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The twist-cofinite topology on the mapping class group
of a surface

Ingrid Irmer

Abstract. A topology is defined on the mapping class group Mod(X) of a compact, connected,
orientable surface X. It is shown that a notion of “genericity” on subsets of Mod(X) arises from
this definition. Many plausible results follow from this notion easily; for example, the set of pseudo-
Anosov maps is shown to be generic and can be assumed to have arbitrarily large stretch factor,
generically. Let M be a 3-manifold obtained from a Heegaard splitting of fixed genus g and generic
gluing map. It is shown that for such manifolds, generically b1 (M) = 0, M is hyperbolic and M
has Heegaard genus exactly g.

1. Introduction

Let X be a closed, compact, connected, orientable surface of genus g > 2. The mapping
class group of X is the group Mod(X) = 7o (Difft (X)) of isotopy classes of positively
oriented diffeomorphisms of X. For any property & ( f) depending on a mapping class
f € Mod(X), one may ask whether the property #( f) is true for a generic element of
Mod(X).

Such questions have been investigated by various authors, for example, [3,12,19,20].
Although there are many possible notions of genericity of a mapping class group element,
in most of the above works, genericity is defined using the following measure theoretic
definition: Choose a finite generating set S of Mod(X), and let W,, be a random variable
in Mod(X) which is obtained by an n-step random walk in the Cayley graph of Mod(X),
starting at the identity. The property P is said to be generic if, in the limit as n — oo, the
probability that & is true for an element W, approaches 1. In the papers [4, 19], several
versions of the notion of random elements of Mod(X) are developed, but these notions of
genericity stay probabilistic in nature.

For subsets of R, there are two alternative notions of being generic:

* A measure theoretic one, stating that a subset S C R is generic (in the sense of
Lebesgue) if R \ S has Lebesgue measure 0.

* A topological one, stating that S is generic (in the sense of Baire) if S contains a
countable intersection of open dense subsets of R.
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The aim of this paper is to develop a topological notion of genericity of a subset of the
mapping class group. In order to achieve this goal, a topology on Mod(X) called the twist-
cofinite topology was defined." For y a non-trivial simple closed curve on %, let D, be
the Dehn twist around y.

Definition 1 (Twist-cofinite topology). A set of open sets is given by

O ={U CMod(X) |Vf €U, Vy, foDy, €U forall except

at most finitely many n € Z}.

Theorem 2. The open sets O define a topology on Mod(X), and Mod(X) is a connected
topological group for this topology.

A fundamental property of the twist-cofinite topology, similar, for example, to the
Zariski topology, is that open sets are quite large. Specifically, a subset S of Mod(X) will
be called thick if S has non-empty interior. The next proposition suggests that thickness
of a subset is a good notion of genericity.

Proposition 3. In the topology O,

* the intersection Uy N U, of two non-empty open sets Uy and U, is non-empty,
* any thick subset is dense,
* the intersection S1 N Sz of two thick subsets is thick.

With this notion of genericity, generic properties of subsets of Mod(X) will be studied.
For example, see the following.

Theorem 4. The following subsets of Mod(X) are non-empty and open (i.e., thick):

* The set of pseudo-Anosov maps [ € Mod(X).

* The sets { f € Mod(X) pseudo-Anosov | Vol(My) > C}, where My is the mapping
torus of f and C > 0.

o Thesets {f € Mod(XZ) pseudo-Anosov | A(f) > C}, where A(f) is the stretch factor
of fand C > 0.

*  The set of pseudo-Anosovs that do not leave any integer homology class of curves on X
invariant.

In [3], Dunfield and Thurston utilised the measure theoretic notion of generi-
city in Mod(X) and Heegaard splittings to study the genericity of various properties
of 3-manifolds. The same notion of random 3-manifolds was studied in subsequent
papers [12,19,20] by various authors.

Similar results can be obtained with the notion of thickness/genericity defined above.
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Let H4 and Hp be a pair of handlebodies, with dH4 = dHp = X. For f € Mod(X),
let Ny be the 3-manifold:
Nf = H4 Uy Hp,

where f is called the gluing map. The properties of 3-manifold invariants of Ny for a
generic f can be studied. Some of the simplest such invariants are the first Betti numbers.
Denote by b1 (N, Z) the first Betti number of Ny and by |H(Ny; Z)| the number of
elements in the group Hy(Ny; Z).

Theorem S. The following are all thick:

(1) The set{f € Mod(X) | b1(Ny,Z) = 0}.

(2) The set{f € Mod(XZ) | |H\(N¢;Z)| = k} for any integer k > 0.
Suppose p is prime and 0 < i < g. In contrast, the set { f € Mod(X) | b1 (Ny,Fp) =i}
is dense but not thick.

The following will also be proven using somewhat different techniques.

Theorem 6. The sets { f € Mod(X) | g(Ny) = g(2)} and { f € Mod(Z) | g(Ny) > n}
for every n > 2 are thick, where g(Ny) is the Heegaard genus of Ny.

A natural question to ask is whether, with this notion of genericity, a generic Heegaard
splitting gives an irreducible manifold and whether it gives a hyperbolic manifold. Note
that due to the geometrisation theorem, being hyperbolic is equivalent to being irredu-
cible and atoroidal. A more general question is therefore whether Ny admits an embedded
incompressible surface of genus less than or equal to g.

Theorem 7. For any g > 0, the set
{f € Mod(X) | Ny has no embedded incompressible surface of genus < g}
is thick.

This theorem will be reduced to studying a property of Hempel distance in Harvey’s
complex of curves. The Hempel distance also gives a lower bound on the genus of an
incompressible surface. Theorem 7 will be shown to follow from Theorem 8.

Theorem 8. For any d > 3, the set
{f € Mod(X) | the Heegaard splitting induced by f has distance > d'}
is an open dense set.

While most of the results in this paper follow almost immediately from the definitions
or from classical results, the proof of a lemma needed for these last two theorems is quite
technical.
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On page 3 of [20], a list of properties of elements of subgroups of mapping class
groups represented by random long words in a symmetric generating set is given. On
page 4 of the same paper, a list of properties of random Heegaard splittings according to
the Dunfield—Thurston model is given. The properties investigated for genericity in this
paper are based on these two lists. Results in this paper should be compared with theorems
in [20] and the extensive list of references given therein. Given the amount of literature
available on the subject, the author apologises that no attempt is made here to do justice
to related results in different frameworks.

