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Equidistribution and counting of periodic tori in the space of
Weyl chambers

Nguyen-Thi Dang and Jialun Li

Abstract. Let G be a semisimple Lie group without compact factor and I' < G a torsion-free,
cocompact, irreducible lattice. According to Selberg, periodic orbits of regular Weyl chamber
flows live on tori. We prove that these periodic tori equidistribute exponentially fast towards
the quotient of the Haar measure. From the equidistribution formula, we deduce a higher rank
prime geodesic theorem. As a corollary, we obtain an upper bound of the growth of conjugacy
classes with non-trivial polynomial term.

1. Introduction

Let G be a semisimple, connected, real linear Lie group without compact factor. Let K
be a maximal compact subgroup, A be a maximal R-split torus, AT C A4 a closed
positive chamber such that the Cartan decomposition G = KA K holds. Denote by
M = Zk(A) the centralizer of A in K.

Let I' < G be a torsion-free, cocompact lattice. The double coset space '\G/M
is called the space of Weyl chambers of the symmetric space I'\G/ K. We study the
counting and equidistribution of the compact right A-orbits in the space of Weyl
chambers.

1.1. Pioneering works on hyperbolic surfaces

In this case, G = PSL(2, R) is the isometry group of the Poincaré half-plane H?, the
space of Weyl chamber is the unit tangent bundle of the hyperbolic surface I'\H? and
the right action of A on '\G/M corresponds to the geodesic flow. Periodic orbits of
the geodesic flow project in the surface to primitive closed geodesics.
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Prime geodesic theorems. In 1959, Huber [30] proved a prime geodesic theorem
for compact hyperbolic surfaces. He obtained an estimate of the number of primitive
closed geodesics as their length grows to infinity. More precisely, let N(T') be the
number of primitive closed geodesics of length less than 7" on a hyperbolic surface.
He proved that as 7" tends to infinity,

N(T) ~ el /T.

This term is similar to the asymptotic x/ log x given by the prime number theorem
(see [43, Section 1.2]) for the number of primes less than x. In 1969, using dynamical
methods, Margulis [36] extended the prime geodesic theorem to negatively curved
compact manifolds. He proved that the exponential growth rate of N(T') is equal to
the topological entropy of the geodesic flow. Later on, relying on Selberg’s Trace for-
mula, Hejhal [27] and Randol [46] obtained a precise asymptotic development of the
counting function in terms of the spectrum of the Laplace—Beltrami operator. In 1980,
Sarnak [49] extended their precise asymptotic development to finite area surfaces.

Let us state one of the various equivalent formulations of the prime geodesic the-
orem. For a closed geodesic ¢ on I"\H?, denote by £(c) the length of this geodesic.
Let co be the primitive closed geodesic underlying c¢. Then as T — +o0,

Z[E(ZO)J“%) = > o) ~eT (1)

co c,t(e)=<T

where the first sum is over all primitive closed geodesics, the second sum is over all
closed geodesics. This sum is similar to the second Chebyshev function: the weighted
sum of the logarithms of primes less than a given number, where the weight is the
highest power of the prime that does not exceed the given number. The second Cheby-
shev function is essentially equivalent to the prime counting function and their asymp-
totic behavior is similar.

Equidistribution of closed geodesics. Margulis, in his 1970 thesis (see Parry’s re-
view [41]), and Bowen [6, 7] independently studied the spatial distribution of the
closed orbits of the geodesic flow. They proved that closed orbits uniformly equi-
distribute towards a measure of maximal entropy as their period tends to infinity. In
the second 1972 paper, Bowen proved the uniqueness of the measure of maximal
entropy for the geodesic flow. As a consequence, the measure of maximal entropy of
the geodesic flow is equal to the quotient of the Haar measure. Later, Zelditch [53]
generalized Bowen’s equidistribution theorem to finite area hyperbolic surfaces.

Let us recall Bowen and Margulis’ result for a compact hyperbolic surface. For
every primitive periodic orbit F C I'\ PSL(2, R), denote by #F the unique probabil-
ity measure invariant under the geodesic flow supported by F. For every T > 0, we
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denote by §,(T") the set of primitive periodic orbits of minimal period less that 7.
Bowen and Margulis proved that for every bounded smooth function f,

T

T > /fd?Fm/fdmI‘,

Feg,(T)

where mr is the measure of maximal entropy, which also corresponds in our case to
the quotient measure of the Haar measure on I'\ PSL(2, R).

The following non-exhaustive list [11, 16,37, 38, 42, 47] provides some of the
many subsequent works tackling the counting and equidistribution problem in several
different rank-one generalizations.

1.2. Main results

In this article, we focus on the higher-rank case! for G, meaning that dimg A > 2.
Denote by a := Lie A the Cartan subspace, by a™ the closed positive chamber in the
Lie algebra and by a™ ™ its interior.

Definition 1.1 (Periodic flat tori). For any right A-orbit F in I'\G/ M, we define the
set of periods of F as

A(F):={Y ea|ze¥ =z, Vz € F).

A period Y in A(F) is called regular if Y € a**. When A(F) is a maximal grid of a,
we say F a periodic flat torus or a compact A-orbit.

Denote by C(A) the set of compact A-orbits in I'\G/M. For every F € C(A),
we denote by L the quotient measure on F of Leb,, the Lebesgue measure on a.
Note that L g is not a probability measure. Its total mass, denoted by vol, (F'), is the
Lebesgue measure of any fundamental domain in a of the grid A(F).

Main counting result. We use vol to denote the Haar measure on G whose quotient
on the symmetric space X := G/K equals the measure induced by the Riemannian
metric. Denote by || || the Euclidean norm on a coming from the Killing form on g
and by B, the balls for this norm. For every T > 0, set

BI*(0,T):= Ba(0.T)Na™* and Dr := Kexp(B.(0,7))K,

which is the preimage by the quotient map G — X of the ball of radius 7" centered
at eK in the symmetric space X.

'more precisely, we do not have restrictions on the rank of G.
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Theorem 1.2. Let G be a semisimple, connected, real linear Lie group without com-
pact factor and I' < G be a torsion-free, cocompact irreducible lattice. Then there
exist constants Cg > 0 and u > 0 such that for T > 0,

Z |A(F)N B;—"_(O, T)|volg(F) = vo](DT)(CG + O(e—uT))‘
FeC(A)

There exists C(/; > 0 such that for any non-degenerate parallelotope domain P C a™
whose faces are parallel to the walls of the Weyl chamber, there exists an entropy
8p >0,agap up > 0 such that for T > 0,

Y IAMF)NTP NatF|vola(F) = €827 (Cg; + 0(e77T)). )
FeC(A)

Remark 1.3. (1) The irreducible condition is from the use of the lattice counting
result of Gorodnik—Nevo (cf. Theorem 3.4).

(2) The simplest example of the reducible case is the product of two closed hyper-
bolic surface, where the counting of periodic tori can be deduced directly from its
product structure and the counting of periodic geodesics. For the general reducible
case, more works need to be done to obtain the counting results.

We deduce this counting result from the subsequent equidistribution statement.

Main equidistribution result. Denote by 7: G — I"'\G/ M the projection and by /i
the quotient measure of the Haar measure vol. We normalize 7 to obtain a probabil-
ity measure that we denote by mr.

We obtain a higher rank version of the Bowen—Margulis equidistribution formula
with an exponential rate of convergence.

Theorem 1.4. Under the same hypothesis and for the same constants Cg > 0 and
u > 0 as in the previous Theorem 1.2, for all T > 0 and every Lipschitz function f
on '\G/M, we have

1
_— AF)N BT, T / dL
VO](DT)F(;A)| (F)NBTO.TI | fdLr
= CG/ fdmr + 0(e™T| fluip)- 3)
I'\G/M

Additionally, for the same Cg, > 0, parallelotope domain P C at and constants
Sp,up >0, forall T > 0 and every Lipschitz function f on T\G/M, we have

etrT %" |A(F)ﬂT?ﬂa++|/deF
FeC(4) F

= C&/ fdmr + O(e_“f”T|f|Lip).
r\G/M
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The asymptotic behavior of the main term for the ball domain is
VOI(DT) ~ CoT(dimA_l)/2€80T,

where 8y > 0 is determined by the root system of g, the Lie algebra of G and Cy > 0
is given by the Harish-Chandra formula. Without the error term, we deduce the fol-
lowing convergence, where r := dim A4:

CG,()e_SOT
TG > IA(F) N BFT(O, T)|/ fdLp —— S dmr.
FeC(4) F T—oo Jr\G/M

Note that in the rank-one case, any periodic flat torus F' corresponds to a primitive
closed geodesic. Furthermore, both vol,(F) and its smallest regular period corre-
spond to the length of the geodesic. Therefore, Theorem 1.2 is a higher rank version
of the prime geodesic theorem (1).

In the compact case, Spatzier in his thesis [51] computed, using the root spaces of
the Lie algebra of G, the topological entropy of every regular Weyl chamber flows:
right action of exp(RY) on I'\G/M, where Y € at™ is non-zero. Furthermore, ,
the exponential growth rate of vol(Dr), is a sharp upper bound of the topological
entropy of regular Weyl chamber flow. He also proved that & is equal to the expo-
nential growth rate of the sum over periodic flat tori of the smallest regular period
less than ¢ of voly(F'), as ¢ goes to infinity. Knieper [35] studied the equidistribution
of periodic orbits of regular Weyl chamber flows in the same setting. He obtained an
equidistribution formula towards the measure of maximal entropy of the most chaotic
regular Weyl chamber flow, whose topological entropy is 8¢. In the finite volume case,
Oh [40] proved that the number of periodic flat tori of bounded volume is always
finite.

In the compact case, Deitmar [12, Theorem 3.1] used a Selberg trace formula and
methods from analytical number theory to give the main term (2) in Theorem 1.2
(Using (21) to connect the counting of conjugacy classes in [12, Theorem 3.1] with
Theorem 1.2). Actually, Deitmar’s result is more general that he only needs each edge
of the parallelotope goes to infinite. For parallelotope domain, Theorems 1.2 and 1.4
provides an equidistribution result and an exponential speed of convergence, which is
new compared to [12].

Remark 1.5. Recently and for the compact case, Guedes Bonthonneau—Guillarmou—
Weich [25, Theorem 2, equation (0.3)] obtained a weighted equidistribution formula.
Each period point is weighted by a dynamical determinant and the region where they
count the period points is defined using any convex non-degenerate closed cone €
strictly inside a* ™, any choice of positive numbers 0 < a < b and any linear form ¢
that takes positive values in a™ as shown in red in Figure 1. They take a different
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€N{aT <@ <bT}

a ~ R2

Figure 1. This is a positive Weyl chamber for SL(3,R) and 7' > 0 is large. In blue, our count-
ing region B;‘ + (0, T). In green, Deitmar—Gon—Spilioti’s [13] counting region. In red, Guedes
Bonthonneau—Guillarmou—Weich’s [25] counting region where € is a convex cone strictly
inside at delimited by the red dashed lines, 0 < a < b are real numbers and ¢ is a linear
form strictly positive on a ™.

approach, relying on the spectral properties of the A-action via their previous study
of Ruelle-Taylor resonances with Hilgert [24].

For the non-compact, finite volume case SL(3, Z)\ SL(3, R), the authors of [14]
use the classification of diagonal invariant measures and subconvexity estimates to
deduce an equidistribution result for the following collection of tori. They take sets
of periodic tori of the same volume and prove that the sum of Lebesgue measures on
those tori, normalized by the total mass, equidistributes towards the quotient measure
of the Haar measure as the volume goes to infinity.

Deitmar later on generalized his counting result to the non-compact finite volume
case SL(3, Z)\ SL(3, R), in joint work with Gon and Spilioti in [13], with a different
summation region in the Weyl chamber, the one in green in Figure 1.

Remark 1.6. (1) Our counting region in (3) is different (shown in blue in Figure 1),
so our first asymptotic term is new in the higher rank case.

None of the above works provides estimates on the speed of convergence. The
decay rate u in Theorem 1.4 only depends on a parameter 7 (G, ') from spectral gaps,
so it is uniform over all congruence subgroups.

(2) In a forthcoming paper, we will prove the same counting and equidistribution
results for irreducible non-cocompact higher rank lattices. The extra ingredient for the
non-cocompact case results from the non-escape of mass for periodic tori. The case
for SL4(Z) is written in a previous arXiv version.
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Counting conjugacy classes. We deduce an asymptotic formula of loxodromic con-
jugacy classes with a weight given by the volume of the corresponding periodic torus.
See Section 9 for more details.

One application is an upper bound of the growth of conjugacy classes. Let [I'] be
the set of conjugacy classes and let

[T1(T) == {[y] € [T A(y) € Ba(0.T)},

where A(y) is the Jordan projection of y (cf. Definition 2.3). Because I is torsion-free,
there is a one-to-one correspondence between conjugacy classes and free homotopic
classes of closed geodesics of the locally symmetric space '\ X. So |[T"](T)] is the
number of free homotopic classes of closed geodesics of length less than ¢. In the
rank-one case, this equals the number of closed geodesics of length less than ¢. Hence
counting conjugacy classes is a group theoretical generalization of counting closed
geodesics. See [8] for related work on hyperbolic groups.

The exponential growth rate of |[['](T")| for higher-rank lattices is still unknown
(see [35]). Here we give an upper bound with a non-trivial polynomial term.

Theorem 1.7. Let I' be a cocompact irreducible lattice without torsion. Then

SoT

1) < TG

where r = dim A.

The interesting point is that the polynomial term 7~"*+1/2 in the upper bound
depends on the real rank of the group G. We hope this polynomial term is the correct
asymptotic for |[I'](T)|. This upper bound also hints at Knieper’s question in [35,
Remark, p. 175].

Question 1.8. Is there a connection between counting conjugacy classes and (un-
weighted) counting periodic A-orbits by volume?

The above theorem may be a key tool in providing an asymptotic for the number
of compact A-orbits of volume less than a given number.

1.3. Overview of the proofs

The first step of the proof is to rewrite the sum of “delta masses on the tori” (cf. Sec-
tion 4) using conjugacy class of loxodromic elements in the discrete group and their
Jordan projection. In the SL(2, R) case, periodic orbits of the geodesic flow are in one
to one correspondence with conjugacy class of hyperbolic elements in the discrete
group. In the higher rank case, every regular period Y € A(F) Na™* of any periodic
flat torus F corresponds to a regular Weyl chamber flow z > ze’Y that admits for
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all z € F a 1-periodic orbit. Now, instead of hyperbolic elements and the translation
length, we use loxodromic elements and the Jordan projection A (cf. Definition 2.3).
The conjugacy class of any loxodromic element [y] in the discrete subgroup is in a
one to one correspondence with (F[,}, A(y)), where Fj,] is an A-orbit and A(y) one
of its regular periods (cf. Proposition 8.2). Denote by Fg’" the subset of loxodromic
elements whose conjugacy class corresponds to a compact A-orbit and rewrite the
sum as follows:

Y IAFE)NBITO.DILF = Y Lg,. )
FeC(4) [yle[Ti~]
IAWII=T

In the cocompact case, by Selberg’s lemma in [50] (cf. Lemma 8.1), I'éox = [lox,
i.e., every 1-periodic orbit of a regular Weyl chamber flow lives in a periodic flat torus.

1.3.1. Local equidistribution. In a second step of the proof, we follow Roblin’s
strategy [47, Chapter 5] to get a local equidistribution in the cover: the space of Weyl
chambers G/ M of the symmetric space X = G/K.

