M’ of appropriate monomials of degree O is such that
yo =7V, eq =¢,and Mg = M’. The tuple M’ is chosen differently depending
on the subcase, but always so that trg,. (M) = tre/(M”) (except for subcase (1), see
below).

There are four cases. Let us consider first the terms corresponding to subcases (1)
and (3):

(1) if j or 2m is a fixed point of ¢e, then c(¢e) = c(pe) — 1, 1" = c(yer) =

¢(ye) =1, and €’ is connected. Thus, g’ = g,

(3) if j and 2m belong to the same cycle of ye, and €’ has two connected com-
ponents, then I = c(ye’) = c(ye) + 1 =1+ 1, c(¢e’) = c(de),and g’ = g.
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In these two cases, the map € is cut into two maps, with total genus equal to g.
Case (1) corresponds to the degenerate case where one of the two maps has no edges,
and is reduced to a vertex. We associate to it the weight tr(M;) or tr(Ma,).

Together, these cases account for the term

§ : E : (g1),N (82),N
- M0,|l]|+1(P|I7 Q)M0’|2IC‘+1(P|IC7 R)
Piu=Qu—1Rug1+82=¢
IC[l-1]

Subcase (1) corresponds to the term for which Q or R in the sum is reduced to a
monomial of degree 0, and the subcase (3) to the other terms. When cutting the map,
we obtain two connected components, each containing a vertex corresponding to part
of P;. This corresponds to the fact that in the argument of the series, P; is replaced
by two monomials Q and R such that Qu~! Ru, and one u and one u~! are removed,
corresponding to the two removed half-edges.

Similarly, the subcase

(2) If j and 2m belong to the same cycle of ye, and €’ is connected, then
I'=clre)=clre) +1=1+1,
c(¢er) = c(de).
g=g-1
(by Euler’s formula)

corresponds to the term

- > MENV (P P QOR).
Pju=Qu—1Ru

The subcase

(4) If j and 2m belong to two different cycles of y¢, then

I'=cye)=clye)—1=1-1,
c(gper) = c(de),
g =g

corresponds to the term

-1
N
—Z Z eM((fl)_l (P1,....Pi—1,Piy1,...., P|_1, ROP)).
i=1 p;=Qu—1R

Here, two vertices are glued together, corresponding to replacing two polynomials in
the argument of the series by one: RQP;.
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We proceed similarly for the terms that correspond to the second case, t(2m) #
2m. The corresponding sum is

D™ Y (DDt (M) (e)

€eC(g,[2m].e,y)
€ connected

-1
= (=" > (=D Ve, (M) g (7)
ne@(;’,il
TEWr(g,m.y.n)(ﬂ(a))
G (y,m,T) is transitive

/o r—1
=" > > DY D ke, (M 2m)),
jee;‘(+1) 7€)
Jj#2m

—
(T1 5000 ‘Cr_l)E'Wr_](T[/(g))

G(y’,m’,T) is transitive
where we use y' = (j 2m)y, M(jamy = (M(j 2m)(1)> M(j 2m)@)s - - - » M(j 2m)2m))
T =(11,....77—1,(j 2m)),and r = r(g,m, y, (j 2m)x’). To go from the second to
the third line, we replaced = by 7’ = (j 2m)mx.

Following the construction from last section, we get three kinds of terms corre-

sponding to the three subcases from last section. The first subcase is

(1) if j and 2m belong to the same cycle in y and €’ has two connected compo-
nents, then c¢(y’) = c(y) + 1 and g’ = g, corresponding to the sum

(g1).N (g2),N
Z Z M0’|l[|+1(P|17 Qu)MO,‘ZICH_l(P“C» Ru)

Piju=QuRu g1+8>=¢
I1C[2m]

The second subcase is

(2) if j and 2m belong to the same cycle in y and €’ is connected, then ¢(y’) =
¢(y) + land g’ = g — 1, corresponding to

Yoo ME NN (P Py Qu. Ru).

0,/+1
Pju=QuRu

Finally, the last subcase is

(3) if j,2m belong to two different cycles in y, then €’ is connected (Lemma 4.21),
c(y') =c(y)—1,and g = g’, corresponding to

-1

,N
oS MEN Py Py, Pira . Py RQUP).
i=1 P;=QuR

Putting all the terms together, we get the induction relation of Theorem 4.1.
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4.3. Induction relation for the series Mg}gl) N

(gl)’N (P) exist with a radius of convergence that

We first prove that the series eMV,
depends on g, [/, and V. To that end, we show bounds on the series of maps for
V' = 0 that are a consequence of Theorem 4.1. Similar bounds have been obtained in
the Gaussian case in [31, Lemma 4.3].

Proposition 4.22. Assume that for all N > 1 and all 1 <i < p we have the bound
||AIN|| < 1 on the deterministic matrices (AlN). Letq = (q1.....qx) € X¥ be mono-
mials, and v = max <; <k degq;. We introduce the nth Catalan number ¢, = # (2n")

There exist constants A > 1, By > 1, and Cy > 1 depend on k, and Dy ,, > 1 that
depends on k and v such that forall P = Py,..., P; € X,l,, andalln = (ny,...,nx) €
Nk, we have the bound

L@
] Mo,z,-n,»+l(‘I1"'"QI""’Qk""’qk’Pl""’Pl))
ni times ny times
k
< Ai(2m+vn)Bk—ng(2m+vn)Dn Hcdegpi l_[ Cn; s (4.6)
i j=1

1
where m = 5 deg P.
The constants can be chosen to be

Ap = Cx = Vor'/42k+3,
Bk =3. 4k+1’
Dy, = 4k(4e'/)’.

The proof is given in Appendix A. The value of the constants can be improved.
These bounds allow us to prove immediately that the series .M%}gl)’N (see Defini-
tion 3.38) converge.

Corollary 4.23. Suppose that P = (Py,..., P;) € X!, g = (q1,....qr) € X¥, and
z=1(z1,...,2x), and let V = Zle z;q; be a potential.
As a series in z, M Efl)’N (Py, ..., Py) converges absolutely with radius of conver-

gence Ry gy > (4Af€+g Dk,,))_l.

We can now turn to the induction relations. The induction relation from Theo-
rem 4.1 translates to an induction relation on the series :Mg”l)’N.