As a final comment, the notion of genericity developed here has advantages and disad-
vantages. The measure theoretic definition of genericity a priori depends on the choice of
a finite generating set of Mod(X). Genericity of a property in that setting is often shown
for one generating set only, such as the set of Humphries generators. It follows that the
topological notion of genericity is more canonical, as it is less dependent on such choices.
In addition, it is suited to formulating problems about subgroups of mapping class groups.
These properties can be understood in terms of subset topologies. An example of such a
problem is the well-known Ivanov conjecture [9]. When X has genus at least 3, the Ivanov
conjecture predicts that any finite index subgroup I' of Mod(X) satisfies H;(I'; R) = 0.

On the other hand, the measure theoretic version is better suited to asking questions
about the asymptotic growth of invariants (stretch factor, volume of the mapping torus,
etc.) of “generic mapping classes”. It is possible to simply study the average value of the
invariant of the n-step random walk W,,.

The paper is organised as follows: In Section 2, topologies Og,s on groups G equipped
with a generating set S are defined. The general properties of those topologies are stud-
ied, and it is shown that the twist-cofinite topology is obtained as an example of such a
topology, taking G = Mod(X) and S to be the set of all Dehn twists. Theorem 2 and
Proposition 3 are corollaries of this more general theory. In Section 3, generic properties
of elements of Mod(X) are discussed, and Theorem 4 is proven. Sections 4 and 5 deal
with properties of 3-manifolds obtained from generic Heegaard splittings. The proof of
Theorem 8 requires concepts such as subsurface projections, due to Masur and Minsky,
and properties of handlebody sets, due to Masur and Schleimer. This background material
is given in Subsections 5.2 and 5.3, as well as a crucial property of bounded and unboun-
ded diameter subsurface projections of handlebody sets. The remainder of Section 5 deals
mainly with showing the existence of certain large subsurface projections needed to obtain
distance bounds in the proof of Theorem 8.

2. A topology on groups with generating sets

Let G be a group and S be a generating set for G. For g € G, let L be the left
multiplication
G

L;: G
h gh

—
—
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and R be the right multiplication

Rg: G — G
h — hg.

Let also s : G — G be the map such that s(g) = g~!. Two topologies on G are defined.

Definition 9. Let

(Dé;,s ={U CG|VgeU, Vx €S for all except at most finitely many n € Z, gx" € U}

and

06.s ={U CG|VYgeU, Vx €S for all except at most finitely many n € Z, x"g € U}.
Let Og.s = OF ¢ N O .

Theorem 10. The sets (95}, s (resp. Og ) determine a topology on G for which the oper-
ator Lg (resp. Rg) is continuous for any g € G. In addition, G is a topological group for
the topology Og,s, and G is connected for all three topologies.

The left (resp. right) cyclically cofinite topology on G relative to the generating set S
refers to the set of open sets (916’ s (resp. Og ). The set of open sets Og,s determines the
cyclically cofinite topology on G relative to S.

The motivation for those names is that the intersection of an open set in (95;’ g with
a left coset of a cyclic subgroup of G generated by an element of S is either empty or
cofinite.

In the proof of Theorem 10, the assumption that S is a generating set is only used to
show connectivity.

Proof. 1t will be shown that (9[6, 5 is a topology; the case of Og, s is analogous.

The empty set and G are both in (96,5. Suppose U;, U € (Dé;,s’ geU;NU,andletx
be in S. It follows that gx" € U, except for at most finitely many n € Z, and gx" € U,
except for at most finitely many n € Z. Consequently, gx" € U; N U, except for at most
finitely many n € Z. Therefore, U; N U, is in Oé,S'

Now it will be shown that an arbitrary union of open sets is open. Let (U;);es be a
family of elements of (QIG,S, and U = Uie] Uij.If g e U and x € S, then g € U; for
some i, and gx" € U; for all n € Z except at most finitely many. In particular, gx” € U
for all but finitely many 7. Therefore, O IG s is a topology.

It will now be shown that for any g € G, the operator L, is continuous (in the topo-
logy GIG,S)’ or equivalently, for any open set U, that g~ U is also open. Let g7 'h € g7 1U.
As U is open, for any x € S, all but finitely many s#x" are in U and all but finitely many
g 'hx™ are in g7'U. Therefore, g~ U is open.

Similarly, R, is continuous on G for the topology Og .
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To show connectivity, assume that U is a non-empty open and closed subset of G for
the topology (916, g-IfgeUandx € S, then since U is open, gx" € U for all but at most
finitely many . In fact, gx" € U for all n € Z. To see why, note that if gx* € G \ U for
some i, since G \ U is also open, gx” € G \ U for all but finitely many n € Z, hence one
can find an integer n such that gx" € U N (G \ U) = 0, giving a contradiction. As this is
true for any x in a generating set S, U must be all of G. It follows that G is connected for
the topology (96’ 5 and similarly also for the topology (9’G’ 5-

For the intersection topology Og.s, G will also be connected, and for any g € G,
both L, and R, are continuous. To show that G with the topology Og,s is a topological
group, it remains to show that the inversion map s : G — G is continuous, or equivalently,
that for any open U € Og.s, U™! € Og 5.

IfU € Ogs,g7' €U and x € S, then gx € U and x"g € U for all but finitely
many n € Z. It follows that x g~ € U~! and g~ 'x™" € U~ for all but finitely many
n € Z, hence U™! € Og,s. Therefore, s is continuous and G is a topological group for
the topology Og,s. |

Having constructed those topologies, it remains to be seen whether they are interesting
topologies. At the very least, one would want them to be non-trivial. It will be shown in
Sections 3 and 4 that in the example in which G = Mod(X) for some compact connected
oriented surface ¥ with S being the set of all Dehn twists, there are many interesting open
sets. However, at this level of generality, the non-triviality of the topology O¢,s depends
on the properties of the generating set .S, in particular, the orders of elements in S.

Proposition 11. Let G be a group and S a generating set for G.

(1) If the generating set consists only of elements of infinite order, then (916, 5 (9’07 s
and Og,s are all finer than the cofinite topology on G.