Roblin works in a CAT(—1) space, let us sketch his method in the particular
case of the hyperbolic plane and for a cocompact, torsion-free, discrete subgroup
I' < SL(2, R). Using Patterson—Sullivan theory, he constructs the Bowen—Margulis—
Sullivan (BMS) measure mpys on (0H? x 0H?\A) x R where A is the diagonal.
By Hopf coordinates, mpygs corresponds to a I'-invariant and geodesic flow invariant
measure on 7 1H?2.

Roblin then relies on mixing of the geodesic flow for the BMS measure in [47,
Chapter 4] to deduce an equidistribution formula of orbit points (yx, y_lx),,ep.
In average, these points equidistribute towards a product of conformal Patterson—
Sullivan densities of the geometric boundary of H?Z. That horofunction and geometric
compactification coincide in this case is one of the key reasons why this convergence
holds.

To get from orbit points to periodic orbits, he then relies on a geometric configu-
ration between x, yx, y~!x that implies that y is hyperbolic. For any point x € H?
and an isometry y such that x # yx, denote by y € dH? (resp. y;) the endpoint of
the geodesic starting at x going through yx (resp. y~!x). Namely, if the geodesic of
endpoints y; and y; passes close enough to x and dyg2 (x, yx) is large enough, then y
is hyperbolic, its translation axis passes close to x and the attracting (resp. repelling)
endpoint y T € dH? (resp. y ) is close to yi (resp. ;). Under restriction to suitable
small sets called “corridors”, this geometric configuration allows to remove finitely
many terms in the sum of Dirac masses, the rest corresponding to translation axis of
hyperbolic elements. Using a partition of unity, one then deduces the equidistribution
in the quotient 7' (I"\H?).
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Higher rank situation. Horofunction and geometric compactification of higher rank
symmetric spaces are no longer the same. However, the space of Weyl chamber G/ M
of the higher rank symmetric space X admits Hopf coordinates ¥ ® x a (cf. [52,
Chapter 8, Section 8.G.2] or Section 2 below), where ¥ is the Furstenberg boundary
and @ is the subset of transverse pairs in & x 7.

Each delta mass L, in the sum (4) is the quotient of the measure of G/ M whose
disintegration along Hopf coordinates is D, + ® D)~ ® Lebq, where yT (resp. y7)
are the attracting (resp. repelling) fixed points for the left action of y on ¥ .

The Haar measure on G/M can be disintegrated along the Hopf coordinates and
we write it as a higher rank BMS measure. Haar densities on ¥ satisfy identities
reminiscent of Patterson—Sullivan theory (cf. Section 6 or [1,28,45]).

We do not look for an equidistribution formula of orbit points in a suitable com-
pactification of the higher rank symmetric space. Instead of looking at geodesic half-
lines and their endpoints in the geometric boundary, we use the identification of G/ M
with geometric Weyl chambers, i.e., isometric embeddings in X of the closed posi-
tive Weyl chamber a™ which in turn can be parametrized by X x %, the data of
the base point and the asymptotic Weyl chamber which identifies with the Fursten-
berg boundary. For every y and x € X, provided yx is in the interior of a geometric
Weyl chamber based at x, i.e., dg (x,yx) € a™™t, (cf. (5) for a formal definition) one
can define the asymptotic directions of angular points in the Furstenberg boundary
¥y, ¥x - Gorodnik—Nevo [18] and Gorodnik—Oh [20] prove an equidistribution for-
mula of “angular” points for irreducible lattices towards Haar densities of .

For Lipschitz test functions i and any x € X, for all T > dx (o, x),

- > WO = g e ® e+ BT )

vol(Dr) e

dg (x.yx)€BF 1 (0.7)

where piy is the Stabg (x) invariant Haar density on ¥ and the error E(T, ¥, x) =
O(Lip(¢)Cx vol(D7)™*) with k > 0 and log Cy > dx (0, x). Their formula provides
an error term that comes from the spectral properties of averaging operators on the
Borel probability spaces I'\G.

Then we get from asymptotic angular points to attracting or repelling fixed point
of loxodromic elements by adapting the geometric argument to the higher rank case.

Organization of the paper

In Section 2, we gather the basic facts and preliminaries about semisimple real Lie
groups, the space of Weyl chambers, the Furstenberg boundary, Hopf coordinates. In
Section 3, we recall Gorodnik—Nevo’s works on angular equidistribution of lattice
points, volume growth asymptotics and their regularity in logscale. In Section 4, we
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obtain an asymptotic upper bound on the number of almost singular lattice points.
In Section 5, we gather the properties of two types of distances in the Furstenberg
boundary. In particular, we study the distortion of balls under G-action. Section 6 is
dedicated to the disintegration of the Haar measure on G/ M. In Section 7, we prove
a key lemma comparing the angular part of an element in G with its contracting and
repelling fixed points in the Furstenberg boundary. In Section 8, we relate loxodromic
elements and periodic tori. In Section 9, we prove Theorem 1.4 for cocompact lat-
tices. In Section 10, we prove Theorem 1.7. In the appendix, we follow the works of
Gorodnik—Nevo [18, 19] and explain why their results work in our setting.

Notation. Given two real functions f and g, we write f < g or f = O(g) if there
exists a constant C > 0 only depending on G, I" such that f < Cg. We write f < g
if f<gandg < f.

2. Background

Note. Throughout the article, G is a semisimple, connected, real linear Lie group,
without compact factor.

Classical references for this section are [26, 29, 52]. One also may refer to the
exposition in [10].

Let K be a maximal compact subgroup of G. Then X = G/K is a globally sym-
metric space of non-compact type and G = Isomg(X). We fix a base point 0 € X
such that K = Stabg (0). For every x € X, we denote by K, := Stabg (x). Note that
for any s, € G such that hyo = x, then K, = h, K h;l, independently of the choice
of hy.

Geometric Weyl chambers. Denote by g (resp. ¥) the Lie algebra of G (resp. K)
and consider the Cartan decomposition in the Lie algebrag =¥ @ p. Leta C pbe a
Cartan subspace of g. Then A := exp(a) is a maximal R-split torus of G. Denote by
M = Zk(A) the centralizer of A in K. The real rank of G, denoted by rg, is equal
to dimg a. We say that G is of higher rank when rg > 2.

For any linear form « on a, set gy := {v € g | Vu € a, [u,v] = a(u)v}. The set
of restricted roots is denoted by

T = {a €a™\{0} | ga # {0}}.

The kernel of each restricted root is a hyperplane of a. The Weyl chambers of a are
the connected components of a\ |, 5, ker(e). We choose a positive Weyl chamber by
fixing such a connected component and denote it (resp. its closure) by a*™ (resp. a™).
In the Lie group, we denote by A™T := exp(a™™) (resp. AT := exp(a™)). Denote
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by Nk (A) the normalizer of A in K. The group Nk (A)/M is the Weyl group, denoted
by W. The Weyl group also acts on the Lie algebra a by the adjoint action, which acts
transitively on the set of connected components of a\ |, 5 ker(a).

A geometric Weyl chamber is a subset of X of the form g.(A%0), where g € G.
The base point of the geometric Weyl chamber gA ™ 0 is the point go € X.In [10, Sec-
tion 2], we obtained the following identifications between the space of Weyl chambers
and the set of geometric Weyl chambers of X,

G/M ~ G.(A%0).

Cartan projection. We begin this subsection with a definition.

Definition 2.1. For any g € G, we define, by Cartan decomposition, a unique element
a(g) € a™ such that g € K exp(a(g))K. The map a: G — a™ is called the Cartan
projection.

Recall ||.| is the associated norm on a coming from the Killing form. The Cartan
projection allows to define an a™t-valued function on X x X, denoted by dg. For every
X,y € X, any choice iy, hy, € G such that i 0 = x and h,0 = y, we set

da(x,y) :=a(hy'hy). 5

This function does not depend on the choice of /1 and &, up to right multiplication
by K. We define the G-invariant Riemannian distance on X

dX(X,y) = ”dg(x’y)”

The following fact is standard for symmetric spaces of non-compact type.

Fact 2.2. Forevery x, y € X, there is a geometric Weyl chamber based on x contain-
ing y. If furthermore, dg4 (x, y) € a™, such a geometric Weyl chamber is defined by
a unique element sy, M € G/M such that hi,y0 = x and hxyedf(x’y)o =y.

Jordan projection. Denote by X the subset of roots which take positive values in
the positive Weyl chamber, which allows us to define the following nilpotent subalge-

n:= @ ge and n” = @ Qo+

aeXT aeXT

bras

Denote by N := exp(n) and N~ := exp(n~) two maximal unipotent subgroups of G.

By Jordan decomposition, every element g € G admits a unique decomposition
g = 8e8&nh&u, Where g., g and g, commute and such that g, (resp. g, &) is conju-
gated to an element in K (resp. A™, N). The element g (resp. g, gu) is called the
elliptic part (resp. hyperbolic part, unipotent part) of g.
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Definition 2.3. For any element g € G, there is a unique element A(g) € a™ such
that the hyperbolic part g, is conjugated to exp(A(g)) € AT. The map A: G — a™ is
called the Jordan projection.

Any element g € G such that A(g) € a™ is called loxodromic. Non-loxodromic
elements are called singular.

Denote by G'°* (resp. G*I"¢) the set of loxodromic (resp. singular) elements of G
and for any subset S C G, denote by S'°* := § N G'°* (resp. $*" := § N Gs"e),

Equivalently (cf. [9, Section 4]), loxodromic elements are conjugated in G to ele-
ments in ATTM.

Asymptotic Weyl chambers. Denote by P := MAN and by ¥ := G/ P the Fursten-
berg boundary. We recall the interpretation of ¥ in terms of asymptotic Weyl cham-
bers.

Following the exposition in [10], we introduce the following equivalence relation
between geometric Weyl chambers:

g1AT0 ~ g,AT0 < sup dx(giao, g2a0) < +oc.
acAt+

Equivalence classes for this relation are called asymptotic Weyl chambers. Denote
by no (resp. o) the asymptotic Weyl chamber of Ao (resp. (A+)™10). The set of
asymptotic Weyl chambers identifies with the Furstenberg boundary (see, e.g., [10,
Fact 2.5] for a proof):

F ~(G(AT0)/ ~) ~ K/M ~ K.nqo.

As MAN™ is also a minimal parabolic subgroup of G, it is conjugated to P = MAN.
Choose k_ € K such that MAN™ := k_(P)k=" and set {o := k_no. By definition,
Stabg (1n0) = P and Stabg (o) = MAN™.

Remark 2.4. Note that one may choose in this particular case for k_, an element in
Nk (A) suchthat k_ATkZ! = (AT)~ 1L,

The more general construction is detailed in the following. Let ® C II be a sub-
set of simple roots and let Wg be the Weyl subgroup generated by reflections s,
for o« € OC. Then the standard parabolic subgroups of G may be parametrized by
Pg := PWgP, where Pry is the Borel subgroup. Here we take the reverse of the
Bourbaki convention [5].

Denote by t the Cartan involution of G (cf. [29]): it is an automorphism of G
that acts on a by —id and on A by a ~ a~!. For SL(d, R), the Cartan involution is
the automorphism g + ?(g~!). The involution 7 induces an involution of the set of
simple roots ¢: IT — IT, such that for all subset ® C IT, the parabolic subgroup t(Pg)
is conjugated to P (). Denote by Pg := 7(Pg). In particular, for the Borel subgroup,
the parabolic P~ = MAN" is a conjugate of P.
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In the remainder of the article, we identify G.(A70)/ ~ with ¥ and G.(A"0)
with G/ M. We recall that a geometric Weyl chamber is uniquely determined by its
base point in X and the asymptotic Weyl chamber it represents.

Fact 2.5. The following G-equivariant map is a diffeomorphism:
G/M = X xF,
gM —> (g0, gno).

For every (x,§) € X x ¥, we denote by g, ¢eM € G/M the geometric Weyl
chamber of base point x asymptotic to &.

Busemann and Iwasawa cocycle. Forevery £ € ¥ and g € G, consider, by Iwasawa
decomposition KAN, the unique element o (g, §) € a, called the Iwasawa cocycle,
such that if kg € K satisfies kgno = &, then

gkg € K exp(o(g.£))N.

The cocycle relation holds (cf. [2, Lemma 5.29]), i.e., for all g;,g, € Gand § € F,
then

0(g182.8) = 0(g1,828) +0(g2.%).

Note that restricted to K x ¥, the Iwasawa cocycle is the zero function, i.e., for every
k € K and £ € ¥, then o(k, £) = 0. This motivates the following definition of the
Busemann cocycle for two points of X and an asymptotic Weyl chamber.

Definition 2.6. For every x,y € X and £ € ¥, we define the Busemann cocycle by
Be(x.y) = o (h by h'8)
independently of the choice of /ix, h, € G such that hyo = x and hy0 = y.

Remark that forevery x,y € X and £ € ¥, and forall g € G and all z € X,

Be(x,y) = Bge(gx, gy),
Be(x,y) = Be(x.2) + Be(z. y).

The first equation is the G-invariance of the formula, whereas the second is due to the

(6)

cocycle relation of the Iwasawa cocycle.

Transverse points in . The subset of ordered transverse pairs of ¥ x ¥ is defined
by the G-orbit
7@ :={(gm0.8%) | ¢ € G}.

We say that £, 1) € F are opposite or transverse if (€,1) € F?.
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In terms of asymptotic Weyl chambers, &, € ¥ are opposite when there exists a
geometric Weyl chamber g.(A ™ 0) asymptotic to £ such that g.((A") o) is asymp-
totic to 1. Note that (cf. [52, Section 3.2]) we have the following identifications

F® ~ G/AM.
Definition 2.7. For every (£,7) € @, for any choice 8¢,y € G such that

gen (Mo, So) = (&, 1),
we denote by
(Emx = ge.y-(A0)

the associated maximal flat in the symmetric space X.

For every (x,£) € X x ¥, we denote by £ € F the unique opposite point to &
such that x € (££1)x. Equivalently, £ := gx,£C0, Where g ¢ M € G/M corresponds
(cf. Fact 2.5) to the geometric Weyl chamber of base point x asymptotic to &.

Remark 2.8. Note that (o) = 70 and vice-versa.

Hopf coordinates. Let # be the Hopf coordinate map of G/M (cf. [52, Chapter 8,
Section 8.G.2] or [10]), we have

H:G/M — F@ x a,
gM — (gn0.8%0.0(g.n0)).

Hopf coordinates are left G-equivariant and right A-equivariant in the following sense:

(i) The left action of G on G/M reads in those coordinates equivariantly on %
and using the Iwasawa cocycle as follows. Forall 2 € G and (£,7,Y) € F® x q,

h(¢.n.Y) = (h&. hn.Y + o (h.§)). ©)

(ii) The right action of A on G/M reads for all (£,7,Y) € F® xaanda € A
by keeping the first two coordinates constant and translating the last one by log(a)

H(HE . Y)a) = (E,n.Y +log(a)).

Using the geometric Weyl chamber interpretation and the Busemann cocycle nota-
tions, the Hopf map reads the same as in Roblin’s work [47]:
XxF > FPx

8
(.6) > (6.EL ,ﬁs(o ). ®
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This translated map is also left G-equivariant in the sense that for every g € G and
every (x, &) € X x ¥, using the cocycle relation (6), the element (gx, g&) has Hopf
coordinates

(g8, g5+ Bgs(0. g0) + Be(0, ).

Note that Bg¢(0, go) = 0(g, &), therefore the notations are consistent.

