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Arithmetic monodromy in Sp.2n/

Jitendra Bajpai, Daniele Dona, and Martin Nitsche

Abstract. Based on a result of Singh–Venkataramana, Bajpai–Dona–Singh–Singh gave a criterion
for a discrete Zariski-dense subgroup of Sp.2n;Z/ to be a lattice. We adapt this criterion so that
it can be used in some situations that were previously excluded. We apply the adapted method to
subgroups of Sp.6;Z/ and Sp.4;Z/ that arise as the monodromy groups of hypergeometric differen-
tial equations. In particular, we show that out of the 40 maximally unipotent Sp.6/ hypergeometric
groups, more than half are arithmetic, answering a question of Katz in the negative.

1. Introduction

In this article, we study groups � < Sp�.Z/ Zariski-dense in Sp�, where � is a non-
degenerate symplectic form on Q2n, n � 2, integral on Z2n. Specifically, our main focus
is on the groups � D �.f; g/ generated by the companion matrices of polynomials f; g
of the form f D

Q2n
jD1.x � e

2�i j̨ / and g D
Q2n
kD1.x � e

2�iˇk /, where j̨ ; ˇk 2 C with
j̨ � ˇk … Z for all 1 � j; k � 2n.

These groups arise as the monodromy groups of the hypergeometric differential equa-
tions 2nF2n�1 on the thrice-punctured Riemann sphere and have been studied for a long
time. See [2, 11, 13, 16] for details about the construction and its significance. We call
�.f; g/ the hypergeometric group associated to the 2n-tuples ˛ D .˛1; : : : ; ˛2n/; ˇ D

.ˇ1; : : : ; ˇ2n/.
By the classification in [6, Thm. 6.5], we know how to determine from ˛; ˇ when the

Zariski closure of � is a symplectic group. Up to conjugation, for any given n there are
only finitely many possibilities for � integral and Zariski-dense in Sp.2n/, and we can
produce complete lists of ˛; ˇ yielding such � . Particularly significant are the cases of
maximally unipotent monodromy, that is, when ˛ D .0; : : : ; 0/, since these are closely
related to families of Calabi–Yau manifolds studied in physics (see, e.g., [9, 10, 12]).
For simplicity, we also work up to primitivity (see [6, Def. 5.1]) and scalar shift (see [6,
Def. 5.5]): under these assumptions, we have for n 2 ¹2; 3º

• 58 symplectic hypergeometric groups in Sp.4/, of which 14 are maximally unipotent,
listed in [16, §5] (not up to scalar shift) and in [2, §2], and
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• 458 symplectic hypergeometric groups in Sp.6/, of which 40 are maximally unipotent,
listed in [4, §§4–6] and [3, §6].

An important question is to determine whether a given � is arithmetic or thin, namely
whether it has, respectively, finite or infinite index inside Sp�.Z/. Answering one way
or another has disparate consequences, many of them following from the study of super-
strong approximation (see [13, §2]). For Sp.4/, we know from [14, 16] that 7 of the 14
hypergeometric groups associated to ˛ D .0; 0; 0; 0/ are arithmetic, and the other 7 are
thin by [7]. During the workshop on “Thin Groups and Super Approximation” held at
IAS Princeton in March 2016, N. Katz raised the question of whether the same symmetry
occurs for Sp.6/ as well.

The techniques involved in proving arithmeticity or thinness for the symplectic hyper-
geometric groups under investigation are to date quite different from each other. For results
on thinness, see [2, 7]. A first sufficient criterion for � to be arithmetic was proved by
Singh and Venkataramana [16, Thm. 1.2]. Later, a second one was derived from the first
in [4, Prop. 1], which was in practice easier to check. Our first result is another criterion
derived from the one of Singh and Venkataramana.

Lemma 1. For n � 2, let � be a non-degenerate symplectic form on Q2n that is integ-
ral on Z2n � Q2n, and let � < Sp�.Z/ be a Zariski-dense subgroup. The following are
equivalent:

(1) � has finite index in Sp�.Z/, hence is a lattice in Sp�.Q/;

(2) � contains two transvections Xi D 1C �ixi�.xi ; �/ such that x1; x2 are linearly
independent and �-orthogonal (i.e., hX1; X2i Š Z2).

We apply Lemma 1 in the cases n D 2; 3. Let us start with Sp.6/. Of the 40 groups
associated to ˛ D .0; 0; 0; 0; 0; 0/, we know from [4] that at least 18 are arithmetic. The
present article proves that another 5 groups are arithmetic, settling Katz’s question in the
negative.