(2) In addition, if all pairs x # y € S satisfy (x) 0 (y) = {1}, then (95;,5, Og.s and
Og,s are strictly finer.

(3) If, on the other hand, the generating set consists only of elements of finite order,
(95; s»0g.s and Og,s are all the trivial topology on G.

Proof. Both cases will only be proven for (95;, s- This is because the proof of Og ¢ is
analogous and the case of O, s can be easily seen to be a consequence of the first two by
taking intersections.

Assume first that S contains only elements of infinite order. It is necessary to show
that for any finite subset V C G, theset G \ V isopen.Leth € G\ V and x € S. As x
has infinite order in G, the elements hx" are all different; therefore, all but at most finitely
many are in G \ V. Hence G \ V is open, and OIG, s is finer than the cofinite topology
on G.

Now assume also that {(x) N (y) = {1} for any two distinct elements of S. It will now
be shown that for any generator x € S, G \ (x) € (9&’ s
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If g € G\ (x), then gx™ ¢ (x) for any n € Z. Suppose y € S is another generator. It
follows that gy” € (x) for at most one integer n € Z. If gy*, gy/ € (x) fori # j, then
y/= e (x) N (y). But /7% # 1 as y has infinite order which contradicts the fact that
{x) N {y) = {1}.

Finally, assume that S consists only of finite order elements Let U € O} G.s be anon-
empty open set, and let g € U and x € S. Assume that x¢ = 1. It follows that all but
at most finitely many elements gx'tkd where k € Z are in U. But gx!t%4 = gx, so
gx € U. Similarly, one shows that gx~! € U.

Therefore, U is closed under multiplication on the right by any element in S or any
inverse of an element in S. As the set S is a generating set of G, this implies that U = G.
Consequently, (92, s 1s the trivial topology in this case. ]

The cyclically cofinite topologies relative to a generating set are compatible with
morphisms of groups, as the following proposition shows.

Proposition 12. Let ¢ : G — H be a surjective morphism of groups and S be a generat-
ing set of G. It follows that ¢(S) is a generating set for H, and for the topologies (9G s
and (9H $(S) (or with (9G g and Oy B(5)y OF Og,s and O 4(s)), the map ¢ is continuous.

Proof. The set ¢(S) is a generating set for H as ¢ is a surjective morphism. Once again
the statement will be proven for the left cyclically cofinite topologies only.

Let U € (9H¢ (5)° and let g € ¢~ (U). For any x € S, it holds that ¢(gx") =
¢ (g)¢(x)" € U for all but finitely many n € Z, as U is open. Therefore, ¢~ (U) € (DG 5
and ¢ is continuous. u

When the generating set S is closed under conjugation by an arbitrary element of G,
the above topologies are better behaved.

Proposition 13. Assume that S is a generating set for a group G that is closed under
conjugation by any element of G. In this case, the topologies (DrG’ 5 (QIG’ g and Og s all
coincide.

Also, the intersection of any two non-empty open subsets of G is a non-empty open
subset of G, that is, the topologies Og g @lG,S and Og,s are not Hausdorff.

Proof. LetU € (9G g-andlet g € U. It holds that for any x € S, the element g lxgeS
as S is closed under conjugation. Therefore, x"* g = g(g’lxg)” € U for all but at most
finitely many n € Z. This shows that U € Og ¢ and (9 G.s CU6.s-

Similarly, (9G s C (9G 5» and hence (9G s = (9G s =0gs.

Now let U; and U, be two non-empty open sets of G. For g € Uy and h € U, as S is
a generating set, one can write

— oyl i2 I
h = gxj'xy - x;

for some k > 0, some x; € S and i; € Z. It will be shown that one can find g € U; and
h € U, such that k can be taken to be zero which implies that g = h € U; N Us.
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Let g € Uy and h € U,. Since U, is open, hx}. € U, for all but finitely many n € Z.
Also, gx;" € U, for all but finitely many m € Z. In particular, one can choose n and m
such that hxl’c’ € U,, gx,’f € Uy and m = i} + n. In this case,

hx} = (gx,’f)x,;mxi1 ---x,’c"ﬂ = (gx,’c”)x,;mxi1 Xl = (gx,'c")yi1 eyt
where y; = x; " x;x]" € S because S is closed under conjugation. Therefore, it is possible
to inductively decrease k by 1 until kK = 0 is obtained, showing that U; N U, # 0. |

Proposition 13 implies that if S is a generating set with the property of being closed
under conjugation by G, then any non-empty open set in Og,s is dense.

As in the introduction, call a subset V' C G thick if it has non-empty interior and thin
if its complement is thick. Any thick set is dense because its interior is dense, and any
intersection of two thick sets is thick as the intersection of their interiors is a non-empty
open set.

It will sometimes be necessary to consider sets that are dense but not thick. An example
will be given in Theorem 5.

Lemma 14. Let G be a group and S be a generating set for G that is closed under con-
Jjugation. Assume in addition that V is a non-empty subset of G such that for any g € V,
and any x € S, infinitely many gx" are in V. Under these assumptions, V is dense in G
Sfor the topology Og,s.

Proof. As in the proof of Proposition 13, consider g € U, where U is a non-empty open
setand 7 € V and V satisfies the hypothesis of the proposition. In this case,

h = gxi‘xé2 ---x,i"
for some k > 0 and x; € S. Since h € V, theset T = {m € Z | hx,’(” € V} is infin-

ite. Moreover, ng € U for all but finitely many n € Z, and hence there is some n in
{m — iy | m € T} such that gx}! € U. As in the previous proof, it follows that one could

find another pair g’ € U, i’ € V with h’ = g’y{1 --+y7¥! with all y;s in S. By induction,
it follows that U N V' # (. Hence V has non-empty intersection with any open set, that
is, V is dense. u

The twist-cofinite topology defined in Theorem 2 is an example of such a topology,
where G = Mod(X) for some compact connected oriented surface X, and S is the set
of all Dehn twists. The set of all Dehn twists generates Mod(X) and is closed under
conjugation; if f € Mod(X) and D, is a Dehn twist around a curve y on X, then
f oDy o f~1 = Dy(,). Therefore, Theorem 2 and Proposition 3 are consequences of
the more general Definition 9 and Proposition 13.



