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Equidistribution without stability for toric surface maps

Jeffrey Diller and Roland Roeder

Abstract. We prove an equidistribution result for iterated preimages of curves by a large class
of rational maps f W P2 Ü P2 that cannot be birationally conjugated to algebraically stable
maps. The maps, which include recent examples with transcendental first dynamical degree,
are distinguished by the fact that they have constant Jacobian determinant relative to the nat-
ural holomorphic two form on the algebraic torus. Under the additional hypothesis that f has
‘small topological degree’ we also prove an equidistribution result for iterated forward images
of curves. To prove our results we systematically develop the idea of a positive closed .1; 1/ cur-
rent and its cohomology class on the inverse limit of all toric surfaces. This, in turn, relies upon
a careful study of positive closed .1; 1/ currents on individual toric surfaces. This framework
may be useful in other contexts.

1. Introduction

It is a central problem concerning the dynamics of a rational map f W Pk Ü Pk on
complex projective space Pk to understand the asymptotic behavior of preimages
f �n.V / of a suitably general proper subvariety V � Pk as n! 1. It was shown
in [43] that when the degree of f �n.V / tends to 1 quickly enough with n, this
behavior is independent of V . Indeed one hopes that after normalizing, the preimages
converge in the sense of integration currents to some invariant closed positive current
whose support tracks the set of points on which the dynamics of f is exponentially
expanding in at least codim V directions. The case k D 1 was settled by Brolin [11]
for polynomials f WC! C and separately by Lyubich [40] and by Freire, Lopes and
Mañe [32] for general rational maps f WP1 ! P1. They showed when degf � 2 that
preimages f �n.z/ of a non-exceptional point z 2 P1 equidistributed with respect an
f -invariant measure whose support coincides with the Julia set of f .

Increasing the dimensions of both the domain and the subvariety by one, we
encounter an additional difficulty. For our purposes, the degree deg.f / of a dominant
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rational map f W P2 Ü P2 will be the degree of the preimage f �1.`/ of a general
line ` � P2. One calls f algebraically stable if deg.f n/ D .degf /n for all n 2 Z�0.
Sibony [44] showed that if f is algebraic stable with deg f � 2, then there exists a
positive closed current T � of bidegree .1; 1/ such that for almost every curve C � P2,
one has weak convergence

1

deg.f n/
f �n.C /! .degC/ � T �:

In contrast to the one-dimensional case, however, the algebraic stability condition can
fail. This is related (see Section 2.3) to the fact that a rational map f WP2 Ü P2 need
not be continuously defined at all points. The notion of algebraic stability generalizes
to rational maps f WX Ü X on arbitrary smooth projective surfaces, and many ratio-
nal maps on P2 that fail to be algebraically stable, nevertheless admit algebraically
stable models in the sense that they lift to algebraically stable maps on rational sur-
faces X ! P2 obtained by well-chosen finite sequences of point blowups (see [6] for
a discussion). It turns out, moreover, that Sibony’s result continues to hold in this case
(see [17, Corollary 2.11]).

Unfortunately there exist rational maps f WP2 Ü P2 that not only fail to be alge-
braically stable but further fail to admit any stable model at all. Favre [27] observed,
for instance, that if A D

�
a b
c d

�
is an integer matrix whose eigenvalues re˙2�i� are

non-zero with irrational arguments˙� , then the associated ‘monomial’ map

f .x1; x2/ WD .x
a
1x

b
2 ; x

c
1x
d
2 /;

cannot be conjugated by birational change of surface 'WX Ü P2 to an algebraically
stable map fX WX ÜX . While it is not especially difficult (see Theorem 9.3 below) to
understand equidistribution for preimages of curves C � P2 by a monomial map, the
first author and Lin [20] later generalized Favre’s observation to the larger and more
diverse class of ‘toric’ rational maps. Here we call f WP2 Ü P2 toric if f ��D �.f /�,
where � WD dx1^dx2

x1x2
denotes the natural holomorphic two form on the algebraic torus

T D .C�/2 and �.f / 2 C� is a non-zero constant. Aside from some recent skew-
product examples by Birkett [6], all known examples of plane rational maps that do
not admit stable models are toric. The purpose of this article is to show for toric
surface maps that one can obtain equidistribution results for curves even when stable
models are unavailable.

In order to state our main results, we briefly describe the central construction
on which they are based. It is observed in [20] that a toric map f W P2 Ü P2 is
best analyzed by allowing the domain and range of f n to vary through sequences of
increasingly elaborate compactifications of the algebraic torus T WD .C�/2. Inspired
by [10] and [12] we take this idea to its logical extreme. That is, we declare X � Y
for smooth projective toric surfaces X and Y if the birational map � 0XY WX Ü Y
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extending idWT ! T is a morphism; i.e. if X is canonically obtained from Y by a
finite sequence of point blowups. We then consider the map yf W yT Ü yT induced by f
on the inverse limit yT of all toric surfaces subject to this ordering.

As we explain in Section 3, the compact space yT comes close to being a complex
surface: it contains T as an open dense subset, and the complement yT n T consists
mainly of poles, i.e. T -invariant curves C� indexed by rational rays � � R2. Like-
wise, the map yf W yT Ü yT , which we define and study in Section 4, behaves much
like a rational map on a projective surface. It is well defined and continuous off a finite
persistently indeterminate set Ind. yf / � yT . The image yf .C / of each curve C � yT
by yf is either a curve or, if C � Exc. yf / is one of finitely many persistently excep-
tional curves, a point. The sets Ind. yf / and Exc. yf / are empty precisely when the toric
map f is monomial. More generally, we call a toric map f WP2 Ü P2 internally sta-
ble if yf n.Exc. yf // \ Ind. yf / D ; for all n 2 Z�0. For toric maps, this condition is
far weaker than algebraic stability. It is satisfied by all monomial maps and by the
toric maps with transcendental dynamical degrees exhibited in [5]. The work of [38]
on dynamics of Newton’s method in two complex variables is an early instance of a
construction similar to the one we describe here, where the domain of a map is blown
up infinitely many times in order to understand its dynamics.

We prove in Section 9 that monomial maps are distinguished among toric rational
maps f WP2 Ü P2 by the fact that they have minimal first dynamical degree

�1.f / WD lim
n!1

deg.f n/1=n 2 Œdtop.f /
1=2; deg.f /�: (1)

Here dtop.f / is the topological degree of f , given by #f �1.x/ for a typical point x.

Theorem 1.1. If f WP2 Ü P2 is an internally stable toric map such that �1.f /2 D
dtop.f /, then either

• f is a shifted monomial map, given by x 7! yh.x/ for some monomial map h and
fixed factor y 2 T ; or

• �1.f / is a positive integer and there exists a ‘distinguished’ coordinate system in
which f has the skew product form

f .x1; x2/ D
�
tx
˙�1.f /
1 ; g.x1/x

˙�1.f /
2

�
for some t 2 C� and rational function gWP1 ! P1.

Distinguished coordinates are introduced in Section 3. We invite the reader to
compare Theorem 1.1 with the earlier characterization by Favre and Jonsson (see [30,
Theorem C]) of polynomial maps of C2 with minimal first dynamical degree.

To state the next result, we recall a simple criterion from [20] for identifying toric
rational maps f W P2 Ü P2 that admit algebraically stable models. The matrix A
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underlying a monomial map can be generalized (Theorem 4.8) to an arbitrary toric
map f by its ‘tropicalization’, a continuous, positively homogeneous and piecewise
linear map Af WR2 ! R2. It governs the action of the induced map yf on poles via
yf .C� / D CAf .�/. In all known examples, Af is actually a homeomorphism, and so

acts on rays by a circle homeomorphism. The map f then admits a stable model if
and only if the rotation number of the circle homeomorphism is rational. Our main
equidistribution result concerns the complementary case.

Theorem 1.2. Let f W P2 Ü P2 be a toric rational map whose tropicalization is a
homeomorphism with irrational rotation number. If f is internally stable and not
equal to a shifted monomial map, then �1.f / > 1 and there exists a positive closed
.1; 1/ current T � on P2 with the following properties:

• T � does not charge curves;

• f �T � D �1.f /T
� CD, where D is an effective R-divisor;

• For each curve C � P2, there exists m.C/ > 0 such that

1

deg.f n/
.f n/�C ! m.C/T �:

To prove this theorem we follow [10] in Section 7 by introducing a spaceH1;1
R .yT /

of toric cohomology classes together with linear pullback and pushforward operators

yf �; yf�WH
1;1
R .yT /! H

1;1
R .yT /:

Indeed we go one step further by introducing a space of toric currents D1;1.yT / that
naturally represent toric classes. Curves in yT are instances of positive toric currents.

Implementing these ideas requires a substantial amount of preliminary work (see
Section 6) concerning positive closed currents of bidegree .1; 1/ on fixed toric sur-
faces. In particular, we associate to any (not necessarily T -invariant) positive closed
.1; 1/ current T on T a convex function T WR2!R and prove in Theorem 6.9 that T
extends trivially to a positive closed current on some/any compact toric surface if and
only if  T has at most linear growth. In particular, any such current T 2D1;1.T / cor-
responds to an element of D1;1.yT / that we call internal to distinguish it from currents
whose supports contain poles of yT . An internal current T 2 D1;1.yT / will be called
homogeneous if

•  T is positively homogeneous, satisfying .tv/D t .v/ for all t � 0 and v 2R2;
and

• T D dd c. T ı Log/, where LogWT ! R2 is the ‘tropicalization’ map, given in
distinguished local coordinates by Log.x1; x2/ D .� log jx1j;� log jx2j/.

Homogeneous currents serve as canonical representatives for their classes inH1;1
R .yT /.
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Theorem 1.3. The continuous linear map T 7! ŒT � associating each toric current to
its cohomology class restricts to a homeomorphism from the cone of positive homo-
geneous currents in D1;1.yT / onto the cone of nef classes in H1;1

R .yT /.

With this setup, the proof of Theorem 1.2 proceeds as follows. In Section 8 we
define pushforward and pullback by yf on H1;1

R .yT / and D1;1.yT /, following [10].
Internal stability of f implies that

. yf n/� D . yf �/n

for all n 2 Z�0. The main result of [10] then gives us that Theorem 1.2 holds on the
cohomological level. That is, there exists a cohomology class ˛� 2H1;1

R .yT / such that
for any nef class ˛ 2 H1;1

R .yT /, we have

f n�˛

deg.f n/
! m.˛/˛�

for some constant m.˛/ > 0.
In Section 10, we conclude the proof Theorem 1.2 by passing from cohomology

classes to currents. If C � yT is a curve that is internal in the sense that C \ T ¤ ;,
then the normalized pullbacks

Cn D
1

�1.f /n
f n�C; n � 0;

are also internal, and their cohomology classes ˛n are nef. If xTn 2 D1;1.yT / is the
canonical homogeneous representative of �1.f /�n yf n�˛, then we may write

Cn D xTn C dd
c'n

for some relative potential 'n on T . The currents xTn converge to the canonical rep-
resentative xT of ˛� by Theorem 1.3. So modulo some translation of statements on yT
back to P2, it suffices for establishing Theorem 1.2 to prove for each toric surface X
that the potentials 'n converge in L1.X/.

The key to this convergence is Theorem 5.4, which provides a weak but sufficient
estimate on the way iterates of a toric surface map can shrink volumes of open subsets.
Its proof, which occupies most of Section 5, takes advantage of the fact that the trop-
icalization of f also governs the ramification of yf about poles and therefore the rate
at which orbits of most points can escape T . With Theorem 5.4, convergence of the
potentials 'n follows from the internal stability hypothesis and rewriting lim 'n as a
telescoping series involving pullbacks of potentials for f � xTn � �1.f / xTnC1. A virtue
of this approach is that it guarantees equidistribution for preimages of all (instead of
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almost all) curves in P2. The article [29], which deals with holomorphic endomor-
phisms of P2, is a precedent: using volume estimates it shows for such maps that
equidistribution of preimages fails for at most finitely many curves.

In the case when the toric map f has small topological degree, i.e. when dtop.f /<

�1.f /, more can be shown: forward images of curves also equidistribute to a posi-
tive closed .1; 1/ current, and both forward and backward equilibrium currents have
additional geometric structure.

Theorem 1.4. Suppose that f W P2 Ü P2 is an internally stable toric rational map
with small topological degree dtop.f / < �1.f /. Then the backward equidistribution
current T � for f is laminar. There exists, moreover, a positive closed .1; 1/ current T�
on P2 such that

• T� is woven and does not charge curves;

• f�T� D �1.f /T� CD, where D is an effective R-divisor;

• for any curve C � P2, there exists m.C/ > 0 such that

1

deg.f n/
f n� C ! m.C/T�:

Roughly speaking, a positive closed .1; 1/ current is said to be laminar if it can
be expressed as a sum of (non-closed) positive .1; 1/ currents Tn, each given in some
coordinate polydisk P � P2 as an average of currents of integration over disjoint
graphs of holomorphic functions with respect to some non-negative Borel measure.
We say more about laminarity below but refer the reader to [17, Sections 2.4 and 3.3]
and the references therein for a thorough discussion. The notion of wovenness is sim-
ilar, except that the graphs are not required to be disjoint.

The results above suggest several further issues, and we intend to return to at least
some of them in future work. First of all, the condition in Theorem 1.2 that the toric
map f be internally stable is convenient but likely unnecessary. It is implied by [20,
Theorem D] that if one is willing to allow for domains a bit more general than toric
surfaces, then any toric map becomes internally stable. It seems likely that the inverse
limit constructions and results concerning yT , yf , D1;1.yT / and H1;1

R .yT / will adapt to
the more general setting, though the details will certainly be more complicated.

It would be desirable to know whether there exist toric surface maps f WP2 Ü P2

for which Af is not a homeomorphism. If no such maps exist, then we have a trico-
tomy. Either f is monomial, f satisfies the hypotheses of Theorem 1.2, or by [20,
Theorem F], f 2 admits a stable model. In particular, by applying [17, Corollary 2.1]
to the last case, we have a more or less complete understanding of equidistribution for
preimages of curves by toric surface maps.

Finally, in the case when f has small topological degree, one would like to
interpret the wedge product T � ^ T� as an f -invariant measure of maximal entropy
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log�1.f / as has been done e.g. for polynomial diffeomorphisms f WC2!C2 (see [4])
or for many surface maps that admit stable models (see [18]). In the case when �1.f /
is transcendental, as in [5], this would imply that there exist rational surface maps
whose entropy exponentiates to a transcendental number.

The literature concerning equidistribution in holomorphic and rational dynamics
is by now very large. Sources that we have not already mentioned include, but are
hardly limited to, [8, 16, 21, 26, 28, 31, 35, 36, 42, 46]. We encourage the reader to
consult with these to learn more about the specific issues we address here as well
as ones we do not touch, such as subvarieties of higher codimension, meromorphic
correspondences, and speed of convergence problems.

We note the interesting alternative treatment of ‘homogeneous’ positive closed
currents on smooth toric varieties by Babaee and Huh [3], which they used to disprove
a variant of the Hodge conjecture. Babaee [2] has recently used the same approach
to construct invariant currents for some simple (in particular, algebraically stable)
monomial maps. We also stress that we are certainly not the first to make use of
the inverse limit of the set of toric varieties in a given dimension. See for instance
the recent paper [9] which considers (using different terminology and notation) the
inverse limit yT of all toric surfaces and the corresponding vector space H1;1

R .yT /,
conceived of as equivalence classes of ‘toric b-divisors’ (a subset of what we here
call toric currents). On the strictly cohomological level, it was shown much more
generally in [34] that the inverse limit of the cohomology rings over all toric varieties
of fixed dimension d is isomorphic to the McMullen polytope algebra in Rd .

Note also that the dynamics of toric rational mappings has been studied from the
perspective of integrable systems and cluster algebras; see [41] and the references
therein.

To close we briefly summarize the contents of each section that follows.

• Section 2 supplies background concerning complex surfaces, rational maps and
currents.

• Section 3 reviews toric surfaces and introduces the inverse limit yT of such sur-
faces.

• Section 4 introduces and proves the foundational facts about toric maps.

• Section 5 proves the key volume estimate Theorem 5.4.

• Section 6 analyzes the relationship between positive closed .1; 1/ currents on T

and those on toric surfaces.

• Section 7 introduces the spaces of toric classes and toric currents on yT .

• Section 8 introduces and analyzes the pullback and pushforward actions induced
by a toric map on toric classes and currents.
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• Section 9 gives the proof of Theorem 1.1 as well as the statement and proof of an
equidistribution result for monomial maps that parallels Theorem 1.2.

• Section 10 provides the proofs of Theorems 1.2 and 1.4.

2. Background

Except where otherwise noted, a surface in this article will be a smooth complex
two-dimensional projective variety X , and a curve on X will be an irreducible one-
dimensional complex algebraic subset C � X . In this section, we give a quick sum-
mary of facts and terminology that we will rely on below concerning surfaces, currents
and rational maps.

2.1. Divisors and currents

For each surface X , we let Div.X/ denote the vector space of R-divisors on X and
DC1;1.X/ denote the cone of real positive closed .1; 1/ currents, endowing the latter
with the weak topology. We further let

D1;1.X/ WD DC1;1.X/ �DC1;1.X/

be the vector space generated by DC1;1.X/. This is non-standard, since it excludes
many closed .1; 1/ currents, but it suits our purposes for reasons that we will explain
shortly. We extend the weak topology on DC1;1.X/ to a topology on D1;1.X/ by
declaring that .Tj / � D1;1.X/ converges if and only if we can write

Tj D T
C

j � T
�
j ;

where .TCj /; .T
�
j / �DC1;1.X/ are both weakly convergent sequences. We freely con-

flate divisors with their associated integration currents.
Siu’s theorem [45] implies that any current in D1;1.X/ that is supported on a finite

union of curves is a divisor. Complementing this fact, the Skoda–El Mir theorem tells
us that if C � X is a curve and T 2 DC1;1.X n C/, then T is the restriction of a
positive closed .1; 1/ current on X precisely when the measure T ^ ! has finite mass
for some/any Kähler form ! on X . Under this condition, if T is expressed as a form
with measure coefficients, then extending each measure by zero to C gives the trivial
extension zT 2 DC1;1.X/ of T . See, e.g., [15, Theorem 2.3] for more details. We will
freely apply the Skoda–El Mir theorem to (non-positive) currents T 2 D1;1.X n C/

by writing
T D TC � T �
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with TC and T � 2DC1;1.X nC/ and checking the finite mass hypothesis for both TC

and T �.
We letH1;1

R .X/�H 2.X;R/ denote the set of cohomology classes ŒT � of currents
T 2 D1;1.X/. In the sequel all our surfaces will be rational, in which case H1;1

R .X/

andH 2.X;R/ coincide, and every class in either cohomology group is represented by
an R-divisor. By the dd c-lemma from Kähler geometry, two currents S;T 2D1;1.X/

are cohomologous if and only if there exists ' 2 L1.X/, locally given as a difference
of plurisubharmonic functions, such that

dd c' D T � S:

Recall that if Tj D T C dd c'j 2DC1;1.X/ is a sequence of positive closed currents, all
representing the same cohomology class ŒT � 2H1;1

R .X/, and the relative potentials 'j
are normalized so that

R
X
' dV D 0 relative to some volume form on X , then .Tj /

converges weakly if and only if 'j converges in L1.X/.
We let .˛ � ˇ/D .˛ � ˇ/X 2R denote the intersection pairing between cohomology

classes ˛; ˇ 2 H1;1
R .X/. A class ˛ is nef if .˛ �D/ � 0 for all effective D 2 Div.X/.

Every nef class ˛ satisfies
˛2 WD .˛ � ˛/ � 0:

If ˛ 2 H1;1
R .X/ n ¹0º has non-negative self-intersection and ˛? � H1;1

R .X/ denotes
the .�; �/-orthogonal complement of ˛, then the Hodge Index theorem says that ˇ2 � 0
for all ˇ 2 ˛? with equality if and only if ˇ is a multiple of ˛.

2.2. Rational maps

If f WX Ü Y is a rational map between surfaces X and Y , we let Ind.f / � X
denote the finite set of indeterminate points, where f cannot be continuously defined.
For each curve C � X , we let

f .C / WD f .C n Ind.f // � Y

denote the strict transform of C by f . This is either another curve or a single point. In
the latter case we call C exceptional for f . We will always assume that our rational
maps are dominant, i.e. that f .X n I.f // contains an open subset of Y . In this case,
there are only finitely many exceptional curves for f , and we let Exc.f / denote their
union.

The restriction f jC WC ! f .C / of f to any curve C is a holomorphic map that
is well defined even on Ind.f / \ C . A point p 2 X is indeterminate for f precisely
when the set

f .p/ WD ¹f jC .p/ W C � X is a curve containing pº

is not just a point but rather a finite, connected union of curves.
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The main reason for our non-standard definition of D1;1.X/ is that it allows
(see [17, Section 1.2]) us to associate to any rational surface map f WX Ü Y contin-
uous linear pushforward and pullback maps

f�WD1;1.X/! D1;1.Y / and f �WD1;1.Y /! D1;1.X/;

on closed .1; 1/ currents. Both maps preserve divisors and positivity. If T D dd c' is
cohomologous to zero, then f �T D dd c.' ı f / and f�T D dd cf�' are, too. Here

f�'.q/ WD
X

f .p/Dq

'.p/;

where the preimages are counted with multiplicity. Hence f � and f� descend to com-
patible linear maps

f�WH
1;1
R .X/! H

1;1
R .Y / and f �WH

1;1
R .Y /! H

1;1
R .X/

on cohomology classes. These are adjoint with respect to intersection: for all ˛ 2
H
1;1
R .Y /, ˇ 2 H1;1

R .X/, we have

.f �˛ � ˇ/X D .˛ � f�ˇ/Y :

It follows that f � and f� also preserve nef classes. Below (see Theorem 8.7 and its
consequence in the proof of Theorem 1.1) we make use of the following additional
fact from [19]. Recall that the topological degree dtop.f / of f WX Ü Y is the number
of preimages of a general point p 2 X .