Theorem 2. The hypergeometric groups in Sp.6/ with maximally unipotent monodromy
listed in Table 1 are arithmetic.

We also show in another article [2] that the remaining 17 groups are thin, completing
the classification for maximally unipotent groups in Sp.6/.

Then, we address the question of arithmeticity among the remaining 418 symplectic
hypergeometric groups with ˛ ¤ .0; 0; 0; 0; 0; 0/. We know from [1, 4, 8, 16] that at least
361 of them are arithmetic. We can now show the arithmeticity of 8 more. Since the proof
in [1] (for the groups C-01, C-10, C-42, C-59 in Table 2) is rather long and technical, we
also reprove arithmeticity for these groups with our new criterion.

Theorem 3. The hypergeometric groups in Sp.6/ listed in Table 2 are arithmetic.
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Label ˇ Successful word 


A-15
�
1
3 ;
1
3 ;
1
3 ;
2
3 ;
2
3 ;
2
3

�
A2B�5

A-16
�
1
3 ;
1
3 ;
2
3 ;
2
3 ;
1
4 ;
3
4

�
ABA�1B�8A

�
AB�1

�7
A�1B3

�
AB�1

�3
� � �

� � �ABA
�
AB�1

�3
B�1A

�
BA�1

�3
BA2B4A5

A-21
�
1
3 ;
2
3 ;
1
5 ;
2
5 ;
3
5 ;
4
5

�
B2A�1B5A�1B

�
BA�1

�9
A�1B�1AB�6A4B�6A2

A-24
�
1
3 ;
2
3 ;

1
12 ;

5
12 ;

7
12 ;

11
12

�
B6

A-39
�
1
14 ;

3
14 ;

5
14 ;

9
14 ;

11
14 ;

13
14

�
ABA�1B�3A�4B�3

Table 1. Arithmetic groups in Sp.6/ with ˛ D .0; 0; 0; 0; 0; 0/, labelled according to the numeration
in [4, Table A].

Label ˛ ˇ Successful word 


C-01
�
0; 0; 0; 0; 12 ;

1
2

� �
1
3 ;
1
3 ;
2
3 ;
2
3 ;
1
6 ;
5
6

�
BA

C-09
�
0; 0; 0; 0; 13 ;

2
3

� �
1
7 ;
2
7 ;
3
7 ;
4
7 ;
5
7 ;
6
7

�
BA�1B�1AB�2AB�1

�
B3A2

�4
C-10

�
0; 0; 0; 0; 13 ;

2
3

� �
1
9 ;
2
9 ;
4
9 ;
5
9 ;
7
9 ;
8
9

�
BAB2A�4

C-29
�
0; 0; 0; 0; 16 ;

5
6

� �
1
3 ;
1
3 ;
1
3 ;
2
3 ;
2
3 ;
2
3

�
B4A�1B6A�1BA�2

C-30
�
0; 0; 0; 0; 16 ;

5
6

� �
1
3 ;
1
3 ;
2
3 ;
2
3 ;
1
4 ;
3
4

�
B3A7BA�1BA�1B4AB4A�1BA2

C-31
�
0; 0; 0; 0; 16 ;

5
6

� �
1
3 ;
2
3 ;
1
5 ;
2
5 ;
3
5 ;
4
5

�
BABA�3

�
BA�1

�3
B�3A�2BA�1B6A�7

C-39
�
0; 0; 13 ;

2
3 ;
1
6 ;
5
6

� �
1
7 ;
2
7 ;
3
7 ;
4
7 ;
5
7 ;
6
7

�
B2A�2B�3A�2B�3A2B2A

C-42
�
0; 0; 14 ;

1
4 ;
3
4 ;
3
4

� �
1
3 ;
2
3 ;

1
12 ;

5
12 ;

7
12 ;

1
12

�
A3

C-51
�
0; 0; 16 ;

1
6 ;
5
6 ;
5
6

� �
1
2 ;
1
2 ;

1
12 ;

5
12 ;

7
12 ;

11
12

�
A6

C-59
�
0; 0; 112 ;

5
12 ;

7
12 ;

11
12

� �
1
3 ;
2
3 ;
1
4 ;
1
4 ;
3
4 ;
3
4

�
BA

C-60
�
1
3 ;
1
3 ;
1
3 ;
2
3 ;
2
3 ;
2
3

� �
1
6 ;
1
6 ;
1
6 ;
5
6 ;
5
6 ;
5
6

�
BA�1BA2BAB�1A�4

C-61
�
1
3 ;
1
3 ;
1
3 ;
2
3 ;
2
3 ;
2
3

� �
1
9 ;
2
9 ;
4
9 ;
5
9 ;
7
9 ;
8
9

�
AB�4A3

Table 2. Arithmetic groups in Sp.6/ with ˛ ¤ .0; 0; 0; 0; 0; 0/, labelled according to the numeration
in [4, Table C].