Proposition 4.24. Let P = (Py,..., P;)) € (X.)' ¢ = (q1.....qx) € (X,)* and
z=1(z1,...,2), andlet V = Zf-;l z;q; be a potential. Assume that forall 1 <i <k,
|zil < Rig,v.
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Forall 1 <i < n, we have the equation

(g1),N (g2),N
Z M7 iy ® My (P ® PrefioPy)

g1t+g2=g
Icl—1]
+ MEN(Pr® - ® Pio ® (DV)P)

= -MEDN P @ ® Py ®0P)

-1
Y MNP ®- @ P ® P @ ® Py ® (DP)P). (47
j=1

Proof. We sum on n € N¥ the induction relations of Proposition 5.10 for

(8);N
MO’Zini+l(q1""7q1""7qk3"'5qk7Plv'-'7PI)7
nq times nj times
. Zn
times e n

5. The multimatrix case

Up to now, we have only considered integrals involving one Haar-distributed matrix
U™ . The results obtained so far can be extended in a straightforward way to the case
where we have n > 1 independent Haar-distributed matrices U IN ..., UN_The poly-
nomials we consider in the sequel are the non-commutative polynomials in u;, u; ',
for1 <i <nandaj, a;'.‘ for 1 < j < p. We denote this ast-algebra by +,,. Notice
that A = A;.

5.1. Weingarten calculus

As previously, we will consider a subset of monomials of #4,, as the quantity we
consider are multilinear functions which are tracial in each of their arguments. We
define X, the set of monomials of 4, of the form

P = Myuj Moug? - Mguy? (5.1

tg>

where e: [d] — {+1,—1}, t:[d] — [n], and M = (M4, ..., My) is a d-tuples of
monomials M; € #,, each of them being empty or a word in ay,ay, ..., ap, a;.

We define for a tuple P = (Py, ..., P;) the tuples e p,tp, M p obtained by con-
catenating the tuples corresponding to each polynomial P;,1 < j <. We also define
forl <i <nm,ep; =¢| 151 i.e., the tuple which encodes the exponents of the vari-

ables u; only. We define the degree with respect to u; of a monomial P, deg; P as
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the number of occurrences of u; or u; ! in P. The total degree of a tuple is deg; P =
Zj-:l deg; Pj. We definedeg P = ) !, deg; P,and deg P = Z§=1 deg P;.
Proposition 2.11 is generalized as follows.

Definition 5.1. Let P = (Py, ..., P;) € (X,)!. We define the permutation

-1
yp = (1 ...degPl)---(Zdeng+1 ...degP).
J=1

Definition 5.2. We introduce the moment with respect to the Haar measure in the
multimatrix case

ag,o,l(Pl, ..., P)) = E[Tr(Py) --- Te(Py)],

where the expectation is under the product Haar measure dU{" ---dUN.

Proposition 5.3. Let P = (Py,..., P;) € (X,)! and J; = t5(i).
We have

a(]\],,(),l(Pl7---’Pl)

k i
= > (]‘[ Wgy (ni(a‘,)))) Tty p et (MP). (5.2)

meceP. V() N=1
m€@ € P.2) (1)

nne@EP.n)(J,)
This proposition is obtained by applying the following lemma n times.

Lemma34. Let Mp = (M, ..., My p) and let M = (M;,1<i <degP), defined
by Mi =M, ift; =1, and Mi = Miuiip D otherwise. Then, we have the expectation
with respect to U IN only

Eyn[Tr(Py) - Te(P)] = Y WgN(nfEP'l))TryPﬂl_l(M).
me&€P. V()

Proof of Lemma 5.4. Let I C [I] be the subset of indices i such that P; contains a
letter 1, or u7. Denote by ¢; the cycle in y that corresponds to P;, i.e.,

i—1 i—1
ci = (Zdeng +1--- Zdeng +d€gPi)-

j=1 j=1

‘We have
By [Tr(Py) - Tr(Pp)] = (]‘[ Tr, (Pi))E[H Tr(Pi)]. (5.3)

i¢l iel
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Furthermore, if we set S = | J;¢; Supp¢; and y” = ([]; ¢i)[s, we can rewrite the
terms

(TTTre (P)) = Tryr(A 1),
igl
Considering only the second term in the right side of (5.3) and using the cyclic
property of the trace, we can assume that the last factor of each polynomial P; is
auyoraut. Let J1 =171(1) = {p1 < p2 <+ < pg}. We let y’ = Tr(yp; J1).
Proposition 2.11 shows that

Eyu[Tr(P) - Te(P) = Y Way (") Tr, o (M),
71e@€P.V(J))

where M' = (M],i € Jy) is defined by

r_ ep(pi—1+1) ep(pi—1+2) | ep(pi—1)
M; = Mp; _+1uyp " f1y Mpi+2%4 () Mp,;—1u, (1) " Mp; s

with the convention py = 0.
This is equal to

Eyn [Te(Py) -+ Tr(Pp)] = Z We (nfsp,l)) Tr,
n1e6€P.U(J))

5.2. Multicolored maps of unitary type

We now generalize the notion of a map of unitary type to address the multimatrix
case.

Definition 5.5. Let / be a finite subset of N*. A multicolored map of unitary type
with n colors, with labels in I, and with r; vertices of color i for 1 <i <n, is an
oriented map with vertices colored in white or in one of n colors, and colored half-
edges which can be of any of the n colors such that

» there are r; vertices of color i for 1 <i < n, which are alternated of degree 4 and
numbered from 1 to r;;

* the half-edges connected to a vertex of color i (which is not white) are of color i
as well;

» there are |/| half-edges that are connected to white vertices. Each element of
labels exactly one of these half-edges;

» each half-edge connected to a white vertex is colored in one of the n colors;
» each edge is composed of two half-edges of the same color;

» if an oriented edge connects the vertex of color i numbered /; to the vertex of
color i numbered [5, then [; < [,.
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Figure 14. A muticolored map of unitary type with two colors. The integers 3, 7, 10, 9 label red
half-edges, and the other elements of [10] label blue half-edges.

Remark 5.6. Notice that we can erase the colors of a multicolored unitary map to
obtain a (monocolored) map of unitary type (see Figure 14). To do so, we proceed as
follows:

» each colored half-edge connected to a white vertex becomes a white half-edge;

* each colored half-edge connected to a colored vertex becomes a black half-edge;

e each colored vertex becomes a black vertex.

The resulting map is a map of unitary type with ) ", r; black vertices and labels in

As in Section 3.2, we define for a multicolored map € of unitary type, with n
colors, the following permutations. We construct permutations ye, we, and ¢e, and
the tuple e, as for a monocolored map of unitary type. If the i th labeled half-edge is
of color j, we set te(i) = j. We then define

Jei =tg'(i).