Theorem 2.1. Let f W X Ü Y be a dominant rational map between surfaces X
and Y . Then the linear operator E�

f
WH

1;1
R .Y /! H

1;1
R .Y / defined by

E�f .˛/ D f�f
�˛ � dtop.f /˛

satisfies the following for any ˛ 2 H1;1
R .Y /:

• E�
f
.˛/ is represented by a divisor supported on f .Ind.f //;

• E�
f
.˛/ is effective whenever ˛ is nef;

• E�
f
.˛/ D 0 if and only if .˛ � C/ D 0 for all C � f .Ind.f //;

• .E�
f
.˛/ � ˛/ � 0 with equality if and only if E�

f
.˛/ D 0.

In the special case of birational morphisms � WX ! Y , i.e. finite compositions of
point blowups, pullback is an intersection isometry, satisfying

.��˛ � ��ˇ/X D .˛ � ˇ/Y
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for all ˛;ˇ 2H1;1
R .Y /. In particular, if Div.Exc.�//� Div.X/ denotes those divisors

supported on �-exceptional curves, then .� ; �/X is negative definite on Div.Exc.�//
and we have an orthogonal decomposition

H
1;1
R .X/ Š ��H

1;1
R .Y /˚ Div.Exc.�//:

A central difference between rational maps and morphisms is that pushforward
and pullback by rational maps do not necessarily respect composition.

Proposition 2.2 ([19, Proposition 1.13]). Suppose that gWX Ü Y and f WY Ü Z

are rational maps between surfaces. Then the following are equivalent:

• .f ı g/� D g� ı f � (on currents and/or classes);

• .f ı g/� D f� ı g� (on currents and/or classes);

• g.Exc.g// \ Ind.f / D ;.

2.3. Rational self-maps and dynamical degree(s)

When a rational map f WX Ü X has the same domain and range, the broad features
of its dynamics are governed by two numerical invariants. The topological degree
of f is the number of preimages dtop.f / WD #f �1.p/ � 1 of a general point p 2 X .
Of course, dtop.f

n/ D dtop.f /
n for all n 2 Z�0. The (first) dynamical degree �1.f /

of f similarly tracks the growth of preimages of curves, but the definition is more
elaborate.

Theorem 2.3 ([19, Proposition 1.18 and Remark 5.2]). If f WX Ü X is a rational
self-map of a surface X and D;D0 2 Div.X/ are ample divisors, then

�1.f / WD lim
n!1

.f n�D �D0/1=n

is well defined, independent of the choice ofD andD0 and satisfies �1.f /2 � dtop.f /.
If, moreover, 'WX Ü Y is birational, then �1.' ı f ı '�1/ D �1.f /.

In the case of plane rational maps f W P2 Ü P2, one checks that the formula
for �1.f / reduces to (1). The dynamical degree is difficult to compute in general
and can even take transcendental values (see [5]), but a further commonly satisfied
condition on f makes it easier to understand.

Definition 2.4. A rational self-map f WX Ü X is algebraically stable if

f n.Exc.f // \ Ind.f / D ; for all n � 1.

In light of Proposition 2.2, algebraic stability is equivalent to the condition that
.f �/n D .f n/� for all n 2 Z�0, and in this case, one shows (see [19, Section 5]) that
�1.f / is the (always real and positive) largest eigenvalue of f �.
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2.4. Lelong numbers and rational maps

We recall (see e.g. [15, Chapter 3]) that the Lelong number of a current T 2DC1;1.X/

at a point p 2 X is a non-negative real number �.T;p/ that is positive if and only if T
is ‘maximally concentrated’ at p. If, for instance, T is the current of integration over
a divisor D D

P
cjCj 2 Div.X/, then �.T; p/ is positive at every p 2 suppD, and

equal to cj at general points of the component Cj . If, on the other hand, T 2DC1;1.X/

does not charge any curves in X , then the set ¹p 2 X W �.T; p/ > cº is discrete and
closed for any c > 0.

We will repeatedly use the following fact established in [25].

Lemma 2.5. Let gWX Ü Y be a dominant rational map between complex surfaces
X and Y , and T be a positive closed .1; 1/ current on Y . Then there exists a constant
C > 0 such that for any p 2 X n Ind.g/, we have

�.T; g.p// � �.p; g�T / � C�.T; g.p//:

If g is locally finite near p, then it suffices to take C to be the local topological degree
of g about p.

3. Toric surfaces

Let T Š .C�/2 denote the two-dimensional complex algebraic torus. For our pur-
poses, a surface X is toric if it is ‘marked’ with an embedding T ,! X such that the
natural action of T on itself extends holomorphically to an action on all of X . In this
section we review some needed facts about such surfaces. A much more comprehen-
sive, and by now standard, treatment of toric varieties may be found in [33].

Following common convention, we let N Š Z2 denote the dual of the charac-
ter lattice for T and NR WD N ˝ R Š R2. If TR � T denotes the maximal com-
pact subgroup, a real two-dimensional torus, then we may fix a group isomorphism
T=TR ! NR (unique up to multiplication by a non-zero real number) and we let
LogWT ! NR denote the quotient ‘tropicalization’ map. Haar measure on TR extends
to a T -invariant holomorphic two form on T that we will denote by � and use below
to regularize closed currents and their potentials.

Any toric surface X (smooth and projective, and therefore normal and compact,
per our conventions for surfaces at the beginning of Section 2) is given by its fan, i.e.
a finite partition

†.X/ D ¹0º [†1.X/ [†2.X/;

of NR.X/ into open 0, 1 and 2-dimensional cones, each of which is ‘rational’ in
the sense that its closure is generated by elements of N . In particular, the curves
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C� � X n T are indexed by the rays � 2 †1.X/. Since they are simple poles for the
two form �, we will call these curves poles of X . All other curves C � X , i.e. those
for which C \ T ¤ ; will be internal. We likewise call points in X internal if they
lie in T and external if they do not.

We callD 2Div.X/ an external divisor if it is supported entirely on poles, writing
Dext.X/ for the set of all external divisors. For example, when regarded as a mero-
morphic two form on X , the divisor of � is external equal to �

P
�2†1.X/

C� . One
associates to any external divisor

D D
X

�2†1.X/

c�C� 2 Div.X/

its support function DWNR!R, which is uniquely specified by declaring D.v/Dc�
when v 2N is the primitive vector that generates a ray � 2†1.X/ and then extending
linearly and continuously to each cone in †.X/. By definition  D is non-negative if
and only if D � 0 is effective. We further have that

• D 2 Dext.X/ is principal if and only if  D is linear;

• D 2 Dext.X/ is nef if and only if  D is convex;1

• every D 2 Div.X/ is linearly equivalent to an external divisor.

Combining all three of these assertions we see that any nef divisor D 2 Div.X/ is
linearly equivalent to an effective external divisor, i.e. one with a non-negative convex
support function.

Poles C�1 ; C�2 � X intersect if and only if �1 and �2 are adjacent rays in †1.X/.
The unique point of intersection is then invariant by the action of T , and we denote it
by p� , where � 2 †2 is the sector bounded by �1 and �2. Smoothness of X at p� is
equivalent to the condition that the primitive elements v1; v2 2 N generating �1 and
�2 form a basis for N . The generators of the cone dual to � in the character lattice
for T give an isomorphism of algebraic groups T ! .C�/2, and this extends to a
‘distinguished’ holomorphic coordinate system

.x1; x2/WX n
[

�¤�1;�2

C� ! C2

about p� in which C�j D ¹xj D 0º.
If p� 0 D C� 0

1
\ C� 0

2
2 X is another T -invariant point, and v01; v

0
2 2 N are the

primitive vectors generating the rays � 01; �
0
2, then the transition between distinguished

coordinates about p� to those about p� 0 is given by the birational monomial map

.x01; x
0
2/ D hA.x1; x2/ WD

�
x
A11
1 x

A12
2 ; x

A21
1 x

A22
2

�
;

1Recall that a divisor is nef if its intersection with any effective divisor is non-negative.
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where A 2 GL.2;Z/ is the matrix for changing basis from ¹v1; v2º to ¹v01; v
0
2º. In any

case, we normalize Log and � so that in (any) distinguished coordinates, we have

Log.x1; x2/ D � log jx1jv1 � log jx2jv2 and � D ˙
1

4�2
dx1 ^ dx2

x1x2
: (2)

In what follows, we let Xı WD X n ¹p� W � 2 †2.X/º denote the complement of the
T -invariant points of X . Similarly, if C� � X is an pole, we let C ı� D C� \X

ı Š C�

be the complement of the two T -invariant points of C� .

3.1. Inverse limits of toric surfaces

If X and Y are toric surfaces, we let �XY WX Ü Y be the birational map extending
idWT ! T via the markings of X and Y . For each � 2 †1.Y / \ †1.X/, we have
�XY .C� / D C� , and for each � 2 †1.X/ n †1.Y / we have �XY .C� / D p� , where
� 2†2.Y / is the unique sector containing � . We writeX � Y , sayingX dominates Y
if �XY is a morphism, i.e. †1.Y / � †1.X/. In this case �XY is a homeomorphism
over the complement Y ı of the T -invariant points of Y .

Since for any two toric surface there is a third toric surface dominating both, it
follows that the set of all toric surfaces forms a directed set with the partial order �.
Following e.g. [10, 12], we may thus consider the inverse limit yT of all toric sur-
faces X . A point p 2 yT is given by a collection ¹pX 2 Xº consisting of one point
from every toric surfaceX and subject to the compatibility condition �XY .pX /D pY
whenever X � Y .

We give yT the product topology, declaring that pj ! p 2 yT if for every X , we
have pj;X ! pX . It follows from Tychonoff’s theorem that, as the inverse limit of
compact Hausdorff spaces, yT is compact. The T -action on individual toric surfacesX
is compatible with the ordering � and so ascends to a continuous action of T on yT .
We let yT ı � yT denote the points which are not fixed by this action.

For any particular toric surfaceX , we let � yTX W yT !X denote the continuous sur-
jection that assigns a point p to its representative pX 2 X . By construction, � yTX is a
homeomorphism overXı whose inverse gives a canonical inclusionXı ,! yT ı. These
inclusions are compatible for different toric surfaces, we henceforth regard Xı as
subset of yT ı; in particular, T � yT ı and C ı� � yT

ı for every rational ray � � NR. The
following is more or less immediate from the discussion above.

Proposition 3.1. The complement yT ı of the T -invariant points of yT is given by
yT ı D

S
X X

ı, where the union is over all toric surfaces. In particular, yT ı is a (non-
algebraic) complex surface. Furthermore,

(1)
T
X X

ı D T ; and

(2) yT ı n T D t�C ı� , where the union is over rational rays � � NR.
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We will call points in yT ı realizable, saying that a toric surface X realizes p 2 yT ı

if p 2 Xı. As with points in toric surfaces, we continue to call points in T � yT

internal and points in yT nT external. Internal points are realized in every toric surface.
A realizable external point p 2 C ı� is realized in every toric surface X for which
� 2 †1.X/.

The non-realizable, i.e. T -invariant, points of yT , are accounted for as follows.

Proposition 3.2. For each rational ray � �NR, the closureC� WD xC ı� contains exactly
two distinct T -invariant points. For any toric surface X with � 2 †1.X/, the restric-
tion of � yTX to C� is a homeomorphism onto the pole of X with the same name.

On the other hand, there is a bijective correspondence between T -invariant points
p� 2 yT not contained in poles of yT and irrational rays � � NR. That is, p D p�

is represented in each toric surface X by the T -invariant point p� determined by
� � � 2 †2.X/.

We declare a (necessarily closed) subsetC� yT to be a curve ifCXWD� yTX .C /�X
is a curve for sufficiently dominant toric surfaces X . That is, for any toric surface Z,
there exists Y �Z such that CX is a curve for allX � Y . We say that such surfacesX
realize C , and will typically drop the subscript where there is little risk of confusion,
letting C also denote its representative in X .

Hence, poles C� � yT are curves realized by any surface X for which � 2 †1.X/.
All other curves C � yT are internal with non-trivial intersection C \ T . An internal
curve C is realized by every toric surface, and its representatives CX � X are them-
selves internal curves. There is, however, a significant distinction to be made among
these representatives. The following can be proved inductively by repeatedly blowing
up T -invariant points on an internal curve.

Proposition 3.3. If C � yT is internal, then on sufficiently dominant toric surfacesX ,
the representative CX contains no T -invariant points. In this case � yTX WC ! CX is
a homeomorphism, and if Y is another sufficiently dominant surface, the restriction
�XY jCX WCX ! CY is an isomorphism.

When there are no T -invariant points in CX , we say X fully realizes C . In this
case, the intersection number .CX � C 0X /X between CX and the representative of any
other curveC 0 � yT does not depend onX . We therefore write .C �C 0/ WD .CX �C 0X /X
without the subscripts.

Corollary 3.4. Let C � yT be an internal curve and X be a toric surface fully realiz-
ing C . Then C meets a pole C� � yT only if � 2 †1.X/, andX

�2†1.X/

.C � C� / v� D 0 2 NR;
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where v� generates N \ � . In particular, C meets at least two poles C�1 ; C�2 � yT ,
and if there are no others, then �2 D ��1.

Proof. Note that T contains no compact curves, soC meets at least one external curve
in X . Hence all but the displayed formula in the corollary is clear. The formula itself
holds because .C � D/X D 0 for every principal divisor D 2 Div.X/, and external
divisors are principal if and only if they have linear support functions  DWNR ! R,
concluding the proof.

To close this section, we point out that the only curves in yT that contain T -
invariant points of yT are poles. Hence T -invariant points that are not contained even
in poles, i.e. those indexed by irrational rays � � NR, play very little role in what
follows.

4. Toric maps

Here we recall and extend facts about a class of rational self-maps on toric surfaces
that was studied at length in [20]. Recall from Section 3 that � denotes the holomor-
phic two form on T that restricts to Haar measure on TR.

Definition 4.1. A toric map is a rational map f WT Ü T such that f �� D �.f /�
for some constant �.f / 2 C�. We call �.f /, the determinant of f .

Theorem 4.8 below makes clear that the determinant of a toric map is always an
integer and, furthermore, equal to˙1 if f is birational. One checks that any monomial
map hAWT ! T is toric with �.hA/ D detA. A map f WT ! T is a translation if
it is given by f .x/ D xy for some y 2 T . A translation is toric with �.f / D 1 and
extends to an automorphism on each toric surface. We will refer to the (still toric)
composition of a translation and a monomial map as a shifted monomial map. Many
shifted monomial maps are birational, but it turns out that there are birational toric
maps beyond just these.

Example 4.2. The map gWP2 Ü P2 given in affine coordinates by

g.x1; x2/ D

�
x1
1 � x1 C x2

x1 C x2 � 1
; x2

1C x1 � x2

x1 C x2 � 1

�
is a toric involution with determinant �.g/ D 1.

See [7] for a simple presentation of the group of birational toric maps. A compo-
sition of toric maps is toric, so they include the semigroup generated by monomial
maps and birational toric maps. We do not know whether there are any toric maps
outside this semigroup.
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If f WT Ü T is toric and X and Y are toric surfaces, then we let fXY WX Ü Y

denote the unique extension of f to a rational map between X and Y . If X 0 � X and
Y 0 � Y are other toric surfaces, then fX 0Y 0 and fXY are compatible with transitions;
i.e.

fXY ı �X 0X D �Y 0Y ı fX 0Y 0 ;

on the Zariski open subset of X 0 where both sides are defined. We therefore obtain a
partially defined ‘rational’ map yf W yT Ü yT .

Specifically, let p 2 yT be a point such that for any toric surface Y there exists
another toric surface X such that pX … Ind.fXY /. Then we let yf .p/ 2 yT be the point
for which yf .p/Y D fXY .pX /. Compatibility guarantees that this is independent of
the choice of X . The map yf acts similarly on curves C � yT . That is, for any toric
surface Y , we set yf .C /Y D yf .CX / where X is a toric surface sufficiently dominant
that CX is a curve. Indeed the restrictions fXY jCX also give us a holomorphic restric-
tion yf jC WC ! yf .C /. The actions of yf on curves and points are consistent in the
sense that if C � yT is a curve and p 2 C is a point at which yf is well defined, then
yf .p/ D . yf jC /.p/ 2 yf .C /.

The assumption that f is toric allows us to say much more about yf . We recall the
following collection of observations from [20].

Theorem 4.3. Let f WT Ü T be a toric rational map andX and Y be toric surfaces.

(1) For each internal curve C � X , either fXY .C / is also an internal curve and
fXY is unramified about C ; or C � Exc.fXY / and fXY .C / is an external
point of Y .

(2) For each pole C� � X , either fXY .C� / is a pole of Y or C� � Exc.fXY / and
fXY .C� / is a T -invariant point of Y .

(3) For sufficiently dominant Y 0 � Y , all curves in Exc.fXY 0/ are internal, and
the image of each lies in Y 0ı.

It follows from the first conclusion of this theorem that the collection of internal
exceptional curves of fXY is independent ofX and Y . We let Exc. yf /� yT denote the
union of these and call each of them persistently exceptional for yf . Theorem 4.3 and
our definition of yf W yT Ü yT directly yield the following.

Corollary 4.4. Let f WT Ü T be a toric rational map. Then Exc. yf / consists of
finitely many internal curves and the image of each is a point in yT ı nT . IfC 6�Exc. yf /
is some other curve in yT , then yf .C / is also a curve, and yf .C / is internal (respec-
tively, a pole) if and only if C is.

Focusing on images of points rather than curves, we also have the following
from [20].
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Theorem 4.5. Let f WT Ü T be toric and X and Y be toric surfaces and p 2 X be
a point.

• If p … Exc.fXY / [ Ind.fXY / is internal, then fXY .p/ is internal, and fXY is a
local isomorphism about p.

• If p … Exc.fXY /[ Ind.fXY / is external, then so is fXY .p/, and p is T -invariant
if and only if fXY .p/ is.

• If p 2 Ind.fXY / is not T -invariant, then fXY .p/ is a finite union of internal
curves.

• For sufficiently dominant toric surfaces X 0 � X , no points of Ind.fX 0Y / are
T -invariant.

It follows from the last two conclusions of this theorem that yf is well defined and
continuous off a finite subset Ind. yf /� yT ı, whose elements we call persistently inde-
terminate points for yf . We define the image of each p 2 Ind. yf / by yf .p/ D fX 0Y .p/
for X 0 sufficiently dominant.

Corollary 4.6. Let f WT Ü T be toric. Then for each p 2 Ind. yf /, the image yf .p/ is
a finite union of internal curves. If p 2 yT n .Ind. yf /[ Exc. yf //, then p is internal (or
external or T -invariant) if and only if yf .p/ is, and in the case where p is internal yf
is a local isomorphism about p.

The following result will be used below to prove Proposition 4.13

Lemma 4.7. For any toric map f , we have Ind. yf / � Exc. yf /. If, moreover, ˛ 2
T \ Ind. yf / is internal, then

yf .˛/ n T � yf .Exc. yf //: (3)

If on the other hand ˛ 2 Ind. yf / n T is external, contained in the pole C� , then

yf .˛/ n T � yf .Exc. yf // [ yf jC� .˛/: (4)

Proof. Fix a toric surface X sufficiently dominant that X realizes Ind. yf / and fully
realizes each curve in yf .Ind. yf //. Projection � yTX W yT ! X restricts to a homeomor-
phism on small neighborhoods of ˛ and yf .˛/, so we can conflate yf and fXX : if
� � X �X is the graph of fXX and �1; �2W� ! X are projections onto domain and
range, then yf D fXX D �2 ı �

�1
1 on a neighborhood U 3 ˛ chosen small enough

that Ind. yf / \ U D ¹˛º and that any persistently exceptional curve that meets U also
contains ˛. Let ˇ 2 yf .˛/ n T be an external point.

Supposing first that ˛ 2 Ind. yf / \ T , we may assume U � T . We have

ˇ 2 yf .˛/ D �2.�
�1
1 .˛// � �2.�

�1
1 .U //:
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But since U � T and f is toric, we have that

�2.�
�1
1 .U // n T � yf .Exc.f // [ yf .Ind. yf // n T

is finite. In particular, ˇ does not lie in the interior of �2.��11 .U //. As ��11 .U / is
open in � , it follows that there is curve E � � that meets but is not entirely contained
in ��11 .U / such that �2 contracts E to ˇ. It follows that �1.E/ � X is internal and
contracted by yf to ˇ. So ˇ D yf .Exc. yf //, i.e. (3) holds. And since �1.E/ meets U ,
we have ˛ 2 E � Exc. yf /.

Now suppose ˛ 2 Ind. yf / n T is external, contained in the pole C� . We can
assume in this case that U n T � C ı� and that ˛ is the only possible preimage in U
of ˇ by f jC� . The argument from the previous paragraph shows again that if ˇ 2
�2.�

�1
1 .U // is not an interior point, then ˇ 2 yf .E/ \ C ı� 0 for some persistently

exceptional curve E containing ˛ and some pole C� 0 � yT . If, on the other hand, ˇ is
an interior point of �2.��11 .U //, it contains a relative neighborhood W of ˇ in C� 0 .
Since f is toric, there is finite subset S � W such that yf �1.W n S/ \ T D ;, and
therefore yf �1.W n S/ � C �� . Hence Af .�/ D � 0 and W � yf jC� .U \ C� /. Neces-
sarily then ˇ D f jC� .p/ for some p 2 U \ C� , and by our choice of U , we conclude
that p D ˛. Hence (4) holds. In particular, by Corollary 3.4 we see that there is at least
one point of yf .˛/ different from f jC� .˛/. So again ˛ 2 Exc. yf /

Let C � yT be a curve that is not persistently exceptional for yf . Compatibility
with transition maps implies that the ramification Ram. yf ;C / WDRam.fXY ;C /2Z>0
of fXY about C is the same for all toric surfaces X and Y that realize C and yf .C /.
Corollary 4.6 further implies that Ram. yf ; C / D 1 for internal C . One can say much
more about ramification and other aspects of the behavior of yf on poles.

Theorem 4.8 ([20, Theorem 6.18]). If f WT Ü T is a toric map, then there exists
a finite set †1.f / of rational rays � 2 NR and a continuous self-map Af WNR ! NR

with the following properties:

(1) Af is ‘integral’, i.e. Af .N / � N .