Together with the thinness results in [2], there are only 3 groups left in Sp.6/ whose
status as arithmetic or thin is still unknown.

Finally, we turn to Sp.4/. Of the 58 symplectic hypergeometric groups in Sp.4/, 53
are already known to be either arithmetic or thin by [5, 7, 14–16]: our article shows the
arithmeticity of 2 more.

Theorem 4. The hypergeometric groups in Sp.4/ listed in Table 3 are arithmetic.

In [2], the remaining 3 groups are proved to be thin, completing the classification of
the Sp.4/ hypergeometric groups.
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Label ˛ ˇ Successful word 


30
�
0; 0; 14 ;

3
4

� �
1
5 ;
2
5 ;
3
5 ;
4
5

�
BA2B�2.A�2B�2A3B�2/2

40
�
0; 0; 16 ;

5
6

� �
1
8 ;
3
8 ;
5
8 ;
7
8

�
.AB�1/2A�1.BA/�2A�3B�2A4B�2A�4B�2A4B�2A�3

Table 3. Arithmetic groups in Sp.4/, labelled according to the numeration in [2, Table 4].

2. Criterion for proving arithmeticity

Recall that a transvection is a matrixX such thatX � 1 has rank one. When the symplectic
form� is non-degenerate, any transvectionX 2 Sp� has the formX D 1C �x�.x; �/ for
some � 2R and x 2R2n. The arithmeticity criterion of Singh–Venkataramana mentioned
in the introduction is as follows.

Theorem 5 (Singh–Venkataramana [16]). Assume that the group � contains three trans-
vections Xi D 1C �ixi�.xi ; �/, whose directions span a 3-dimensional subspace W D
Span.¹xiº/ � Qn such that the restriction �jW of the symplectic form is non-trivial.
Assume further that the group generated by the restrictions Xi jW contains a non-trivial
element of the unipotent radical of Sp�jW .Q/.

Then � has finite index in Sp�.Z/, hence is a lattice in Sp�.Q/.

In [4], Bajpai, Dona, Singh and Singh derived from this result a more specialized cri-
terion that is easier to check and implies that the conditions of Theorem 5 are met. They
used it to develop a computer algorithm that takes a transvection X1 2 � and searches for
two �-conjugates X2; X3 2 � that satisfy the conditions of Theorem 5. This algorithm
is successful in many cases, but it can only be used when the entries of X1 � 1 have the
greatest common divisor �2. The advantage of our new criterion from Lemma 1, restated
below for convenience, is that it does not suffer from this restriction.

Lemma 1. For n � 2, let � be a non-degenerate symplectic form on Q2n that is integ-
ral on Z2n � Q2n, and let � < Sp�.Z/ be a Zariski-dense subgroup. The following are
equivalent:

(1) � has finite index in Sp�.Z/, hence is a lattice in Sp�.Q/;

(2) � contains two transvections Xi D 1C �ixi�.xi ; �/ such that x1; x2 are linearly
independent and �-orthogonal (i.e., hX1; X2i Š Z2).

Proof. (1) ) (2) We choose two elements xi 2 Z2n that are linearly independent and
�-orthogonal. The two transvections Xi D 1 C xi�.xi ; �/ lie in Sp�.Z/, and since
� < Sp�.Z/ has finite index, each of them has a power that lies in � .

(2)) (1) First, consider the set ¹
 2 Sp.Q/ j 
x1 ? x1 _ 
x1 ? x2º. This is a non-
trivial Zariski-closed subset of Sp.Q/. We pick any element 
 in the intersection of its
complement with the Zariski-dense subset � . Then X3 WD 
X1
�1 2 � is a transvection
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whose direction x3 is neither orthogonal to x1 nor to x2. The directions x1; x2; x3 span a
3-dimensional subspace W such that �jW is non-trivial.