The twist-cofinite topology on the mapping class group of a surface 71
3. Generic properties of pseudo-Anosovs

In this section, Theorem 4 will be obtained as a corollary of classical results.

Theorem (Theorem 4 of the introduction). The following subsets of Mod(X) are
non-empty and open and hence thick:

(1) The set of pseudo-Anosov maps f € Mod(X).

(2) The sets { f € Mod(X) pseudo-Anosov | Vol(My) > C}, where My is the mapping
torus of f and C > 0.

(3) The sets { f € Mod(X) pseudo-Anosov | A(f) > C}, where A(f) is the stretch
factor of f and C > 0.

(4) The set of pseudo-Anosovs that does not leave any integer homology class of
curves on X invariant.

Proof. The first part of the theorem follows directly from the following.

Theorem 15 ([11, Theorem A, part i]). Let f : ¥ — X be a pseudo-Anosov map and ¢
a simple curve on X. It follows that for all but at most finitely many 7, the composition
D?” f is also pseudo-Anosov. In [5, Theorem 0.1], this theorem was strengthened to the
statement that D] f is pseudo-Anosov for all but at most 7 consecutive values of n.

A Dehn surgery on a 3-manifold M is a construction whereby the interior 701 of a solid
torus 77 in the interior ]\c/)l of M is removed, and another solid torus 75 is glued in via a
homeomorphism % : 97, — dT;. The 3-manifold (M \ 7%) Uy, T is said to be obtained
from M by a Dehn surgery.

To prove the second part of the theorem, note that Myp» is obtained from My by a
Dehn surgery. The behaviour of volume under Dehn surgeries has been studied in [17],
where it follows from Theorem 1A that for sufficiently large |n|,

Vol(My) < Vol(Mzpr).
Similarly, for sufficiently large |n|,
VOl(Mf) < VOI(MDgf).

The third part of the theorem also follows directly from a theorem of [11]. It is a
consequence of [11, Theorem C] that there are positive constants K, L and L, such that

In|Ly — K < AM(D; f) < La|n| + K.

Denote by [c] the integer homology class in H;(X; Z) with representative c. If [c] = 0,
the action of the mapping class f on homology is identical to that of fD7 or D f. If c
is a nonseparating curve, choose a set of curves containing ¢ that determine a symplectic
basis for H;(X; Z), and denote by d the unique curve in the set intersecting c. Since the
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action of the mapping class group on 71 (%) defines an action on H;(X; Z), the action
of a mapping class on H;(X; Z) is determined by its action on the curves making up the
chosen basis. It follows immediately that there is at most one value of n for which fD?
acts trivially on homology. Replacing the set of curves making up the basis by their images
under f !, the same argument shows that the same is true for D” f. Therefore, the set of
pseudo-Anosovs that do not leave any integer homology class of curves on X invariant is
open. This set is known to be non-empty, so the theorem follows. ]

Since Dehn twists are not of finite order in the mapping class group, it follows imme-
diately from Proposition 11 that the subgroups of the mapping class group in Theorem 4
are also generic in finite index subgroups of mapping class groups. In [13], it was shown
that there is a sense in which pseudo-Anosovs are generic in every finitely generated sub-
group of Mod(X) containing a pseudo-Anosov element. Apart from this, little seems to
be known about subset topologies.

4. Heegaard splittings of 3-manifolds with generic gluing maps

In this section, the homology of 3-manifolds described as Heegaard splittings with generic
gluing maps will be studied. A reference for any facts about Heegaard splittings used here
is [10].

Suppose a 3-manifold M is decomposed as a Heegaard splitting Ny = Hyq U Hp
along a surface ¥. The homology of M can be computed from the Heegaard splitting,
using Mayer—Vietoris. If g is the genus of ¥, then

Hy(Ny;Z) — Hi(S;2) = 278 — Hy(Ha; Z) © Hi(Hp:;Z) = 28 @ 28 — Hy(Ny; 7).

To compute H,(Ny;Z) and H{(Ny;Z), it is therefore necessary to calculate the 2g x 2g
matrix K( f') describing the map H,(X;Z) — Hy(H4;Z) ® H1(Hp; Z).

Let {x1,...,Xx2¢} be a generating set for m1(X). For Hy, let ay,...,ag be a set of
curves on X that bound a set of disks in H4 such that when Hy is cut along these disks, a
ball is obtained. The curves {b1, ..., b, } are defined similarly for Hp. Each curve a; or b;
fori =1,..., g is described by a word in the generators {x1, ..., X2g }. The first row of
K(f) is the vector representing [a;] in the basis {[x1], ..., [x2]}, and the second row is
the vector representing [a,] followed by vectors representing [as], . .., [ag], [b1]. ..., [bg]
in the given order.

Lemma 16 ([10, Lemma 3.31]). The homology H(Ny; Z) is finite iff the determinant of
K(f) is nonzero. In addition, if Hi(N¢;Z) is finite, then the order of H\(Ny;Z) is equal
to the absolute value of the determinant of K(f).

Theorem 17 (Theorem 5 of the introduction). Suppose b1(Ny,Z) is the first Betti number
of Ny, and |H1(Ny; Z)| is the number of elements in the group Hi(Ny; Z). In this case,
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(1) the set{f € Mod(X) | b1(Ny,Z) = 0} is a thick set,
(2) the set{f € Mod(Z) | |H1(Ny;Z)| = k} for any integer k > 0 is a thick set,

(3) if pisprime and 0 <i < g, the set{ f € Mod(XZ) | b1(Ny,Fp) = i} is dense but
not thick.

Proof. By Lemma 16, proving the first part of the theorem is the same as showing that
the set { f € Mod(X) | det(A(f)) # 0} is thick. Since this set is clearly non-empty, it
suffices to show that the set is open. Consider the map from K(f) to K( D). This map
fixes the last g rows, and adds the vector m(a,,c)[c] to row i, for 1 <i < g. Here i
denotes algebraic intersection number, and [c] is assumed to be a vector representing the
homology class with representative c in the basis {[x1],. .., [x2¢]}.

Since the determinant of K(f) is nonzero, [a1], ..., [as] and [by], ..., [b] can be
chosen such that [c] is in the span of [ag] and [b;]. It follows that the determinant of
K(fD?) can only be zero if the projection of ni (a;, ¢)[c] onto the unit vector parallel to
[ag] is given by —[ag]. This can happen for at most one value of 7.