3. An effective angular equidistribution

We present the equidistribution result of Gorodnik—Nevo [18]. First, for elements
whose Cartan projection is in the interior of the Weyl chamber, we build a pair of
angular points in ¥ . In rank-one, these points are the endpoints of the half-geodesics
based at the origin point and going through the image and the inverse image of the
origin.

Then we state Gorodnik—Nevo’s equidistribution theorem, where they require the
lattice to be irreducible. In this paper, we only apply their result to a ball shaped
domain and to a parallelotope domain. Their result allows for other domains, the so-
called well-rounded domains. Finally, we give an equivalent of the volume growth of
these domains and the regularity of such growth in logarithmic scale.

3.1. Cartan regular isometries

Recall that by Cartan decomposition, for every element g € G there exist k,/ € K
and a unique element a(g) € a™ such that g = k exp(a(g))!~!. Note that k and [ are
defined up to right multiplication by elements in Zg (exp(a(g))).

Definition 3.1. For all x € X, we denote by ay: G — a™ the map that assigns to
every g € G the a™-distance between x and gx, i.e., ax(g) := dg(x, gx). We say
that g is x-cartan regular if a,(g) € a™.

Let g be an x-cartan regular element, consider &, A’ € G such that ho = h'o = x
with he?*®)o = gx and Weax® Do = g 'x. We set g := hno and g := h'no.
In particular, when x = o, we can take h = k and ' = lk,.

Note that for every g € G, we have ax(g) = a(h;'ghy), independently of the
choice of i, € G such that h,0 = x. Furthermore, provided that g is x-cartan regular,

gE = ho(hy'ghy)E. ©9)

Remark that (x, g§) € X x F (resp. (x, g;)) is the unique geometric Weyl cham-
ber based on x containing gx (resp. g~ x). In the PSL(2, R) case, an element g is
x-cartan regular when gx # x, then g} € 9H? (resp. g5 ) is the asymptotic endpoint
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of the half geodesic based on x going through gx (resp. g~ !x). Recall a lemma about
comparing Cartan projections.

Lemma 3.2 ([31, Lemma 2.3]). Forall h,h' € G, we have the following inequalities:
la(hh’y —a()|l < la®)| and |la(h'h) —a(®)| < lla(h)].
We translate it using our notations.

Lemma 3.3. Forall g € G, and every x,y € X, the following bound holds:

llax(g) —ay (@ < 2dx(x,y).

Proof. Let x,y € X and choose &y, hy, € G such that i 0 = x and hyo = y. We
compare the Cartan projection of 7 = h;l gh, to the Cartan projection of its conjugate
by i’ = h;lhx. Using that ||a(h")| = ||la(h’~")| and Lemma 3.2, we get

lax(g) — ay ()]l < 2llah; hy)ll.

Since ||g(hy_1hx)|| = dy (x, y), we deduce the lemma. [

3.2. Angular distribution of Lattice points

We introduce here some subsets of G and probability measures on the Furstenberg
boundary. They will be used to obtain the main term and the exponentially decaying
error term in our main Theorems 1.2 and 1.4.

Fort > 1,let D; := K exp(®;)K and where ©, may be one of the two following
types of domains:

(i) Ball domain B4(0,t) Na™;
(ii) Parallelotope domaint P, where P =[]gc[0,ap] with 0 <ag forall B € II.

Denote the subset of Cartan-regular elements by
Dt := D, N (K exp(a++)K).
For all x € X, we consider the similar sets
D/(x) :=hyDh;', D*(x) :=hyD{eh!,

where hy € G is any element such that 1,0 = x. These sets do not depend on the
choice of A.

Let us introduce so-called Patterson densities. For x € X, denote by K the stabi-
lizer group of x in G. Let uy be the unique K invariant probability measure on the
Furstenberg boundary % . Then for g € G and x € X, we have

ExMUx = Ugx, (10)
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where g. 4y 1s the pushforward of w, under the g action. This relation holds because
the stabilizer of gu /iy is given by gKxg ™! = K.

Theorem 3.4. Let G be a connected, real linear, semisimple Lie group of non-com-
pact type. Let ' < G be an irreducible lattice. There exist k > 0 and C4 > 0. Let x € X.
Then for all Lipschitz test functions W € Lip(¥ x F), there exists

E(t,9,x) = O(Lip(y)Cx vol(D;) ™)

whent > Cqdx (0, X) such that

1 1
D)) > W(yx,yx)—vol(r\G) s

reg( )T

Iﬁd/ix ®/’Lx + E(fﬂﬁ,x)-

This is due to Gorodnik—Nevo in [18]. We include the proof of this version for
Lipschitz functions in the appendix. The main term is due to Gorodnik—Oh in [20].

Remark 3.5. The above formula should also work for more general Parallelotope
domains #’ = [[zcplag. bg] with 0 < ag < bg for all B € I1. They are unions of
|TT| + 1 parallelotopes defined as above where only one of them has dominant volume
growth, the other volumes grow exponentially slower.

3.3. Volume growth of the ball domain

Applying the Harish-Chandra formula for D, (see [28, Chapter I, Theorem 5.8])
yields

vol(D;) = / Myex+ sinh(a(Y))™ dLeb(Y), (11)
Dy

where m, € N is the multiplicity of the positive root . Now denote by p the half of
the sum of positive roots with multiplicities and set §o := 2maxyep,(0,1) P(¥). Such
choice will allow a uniform volume estimate (cf. Lemma A.13 in the appendix):

vol(Dy) ~ ¢@imA=1/2 80t (12)

3.4. Volume growth of the parallelotope domain

In this subsection, we denote D; := K exp(t #) K, where # is a parallelotope domain
defined as above.

Lemma 3.6. Let P :=[]zc[0.ap], where ag > 0 forall B € Tl and §p := supp 2p.
There exists a positive 5~ < 8p and Cg > 0 such that, as t goes to +00,

vol(K exp (1 P)K) = Cge®”' + 0’ ).
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Proof. Starting with the Harish-Chandra density, we first develop the hyperbolic sine
and factor by 1/2, then we further develop the products of sums of exponentials using
that 20 = ) e+ Mgt

1_[ sinh(a(Y))m"‘ = 2" Lges+ Mo l_[ (ea(Y) _ e—a(Y))ma
aext aext

= )" Lgext Ma (eZP(Y) + Z pwew(Y))’

w€R
where R = {2p — ) ,ex+ 2kq(Y) | 0 < ko < mg and ko € Z 4 }\{2p} is a subset

of linear forms of a and the coefficients p, € Z are integers. Hence, by the Harish-
Chandra formula

vol(K exp (tP)K)

— 2—Za€z+ M (/ eZP(Y) dLeb(Y) + Z pw/
tP

[2d
w€R 14

™) dLeb(Y)).

Recall that the set of simple roots IT form a basis of a* and that any positive root is
a vector of non-negative integers in this basis. For any element w € R U {2p}, denote
by (ng(w))gem its integer coefficients. Denote by Jrj the Jacobian between the dual
basis of IT and the canonical basis, i.e., such that

dLeb(Y) = Jr [ dyg.
Bell

Then by a change of variables, using that = [ | ﬂeH[O’ ag] and splitting the expo-
nential in the dual basis, we deduce that

Vol(K exp (tJP)K)
tag
ng@)yp q )
Sr 1 [ e nay,

Jn s ng(2p)y
xex ger ’0 weR  Bell

Jl'[ etn,g(Zp)aﬁ -1 etnﬁ(w)aﬁ -1
= 22a€2+ mqy (l_[ nﬁ(zp) + pr 1_[ nﬂ(a)) -]
Bell w€eR Bell

Finally, set

J
= and Sp = Zn3(2p)a3.

CG =
2 acst Mo [lgennp(2p) pemt

Note that §» = supyp 2p. By developing the products into sums, the main term is
Cge’7! and the remaining terms are (e ?) for some 6~ € (0, §») determined by
the simple roots and (ag)gem- ]
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3.5. Regularity of volume growths
Lemma 3.7. The function t — log vol(Dy;) is uniformly locally Lipschitz for t > 1.

The proof is given in Lemma A.14 in the appendix. This means that there exists
C > Osuchthatforall0 < e < 1andt¢ > 1, we have

vol(D;4e) < €€ vol(Dy).

4. Counting almost singular lattice elements

For0 <s < 1t,let
D} :={g € D; |a(g) € Ba(da™,s)}

be the set of elements in D; whose Cartan projection have distance at most s to the
boundary of the Weyl chamber. For all x € X, we define a similar set (independently
from the choice of 4, such that i,0 = x)

D3(x) := hyDSh '

We first obtain volume growth estimates of these sets. We then deduce an asymptotic
upper bound of the number of elements in I" in these sets.

Lemma 4.1. There exists ep > 0 which only depends on Dy such that for every
0 < € < €p, there exists k(€) > 0 such that fort > 1, we have
vol(D¢") .
vol(Dy)
Proof. The proof is similar to [23, Lemmas 9.2 and 9.4]. Let

O (vol(D,)™@).

D5 ={Y € Dy, d(Y,0a") < s}.

Recall ©; = a™ N B,(0, ¢) for a ball domain and D, = £ (cy) for a parallelotope
domain. Then by (11), we have

vol(D$) < / e2*@) gy, (13)
oy

By [23, Lemma 9.2], if € smaller than some constant €p, then by the strict convexity

of B,(0, 1) and &£ (cy), there exists «’(¢) > 0 such that

max 2p(Y) < 8o — «’(¢).
Ye®f

So by (13), we have vol(D§") « rdim Ao Bo—k"(€)1 Dye to the asymptotic behavior
of vol(Dy) (see (12)), the proof is complete. ]
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Lemma 4.2. Let T be a lattice in G, then forallt > 1 and € < €p,
IT N D¢ _
Z "tV — o(vol(D,) *©).
vol(Dy) (VO (D1) )

Proof. Let € > 0 be a small constant such that the ball centered at e with radius €’
satisfies B(e,€’) N T B(e,€’) = {e}. Then we have

vol(B(e,€')Ds")
vol(B(e, €'))
By Lemma 3.2, for i’ € B(e,€’) and h € D¢, we have

IT N D! <

la(h’'h) —a()|l < lla(h")] < €€,

for some £ > 0. Therefore, the product set B(e, €’) D¢" C pettle Hence, we have

t+Le’
Det—l—ﬁ/e
|Fﬂth|_ ( t+Lle )
vol(B(e,€'))’
which is O(vol(D;)'™©) due to Lemmas 3.7 and 4.1. ]
As a corollary, we have the following.
Lemma 4.3. For0 <e <ep/2,t > 1 and x € X with
. K (2€)
d(o.3) < min{ 75— |
x(0.3) < miny o S T — r2e)
we have T 0 DE ()
N D¢ (x _
L2 = O(vol(D) T C9/2),
vol(Dy) (VO (Do) )

Proof. By Lemma 3.3, we have

lao(y) —ax(¥) = 2dx (x,0).

Therefore, by Lemma 4.2 with 2¢, we obtain

’ 1—k(2¢)
|F N D?t(X)| < |F N D:;‘;ji)iﬁ;;” < VO](Dt-I—ZdX(X,O)) k(2€ s

where we use the hypothesis that e 4+ 2dy (x, 0) < 2¢(t + 2dx (x, 0)).
By hypothesis, we have

K(Ze))t.

(1 — k(26))(t + 2dx (0, x)) < (1 -=

Then by (12), we have
1—«(2 _
VO](Dt+2dX(x,o)) K (2¢€) _ O(Vol(Dt)l K(25)/2)'

The proof is complete. |
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As a corollary, combined with Lemma 4.3, we have the following.

Lemma 4.4. There exist C5 > 0 and C > 0 such that if t > Csdx (0, x), then

IT' N Dy (x)] <
VOl(Dt) o

Proof. Due to the definition C, = C;e€09x ©X) e know that if 7 >> dx (0, x) then
by taking ¥ = 1, Theorem 3.4 implies that

[T N D;%(x)| < vol(Dy).

For the part |I' N (D;(x) — D¥(x))|, if £ > dx (0, x), then we can use Lemma 4.3
to bound it. Combining these two parts, we obtain the lemma. |

5. The Furstenberg boundary

Representations of a semisimple Lie group. Let us first recall a few facts about
representations of a semisimple Lie group. Let (V, p) be a representation of G into a
real vector space of finite dimension. For every real character y: a — R, we denote
by

Vii={veV]|puv=yxuv, Yuca}

the associated vector space. The set of restricted weights is the subset

(o) =y | Vy #7103}
They are partially ordered using the positive Weyl chamber as follows:

(x1 < x2) € (x1(u) < x2(u), Yu € a™).

When the representation p is irreducible, the set of restricted weights admits a maxi-
mum, called the maximal restricted weight. The irreducible representation p is proxi-
mal when the associated vector space of the maximal restricted weight is a line.

Restricted weights of the fundamental representations. For the adjoint represen-
tation, the set of restricted weights coincides with the set of restricted roots %. Denote
by =7 the set of positive restricted roots and by I1 C X7 the set of simple roots.
Tits ([2, Lemma 6.32]) proved that for every « € I, there exists an irreducible and
proximal representation (o, V%) of G such that the restricted weights are in

{x"‘, A=, —a—) ngPlng €Z+}-
Bell

Furthermore, the maximal weights (y%)yem of these representations form a basis
of a*.
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Distances in the projective space. Forevery « € I1, we choose a Euclidean norm ||. |
on V% such that the elements in py(A4) (resp. py (K)) are symmetric (resp. unitary).
Note that ||pg(a)| = exp(x®(loga)) for all « € A*. Abusing notation, we denote
by ||.|| the induced Euclidean norm on V¥ A V¥, Remark that foralla € AT,

| A2 pal@)]l = exp((2x* — a)loga). (14)

We define the distance in the projective space for all x, y € P(V%) as follows,

[[vx A vyl
do(x,y) 1= ————
¢ v -1y I

independently of the choice of vy, vy, € V such that x = Rvy and y = Rv,. Note
that this distance is equivalent to the induced Riemannian distance on P (V' %), since
we are taking the sine of the angle in [0, 7 /2] between two lines. For all x € P(V%)
and € € (0, 1], denote by B(x, €) the ball centered at x of radius € for this distance.

Denote by x§ € P(V¥) the projective point corresponding to the eigenspace for
the maximal restricted weight y*. Since py(A) are symmetric endomorphisms for
the Euclidean norm on V¢, the orthogonal hyperplane to x§ is py(A)-invariant and,
abusing notation, we write

«Ht=  pH v

XEZ(Pa)\{x*}

For all projective point y € P(V?%), we denote by y* C V¢ the orthogonal hyperplane
and by @, € (V¥)* a linear form such that ker ¢, = y*. For all x, y € P(V¥%), we
define (independently of the choice of non-zero vy € x)

’ loyll-llvxll

By properties of the norms and distances on the projective space, the previous function
is symmetric and for all x, y € P(V%),

Sa(y, %) = 8u(x, y) = da(y*, %) = da(y, x ™).
Hence, do (x9, (xi)J-) = 1. For all ¢ > 0, denote
V()" =y € PO | 8y, x%) 2 €.
We give a proof of the following classical dynamical lemma for completeness.
Lemma 5.1. Lete > 0 and a € A™. Assume there exists a € 1 such that
a(loga) > —2log(e).