We set
ee,i = e€elre;

foralll <i <k.

For each color i € [n], we consider the edges of this color. We then define as
previously a permutation e ; € &€€.1)(Je ;) describing these edges and the vertices
of color i. Finally, if we consider the vertices of color i, we can associate to the jth
vertex of color i the transposition ; ; as previously. We set e = (1;,;,i € [n], j €
[ri]). Notice that by construction, we have me = e 1Te2 - Te .
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Definition 5.7. Letrn > 1 and g > 0 be integers, and / be a finite subset of the positive
integers. Letr = (r,...,ry,) e N*, y e &(I),t:1 — [n]and &: [ — {£1}.

We denote by €" (7, e, y, t) the set of multicolored maps of unitary type € with
n colors, with label set I, and with r; vertices of color i, for 1 < i < n, such that
ye =y,8e =¢&,and te = .

We denote by €(g, I, &, y, t) the set of multicolored maps of unitary type € with
n colors, with label set /, and of genus g, such that ye = y, ee = €, and te = ¢.

We then have the analog of Theorem 3.28

Theorem 5.8. Letn > 1 be an integer, and I be a finite subset of the positive integers.
Letr =(ry,...,1n) eN", y € &(I), t:1 — [n]and e: I — {£1}. Define J; =t~1(i)
and e; = €|y, forl <i <n.

The previous construction gives a bijection between " (1, e, v,t) and

U [Tt x Wi (7).

71€6CD (J1),....mpeB@En) (J,) i=1

Proof. The proof is very similar to the one of Theorem 3.28. By considering each
color, we prove that the construction does give a map

n
C"(,e,pt)— U n{m}an (”z'(Si))'

71€6CV (J)),...,mpe@En) (J,) i=1

We can construct its inverse exactly as in the proof for the case with one unitary
matrix, by constructing the edges for the color 1, then for the color 2, etc. More
precisely, we first consider the color 1. At this step, we leave untouched the half-
edges of color 2, ..., n. We construct the incidence relation for the edges of color 1
using the data of (1, ;),e[r,] and ;. When this is finished, all the half-edges of color
1 are part of some edge.

We then turn to the half-edges of color 2. Using the data of (12,;);e[r,] and 72,
we construct the incidence relation for the edges of color 2. We do this until we reach
color n and obtain a multicolored map of unitary type. ]

It follows directly by erasing the colors (see Remark 5.6) and Proposition 3.29
that we have the following proposition.

Proposition 5.9. Let € be a multicolored map of unitary type with n colors. The map
€ is connected if and only if the group (ye,me 1....,Ten, ti,j, 1 <i <n,1<j <r;)
is transitive, with

te = (ti,j.i €[n].j €[ri).
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Using Proposition 2.14, 5.3, and Theorem 5.8, we can compute the moments with
no potential (for N > m = %deg P).Let P = (Py,..., P;) € (X,)!, we have

ag’O,I(P17"'aPl)

—1\"
— N -
> or ()
mE@(sP,l)(‘,l)rl,...,rnzo i
€@ P.2)(J5)

1, e&CP. (J,)

reNk fea(r[Zm],ep,yp.t)

W' (”i(si)) TI'y
1

1—1...7-,”—1 (MP)

n
P

where we use the notation x” = x2i’i for any x € R.
We then compute the cumulants for no potential, when N > m,

—1\"
'WgN’OJ(Pl,...,PI) =N Z Z (F) TI‘¢€(MP). (5.5

reN” €eCr([2ml.ep,yp.t)
€ connected

We now rewrite this sum using the genus of the maps rather than the number of
colored vertices. In this context, the Euler formula becomes

k
2—2ge = c(ye) +clpe) —m—Y ri.
i=1

N

We thus get the renormalized cumulant WU N o

wN (P1,..., Pp)

UN 0,1
= N'"Z2Wgy o (Pro. s Pr)
1
— +1 (¢e)
= (=)™ Zm > (=D try (Mp).  (5.6)
£>0 €eC(g,[2ml,ep,yp,t)

€ connected

Let us recall the relevant notation. Here, / is the number of monomials or the number
of white vertices. In particular, we have c(yp) = [. The set €(g, [2m],ep, yp.t) was
introduced in Definition 5.7. As in Section 3.4, the coefficients in the 1/ N2 expansion
are sums of maps, with a weight determined by the permutation of the faces ¢ and
the tuple of matrices M.

The term of order 2g is then

MEN Py, P = ()" 3 (—1)°®) 1y (Mp).

€eC(g,[2ml.ep,yp.t)
€ connected
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We then define the formal cumulant as

N z" N
‘M%jl) (P1,...,P) = Z m!M((fl) G1s- 391, Gkr- >G> P1,..., P1),

k . .
neN n1 times ny times

as previously.

5.3. Induction relation

We will now deduce from the relations obtained in Section 4 similar relations in the
multimatrix case.

Proposition 5.10. Let P = (Py,...,P;) € (X,)', i € [n]and g > 1. If% deg; P > 2,
then we have the following equation:

(g1),N (g2).N
Do MENY @ MR, (Pr ® Pre#d; Pr)
g1+82=¢

Icli-1]
+ MY (PL® - ® Py & (DY) P)

=-ME NP @ ® Py ® 0 Pr)

-1
_ ZM%I)’—A{(PI Q@ Q®@P_1 QP41 ® QP Q (D Pj)P;). (5.7)
=1

Here, 0; and D; are the non-commutative and cyclic derivatives with respect to u; for
i €n].

This proposition is proved as in Section 4. If no polynomial of P contains a u;
then the equation is trivial. Thus, we can assume by symmetry that deg; P; > 1. We cut
the maps from the sum 'Wé‘:gl)’N (P) as in Section 4.1. Notice that in this construction,
we only modify edges of the color i so we can use the exact same arguments. We thus
obtain the wanted equation.