Similarly, consider the map from K(f) to K(D} f). This map fixes the first g rows,
and adds the vector nf(b,- ,¢)[c]torow i + g, for 1 <i < g. The same argument as before
shows that the determinant of K(D} f') can only be zero for finitely many 7. This proves
the first part of the theorem.

From the expressions for K(fD}) and K(D] f) just given, it follows that for n*
sufficiently large, n > n* implies that [det(K(fD7))| > |det(K)| and |det(K(DZ f))| =
|det(K)|. The second part of the theorem is then a consequence of Lemma 16.

To prove the last part of the theorem, note that by (Ny, F) is equal to the dimension
of the kernel of K(f) mod p. Similarly, this holds for by (N¢p»,Fp) and by (Npn 7, TFp).
Since K(fD¢?) = K(D.? f) = K(f) mod p, the theorem follows from Lemma 14. =

5. Hempel distance and thick sets

This final section uses the notion of Hempel distance to prove further theorems about
3-manifolds obtained as Heegaard splittings with generic gluing maps. Subsection 5.1
defines Hempel distance and shows how it relates to the study of properties of 3-manifolds
describable as Heegaard splittings with generic gluing maps. Subsection 5.2 covers some
background on handlebody sets. In Subsection 5.3, subsurface projections are introduced
and subsurfaces to which handlebody sets have unbounded diameters in subsurface pro-
jections are studied. The final subsection uses these results to partition the handlebody
sets into 3 subsets. This partition is used to give a proof of Lemma 19 and hence of
Theorems 6-8.

5.1. Incompressible surfaces and Hempel distance

Hempel distance is defined in terms of Harvey’s curve complex €(X). This is the sim-
plicial complex with vertices corresponding to non-trivial homotopy classes of simple
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closed curves on X and simplices corresponding to sets of curves with pairwise geometric
intersection number zero. There is a combinatorial distance defined on € (X), where the
distance between two vertices is equal to the smallest number of edges of any path con-
necting the vertices. A Heegaard splitting Ny = H4 U Hp determines two sets in €(X).
One of the sets consists of the set of simple curves on ¥ = dH4 = dHp that bound
disks in H4, and the other set consists of the set of simple curves on X that bound
disks in Hp. The former set will be called A and the latter B. The Hempel distance [7]
is defined to be the distance d(A4, B) in €(X) between the two sets A and B, where
d(A, B) :=infyc g pep d(a, b).

Itis argued that the Hempel distance is an interesting measure of the complexity of N,
for example, because reducibility properties of Ny can be elegantly formulated in terms of
Hempel distance [2]. In the context of this paper, Hempel distance will be used to bound
from below the genus of an incompressible surface embedded in Ny.

Lemma 18 ([6, Theorem 1.2] or consequence of [ 1, Theorem 3.1]). The genus of a closed,
incompressible surface F embedded in Ny is greater than or equal to half the Hempel
distance.

An important special case of Lemma 18 in [7] is that if the Hempel distance of Ny
is greater than or equal to 3, Ny cannot contain an incompressible sphere or torus, from
which it is then shown that Ny is hyperbolic.

This final section will be primarily devoted to proving the following lemma.

Lemma 19. Suppose that d(A, B) > 3, and let ¢ be a simple curve. It follows that for all
but finitely many n € 7,
d(D2(A), B) > d(A, B).

This lemma implies Theorem 8. Together with Lemma 18, this proves Theorem 7.
It will now be shown that Theorem 6 also follows from Lemma 19.

Theorem 20. Assuming Lemma 19, the sets { f € Mod(X) | g(Ny) = g(X)} and { f €
Mod(X) | g(Nr) = n} for n > 2 are thick.

Proof. When g(Ny) < g(X), the Heegaard splitting is said to be stabilised. By [10,
Lemma 5.5], this happens iff there is an embedded disk d, in H4 and an embedded
disk dp in Hp such that the boundaries of the disks are curves on ¥ in general position
that intersect once only.

A necessary condition for the Heegaard splitting to be stabilised is therefore that
d(A, B) <2.By Lemma 19, the set

{f € Mod(X) | the Heegaard splitting induced by f has Hempel distance > 3}

is thick. The intersection of the set

{f e Mod(2) | g(Ny) = g(3)}
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with the thick set

{f € Mod(X) | the Heegaard splitting induced by f has Hempel distance > 3}
is the entire set

{f € Mod(X) | the Heegaard splitting induced by f has Hempel distance > 3}

and hence thick. That {f € Mod(X) | g(Nr) = g(X)} is thick then follows from
Proposition 3.

For compact, orientable 3-manifolds with Heegaard splitting surfaces P and Q, in [21]
it was shown that either Q is isotopic to a possibly stabilised copy of P or the Hempel dis-
tance of the splitting with splitting surface P is bounded from above by twice the genus
of Q. It follows from the argument just given, Proposition 3, Lemma 19 and the first
statement of this theorem that the set { /' € Mod(X) | g(Ny) > n,forn > 2} is thick. =

5.2. Handlebody sets

Recall that H4 and Hp are handlebodies, with dH4 and dHp both given by the surface X.
The set of curves on dHy4 that bound embedded disks in H4 will be denoted by A4, and the
set of curves on dHp that bound embedded disks in Hp by B. Sets of vertices in €(X)
that arise in this way are called handlebody sets. This subsection gives some background
on handlebody sets that will be needed in the proof of Lemma 19.

Basic assumptions and notations. A curve is a non-trivial isotopy class of unpointed
embeddings of S! into X. Arcs in a subsurface of ¥ are isotopy classes, where isotopies
are required to keep the endpoints on the boundary of the subsurface. Where convenient,
a curve or arc will sometimes be confused with the image of a particular representative
of the isotopy class or the corresponding vertex of €(X). For example, when cutting a
(sub)surface along a curve or arc, it will always be assumed that “curve” or “arc” refers
to the image in the surface of a particular representative of the isotopy class, such as
a geodesic. A curve or arc will be said to be contained in a subsurface if there is a
representative of the homotopy class with image contained in the subsurface.

The geometric intersection number of two curves, ¢ and ¢, on X will be denoted by
i(c1, c2). The geometric intersection number of two arcs ¢; and ¢, will also be denoted
by i(c1, ¢2). Recall that i (c1, c2) denotes algebraic intersection number.