Then pa(a)ve((xi)l)c C B(x%.,e).
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Proof. We use the notation from [2, Section 14.1]. Let o € IT such that a(loga) >
—21log(€). Recall from (14) that

I A2 pa(@)]l = exp((2x* —a)loga) and |pa(a)|| = exp(x*(loga)).
We compute the gap between the first and second eigenvalues of py (@),

A
Y1.2(pa(a)) := M — p—alloga)
llpa (@)

By assumption, e~*0°2@ < ¢2_ and hence y; »(pg(a)) < €2. Then applying [2, Lem-
ma 14.2 (iii)], for every y € "VE((xj“r)J-)C, we obtain
do(pa(@)y, x§)85 (x5, y) < y1.2(pa(@)).

By definition 64 (y, X§) > €, hence dy(pe(a)y,x§) < €, and we deduce that

pal@) Ve ((x)1)F € B2 €). .

Distances and balls in ¥. Using the fundamental representations (pg)qer1, Tits
(cf. [2, Lemma 6.32]) also proved that the following map is an embedding:

F - ]‘[ P(V9%),

aell
£ =kno > (x*®) ey = (0« (k)X%) yepy-

Denote by dp Riemannian distance on the product space [Ty P (V'%). Recall that
on any product space X x Y, where (X, g1) and (Y, g;) are endowed with Riemannian
metrics g1 and g», the product Riemannian metric g is given for all (x, y; v, w) €
Tx,y)X x Y, where (x,v) € Ty X and (y,w) € T, Y, by

glx,yiv,w) = g1(x,v) + g2(y, w).
The Riemannian distance dg associated to this product Riemannian metric satisfies
max{dy,d,} <dr <dj + d5.

Since for every a € II, the distance d, is equivalent to the Riemannian distance on
the projective space, we deduce that dp is equivalent to the maximal metric, i.e.,
dp < d:= supd,.
a€ll

Using Tits’ embedding of ¥ in to the product space [1oe1P(V'*), we deduce that the
induced metric is non-degenerate on ¥ . We thus define the following distance on ¥
forallé,ne F:

d.n) = sup da (x* (€). x*(1)). (15)

[4S]
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It is equivalent to the Riemannian distance on ¥ induced by the embedding on the
product space [1yertP(V¥). Forall £ € ¥ and € € (0, 1), we denote the balls for this
distance by

B(§.e):={neF [dE.n <€}
Similarly, noting that (¢o)- = 7o, we set
8(&,n) = inf 86 (x*(§), x*(ny)) = inf da(x*(§), x*(m;)").
aell a€ell
Forall ¢ € ¥ and € € (0, 1), we denote the balls for § by
Ve(€) :={neF |5n§) <e}

Using the above notations given for the balls in ¥ for § and d and their K-invariance,
we upgrade the dynamical Lemma 5.1 to elements in G whose Cartan projection is
far from the walls of the Weyl chambers.

Lemma 5.2. For all g € G, choose k,l € K by Cartan decomposition such that
g = kexp(a(g))™". Let € > 0 and assume that

d(g (2), 8a+) > —2loge,

then g'VE(lio)C C B(kno,€).

Proof. Note that «(v) < d(v,kera) for all v € a™. Hence, by taking the infimum over
a € I1, then using that

inf d(v, ki =d k
Inf (v, kera) (v, U era)

+

and finally, because a™ is a salient cone da™ = at N (U, ker @), we deduce that

forallv € at,
d(v,da™) < inf a(v).
aell

Now using the underlying constant in <, we may assume that,
inf > —2loge.
inf a(a(g)) = —2loge

Applying the dynamical Lemma 5.1 simultaneously for all ¢ € IT, using Remark 2.8
that (o) = no, we deduce that e2@)y, (§0)C C B(no, €). Finally, we deduce the
lemma by invariance of left K-action on both d and §. ]
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Action of G on ¥. We want to understand how the left action of G on ¥ distorts the
balls for § and d. Let C, > 1 be a positive constant such that for all v € a,

1
VCa

This constant gives the comparison of the sup-norm induced by the dual basis (y*)yen

vl < sup [x* ()| = VCallv].
aell

with the Euclidean norm || || on a.

Lemma 5.3. The distances d and § are left K -invariant. There exist Cy, C; > 1 such
that for all g in G and &, n in ¥, we have the following inequalities:

(i) d(gE, gn) < CreCox©@£d(E, p);

(i) 8(g§. gn) < Cre@X©@EI§(E, p);

(i) lo(g,§) — o (g, M| < CreC0N@EId(E, );

(i) llo(g. )l = Cadx (0, g0).
Furthermore, for every x,y € X and & € ¥, (iv) is the same as

(V') [1Be(x. )l = Cadx (x, y).

In particular, for all x € X, we set Cy, 1= C1e€09x (%) Then for all b, € G such

that hyo = x and all £ € ¥ and every r € (0, C;1), the inequalities given by (i)
and (ii) imply

(') B(hx&,Cy'r) ChyB(E,1) C B(hy, Cr);
(") Ve, r(hy&) Chy'Ve(§) C "ch_lr(hxg).
Proof. For each V¥, by [2, (13.1)], we have

da (x*(g6), x*(gm) = llpa(@) 1?08~ 12 da (x* (). x* ().

By (15) and [ pa (8) | = [lpa exp(a(g)) || = exp(x*(a(g))), we obtain the first inequal-
ity for Cy = 4C,.

For (ii), we first prove that (x*((gn)1))* = pa(g)x*(nL)"L. There exist k1, k € K
such that n = kyno and gk; = kan € KAN. Then due to k preserving o and the
Euclidean metric on V¢, we obtain

(< ((gmH) " = (=*((kno)L))™ = palk) (x*((10)2)) ™
Due to AN preserving (x*((n0)1))1 = (x*(%o))*, we deduce that
Pl (X (1)) = palghn) (x* (1))

Therefore, we obtain

(< ((gmE) " = pal)(x* (1))
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Then forall £,n € ¥,

5 (x(85). x* ((gME)) = da(x*(5). x* ((gME) )
= do (0o (9)x* ()L, pa(9)x*(3)7F)
< e ()21l pa (&) " 1P de (x* (), x* (1) ).

Therefore, since

loa(@)llpa(g) "Il < exp(2sup(x*(a(g)). x*(wa(g))))

and Cy = 4C,, we deduce that
8(gE.gm = inf 8u(x*(g8). x*((gm);)) = Cre@le@ls(&. ).

Part (iii) is given in [2, Lemma 13.1].

For (iv), see [10, Lemma 3.12] for a similar statement, and it is also a direct
consequence of [2, Lemma 6.33 (ii), Corollary 8.20].

Finally, (iv’) is a consequence of the formulas

Be(x.y) = o(hy by h;'€) and dy(x.y) = lla(h; hy)|

independently of the choice of /4, h, € G such that hyo = x and hy0 = y. [

6. Disintegration of the Haar measure

Patterson—Sullivan measures were generalized to the higher rank setting in [1,45]. We
follow Thirion’s [52, Chapter 9, Section 9.e] construction of higher rank Patterson—
Sullivan measures. He dealt with the space of Weyl chambers of SL(d, R), it turns
out that his method is more general.

Let p = % Y gex @ be the half of the sum of positive roots with multiplicities.
By [45, Lemma 6.3] or [28, Chapter I, Section 5.1], for g in G and every £ € ¥ we
have

A8xHo ) _ p=pole™'6) _ ,=rbe(s0.0)
dpto
which is a G quasi-invariant measure. It should be noted that in the rank-one notations,
we replaced the critical exponent with the linear form p and apply it with the higher-
rank Busemann function. Then we will introduce the Gromov product to obtain a
G-invariant measure on ¥ ),
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Definition 6.1. For a pair (£,7) € ¥ ®, we associate it with the unique element (£|1),
in the Lie algebra a such that for all weights y¢,

lp(v)]
lelllvll’

x*(EIn)o := —log
where v € V* — {0} is a representative of x*(§) and ¢ is a non-zero linear form such
that ker g = x%*(nt)*.

This definition already appears in [3, Section 8.10], [48, Section 4] for semisimple
Lie groups and [52] for SL;(R). Our definition of the Gromov product seems differ-
ent from the one in [3,48]. By using the correspondence between linear forms and
hyperplanes for Euclidean spaces, we can verify that they are the same.

Let wg be the unique element in the Weyl group which sends the Weyl chamber a™*
to the Weyl chamber —a™. Let 1 = —wy be the inverse involution. An important prop-
erty is that [48, Lemma 4.12]: forall g € G and (§,7) € F @ we have

(g&1gmo — (EIno = 10(g.§) + 0 (g. ). (16)
We also define the Gromov product at other points x in X by G-invariance, by setting
(Elmx = (" &lh o,

where /i is some element such that 2,0 = x. Since by (16), the Gromov product
at o is left K-invariant, this definition is independent of the choice of Ay. In [3], the
authors proved that the Gromov product (£|7), in norm is almost the same as the
distance between o and the maximal flat (§n)x C X.

Lemma 6.2 ([3, Proposition 8.12]). There exist C3 > 1, C’ > 0 such that for any
(£.n) € FP, we have

C%II(EIH)OII < dx(o, (Emx) < C3lIElmoll + C".

By G-invariance, we deduce that for every x € X and (§,77) € F @,

Z%mwws@u@mas@mww+0.

Forall x € X and (£,7) € ¥ @, we define the (0, 1]-valued function

S (€ 1) = exp(—p(&[n)x).
Recall w, from (10). We define measures vy on ¥ @) by

dpx(§)dpux(n)

Wlm = =2 )
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Proposition 6.3. For all x € X, the measure vy is G-invariant and equal to v,. We
denote it by v.

In the hyperbolic case, we call p, the Patterson—Sullivan measures and v ® Lebgr
the Bowen—Margulis—Sullivan measures. In the SL;(R) case, Thirion [52] gave a
construction of this measure and proved those properties. We include a proof for com-
pleteness.

Proof. By (16), forall x € X, all (£,7) € ¥ @ and every hy € G such that h,0 = x,
we have

feEon) = folh'E,h ) = fo6.m) exp(—p(to(h; &) + a(h . m))
= fol€.n) exp(—p(g(x, 0) + By(x,0))).

On the other hand,

dpex ©) = d(hyx)«pho () = Pt D),
dito dpo

We obtain the same formula for 7. Combining the above two equations and using that
pto(h;t,€) = po(h!, £), we obtain that

Vx = V.
By definition of the Gromov product, we have forall g € G
Sx (g5, gn) = fe-15(E. ).

By equation (10) and using that vg—1, = vy,

bt = St
_ dpg1x(§) dptg—1: ()
Se=1x(.m)
= dvg—1,(§,m) = dvx(§, 7).
Hence, v, is G-invariant. n

With this G-invariant measure v on % ®, we deduce the disintegration of the Haar
measure on G/ M along Hopf coordinates.

Proposition 6.4. The product measure v ® Leb on F? x a is a disintegration in
Hopf coordinates of a Haar measure on G/ M.

Proof. The product measure v ® Leb is G-invariant by Proposition 6.3 and by Hopf
coordinates, it is a measure on G/ M. So it is a Haar measure on G/ M . |
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7. A configuration for being loxodromic

T+ are called

Recall Definition 2.3 that the elements in G of Jordan projection in a
loxodromic. Equivalently, loxodromic elements are conjugated to elements in AT+ M.
Let g € G' be a loxodromic element, choose /1, € G such that h;l ghgcexp(A(g))M.
Note that ghy M = hge*® M. Denote by gt := hgng (resp. g~ := hg (o) the attract-
ing (resp. repelling) fixed points in ¥ for the action of g. They are independent of the

choice of /4. Hence for every Y € a, in Hopf coordinates

gt g . Y)=(g".87.Y + A(9)). (17)

7.1. Distances on G/M

On one hand, denote by d; the left G-invariant and right K-invariant Riemannian
distance on G/M . It is the higher rank analogue of the distance on the unit tangent
bundle of H?. The map (G/M,d;) — (X, dy) is continuous and equivariant for the
left G-action.

On the other hand, using Hopf coordinates, we consider d,, a distance equivalent
to the Riemannian product distance induced by the embedding

FDxaes FxF xa.

These distances are locally equivalent, however, since d, is not left G-invariant they
are not globally equivalent.

We compute an expanding estimate for the action of G on G/M for d,. Then we
deduce the constants underlying the local equivalence of d; and ds.

Distance induced by Hopf coordinates. For every pair (§1,£7,v), (0", n", w) €
F@ x a, we define

do(E* 67 v). (0" 0 w)) :=sup(dET. n™), dE™.n7). lv — wl)).

Due to the definitions (15) of the distances on %, the distance d, is not left G -invariant
even though it is left K-invariant. Since d is equivalent to the Riemannian distance
on ¥ and the maximal metric is equivalent to the Riemannian metric on the product
space ¥ x ¥ X a, the distance d; is equivalent to the product distance. It is non-
degenerate because of the embedding F @ x a < F x ¥ x a.

Abusing notations, for every z1, zo € G, we also denote by

dz(Z]M, ZzM) = dz(:}((Z]M), %(ZzM))

For all (§1,67,v) € F@® xq, all r € (0, 18(£F, £7)), the ball of radius r for d,
centered in that element is

B(ET,r)x B(E™,r) x Ba(v,71).
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Lemma 7.1. For g € G and z1, z5 in G, we have
da(gz1 M, gzoM) < Cre0a®ld, (2, M, z, M).

Proof. We write zy M and z, M in Hopf coordinates, we denote by (Sl."’, £ .vi) =
H(ziM) fori = 1,2. By (7) and Lemma 5.3 (i), (ii), (iii), we have

da(gz1M, gzo M)
= da (g8, 861 . v1 +0(8.5)). (8657, 865 . v2 +0(8.8))
= sup(d(gé", g&)). d(gkr . g63). llvi — vz + 0 (g. &) — o (g. &)
< Sup(CleCollg(g)ll d(slﬂ 5;-)
CleColle(g)ll d(E7. &), Clecollg(g)ll d(gii-’ g;-) + |lvy — v2||)
< Clec‘)llg(g)"dz(le, zoM). n
As a consequence, forall z; € G/M,smallr > 0and g € G

gB>(z1,7) C By(gz1, Cre€0le@®ly),

Local equivalence constants. Since d; and d, are Riemannian metrics of G/ M, they
are locally equivalent. We fix a neighborhood O of e M and a constant C, > 0 such
that for every z1,z, € O,

1
C—dz(Zl,Zz) < di(z1,22) < Cada(z1, 22).
P

For any r > 0, denote by B1(zM,r) C G/M the ball of radius r centered on zM , for
the distance d. Fix €g > 0 such that Bj(eM, €g) U By(eM,€p) C O.

Definition 7.2. For x € X, let
C, =8C,(C; exp(CodX(o,x)).

Lemma 7.3. For x € X and z1,2, € G/M with x = 7(zy), if d2(21, 22) < €0/ Cx
ord; (Zl, 22) < €9, then

C
di(z1,22) = Txdz(zl,zz)‘
Proof. We take hy such that h;'zy = e M. Then we have either
do(h'21. h' 22) < Cada(21.22) < o,

(due to Lemma 7.1) or d; (h;lzl , h;lzz) = dy(z1,z2) < €p. Due to the choice of €,
we can apply local equivalence at e M and Lemma 7.1 to obtain

_ _ _ _ C
di(z1,22) = di(hy'z1,h ' 22) < Cada(hy'z1, by 22) < Txd2(21,22)~

The proof is complete. |
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7.2. Corridors of maximal flats

Recall from Definition 2.7, for every point y € X and every £ € ¥, we denote by
EyJ- € ¥ the opposite element such that y € (¢ EyJ-)X.