6. The Dyson-Schwinger equation and the topological expansion

We now work in the multi-matrix setting. All the maps involved will be multicolored
maps. The induction equations obtained in Section 4 are related to Dyson—Schwinger
equations for unitary matrices. In this section, we introduce the Dyson—Schwinger
lattice of equations for the renormalized cumulants '\/T’{,V =N =2 "W{,\f ;- Together with
the induction relations derived in Section 4, they allow us to show that the renor-
malized cumulants 'W{,V ; admit an asymptotic topological expansion as N — oo. The
methods used in this section are heavily inspired from [23].
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6.1. Scalar product and parametric norms on 4,

Following [23], we introduce some useful notions. The vector space A—the algebra
of noncommutative polynomials—admits a countable basis, which is the set 92,, of
all words in the letters uy, uy, ..., uy, uy, ay,aj, ..., ap,a;, plus the empty word 1.
Notice that this set contains X, the set of such words that finishes by a u; or a ul*
Let (-, -) be the scalar product that makes this basis orthonormal. In particular, 8= is
the algebra generated by the polynomials with no constant term, i.e., without factors
u; or u;.

Definition 6.1. Let § > 1. The £&-norm is | - ||¢ defined by
IPlle = Y [(P.Q)[g*e?
QefC

for P € A.
We write (BSL the completion of the algebra B+ in the £-norm || - |[¢.

This norm is a deformation of the £! norm that takes into account the degree of
the basis monomials. The usual £! norm will in many cases not be the appropriate
norm, as the effect of many operators we consider in the sequel depends on the degree
of the monomial it is applied to.

Example 6.2. This norm is deformation of the £! norm, recovered when considering
the 1-norm. For instance, the 1-norm of the potential we consider is

k
Wi =31zl

i=1

This notion of norm allows us to define the parametric £-norm of a linear operator
or form.

Definition 6.3. Let 7 be an operator on + and £, & > 1. Its (&, €')-norm is

TP
[T |lge = sup :
PesA ”PHS

When £ = &', we write [|T[|g = || T ||¢.¢.
Similarly, let 7: A — C be a linear form. Its £-norm is

lelle = sup T2
S TP T

A particularly important sort of linear forms are tracial states.
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Definition 6.4. Let € be a unital ast-algebra. A tracial state on € is a linear form
7: € — C such that for any P, Q € €, we have

* 1(1) = 1, where 1 is the empty word;

* ©(PQ)=1(QP);
e 7(PP*)>0.

Remark 6.5. The normalized trace tr is a tracial state on 8. Under Hypothesis 1.3,
the Cauchy—Schwarz inequality implies that || tr ||; < 1. Furthermore, we have tr(1) =
tr(Id) = 1, where Id is the identity matrix, and thus | tr]l1 = 1. Assuming furthermore
Hypothesis 1.1, we have that 'W y.1 1s a tracial state on Ay, with ||WN vailli =1

6.2. The Dyson—-Schwinger equations for the unitary matrices

Let o be a tracial state on B. A tracial state 4 on # is a solution to the Dyson—
Schwinger problem with initial value o if for all P € A,

{,u®u(8,~P)+/L(i),-V-P)=O for1 <i <n, 61

g = o,

where 0; and D; are the non-commutative derivative and cyclic derivative with respect
to u;, see Definitions 4.2 and 4.5.

It has been shown in [8] that there exists a solution to this problem when Tr V' =
Tr V* (which implies that Tr V' is real), and that the solution is unique for a potential
V small enough (i.e., Zf{_l |zi| < & for some € > 0). Notice that forall N > 1, M(O) N
is a solution to (6.1) with o = try . In [23], a family of equations that generalize (6. 1)
was studied. The renormalized cumulants 'W{,V ; are solution to these equations. We
reproduce them here.

Proposition 6.6 ([23, Proposition 20]). Assume Hypothesis 1.1. The renormalized
cumulants {"W{,V 1 }i=1 satisfy the equation

Z W11/\{|1|+1®WI]/\{|IC|+1(PI®Plc#aiPl)+le/\j](P[l—l]®(°(DiV'Pl))
IC[l—1]
-1 _
:_ZWI]/Y]_l(Pl(X)‘”(X)Pj Q@ P_1(D:P;- Pp))
Jj=1
1

- mw%ﬂw[l—l] ® 0; Pr), (6.2)

where P; means that the factor P; is omitted.

The series of maps M, (g ) N satisfy similar equations (see (4.7)).
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(2),N

6.3. Radius of convergence of the series M,

Before giving the proof of Theorem 1.4, we show that all the terms M%),N have a
radius of convergence greater than some Ry > 0. We can apply the gradient trick
from [23] that we explain in Appendix B to the equations from Proposition 5.10. To
do so, we introduce some notation, motivated in Appendix B.

Definition 6.7. Let P € 92,1 be a monomial, we define

AP

_ Z( Y ouweou- Y Q1®Q2)

P=Piu; P, "P2P1=01u; 0> P2P1=01u; ' 0>
-1 -1
- Y (X ese- ¥ wtasye)
P=Piu;'P, P2P1=01u; Q> PyP1=01u; 10

The reduced Laplacian A: A, — A2 is then defined by
n
A=) A
i=1

Let (P, Q) € A2, we define the operator € by

PEP =) (DiQ)(D;P).

i=1

We define the operator D;, which acts on a monomial P by D; P = deg;(P)P,

and D by
n
D:}Z@.
i=1

Furthermore, for an operator 7', we introduce its regularization T =TD™ 1,

Definition 6.8 ([23, Definition 13]). Let IT be the orthogonal projection of the poly-
nomials onto B+, the algebra of polynomials without a degree 0 term. Let IT' =
Id —IT be the complementary projection of the polynomials onto 3.

Let 7 be a tracial state. We define

T: = (d®t + t @ Id)A.
The master operator is
gV =1d+1T, + PV,

where T; and PV are the regularization (see Definition 6.7) of 77 and PV,



T. Buc-d’Alché 62

Applying the gradient trick, we obtain, for (g,/) # (0, 1),
M%),N (P[l—l] & EK{(O),N P;)
V.1

—_ ’N —
= _'M%Jg (Py—11® APy)
g—1
—h), h), _
=S METN (P @ MUY @ 1d)(AP)
h=1

(g1).N (g2).N x
- Z ‘MV,IIIH-I ® ‘MV,\210|+1(P1 ® Prc#AP;)
0SIG[I-1]

g1+82=¢

-1
=Y MEN (P Py P 2T P). 6.3)
=1

Proposition 6.9. Fix a potential V = Zf-;l zZiqi, with q1,...,qr € X,. Let g > 0,
[>1,P el
The radius of convergence of M Efl)’N (P) depends only on k and q1, .. ., qy, and

is greater than

1 1
Ry = min (—(4Aka,v)_1, Y ),
2 2kv(44g + 25 )
where v = max <; <k deg q; and the constants Ak, By, and Dy, are those of Propo-
sition 4.22.