(2) If � � NR is a sector that omits all � 2 †1.f /, the restriction Af j� is linear
with detAf j� D ˙�.f /.

(3) For any curve C� � yT n T , we have yf .C� / D CAf .�/.

(4) If v; v02N are the primitive vectors generating the rational rays �; Af .�/ �
NR, then the ramification of yf about the pole C� is given by

Ram. yf ; C� / D kAf .v/k=kv0k;

and yf WC ı� ! C ı
Af .�/

is a covering of degree j�.f /j=Ram. yf ; C� /. Hence yf
has local topological degree �.f / on a neighborhood of any pole.

(5) Af WNR n ¹0º ! NR n ¹0º is a covering map with degree dtop.f /=j�.f /j.
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We will call the map Af in Theorem 4.8 the tropicalization of the toric map f .
Tropicalization is functorial, i.e. if gWT Ü T is also toric, then Af ıg D Af ı Ag .

Proof. Let X and Y be toric surfaces, with X sufficiently dominant that Ind.fXY / D
Ind. yf / contains no T -invariant points, and X fully realizes each persistently excep-
tional curve.

Fix a sector � 2 †2.X/ bounded by rays �1; �2 2 †1.X/. Then fXY is holo-
morphic about p� with fXY .p� / D p� 0 for some sector � 0 2 †2.Y /. Our setup also
ensures for each j D 1; 2 that fXY either contracts C�j to p� 0 or has image fXY .C�j /
equal to one of the poles in Y that contain p� 0 . In either case, we may assume that
the rays � 01; �

0
2 bounding � 0 are ordered so that fXY .C�j / � C� 0j . It follows that if we

work in distinguished coordinates about p� 2 X and p0� 2 Y , then fXY is given by

.y1; y2/ D fXY .x1; x2/ D
�
xa1x

b
2f1.x1; x2/; x

c
1x
d
2 f2.x1; x2/

�
; (5)

where a; d > 0 and b; c � 0 are integers and f1; f2 are rational functions that are
holomorphic near .0;0/ and do not vanish identically on either axis ¹xj D 0º. Since p�
is not contained in a persistently exceptional curve, it further follows that f1; f2 are
non-vanishing on a neighborhood of .0;0/. The two form � has the same expression in
any distinguished coordinate system, so we find after some further computation that
the equation f �� D �.f /� becomes

.ad � bc C e.x1; x2//
dx1 ^ dx2

x1x2
D ˙�.f /

dx1 ^ dx2

x1x2
;

where e.x1; x2/ is a rational function that vanishes at .0; 0/. Hence e vanishes identi-
cally, and we see that ad � bc D ˙�.f /.

Now if v1; v2 2 N are the primitive vectors generating �1; �2, then any ray � � x�
is generated by a primitive vector v D ˛1v1 C ˛2v2 for non-negative integers ˛1; ˛2.
That isC� corresponds to the one parameter subgroup 
vW t 7!tv WD.t˛1 ; t˛2/ of .C�/2.
A little further computation shows that

f .
.v// D m.t/tAv;

where A D
�
a b
c d

�
and m is holomorphic and non-vanishing near 0. As was observed

in the appendix of [20], this implies that f .C� / D CA� . Hence Af is given on � by a
linear transformation with integer matrix A satisfying detA D ˙�.f /. The first three
conclusions follow with †1.f / WD †1.X/. Note that continuity of Af follows from
the fact that the finitely many closed sectors x� bounded by rays in †1.X/ cover NR.

To prove statement (4), let C� 0 D f .C� /. We refine our initial setup, requiring
in addition that � 2 †1.X/ and � 0 2 †1.Y /. We choose � 2 †2 so that �1 D � is a
bounding ray for � and again let p� 0 D fXY .p� /. Then � 0 must be a bounding ray
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for � 0, and we index so that � 0 D � 01. In this case, we have in distinguished coordinates
that

fXY
�
¹x1 D 0º

�
D fXY .C�1/ D C� 01

D ¹y1 D 0º:

Hence in (5), the exponent c vanishes, and one sees that

j�.f /j D j detAj D jad j D Ram
�
fXY ; ¹x1 D 0º

�
� deg.fXY jx1D0/

D Ram. yf ; C�1/ � deg. yf jC�1 /:

Statement (4) follows from this and the fact that .0; 1/ is the primitive generator for
the rays indexing both ¹x1 D 0º and ¹y1 D 0º.

Since general points inX have dtop.f / preimages, and the local topological degree
about any pole is j�.f /j, we see that every pole in yT has exactly dtop.f /=j�.f /j

preimages under yf . That is, every rational ray in NR has exactly dtop=j�.f /j preim-
ages under Af . Linearity of Af fails only about rational rays, so we conclude that
every irrational ray in NR has dtop.f /=j�.f /j preimages, too. Hence

Af WNR n ¹0º ! NR n ¹0º

is a covering of degree dtop.f /=j�.f /j.

Before proceeding we make a further observation concerning the proof of The-
orem 4.8. Namely, in (5), the functions f1; f2 have no poles or zeros on the axes
¹xj D 0º, so if no pole or zero of fj meets .C�/2, then fj is constant. Such poles or
zeros are precisely the internal curves of Exc.fXY /, i.e. they constitute the persistent
exceptional set of the induced map yf W yT Ü yT . This gives us the following further
conclusion.

Corollary 4.9. If f WT Ü T is toric, then yf W yT Ü yT has no persistently excep-
tional curves if and only if it is a shifted monomial map.

Let us return to the examples introduced at the beginning of this section, iden-
tifying persistently exceptional curves, indeterminate points and tropicalizations for
each of them. Monomial maps hAWT ! T are self-coverings of T . Hence Exc.yhA/D
Ind.yhA/ D ;, and one sees directly from the arguments in the proof of Theorem 4.8
that the tropicalization of hA is AhA D A.

One checks that the internal, and therefore persistently exceptional curves, of
the birational toric map gWT ! T in Example 4.2 are the lines joining the points
Œ1; 1; 0�; Œ1; 0; 1�; Œ0; 1; 1� 2 P2 and that, as a self-map of P2, g sends each of these
lines to the intersection of the other two. As g is an involution, it follows that

Ind.yg/ D
®
Œ1; 1; 0�; Œ0; 1; 0�; Œ0; 0; 1�

¯
:
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One further checks that in distinguished coordinates .x1; x2/ about any of the three
T -invariant points Œ1; 0; 0�; Œ0; 1; 0�; Œ0; 0; 1� 2 P2, we have g.x1; x2/ D .x1f1; x2f2/,
where the fj are holomorphic near .0; 0/. Hence, Ag D id. These facts were all
observed in [20] and [5].

Compositions of the form g ı hA furnished the central examples in [5], where it
was shown that the first dynamical degree of a rational surface map can be transcen-
dental. So we revisit these here.

Example 4.10. Let f WD g ı hAWT Ü T , where g is the involution in Example 4.2
and hA is monomial. Let yf W yT Ü yT be the induced map. Then

• Af D A;

• Ind. yf / D h�1A .Ind.yg// consists of three free points, one in each pole C� , A� 2
†1.P2/, and yfA.Ind. yf // D Exc.yg/;

• Exc. yf / D yh�1A .Exc.yg// consists of three internal curves, is compatible with any
toric surface containing Ind. yf /, and has image yf .Exc. yf //Dyg.Exc.yg//DInd.yg/;

Definition 4.11. A toric map f W T Ü T is internally stable if the induced map
yf W yT Ü yT satisfies yf n.Exc. yf // \ Ind. yf / D ; for all n 2 Z�0.

It follows from definitions that if f is internally stable, then

Ind. yf n/ D
n�1[
jD0

yf �j .Ind. yf // and Exc. yf n/ D
n�1[
jD0

yf �j .Exc. yf //:

One way to verify internal stability is to show (if possible) that if C� � yT is
a pole containing the image of a persistently exceptional curve, then no pole in its
forward orbit yf n.C� /, n � 0 contains a persistently indeterminate point. This works
in particular for the maps from [5].

Corollary 4.12. Suppose the map f in Example 4.10 has matrix A D
�

Re � � Im �
Im � Re �

�
corresponding to multiplication by a Gaussian integer � D j�je2�i� with � … Q.
Then f is internally stable on yT .

Proof. Since � is irrational and all three rays in †1.P2/ meet the horizontal axis at
rational angles, we have for any �; � 0 2 †1.P2/ that An� ¤ Am� 0 for any n¤ m 2 Z.
Hence the stability assertion follows from the fact that Ind. yf / consists of free points
in poles CA�1� , � 2 †1.P2/, whereas for each n � 1, yf n.Exc. yf // consists of free
points in poles CAn�1� , � � †1.P2/.

The next result allows us to use the tropicalization of a toric map f to bound the
rate at which orbits .f n.p// escape T .
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Proposition 4.13. If f WT ÜT is toric, then for any neighborhoodU of yf .Exc. yf //,
there exists R > 0 such that

kLog ıf .p/k � kAf ı Log.p/k CR or f .p/ 2 U (6)

for each p 2 T n Exc. yf /. Similarly, for any neighborhood V of Ind. yf / n T , there
exists R > 0 such that

kLog ıf .p/k � kAf ı Log.p/k �R or p 2 V: (7)

Proof. Note that by Corollary 4.6 and Lemma 4.7, the restriction p 2 T n Exc. yf /
implies that yf .p/ D f .p/ 2 T . In order to compare the behavior of f with that
of Af , we choose a toric surface Y sufficiently dominant that it realizes all points in
Ind. yf / and yf .Exc. yf // and fully realizes all curves in Exc. yf / and yf .Ind. yf //. Then
we chooseX � Y so that, additionally, Ind.fXY /D Ind. yf /, i.e. so that no T -invariant
point in X is indeterminate for fXY .

Let � �†2.X/ be any sector and �1; �2 2†1.X/ be its bounding rays. Let .x1;x2/
be distinguished coordinates about p� such that xj vanishes alongC�j , j D 1;2. Since
p� … Ind.fXY /, we have Af .�/ � � 0 for some � 0 2 †2.Y /. Therefore, if .y1; y2/ are
distinguished coordinates for Y about p� 0 , we have as in the proof of Theorem 4.8
that

.y1; y2/ D fXY .x1; x2/ D
�
xa1x

b
2f1.x1; x2/; x

c
1x
d
2 f2.x1; x2/

�
;

where a; d > 0 and b; c � 0 are integers and f1; f2WC2 Ü C are rational functions
that are holomorphic near .0; 0/ and do not vanish identically on either axis ¹xj D 0º.
If vj � �j , j D 1; 2 generate �j \N and v0j � �

0
j generate � 0j \N , then Af W x� ! x� 0 is

given as before by the integer matrixAD
�
a b
c d

�
relative to the bases v1; v2 and v01; v

0
2.

From (2), one therefore computes for x D .x1; x2/ 2 C2 that

kLog ıf .x/ � Af ı Log.x/k D k � log jf1.x/jv01 � log jf2.x/jv02k:

The zeros and poles of f1 and f2 are just the persistently exceptional curves of yf .
Hence if � is any neighborhood of Exc. yf /, and P � X is any bounded coordi-
nate polydisk about .0; 0/, we have that both (6) and (7) hold for some R > 0 on
P \ T n�. Indeed, X is covered by finitely many such polydisks, so both equations
hold on all of T n�.

Since yf .Exc. yf // \ T D ; and yf is continuous on Exc. yf / n Ind. yf /, we have

lim
p!q
kLog ıf .p/k D 1

uniformly for all q in any compact subset of Exc. yf / n Ind. yf /. So (7) holds for some
R D R.V / > 0 outside any given neighborhood V � yT of Ind. yf /, as asserted.
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Completing the proof of (6) is trickier. Since yf �1.U /D f �1XY .U / contains a neigh-
borhood of Exc. yf / n Ind. yf /, it suffices to check the desired bound on a small enough
neighborhoodU˛ of each of the finitely many points ˛ 2 Ind. yf /. When ˛ 2T is inter-
nal, we can arrange (6) trivially, by setting R > Log.˛/ and choosing a neighborhood
whose points all satisfy Log.p/ < R. So we can assume ˛ 2 Ind. yf / is external.

Revisiting our choices of distinguished coordinates above, we pick � 2 †2.X/
and �j 2 †1.X/ so that C�1 is the unique pole containing ˛, i.e. ˛ D .0; x2/ for some
x2 2 C�. Since Y fully realizes yf .˛/, we have that Af .�1/ 2 †1.Y / is one of the
rays, say � 01, bounding � 01. Hence in coordinates

ˇ WD yf jC�1 .˛/ D fXY .0; x2/ D .0; y2/:

Given "> 0, letBˇ ."/� Y be the open distinguished coordinate ball about ˇ. Then by
Lemma 4.7, there exists ı > 0 and R > 0 such that if B˛.ı/ � X is the corresponding
ball about ˛, then

fXY .B˛.ı// \ ¹Log < Rº � U [ Bˇ ."/;

where U is the open set in (6). So it suffices to verify the bound in (6) only for p 2
W WD B˛."/\ f

�1
XY .Bˇ ."//. Since ˇ … yf .Exc. yf //, we can assume " is small enough

that W n ¹˛º is disjoint from all persistently exceptional curves. And as ˇ D .0; y2/
with y2 ¤ 0, we can further assume that jf1j, jf2j and j1=f2j are all bounded above
on W n ¹˛º. To conclude, we must show that j1=f1j is likewise bounded on W n ¹˛º.

Let � W zX ! X be a birational morphism that resolves the indeterminacy of fXY
at ˛, lifting fXY to a holomorphic map zf W��1.B˛.ı//! Y . Hence

zW WD ��1.B˛.ı// \ zf
�1.Bˇ ."//

is an open set such that �. zW / D W . The corresponding lift zf1W ��1.B˛."//! P1

of f1 is then well defined everywhere, so its zeros and poles are disjoint. As W n ¹˛º
avoids persistently exceptional curves, the set ¹ zf1 D 0º \ zW is compact, equal to
a finite union of curves in ��1.˛/. But the intersection form on ��1.˛/ is neg-
ative definite whereas a compact principle divisor has vanishing self-intersection,
so ¹f1 D 0º \W must be empty. Shrinking " further therefore guarantees that 1=j zf1j
is bounded on zW . Hence 1=jf1j is bounded on W n ¹˛º, and the proof of (6) is com-
plete.

5. Irrational rotation and volume

As we saw in Theorem 4.8, the tropicalizationAf WNR!NR of a toric map f WTÜT

always restricts to a self-cover of the punctured plane NR n ¹0º with degree dtop.f /

j�.f /j
.
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In the semigroup generated by birational toric and monomial maps (i.e. in all exam-
ples that we know) it always happens that �.f /D˙dtop.f /, i.e. that Af is actually a
homeomorphism. In this case, we obtain an induced homeomorphism

zAf W v 7!
Af .v/

kAf .v/k

of the unit circle ¹kvk D 1º. Abusing terminology slightly, we refer to the rotation
number of zAf as the rotation number of Af . We recall the following result from [20].

Theorem 5.1 ([20, Theorem F]). Suppose f WT Ü T is a toric surface map, and
that the tropicalization Af of f is a homeomorphism. Then some iterate of f is
birationally conjugate to an algebraically stable rational map fX WX Ü X on some
(not necessarily toric) rational surface X if and only if the rotation number of Af is
rational.

In particular, when Af is a homeomorphism with rational rotation number, the
equidistribution results [17, Corollaries 2.11 and 3.5] imply that (after replacing f
by an iterate) normalized forward and backward images of curves are asymptotic to
f -invariant currents T � and T� on X . Theorems 1.2 and 1.4 therefore address the
complementary case in which no equidistribution has been previously established.
Here we take a key step toward proving these theorems by showing that iterates of a
toric surface map that satisfies the hypothesis of Theorem 1.2 cannot shrink or expand
volume too quickly. It will be helpful to briefly consider a broader context and to
introduce some ad hoc terminology.

Definition 5.2. Let X be any complex projective surface endowed with a smooth
volume form, and RWX Ü X be a dominant rational map. Given � � 1, we say that

• R has lower volume exponent � � 1 if there exists a > 0 such that

VolR.S/ � .aVolS/�

for any measurable S � X ;

• R has dynamical lower volume exponent � � 1 if there exist a; b > 0 such that

VolRn.S/ � .aVolS/b�
n

for any n � 0 and measurable S � X .

Similarly, R has upper volume exponent � � 1 if there exists a > 0 such that
VolR.S/ � a.Vol S/� and dynamical upper volume exponent � � 1 if there exists
a; b > 0 such that VolRn.S/ � a.VolS/b�

n
for any measurable S � X .

The definitions of dynamical upper and lower volume exponents are tailored to
our needs. The role of the constant a is therefore not very symmetric between them.
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Note that upper volume exponents are smaller than lower exponents, and in no case
does a volume exponent need to be optimal. Since different volume forms on X are
uniformly multiplicatively comparable, the choice of volume form does not affect
which � are (dynamical) upper or lower volume exponents.

Proposition 5.3. Let X be a complex projective surface with a smooth volume form
and RWX Ü X be a dominant rational mapping. Then

(i) R has both an upper and a lower volume exponent;

(ii) RWX Ü X has dynamical lower (respectively, upper) volume exponent �
if and only if some iterate Rk WX Ü X has dynamical lower (respectively,
upper) volume exponent �k;

(iii) if R1WX Ü X has dynamical lower (respectively, upper) volume exponent
� > 0 and R2W Y Ü Y is birationally conjugate to R1, then R2 also has
dynamical lower (respectively, upper) volume exponent �.

Proof. Let � W zX ! X be a birational morphism lifting R to a holomorphic map
zRW zX ! X . Then Vol �. zS/ � C Vol. zS/ for any measurable zS � zX . Hence, exis-
tence of a lower volume exponent for R follows from applying well-known estimates
for holomorphic maps zR. See e.g. [8, Section 5], [29, Sections 6 and 7]) for more
details. Reversing the roles of � and zR gives an upper volume exponent. We establish
the two remaining conclusions only for dynamical lower volume exponents since the
arguments for upper exponents are similar.

If RWX Ü X has dynamical lower volume exponent � � 1, then by defini-
tion Rk has dynamical volume exponent �k for any k � 1. Conversely, suppose Rk

has dynamical lower volume exponent �k , i.e. for some a; b > 0, any measurable
S � X and any m � 0,

VolRmk.S/ � .aVolS/b�
mk

:

Having already proved part (i), we apply it to find 
 � 1 and a0 > 0 such that for any
measurable S � X , we have Vol.Rr.S// � .a0VolS/
 for any 0 � r < k. Given any
integer n D kmC r � 0 with 0 � r < k, we then have

VolRn.S/ �
�
aVolRr.S/

�b�mk
�
�
a.a0VolS/


�b�mk
� .a00VolS/B�

n

;

where B D b
 and a00 D a1=
a0. So � is a dynamical lower volume exponent for R.
Suppose finally that  WX Ü Y is birational and conjugatesR1 toR2. Suppose �

is a dynamical lower volume exponent for R1 with corresponding constants a; b > 0
and let 
1; 
2 be lower volume exponents for  and  �1 with multiplicative constants
a1; a2 > 0, respectively. They exist because we have already proved part (i). Then,

VolRn2.S/ � Vol
�
 
�
Rn1. 

�1.S//
��
�
�
a1
�
a.a2 VolS/
2

�b�n�
1
� .a0VolS/b

0�n
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for any measurable S � X and any n � 0. Here,

b0 D b
1
2 and a0 D a2a
1=
2a

1=.
2b/
1 � a2a

1=
2a
1=.
2b�

n/
1

for all n� 0 since �� 1. Hence � is also a dynamical lower volume exponent forR2,
concluding the proof.

The main theorem of this section concerns dynamical upper and lower volume
exponents for toric surface maps as in Theorem 1.2. Note that by (iii) of Proposi-
tion 5.3, for purposes of determining dynamical volume exponents, it does not matter
which toric surface X a given toric map acts on.

Theorem 5.4. Suppose f WT Ü T is an internally stable toric map and its tropical-
ization Af WNR ! NR is a homeomorphism with irrational rotation number. Then

• any � >
p
dtop.f / is a dynamical lower volume exponent for f ;

• any � < 1 is an dynamical upper volume exponent for f .

The following result and item (ii) from Proposition 5.3 allow us to replace f in
Theorem 5.4 by an iterate in order to assume, for any given � >

p
dtop.f /, that

dtop.f /

�
kvk < kAf .v/k < �kvk

for all non-zero v 2 N . Moreover, we remark that (see [20, Corollary 8.3] and the
surrounding discussion) the tropicalization Af of a birational toric map always has
a rational rotation number. Hence any map satisfying the hypothesis of Theorem 5.4
has topological degree dtop.f / � 2. So by choosing � >

p
dtop.f / sufficiently close

to
p
dtop.f /, we can assume that

kvk � kAf .v/k < �kvk (8)

for all non-zero v 2 N .

Theorem 5.5. Suppose that f WT Ü T is toric, and its tropicalizationAf WNR!NR

is a homeomorphism with irrational rotation number. Then

lim
n!1

kAnf .v/k
1=n
D

q
dtop.f /

uniformly on the unit circle ¹kvk D 1º. Consequently, for any � >
p
dtop and any

curve C� � yT n T , we have

lim
n!1

Ram. yf n; C� /
�n

D 0:
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Proof. Since the induced circle homeomorphism zAf has irrational rotation number,
a slight generalization (see [1, Theorem 2.5]) of Denjoy’s theorem tells us that it is
topologically conjugate to an actual irrational rotation. In particular, zAf is uniquely
ergodic. Hence if 'WNR ! R is the continuous function '.v/ WD log kAf .v/k

kvk
, we

obtain that

log kAnf .v/k
1=n
D
1

n

n�1X
jD0

' ı zA
j

f
.v/

converges uniformly on the unit circle to some constant L 2 R. So for any " > 0 there
is an index N such that n � N implies

.L � "/n < kAnf .v/k < .LC "/
n

for all v on the unit circle. Recall that Af is 1-homogeneous and has Jacobian a.e.
equal to �.f /. Moreover, �.f / D dtop.f / since Af is a homeomorphism. So we
infer that

.L � "/2n � dntop D �
�1 VolAnf

�
¹kvk � 1º

�
� .LC "/2n:

Taking nth roots and letting "! 0 concludes the proof of the first assertion.
To deduce the second assertion, we let vn 2 N be the primitive vector generat-

ing yf n.C� /. Note kvnk � 1 for all n. So the fourth conclusion in Theorem 4.8 and
the previous paragraph tell us that for any z� 2 .

p
dtop.f /;�/, there exists C D C.z�/

such that

Ram. yf n; C� / D
kAn
f
v0k

kvnk
� kAnf v0k � Ckv0k z�

n:

Hence

lim
n!1

Ram. yf n; C� /
�n

� Ckv0k lim
n!1

�
z�

�

�n
D 0:

The next result holds without the assumption that Af is a homeomorphism.