Definition 7.4. Let x € X and r > 0. We denote by ¥ @ (x, r) the open corridor of
maximal flats at distance r of x:

FO,r)={EmneF?|dx(x,Enx) <r}.
We denote by F@ (x, r) the set of Weyl chambers based in By (x, r)
f(z)(x,r) = {(E, EyJ‘,,Bg(o,y)) e FPxa | v e BX(x,r)}.

By Hopf coordinates (8), we obtain the following result.

Fact 7.5. For all x € X and r > 0, the set FO (x, r) is the preimage of Bx (x, r) by
the projection G/M — G/K.

Lemma 7.6. Let x € X and min{eg/2, (log2)/Co} > r > 0. Then for every € €
(0,C;'r), and all (£*,67) € FP(x,r), we have

BEY. e) x B(E™,€) € FPD(x,2r).

Proof. Let (§1,£7) € F@(x,r) as in the hypothesis. There exists y € By (x,r) such
that £~ = (§%);. Now we choose in Hopf coordinates z := (§.£7 . Bg+ (0. ¥)).
By the propertyof d; that Bx(y,r) C Bx(x,2r) and comparison with Lemma 7.3
between the distances, we have

4 ~

Bz(z, —r) C Bi(z,r) C FP(x,2r).
Cx

Finally, the proof is completed by projecting the ball B,(z, 4/Cr) onto the coordi-

nates in % @, ]

Lemma 7.7. Let g € G and x € X. Assume there is a transverse pair (€¥,67) e F@
of fixed points for the action of g on ¥ . Then

1A(g) = ax(&)] < 2dx (x, ETE)x).

Proof. For every transverse pair (€1, £7), there exists, up to right multiplication by
elements of AM , an h € G such that (1o, (o) = (§1,£7). By assumption, £t and £~
are fixed by g, i.e., gh € hAM . By Cartan decomposition, for every p € hAMo, we

have a,(g) = A(g).
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Since hAMo = hAo, which is equal to the flat (§T£7)y. It then follows from
Lemma 3.3 that for every p € (§1£7)y,

[A(g) — ax (]l = llap(g) —ax(g)ll < 2dx(x, p).

Taking the infimum over the points in the flat (§1£7)x yields the upper bound. ]

7.3. The configuration
Recall that for all x € X, we defined the constant Cy, = 8C,CyeCodx (@)

Definition 7.8. Denote by r¢ the unique zero in (0, 1) of the real valued function
r +— —logr — max{Cs,2}r. Forall ¢ > 0 and x € X, we define some function

to(x,€) > 2log Cy — 2log(e),

where the constant underlying >> is the same as in Lemma 5.2.
Proposition 7.9. For all x € X and r € (0, ry) and € € (0, min{C;'r, €}), every
y € G satisfying the following conditions is loxodromic:
() ax(y) € att and d(ax(y),da™) > to(x, €);
Gi) (. v7) € F@ are transverse and dx (x, (v y7)x) <.
Furthermore, its attracting and repelling point satisfy y* € B (y;t, €).
Proof. There exist ky+, ly= € hxyK (as h and h’k, in Definition 3.1), defined up to

right multiplication by elements of M and independent of the choice of representative
hy € G suchthat y = ky+ eE‘X(V)l),:—l. Apply Lemma 5.2, to the element

W yhae = Bk 1 e O ()T e KATTK,

we have
s yhe Veor (7' v0)t € By CF

1
L €).

We multiply by &, on the left )/hxvcx—lé(l’l;lj/x_)[: C hxB(hy'y{,Cte). Using the
properties of Cyx > 0 (Lemma 5.3), we deduce the following inclusions:

© MBS CNe) C By o)

© Ver)® C ha Ve (i )b

Thus, y Ve (v )C C B(y;,€). Recall that ¢ is the opposition involution and k, € Nk (A)
such that 1 = —Ad(k,), then

-1 _ 7 _ tax(y) -1
Yy =1Lk e (ky;rkl) .



Equidistribution and counting of periodic tori in the space of Weyl chambers 79

Since ta, (g) is at distance at most 7y from da™ and (=) = y.F, we deduce that
y Vet C By ).

Due to dx (0, (') (k3 75 )x) = dx (x, (73 v7)x) < r, by Lemma 6.2 and
Definition 6.1, we obtain

Sty ) = e
Then by Lemma 5.3, we have
B ve) = €8 v ) = € e
Due to the choice of €, r, we have C~ 1,=C37 5 2¢. Hence, we have
B(yE.e) c Vet

Then we deduce that y (resp. y 1) has an attracting fixed point §* € B(y;, €) (resp.

§7 € By, . o).
Since y admits a fixed maximal flat (§T£7)y, we apply Lemma 7.7,

IA(y) = ax (V)| < 2dx (x, (ETE)x).

By hypothesis € < C!r, Lemma 7.6 implies that B(y;F,€) x B(yy.€) C F @ (x,2r).
Hence, A(y) € B(ax(y),4r). Using that r < rg and € < C;'r, we get a lower bound

to(x,€) > —2logr > 4r.

We deduce that B(a,(y), 4r) C a™™, therefore y is loxodromic.

Finally, because the basin of attraction of y T (resp. y ™) is a dense open set of %,
there are points in B(y], €) (resp. B(yy, €)) that y (resp. y~!) will attract to y*
(resp. y 7). Since ¥ is Hausdorff for d, we deduce that y™ = £+ (resp.y ™ =£7). m

8. Conjugacy classes and periodic tori

In this section, we remove the torsion-free assumption and only assume I' < G to be
a cocompact lattice. We denote in brackets the I"-conjugacy classes of elements in I".
Denote by [T'°%] (resp. [I'*"¢]) the set of '-conjugacy classes of loxodromic (resp.
singular) elements.

The following lemma is due to Selberg.

Lemma 8.1 ([44, 50]). Let " be a cocompact lattice. Let F be a right A-orbit in
TC\G/M.If A(F)Na*tt # @, then F is a compact periodic A-orbit.
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Proof. We can write F = ['gAM . For a non-zero Y € A(F) Na*™, by definition,
I'gM =Tgexp(Y)M.

Hence, there exists an element y € I" such that yg = g exp(Y)my. By Selberg’s

lemma in [50] or [44, Lemma 1.10], the map I')\G,, — I'\G is proper, where G,

(resp. I'y ) denotes the centralizer of y in G (resp. I'). Therefore, I'), \ G, is compact.
Then G, is a conjugated to AM . Now gAM g~' commutes with y, so

G, =gAMg™' and T, =TNG,.

Then I')\G, = (I' N G,,)\G, compact implies that 'gAM = I'G, g is compact
in '\ G. So F is compact in '\G/M. ]

In the first paragraph, we give a relation between conjugacy classes of loxodromic
elements and periodic tori. In the second paragraph, we give a proof for completeness
that singular elements of a cocompact lattice do not have a unipotent part.

8.1. The case of loxodromic elements

For every loxodromic element y € I''*, we denote by &£, the measure of G/M sup-
ported on the A-orbit of Hopf coordinates (y+, y™; a) such that its disintegration in
Hopf coordinates is given by

£y := D,+ ® Dy ® Leby, (18)

where Dyi is the Dirac measure at yi.

Remark that the quotient in I'\G/M of the A-orbit (y*, y™; a) only depends on
the conjugacy class [y]. Denote by Fj,) the quotient of this A-orbit in '\G/M. We
claim that every point in Fj,] is periodic for the Weyl chamber flow I'\G/M A,
Indeed, by (17), that is

YTy Y) =0y Y +A))

for every Y € a, hence A(y) € A(Fj,)). Then, if we take g, an element such that

(yT.y7,0) = g(no. (o, 0), i.e., that Jordan diagonalizes y, the formula also implies

g;lygy € exp(A(y))M . With this g,, we may express this A-orbit F[,; = I'g, AM.
LetG(A) :={(Y,F)|F € C(A), Y € A(F)Nnatt}.

Proposition 8.2. Let T be a cocompact lattice. If the action of T on G/ M is free,
then the following map is well-defined and bijective.

U: [ - €(4),
[yl (A®). Fip).
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Proof. We first prove that the following map is surjective.
U: T - g(4),
y = (A), Fiy)-

Indeed, fix any compact periodic A-orbit F'. We may denote it by I'gAM , for some
g € G. For every regular period in this A-orbit Y € A(F) N a™™, by definition,

xeY:x

for all x € F. Now we fix any point x € F and choose any g € G such that 'gM = x.
We deduce that there exists an element yy € I' such that yy g = gexp(Y)my for
some my € M. Hence, the surjectivity of the map 0.

Note that (Byy B~1)Bg = Bge¥Y my forall B € T, ie., U(Byy 1) = U(yy). It
implies that the quotient map W is well-defined.

Now let us prove the injectivity of the quotient map. Consider yy as above and
assume by contradiction there exists a distinct y;, € I' such that y;, g = g exp(Y)m},
for some m}, € M. Since yy # y;, we deduce that yy ' y;, = gmy'my g ™! is not the
identity. This element yy 1)/{, e I fixes gM in G/ M, which contradicts that " acts
on G/M freely. Hence, W is injective. |

8.2. The case of singular elements

The following proposition holds under the hypothesis that I' < G is torsion-free and
cocompact. It is tautological for loxodromic elements. The result should be well
known to experts in the domain. We give the proof for singular elements in I" for
completeness.

Proposition 8.3. Ler I' < G be a cocompact lattice. Assume that the action of T
on the symmetric space X = G/K is free. Then for all (non-trivial) element y € T,
its unipotent part in Jordan decomposition is trivial, i.e., there exists h € G and
k, € Zx (e*D)) such that

y = he*Mpe,h™t

Proof. The relation is tautological for loxodromic elements in I". We prove it for
singular elements.

Note that for every non-trivial y € I, the injectivity radius of the manifold '\ G/ K
is a lower bound of infycx dx (x, yx). By hypothesis, '\G/K is a cocompact mani-
fold. Therefore, its injectivity radius has a positive lower bound and

inf dy(x,yx) >0
xeX

for any non-trivial y € T'.
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Fix a non-trivial y € T'*"¢, Consider a point that we denote by p € X where
this infimum is realized, i.e., dy (p, yp) = infyex dx (x, yx). We prove that the bi-
infinite geodesic going through p and yp is a translation axis of y on X. Indeed, let
y € [p, yp], then on one hand dx (v, yy) > dx (p, yp). On the other hand, by triangle
inequality, left G-invariance of the distance dy, we deduce that

dx(y,yy) <dx(y,yp) +dx(yp,yy) = dx(y,yp) + dx(p, y).

Since y is in the geodesic segment, we deduce that dy (v, yy) < dx(p, yp), proving
that it satisfies the minimizing equality. By G-invariance over dy and gluing all the
geodesic segments yZ.[p, yp] together, the same minimizing equality holds for every
point in the geodesic (p, yp)-

Seta, :=exp(ay(y)) € AT.Itis a non-trivial element since ||a, (y)|| = dx (p, yp)-
Recall that non-trivial geodesics of X based at p are of the form he®?o, where v € at
is non-zero and & € G is any element such that 2o = p. Hence, we fix # € G such
that 1o = p and such that heR&» ) = (hai,o),eR denotes the bi-infinite geodesic
(p,yp). Since the latter is a translation axis of y, we deduce that for all integer n € Z,

y"ho = hayo. (19)

By the above relation, there exists k,, € K such that y = ha, k,h~!. We prove by
induction that for all integers n € Z,

a,"kya, € K. (20)
Note that the relation a, k,, = h™!yh yields the base case n = 0. Assume the relation

is true up to some non-negative integer n > 0. By (19), on the one hand, we have
a;”_zh_ly”“h € K. On the other hand,

n+2 n+2
—n—2,1,—1 +2 _ —2 _
a," 2y "2 h) = a," 2 [ [h vk = a7 [ ] ayky
i=1 i=1
—
n+2 0
_ —(n+2—i) n+2—i __ —k k
=1« kyay =[] 4"k
i=1 k=n+1

By induction, the second term until the last term in multiplicative order are in K.
Furthermore, the entire product is in K. Consequently, the first term on the left is
a;”_lkyagH € K. Therefore, (20) is true for all non-negative integers. For negative
integers, using (19) similarly, 2=y} a;"‘l € K for all n > 0. For the computa-

tion, we notice the telescopic product

n+1 n+1 n+1
(h_ly""'lh)a;"_1 = (Hh yh) n=l— (l_[a k ) —n—l Ha kya

i=1 i=1 i=1
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At each step, only the last term on the right is new, hence (20) holds for negative
integers. Since K is compact, the sequence (a,"kya’)nez is bounded. By Propo-
sition A.4 (iii), we deduce that the compact element k,, is also commutes with a,,
ie., ky S ZK(a,,).

To conclude the proof, we have found a non-trivial a,, € AT a commuting element
ky, € Zk(ay) and h € G such that

y = hayk,h™'.

We recognize a Jordan decomposition of the singular element y, where hayh_1 (resp.
hky,h™1) is the hyperbolic (resp. elliptic) part and the unipotent part is trivial. ]

The above result implies that when T is torsion-free and uniform, every closed
geodesic in the manifold I'\G/K corresponds to a unique conjugacy class of non-
trivial elements in I". As a corollary, we deduce an upper bound for the distance
between the Jordan projection and the Cartan projection.

Corollary 8.4. Let I' < G be a torsion-free, cocompact irreducible lattice. For every
non-trivial y € T, there exists yo € [y] in its I'-conjugacy class such that

[A(¥) = ao(vo)ll = Cr.

Furthermore, there exists an element g € G with ||g|| < Cr and k,, € Zx (*D)) such
that

Yo = gexp(A(y))kyg "

Proof. Fix a fundamental domain Or C X of diameter less than 2 diam(I"\ X') and
containing o. Set Ct := 4 diam(I"\ X). Fix a non-trivial element y € I.

Since I' is cocompact and torsion-free, the action of I' on the symmetric space X
is free. Hence by the previous Proposition 8.3, there exists 7 € G and k), € Zg (™))
such that

y=h exp()t()/))kyh_l.

Note that 1eR*™)g is a bi-infinite geodesic on X and a translation axis for the action
of y. Since Dr is a fundamental domain for the left action of I on X, there exists
B € T such that BheR*Wo N Dr # @. We choose a time parameter ¢ € R on the
geodesic such that

Bhe*Mo e Or.

Set g := Bhe*) and consider yo := ByB~" € [y]. Then
vo = gexp(A(y))kyg™".

Furthermore, | g|| < dx (0, go) < Cr. Finally, applying Lemma 3.2 to A(y) = dg0(Y0)
and a, (o), we deduce the first upper bound. ]
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9. Equidistribution of flats

For every loxodromic element y € I''*, we denote by L, the quotient measure on
'\G/M of &£, (cf. (18)). Note that L[, is supported on Fj,] and is equal to the
measure L, given in the introduction. It is also given by the following construction:
we push on F, ], the restriction of Lebg to any fundamental domain in a of the periods
A(FTy), by right A-action of the exponential of such a fundamental domain, starting
from any base point on F[,j. The construction is independent of both the choice of the
fundamental domain and the base point on FJy.
By Proposition 8.2, there is a bijection between §,,x and §(A4). Let

G1ox(Dr) = {[y] € Giox, Ay) € Ot}

By summing over the compact periodic orbits F € C(A) first, then summing over
Y € A(F) N ®y, we deduce that

1 1
Li= AF)NDy|LF, 21
VOI(Dt) Z [V] VOI(Dt) Z | ( ) t| F ( )
[y]1€8i0x (D) FeC(A)

the measure on the right-hand side is exactly the measure in the Theorem 1.4. This
formula is also a higher rank analogue of the first part of (1). Set

Al vol(T'\G) Z L.

r = " ny
volDe) 1o
Let mg,p be the Haar measure on G/ M, given by v ® Leb, from Proposition 6.4.
Let mr\g,/m be the quotient measure on I'\G/M . Theorem 1.4 is equivalent to the
following one if I is torsion-free or if it acts on G/ M freely.