Proof. Let P € (X,)" be monomials. As M%}gl)’N is linear in each polynomial P;, the
result follows from the case where the P; are monomials. Using Proposition 4.22, the
series M %,O,)I’N (P) can be bounded as follows:

©O).N 2 O.N
|°Mv,1 (P)| = Z n_!)‘MO,Zian(q“‘“’ql""’w’Pl""’Pl)
neNk n1 times ny times
(44x)*eP n n
= B Z 2" (4 4k Dk )
k neNk
_ (@Ag)e? 15[ 1
- By 1 —4A; Dk,in ’

i=1
where Proposition 4.22 is used in the second line. Notice that the radius of conver-
gence of the series does not depend on P.

Assuming that ||z]|eo < 1(44x Dg,») ™", we get
2k

9625 1, < 3
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Define
2k+1 4Ax

B T v

+ IV vE”,

2k+2

where as before v = max <;<x degg;. Choose § = 44, + B

Then, assuming that

k
1
nvi, = E i| < =—,
[ Il - |zi | 20EY

where I1 is the projection operator introduced in Definition 6.8, we have K(§,V) < 1
and EK(%E”; ~ 1s an invertible operator i)’é — 33';- Note that this is satisfied if ||z]|co <

ﬁ. We thus set Ry = min(3 (44, Dg,) ", ﬁ).

We then proceed by induction. Assume that for all (g’,!”) < (g,/) (with the lexico-
graphic order), and for all P X,ll/, the series M %2’1\/ (P) has aradius of convergence
greater than Ry . Then, the right side of (6.3) is a holomorphic function that is defined
on a polydisk of radius Ry . The left side is a holomorphic function defined on a poly-
disk of radius R; ¢ y which coincides with the right side. Thus, it can be extended to a

holomorphic function on a polydisk of radius Ry . The fact that E Kt(‘”* ~ 1s invertible
V.

allows us to conclude. [

6.4. The topological expansion: proof of Theorem 1.4
We introduce the truncated formal cumulant (cf., Definition 3.38)

@N _ LN

8N _ .

Sy = Z N2k My
h=0
We will show that the cumulants 'W{,V ; admit a topological expansion by bounding

the errors 8%}5’[)’1\7 defined by

S(fol)’N = WY, - S‘Vf,”N . (6.4)

In particular, we will set 5%,_11)’]\/ = W{,V /-

We will derive equations on the errors 8%5 l) N To make this clearer, we first con-

sider the case g = 0,/ = 1. In that case, when’||z||oo < Ry, we have as a consequence
of (4.7),

1
z(sg‘j}’v @ MO + MO @ SOV )@ P) + SOV (@) P) = 0. 65)
On the other hand, Proposition 6.6 implies

~ ~ ~ 1 ~
W ® WL (0 P) + W, (DiV - P) = =5 W@ P). (6.6)
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Taking the difference of (6.5) and (6.6), we get
%(8%” ® Wy + WY, @8N + s @ s + s @ SI(,‘fi’N)(aiP)
FSON (DY) P) = 5 T @)

We apply the gradient trick as in Appendix B. To do so, we replace P by D; P.
Making use of Lemma B.1 and the fact that

lLiconN _ =N ~ N 0),N 1/~ 0),N 0),N 0),N
S(EY @ W+ W e s) and S(sOY @6 + 50" @ s )

are symmetric, we can make the master operator defined in Definition 6.8 appear. We
get

ON =V _ N  (ON x I =N
8V,1 (GW%/2+S‘V?’{N/2)(P) = _SV,I ® 51/,1 (AP)— WWV’Z(&P)' 6.7)

We now turn to the general case. When ||z]|oo < Ry, the truncated formal cumu-
lants satisfy the equation

L 1w (e—f).N 1 -~ (f).N
> 5(_sz My 1141 @ Sy + ez Svaniet © Myjrei
ICl[l-1
0S¢

X (P] [0 P]c#ai Pl)

+ SEON(Py_y ® (DiV) Pr)

1 e
- _stfz DN Py ® 0, P)

-1
~ > SEN(PL® - Py ® P @ Proy ® (Di P))P). 6.8)
j=1

These equations are obtained by summing equations (5.7) for different values of g,
multiplied by 1/N?28.

Together with (6.2), these equations imply equation (6.9) on the errors defined
by (6.4). Before stating the equation, we explain how this equation is derived. We
subtract from (6.2) equation (6.8). To have all the terms from (6.2) simplified, we
must rewrite the most complicated term:

1/ 1 _ 1 -
> (it o SERY + g Sl e )
I1cC[l-1]
0=<f=<g
X (P; @ Pyc#o; Py).
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We rewrite
©),N _ N (g),N
SV,I - WV,I - 8V,l

in the sum

1 _
Z M(f)’N ®S(g )N

sz VII|+1 V| I¢]4+1
0<f=<g
LN =N (e—f)N
= ) ~or M ® (Wv,|16|+1 - 5V,|10\+1>
0<f=<g
_ @.N =N L (HN (e—f).N
- SV,|1|+1 ® WV,II"|+1 - Z N2f ‘MV,\I|+1 ® 8V,|IC|+1
0<f=<g

_ N N (8),N HN
=Wy in+1 @ Worepe1 =8 111 © Wyjrei4a

L (H.N (e—f).N
o Z szMV,|1\+1®8V,|IC\+1’
0<f<g

We proceed similarly for
U G@—NN o (DN
2 oSV ® Myr
0=<f=<g

After this rewriting and subtracting (6.2), we have

LN o o N (®).N
) 5(55|1|+1 ® Wyjrepenr + W41 ® 515:\16|+1)(P1 ® Pre#d; Py)
1cli—1]

Lo 1 (N (e~ /)N

+ E(WMV’”H—l ®8V’|1c|+1 (PI ®P1C#alPl)
Ic[i-1]
0<f=<g

L1 e-f)N (f).N
+ E(W(SI}%IHl ® My, fej1 ) (Pr ® Pre#di Py)
IC[l—1]

0<f=<g

+ 5%}%1)’1\[(1’[1—1] ® (D; V) Py)

1 _
= —m5%ﬂ’N(P[1—1] ® 0; Pr)

-1
YN © P B ® P (D) P
j=1

65

6.9)
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Using the gradient trick (see Section B), these equations can be rewritten as fol-
lows:

(g),N =V
Sy (P[l—l] ® HW[’)"I/2+M§9’)I'N/2)(PI)
1 _ -
= 305 (Pu-y ® AP)
L _
- §<[W11/\{1 + M%N](P[z—u ®1d) ® 8%2’N>(AP,)

1 N ~ N =
— 5(5%’;’ ® [WII/YI + Mg)}’ ](P[]_l] ® Id))(APl)
1/~ N N <
o Z E([WII/VI + ‘ME/O; ] ® Sgl)l,fl-i-l)(Pl ® Prc#AP;)
PSICG[l-1]
1 ~ _
= Y (N e [+ M) (Pr @ PP
0SISl-1]
1 1
()N (g—f),N
- 2 E(sz My 7141 ®3v,|16|+1)(P1 ® Pre#Pr)
1cli—1]

1<f=<g
LD ce—hN (f).N
- Z 5(N2f515:|1|+1 ® My jei1q |(P1 ® Pre#Py)
I1C[l-1]
I<f=<g
-1 B
> 50 (Pi® - ® P Py ® PP, (6.10)
=1

The notation Id in the third line means the identity operator, in particular terms on the
third line must be read as follows:

(W) + M%’N](P[l—u ®Id) ® S%i’N(P ® 0)
= [W) + M NPy © P) ® 55 (0).

The bounds of Proposition 4.22 imply the following results.

Lemma 6.10. Assume that for all N > 1, TrV is real and ||AIN|| <1 foralli
(Hypotheses 1.1 and 1.3). There exist £ > 1 and & > 0 such that if

Izlloo <&,

then, forall g > 0 and [ > 1, we have

(0
187" lle < N2
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Proof. Consider equation (6.7) for the errors with g = 0,/ = 1:

_ 1 ~ _
5(0)( P) =50 g59@AP) - 5 WH@P).

WY 24+ MO N /2

. . . . ko
First, notice that the series ,Mg))l’N satisfies ||,M$,0)1’N llaa, < é—k, with A and By

the constants from Proposition 4.22. Proposition B.3 implies that

2k+1 4 A4
By E + 4A; ’

Let& > 324 > 12 and 0 < ¢ < Ry such that

L E+1 2k aa )
K(E’V)_2§(§—1)+B_kg+4/1k +||HV||1U:‘:-' <1/2.

2V . @l Lo :
In that case, the operator & T 2O 12 JBS — 585 is invertible.

We get that
©) Oy |7 v\ c o< (gv )‘1
181 < 1571 Tyo Ie [ (255, ) |, + 721 Bbeerz] (25,

where we used that there exists a constant C’ > 0 such that || W{,V Llle/2 < C'by [23,
Theorem 22]. Note that for this Theorem 22 to be applicable, one must show that the
sequence of cumulants is £-uniformly bounded in the sense of [23, Definition 21].
This is shown assuming Hypothesis 1.1 in [23, Corollary 32] for all £ > 12.

The bound on :Mg), )1’N implies that ||5§0) laa, <1+ % < 2. This fact and Propo-

sition B.3 give
k
|70, <2 1+2 e ).
&N £ —4A;

With this result and [23, Proposition 19], we finally get that

r-V 1
c 1% 7 e o X
181 < . =

ESNII T «»ngu(u sy )7 e SN2 12-KGEV)

’

A

Proposition 6.11. Assume that for all N > 1, Tr V is real and ||Af.V|| <1 jforalli
(Hypotheses 1.1 and 1.3). There exist § > 1 and ¢ > 0 such that if

[zlloo < &,
then, forall g > 0 and [ > 1, we have

182 ll21—2¢ = O(NT2672).
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Proof. We proceed by induction on (g, /), with lexicographic order. For/ =1,g =0,
the result is given by Lemma 6.10. Assume now that for all (g’,/’) < (g, /), we have

18471 = O(N2¢72).

Then, in equations (6.10) for the errors, all the terms on the right side of the equation
are of order N ~2¢. Note that terms 81(_1) = 'W{,v ; are bounded using [23, Theorem 22].
This gives the result. u

We can finally prove Theorem 1 .4.

Proof of Theorem 1.4. Proposition 6.11 directly implies Theorem 1.4, with Hypothe-
sis 1.2 replaced by Hypothesis 1.3. Then, if we only assume Hypothesis 1.2, we set
1

SUPy>1 SUP1<i<p ”AIN”

CcC =

We can then replace each matrix A lN by cAfV and rescale each coefficient z; of V' by
an appropriate multiple of ¢~'. When the new coefficients of V' are small enough, we
can apply the result obtained with Hypothesis 1.2 and obtain the result. ]

Remark 6.12. Notice that for N big enough, the series

g
IO
> MY (P B
h=0

is well defined for all V' with z small enough, even if Hypothesis 1.1 is not satisfied. In
fact, for any V' with z small, provided the cumulants exist, are bounded, and satisfy the
Dyson—Schwinger equations, the same method applies and the asymptotic topological
expansion holds.

The complex asymptotics of the HCIZ and BGW partition functions were studied
with a different method in [35].

A. Bounds for the sum of maps A ((]gl)’N

This appendix gives a detailed proof of Proposition 4.22.

We assume that v > 1 and that up to cyclic permutation of its factors we can write
P; as Pu.If P; has no term u, a similar argument holds with P; = u* P. Furthermore,
to make notation less cumbersome, we write

(&).N _ y(@)LN
Mn,l (P],...,Pl) = MO,Zini-H(ql"”’ql”’"qk""’Qk’Pl"“’Pl)
np times nj times

and omit the indices k and v in the constants.
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To prove the result, we do an induction on NK+3_ where we endow a tuple of

integers (g,!,n1, ..., ng, m) with the lexicographic order. Notice that the result is
obviouswhenn; =---=n; =0,g =0,/ =1 whendeg P =1 (as M((,?i’N(MUil) =

Oforall M € ¥),whenm =1 = %deg P (as M((,?i’N(Ml UM,U™Y) = tr My tr M>),
as soon as M > 1. In fact, by Lemma 3.36, |¢M((,(’)i’N(P)| <l1forall P € X.
Assuming that m > 2 or n # 0, Theorem 4.1 yields