Next, we define R 2 hX1; X2i < � by taking R WD X1N�2�.x2;x3/
2

X2
�N�1�.x1;x3/

2

,
where N 2 N is chosen large enough to make the exponents integers. The element R
acts as the identity on x1; x2, and it sends x3 to x3 C N�1�2�.x1; x3/�.x2; x3/2x1 �
N�1�2�.x1; x3/

2�.x2; x3/x2. Hence, the restriction RjW is a transvection in the direc-
tion�.x2; x3/x1 ��.x1; x3/x2, which is contained in the subspaceW \W ?. Moreover,
no other direction can be in W \ W ? because of our choice of x3, so W \ W ? is
1-dimensional.

The subgroup S < Sp�jW .Q/ consisting of all transvections with direction W \W ?

is normal in Sp�jW .Q/ by construction, and it is also abelian because dim.W \W ?/D 1.
Hence, S lies in the radical of Sp�jW .Q/. Therefore, RjW is a non-trivial element of the
unipotent radical of Sp�jW .Q/, and all conditions of Theorem 5 are satisfied.

3. Application of the arithmeticity criterion

Finally, we explain how to apply Lemma 1 to the groups whose parameters are listed in
Tables 1–3.

The hypergeometric groups � < Sp.2n/ come with two generating matricesA;B such
that T WD A�1B is a transvection. We can write T D 1C vRvL for vR 2 M2n�1.Z/ and
vL 2 M1�2n.Z/. With the computer we search for group elements 
 , written as words
in A˙1; B˙1, such that T; 
T 
�1 satisfy the condition of Lemma 1. This means that
vL
vR D 0 and that vR; 
vR are linearly independent.

The search is done by computing iteratively the sequence of setsR0 WD ¹vRº,RiC1 WD
Ri [ ARi [ A

�1Ri [ BRi [ B
�1Ri and checking the two conditions for all their mem-

bers. To speed up the search, we actually computeRiC1DRi [A.Ri nRi�1/[A�1.Ri n
Ri�1/ [ B.Ri n Ri�1/ [ B

�1.Ri n Ri�1/. We also filter out all vectors whose entries
exceed a fixed bound in absolute value. This last heuristic drastically prunes the search
tree, allowing for deeper searches and guaranteeing termination of the search. Further-
more, it averts the risk of rounding errors resulting from numerical computations with too
large numbers.

For the interested reader, we include in the appendix a brief description of our own
MATLAB-implementation of the search algorithm. Each computation took less than a
minute on standard consumer hardware. The words 
 found through this method are listed
next to each entry in Tables 1–3. It is elementary to check that for these 
 the transvections
T; 
T 
�1 satisfy the preconditions of Lemma 1, and hence Theorems 2–4 follow.
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Appendix: MATLAB-implementation of the witness search

We used the following MATLAB-function to search for an element 
 2 � such that
T; 
T 
�1 satisfy the condition of Lemma 1. Apart from the matrices A, B , vL, vR, which
are as above, its arguments also include the integer bnd, which determines when matrix
entries are considered so big that the search should be pruned (1000 usually sufficed). The
last argument is the group element w 2 � where the search will begin, that is, the values
for 
 that the algorithm looks at are products ofw multiplied by increasingly longer words
in A˙1, B˙1.

This simple implementation does not return the witness 
 , but only the boolean found,
which indicates if a witness was found, as well as the depth its at which it was found. To
find 
 , we ran the search repeatedly with varying input w (e.g., replacing w by wA) with
the goal of finding a witness at increasingly lower (and eventually zero) search depth.

function [found, its] = witnessSearch(A, B, vL, vR, bnd, w)
[allR newR] = deal(zeros(0, size(A, 1)), w*vR);
[found its] = deal(false, 0);
while size(newR, 2) > 0

if rank([vR newR(:, abs(vL*newR) == 0)]) > 1
found = true;
return

end
newR = [A*newR B*newR inv(A)*newR inv(B)*newR];
newR = unique(newR(:, all(abs(newR) < bnd, 1))’, ’rows’);
[allR idx] = sortrows([newR; allR]);
mask = [any(allR(1:size(allR, 1)-1, :) ~= allR(2:size(allR, 1), :), 2); true];
[allR newR its] = deal(allR(mask, :), ...

allR(mask & idx <= size(newR, 1), :)’, its+1);
display([its, size(newR, 2), size(allR, 1)]);

end
end
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