Theorem 9.1. Let I' < G be a cocompact irreducible lattice which acts on G/ M
freely. Then there exists u > 0 such that for any Lipschitz function f on T\G/M,
ast — 0o,

vol(I'\G)

o ijwme/qu

FeC(A)
=[fMU=/meWM+meﬂm)

where the Lipschitz norm is with respect to the Riemannian distance d; on T'\G/M.

Remark 9.2. The constant Cg equals ||mr\g/am ||/ vol(I'\G), which comes from the
choice of mg/p = v ® Leb, and only depends on G.

We can separate a Lipschitz function as the sum of its positive part and its negative
part. So it is sufficient to prove Theorem 9.1 for non-negative Lipschitz functions.
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We are going to prove Theorem 9.1 in this section. Before starting the argument,
we fix the parameters which will be used later. They come from Proposition 7.9.
Choose 17 > 0 small than min{ep, 1}/10, where €p is the constant from Lemma 4.1.
Set

—uyt

€:=e¢e and ;= 3uqt. (22)

Consider the decay rate function u — «(u) > 0 satisfying Lemma 4.1 and the decay
coefficient k > 0 given in Theorem 3.4. Set

Uy 1= Wmin{%x(wl),%&ul} and 1= e ¥2'. (23)

In this part, we use Lip, to denote Lipschitz norm with respect to the product
distance d» on G/M or the product distance on % ?, according to which space the
function lives on.

We lift everything to G/M and prove a local version on G/M in Sections 9.1
and 9.2. This local version works for all irreducible lattices, which will be used in a
forthcoming paper for non-cocompact lattices. Then in Section 9.3, we use the parti-
tion of unity to obtain a global version (Theorem 9.1) on I'\G/M.

9.1. Local convergence on corridors

Recall the notation ax(y) := dg(x, yx) = a(h;'yhy). For every y € T such that
ax(y) € a™™, the geometric Weyl chamber based on x containing yx (resp. y~'x)
determines y € ¥ (resp. yy).

For x € X and ¢t > 0, we define the following measures on ¥ x ¥ :

) vol(T\G)
= D +®D,-,
Vx,1 vol(D;) Zeg v ® Dy;
yel'nD,~(x)
. vol(T\G)
= — D D,-.
Vx.2 vol(Dy) Z y+ ® Dy

yelloxn D (x)

Recall that (uy)xex denotes the Patterson—Sullivan density given in Proposition 6.3
and v is the associated conformal measure on ¥ . Let Lip} (¥ @) (x,r)) be the space
of positive compactly supported Lipschitz functions on @ (x, r).

Lemma 9.3. Let I" be an irreducible lattice in G. Fix x € X. Then for every test func-
tion y € Lip) (FD(x,r)) foreveryt > C4dx (0, x), there exists a function E(t,V, x)
such that

e_C3r/1//dV—E(fﬂ/’,x) s/x/fdv;,l f/\/deE(m/f’x)’

where E(x,vy,t) = O(Cx Lip(¥) vol(D;)™*) when t — oc.
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Proof. By Theorem 3.4, we obtain the main term with the measure @ ® . Since
(£.1) € FPD(x,r), so by Lemma 6.2, we obtain 1 < f(£,7)"! < e3”. Using the

relation A0 (8) dpin (1)
_ dUx Mx (N
WED =TT

we deduce that
/wdﬂx ® Ux S/l//d\) §€C3r/wdﬂx @ Ux-

Hence, the lemma. n

Lemma 9.4. Let I be a lattice in G. Fix x € X, for every t > (2log Cy)/u1, for
every test function ¥ € Lip;L (FD(x,r)),

'/Wd‘);,z—/wd‘);,l

[T N Ds(x)]| vol(T\G)
vol(Dy)
IT' N DI (x)| vol(T\G)
vol(Dy) ’

< eLip,(¥)

+ 3V llo

where € and t; are given in (22).

Proof. We split the difference between

vol(D;) vol(D,)
vol(I‘\G)/l'// and vol(I‘\G)/l'// Yz

to get

2 (a7 B S A (A

yeI'ND ¥ (x) yeTlxND ™ (x)

= > vorovo- D v

yeI'ND & (x) yelloxnNDE(x)

+ ) Yoy —vety.

yelrlxnDIE(x)

For the first term on the right-hand side, note that ' < T, hence

2 (AR e S 7 A e B > v vo)-

yeI'nDE(x) yellxnD®(x) ye(T\TX)ND*(x)
Note that r > ¢; = 3u;t > 0 since u; < 1/10, hence we have the following inclusion:

D*(x) € Di' (x) U (D:(x)\Dy' (x)).
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Using that ¢ > (21log Cy)/u1, we deduce that
ty = 3uit > tg:=2logCy —2loge = 2log Cy + 2uqt.

Apply Proposition 7.9 to every y € D, (x)\ D' (x) such that (yF, y7) € FP(x,r).
Any such element is loxodromic, i.e., D;(x)\ D} (x) C G'*. Hence,

I'N (D (x)\D} (x)) C T
is a set of loxodromic elements. So the non-loxodromic must lie in
(C\I') N D*(x) C D} (x).
We deduce the following upper bound:

> Y v)| < ¥ lleolT N DY (x)]. (24)

ye(@\T')ND=(x)

For the lower term, we split the sum over the partition I''°* N (D,(x)\D§l (x))
and ' N D' (x) as follows:

Y v ) —v ety
yeTloxND* (x)
= > Y-y
yel'*lux
yeD; ()\D;! (x)

+ > vy - vty
yeloxn D! (x)N D (x)

We bound the lower term:

> v ve) vy )| 2 20¥ el N DY (). (25)

yeTlosn DI (x)N D (x)

By Proposition 7.9, the elements y € ' N (D, (x)\ D' (x)) with (yF,y7) e F P (x,r)
are loxodromic and their attractive and repelling points are at distance at most € of
respectively yE. Using that v is Lipschitz and supported on ¥ ® (x, r), we bound
above the last term:

> YT yD) — vty < eLip,(¥) TN Dy(x)].  (26)
yerN(D; ()\D;! (x))

Finally, we use the triangle inequality, regroup the terms (24), (25) and (26), then
multiply everything by vol(I'\G)/ vol(D;) to obtain the main upper bound. ]
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9.2. From corridors to Weyl chambers

Lemma 9.5. Let 1; € Lip:“(f’: ®)(x, 1)) be a compactly supported non-negative,
Lipschitz function and set

«p::/a{}(.,.; Y)dy.

Then r € Lip/ (F @ (x, r)) and the following norm bounds hold:
(2) Lip,(y) < 2(2r)"™ Lip, (¢/);
®) [¥lleo = @N™™ ¥ loo-

For x € X and ¢ > 0, we define the following measure on % x a by

M vol(T'\G) Z

*2 = D) £y, =i, ®Lebg.

y€elloxNDFE(x)

Lemma 9.6. Let I" be an irreducible lattice in G. Fix x € X, then for every t >
max{(2log Cy)/uy, Cadx (0, x)}, and for every test function ¥ € Lip} (¥ @ (x,r)),
we have

‘/&dd%;’z—/lzdmc/M
[T N D¢ (x)]| vol(T\G)

+ (2r)dima (E(t, ¥, x) + 2¢ Lip, (¥) vol(Dy)

IT' N D! (x)| vol(T\G)
vol(Dy) )

< Czr/Jde/M

+ 301 ¥ llo

where E(x, ¥, t) = O(Cx Lip(¥) vol(D;) %) as introduced in Lemma 9.3 and €, t,
are given in (22).

Proof. We set y(§%,£7) := [ ¥/(§F,£7;v) dv. Using Fubini’s theorem on the a
coordinate and Proposition 6.4 that mg/3 = v ® Leb,, we deduce that

/ ydM, = / ydvl, and / v dmg/y = / V¥ dv.
We only need to bound [ ¢ dv , — [ ¢ dv. By definition of these measures,

/I/Idl);,z—/lﬂdvZ/l/fdl);’l—/de-l—/l//dl);g—/wdv;,l.

Using Lemma 9.4 on the last term on the right, then Lemma 9.3, the convexity
inequality e™” — 1 > —r and non-negativity of v to the other term, we deduce the
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following bound:

'/wdv;,z—/x/fdv §C3r/wdv+E(l,1/f,x)

I' N Dy (x)| vol(T\G rnDY I(T'\G
+eLipy(y) OIS g, [0 2r I

By Lemma 9.5 (a), (b), the Lipschitz constants and norms between v and J satisfy

Lip,(¥) < 2@2r)"™*Lip,(¥) and [|¥/]ec < 2r)™* ¥/ ]|o-

We deduce the domination E (¢, ¥, x) = (2r)%™*0O(Lip, () Cyx vol(D;)¥) and abus-
ing notation we write

E(t, . x) = 2r)M ™S E(t, ¥, x).

Replacing the Lipschitz constants and norms in the upper bound by abuse of notation
on E(t, v, x) and lastly applying Fubini on the first term yields

‘/wdv;,z—/de
[T N D¢ (x)]| vol(T\G)

+ (2r)dima (E(t, ¥, x) + 2¢ Lip, () vol(D;)

IT' N D! (x)| vol(T\G)
vol(Dy) )

< Carflzde/M

+ 3P llo

The measure in equidistribution is denoted by

Mo vol(I'\G) Z

£,
vol(D;) v

yeFlOX,A(y)GZDt
Lemma 9.7. Suppose there exists C > 0. Fix x € X, then for every test function
Ve Lip,} (FD(x,r)), we have

(1-Cr) / v dML T

T N D7, (x)| vol(I\G)
vol(Dy)

< /ch < (1+Cr)/{ﬁda%;,+f’+ 1l

Proof. By Lemma 7.7, for every loxodromic element g € G'°* such that (g, g7) €
F@ (x,r), then
[A(g) —ax(g)] = 2r.
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Hence, using the triangle inequality we deduce the inclusions

N D, )N {yl Gt y)eFDuxr)
Clyel™ | A(y) e ®Dand (y*.y7) € FP(x,r)}
< (T 1 D}, (0) U (I 1 Dy, (1),

where the set I' N thJ’FZr (x) is used to contain all the y in the middle set with a(y)
smgular By integrating ¥ over &£,, summing and using the fact that ¥ is supported
on £ @ (x,r), we deduce

VOI(Dt 2r) t—2r VOI(DI) t
vol(T\G) /WM - 1(F\G)/de

_ Yol(Di+2r)

t+2r 7 2
= Vol(T\G) f%”d«M + [V lloo| T N D5, ().

Finally, we multiply by vol(I'\G)/ vol(D;), apply the local Lipschitz property of
t + log(vol(D;)) (Lemma 3.7). ]

Lemma 9.8. Recall €y from Lemma 7.3. For 0 < s < min{e¢g, (log2)/Co} and any
z€ G/M and x = n(z) € X, we have

Bi(z,s) C FP(x,s)
and for ¢ supported on B(z,s),
Lip, ¢ < CxLip¢@.

Proof. By Lemma 7.5, we have the first part.
By Lemma 7.3, for z;, z; € By(z,s), we have

C
di(z1,22) < %Zl)dz(zl,zz).
Now due to the definition of C, we have

Cyr(zl) = Cn(z) eXP(COdX (JT(Z), 77(21)) = 2C]r(z)-

Therefore,
di(z1,22) < Cxda(z1, 22).

Then we use the definition of the Lipschitz norm. |
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Local version.

Proposition 9.9. Let 1; be a Lipschitz function supported on a ball B(z,r) C G/M
and let x = w(z) € X. If t > max{Cs,2(1 — 2¢)/e,4(1 — k(2¢€))/x(2¢)}dx (0, x),
then

‘/&dw—/{/?dmcm
= O(r||1/~/||1 + (Cxvol(Dy) ™ + € + Vol(D,)_"(G’“)) Lipz(lz)).

Proof. Due to Lemmas 9.6 and 9.7, we have

s ([Tas = [Famen ) < rica+c) [ Fameru

IT' N Dyxar(x)| vol(T\G)
VOI(Dt:lzzr)

IT N D!, (x)| vol(I'\G)
vol(D¢+2r) )

Let us estimate the error term in the lower part. By Lemma 9.3 and Lemma 3.7, we

+ (2r)dima (E(t + 27,9, x) + 2€ Lip, ()

+ 4]V oo

have
E(t £2r,9,x) = O(Cx Lip, () vol(D;) ™).
By Lemma 4.4, if t > Csdy (o, x), then we have
IT'N Dyor(x)| vol(I'\G)

2¢ Lip, () vol(Das) = O(eLip,(V)).

Using that #; = 3u,¢, by applying Lemma 4.3, for ¢ as in the hypothesis, we get

~ TN DI, (x)|vol(T\G) - i
3¢ ]loo 12 = 0(||‘//F||oo vol(Dy) (6u1))'
VOI(Dt:i:Zr)

Combining the above inequalities, we complete the proof. |

9.3. Proof of the equidistribution

Note. From now on, to the end of this section, we suppose that T is an irreducible
cocompact lattice in G which acts freely on G/ M.

Fix a non-negative test function Y € Lip, (T'\G/M ). We want to prove the fol-
lowing convergence and dominate its rate

/1‘/71“ dd"(i“ m}/% d”"lI‘\G/M.



N.-T. Dang and J. Li 92

Partition of unity. With the application of Vitali’s covering lemma to the collection
{B(y,7/10)}yer\G/ M, there exists a finite set {y; };es such that B(y;, r/10) are pair-
wisely disjoint and | J;<; B(yi,r/2) is a covering of I'\G/M . By disjointness, we
know

VRS y— dim(G/ M)

Fix a partition of unity of (1/r)-Lipschitz functions associated to the open cover
U;es B(yi, r). For the function Yr on I'\G/M, we can write it as

Ur=7 Vri
iel
using the partition of unity. For each y;, we can find a lift z; in G/ M such that d(o, z;)
is less than the diameter of I'\G/M . By Lemma 9.8, for x; = 7 (z;) € X, we know

that
B(zi.r) C FPD(xi,r).

We can take ¢ large such that r = e %2! is smaller than the injectivity radius of
I'\G/M. Then the two balls B(z;, r) and B(y;, r) are homeomorphic. Let v/; be
the lift of {ﬁr,i on B(z;,r).

Furthermore, for every i € I, the function % is Lipschitz and satisfies the follow-
ing norm bounds:

(D) Lip,(¥1) =< Cx; Lip¥ii < Cx, (Lip Y1 + 1¥rlloo/ ) < o, [¥r|Lip/ 7
(p2) ”1;1”00 = ”1;1‘”00;
P3) Dier ||Ji||1 = ||‘ZF||1,

where the first inequality is due to Lemma 9.8.