1
— (g)N(Pl,...,Pl—I’Pu)
n!
erlgl—i-ll) N(Pl, s P, (OP) X 1 @ u)
o nl, +
IC[l-1] g1t82=¢ il
ny+nz=n
® MU (P ® Pre#(@P) < 1 ® u)
-1 1
N .
_Zn ’(lgl)1(P17"‘5Pj”"’Pl_17(i)Pj)Pu)
j=1"
k 1
—Z— M &) Nl(Pl,...,Pl—l,(j)CIj)Pu)’ (A.)
= =1

where I;, means that P; is removed.
Assuming that the bound (4.6) holds for

(g U'.ny,....np.,m') < (g, l.ny,... .ng,m),

we get four terms from (A.1). The first term is

1 _
—MEN (P P (OP) < T @)

n! n,l+1
deg Pu -1 k
< Z A(l+1)(2m+v”)B_l_lc(g_l)(2m+v")D”Cm/CdegPu_m/ 1_[ Cdeg P; 1_[ Cn,
m'=1 i=1 j=1
-1 k
< A(l+1)(2m~l—vn)B—l—lC(g—l)(2m—l—vn)Dn(cdegPu_ﬁ_1 _ CdegPu) HcdegPi l_[ Cn,
i=1 j=1
< i(é)zmAl(Zm-i-vn)B—lcg(2m+vn)Dn lilc p ﬁ c
~— B\C e deg ij=1 nj-

In the second line, we expanded the non-commutative derivative (see Definition 4.2).
In the third line we used the recurrence formula for Catalan ¢, = Z?:o cicp—; and
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in the fourth line we used that ¢, +1 < 4c, for all n € N. We choose 4 and C so that
A/C <1land B > 12.
The second term is

(g )N (g2),N
Z Z ny! ,,2' My i1 @ My jicpy |(Pr @ Pre#(3P) x 1@ u)

IC[i-1] g1+82=¢
n1+n2 n

deg P
c -
< Z Z Z AT+ D+ma(€1+1) p—1 lcg1m1+g2mzcm/cdegpu_m/

m'=1IC[l-1] g1+8&2=¢

-1 k
)
Z Arresrnpt 1_[ Cdeg P; l—[ Cny1iCny;>

ny+nx=n i=1 i=1

where we used the notation m; = ) ;.; deg Pi +m’ and my = ), ;c deg P; +
deg Pu — m’. With this notation, we get as soon as C > 2,

> () ()
c8imitgmy _ o2mg ( ) ( )
cm> ) \cm

g1+82=¢ h=0

g
<C¥EN 08
h=0

< C2mg.

In the second line, we used that m;,m, > 1. Similarly, we have when A > 2,

S Am DD g2ml §N gmmlElmall|
ST ST

/I —1 1 i 1 1—i—i
2ml
= A Z( )(Adeg Pu—m/) (Am’)

1 i LV
_ A2m
=4 (AdegPu—m’ + W)

< A2ml.

We finally get

MED-N (82),N
Z Z ,,lv ,,21 n11,|1|+1 ® an?ll"l-i—l‘(PI ® Pre#(P) x 1 ®@u)

Ic[i-1] g1t+g2=¢
ny+nx=n

6-4F 12m+vn) p—I ~g2m+vn) nn l £
—A B~'C D" [ ] cacgr; [ [ ni-

i=1 i=1
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Thus, we choose B > 6 - 4k+1,
The third term is

-1
L @ 5
> MG Py Py Py (D P P

Jj=1
1—1 -1 k
< Z(deg Pj)A(l—l)(2m+vn)B—l+1cg(2m+vn)Dncdeg Pj-‘rdegPul_[ CdegP,- 1_[ an

j=1 i=1 j=1
i#]

B . Cdeg P; +deg P
eg P +deg Pu

= A2m+vn Z(deg Pj) . .
j=1 Cdeng(«degPu

l k

x Al@m+vm) p=l cg@mtvn) pn 1_[ Cdeg P; 1—[ Cnj-
i=1 j=1

To bound this term, we use the following estimate for the Catalan numbers, a conse-

quence of the Stirling bound:

4n 1 1
—— )<
(n+1)/mn eXp(24n +1 24n) = n

D 1 1
———exp| — — ,
=t Ovmn P\24n " 24012

which implies
47 4"

—— 75 = = .
Jr(n +1)3/2 n3/2

It implies that for p,q € N*,

3/2
Cp+q <7[1/2((P+ 1)(CI+1)) / < 2V2(p 4 12,
CpCq p+q -

Thus,

-1
B Cdeg P;
A2m+vn (Z(deg Pj) =2 +degpu)

i=1 Cdeg Pj Cdeg Pu

zl/2

= A2m+vn (deg Pu + 1)3/2(2111 —deg Pu).

As we can assume that m > 1 (else this term could be bounded by 0), it suffices to
choose A < 2B'/271/423/2 Notice that forall n > 1, (n + 1)3/2 < 237/2,
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The fourth term is

M(g)’N (P17 ey P]—la ("(i)qj)Pu)

Koo
— (n—1;)!" "l

j=1

k l k

1 C Cpi—
<— > (degg)A'@m+vm p=! cs@mtvm pn g Purreeedy oy 1 [ cacer [ ] cn;
D Cdeg PuCn;

j=1 i=1 i=1

k 1 k
1 _
< E Z 4dequ (deg qk)Al(Zm-i-vn)B ng(Zm-‘rvn)Dn l—[ Cdeg P; l_[ Cn;
j=1 i=1 i=1
k 1 k

N % Z(4el/e)dequ l@m+vn) p—1 ~g@m+vn) pyn 1—[ Caeg P, 1—[ .
j=1 i=1 i=1

We choose D = 4k(4el/ €)? to get the result. Notice that we can thus choose
A=C =2Ver*,
B =341
D = 4k(4e'/).

B. The gradient trick

We use several times the gradient trick, previously introduced in [23]. The main idea
of the gradient trick is to replace the polynomial P (or P;) the equations of Proposi-
tion 6.6 (or in the Dyson—Schwinger problem (6.1), see Section 6) by its cyclic deriva-
tive &D; P. An operator—the master operator introduced below—naturally appears in
the equations. When the potential V' is small enough, this operator is invertible. The
gradient trick was introduced in [23] to study the Dyson—Schwinger lattice of equa-
tions.