Lemma 5.6. Suppose that f WT Ü T is toric and that Af satisfies (8) for some
constant � > 1 and for all v 2 NR. Let X be a toric surface and P� be bounded
distinguished coordinate bidisks about the T -invariant points p� 2 X .

(1) There exists ˇ1 > 0 and for any neighborhood U of yf .Exc. yf // a constant
˛1.U / > 0 such that if p 2 P� \ T satisfies f j .p/ … U for 1 � j � n and
f n.p/ 2 P� 0 \ T , then

jx01x
0
2j �

�
˛1jx1y1j

�ˇ1�n ;
where .x1; x2/ and .x01; x

0
2/ are distinguished coordinates for p and f n.p/,

respectively.



Equidistribution without stability for toric surface maps 143

(2) Similarly, there exists ˇ2 > 0 and for any neighborhood V of Ind. yf / a con-
stant ˛2.V / > 0 such that if p 2 P� satisfies f j .p/ … V for 0 � j � n � 1,
and f n.p/ 2 P� 0 , then

jx01x
0
2j � ˛

n
2 jx1x2j

ˇ2 :

Proof. If P� is any of the finitely many distinguished coordinate bidisks covering X
and p D .x1; x2/ 2 P� is expressed in distinguished coordinates about p� , then we
see from (2) that

ckLog.p/k � � log jx1j � log jx2j � CkLog.p/k

for some constants c;C > 0 depending only on the bidisks in the cover. By exponenti-
ating this and iterating the estimate (6), we obtain the following bound for any p 2 T

such that f j .p/ … U , 1 � j � n:

jx01x
0
2j � e

�ckLog.f n.p//k
� e��

n.ckLog.p/kCA/
�
�
eAjx1x2j

c=C
��n

;

whereADR
P1
jD0�

�j . So the first conclusion holds. The second conclusion follows
from a similar estimate using (7) instead of (6) and the hypothesis that kAf .v/k�kvk
for all v 2 NR:

jx01x
0
2j � e

�CkLog.f n.p//k
� e�C.kLog.p/k�Rn/

� .eCR/njx1x2j
C=c :

The next lemma and its proof are similar to that of [8, Lemmas 5.2 and 5.6]
and [29, Proposition 6.3].

Lemma 5.7. There exists c > 0 such that for any measurable subset S of the unit
bidisk D2 � C2, and any 
 � 0, we haveZ

S

jx1x2j

 dVeucl � .c VolS/1C
 :

Similarly, for �2 < 
 0 < 
 < 0, there exists c.
 0; 
/ > 0 such that for any measurable
S � D2, Z

S

jx1x2j

 dVeucl � c.


0; 
/.VolS/1C

0=2:

Proof. For any � 2 Œ0; 1�, let Y� D ¹.x1; x2/ 2 D2 W jx1x2j � �º. A direct polar
coordinate calculation yields for any 
 > �2 thatZ

Y�

jx1x2j

 dVeucl D

4�2�
C2

.
 C 2/2

�
1 � .
 C 2/ log �

�
D

4�


.
 C 2/2
.VolY� � �2�2
 log �/;
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since setting 
 D 0 gives in particular that VolY� D �2�2.1 � 2 log �/. Now given a
measurable set S � D2, choose � so that VolY� D VolS . Then for 
 � 0, we haveZ

S

jx1x2j

 dVeucl �

Z
Y�

jx1x2j

 dVeucl

�
4�
 VolY�
.
 C 2/2

�
4.C VolY� /1C


.
 C 2/2
� .c VolS/1C


for some c > 0 independent of 
 . In the third inequality, we have used the fact that
VolY� � 2�2e�1=2� . In the last, we used VolY� D VolS and the fact that

lim

!1

�
4

.
 C 2/2

�1=.
C1/
D 1:

If on the other hand 
 2 .�2; 0/, then the first two estimates reverse:Z
S

jx1x2j

 dVeucl �

Z
Y�

jx1x2j

 dVeucl �

4�
 VolY�
.
 C 2/2

:

Moreover, for any � 2 .0; 1/, one checks that Vol Y� � C.�/�2� for e.g. C.�/ WD
�2e��=.1 � �/. So given 
 0 2 .�2; 
/, we take � D 
=
 0 to getZ

S

jx1x2j

 dVeucl �

4.VolY� /1C

0=2

C.�/
=2� .
 C 2/2
D c.
; 
 0/.VolS/1C


0=2:

Next we apply Lemmas 5.6 and 5.7 to estimate volumes of forward images f n.S/
of a measurable subset S �X . Since points and curves in a surface have measure zero,
we may assume here and below that S � T n

S
n�1 Exc. yf n/. Hence f n.S/ � T for

all n 2 Z�0.

Lemma 5.8. Suppose in Lemma 5.6 that X is endowed with a smooth volume form.

(1) There exists b > 1 and, for any neighborhood U of yf .Exc. yf // a constant
a D a.U / > 0 such that if S � X is measurable and f j .S/\ U D ; for all
1 � j � n, then

Volf n.S/ � .aVolS/b�
n

:

(2) There exists b < 1 and for any neighborhood V of Ind. yf / a constant a D
a.V /� 1 such that if S �X is measurable and f j .S/\UD; for 0� j < n,
then

Volf n.S/ � an.VolS/b:

Our proof combines that of [16, Lemma 3.12] with the estimate in Lemma 5.6 and
the fact that f has constant Jacobian relative to dVT WD �^ x�. Note that for the proof
of Theorem 5.4, it is important in both conclusions of Lemma 5.8 that the constant b
does not depend on the choice of neighborhood U or V .
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Proof. If p� 2 X is T -invariant and P� � X is the unit coordinate bidisk about p� ,
then the given volume form on X will be uniformly comparable on xP� to Euclidean
volume dVeucl WD jx1x2j

2dVT in distinguished coordinates. Hence we will proceed
as if the two volumes are the same. This will only affect the value of the constant a in
the conclusions.

We first prove item (1). As X D
S
�2†2.X/

xP� , we can partition S into finitely
many subsets

S�;� 0 WD S \ P� \ f
�n.P 0� /;

and focus only on the one for which Vol f n.S�;� 0/ is maximal. That is, we may
assume without loss of generality that S D S�;� 0 � xP� and f n.S/� xP� 0 . Let .x1; x2/
and .x01; x

0
2/D f

n.x1; x2/ be distinguished coordinates on P� and P 0� . Then we have
on S that

f n� dVeucl D f
n�
�
jx1x2j

2 dVT

�
D �.f /2njx01x

0
2j
2 dVT D �.f /

2n jx
0
1x
0
2j
2

jx1x2j2
dVeucl;

Lemmas 5.6 and 5.7 therefore give

Volf n.S/ �
1

dtop.f /n

Z
S

f n� dVeucl D

�
�.f /2

dtop.f /

�n Z
S

jx01x
0
2j
2

jx1x2j2
dVeucl

�

Z
S

˛2ˇ�
n

jx1x2j
2ˇ�n�2 dVeucl � .˛c VolS/2ˇ�

n

:

So statement (1) holds with a D ˛c and b D 2ˇ.
The proof of item (2) is similar. As before, we can assume that S � xP� and

f n.S/ � xP� 0 . Since f j .S/ \ V D ; for 0 � j < n, Lemma 5.6 gives

Volf n.S/ �
Z
S

f n� dVeucl D �.f /
2n

Z
S

jx01x
0
2j
2

jx1x2j2
dVeucl

� .˛�.f //2n
Z
S

jx1x2j
2.ˇ�1/ dVeucl � a

n.VolS/b;

where we choose b 2 .ˇ; 1/ and then a satisfying an � C.˛�.f //2n for all n ¤ 0,
where C D C.2b � 2; 2ˇ � 2/ is the multiplicative constant appearing in the second
conclusion of Lemma 5.7.

Lemma 5.9. If f WT Ü T is as in Theorem 5.4, then for any integer m � 0, there
exist neighborhoods U of yf .Exc. yf // and V of Ind. yf / n T such that for any p 2
T n Ind. yf m/, we have

(1) yf n.p/ 2 U for at most # yf .Exc. yf // iterates 0 � n � m; and

(2) yf n.p/ 2 V for at most # Ind. yf / iterates 0 � n � m.
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Proof. The hypothesis that f is internally stable implies that each iterate yf n of yf
is well defined and continuous on an n-dependent neighborhood of yf .Exc. yf //. The
hypothesis that the rotation number of Af is irrational implies that for any two poles
C� ; C

0
� 2
yT , there is at most one n 2 Z such that yf n.C� / D C 0� . Since each point

of yf .Exc. yf // is contained in a unique pole, it follows for any q; q0 2 yf .Exc. yf // that
yf n.q/ D q0 for at most one n 2 Z.

It follows that we can choose neighborhoods U.q/ of the points q 2 Exc. yf / so
that yf njU.q/, where 0 � n < m, is well defined and continuous, and for any given
q; q0 2 yf .Exc. yf //, the intersection yf n.U.q// \ U.q0/ is non-empty for at most one
0 � n < m. The lemma then follows on taking U to be the union of the neighbor-
hoods U.q/.

The construction of V is similar but also depends on (4). That is, if ˛2 Ind. yf /\C�
is an external persistently indeterminate point, then (4) implies that

yf n.˛/ n T � yf n.Exc. yf // [ CAn
f
.�/:

So internal stability of f implies that

yf n.˛/ \ .Ind. yf / n T / � CAn
f
.�/:

And again, since Af has irrational rotation number, CAn
f
.�/ \ Ind. yf / ¤ ; for only

finitely many n.

Lemma 5.10. Suppose that f W T Ü T satisfies the hypotheses of Theorem 5.4,
that (8) holds with constant �> 1, and thatX is a toric surface with a smooth volume
form.

(1) There exists b > 0 and for any m 2 Z�0 a constant a D a.m/ > 0 such that
for any measurable S � X ,

Vol.f m.S// � .aVolS/b�
m

:

(2) Similarly, there exists 0< � < 1, and for anym2Z�0 a constantADA.m/�1
such that

Vol.f m.S// � A.VolS/� :

Note that Theorem 5.4 amounts to Lemma 5.10 with a and A independent of m.

Proof. Part (i) of Proposition 5.3 gives a; 
 > 0 such that Vol f .S/ � .a Vol S/
 .
We fix m and let U � yf .Exc. yf // satisfy the conclusion of Lemma 5.9. Then let
e D # yf .Exc. yf //. By partitioning S into finitely many pieces S1; : : : ; S`.m/, we may
assume for each Sj that there are times 0 � n1.j / < � � � < ne.j / < m such that

f n.Sj / \ U D ;
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for all other 0 � n < m. We focus on the piece Sj for which VolSj � .1=`/VolS is
maximal.

Let a0; b0 > 0 be the constants from Lemma 5.8. Then

Volf n1.Sj / � .a0VolSj /b
0�n1 :

For 1 � k < e, we further estimate

Volf nkC1.Sj / � .a0Volf nkC1.Sj //b
0�
nkC1�nk�1

�
�
a0.aVolf nk .Sj //


�b0�nkC1�nk�1
D .a00Volf nk .Sj //b

00�
nkC1�nk

;

where a00 D .a0/1=
a and b00 D 
b0��1. Similarly,

Volf m.S/ D .a00Volf ne .Sj //b
00�m�ne :

Combining these inequalities, we find

Volf m.S/ � Volf m.Sj / � .zaVolSj /b
0.b00/e�m

�

�
za

`
VolS

�zb�m
;

for some constant za depending on m but zb D b0.b00/e independent of m.
The upper bound for Vol f n.S/ similarly follows from Lemma 5.9 and item (2)

in Lemma 5.8

Proof of Theorem 5.4. We give the proof for the dynamical lower exponent only. The
arguments for the dynamical upper exponent are nearly identical.

Fix � >
p
dtop.f / and � 2 .

p
dtop.f /; �/. As noted after the statement of Theo-

rem 5.4, we may assume that kAf .v/k < �kvk for all non-zero v 2 NR. Let b > 0 be
the (m-independent) constant obtained by applying Lemma 5.10 with � in place of �.
Choose m 2 Z�0 large enough that b�m � �m. Lemma 5.10 then gives a constant
a D a.m/ > 0 such that for any measurable S � X , we have

Vol.f m.S// � .aVolS/b�
m

� .aVolS/�
m

: (9)

Given n 2 Z�0, we write n D mq C r for q; r 2 Z�0 with 0 � r < m. By part (i)
of Proposition 5.3, there exists 
 D 
.m/ > 1 and ya D ya.m/ > 0 such that

Volf r.S/ � .yaVolS/
 :

for any 0 � r < m. Iterating (9) q times, we then find that

Volf n.S/ � .a0Volf r.S//.�
m/q
�
�
a0.yaVol.S//


��n
� .a00VolS/b

0�n ;

where a0 � a0.m/ D a.m/� for � D
P1
kD0.�

m/�k , a00 D .a0/1=
 ya and b0 D 
 . In
particular, neither a00 nor b0 depend on n.
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6. Positive closed .1; 1/ currents on toric surfaces

In this section we consider the relationship between the set D1;1.T / of currents on
the algebraic torus, and the subset of D1;1.T / obtained by restricting currents from a
toric surface X compactifying T . By [45], a current in D1;1.X/ is supported entirely
on poles of X if and only if it belongs to the set Dext.X/ of external divisors on X .
At the other extreme, we call a current in D1;1.X/ internal if it does not charge any
of the poles of X . Alternatively, T 2 D1;1.X/ is internal if it is equal to (the trivial
extension to X of) its restriction to T . Internal currents on X constitute a dense, but
not closed, subspace Dint.X/ � D1;1.X/.

Proposition 6.1. Any current T 2 D1;1.X/ decomposes uniquely as a sum

T D D C T 0;

where D 2 Dext.X/ is an external divisor and T 0 2 Dint.X/ is an internal current.

Proof. Since D1;1.X/ consists of differences of positive currents, we may suppose
that T is positive. Since X n T is a finite union of poles, the Skoda–El Mir theorem
implies that the restriction T jT 2D1;1.T / to the internal subset ofX extends trivially
to a positive closed current T 0 on X that does not charge any pole.

The set of internal currents is independent of the underlying toric surface.

Proposition 6.2. If X � Y are toric surfaces, then �XY �WDint.X/! Dint.Y / is an
isomorphism.

Proof. Set � D �XY and let T 2 Dint.X/ be an internal current. Since �.T / D T ,
we have that ��T is an internal current on Y . The map

��WDint.X/! Dint.Y /

is injective since � contracts only poles of X . In the other direction, we define

�]WDint.Y /! Dint.X/

by declaring �]T to be the internal component of ��T . To conclude the proof it suf-
fices to show that ���]T D T . But since � is a morphism, we have that ����T D T ,
and since T itself does not charge poles of X , we have that ��T � �]T is supported
only on poles contracted by � . Hence ���]T D ����T D T .

Another way to read Proposition 6.2 is that the image of Dint.X/ under the restric-
tion map Dint.X/!D1;1.T / is independent of X . We denote this image by Dint.yT /
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and refer to its elements as internal currents without reference to any particular sur-
face. When we want to emphasize the surface, we will write TX for the trivial exten-
sion of T 2 Dint.yT / to a positive closed current on X . In Section 7 we will amplify
this notation into a broader discussion of what we call toric currents on yT . For now,
we note that the discussion above implies a canonical isomorphism

D1;1.X/ Š Dext.X/˚Dint.yT /:

The rest of this section is devoted to better understanding the relationships among
D1;1.T /, Dint.yT / and cohomology classes on toric surfaces.

6.1. Currents on T and convex functions

If  WNR ! R is convex, then  ı LogWT ! R is plurisubharmonic. Hence  deter-
mines a current T D dd c. ı Log/ 2 DC1;1.T / that is invariant by the ‘rotational’
action of the maximal compact subgroup TR WD Log�1.0/ � T .

Here we will partially reverse the association of positive currents to convex func-
tions by assigning to each T 2 DC1;1.T / a succession of three increasing simple
rotationally symmetric approximations Tave, xT , xT .X/ 2 DC1;1.T /. The current Tave

will exist for any current T 2 DC1;1.T /, but existence of xT and xT .X/ requires impos-
ing a growth condition (see (10) below) on potentials for T . For our purposes, xT will
be the most important approximation. The simplest on the other hand will be xT .X/.
As the notation implies, it will depend on a choice of toric surface X as well as the
given current T .

Convention. From here forward and for the sake of clarity, we will typically specify
the surface on which dd c is operating by using a subscript: e.g.

dd cX WDPSH.X/! D1;1.X/;

where DPSH.X/�L1.X/ denotes integrable functions locally equal to the difference
between two plurisubharmonic functions. When we omit the subscript, the implied
domain is T .

SinceH 1.T ;O/ is trivial, positive closed .1; 1/ currents on T admit global poten-
tials.

Proposition 6.3. For any T 2DC1;1.T /, there exists u 2 PSH.T / such that T Ddd cu.

Note that for each v 2NR, the set ¹x 2T W Log.x/D vº is a real 2-torus equivalent
by translation to TR. Given T D dd cu 2DC1;1.T /, we define a function  uWNR! R
by averaging over translations of TR. That is,

 u.v/ WD

Z
Log.x/Dv

u.x/ �:
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When u D log jP j for P WT ! C a Laurent polynomial, then  u is the well-known
‘Ronkin function’ from tropical geometry. In general, u ı Log is the coordinate-wise
average of u with respect to some/any choice of distinguished coordinates, hence also
plurisubharmonic. It follows that  u is convex (in particular, continuous). Moreover,
 u is affine if and only if u is pluriharmonic. So  u is determined by T up to addition
of affine functions of v, and the current

Tave WD dd
c. u ı Log/ 2 DC1;1.T /

is completely determined by T .
For any convex  WNR ! R, the quantity

Growth. / WD sup
v¤0

 .v/ �  .0/

kvk
D lim sup
kvk!1

 .v/

kvk
(10)

is non-negative, though possibly infinite. It follows for all v 2 NR that

j .v/j � Growth. / � kvk C j .0/j: (11)

As we will see in Theorem 6.9 below, finiteness of Growth. u/ is necessary and
sufficient for extension of T to a positive closed current on arbitrary toric surfaces.

Now if D u is the convex function associated to a potential u for T 2DC1;1.T /,
then Growth. u/ depends on u as a well as T , but since Growth. / is finite when  
is affine, it follows that Growth. u/ is finite for one potential u if and only if it is finite
for all others. In particular, one can always add an affine function of Log.x/ to u to
ensure that  u.v/ � 0 for all v and that  .0/ D 0. In this case, Growth. u/ will be
nearly minimal, equal to no more than twice the smallest value possible among all
potentials for T . In a similar vein, Growth. u/ depends on the choice of norm on NR

but only up to a uniform multiplicative non-zero constant. Likewise, pulling u back
by a monomial map changes Growth. u/ by a non-zero multiplicative factor that is
independent of u.

Proposition 6.4. Suppose  WNR ! R is convex with Growth. / <1. Then

lim
t!1

� .tv/
t

�
converges normally on NR to the minimal convex function x WNR ! R satisfying

• x .tv/ D t x .v/;

• x .v/ �  .v/ �  .0/

for all v 2 NR and t � 0. Also, xx D x and

Growth. / D Growth. x / D max
kvkD1

x .v/:
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Proof. Exercise.

If T D dd cu 2 DC1;1.T / and Growth. u/ <1, then we call x u a support func-
tion for T . It is, again, determined by T up to addition of affine functions. Convexity
implies we can choose the affine function (non-uniquely) to obtain a non-negative sup-
port function. Alternatively, one can choose it so that the support function takes equal
values on each of the three primitive vectors in N that generate the rays in †1.P2/.
The latter support function might be negative along some rays, but it is uniquely,
continuously and linearly determined by T . We denote it by  T .

We call

xT WD dd c. x u ı Log/ D dd c. x T ı Log/ 2 DC1;1.T /

the homogenization of T . Like Tave, the current xT is rotationally invariant and deter-
mined by T , but as will become clearer below, it is more canonical and varies in a
more stable fashion than Tave. We call T itself homogeneous if T D xT . In any case,

xT D xTave D
xxT:

In their recent work disproving Demailly’s strengthened Hodge conjecture, Babaee
and Huh [3] gave a different construction of currents like xT , which when restricted to
our context, arrives at xT by starting with a tropical curve supported on a finite union
of rational rays in NR.

For each toric surface X , we also associate to the potential u for T the divisor
Du;X 2Dext.X/ with support function x u;X determined by the condition that it coin-
cides with x u along any ray � 2 †1.X/. By construction x u;X is convex, so Du;X is
nef, satisfying ��Y;XDu;X � Du;Y for any Y � X . The homogeneous current

xT .X/ WD dd c. x u;X ı Log/ 2 DC1;1.T /

with support function x u;X is determined completely T and the choice of X . Exam-
ple 6.8 illustrates this below in a specific case.

Proposition 6.5. For any toric surface X , there exists a constant C.X/ > 1 such that
if u 2 PSH.T / has Growth. u/ <1, then

x u � x u;X � C.X/ x u:

In particular, Growth. x u;X / � C.X/Growth. u/, and the optimal constant C.X/
is decreasing in X . Finally, there exist toric surfaces Y � X for which the optimal
constant C.Y / is arbitrarily close to 1.
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Proof. The assertions follow more or less directly from convexity of  u and the fact
that rays in †1.X/ generate NR as a convex set. The last assertion holds because for
any " > 0, one can choose X so that each sector � 2 †2 has angular width smaller
than ".