For every i € I, we can apply Proposition 9.9. Then we use (pl) and (p2) to
replace the Lipschitz norm of f&i by {51". By compactness, the x;’s are in a bounded
set, therefore the constants {Cy; }ies are uniformly bounded. Therefore, for ¢ large,
we have

/%‘ dM’ —/% de/M‘

~ 1 ~
= O(r[1Fll + ~ (vol(D) ™ + € + vol(D) ™) Jirluy, ). 2D)

Global domination. By the partition of unity, we have
[rasts =3 [ Friaste = 3 [ Fiase
i i

and

/@r dmm\g/m = Z/ Ur. dmp\g/m = Z/ Vi dmg/m.
i i
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Therefore, by local dominations, |/ | < p—dim(G/M) and (27), we obtain

/@rdﬂ? —/Jr dmr\g/m = O(FZ il

iel

dim D)™ 5 €z vol(D) T o
L <G/AM>(7|W|UP+;|wr|up+ - Vel | ).

Using (p3) and [|Yr 1 < mr\6/m || [¥r|Lip, we deduce that
/‘Zrdﬂtr—/ﬁr dmr\¢/m

—K —Kk(6uy)
= O((I" + VOI(Dt) et VOI(Dt) )|$F|Lip).

dim(G/AM)+1

u

Recall the choice of parameter in (23), where € = e %!" and r = e %!, Collecting

all the error terms together, we obtain that there exists u > 0 such that

‘/@r dMY —/@r dmI‘\G/M‘ = 0(€_ut|‘ZF|Lip).

10. Counting conjugacy classes

Note. In this section, we only consider ball domains, i.e., D; = K exp(Ba(0,1))K.

Centralizer of singular hyperbolic elements. We need to introduce Lg to study
the structure of the centralizer of a semisimple element in G. See, for example, [3,
Section 8.2].

Let ® be a subset of simple roots IT. Taking the convention el .= IT\®, we set

po=00® P ae® P a0

aext ae(@f)

where (@E) is the set of weights generated by ®C. Denote by Pg the associated stan-
dard parabolic subgroup. For the opposite parabolic subgroup, Pg, its Lie algebra is

P6=80® P a® P g

aext ae(@l)

given by

The Lie algebra of the Levi group Le = Pg N Pg is given by

lo:=poNPe=080® P 8 ® g0
ae(@f)
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Let us define the ®-singular subspace

ag = ﬂ kera,

acOC

which has real dimension |®]. Recall m = ¥ N go and go = m @ a. Denote by

f)@=m€Ba$EB @ Qo D ag—q
ae(0C)

the subalgebra where aé is the orthogonal of ag in a for the Killing form and by Hg
its associated reductive Lie group. Then Ag and Hg commute and

Lo = AegHep.

Let §o(He) := MaXyep, (0,1) Xqe(el) @(Y¥) be defined using the root space of He.
Since ® is non-empty, there is a uniform gap, i.e., there exists cg > 0 such that

So(He) < 8o — cg (28)
for all non-empty ® C II.
Proof of Theorem 1.7. When ¢ is large, we want an upper estimate of
[T1(t) = {[y] € [T A(y) € Ba(0.1)}.

First we estimate the number of conjugacy classes of singular (non-loxodromic) ele-
ments whose Jordan projection has norm less than ¢. By Corollary 8.4 and Lemma 4.2,
when ¢ is large enough, we have

[IC"](1)| < T N DE, | < oot (29)

Let us now provide an upper estimate for the number of loxodromic elements.
Recall that

[['() = {[y] € L] | A(y) € B (0.0)}.

Setk :=28¢/cg, where ¢ is defined in (28). Recall that the set [T"'](¢) is in bijection
with
§'(A) ={(Y,F)| FeC(A)and Y € A(F) N B (0,1)}.

We consider the subset of balanced periodic tori

B (k) = {(Y, F) e §'(4) | A(F) N B(o, f;) - {0}}
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and unbalanced periodic tori

U (k) = {(Y, F) e €'(A) | A(F) N B(o, é) ”; {0}}.
Note that 87 (k) (resp. U’ (k) ) projects into a subset of periodic tori in C(A) of systole
larger (resp. smaller) than 7 /x: the balanced (resp. unbalanced) tori.
We compute an upper bound for the amount of unbalanced tori and balanced tori
and prove that the upper estimate for unbalanced ones is negligible with respect to the
upper estimate of the balanced ones. Then, using Theorem 9.1 below will allow us to

deduce the upper estimate

> vol(Fy)) = vol(D,)(1 + O(e™)). (30)
[yle[r*](2)

Abusing notations, we identify the elements of B’ (x) and U’ (k) with the corre-
sponding elements in [I"'¥](¢).

For the balanced part. By definition, for every [y] € B (k), its periodic torus Fl,
is balanced, i.e., its systole is greater than ¢ /k. Hence, there exists ¢ > 0 such that

vol(Fpyp) > ct”.

Consequently, by (30), we deduce that

vol(Fj ol(D
ELGEEDY (r[”) < [( 23 31)
el

For the unbalanced part. We prove that there is a negligible amount of unbalanced
elements with respect to the upper estimate of the balanced ones. Recall that

rI(2) = {1 e 1am e B(0.)}.

Since any unbalanced periodic torus has a period of size less than ¢/, the number
of unbalanced periodic tori is bounded above by ny |[I"](¢/k)|, where ny > 1 is the
number of Weyl chambers in a. Then by summing over first the unbalanced periodic
tori and then their regular periods, we deduce the following upper bound:

U )] < Y [A(Fg) N BFH(0,1)]. (32)
[BlelT1(z/x)

Since I" is cocompact, Corollary 8.4 provides an upper bound for the summation
term

t
‘[F](;)‘ <|T N Dyjercl| K t7edol/x, (33)
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Now for the summand, for each [B] € [['](¢/«), there exists a unique non-empty
® C IT such that A(B) € a$+. It is given by the biggest subset ® C II such that
a(A(B)) > 0 forall « € ©. Denote by Gg the centralizer of 8 in G. It is conjugated to
a closed subgroup of the Levi L (which is reductive), i.e., there exists g € G such that
Gp < g7 'Leg. By Corollary 8.4 and since Zk (exp(A(8)) C He, we may assume
that ||g|| < Cr by choosing an appropriate element in the conjugacy class of 8 and
abusing notation. By Selberg’s lemma ([44, Lemma 1.10]), I'g is a cocompact lattice
of Gg.

Now, counting only the loxodromic elements, by Corollary 8.4, we have

’A(F[ﬂ]) N B:+(0,t)} < |Fﬂ N Diycl = |Fﬂ N (Diyc N Gﬂ)|.

Then take some small ball O, C G of injective image in '\ G, we have

vol(OeDsyc N Gﬂ) - vol(D;4+c/ N Gﬂ)
vol(Oe NGg) = vol(Oec N Gp)

ITs N (Diyc NGp)| <

! < Lg and |g|| < Cr, itis

dominated by the volume growth of the Levi, i.e., there exists C” > 0 such that

It remains to estimate vol(D;1c’ N Gg). Since gGgg™

vol(Diycr N Gg) < vol(Diycr N gGpg™") < vol(Dyycr N Le).
By the same computation as in [34, Theorem 6.2], we obtain that
vol(D;+c» N Le) Kt exp(8o(He)t),
where Hg is the semisimple part of the Levi Lg. Due to (28), for all [8] € [T'](z/«),
|A(Fig) N BFH(0,1)| < 1" exp((80 — co)t). (34)

Finally, by combining (32), (33) and (34) and our choice of «x, we get
]
U (k)] < 12" exp(t (50 + ?‘) - cG)) < vol(Dy)1~. (35)

Back to the main estimate. Combining (29), (31) and (35), we deduce the upper
estimate because the singular elements ][Fsmg](t)| and the unbalanced periodic tori
|‘U’ (K)| are negligible compared to the upper estimate of the balanced periodic tori

@) < w « /2,801

Therefore, the proof is complete. |
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A. Appendix

A.1. Weyl subgroups and parabolic subgroups of G

Recall the notion of parabolic subgroups Pg, Levi subgroups Lg and Ag is the group
corresponding to the Lie algebra ag with ® a subset of simple roots IT from Sec-
tion 10. Let Wg be the Weyl subgroup generated by reflections s, for o € eC.

Remark A.1. The conventions are made such that Py is the Borel subgroup, which
is different from [5]:

ImI>6e D,
{ew} = Wn C We CWyg=W,
B =Py C Pe =BWgB C Py =G,
AM =L C Lg CLg=0G,
At = A o 4§ D Ay = {ea}.

Proposition A.2 (See [5, Chapter IV, Section 5, Proposition 2]). Let ®,®, C IT and
w e W. Then
Pe,wPe, = BWg, wWeg, B.

Corollary A.3. Forall ©1,0, C I, the map w € W — BwB € B\G/B induces,
by passing the quotient, the following bijection:

W@]\W/W@)z - P@]\G/P(Bzv
Wo, wWe, = Pg, wPe,.

Let t be the Cartan involution of G (see [29]): it is an automorphism of G which
acts on a by —id, and on A by a — a~!. The involution 7 induces an involution
t: IT — TI, such that 7(Pg) is conjugated to P (g). We have Pg = t(Pg); by defini-
tion it is a parabolic subgroup of type ¢(®).

Proposition A.4. Let © C I1. Then

(1) the sequence (a™"ga")n>1 is bounded for all a € Ag+ ifand only if g € Pg;

(i") the sequence (a"g'a™"),>1 is bounded for all a € Ag’L ifandonlyif g’ € Pg;

(ii) the sequence (a™"ga"),ez is bounded for all a € Ag+ ifand only if g € Leg.
Proof. This direction (<) is well known.

For (i), (=), due to Corollary A.3, we write g = pjWwg p2, Where pi, p» € Pg
and wgy € W. Due to (<) of (i), the sequences a™" p;a” are bounded as n — 4-ooc.
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The behavior of the sequence ™" ga”™ when n — 400 is the same as a "wga”. We
write a = e with v € a$+, then

a—nwgan — en(Ad(wg)v—v)wg.
We conclude that the sequence a ™" ga” is bounded when n — 4-o0 if Ad(wg)v = v,
i.e., wy € We. We finish by noticing g € p1We p> = Pe.

For (i'), applying 7 to (i) we obtain that the sequence (t(a)™"t(g)t(a)")n>1 is
bounded for all g € Pg.Dueto t(a) = a~! and 1(Pg) = Pg , we obtain (i’).

The point (ii) follows from (i) and (i’) by using Pg N Pg = Le. [ ]

A.2. Proof of Theorem 3.4

We give a proof of Theorem 3.4 by redoing the proof of [18, Theorem 7.1] for
Lipschitz functions. Here we have one notation issue, the quotient I" is on the left '\ G
to be consistent with the main part of the article, which is different from that in [18].
Fix notation vol and dmp\g = dvol /vol(I'\G), which is a probability measure.

Quantitative mean ergodic theorem. The main engine to obtain equidistribution is
the quantitative mean ergodic theorem on L?(I"\G). For an absolutely continuous
probability measure 8 on G, let

wp)f = [ x(0)f (o)
where 7(g) is the right representation of G on I'\G. By [18, Theorem 4.5], we have

< CallBIY P £l (36)
2

w)f - [ 1

where n(G, I') is an integer depending on G, I" and ¢ is any constant in [1, 2) such
that || 84 < co. We explain why [18, Theorem 4.5] works in the setting of irreducible
lattices.

Verification of conditions in [18, Theorem 4.5]. There are two conditions, the group
is simply connected as an algebraic group, the lattice satisfies that the representation
of G on L3(I'\G) is LP™ for some p > 2.

For the first condition and for real linear algebraic semisimple Lie groups, we do
not need that the group is simply connected. This condition is only required for the
p-adic case, as can be observed in the proof of [18, Theorem 4.5].

Then the crucial condition is the second one. From the parameter p we can com-
pute the rate n(G, I') in (36), which equals 1 if p =2 and 2[ p/4] if p > 2. In [39], an
explicit estimate on p is provided for certain cases. Additionally, in [18, Remark 4.6],
the authors explained several cases where the second condition holds. We explain this
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condition also holds when G is a connected real linear algebraic semisimple Lie group
and T' is an irreducible lattice. This fact is certainly known among experts in the field
and we include it for the sake of completeness.

The proof that the representation of G on L2(I'\G) is L?™ is a two-step process.
The first step is to prove that we have a strong spectral gap, that is, each simple
factor G; of G has no almost invariant vector on L%(F\G). The second step is to use
the strong spectral gap to prove the representation is L”™, which is well explained
in [33, Theorem 3.4] and references therein. Hence we only need to explain why the
strong spectral gap holds.

In [32, pp.284-285], Kelmer—Sarnak explain the strong spectral gap for G’ =
G| x --- x G, where each G]/- is a non-compact simple Lie group with trivial center
and I' an irreducible lattice. We shall employ [33, Lemma 3.1] (due to Furman—
Shalom and Kleinbock—Margulis) to transfer the spectral gap to finite coverings,
thereby deducing the strong spectral gap for semisimple Lie group G without compact
factor from this version.

Return to a connected real linear algebraic semisimple group G without compact
factor. There exist non-compact simple Lie groups Gy, ..., G, and a map

71:Gy X xG, > G

with finite central kernel (see, for example, [4, Section 22]). There also exists a quo-
tient map m, from Gy x --- x G, to G’ := G| x --- x G/ such that G]’. has trivial
center. Letting I'" = o IT, we obtain an irreducible lattice I'” in G’. Then

I\G ~ 77'T\(Gy x --- x G,)

is a finite covering of T\ G’. Applying the results of [32], we know that each simple
factor of G; has no almost invariant vector in Lg(F’ \G’). Therefore, invoking [33,
Lemma 3.1], we deduce that G; has no almost invariant vector in L% (I'\G).

Lipschitz well-rounded domains. For all € > 0, denote by () the ball of radius €
centered at identity in G. Let €j,; > 0 be a constant such that for all € € (0, €y), the
map O — O C T'\G is injective.

For a family of domains (S;)~¢, we call it Lipschitz well-rounded if there exist
€9 > 0, C > 1 such that for all € < ¢, there exist domains S,+, S7 and forall ¢t > 1,

SceC () &Sth. OcS:0.C St (37)
g,hel0¢
vol(S;5c — S;_.) < Cevol(Sy). (38)

Angular equidistribution for regular elements. Let

A = {exp(a), aca’t, d(a,8a++) > 5}.



N.-T. Dang and J. Li 100

Theorem A.5. Let G be a connected, real linear, semisimple Lie group of non-com-
pact type. Let I' < G be an irreducible lattice. There exist k > 0 and Cg > 0 only
depending on n(G,T') (from (36)) and G. Let (S;) ;>0 be Lipschitz well-rounded and
S, C KASK. There exists C; > 0 depending on n(G,T), G and the family (S;):=o.
Then for all Lipschitz test functions ¥ € Lip(F @), there exists

E(t,%) = O(Lip(y) vol(S,) ™)

when t > {Cg|log €inj|, C7} such that

> w(yo,yo)—vol(F\G) Y dito ® o + E(t. ).

Vol(S) SSohr FxF

where all the implied constants only depending on G and n(G, ).

Remark A.6. Theorem A.5 is exactly [18, Theorem 7.2] with an explicit error term,
where no proof of Theorem 7.2 is given. But we cannot obtain this theorem directly
from [18, Theorem 7.1] for Lipschitz well-rounded sets in [18] by approximating
Lipschitz functions by level sets because the level sets of a Lipschitz function may
not be uniformly Lipschitz well-rounded. For one-dimensional cases (i.e., SLo(R),
Lipschitz function on SO(2)), we can take a Lipschitz function i as the distance to
a Cantor set. Then the level sets {/ < 1/n} approximate the Cantor set. Each set is
Lipschitz well-rounded, but the constant in Lipschitz well-rounded blow up as n tends
to infinity because the number of intervals in {{» < 1/n} goes to infinite.