B.1. The trick

The gradient trick allows us to simplify quadratic terms. We take as an example the
equation for the sums of maps for g =0,/ =2

N N N
S MO @ MO L (Pr @ Pretd; Py) = —MEN (05 Py Pa).
IC[l-1]

We can rewrite it as

MO (P @1 @MY + Py @ MY @ 1d)(8; Py) = —ME)N (D P1) P).
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where Id denote the identity operator. In particular, the notation
P @AM (3; P2)
must be understood as follows. For (Q1, 02) € A2,
Pr®IdM)N (01 ® 02) = (MM (02)) - (P1 ® 01) € AP,
We now replace P, by its cyclic derivative D; P, and obtain
M(()?%’N (Pr®1d ®:M((,?3’N + P ® eM(()(E’N ® 1d)(9; D; P)
= MG (D P1)(D; P)).

Lemma B.1. Let u5: A, x A, — C be a bilinear form, tracial in each of its vari-
ables. For a monomial P € X, write deg;L(P ) for the number of factors u; in P and
deg; (P) for the number of factors u} in P. We have for any monomial P € A,

p2(0; D; P) = deg (P)pa(P ® 1) + deg; (P)u2(1 @ P) + pa(Ai P),

with the operator A; introduced in Definition 6.7. In particular, if po is symmetric,
we get

w2(0;D; P) = deg; (P) - 12(1 @ P) + p2(Ai P).
This lemma allows us to rewrite the above expression as
MY (deg; (P2) Pt @ Td+(Pr @ QMY TV + P @ M1V ®1d)(A; Py))
= —MEN (D1 P)(D; P)).
Introducing the operator
PIP = (Diq)(Di P),
for P, Q € 4A,, we get

MY (deg; (P2) Py @ 1d +(P1 @ @MY + P @ MO)N @ 1d)(A; P,))
==Y (2 o)

forl <i <n.
(()Og’N satisfies

Using the operators defined in Definition 6.7. The sum of maps M,

MY (PL @A +(PL @ MY + Pr o MY @ 1d)(APy))
= — MV (P Po)
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for all Py, P, € 4,. This computation justifies the introduction of the master operator
EY of Definition 6.8.
Thus, we have

0),N - N, >
‘M((); (Pl ® @(:%(0),/\1 P2) = _M((fl) (P71 Py)

0,1

for all Py, P, € +#,. This will be called the secondary form of equation (5.7). Notice
that in this particular case V' = 0. In the sequel, we will derive secondary equation
with a potential.

B.2. Operator norm estimates

We now give some bounds on the norms of the different operators. These bounds and
more were derived in [23, Section 3.2]. In particular, it was shown that under some
hypotheses the master operator is invertible.

Proposition B.2 ([23, Section 3.3]). Let& > 1, V € 4 and 1 be a tracial state satis-
Sving ||t|| < 1. Introduce
£+1 dea V
K(E V) =4———= +IVI1§7*" degV,
§E-1
and assume that K (£, V) < 1. Then, the operator EY extends to an operator JBSJ- —
ii';‘ (B EJ_ is defined in Definition 6.1) which is invertible, with inverse satisfying
=yl < ;
”( 7:) ”E_l—K(E,V)‘
We use a slightly modified version of [23, Proposition 17].

Proposition B.3. Let 1 < & < &, and t be a linear form A, — C. We have

51
Er—&1
Proof. We proceed as in [23]. Let P be a monomial of degree d > 1. We have

“TTH& < 2|zl

T: P

:Z Z ( Z (QluiT(Qzui)+T(Q1ui)Q2”i))

i=1P=Piu; Py PrPu;j=01u;Qau;

Y Y (X (@@ +:0)0)

i=1P=Piu; P> P2P1“i=Ql“,'—1 Qou;
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> X (X @) +en0y)

i=1 P=P1ui_1 Py ui_lPZPI =ui_1 Q1u; 02

+> > | > 710177 02)

I=1p=Pu;'P; uy'PPi=u;'1Qu;10>
-1 -1
+7(u; Oy, Qz))

We now take the norm || - ||¢, (recall Definition 6.1). Using the triangle inequality and
[T(P)| < |Itllg Sfegp, we get (as Q1, O, are monomials)

1Tz P,
Izlle,

n
deg; Q1u; odeg; Qou; deg; Qqu; odeg; Qou;
Y X (L g em g O o)

i=1P=Piu; P, PrPyu;=01u; Qu;

n
deg; Q1 deg; O deg; Q1 odeg; Q
Y T (L gmoguoguogue)

i=1P=Pu;P> P)Piu;=0Q1u;" Qou;

n
deg; Q1 deg; Q deg; Q1 deg; Q
DI DA (D D S S

i=1pP=Pu;'P ui'P,Pi=u;'Q1u; 0>
n
deg; u; 1 Q1 deg; u7 1 Qo
+ E Z Z & 1
i=1p=Pyu; Py u7'PrPi=u;'01u; 10>

deg; u7 ' Q1  deg; u7 ' 0o
+ sl I Ez 1

n deg; P—1
deg; P—k
SZZdegiP< Z Eéc e )
i=1 k=1

The main step of the computation is the second inequality. The factor deg; P accounts
for the first sum, on the decompositions of P as

P = PiuiP, or P = Pyu}Ps.
The sum on k accounts from the decompositions of P, Py as

PzPl = Qluin or P2P1 = Qlu;sz.
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Finally, there is a factor 2 as we count those decompositions at most twice. For
instance, we have

Xn: Z ( Z ( gegl Qluzgdeg, Qou; + Edegl Qluiggegi Q2ui))

i=1P=Piu; P, PrPiu;=01u; Qu;

+ Xn: Z ( Z ( deg; Q1$d6g, 0> + Edeg, Q1Edeg, Qz))

i=1P=P1ui Py PyPyu;=0Qu; ' Qou;

< Xn: Z Z 2sdeg[ 01u;3 léfeg 0ruit

i=1P=Piu; P> P2P1=Q1ul-ilQ2
deg; P—1
<Z Z Z 2%_2 k .deg; P—1
i=1P=Piu; P, k=1
deg; P—1

<22degl P Z 52 kgdegi P=1,

i=1

In the first inequality, we abused notation and wrote uiil to mean either of u; or u;.
In the last line, deg;r P denotes the number of letter u; in P.
We can then conclude that

deg; P—1 deg; P—k
”TTP”SZ deg; P Sl B
————= =2 ) (deg; P)§,™ =
e, Z ’ ,; &
< 2Z(deg, pese ” h_ 1
£ Bl &/6
r &
<2 Z(degl P)E
= £2-&
€1
<2d Plle,.
=g g Pl
In the last line, d is the total degree of P. [
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