6.2. Finite growth and trivial extension to toric surfaces

Proposition 6.6. Let X be a toric surface with volume form dV . Then there exists a
constant C such that for any convex  WNR ! R, we haveZ

X

j ı Log j dV � C
�
Growth. /C j .0/j

�
:

In particular,  ı Log is integrable on X if Growth. / < 1. Given (additionally)
M > 0 there are constants a; b > 0 such that if Growth. / �M , we have

Vol
®
p 2 X W t � j ı Log.p/j

¯
� ae�bt :

Proof. Given a sector � 2 †2.X/, let .x1; x2/ be distinguished coordinates about the
T -invariant point p� . It follows immediately from (11) that in these coordinates we
have

 ı Log.x1; x2/ � j .0/j C C Growth. /
q�

log jx1j
�2
C
�
log jx2j

�2
for someC depending only on the choice of coordinate. Replacing dV with Euclidean
volume, one sees that the right side is integrable and satisfies the desired volume esti-
mates on any bounded polydisk ¹jx1j; jx2j � Rº. Since dV is uniformly comparable
to Euclidean volume on such polydisks, finitely many of which cover X , the proposi-
tion follows.

Theorem 6.7. Suppose T D dd cu 2DC1;1.T / satisfies Growth. u/ <1, and let X
be a toric surface. Then  u ı Log and x u ı Log are integrable on X . Moreover,

dd cX . u ı Log/ D Tave �Du;X and dd cX .
x u ı Log/ D xT �Du;X : (12)

In particular,

• xT and Tave extend trivially to elements of DC1;1.X/, both cohomologous in X to
Du;X and to (the trivial extension of) xT .X/;

• the trivial extension of xT to DC1;1.X/ has continuous local potentials everywhere
on X except possibly about T -invariant points;

• the trivial extension of xT .X/ to DC1;1.X/ has continuous local potentials every-
where on X , and supp xT .X/ omits all T -invariant points.
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It follows from the first item in Theorem 6.7 that (the trivial extensions of) xT
and Tave are cohomologous in any toric surface. Later we will signify this by say-
ing the two currents are completely cohomologous. By way of contrast, however, the
current xT .X/ is typically only cohomologous to xT and Tave on X ; see Example 6.8,
below.

Proof of Theorem 6.7. We first prove the claims about xT and x u, noting that it suf-
fices to verify each in a neighborhood of any pole C� � X . Given � 2 †1.X/, we
choose an adjacent sector � 2†2.X/ and distinguished coordinates .x1; x2/ about p�
such that C� D ¹x1 D 0º. That is, we identify � � NR Š R2 with R � .1; 0/. By con-
vexity and 1-homogeneity of x u,

lim
x1!0

x u ı Log.x1; x2/ � x u.1; 0/ log jx1j

is a well-defined convex function of log jx2j. Hence x u ı Log �x u.1; 0/ log jx1j
extends to a continuous local potential for xT on C � C�. Thus, x u ı Log is locally
integrable on C�C�, and since log jx1j is pluriharmonic on C� �C� it follows that xT
extends trivially across C� D ¹x1 D 0º with a potential that is continuous except
at .0; 0/, i.e. except at the T -invariant point p� . Since x u.1; 0/ is the weight of C�
in Du;X , it follows that the right hand equation in (12) holds in the neighborhood
C � C� of C� . As � 2 †1.X/ was arbitrary, the conclusions concerning xT and x u
hold on all of X .

Turning to  u and working in the system of distinguished coordinates, we note
that by construction of x u we have for any fixed x2 that

 u ı Log.x1; x2/ � x u ı Log.x1; x2/ D o
�
� log jx1j

�
as jx1j ! 0. Hence  u ı Log�x u ı Log extends as a locally integrable function on
C � C� and dd c. u ı Log�x u ı Log/ has no support on ¹x1 D 0º. The left-hand
equation from (12) follows immediately.

Since xT .X/ is homogeneous, the first paragraph of the proof applies with x u;X
and xT .X/ in place of x u and xT . Hence xT .X/ extends trivially to X with continu-
ous local potentials everywhere except possibly at T -invariant points, and xT .X/ is
cohomologous to Du;X via dd cX . x u;X ı Log/ D xT .X/ �Du;X . It remains to prove
the third assertion of Theorem 6.7. For this we again work in distinguished coordi-
nates .x1; x2/ about some T -invariant point p� 2 X . The axes ¹xj D 0º are the poles
corresponding to the rays �j 2 †1.X/ that bound � , and in the implied identification
N Š Z2, the primitive vectors .1; 0/ and .0; 1/ are the generators for �1; �2. Hence,
by definition, we have

 u;X .v/ D  u.1; 0/v1 C  u.0; 1/v2
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for all v 2 R2 with non-negative coordinates. So for .x1; x2/ in the unit bidisk, we
have that

 u;X ı Log.x1; x2/ D �c�1 log jx1j � c�2 log jx2j

is exactly a local potential for �Du;X , i.e. supp xT .X/ does not intersect the interior
of the distinguished unit bidisk about p� , which implies the final assertion of Theo-
rem 6.7.

Example 6.8. Let  .v/ D kvk and set u WD  ı Log. Then the current

xT D dd cu 2 DC1;1.T /

is homogeneous with support equal to T . Here we describe the ‘associated currents’

T1 WD xT .P2/ and T2 WD xT .P1 � P1/;

on T and also their trivial extensions to P2. The support functions  1 and  2 for
T1 and T2, respectively, are obtained by restricting  to the rays in †1.P2/ and
†1.P1 � P1/ generated by the sets of primitive vectors

¹.1; 0/; .0; 1/; .�1;�1/º and ¹.˙1; 0/; .0;˙1/º

and then extending linearly across each sector in †2.P2/ and †2.P1 � P1/.
Let .x1; x2/ denote the distinguished coordinates on P2 or on P1 � P1 that are

associated to the rays generated by primitive vectors .1; 0/ and .0; 1/. One computes
that xT .P2/ 2 DC1;1.T / has nowhere dense support equal to

¹jx1j D jx2j � 1º [ ¹jx1j � jx2j D 1º [ ¹jx2j � jx1j D 1º

and that xT .P1 � P1/ 2 DC1;1.T / has (different) nowhere dense support equal to

¹jx1j D 1º [ ¹jx2j D 1º:

More generally, if p� is any T -invariant point in any toric surface X , and xT is as
above, then the intersection between supp xT .X/ and the closed distinguished coordi-
nate bidisk about p� , is exactly the (full) boundary of the bidisk.

By Theorem 6.7 both homogeneous currents T1 and T2 extend trivially to the
toric surface P2. The extensions are not, however cohomologous to each other. Let
Œzx0; zx1; zx2� be homogeneous coordinates for P2 associated to distinguished coor-
dinates .x1; x2/ D .zx1=zx0; zx2=zx0/ on T . Then the external divisors whose support
functions are obtained by restricting  1 and  2 to †1.P2/ are

D1 D .zx1 D 0/C .zx2 D 0/C .zx0 D 0/;

D2 D .zx1 D 0/C .zx2 D 0/C
p
2.zx0 D 0/:
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Since degD1D 3¤ 2C
p
2D degD2, the two divisors are cohomologically inequiv-

alent. But from Theorem 6.7 we have that ŒT1�D ŒD1� and ŒT2�D ŒD2� inH 2.P2;R/,
so T1 and T2 are also different in cohomology.

We can now finish characterizing currents in DC1;1.T / that extend trivially to toric
compactifications.

Theorem 6.9. Let T 2 DC1;1.T / be a positive closed .1; 1/ current on T and let
u 2 PSH.T / be a potential for T . Then T extends trivially to some/any toric sur-
face X , i.e. T 2 Dint.yT /, if and only if Growth. u/ is finite.

Proof. For one direction, suppose that Growth. u/ is finite. If ! is a Kähler form
invariant under the action of TR, then

kT ^ !k D kTave ^ !k:

By Theorem 6.7 Tave extends trivially to X . That is, the right side of the equation is
finite, and we infer using the Skoda–El Mir criterion that T also extends trivially toX .

The other direction is more substantial. Supposing Growth. u/ is infinite, it will
suffice to exhibit a smooth positive form ! on X such that T ^ ! has infinite mass
on T . Note that by adding an affine function of Log to the potential u for T , we
may assume that the convex function  D  u is non-negative on NR and satisfies
 .0/ D 0. Since the rays in †1.X/ generate NR as a convex set and since  u is
convex, it follows that Growth. / <1 if and only if .v/=kvk is uniformly bounded
on each � 2 †1.X/. Therefore, we can assume  .v/=kvk is unbounded along some
� 2 †1.X/.

Let � 2†2.X/ be a sector adjacent to � and .x1; x2/ be distinguished coordinates
about p� such that C� D ¹x1 D 0º. In effect � D R � .1; 0/, and our unboundedness
assumption means

lim
v1!1

 .v1; 0/

v1
D1:

Since  is convex and non-negative, we have more generally that

lim
v1!1

 .v1; v2/

v1
D1

uniformly in a neighborhood of v2 D 0. We will show that Tave ^ dx2 ^ d xx2 has
infinite mass near .x1; x2/ D .0; 1/.

By construction,

Tave ^
dx2 ^ d xx2

2i
D
1

�
�1. u ı Log/ ^

�
dx2 ^ d xx2

2i

�
;
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where �1 denotes the distributional Laplacian with respect to x1 (regarded as a mea-
sure in the x1 coordinate). Hence it suffices for each fixed value of x2 to show thatZ

�v1<log jx1j<0
�1. u ı Log/.x1; x2/

tends to infinity with v1. This can be shown using the Poisson–Jensen formula (see
e.g. [44, Theorem A.1.3]) or by a polar coordinate computation, as follows. The inte-
gral above is equal toZ v1

0

 00u
�
t1; log jx2j

�
dt1 D  

0
u

�
v�1 ; log jx2j

�
�  0u

�
0C; log jx2j

�
;

where all derivatives are with respect to the first argument of  u and the ˙ super-
scripts distinguish between left- and right-hand derivatives. Since  u is convex, we
have the lower bound

 0u
�
v�1 ; log jx2j

�
>
 u
�
v1; log jx2j

�
�  u

�
0; log jx2j

�
v1

;

which tends to1with v1 by assumption. Therefore, the measure T ^.dx2 ^ d xx2/=2i
has unbounded mass near ¹x1 D 0º as claimed.

6.3. Internal currents on toric surfaces revisited

The cone of positive internal currents DCint.
yT / is not closed in D1;1.T / since a se-

quence .Tj / � DCint.
yT / can have a limit in DC1;1.T / with unbounded mass on a

compactification X . Even when the sequence converges on both T and X , the limit
in X might dominate an external divisor and therefore exceed the limit in DC1;1.T /.
We will see at the end of this section that things are better when one restricts attention
to homogeneous currents.

Theorems 6.7 and 6.9 make clear that Tave; xT 2DCint.
yT / if and only if T 2DCint.

yT /.
Recall that a class ˛ 2 H1;1

R .X/ is nef if it has non-negative intersection with any
curve C � X .

Corollary 6.10. If T 2 DCint.
yT /, then the cohomology class ŒT �X in any toric sur-

face X is nef, equal to that of Tave and xT . There is, moreover, a unique function
'T 2 DPSH.T / such that

•
R

TR
'T � D 0; and

• 'T is integrable and satisfies T D xT C dd cX'T on any toric surface X .

In Corollary 6.10 and elsewhere we implicitly identify functions ' onX with their
pullbacks ' ı �YX to any other toric surface Y .
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Proof. Fix a toric surface X . Since the action of T on itself extends to an action on X
by automorphisms isotopic to the identity, we have that T and Tave are cohomolo-
gous on X . Meanwhile, Theorem 6.7 implies that Tave and xT are both cohomologous
in X to the class of the divisor Du;X , which is nef since it has convex support
function x u;X . The dd c-lemma gives us 'T 2 L1.X/ satisfying dd c'X D T � xT .
Constants are the only pluriharmonic functions on the compact manifold X , so 'T is
unique once normalized as in this corollary.

To see that 'T is independent of X , suppose Y � X . Since T � xT D dd cX'T

on X , we have
��YXT � �

�
YX
xT D dd cY .'T ı �YX /

on Y . On the other hand, if we identify T and xT with their trivial extensions to Y , we
have that T ���YXT and xT ���YX xT are currents of integration supported on the poles
of Y that are contracted by �YX . As T and xT are also cohomologous in Y , we see
that .T � xT / � dd cY .'T ı �YX / 2 Dext.Y / is cohomologous to 0 and supported on
the exceptional set of �YX . However, any non-trivial divisor supported on Exc.�XY /
has negative self-intersection. So, in fact,

T � xT D dd cY .'T ı �YX / � dd
c
Y 'T :

The homogenization xT of a current T 2DCint.T /will serve as a canonical, surface-
independent representative for ŒT �. However, local potentials for xT are typically un-
bounded near T -invariant points of a given toric surface, so it is a little tricky to
apply standard compactness results from pluripotential theory to control the relative
potential 'T for T � xT . The following result in this direction will suffice for our
purposes below.

Theorem 6.11. Given M > 0 and a toric surface X endowed with a smooth volume
form, there exist constants a; b > 0 such that for any current T 2 DCint.

yT / with a
potential u 2 PSH.T / satisfying Growth. u/ �M , we have

VolX
®
j'T j � t

¯
� ae�bt

for all t � 0.

Lemma 6.12. For any toric surface X and M � 0, there exists a homogeneous
internal current xS.M; X/ with continuous local potentials everywhere on X such
that xS.M; X/ � xT .X/ for any T 2 DCint.

yT / with a support function satisfying
Growth. u/ �M .

Proof. Suppose T 2DCint.
yT / is a current with a potential u such that Growth. u/�M .

Fix a ray � 2 †1.X/ and let �1; �2 2 †2.X/ denote the sectors adjacent to � on
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either side. Then we can choose unit vectors vj 2 �j , j D 1; 2, whose average v WD
.v1 C v2/=2 generates � . Convexity of  T;X about � means that the quantity

�T;� WD  u;X .v1/C  u;X .v2/ � 2 u;X .v/

is non-negative. Given T and X , the convex function  u;X is unique up to addition
of affine functions. One checks that this affine function has no effect on �T;� , which
is therefore completely independent of the choice of potential u. By convexity, we
can therefore assume  u;X � 0 onNR, allowing that the upper bound on Growth. u/
might increase to 2M . The same bound holds for Growth. u;X /, so we obtain that

�T;� � 2M C 2M � 0 D 4M

independent of T and � . Hence there exists T� 2DCint.
yT / with potential u� 2 PSH.T /

satisfying Growth. u� / �M such that �T� ;� � 4M is maximal.
We set S D

P
�2†1.X/

T� D dd
c. v ı Log/, where v D

P
�2†1.X/

u� . Note that

Growth. v/ � #†1.X/ � 4M <1;

so that S 2 DCint.
yT /. We claim that xS.M; X/ WD xS.X/ satisfies the conclusion of

the lemma. Indeed, by definition � xT .X/;� D �T;� for any T 2 DCint.
yT /. So if T

has a potential u satisfying Growth.u/ � M , we have by construction that for each
� 2 †1.X/,

� xS.X/;� D �S;� � �T� ;� � �T;� D � xT .X/;� ;

where the first inequality holds because�T�0 ;� � 0 even for rays � 0 2†1.X/ different
from � . We infer that x v;X � x u;X is convex along every ray � 2†1.X/, and therefore
convex on all of NR, i.e. xS.X/ � xT .X/ � 0.

Proof of Theorem 6.11. Given u; T as in the theorem, the dd c-lemma gives us a
unique function 'T;X 2 L1.X/ such that

T D xT .X/C dd cX'T;X and
Z

Log.x/D0
'T;X � D 0:

Since

T � xT .X/ D .T � xT /C . xT � xT .X// D dd cX .'T C
x u ı Log�x u;X ı Log/;

the normalizations of 'T and 'T;X imply that

'T D 'T;X C x u;X ı Log�x u ı Log :
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everywhere on X . By Propositions 6.5 and 6.6, the last two terms satisfy the desired
volume estimates. Therefore, it will suffice to establish the desired volume estimates
for 'T;X instead of 'T . The advantage to this is that Lemma 6.12 tells us

dd cX'T;X C
xS.M;X/ � 0I

i.e. 'T;X is xS.M;X/-plurisubharmonic, where xS.M;X/ is independent of T and has
continuous local potentials on X .

The following lemma plays a key role in completing the proof.

Lemma 6.13. For some constant C depending on M and X but not T , we have

0 � sup'T;X � C:

Proof. The normalization of 'T;X immediately gives 0 � sup 'T;X . For any fixed T ,
compactness of X and the fact that local potentials for xT .X/ are continuous (Theo-
rem 6.7) implies that sup'T;X <1.

Fix a TR-invariant volume form dV on X with
R
X
dV D 1. A standard argument

(see [37, Chapter 8]) using Hartog’s compactness theorem for families of subhar-
monic functions gives that for any fixed choice of S 2 DC1;1.X/ that has bounded
local potentials the set

¹� 2 L1.X/ W dd cX� � �S and sup� D 0º

is compact.
Applying this in the case S D xS.M;X/, we find that

k'T;X � sup
X

'T;XkL1.X/ � C

for some constant C independent of T , implying that

sup
X

'T;X � C C

Z
X

'T;X dV:

It suffices to show therefore that the integral on the right is non-positive. Since the
volume form is TR invariant, it suffices to show for every v 2 NR that the average
value

h.v/ WD

Z
Log.x/Dv

'T;X �

of 'T;X on the torus ¹Log.x/ D vº is non-positive. But

dd cX .h ı Log/ D Tave � xT .X/ D dd
c
X . u ı Log�x u;X ı Log/;

giving that the functions h and  u � x u;X differ by a constant. Since h.0/D x u.0/D
x u;X .0/, we obtain

h D  u �  u.0/ � x u;X � x u � x u;X � 0:
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Using Lemma 6.13 we now complete the proof of Theorem 6.11. It tells us that
'T;X ranges within a compact family of xS.M;X/-plurisubharmonic functions. Theo-
rem 6.11 now follows from work of Zeriahi (see [47, Corollary 4.3]) which gives such
estimates uniformly for any compact family of plurisubharmonic functions on a ball
in Cn.

We conclude this subsection with some further facts about homogeneous elements
of DC1;1.T / and their support functions.

Theorem 6.14. Let . xTj / � DC1;1.T / be a sequence of homogeneous currents and x j
be support functions for xTj that converge pointwise to some function x WNR ! R.
Then

• the convergence is actually uniform on compact subsets;

• the limit x is convex and positively homogeneous;

• . xTj / converges weakly on any toric surface X to the homogeneous current xT 2
DC1;1.T / with support function x .

Conversely, if . xTj / converges weakly to some current xT 2DC1;1.T /, then xT is internal
and homogeneous, and the support functions  xTj converge uniformly on compact sets
to  xT .

Proof. Assume that the support functions x j converge pointwise to some limit func-
tion x . Since x j .v/! x .v/ on any finite set of vectors v generating NR as convex
set, it follows from convexity and homogeneity that the sequence . x j / is bounded
above uniformly on compact subsets of NR. Since the limit x is finite, it follows
again from convexity of x j that the convergence is uniform and x is convex and pos-
itively homogeneous. Thus x is a support function for some homogeneous current
xT 2 DC1;1.T /. On any fixed toric surface X , Theorem 6.7 tells us that

dd cX .
x j ı Log/ D xTj �Dj and dd cX .

x ı Log/ D xT �D;

where Dj ; D 2 Dext.X/ have support functions determined by the restrictions of
x j ; to rays in†1.X/. Uniform local convergence x j ! x and homogeneity imply
that Dj ! D. Homogeneity of support functions further implies that

x j ı Log! x ı Log

in L1.X/. Weak continuity of dd cX then gives xTj �Dj ! xT �D. Hence xTj ! xT .
Now assume instead that xTj ! xT weakly in D1;1.T /. Then there exist plurisub-

harmonic potentials uj ; u 2 PSH.T / for xTj and xT such that uj ! u in L1loc.T /. Since
xTj and xT are invariant under the action of TR, we may assume that uj and u are, too.
That is,

uj D z j ı Log and u D z ı Log
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for convex functions z j ; z W NR ! R. Convergence uj ! u in L1loc implies that
z j ! z uniformly locally. Since two support functions for the same internal cur-
rent differ by an affine function, it follows that the z j are all positively homogeneous.
Hence, we are back in the context of the arguments in the first paragraph of this
proof.

Corollary 6.15. If . xTj /�DC1;1.T / is a weakly convergent sequence of homogeneous
currents, then Growth. x Tj / is bounded uniformly in j .

Corollary 6.16. For any toric surface X , the set of positive homogeneous currents is
closed in DC1;1.X/, and therefore also in DC1;1.T /.

7. Toric currents and cohomology classes

The papers [10] and [12] pioneered the idea that to better understand dynamics of a
rational surface map f WX ÜX , one should consider not just the pullback action f �

on H1;1
R .X/ but simultaneously also the actions on H1;1

R .Y / for all surfaces Y ob-
tained by blowing up sequences of points inX . In this section and the next, we imitate
the inverse limit constructions from those papers for both .1; 1/ cohomology classes
and currents, but instead of considering all possible surfaces obtained by blowups
from e.g. P2, we restrict attention to toric surfaces only.

If Z � Y � X are all toric surfaces, then we have �ZX� D �YX��ZY � and
��ZX D ��ZY �

�
YX for both cohomology classes and currents. Hence the following

makes sense.

Definition 7.1. A toric (Weil) class is a collection

˛ D ¹˛X 2 H
1;1
R .X/ W X is a toric surfaceº

satisfying �YX�˛Y D ˛X whenever Y � X . Similarly, a toric current is a collection
T D ¹TX 2D1;1.X/º, also indexed by toric surfaces and subject to the same compat-
ibility.