The most difficult case in Lemma 19 occurs when the curve c is distance 1 from A
or B. The reason for this will become apparent later. From now on, unless explicitly stated
otherwise, it will be assumed that the curve ¢ in the statement of Lemma 19 is distance 1
from A. The general case, in which ¢ could be any distance from A, will be dealt with in
Lemma 19.

The set A contains an unoriented set of 3g — 3 curves {a;} that determine a pants
decomposition of X. It will be assumed that the curves {ay, .. .,a,—1} are disjoint from c,
and the curves {a,,, . . .,a, } are not. Since c is distance 1 from A, m — 1 # n and the curves
can be chosen such that m > 1.
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The embedded disk bounded by a curve a € A will be denoted by D,,.
Curves in a handlebody set can be conveniently described in terms of a certain
decomposition, which will now be defined.

Band sums. Suppose d and e are two simple, disjoint curves on X and / is an embedded
arcin X \ (d U e) with one endpoint on d and the other on e. The band sum of d and e is
the connected component of the boundary of a regular neighbourhood of d U i U e that is
not isotopic to either d or e. This is illustrated in Figure 1.

The band sum of two curves in A is also in A. The band sum of d and e bounds a
disk obtained by taking the (necessary disjoint) disks Oy and D, and attaching a long,
narrow rectangle r, with one “short side” on D, and the other “short side” on 9,. The
rectangles are attached in such a way that the orientations match up to give an oriented
disk in the closure of the handlebody. Push the interior of the oriented disk into the interior
of Hy to obtain a disk with boundary the band sum of d and e.

Bigon surgery. A pair of disks £, and 9,4, embedded in H4 with boundary curves d;
and d, on dH4 can be put in general and minimal position. The intersections consist of a
finite number of embedded arcs with endpoints on the crossings of d; and d,. These arcs
cut each of the disks into pieces, as shown in Figure 2. Due to the fact that the sets of arcs
are embedded in each of the disks, cutting each disk along the intersections must give at
least two bigons for each disk.

Let x be a connected component of the intersection of Dy, with Dg4,, with the prop-
erty that x makes up one side of a bigon in Dg4,. Cut D, along x, and glue in two copies
of the bigon from Dy, , each with a different orientation. This gives two new embedded
disks in H4 with boundaries in 0H 4. These disks are each disjoint from £, and together
have fewer crossings with Dy, than Dy, . These two disks are obtained from the disk Dy,

by a bigon surgery.

A W

Figure 1. A band sum of two curves on X, shown in grey.

Figure 2. The intersections of the disk D4, with i)dj .
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Remark 21. Any pair of curves d and e in A has algebraic intersection number zero.
This is because they bound disks that intersect along arcs in the interior of the handle-
body. Each of these arcs has a pair of endpoints that are points of intersection of d and e
with opposite handedness.

For sufficiently small ¢, each boundary component of the e-neighbourhood of the
union of geodesics d; U d, is either homotopically trivial or a curve in A. Assuming
that the disks £y, and Dy, are in minimal position, the disk bounded by a boundary
component is a boundary component of the e-neighbourhood of D4, U Dy, in Hy.

5.3. Subsurface projections of handlebody sets

This subsection is dedicated to the study of subsurfaces to which projections of handle-
body sets have unbounded diameter.

An embedded subsurface of ¥ will be called essential if all its boundary curves are
homotopically non-trivial in ¥. Subsurfaces will be assumed to be compact, connected,
essential, embedded subsurfaces of X.

In order to facilitate inductive arguments about distances and coarse geometry
of €(X), Masur and Minsky [15] defined the distance between two curves in a subsur-
face projection. Distances in subsurface projections to annuli are a special case of this
definition. Distances between two curves ¢; and ¢, in the subsurface projection to a sub-
surface ¥ will be denoted by dy(cy, c2). When discussing subsurface projections, in
addition to the assumptions listed above, it will also be assumed that the subsurface Y
to which the projection is made is not a 3-holed sphere. This is because it was shown that
large subsurface projections to 3-holed spheres never arise; their arc and curve complexes
have bounded diameter. This paper will not give a detailed exposition of subsurface pro-
jections, as the topological nature of the arguments only requires qualitative statements,
rather than the strong numerical and/or uniform bounds for which the full force of [15] is
required. Interested readers not already familiar with the concept of subsurface projections
are referred to [15].

Let 4. be an annulus with core curve ¢ embedded in X. Distances in the subsurface
projection to 4, are a measure of the number of times one curve has been twisted around ¢
relative to the other. For example, as stated in [15, equation (2.6)]

2+ |n|, ifd(a,c) > 1landn # 0,

0, otherwise.

du(a. D (a)) = {

Distances in subsurface projections are used to obtain information about geodesic
paths in the curve complex. The simplest way of doing this is based on the idea that if
dy (a, b) is sufficiently large relative to d(a, b), any geodesic in €(X) from a to b must
pass through a vertex corresponding to a curve disjoint from Y. An even stronger form of
this statement is given in the following theorem.
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Theorem 22 ([15, Theorem 3.1]). Suppose Y is a subsurface of . Let y be a geodesic
segment, ray or infinite line in €(X) such that no vertex of y is disjoint from Y. There is
a constant B(X) depending only on ¥ such that any two vertices vy and v, of y satisfy

dy (vi,v2) < B(2).

The next proposition is a consequence of the previous theorem and is included here
to illustrate a “hinge-like” construction that will be used repeatedly in the proof of
Lemma 19. The proposition is also a consequence of [23, Theorem 1.4].

Proposition 23. Let a, b and ¢ be curves in X. It follows that for all but finitely many
nez,
d(D}(a).b) = d(a.b).

Proof. Two basic but crucial observations are the following: Firstly, the mapping class
group (in this case, specifically powers of Dehn twists around c) acts by isometry on
€(X). Secondly, D, fixes a vertex iff the vertex is distance at most one from c.

If d(a,c) <1, then DZ(a) = a, so d(D}(a),b) = d(a,b). If d(b,c) < 1, then
D.(b) =b,sod(a,b) = d(DZ(a), D} (b)) = d(D?(a),b), and the lemma is again trivi-
ally true. It is therefore only necessary to deal with the case in which ¢ has essential
intersections with both a and b.