In order to obtain the domains we are interested, we need to add singular elements.

Corollary A.7. Let G be a connected, real linear, semisimple Lie group of non-
compact type. Let I' < G be an irreducible lattice. There exist k > 0 and Cg > 0
only depending on n(G,T") (from (36)) and G. Let (D;) ;¢ be one of the two types of
domains. There exists C7 > 0 depending on n(G, "), G and the family (D¢)¢>o. Then
for all Lipschitz test functions ¥ € Lip(F®), there exists

E(t,¥) = O(Lip(y) vol(D;) ™)

whent > {Cg|log €iyj|, C7} such that

1
VOl(Dt) Z W(Vg ’ )/0 - I(F\G) oy w dl'Lo @ Uo + E(t, w),

Denr
where all the implied constants only depending on G and n(G,T').

Proof that Corollary A.7T implies Theorem 3.4. Due to (9),

)/;_ = hy (h;lyhx):»
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we apply Theorem A.7 to the lattice AT/, and the Lipschitz function /(- , ) :=
W (hy+, hy+). This is the reason that we need a uniformed version for lattices 1 T/,
and we made dependence of constants in Theorem A.7 more transparent. The constant
n(G,h'Thy) is the same as n(G, T') due to invariance of the Haar measure. For €y
of h;1Thy, we have

inf  dg(o,hlyhy) > e €@ inf dg (o, y).
Lt G(0,hy yhy) > L 6(0,7)

By Lemma 5.3, the action of &, on ¥ is Cy Lipschitz. From these, we obtain Theo-
rem 3.4. |

Step 1. The first step is to transfer the counting problem to integrals, which can be
treated by the mean ergodic theorem.

Lemma A.8 (Effective Cartan decomposition [18, Proposition 7.3], first appeared
in [22]). There exist § > 0 and ly, €1 > 0. If € < €1, then for g = kyak, € KA%K,
we have

Ocg0c C ((9105 N K)k]M((910€ N A)akz((gloeK)-

For ease of notation, when there is no confusion, we will use k1, a, k> to denote
elements come from the Cartan decomposition g = kjak,. Notice that by identify-
ing ¥ with K/M, wehave kyM =y,  andk;'M =y, . Let

pi(g) = 1s, (@)Y (k1, k2),

where Y (k1. k2) = Y (ki M. k' M) = ¥ (g5 ;).
We introduce two auxiliary functions, which is the replacement of Lipschitz well-
roundedness of sets in [18]. Recall

Lipy = max{|1ﬂ|oo, sup M}
x#y d(x,J’)

Let
P (g) = ]lsttre (&) (¥ (k1. k2) + (Lip ¥)lge),
pre(g) = Ls; (g) max{y (k1, k2) — (Lip ¥)loe, 0.
From the definition, we know p, . < p; < p;fe.

Lemma A.9. For g € OcyO¢ with € < €1, we obtain

Pre(8) < pi(¥) < pfe(2). (39)
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Proof. 1f p; (g) # 0, then g € S;_.. By y € Og0c, we obtain
a(y) € (Ope N A)a(g) N S;.

By (37), we know 1g,(a(y)) = 1. By Lemma A.8 and Lipschitz property of v, we
obtain

Y (k1(y). k2(y)) = ¥ (k1(g). k2(g)) — (Lip¥)loe.

This proves the left-hand side. For the other side, the proof is similar. [

Take 1¢ = (1/vol(O¢))1p, to be the normalized characteristic function of O. Let

0e(gT) = ) " 1e(gy).

yel

The counting is connected to the integral by the following.

Lemma A.10. For h in O, with € < €1, we have

[ ol D@ avol) = Y- o) = [ el DB ) dvol(e)

yel
Proof. By using (39), the proof is almost the same as [18, Lemma 2.1]. ]

Step 2. This step will estimate the error terms in the mean ergodic theorem.

We want to apply the mean ergodic theorem to probability measures pffé / f pj’;.
Before doing so, we need to compute some integrals. The computation is a bit tedious.
This step is to verify similar stable mean ergodic theorems, the main consequence
is (41) and (43).

Let us first compute the difference.

Lemma A.11. For € < €g, we have

/p:; dvol — / P dvol K e(/ ¥ + lo(Lip W)) vol(S;). (40)

Proof. By definition,
/,0;':6 dvol — [ Py dvol
< Vol(S;jre)( / ¥ + lpe(Lip w)) — vol(S,_ 5)( / ¥ — lpe(Lip w))
= (Vol(S;:Le) — vol(S;~ 6)) / ¥ + loe(Lip ) (vol(S, ) + vol(S,_,))

< (6 / ¥ + lpe(Lip W)) (voI(S;) + €),

where the last inequality is from Lipschitz well-roundedness (38). |
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Let B, := p/ [ .

Lemma A.12. Fore < min{ y//2loLipy. €9.1/2C},t > L and f € L*(T'\G),

mmyf—[f <EO|S 2. 1)

2

ith

wit . ~ C (Lip w)q K2 ”
(’)‘(vol(w—l (fw) ’ (42

and k3 = 1/gn(G,T) and C > 0 only depending on G. For € < €y, t > 1 and
f € L*(T\G),

< EOIf 2 (43)

2

wprof ~ [ 1

The main difference between the above two inequalities is that for 8 ;,Le, we do not
need an extra condition of € depending on .

Proof. We compute the integral of p, .. We have

/ Pz dvol > VOl(St__E)(/ Y — (Lip W)loe).
Due to (38), we obtain
vol(S;_.) = (1 — Ce) vol(S;).
Hence, if € < 1/2C, then
/ Py dvol > Vol(S,)(/ Y — (Lip 1//)]06).

Therefore, if € < min{/ v//2lo(Lip ¥), 1/2C}, we obtain

f pire dvol 3> vol(S)) / v. (44)

By (37),
vol(S;5 ) = vol(S,). (45)

Therefore,
/ pi e dvol > / pr dvol > vol(S;) [ V. (46)

After these preparations, we can start to compute the integral that appears in the
error term of the mean ergodic theorem. By (44), when

€< min{/ fTO(LiPW), %}
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we obtain

llo7.e I 1 (Lipy)
(f pre)? (vol(Sy) [ )4 ~ vol(Sp)a=t  (fy)e

For ,o;fs, by (46) and (45), we have

lofelld < 1 (¥ + (Lip ¥)loe)?
(f pfa? — vol(Sy)a! (f ¥

We obtain if ¢ > 14,

loiella 1 Lipy)*
(fpdos — volSHT=t (f¥)?

Applying the above formulas for ,E ffe, combined with mean ergodic estimate (36),
we obtain the lemma. ]

Step 3. The mean ergodic theorem only gives an estimate of the L2 norm, but what
we need is an estimate at some points. So we need to use the Chebyshev inequality.
The remaining work is to collect the error terms. This part is similar to the proof
of [18, Theorem 1.9].

Proof of Theorem A.5. Suppose € < €;,. Applying (43) to f = @, by Chebyshev’s
inequality, for any n > 0, we obtain

E(z)nwean)f

mr\G{h (B Gonn) — [ o > n} < ( :

If

(E(z)usoean)z _mna(9e) _ vol(9c)
n 2 —2v7(D)

(here we need || ¢ = vol(O,)/ V(T)), for example, we can take

I7
L2(1\G)

2E(t)
vol(0¢)’

then due to ¢ injective, there exists 2 € ¢ such that

(B (@) (hT) < 7+ / ve.
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Then by Lemma A.10,

> v = X = 5 @onn) [ ol < (n i) [ o

yel'NS; yel

_fPt

V()

(14 V(D)) + O(e(Lipy) vol(S))),
where the last inequality is due to (40). Therefore,

Yyeros, V0o v0) 1 EQ@ Lipy 1 _ E®  Lipy
I V(D) = 2vol(©0) < [y V(D) © edo [y

where dj is the dimension of group G. Hence,

1oy _ Yol(Sy) ( (E(t) Liplﬂ))
ye;s,wy"’y") V(T) /w« vol(St) /W @ Ty ) @D

In order to optimize the error term, we take

9

1/(14+dp)
= (E(r) [wrio w)

then the error term in the above formula is

: do/(1+do) : (dot+qk2)/(1+do)
E 1/(1+d0)(Llpw) < vol(S; _Z(LlpW)
(1) v vol(S;) TV
< vol(s,) ¢ (L}p w‘/’),

where the last equality is due to (42) and gk, = 1/n(G,T') < 1, and where ¢ =
(¢ — Dk2/(1 4 do). Here € should be less than €1, €y, but

1/(1+do) 1/(1+do)
R

vol(S;)@—Dk2 . Lip ¥ vol(S;)@—Dx2

The condition on € is satisfied if ¢ is greater than some constant £, = C’|loge;| > 0
and Cg| log €yj|. Therefore, by (47), we obtain one part of Theorem A.5 for

t>1y)= max{C6| 10g Einj|v lz},

with 79 not depending on .
For p; ., we can obtain the same bound with the extra condition that

€ < min _ — .
2l Lipy’ 2C
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Due to (48), if ¢ is large than some constant C7 only depending on n(G, I'), G and
vol(S(z)), then we have € < 1/2C. For the other inequality, if not, then we have

Sy
=) 2y Lipy

Lip ¢ > vol(S;)% [ v,

by (48), which implies

with {, = (¢ — 1)k2/dy. Therefore, by non-negativeness of V¥,

vol(Sy) (/ v —C VOl(S;)_gz Lip W) <0< Z llf(kl(y), k2(y))

V(T) v
By taking
- : (¢—1) }
kK = min{c, 2, = min 2, ,
(c.61/2.82) = minfty /2,
the proof is complete. ]

A.3. Explicit cases: Ball domain and parallelotope domain

Verifying Lipschitz well-roundedness. We only consider ball and parallelotope do-
mains. We take

S;=D;NKA’K, St =D,NKA K, S~ =D;,NnKATK,

where § are from Lemma A.8. By Lemma 3.2, we know that this choice of S satis-
fies (37). See Figures 2 and 3 for the drawing of these domains.
We need to verify (38). We observe that

vol(S;H . — S;_0) < vol(S;h . — S;1 o) + vol(Sii e — S;70) + vol(S;7. — S;0)
<Vol(S}h . = S7pe) + vol(Sie — Si—e) + vol(S;E, — i),

Both cases will be verified through the local Lipschitz property of logarithm of volume
(second term) and estimates of volume near the boundary of the region (first and third
term).

By admitting Lemma A.13 and Lemma A.14, we obtain

Vol(S;Q_e —S,_.) < Cevol(Sy),

which is exactly (38).
It remains to prove Lemma A.13 and Lemma A.14.
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Dy

t+e€

Figure 2. Ball domain, S ;:_ ¢ 1s the blue outer layer delimited by the dash dots, S; in green
yellow is the mid layer delimited by the gray line, S;_. is the innermost layer delimited by the
gray dotted line.

Dy

t+e

Figure 3. Parallelotope domain, S z—:- ¢ 18 the blue outer layer delimited by the gray dash dots,
S; in green-yellow is the mid-layer delimited by the gray line and a portion of the black line,

S;_¢ is the innermost layer delimited by the gray dotted line.

Boundary estimate. We recall the Harish-Chandra formula

vol(K exp(D)K) =/ 1_[ sinh(a(Y))"* dLeb(Y),
)

aext

where mg € N is the multiplicity of the positive root & and ® is measurable subset
of a™. To simplify the notation, we write &, C a* for S; = K exp(&;) K. Similarly
for Si* and D;.

Due to the fact that supycg, 20(Y) < dot, by the Harish-Chandra formula and
sinh(a(Y)) < ¢*Y), we obtain

vol(Sy) < vol(Dy) < / 2P gy « %1476

t

Then we do the rest of the cases.
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Lemma A.13. For ball and parallelotope domains, we have
%" & vol(S;) < vol(D;), vol(S;" — §7) < evol(S;).

Proof. For the upper bound, by the Harish-Chandra formula, we obtain

vol(S;F —§,) < / M dy « er"a 1!,
er-e;
where cp = SUPy cet g 2p(Y)/t < &o due to the choice of the domains.
For the lower bound of the ball domain, we use volume estimates from [34], [28,
Theorem 5.8], and [21, Theorem 6.1] to obtain that vol(S;) < G —1/2gdot
For the lower bound of parallelotope domain, due to Lemma 3.6, we obtain

vol(S;) = vol(D;) — vol(D,\S;) > %’ ]

Local Lipschitz property of the logarithm of volume.

Lemma A.14. There exists C > 0 such that fore < 1/C andt > 1,
vol(St+e) — vol(S;) < Cevol(S;), vol(Dsye) — vol(Dy) < Cevol(Dy).

Proof. We use a similar computation as in [17, Proposition 7.1]. We use the polar
coordinates (r,0) € R* x af withaj ={Y € a™, |Y|| = 1}. Then we can rewrite
the Harish-Chandra formula. For ball and parallelotope domains, using the cone shape
of domains, we obtain

t(0)+e

vol(Dyie — D;) = / £(r,0)drdo = / do / £(r, 0) dr.
r,0)eED 1D t(0)

Since &(r, 0) is a continuous function, we have

t(0)+e
/ E(r,0)dr = eé(r(G),G),
t(0)

with some 7 (0) € [t(0),(0) + €]. In [15, Lemma A.3], it is implied that there exists
C > 0 such that for r > 1,

E(r0) < C /0 £(s.0) ds.

We have

r(9) 1(0)+e€

5(’”(9),9)§C/(; E(s,@)dsEC/O £(s.0)ds.



Equidistribution and counting of periodic tori in the space of Weyl chambers 109

Therefore, we have

t(0)+e
vol(D¢ye — D) < C/ dé (e/ £(r,0) dr) = Cevol(D;+e).
0

By taking € small such that Ce < 1/2, we obtain
VOl(D;+E — Dt) < C,E VOl(Dt)

for some new constant C’ > 0.
For both ball domains and parallelotope domains, due to definition and boundary
estimates (Lemma 4.1) and by setting C’ := C /(1 — C¢), we have

vol(Sy4e) — Vol(S;) = vol(Dyye) — vol(D;) — vol((Dy4e — Dy) N A%)
<vol(D;4¢) —vol(D;) < Cevol(D;) < C’evol(S;). m

A 4. Proof of Corollary A.7

The domains we are interested in may have singular elements. We use estimates of
singular elements to obtain Corollary A.7.

Proof of Corollary A.7. Let S8 = D} — S, for ball and parallelotope domains, then

1
) Z W(Vo ’)/0)_ Z W(yo ,)’0)
vol(S; U SY) e(S,uSS)nI‘ Vol(S ) Jesar
B vol(S, vol(S, U %) 28: Vs ve)
esynr
1
+ b
(Vol(St usdH vol(S, ) G;F V- vs)
1S5NT] IS, NT|vol(S%)
= 5 [V oo
vol(S;) vol(S;)

By Lemma 3.2 and Lemma 4.1,

vol(S7 O, S-teny —dimG o
m = VOI(S“FEinj )Einj KL vol(S;) €inj .

1S3NT| <
For the term |S; N I'|, by a similar estimate and Lemma A.14, we obtain

1S, NT| < vol(S;)e 4mG .

inj
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Therefore, we have

- oo ] .
vol(S; U S7) Z V7o) vol(S;) Z CR

ye(S:usf)nr yeS:NI

L Vol(S1) e ™ Yoo

Therefore, if ¢ > C|log €| for some constant C > 0, then we obtain the result.  m
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