We call ˛X and TX the incarnations of ˛ and T on X , letting H1;1
R .yT / denote

the R-vector space of all toric classes and D1;1.yT / the space of all toric currents. To
each T 2 D1;1.yT / we associate the class ŒT � 2 H1;1

R .yT / whose incarnation on any
toric surface X is the class ŒTX �X 2 H

1;1
R .X/. This is well defined since pushforward

by rational maps preserves cohomological equivalence. We will say that a toric cur-
rent T (and by extension its class ŒT �) is positive if all its incarnations TX are positive
(respectively), writing T � S if T � S is positive. Similarly a class ˛ 2H1;1

R .yT / (and
by extension, any T 2 D1;1.yT / representing ˛) is nef if all its incarnations are nef.
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Recall that Dint.yT /was defined in the paragraph after the proof of Proposition 6.2.
As explained there, any internal current T 2 Dint.yT / is a toric current with incarna-
tions TX 2 Dint.X/ obtained by trivial extension of T . By Corollary 6.10 positive
internal currents are nef. A pole C� � yT is a toric current, with incarnations C�;X
equal to either C� or 0 depending on whether or not � 2 †1.X/. In particular, C� is
positive but not nef, since in a sufficiently dominant X one has C 2� < 0.

More generally, we call a toric currentD an external divisor ifDX 2Dext.X/ for
each toric surface X . Formally, we have

D D
X

c�C� ;

where the sum is over all rational rays � � NR, and then on X we have

DX D
X

�2†1.X/

c�C� :

Let Dext.yT / denote the set of all external divisors. The external/internal decomposi-
tion in Proposition 6.1 is invariant under pushforward by birational morphisms �XY ,
so we obtain the same decomposition for toric currents, i.e.

D1;1.yT / D Dext.yT /˚Dint.yT /:

We extend the notion of support function  D from external divisors on a toric
surface X to any external divisor D 2 Dext.yT / by declaring that  D is the pointwise
limit of the support functions  DX for incarnations. In general,  D is defined only on
rational rays and not all of NR, but things are better when D is nef.

Proposition 7.2. Any ˛ 2 H1;1
R .yT / is uniquely represented by an external divisor

D D
P
c�C� , normalized by the condition that the coefficients c� are the same for all

� 2 †1.P2/. Moreover, for any D 2 Dext.yT /, we have

• D is nef if and only if  D extends continuously to a convex function on all of NR;

• ŒD� D 0 if and only if  D W N ! R is linear;

Proof. For each toric surface X , let DX 2 Dext.X/ be an external divisor represent-
ing ˛X . If X � P2, then we can add a linear function to  DX to normalize so that
 DX .v� / is the same for each of the three primitive vectors v� that generate rays
in †1.P2/. Then DX is uniquely determined by its class in H1;1

R .X/. If Y � X is
another toric surface, then �YX�DY is also a normalized representative of ˛X and
therefore equal toDX . Hence the external divisorD D ¹DXº 2Dext.yT / represents ˛.
That  D is linear if and only if ˛ D 0 and convex if and only if ˛ is nef follow from
the corresponding facts for support functions for external divisors on a fixed toric
surface.
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We endow both H1;1
R .yT / and D1;1.yT / with the product topology, declaring that

Tj ! T 2 D1;1.yT / if Tj;X ! TX 2 D1;1.X/ for each toric surface X . The assign-
ment T 7! ŒT � of currents to classes is then continuous. As is the case on individual
surfaces X , external divisors constitute a closed subspace of D1;1.yT /, but internal
currents do not. So when a sequence .Tj / � D1;1.yT / converges, the internal and
external components of the terms Tj need not converge individually.

Definition 7.3. Given S;T 2D1;1.yT / and a toric surfaceX , we say that S and T are
cohomologous in X if ŒS�X D ŒT �X 2 H

1;1
R .X/. We say that S and T are completely

cohomologous if this is true for every X , i.e. if ŒS� D ŒT �.

By the dd c-lemma, S and T are cohomologous in X if and only if SX � TX D
dd c'X for some 'X 2 DPSH.X/. When S and T are completely cohomologous, one
can use essentially the same potential for S � T in any other toric surface.

Proposition 7.4. If T 2 D1;1.yT / is completely cohomologous to 0, then there is a
function ' 2 DPSH.T / such that for every toric surface X , we have ' 2 DPSH.X/
and TX D dd cX'.

Note for purposes of integration that since X n T is a measure zero subset of X ,
the extension of ' to X is essentially unique. We will call ' a potential for T . It is, by
compactness, unique up to additive constant.

Proof. This is similar to the proof of Corollary 6.10. Suppose Y �X and let � D�YX .
Let 'X 2 L1.X/ be a potential for TX . Then on the one hand, 'X ı � is a potential
for ��TX . One the other hand, since ���� D id, we have that ��TX � TY is a divisor
supported on Exc.�/ and cohomologous to 0. The only such divisor is trivial, so
TY D �

�TX . Hence TY WD dd cY ', where ' WD 'X jT .

The following reformulation of Theorem 6.7 is now immediate from definitions.

Theorem 7.5. Any positive internal current T 2Dint.yT / is completely cohomologous
to its homogenization xT . Moreover, if x is a support function for xT , andD 2Dext.yT /

is the external divisor with support function x , then T and D are also completely
cohomologous and x ı Log is a potential for xT �D.

We can now prove Theorem 1.3, which was stated in the introduction.

Proof of Theorem 1.3. If xT 2DCint.
yT / is homogeneous, then Œ xT � 2H1;1

R .yT / is nef by
Corollary 6.10. If instead ˛ 2 H1;1

R .yT / is nef, represented by D 2 Dext.yT /, then the
support function  D for D is convex by Proposition 7.2, and Theorem 7.5 tells us
that D is completely cohomologous to the positive homogeneous current xT with the
same support function. That is, Œ xT � D ˛.
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If xT 0 2 DCint.
yT / is a another homogeneous current with Œ xT 0� D ˛, and  is a sup-

port function for xT 0, then the external divisor D0 with the same support function is
cohomologous to xT 0 and therefore also D. It follows that  differs from  D by a lin-
ear function hWNR!R. Hence xT � xT 0 D dd cT .h ı Log/D 0 on T , and therefore also
on any toric surface, since they are internal currents. This proves that the continuous
map xT 7! Œ xT � from positive homogeneous currents to toric classes is a bijection.

It remains to see that the inverse, carrying a nef class ˛2H1;1
R .yT / to its unique pos-

itive homogeneous representative xT˛ , is also continuous. The map ˛ 7!D˛2Dext.yT /

sending ˛ to its normalized representativeD˛ D
P
c�;˛C� 2Dext.yT / has the property

that for each � 2 N the coefficient c�;˛ depends continuously on ˛. Therefore the
corresponding support functions x ˛ depend continuously on ˛ and Theorem 6.14
implies that T˛ D dd c. x ˛ ı Log/ depends continuously on ˛ as well.

Remark 7.6. To reiterate, Theorem 1.3 says that any nef ˛ 2H1;1
R .yT / is represented

by a unique homogeneous current xT 2DCint.
yT /; whereas for any fixed toric surfaceX ,

each nef class ˛X 2H
1;1
R .X/ is represented by many different homogeneous currents.

Given a nef class ˛X2H
1;1
R .X/ on a particular toric surface, the set of T2DC1;1.X/

representing ˛X is compact. So Theorems 1.3, 6.14 and 7.5 yield the following.

Corollary 7.7. Let T � DCint.
yT / be a family of toric currents and H � H

1;1
R .yT / be

the corresponding family of toric classes. Then the following are equivalent:

• T is precompact in DC1;1.
yT /;

• H is precompact in H1;1
R .yT /;

• there exists M � 0 such that Growth. x T / �M for all T 2 T .

Representatives of a given toric class/current are, by definition, compatible under
pushforward �YX� for Y � X . Compatibility under pullback is a much stronger con-
dition.

Definition 7.8. A class ˛ 2 H1;1
R .yT / is Cartier if it is determined on some particular

toric surface X , i.e. ˛Y D ��YX˛X for all Y � X . Likewise, T 2 D1;1.yT / is tame,
determined on X , if TY D ��YXTX , for all Y � X .

By Proposition 7.4 a class ˛ 2H1;1
R .yT / is Cartier, determined onX , if and only if

some/any T 2D1;1.yT / representing ˛ is tame and determined onX . PolesC� 2 yT are
never tame. For internal currents, on the other hand, we have the following criterion.

Proposition 7.9. The following are equivalent for an internal current T 2 DCint.
yT /

and toric surface X :

• T is tame, determined on X ;

• �.T; p� / D 0 for each T -invariant point p� 2 X ;
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• ��YXTX is internal on Y for all Y � X ;

•  xT is linear on each sector � 2 †2.X/.

Proof. Given Y � X , suppose that C� � Y is a pole contracted by �YX to the T -
invariant point p� 2 X . Then Lemma 2.5 tells us that ��YXTX charges C� if and only
if �.TX ; p� / ¤ 0. In particular, TY D ��YXTX if and only if �.TX ; p� / D 0 for the
image of each pole contracted by �YX . Equivalence of the first three criteria follows.

For equivalence with the fourth criterion, suppose that T is tame, determined by
TX 2H

1;1
R .X/. Since TX and xT .X/ are cohomologous inH1;1

R .X/, it follows that the
homogeneous internal toric current determined by xT .X/ is completely cohomologous
to T . On the other hand, there is only one homogeneous internal current completely
cohomologous to T , so xT D xT .X/. Reversing this logic, we infer that xT D xT .X/
implies that T is tame and determined in X .

Example 7.10. By Propositions 3.3 and 7.9 an internal curve C � yT is always tame,
determined in any toric surface X that fully realizes C . On the other hand, the homo-
geneous current T 2 DCint.

yT / with support function k � k is not tame. In fact, one can
check on any toric surface X that �.T; p� / > 0 for all � 2 †2.X/.

For any toric surface X , we have an inclusion D1;1.X/ ,! D1;1.yT / as a set of
tame currents. That is, given TX 2D1;1.X/ and X 0 is another surface, we can choose
a third surface Y dominating both X and X 0 and obtain the incarnation of TX on X 0

from
TX 0 D �

�
X 0XTX WD �YX 0��

�
YXTX :

If all currents Tj in a given sequence are tame, determined on the same surface X ,
then .Tj / converges as a sequence of toric currents if and only if .Tj;X / converges
in D1;1.X/. Hence the inclusion D1;1.X/ ,! D1;1.yT / is a homeomorphism onto its
image. One should note, however, that since pullbacks of internal currents need not
be internal, this inclusion does not respect the decomposition of a toric current into
internal and external components.

7.1. Intersection and Lelong numbers for toric classes and currents

Following [10, 12] we introduce a quadratic form on much of H1;1
R .yT / that simulta-

neously extends the intersection form on H1;1
R .X/ for all toric surfaces X . Two key

observations make this possible.
First, we have a well-defined intersection form on the subspace of H1;1

R .yT / con-
sisting of Cartier classes: if ˛ 2 H1;1

R .yT / is determined on some surface X , then

.˛Y ; ˇY /Y D .˛X ; ˇX /X
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for any other toric class ˇ and any surface Y �X . If ˛0 is the Cartier class determined
by a line in P2, then the intersection form is negative definite on the orthogonal com-
plement ker�XP2� of ˛0 in any surface X � P2. So we may define a norm on Cartier
classes ˛ by decomposing ˛ D c˛0 C ˛1 into components parallel and orthogonal
to ˛0 and declaring

k˛k2 D c2 � ˛21 :

Second, Theorem 2.1 implies ˛2X D .�YX�˛Y /
2 � ˛2Y for any ˛ 2 H1;1

R .yT / and
any toric surfaces Y � X . Let

L2.yT / WD
®
˛ 2 H

1;1
R .yT / W inf

X
˛2X > �1

¯
:

In particular, L2.yT / includes all Cartier and all nef classes. The following theorem
summarizes basic results whose arguments are given in [10, Sections 1.4 and 1.5].

Theorem 7.11. L2.yT / � H1;1
R .yT / is (canonically isomorphic to) the Cauchy com-

pletion of the Cartier classes with respect to the above norm. Moreover, the intersec-
tion form on Cartier classes has a unique extension to L2.yT /, and the following hold
for all ˛; ˇ 2 L2.yT /:

• ˛2 D infX ˛2X ;

• if ˛ is Cartier, determined on X , then .˛ � ˇ/ D .˛X � ˇX /X ;

• if ˛; ˇ 2 L2.yT / are non-zero classes satisfying ˛2 � 0 and .ˇ � ˛/ D 0, then
ˇ2 � 0; equality holds if and only if ˛ and ˇ are multiples of each other;

• ˛ 2 H
1;1
R .yT / is nef if and only if .˛ � ˇ/ � 0 for all positive and Cartier ˇ.

The norm topology on L2.yT / is strictly stronger than the (restriction) of the
weak topology on H1;1

R .yT / since, amongst other things, Cartier classes are dense
in the weak topology on H1;1

R .yT /, whereas L2.yT / is a proper subset of H1;1
R .yT /.

On the other hand, if ˛ D ˛X 2 H
1;1
R .X/ � L2.yT / is Cartier, then the linear func-

tional ˇ 7! .˛ � ˇ/ on L2.yT / extends continuously to all of H1;1
R .yT / via .˛ � ˇ/ WD

.˛X �ˇX /. Finally, we point out that unlike the situation in [10], the (indefinite) Hilbert
space L2.yT / is separable, because there are only countably many different toric sur-
faces.

If T 2DC1;1.
yT / and p 2 yT ı is a realizable point, then we define the Lelong number

�.T; p/ of T at p to be the Lelong number �.TX ; p/ of the incarnation TX of T in
some (and hence any) toric surface X that realizes p. Lelong numbers are, among
other things, always non-negative.
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Lemma 7.12. Suppose X is a compact Kähler surface, C � X is a curve and T 2
DC1;1.X/ is a current that does not charge C . Then

.T � C/ �
X
p2C

�.T; p/:

Proof. We first show that .T � C/ � 0. By decomposing, we reduce to two cases: T
does not charge curves, and T is the current of integration over a curve C 0 ¤ C . In
the first case, Demailly (see [14, Corollary 6.4]) showed that the cohomology class
of T is nef, and in the second C 0 and C meet transversely. Either way .T � C/ � 0.

Now consider the blowup � W yX ! X of X at p 2 C . Then pulling back local
potentials gives

��T D T 0 C �.T; p/E;

whereE is the curve contracted by � and T 0 is the ‘strict transform’ of T by � , i.e. the
unique positive closed current with no mass on E such that ��T 0 D T . So if C 0 � yX
denotes the strict transform of C , we get

T � C D .T � ��C
0/ D .��T � C 0/ � .T 0 � C 0/C �.T; p/ � .T 0 � C 0/

since .E � C 0/ � 1. The argument from the first paragraph tells us again that

.T 0 � C 0/ � 0:

Hence repeating the estimate for T 0, etc., finishes the proof.

Theorem 7.13. Given T 2DCint.
yT /, there exists M > 0 depending only on the coho-

mology class of T such that for sufficiently dominant toric surfaces Y ,X
p2Y nT

�.TY ; p/ < M:

Proof. Fix a toric surface X . The canonical divisor on X is given by

KX D �
X

�2†1.X/

C� ;

so Lemma 7.12 tells us

.�KX � TX / �
X

�2†1.X/

X
p2C�

�.TX ; C� /:

If � W Y!X is the blowup of X at some T -invariant point p and C D��1.p/ is the
new pole, then we haveKY D��KX CC (by adjunction) and TYD��TX � �.T;p/C
(by pulling back local potentials). Therefore,

0 � .�KY � TY / D .�KX � TX / � �.TX ; p/ � .�KX � TX /:
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Hence for any Y � X , we haveX
p2Y nT

�.TY ; p/ �M WD .�KX � TX /:

7.2. Relationship with Boucksom–Favre–Jonsson (2008)

Besides the fact that we consider currents as well as classes, the main difference
between our context and that of [10] is that, for us, a toric (Weil) class is given by
an incarnation on every toric surface X , whereas a Weil class in [10] has an incarna-
tion on every blowup of some fixed base surface. Say for the sake of discussion the
base surface is P2, and letW.P2/ denote the set of all Weil classes in the sense of [10].

One sees easily that any z̨ 2 W.P2/ induces a class rs.z̨/ 2 H1;1
R .yT / obtained by

‘restriction’. That is, we set rs.z̨/X D z̨X whenever X � P2 is a toric surface domi-
nating P2. For any other toric surface Y , we choose a toric surface X that dominates
both Y and P2 and set rs.˛/Y D �XY � z̨X . The resulting restriction map

rsWW.P2/! H
1;1
R .yT /

is linear, surjective and continuous. It preserves both positive and nef classes.
In order to apply the main results of [10], it will be important for us that the restric-

tion map admits a distinguished section exWH1;1
R .yT / ,! W.P2/. This depends on the

following observation that any blowup of P2 dominates a maximal toric surface.

Proposition 7.14. If � zX W zX! P2 is a birational morphism from a (non-toric) surface
zX onto P2, then there is a toric surface X and a birational morphism � zXX W

zX ! X

such that any other birational morphism � zXY W
zX ! Y onto a toric surface Y factors

through X , i.e. � zXY D �XY ı � zXX , where �XY WX ! Y is a morphism.

Proof. This is a special case of the second conclusion of [20, Corollary 5.5]. Factoring
� zX D �k ı � � � ı �1 into blowups �j WXj !Xj�1, the existence ofX amounts to noting
that the factors can be ordered so that first k0 among them are ‘toric’, centered at
torus invariant points on the surface created by the previous blowups, and the rest are
centered at non-torus invariant points appearing in the surface X D Xk0 .

Given ˛ 2H1;1
R .yT / we may now define the ‘extension’ ex.˛/ 2W.P2/ by declar-

ing for any blowup � zX W zX ! P2 that

ex.˛/ zX WD �
�
zXX
˛X ;

where X � zX is the maximal toric surface dominated by zX . One checks that since
the incarnations ˛X of ˛ are consistent across toric surfaces, the incarnations ex.˛/ zX
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are consistent across blowups of P2. It is immediate that exWH1;1
R .yT /! W.P2/ is

continuous and linear, satisfies rs ı ex D id, and preserves positive and nef classes.
As with L2.yT /, we can orthogonally decompose elements z̨ D c z̨0 C z̨1 2 L2

relative to the Cartier class z̨0 determined by a line in P2, and the strong topology
on L2 is then given by the norm defined by

kz̨k D c2 � .z̨1/
2:

Since P2 is itself a toric surface, we have ex.˛0/D z̨0 and rs.z̨0/D rs.ex.˛0//D ˛0.

Proposition 7.15. Extension of toric classes restricts to a (strongly) continuous map
exWL2.yT / ! L2 that preserves both the intersection products and the associated
norms. Restriction of Weil classes restricts to a continuous map rsW L2 ! L2.yT /

that is non-increasing for both self-intersections and norms. Finally, we have for any
˛ 2 L2.yT / and ž 2 L2 that �

˛ � rs. ž/
�
D
�
ex.˛/ � ž

�
:

Proof. Given classes ˛;ˇ 2L2.yT /, let zX! P2 be a blowup andX � zX the maximal
toric surface dominated by zX . Then since pullbacks by birational morphisms preserve
intersections, we have �

ex.˛/ zX
�2
D
�
��
zXX
˛X
�2
D ˛2X :

Hence ex.˛/ 2 L2 with ex.˛/2 D ˛2. Similarly, if ˇ 2 L2.yT / we have�
ex.˛/ � ex.ˇ/

�
D ˛ � ˇ;

so that ex is an isometry with respect to intersection. It follows that if ˛ D c˛0 C ˛1
is the orthogonal decomposition of ˛ relative to ˛0, then ex.˛/D c z̨0C ex.˛1/ is the
orthogonal decomposition relative to z̨0. Hence k ex.˛/k D k˛k. In particular, ex is
continuous in the norm topology.

Concerning the map rs, we have for any z̨ 2 L2 that

rs.z̨/2 D inf
X
z̨
2
X � inf

zX

z̨
2
zX
D z̨

2;

where the first infimum is over all toric surfaces, the second is over all blowups of P2,
and the inequality holds because any toric surface X is dominated by a toric surface
that also dominates P2. In particular, rs.L2/ � L2.yT /.

Now if ˛ 2 L2.yT /, ž 2 L2, zX is a blowup of P2 and X is the maximal toric
surface dominated by X , we obtain from the projection formula that�

˛X � rs. ž/X
�
D
�
˛X � � zXX�

ž
zX

�
D
�
��
zXX
˛X � ž zX

�
D
�
ex.˛/ zX � ž zX

�
:

Hence .˛ � rs. ž// D .ex.˛/ � ž/.
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It follows that if z̨ D c z̨0 C z̨1 2 L
2 is the orthogonal decomposition relative

to z̨0, then rs.z̨/D c˛0C rs.z̨1/ is the orthogonal decomposition relative to ˛0. Hence

k rs.z̨/k D c2 � rs.z̨1/2 � c2 � z̨21 D kz̨k:

8. Pushforward and pullback by toric maps

In this section, still following [10], we define and investigate natural pullback and
pushforward actions yf �; yf� on toric currents and classes. The main idea is that Propo-
sition 2.2 allows us to pushforward and pullback the incarnations of toric currents and
classes in a manner that is consistent across different toric surfaces. We will focus ini-
tially on currents, leaving details of the analogous discussion of classes to the reader.

Corollary 8.1. Let f be a toric map, T 2 D1;1.yT /, and zX � X , zY � Y be toric
surfaces.

(1) If Ind.fXY / contains no T -invariant points, then fXY �TX D � zY Y �f zX zY �T zX .

(2) If fXY does not contract any pole of X , then � zXX�f
�
zX zY
T zY D f

�
XY TY .

That Ind.fXY / contains no T -invariant points amounts (by Theorem 4.5 and the
definition of Ind. yf /) to saying that X realizes all points in Ind. yf / and Ind.fXY / D
Ind. yf /. That fXY contracts no poles likewise amounts (by Theorem 4.3) to saying
Exc.fXY / D Exc. yf /.

Proof. Suppose Ind.fXY / contains no T -invariant points, hence no points that are
images of curves contracted by � zXX . So from Proposition 2.2 and Ind.� zY Y /D ;, we
infer that

� zY Y �f zX zY �T zX D f zXY �T zX D fXY �� zXX�T zX D fXY �TX ;

which gives the first assertion. For the second assertion, we have similarly that since
fXY contracts no poles,

� zXX�f
�
zX zY
T zY D f

�

X zY
T zY D f

�
XY .�

�1
zY Y
/�T zY D f

�
XY � zY Y �T zY D f

�
XY TY :

Corollary 8.1 and the last conclusions of Theorems 4.3 and 4.5 make the following
definition unambiguous.