The construction used in the rest of the proof is illustrated in Figure 3. By Theorem 22,
there is an n* € N such that for |n| > n*, every geodesic path in €(X) from D’ (a) to b
passes through a vertex (this vertex depends on the path) corresponding to a curve dis-
joint from ¢. When n = n*, denote this vertex by ¢’. In Figure 3, y,+ is a geodesic from
DZ*(a) to b. As shown in Figure 3, y,+ 1 is used to denote the restriction of y,+ from
D?*(a) to ¢/, and yy* » the restriction of y,+ from ¢’ to b. Since Dc_”* acts on €(X) by
isometry, fixing ¢’, a path from a to b with the same length as y,+ is obtained by concat-
enating Dc_"* (Yn*,1) with yp* 2. This path cannot be shorter than a geodesic from a to b,
showing that (D" (a),b) > d(a,b).

An analogous construction works for any n € Z with |n| > n*, proving the proposi-
tion. (]

Remark 24. The construction in the proof of Proposition 23 implies that for all suffi-
ciently large |n|, there exists a geodesic from D’ (a) to b passing through ¢’. This is proved
simply by contradiction as follows: Choose n such that |n| is large enough to ensure that
every geodesic from D[ (a) to b passes through a vertex representing a curve disjoint
from ¢, and suppose that no geodesic from D” (a) to b passes through the vertex ¢’. This
means that the path from D7 (a) to b obtained by concatenating Dén_" R (Yn*,1) With Y+ »
is longer than a geodesic. However, as this path has the same length as y,+, a geodesic y;,
from D] (a) to b can then be used to construct a path from Dg* (a) to b shorter than the
geodesic y,», which is the required contradiction.
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Dg*(a)

Yn*,1

DI™ (yux,1)

Figure 3. Path construction in the proof of Proposition 23. The path y,* is a geodesic from DZ,‘* (a)
to b, and ¢’ is a curve disjoint from c. The geodesic y,+ is used to construct a path from a to b as
shown in red.

Large subsurface projections in handlebody sets. Subsurfaces in which handlebody
sets have unbounded diameter in subsurface projections will now be characterised. A tool
that will be used to do this is an /-bundle. An /-bundle is a fibre bundle with fibre given
by an interval /. Suppose the /-bundle is contained in H4 and the base space Y is an
orientable surface with boundary. The boundary of the I-bundle consists of a horizontal
boundary and a vertical boundary. The horizontal boundary is the union of the boundaries
of the fibres. It consists of two disjoint, embedded subsurfaces Y; and Y, of ¥ both of
which are homeomorphic to Y. The vertical boundary consists of boundary points in the
interiors of fibres and is a union of open annuli, one for each closed curve on dY. The
I-bundle will be called essential if Y; and Y, are essential subsurfaces of X and each
connected component of the vertical boundary is either contained in ¥ or the two curves
on its boundary are not homotopic in X.

Theorem 25 (Corollary of Theorem 1.1 of [14], as stated in [16]). The diameter of the
subsurface projection of A to a subsurface Y of X is bounded from above by a number
8(g) depending on the genus g of X, unless

(1) there is an element of A in the complement of Y,
(2) there is an element of AinY,

(3) there is an essential I-bundle I in Hq with Y a component of its horizontal
boundary and at least one vertical annulus of I lying in 3.

The reason for the assumption that d(A, B) > 3 in Lemma 19 comes from the next
lemma.
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Lemma 26. Let A, B and X be as defined above, where d(A, B) > 3. Let Y be a subsur-
face of X to which A has unbounded diameter in the subsurface projection. In this case, B
has diameter bounded by §(g) in the subsurface projection to Y. The same is true with A
and B interchanged.

Proof. The lemma will first be proven for subsurface projections to annuli and then for
other subsurfaces.

When Y is an annulus, condition (3) of Theorem 25 does not apply, because the
assumption that at least one vertical annulus of / is in £ would prevent / from being
essential. In this case, the lemma can be seen to follow directly, because if there is both
acurve a € A containedin Y or ¥ \ Y and a curve b € B contained in Y or X \ Y, this
would imply that d(a, b) < 2, contradicting the assumption that d(A4, B) > 3. Similarly,
if Y is not an annulus, whenever the third item of Theorem 25 is ruled out for both Hy
and Hp, the lemma holds for the subsurface Y.

Now suppose Y is not an annulus, and Y is a component of the horizontal boundary
of an essential /-bundle in Hy, as in condition (3) of Theorem 25. It will first be shown
that Y cannot also be a component of the horizontal boundary of an essential /-bundle
in Hp, as this would imply d(A, B) < 2. Denote by y; a boundary component of ¥ on
the boundary of a vertical annulus of / lying in X. Since Y is not an annulus, there is
an essential arc y; contained in Y with endpoints on y;. A disk £, embedded in Hy is
obtained by taking the union of the fibres of I that each has an endpoint on y;. It follows
that 0D, is a curve a in A. The curve « is disjoint in X from a curve y in Y obtained as
a concatenation of y; with a subarc of y; joining the endpoints on y; of y;. If ¥ is also
a component of the horizontal boundary of an essential /-bundle in Hp, a curve b in B
disjoint from y will now be constructed. If y; is also a boundary component of a vertical
annulus in ¥ of an essential /-bundle in Hp, b is the boundary of the disk obtained by
taking the union of the fibres of the /-bundle in Hp with an endpoint on y;. Otherwise,
denote by y, a boundary component of a vertical annulus in ¥ of the /-bundle in Hp,
and let y, be an essential arc in Y disjoint from y; with its endpoints on y,. The exist-
ence of y; is guaranteed by the assumption that Y is an essential subsurface that is not an
annulus or 3-holed sphere. The curve b € B is disjoint from y, implying that d(A4, B) <2
as required.