Definition 8.2. Let f be a toric map and let T 2 D1;1.yT /.

• The pullback yf �T 2 D1;1.yT / is given in any toric surface X by choosing a toric
surface Y sufficiently dominant that fXY contracts no poles of X and setting
. yf �T /X WD f

�
XY TY .



Equidistribution without stability for toric surface maps 171

• The pushforward yf�T 2 D1;1.yT / is given in any toric surface Y by choosing
a toric surface X sufficiently dominant that Ind.fXY / contains no T -invariant
points and setting . yf�T /Y D fXY �TX .

Proposition 8.3. If f WT Ü T is a toric map and T 2 D1;1.yT / is internal, then
yf �T and yf�T are also internal.

Proof. Choose toric surfaces X and Y so that fXY contracts no poles of X . Corol-
lary 4.4 then tells us that the image fXY .C� / of any pole inX is a pole in Y . So if T is
internal, then TY does not charge poles, and therefore neither does . yf �T /X D f �XY TY .
Hence yf �T is internal. The argument that yf�T is internal is similar.

We remark that if D 2 D1;1.yT / is an external divisor, then yf �D and yf�D need
not also be external, as the divisor yf �D might have support on Exc. yf /, and yf�D
might have support on yf .Ind. yf //.

Corollary 8.4. If f WT Ü T is toric, then both yf � and yf� preserve the set of tame
currents.

• If T2D1;1.yT / is tame and determined in X and fXY contracts no poles of X ,
then yf�T is tame and determined in Y , satisfying . yf�T /Y D fXY �TX .

• If T2D1;1.yT / is tame and determined in Y and Ind.fXY / contains no T -invariant
points, then yf �T is tame and determined in X , satisfying . yf �T /X D .fXY /�TY .

Proof. The arguments for the two assertions are similar, so we only give details for
the second. Given zX � X , choose zY � Y so that f zX zY contracts no poles of zX .

Since f zX zY does not contract poles, neither does fX zY . So we further have

. yf �T /X D f
�

X zY
T zY D f

�

X zY
��
zY Y
TY D f

�
XY TY ;

where the first equality holds by definition of yf �T , the second because T is deter-
mined in Y , and the third by Proposition 2.2 and the fact that Ind.� zY Y / D ;.

To see that yf �T is tame and determined in X note that

. yf �T / zX D f
�
zX zY
T zY D f

�
zX zY
��
zY Y
TY D f

�
zXY
TY D �

�
zXX
f �XY TY D �

�
zXX
. yf �T /X :

Here the first equality holds by definition of yf �T and choice of zY , and the second
holds because T is determined in Y . The third and fourth equalities use Proposi-
tion 2.2 and the facts that Ind.� zY Y / D ;, whereas Ind.fXY / contains no T -invariant
points. The final equality uses the previous displayed equation. Since

. yf �T / zX D �
�
zXX
. yf �T /X

for arbitrary zX � X , we see that . yf �T / is determined in X .
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Much of the discussion from Section 2.2 concerning pushforward and pullback of
currents and classes on surfaces generalizes more or less immediately to toric currents
and classes.

Proposition 8.5. If f WT Ü T is a toric map, then

• yf �; yf�W D1;1.yT / ! D1;1.yT / are weakly continuous and preserve the cone
DC1;1.

yT /;

• if T D dd c' 2 D1;1.yT / is completely cohomologous to 0, then so are yf �T D
dd c.' ı f / and yf�T D dd c.f�'/; and hence

• yf �; yf� descend to continuous linear operators yf �; yf�WH
1;1
R .yT /! H

1;1
R .yT /;

• yf � and yf� preserve the set of nef classes in H1;1
R .yT /;

• if at least one of the classes ˛;ˇ 2H1;1
R .yT / is Cartier, then we have the Projection

formula . yf �˛ � ˇ/ D .˛ � yf�ˇ/.

Proposition 2.2 also translates easily to toric classes and currents.

Proposition 8.6. The following are equivalent for toric maps f; gWT Ü T :

• . yf ı yg/� D yg� ı yf � (on D1;1.yT / and/or H1;1
R .yT /);

• . yf ı yg/� D yf� ı yg�;

• yg.Exc.yg// \ Ind. yf / D ;.

Hence if yf is internally stable, then

. yf n/� D . yf �/n and . yf n/� D . yf�/
n

for all n 2 Z�0.

Finally, we generalize Theorem 2.1 to toric maps.

Theorem 8.7. For any toric map f WT Ü T , the continuous linear operator

E�WH
1;1
R .yT /! H

1;1
R .yT /

given by E�.˛/ D yf� yf
�˛ � dtop˛ satisfies the following for any ˛ 2 H1;1

R .yT /:

(1) E�.˛/ is Cartier, represented by a divisor supported on yf .Ind. yf //;

(2) E�.˛/ is nef whenever ˛ is effective;

(3) E�.˛/ D 0 if and only if .˛ � C/ D 0 for each curve C � yf .Ind. yf //;

(4) .E�.˛/ � ˛/ � 0 with equality if and only if E�.˛/ D 0.

We stress that the intersection in the final two items make sense for any toric
class ˛ because curves C � yf .Ind. yf // represent Cartier classes, and so for suffi-
ciently dominant surfaces X , we have .˛ � C/ WD .˛X � CX /X is independent of X .
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Proof. By continuity of yf � and yf�, it suffices to establish the first two conclusions
in the case where ˛ is Cartier. Then since E�.˛/ is Cartier and all components of
yf .Ind. yf // are tame, we can again assume ˛ is Cartier when proving the last two

conclusions.
So assuming that ˛ is Cartier, we also have that yf �˛ and yf� yf �˛ are Cartier.

Choose a toric surface Y sufficiently dominant that ˛, yf� yf �˛ are determined and
all components of yf .Ind. yf // are fully realized on Y . Then choose a toric surface X
sufficiently dominant that Ind.fXY / D Ind. yf / � Xı. It follows from Corollary 8.4
that yf �˛ is determined in X with . yf �˛/X D f �XY ˛Y . Hence by Theorem 2.1,

. yf� yf
�˛/Y � dtop˛Y D .fXY �f

�
XY � dtop/˛Y D E�XY .˛Y / (13)

for some class E�XY .˛Y / depending linearly on ˛Y and represented by a divisor on

fXY
�
Ind.fXY /

�
D yf

�
Ind. yf /

�
:

Since the left-hand side of (13) depends only on Y , E�Y .˛Y / � E�XY .˛Y / is indepen-
dent of the choice of X . Since yf� yf �˛ � dtop˛ is determined in Y , we further have for
any Z � Y that the corresponding class is given by

E�Z.˛Z/ D �
�
ZY E�Y .˛Y /:

So taking E�.˛/ 2H
1;1
R .yT / to be the Cartier class determined by E�Y .˛Y /, we obtain

yf� yf
�˛ � dtop.f /˛ D E�.˛/:

All remaining assertions about E�.˛/ proceed from the corresponding facts about
E�Y .˛Y /, as given by Theorem 2.1. We note, though, that the second conclusion of
Theorem 8.7 is stronger than its counterpart in Theorem 2.1 because each irreducible
component C � yf .Ind. yf // is an internal curve, representing a nef class, so that
.˛ � C/ � 0 whenever ˛ is (merely) effective and E�.˛/ is nef as soon as it is effec-
tive.

8.1. Comparison with Boucksom–Favre–Jonsson (2008)

Our definitions of pushforward and pullback are again inspired by the definitions of
f �; f�WW.P2/! W.P2/ given in [10]. Let us focus here on f �. Starting with any
rational map f WP2 Ü P2 and a class z̨ 2W.P2/, they define the incarnation .f � z̨/X
on a blowup X ! P2 by choosing Y so that Exc.fXY / D ;, and declaring

.f � z̨/X D f
�
XY z̨Y :

In our toric setting, the best we can do is achieve that Exc.fXY / D Exc. yf / con-
sists of only the persistently exceptional curves. This means, among other things, that
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while .f n/� D .f �/n automatically holds for f �WW.P2/ Ü W.P2/, it only holds
for yf �WH1;1

R .yT /ÜH
1;1
R .yT /when yf is internally stable. Despite this, we have some

compatibility between the two notions of pullback.

Proposition 8.8. Given a toric map f W T Ü T , we have yf � D rs ıf � ı ex and
yf� D rs ıf� ı ex, where f �; f� denote pushforward and pullback on W.P2/.

Note that the reverse relationship f � D ex ı yf � ı rs does not generally hold.

Proof. We give the details for pullback only. Fix a class ˛ 2 H1;1
R .yT /. Given a toric

surface X , let Y be another toric surface such that fXY contracts only persistently
exceptional curves. Blowing up still further we can also choose a (non-toric) surface
zY ! Y such that fX zY does not contract any curves at all. Replacing Y with the max-
imal toric surface dominated by zY , we still have that fXY contracts only persistently
exceptional curves. By (our) definition . yf �˛/X D f �XY ˛Y ; whereas by the definition
of pullback from [10] and the discussion at the end of Section 7,

rs
�
f � ex.˛/

�
X
D
�
f � ex.˛/

�
X
D f �

X zY
ex.˛/ zY D f

�

X zY
��
zY Y
˛Y

D
�
� zY Y ı fX zY

��
˛Y D f

�
XY ˛Y D .

yf �˛/X :

The fourth equality follows from Proposition 2.2 and the fact that Ind.� zY Y / D ;. So
the outcome is the same by either definition.

Corollary 8.9. If f WT Ü T is toric, then the operators yf �; yf� onH1;1
R .yT / restrict

to bounded linear operators on L2.T / satisfying

. yf �˛ � ˇ/ D .˛ � f�ˇ/

for all ˛; ˇ 2 L2.yT /.

Proof. That yf �; yf� restrict to continuous operators on L2.yT / follows immediately
from Propositions 7.15 and 8.8 and continuity of the operators f�; f �W L2 ! L2

(see [10, Proposition 2.3]). The displayed formula follows from continuity of yf �

and yf� and Proposition 8.5. That is, the fact that it holds if either of the classes is
Cartier.

We can now apply the main results from [10] to obtain the starting point for our
construction of forward and backward invariant currents associated to a toric map.

Theorem 8.10. Let f WT Ü T be an internally stable toric map. Then there exist
non-zero nef classes ˛�; ˛� 2L2.yT / such that yf �˛� D �1.f /˛� and yf�˛� D �1˛�.
If additionally �21.f / > dtop.f /, then up to constant multiple these classes are unique,
satisfying for any ˛ 2 L2.yT / that

• limn!1 �
�n
1 . yf n/�˛ D .˛ � ˛�/ ˛

�;

• limn!1 �
�n
1 . yf n/�˛ D .˛ � ˛

�/ ˛�.
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Proof. We give details only for the class ˛� here. The arguments for ˛� are identical.
In [10, Theorem 3.2], Boucksom–Favre–Jonsson give a non-zero nef class z̨�2W.P2/
such that f � z̨� D �1.f /z̨

�. The argument from [13, Theorem 4.12] shows in fact
that one may construct z̨� as follows. Let ` 2 P2 be a line. Then for any nef class
z̨ 2 W.P2/ and t > �1, the series

z̨
�.t/ D

1X
nD0

t�nf n� z̨

converges, and any limit z̨� of the bounded family z̨�.t/=.z̨�.t/ � `/ as t decreases
to �1.f / is a non-zero nef class with the desired invariance. So if we begin with a
non-zero nef class ˛ 2 L2.yT / and let z̨ D ex.˛/ 2 W.P2/ be the extension of ˛,
Proposition 8.8 and internal stability give us on any toric surface X that

˛�.t/ WD rs.z̨�.t// D
1X
nD0

t�n. yf n/�˛ D

1X
nD0

t�n. yf �/n˛:

In particular, the series on the right converges. Applying yf � to both sides yields

t�1 yf �˛�.t/ D ˛�.t/ � ˛:

Moreover, since ` determines a class in the toric surface P2, we have

.z̨�.t/ � `/ D .˛�.t/ � `/;

which as is observed in [13], increases to infinity as t decreases to �1.f /. So if z̨� is
any limit of z̨�.t/=.z̨�.t/ � `/ as t & �1.f /, and we let ˛� WD rs.z̨�/ 2 H1;1

R .yT / be
its restriction, we obtain from continuity of yf � that

��11
yf �˛� D ˛�:

This proves the first assertion in the theorem.
Under the additional assumption that �1.f /2 > dtop.f /, [10, Theorem 3.5] gives

for any class z̨ 2 L2 that

lim
n!1

f n� z̨

�1.f /n
D .z̨ � z̨�/ z̨

�:

Taking z̨ D ex.˛/ for some class ˛ 2 L2.yT /, we again invoke internal stability and
Proposition 8.8 to see that

. yf �/n˛

�1.f /n
D
. yf n/�˛

�1.f /n
D

rs.f n� z̨/
�1.f /n

! .z̨ � z̨�/ rs.z̨�/ D .˛ � ˛�/ ˛�;

since z̨ D ex.˛/ is the extension of a class in H1;1
R .yT /.
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We remark that under the stronger hypothesis that �21.f / > dtop.f /, the above
proof can be simplified. One obtains the invariant class ˛� directly using the last
paragraph of the proof (and [10, Theorem 3.5]).

Proposition 8.11. Let f WT Ü T and ˛�; ˛� 2 H
1;1
R .yT / be as in Theorem 8.10.

If the tropicalization Af of f is a homeomorphism with irrational rotation number,
then neither class ˛� or ˛� is Cartier.

Proof. Suppose for contradiction that ˛� is Cartier and determined in some toric sur-
face X . Since ˛� is non-trivial and nef and every effective divisor on X is linearly
equivalent to an external divisor, there is a pole C� of X such that .˛�X � C� /X > 0.
Since Af has irrational rotation number, there further exists k 2 Z>0 such that

� 0 WD A�kf .�/ 62 †1.X/:

Then on the one hand the intersection .˛� � ˇ/ with any other class ˇ 2 H1;1
R .yT / is

given by the intersection .˛X � ˇX / of incarnations in X . Hence

.˛� � C� 0/ D .˛X � 0/ D 0:

But on the other hand yf k� C� 0 � deg. yf kjC�0 / C� (strict inequality holds precisely
when Ind. yf k/ \ C� 0 ¤ ;), so

.˛� � C� 0/ D �
�k
1 . yf k�˛� � C� 0/ � �

�k
1 deg.f kjC�0 /.˛

�
� C� / > 0;

where the first inequality holds because ˛� is nef. The gives us our contradiction.
The proof for the forward invariant class ˛� is quite similar and the details are left

to the reader.

9. Monomial maps and equidistribution

The following facts about monomial maps were first observed by Favre.

Theorem 9.1 ([25], also [39]). Let hD hAWT ! T be the monomial map associated
to a non-singular linear operator AWN ! N . Then

• dtop.h/ D detA and �1.h/ is the maximum of the absolute values of the eigenval-
ues of A;

• in particular, �1.h/2 D dtop.h/ if and only if the eigenvalues of A are a complex
conjugate pair;

• there exists an iterate hn, n � 6, and a toric surface X on which hn extends to
an algebraically stable rational map if and only if some power of A has real
eigenvalues.
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The equidistribution results from [18] apply to monomial maps satisfying the
third conclusion of this Theorem 9.1. In this section, we prove a complementary
equidistribution result for the case when the third conclusion fails, i.e. those for which
the underlying matrix A has eigenvalues �; x� D j�je˙2�i� 2 C with irrational argu-
ments˙� 2 R. First however, we prove Theorem 1.1 from the introduction.

Proof of Theorem 1.1. Since f is internally stable, Theorem 8.10 gives that there is a
nef class ˛� 2H1;1

R .T / satisfying yf �˛� D �1.f /˛�. Corollary 8.9 and Theorem 8.7
tell us that

�1.f /
2.˛� � ˛�/ D . yf �˛� � yf �˛�/ D dtop.f /.˛

�
� ˛�/C

�
E�.˛�/ � ˛�

�
:

Since �1.f /2 D dtop.f /, we see that .E�.˛�/ � ˛�/ D 0, and therefore .C � ˛�/ D 0
for every curve C � yf .Ind. yf //. But any such curve is internal and therefore nef. So
by Theorem 7.11 C 2 D 0 and the cohomology class of C is a multiple of ˛�.

Suppose now that f is not a shifted monomial map. Then by Corollary 4.9 there
is at least one persistently exceptional curve E for yf . Since yf .E/ is a point, the
pushforward yf�E is supported on yf .Ind. yf //:

�1.f /.E � ˛
�/ D .E � yf �˛�/ D . yf�E � ˛

�/ �M
X

C� yf .Ind. yf //

.C � ˛�/ D 0:

Again because E is internal, it follows that the class of E is a positive multiple of ˛�

and E2 D ˛�2 D 0.
Now letX be a toric surface that fully realizes all curves in Exc. yf / and yf .Ind. yf //

and KX D �
P
�2†1.X/

C� be the canonical class of X . Then the genus formula tells
us that the arithmetic genus of E is a non-negative integer given by

1C
1

2
E � .E CKX / D 1C

1

2
E �KX D 1 �

1

2

X
�2†1.X/

E � C� � 0;

since by Corollary 3.4,E meets at least two external curves inX . In fact,E �KXD�2,
and the arithmetic genus ofE vanishes. This implies thatE is a smooth rational curve
that meets exactly two poles C�2 ; C��2 � yT , both realized in X , and .E � C˙�2/ D 1.

Let �1 � NR denote another rational ray, chosen so that the generators of �j \N ,
j D 1; 2, form a basis forN . Then ¹0º;˙�1;˙�2 and the four complementary sectors
constitute a fan in NR, and this fan determines a toric surface X that fully realizes the
persistently exceptional curve E. The distinguished coordinate system .x1; x2/ iden-
tifying C�j with ¹xj D 0º extends to an isomorphism X ! P1 � P1 identifying C��j
with ¹xj D 1º. Let us write f with domain and codomain in these distinguished
coordinates:

.x1; x2/ 7!
�
f1.x1; x2/; f2.x1; x2/

�
:
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The curveE is a vertical line ¹x1D cº for some c 2C�, and sinceE is cohomologous
to a multiple of ˛�, the invariance yf �˛� D �1˛� implies that f1.x1; x2/ � f1.x1/ is
a function of x1 only, i.e. f is a skew product preserving the vertical fibration.

Write f1.x1/Dxa1g1.x1/, where g1.0/¤ 0;1, and f2.x1; x2/Dxb1x
c
2g2.x1; x2/,

where g2 has no zero or pole along either axis ¹xj D 0º. Writing out f �� D �.f /�
in coordinates then gives

�.f / D ac C x1c
g01
g1
C ax2

@g2=@x2

g2
C x1x2

g01
g1

@g2=@x2

g2
:

Setting x2D 0, we see that g01� 0, so that �.f /D ac and g1.x1/� t 2C� is constant.
It further follows then that @g2

@x2
� 0, so that g2 D g2.x1/ is a function of x1 only. In

short, the distinguished coordinate representation of f reduces to

.x1; x2/ 7!
�
txa1 ; x

c
2g.x1/

�
;

where a and b are integers satisfying jabj D �.f /, t 2 C�, and g.x1/ D xb1g2.x1/ is
a rational function of x1. In particular, f .¹x1 D 0º/ is either ¹x1 D 0º or ¹x1 D1º.

Since f �¹x1 D 0º D jaj¹x1 D 0º, we infer a D ˙�1.f /. One computes directly
that typical points .x1; x2/ have jacj preimages under f . Hence

�1.f /
2
D dtop.f / D jacj D �1.f /jcj;

i.e. c D ˙�1.f /.

The following statement was noted in the proof of Theorem 1.1.

Remark 9.2. In either conclusion of Theorem 1.1 one sees that the tropicalizationAf
of f is a homeomorphism. In the case when f is a skew product, it maps the pole
¹x1 D 0º to itself, so Af fixes the ray �1 that indexes this pole. Hence under the
additional hypothesis that Af has irrational rotation number, the conclusion narrows:
f must be a shifted monomial map.

For the remainder of this section, we focus on monomial maps h D hA that do
not admit algebraically stable models. That is, we assume that A has eigenvalues
�; x� D j�je˙2�i� for � 2 R n Q. For any such A we have a norm k � kA on NR, the
Euclidean norm relative to an appropriately chosen basis, such that kAvkA D j�jkvkA
for all v 2 NR. Since this norm is a convex, homogeneous function on NR, we have
an associated homogeneous current xTA 2DCint.

yT / given on T by xTA WD dd ckLogkA.
Since Log ı h D A ı Log, pullbacks of homogeneous currents by yh remain homoge-
neous. In particular,

yh� xTA D dd
c
kLog ıhkA D dd ckA ı Log kA D j�jdd ckLog kA D �1.h/ xTA:
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Hence the class ˛� 2 H1;1
R .yT / of xTA is a leading eigenvector for pullback, the exis-

tence of which is guaranteed by Theorem 8.10. In fact, since Ind.yh/ D ;, we further
have from Theorem 8.7 that

�1.h/yh� xTA D yh�yh
� xTA D dtop.h/ xTA D �1.h/

2 xTA:

Hence yh� xTA D �1.h/ xTA, too. So ˛� D ˛� is also a leading eigenvector for pushfor-
ward.

We can now state our equidistribution theorem for monomial maps.

Theorem 9.3. LetAWN !N be a linear operator with eigenvalues �;x� 2C such that
�n … R for any n 2 Z�0. Let xTA 2 DC1;1.T / be the associated homogeneous current.
Then any non-zero tame current T 2 DCint.

yT /, there exists c� > 0 such that

lim
n!1

1

n

n�1X
jD0

yhj�T

j�jj
D c� xTA:

Since monomial maps preserve external divisors, the requirement that the cur-
rent T be internal is necessary in this theorem. We do not know if the tameness
requirement is also necessary. Practically speaking, we depend on it at the conclu-
sion of the proof to ensure T � xT has a potential that is bounded above on T . It is not
used at all in the preliminary results Lemmas 9.4 and 9.5 below.

Lemma 9.4. Theorem 9.3 is true for homogeneous currents T D xT 2 DCint.
yT /.

Note that without the Césaro averaging in Theorem 9.3, this lemma fails for any
homogeneous current xT that is not already a multiple of xTA. Since homogeneous
currents uniquely represent nef classes in H1;1

R .yT /, one sees that Césaro averaging is
needed for Theorem 9.3 to hold even on the cohomological level.

Proof. On T , we have xT D dd c. x ı Log/ for some non-negative homogeneous con-
vex function x WNR ! R, and therefore

yhj� xT D dd c. x ı Log ıhj / D dd c. x ı Aj ı Log/:

In particular, yhj� xT is also homogeneous, and we have for any v 2 NR that

j�j�j x .Aj v/ D kvkA � x 

�
Aj v

kAj vkA

�
:

Since A induces a homeomorphism with irrational rotation number on ¹kvkA D 1º,
which is therefore uniquely ergodic, we also see that

lim
n!1

1

n

n�1X
jD0

x 

�
Aj v

kAj vkA

�
D c� > 0
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uniformly in v for some constant c� > 0. We conclude that

lim
n!1

1

n

n�1X
jD0

yhj� xT

j�j j
D dd c

�
kLog kA � lim

n!1
x 

�
Aj ı Log
kAj ı Log kA

��
D c�dd ckLog kA D c� xTA:

The analog of Lemma 9.4 for normalized pushforwards of a homogeneous current
holds with a similar proof. However, the remainder of the proof of Theorem 9.3,
including the next result, is specific to normalized pullbacks.

Lemma 9.5. Let  WNR ! R be a convex function with Growth. / <1 and x be
its homogenization. Then

lim
n!1

 ı An � x ı An

j�jn
D 0

uniformly on compact subsets of NR.

Proof. Recall that the homogenization of  is given for any v 2 NR by

x .v/ D lim
t!1

t�1 .tv/:

So if we set tn WD kAnvkA D j�jnkvkA and un WD t�1n Anv, then tn %1 and Propo-
sition 6.4 therefore yields

kvk�1A lim
n!1

 .Anv/ � x .Anv/

j�jn
D lim
n!1

�
 .tnun/

tn
� x .un/

�
D 0

uniformly on NR. Multiplying through by kvkA, we get the same limit, albeit with
uniform convergence only on compact subsets of NR.

The rest of the proof of Theorem 9.3 resembles that of [44, Lemma 1.10.12].

Proof of Theorem 9.3. Fix a tame current T 2DCint.
yT /, a toric surface X on which T

is determined, and a TR-invariant Kähler form ! onX . Let Tave be the rotational aver-
age of T and xT be the homogenization of Tave. By Theorem 6.7 and Proposition 7.9,
xT D xT .X/ has a continuous local potential in a neighborhood of any point in X .
This means we can write T � xT D dd c', where 'WX ! Œ�1; 0/ is integrable and
negative.

It suffices to show that j�j�nyhn�.T � xT /! 0 in D1;1.yT /. We will first show that
this holds on T . Let � be a smooth .1; 1/ form supported on a compact set®

kLog.x/kA � c
¯
� T :
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Then

jhhn�.T � xT /; �ij D

ˇ̌̌̌Z
kLog kA<c

.' ı hn/ dd c�

ˇ̌̌̌
� �C!k�kC2

Z
kLog kA<c

.' ı hn/ !2;

where C! > 0 depends only on the Kähler form. On the other hand, TR-invariance
of !2 and Log implies for any y 2 TR thatZ

kLog kA<c
.' ı hn/ !2 D

Z
kLog kA<c

.'y ı h
n/ !2 D

Z
kLog kA<c

.'ave ı h
n/ !2;

where
'y.x/ WD '.xy/ and 'ave.x/ WD

Z
y2TR

'y.x/ �:

Now 'ave is a potential on X for Tave � xT , and so equal to

 ave.Log.x// � x .Log.x//C B

for some constant B 2 R. Lemma 9.5 therefore implies

lim
n!1

ˇ̌
hj�j�nhn�.T � xT /; �i

ˇ̌
� lim
n!1

C!k�kC2

Z
kLog kA<c

'ave ı h
n

j�jn
!2 D 0:

That is, lim j�j�nhn�.T � xT / D 0 on T .
To see that the limit remains zero in D1;1.yT /, note that the previous computation

shows that any limit point S of j�j�nyhn�T in D1;1.yT / has the form S D xTA C Sext,
where Sext is an effective external divisor. On the other hand, any limit point of
lim j�j�nyhn� xT is internal by Corollary 6.16, so since T and xT are completely coho-
mologous, the same is true of S and xTA. So Sext � 0 is completely cohomologous to
zero and must therefore vanish.

To close this section, we make two further remarks about Theorem 9.3. First of
all, one can restate it in a form closer to Theorem 1.2, as a theorem specifically about
equidistribution of preimages of curves on P2, though invariance of TA and conver-
gence of pullbacks then hold only modulo external divisors. See the discussion in
Section 10 about passing from Theorem 10.1 to Theorem 1.2. Secondly, given h as in
Theorem 9.3 and � 2 T , one can check that the shifted monomial map �h is conjugate
via translation on T to h itself. Hence the theorem applies to shifted monomial maps,
too, albeit relative to some translate of TA.



J. Diller and R. Roeder 182

10. Invariant toric currents

In this section, we establish the main results of this article, Theorems 1.2 and 1.4
from the introduction. The tools developed in previous sections allow us to employ
arguments that are by now standard for algebraically stable surface maps. First we
construct the current T � in Theorem 1.2.

Theorem 10.1. Let f W T Ü T be an internally stable toric rational map whose
tropicalization Af is a homeomorphism with irrational rotation number. Let ˛�; ˛� 2
H
1;1
R .yT / be the nef classes associated to yf in the conclusion of Theorem 8.10. If f

is not a shifted monomial map, then there exists T � 2 D1;1.yT / such that for any nef
T 2 D1;1.yT /, we have

lim
yf n�T

�1.f /n
D .T � ˛�/T

�:

Hence T � is nef and positive, satisfies yf �T �D �1.f /T � and represents the class ˛�.

The condition that T be nef in the conclusion of this theorem guarantees that the
intersection .T � ˛�/ is finite. It is satisfied e.g. when T is positive and internal, or
when T is the tame current determined by an effective divisor in P2.

Proof. Fix an internal current T 2 DCint.
yT / such that .T � ˛�/ D 1. Since f is inter-

nally stable,
Tn WD �

�n
1
yf n�T D ��n1 . yf �/nT:

Since Af has irrational rotation number and f is not a shifted monomial map, Corol-
lary 9.2 tells us that �1.f /2 > dtop.f /. Hence by Theorem 8.10, limŒTn� D ˛�. In
particular, .ŒTn�/ � H

1;1
R .yT / is a relatively compact sequence. So, by Corollary 7.7,

there exists M > 0 such that Growth. x Tn/ �M for all n.
By Corollary 6.10, we have T � xT D T0 � xT0 is completely cohomologous to

zero. So by Proposition 7.4, there exists '0 WD 'T WT ! R such that ' is integrable
on any toric surface X compactifying T and T � xT D dd c'0 on X . Similarly, for
any n > 1, the difference ��11 . yf

� xTn�1 � yf � xTn�1/ is completely cohomologous to
zero with potential

'n WD '��1
1
yf � xTn�1

2 L1.X/

independent of the choice of toric surfaceX . Since xTn�1 is completely cohomologous
to Tn�1, it follows from Theorem 1.3 that

yf � xTn�1 D yf �Tn�1 D xTn:

Therefore,
dd c'n D �

�1 yf � xTn�1 � xTn:
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Thus

Tn D
yf n�T

�n1
D

yf �n xT0 C dd
c'0 ı yf

n

�n1

D

yf .n�1/� xT1

�n�11

C dd c
�
'1 ı yf

n�1

�n�11

C
'0 ı yf

n

�n1

�
D � � � D xTn C dd

c

nX
jD0

'n�j ı yf
j

�
j
1

:

Since ŒTn� converges to ˛�, Theorem 1.3 tells us that xTn converges to the unique
homogeneous current representing ˛�. Therefore, to prove that the sequence .Tn/
converges, it suffices to show for any fixed toric surface X that the sum on the right
converges in L1.X/ as n!1.

Once we fixX , Corollary 7.7 and Theorem 6.11 yield constants a; b > 0 such that

Vol
®
j'nj � t

¯
� ae�bt

for all non-negative n and t . From Theorem 5.4, we further infer for any�>
p
dtop.f /

that there exist constants A;B > 0 such that

Vol
®
j'n ı f

m
j � t

¯
� Ae�Bt�

�m

for all non-negative n, m and t . Since �1.f /2 > dtop.f /, we may assume �1 > �.
Thus, Z

X

j'n�j ı f
j j

�
j
1

dV D
1

�
j
1

Z 1
0

Vol
®
j'n�j ı f

j
j � t

¯
dt

�
A

�
j
1

Z 1
0

e�Bt�
�j

dt �
A

B

� �
�1

�j
:

Hence
1X
jD0

'n�j ı f
j

�
j
1

converges in L1.X/, and therefore T � WD lim Tn exists. Since Tn is nef and positive
for all n, so is T �. The cohomology class is ŒT �� D limŒTn� D ˛�. Continuity of f �

implies that f �T � D �1T �.
To see that T � is independent of the choice of initial current T , suppose that

T 0 2 DC1;1.
yT / is another nef toric current satisfying f �T 0 D �1T 0. Since �1.f /2 >

dtop.f /, the class ˛� is unique up to positive multiple. Hence T 0 and T � are com-
pletely cohomologous, and we have T 0 � T � D dd c' for some relative potential '.
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Invariance gives

T 0 � T � D
f n�.T 0 � T �/

�1

n

D dd c
' ı f n

�n1

for all n 2 Z�0. But one shows as above that

lim
n!1

Z
X

j' ı f nj

�n1
dV D 0

geometrically on any toric surface X . So in fact T 0 D T �.
The assumptions that our initial current T is internal and positive can be dispensed

with similarly. If T 2D1;1.yT / is an arbitrary (in particular, not necessarily invariant)
nef current with .T � ˛�/ D 1, then there exists a homogeneous current xT 2 DCint.

yT /

completely cohomologous to T . Writing T � xT D dd c' for some relative potential ',
we have again for any toric surface X that ��n1 ' ı f n ! 0 in L1.X/, and therefore
��n1
yf n�.T � xT /! 0. Hence

lim��n1
yf n�T D lim��n1

yf n� xT D T �:

Theorem 10.2. Let f WT Ü T and T � 2 DC1;1.
yT / be as in Theorem 10.1. Then

the Lelong number �.T �; p/ vanishes at all points p 2 yT ı that are not persistently
indeterminate for any iterate yf n of yf . Hence T � does not charge curves.

Note that since the image of each persistent exceptional curve is a free point in
some pole, assuming that Af WNR! NR is a homeomorphism with irrational rotation
number about 0 guarantees that no exceptional curve is preperiodic.

Proof of Theorem 10.2. Recall from Theorem 7.13 that there is an absolute upper
bound M for the Lelong numbers �.p; T �/ of T � at points p in any/all toric sur-
faces X . Let p 2 yT ı be a point such that p is not T -invariant and yf n.p/ … Ind. yf /
for any n � 0.

First suppose that p and its entire forward orbit lie in T . By Theorem 4.5 we then
have for every n 2 Z�0 that f is a local isomorphism about f n.p/. Hence

�n1�.T
�; p/ D �.f n�T �; p/ D �.T �; f n.p// �M:

It follows on letting n!1 that �.T �; p/ D 0.
Now suppose that p 2 C� � X is a free point in some external curve, but that

yf n.p/ … Exc. yf / for any n � 0. Choose an increasing sequence of toric surfaces

X0 D X � X1 � � � �

such thatAn
f
� 2†1.Xn/ for every n. Then pn WD fXn�1Xn ı � � � ı fX0X1.p/, n 2 Z�0,

is a well-defined sequence of free points in poles CAf n .�/ � Xn. The local degree
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of f nX0Xn about p is just the ramification Ram. yf n; �/ about the pole containing p.
By Theorem 4.8 this is equal to kAn

f
.v/k=kv0k, where v0 2 N is the primitive vector

generating An
f
.�/. Hence Lemma 2.5 tells us that

�n1�.T
�; p/ D �.f n�T �; p/ �

kAn
f
.v/k

kv0k
�
�
T �; f n.p/

�
�M

kAn
f
.v/k

kv0k
:

Thus,

�.T �; p/ �M � lim
n!1

kAn
f
.v/k

�n1kv
0k
D 0

by Theorem 5.5 and the hypotheses on f and its tropicalization. Since for each n� 0,
there are only finitely many points in Exc. yf n/ n T , we infer that T � has no mass on
external curves C� , i.e. T � is an internal current.

Consider finally the possibility that the forward orbit of p by yf meets Exc. yf /.
Since Af has irrational rotation number, and yf .Exc. yf // � yT ı nT consists of points
whose forward orbits do not meet Ind. yf /, there is are no preperiodic persistently
exceptional curves, i.e. no curvesE � Exc. yf / such that yf m.E/ 2E for somem> 0.
Hence there are only finitely many n � 0 such that yf n.p/ 2 Exc. yf /. If n D N is the
largest of these, then Lemma 2.5 tells us that

�.T �; p/ � CNC1�
�
T �; yf NC1.p/

�
;

where yf NC1.p/ is a free point in some pole, and then �.T �; yf nC1.p// D 0 by the
previous paragraph.

Corollary 10.3. The current T � in Theorem 10.1 is internal. For any toric surfacesX
and Y , the difference f �XY T

�
Y � �1.f /T

�
X is an effective divisor.

Proof. Since T � does not charge (in particular, external) curves, it is internal.
Given toric surfaces X and Y , choose Y 0 � Y so that fXY 0 WX Ü Y 0 does not

contract external curves ofX . We have by definition that . yf �T �/X D f �XY 0T
�
Y 0 . Since

T �Y D �Y 0Y �TY 0 , Theorem 2.1 (applied to f D ��1Y 0Y D �Y Y 0) implies that

E WD ��Y 0Y T
�
Y � T

�
Y 0 D �

�
Y 0Y �Y 0Y �T

�
Y 0 � T

�
Y 0 D E��YY 0 .T

�
Y /

is an effective divisor. Hence by Proposition 2.2 and the fact that Ind.�Y 0Y / D ;,

f �XY T
�
Y D f

�
XY 0�

�
Y 0Y T

�
Y D f

�
XY 0.T

�
Y 0 CE/ D �1.f /T

�
X C f

�
XY 0E:

Corollary 10.4. For any toric surface X and any curve CX � X , we have

lim
n!1

f n�XXCX

�1.f /n
! .˛�X � CX /T

�
X :
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Proof. Let C 2DC1;1.
yT / denote the tame toric current determined in X by CX . (Note

that if CX is itself external, then C will have most external curves of yT in its sup-
port.) Choose an increasing sequence of toric surfaces X � X1 � X2 � � � � such
that Ind.f nXnX / excludes all T -invariant points of Xn. By Corollary 8.4, we have

that yf n�C is determined on Xn with representative

. yf n�C/Xn D f
n�
XnX

CX :

Thus Proposition 2.2 and the fact that ��1XnX does not contract curves further imply
that

f n�XXCX D .f
n
XnX
ı ��1XnX /

�CX D �XnX�f
n�
XnX

CX

D �XnX�.
yf n�C/Xn D .

yf n�C/X :

Dividing through by �1.f /n, letting n!1 and applying Theorem 10.1 on the right-
hand side concludes the proof.

Proof of Theorem 1.2. The hypotheses of Theorems 1.2 and Theorem 10.1 are the
same, so let T � be as in the conclusion of Theorem 10.1. We claim that all conclusions
of Theorem 1.2 hold for the representative T �P2 of T � in P2. Indeed the first conclusion
follows immediately from Theorem 10.2. The second conclusion follows immediately
from yf �T � D �1.f /T

� and Corollary 10.3 applied with X D Y D P2. The third
conclusion of Theorem 1.2 follows from Corollary 10.4 withX DP2 andCX DC .

All remaining results in this section are for toric maps that satisfy the hypotheses
of Theorem 10.1 and also have small topological degree, i.e. dtop.f / < �1.f /.

A positive .1; 1/ current T 2 DC1;1.X/ is laminar and strongly approximable if,
roughly speaking, it can be exhausted from below by sums currents of the form

S D

Z
�.x/�.x/;

where�.x/ are integration currents over pairwise disjoint disks with controlled geom-
etry and � is a positive Borel measure on some disk transversal to all the �.x/. We
will not need the precise definition and so do not give it here, noting only that laminar-
ity has been an important property for studying the ergodic properties of rational maps
on complex surfaces with small topological degree. We refer the interested reader to
e.g. [22–24] for much more context.

Theorem 10.5. If f satisfies the hypotheses of Theorem 10.1 and has small topolog-
ical degree, then the current T � is laminar and strongly approximable in any toric
surface.
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Proof. LetX be an arbitrary toric surface. Choosing an embedding �WX ,! PN , we let
CX D �

�H be the pullback of a very general hyperplaneH �CN . Since the complete
linear system associated to such curves is basepoint free, we may assume that CX is
smooth and disjoint from the finitely many T -invariant points of X . Hence CX fully
realizes an internal curve C � yT . We can further suppose that C is disjoint from the
countably many points in

S
n�1
yf n.Exc. yf //. Then yf �n.C / is an (irreducible) curve

for all n 2 Z�0, and supp yf n�C D yf �n.C /. Hence in X , we have

suppf n�XXCX D . yf
n�C/X D yf

�n.C /X :

Now the laminarity and strong approximability follow from [17, Theorem 2.12]. Note
that while the statement of that theorem requires that f is algebraically stable, the
hypothesis is only used to guarantee the existence of the current T �X and the fact that
it is a weak limit of f n�X;XCX=�1.f

n/. These facts are guaranteed by Theorem 10.1
and Corollary 10.4.

Morally speaking, a rational surface map with small topological degree is close
enough to being invertible that one also expects equidistribution for forward iterates
of curves.

Theorem 10.6. If f satisfies the hypotheses of Theorem 10.1 and has small topolog-
ical degree, then there exists a nef and internal toric current T� 2 DC1;1.

yT / such that
for any other nef current T 2 DC1;1.

yT /, we have

lim
n!1

yf n� T

�1.f /n
D .T � ˛�/ T�:

In particular, T� is woven and strongly approximable and satisfies yf�T� D �1.f /T�.

The definition of woven and strongly approximable is exactly the same as that of
laminar and strongly approximable except that the disks �.x/ in the lower approxi-
mations are allowed to intersect each other. A significant difference between forward
and backward equidistribution currents T� and T �, at least as far as our results go, is
that we do not know whether T� can charge curves. Instead we show here only that T�
dominates no external curves.

Proof. The construction of T� is quite similar to that of T � in Theorem 10.1. Hence
we only sketch it. Fixing a toric current T D T0 2 DCint.

yT / such that .T � ˛�/ D 1,
and a toric surface X , we let Tn D �1.f /�n yf n� T and write T0 � xT0 D dd c'0 and,
for all n � 1,

�1.f /
�1f� xTn�1 � xTn D dd

c'n;
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where the relative potentials 'j are integrable on X . Then as in the proof of Theo-
rem 10.1,

Tn D xTn C dd
c

nX
jD1

f
j
� 'n�j

�
j
1

:

Here the pushforward f j� ' of an integrable function ' is given for a.e. p 2 X by

f j� '.p/ WD
X

f j .q/Dp

'.q/:

Fixing � < 1, we use compactness of the sequence .Tn/, Theorem 5.4 and Corol-
lary 7.7 to get constants A;B > 0 such that

Vol
�®
jf m� 'nj � t

¯�
� Ae�Bt.�=dtop/

m

for all n;m; t � 0. Here the d�mtop in the exponent on the right is needed to account for
the number of preimages of a general point p by f m. With this, one obtains an upper
boundZ

X

f
j
� 'n�j

�
j
1

dV �
1

�
j
1

Z 1
0

Vol
®
p 2 X W jf j� 'n�j .p/j � t

¯
dt �

A

B

� dtop

��1

�j
:

Since we assume f has small topological degree, for � < 1 large enough, the right
side of this estimate converges to zero geometrically as j ! 1, which suffices to
show that .Tn/ converges to a current T� 2 DC1;1.

yT /. Necessarily ŒT�� D ˛� and
yf�T� D �1T�, and one shows as in the proof of Theorem 10.1 that the limit T� is

independent of the initial current T . Also as before, one shows that the initial toric cur-
rent T need not be positive or internal as long as it represents a nef class in H1;1

R .yT /.
By the same reasoning as in the proof of Theorem 10.5, [17, Theorem 3.6] implies
that T� is woven.

It remains to show that T� is internal. For this, let us fix an external curve C� � yT
and suppose T� � aC� for some constant a > 0. Let � 0 D A�1

f
.�/. Then C 0� � yT is

the unique (external) curve such that

yf .C 0� / D C� :

Let Y be a toric surface realizing C� and X be a toric surface that realizes C� 0 and for
which Ind.fXY / D Ind. yf / has no T -invariant points. Then by definition of pushfor-
ward, we have on the one hand that

a�1C� � .�1T�/Y D . yf�T�/Y D fXY �.T�/X :
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On the other hand, C� is not contained in fXY .Ind.fXY //, since the latter consists
only of internal curves, and C� 0 is the unique curve in X such that fXY .C 0� / D C� .
Since fXY �C� 0 D .degfXY jC� 0/C� � dtopC� , we infer that

.T�/X � a.�1=dtop/C� 0 :

That is, T� � a.�1=dtop/C� 0 . Repeating this estimate with yf n in place of yf , we find a
sequence of external curves Cn such that T� � a.�1=dtop/

nCn for all n 2 Z�0. In par-
ticular, the Lelong numbers of T� along external curves are unbounded, contradicting
Theorem 7.13. So T� does not dominate a positive multiple of any external curve and
must therefore be internal.

Theorem 1.4 follows from Theorems 10.5 and 10.6 in the same way Theorem 1.2
followed from the earlier results of this section.
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