It has now been shown that if B also has an unbounded diameter in the subsurface
projection to Y, there must be a b € B contained in Y or ¥ \ Y. Since d(A4, B) > 3, this
means that every element of A must intersect every boundary component of Y. If ¥ has
more than one boundary component, the construction in the previous paragraph gives an
element of A that does not intersect every boundary component of Y. It follows that Y
can have only one boundary component. However, if ¥ has only one boundary compon-
ent, it must have genus at least 1. The construction in the previous paragraph shows how
to construct an element of A intersecting ¥ along an arc disjoint from any fixed curve in
the interior of Y. If the curve b is in Y, this gives a contradiction to the assumption that
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d(A, B) > 3. It follows that » must be in X \ Y. However, this also gives a contradiction,
because there is a curve in Y disjoint from both a and b. ]

5.4. Three subsets of a handlebody set

This subsection describes how to obtain annular subsurfaces to which A has large diameter
in the subsurface projection. The construction will be used to partition A into three subsets.
Different techniques will then be used to prove Lemma 19 for each of these subsets.

The disjoint sum subset s; of A. Recall the assumption that A is distance 1 from c.
Define a subset s of A, the “disjoint sum subset”, consisting of all the curves in A that are
disjoint from c, as well as their band sums. To see that 51 does not have bounded diameter
in the subsurface projection to +4., note that an arc in the definition of band sum of two
curves disjoint from ¢ can be chosen to wrap around ¢ any number of times. However, for
this reason, s; is invariant under the action of D..

Remark 27. Although the subset s; C A is invariant under D, [18, Theorem 1.11] (see
Lemma 29) implies that 4 \ s is not.

The disjoint sum subset is not the only one of the 3 subsets with unbounded diameter
in the subsurface projection to +,, as illustrated in the next example.

Example 28. Let ¢; be a curve in A that intersects ¢ and d; be a curve in A disjoint
from ¢ and c;. As illustrated in Figure 4 (a), it is possible to take a band sum of ¢; with d;
in such a way that a connected component of ¢y N 4, twists once more around ¢ than
previously. Call the resulting curve c,. As shown in Figure 4 (b), it is then possible to take
a band sum of ¢, with a second copy of d1, in such a way as to increase by one the number
of times a connected component of ¢, N A, twists around c. Call the resulting curve c;.
A sequence of curves {c;} is obtained by iteration.

By construction, the set {c;} has infinite diameter in the subsurface projection to A,
but it also has infinite diameter in the subsurface projection to another annulus. This
annulus has core curve ¢; disjoint from both ¢ and d;.

In Example 28, each band sum alters ¢; in such a way that it is twisted around c,
then backwards around a curve #; that cobounds an annulus with ¢ in H4. Outside of the
annuli #, and 4y, , ¢; is unchanged. The letter ¢ (sometimes with a subscript) will be used
to denote a simple curve in X, disjoint from and not homotopic to ¢ in X, such that c U —¢
is the boundary of an annulus in Hy4. The set of all such curves in ¥ will be denoted by 7.

Lemma 29 ([18, Theorem 1.11]). Suppose ¢ : Hy — Hy is an automorphism with the
property that ¢|x is a composition of Dehn twists around disjoint curves. Then ¢ is a
composition of Dehn twists around the boundaries of a disjoint collection of properly
embedded disks and annuli.
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c2

(b)

Figure 4. Part (a) shows an example of curves c1, d1, t; and c. The curves ¢ is red, 71 is blue and the
thin line is d1. The thick grey arc is the arc along which the band sum is performed. The curve ¢; is
shown in part (b).

An important special case of Lemma 29 is that when ¢ and ¢ are homotopically non-
trivial curves in X that bound an embedded annulus L(z, ¢) in the interior of H4, the
mapping class D; ! D, maps A to itself.

The c-bounded and c-unbounded subsets s, and s3 of A. Suppose {a;,...,a3g—3}isa
choice of pairwise disjoint curves in A as stated under “Basic assumptions and notations”
in Subsection 5.2. The c-bounded subset s, of A \ 51 is defined to be the set of curves
within radius R of the curves Z = {a,, ..., asg—3} in the subsurface projection to .,
where R should be thought of as a sufficiently large natural number whose size will be
estimated later. The choice of Z will only affect the size of R, not the existence of an R
with the desired properties. A specific choice for Z will be given below. The c-unbounded
subset 53 is defined to be 4 \ (s1 U s7).

The strategy is to show that R can be chosen large enough such that s, contains every
curve s in A \ s; with the property that Theorem 22 allows the existence of a geodesic
y(s, b) from s to a point b € B such that every vertex of y(s, b) intersects every t € T
Suppose Z contains a curve z in A \ s; with the smallest possible intersection number
with ¢. Fix b € B, and choose z in such a way that

K, := max dy(z,b) 5D
YeWr

is minimised, where Wr is the subset of compact, connected, essential, embedded subsur-
faces of X\ ¢, each of which contains a curve in 7. The constant K is finite because it
is less than the length of a hierarchy path (as defined in [15]) between two points.

The purpose of the next corollary is to understand how to construct curves in s3.
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Figure 5. The different ways an annulus L(¢, ¢) embedded in H4 with boundary curves ¢ and ¢
in X can intersect a disk O, for a in A. A portion of D, is shown in blue. If L(¢, ¢) and D, are
embedded and homotoped to intersect transversely, connected components of the intersection are
either homotopic to the core curve of L(¢, ¢) (a), arcs with one endpoint on # and one on ¢ (b), arcs
with both endpoints on the same boundary curve of L(t, ¢) (c) or curves bounding a disk in both
L(t,c) and D, (d). In part (a), the curve shown in red bounds a disk in £, . This type of intersection
is possible only if ¢ € A. There are intersections of the type shown in part (b) iff « € A \ s1. The
intersection in part (d) can be removed by a homotopy of 9.

Lemma 30. For any t € T, every curve in s3 can be obtained as D?Dt_k (a) for some
a € s, and some k € 7.

Proof. Choose and fix s € s3 and t € T. The integer k(s) can then be chosen such that
d 4. (Dc_kDf(s), Z) < R. By Lemma 29, Dc_kDf‘(s) € A. Since Dc_kDf(s) is not in 53,
it remains to show that D% D¥(s) is not in s;. This follows from Remark 27 and the
following construction showing that s, is also invariant under Dehn twists around 7.

The remainder of this proof involves understanding the different ways a disk embed-
ded in H4 with boundary in A can intersect an annulus L(¢, ¢) embedded in H4 with
boundary curves ¢ and ¢ in X. Examples of the different possibilities are illustrated in

Figure 5.
A disk with boundary e in s; is obtained as a band sum of curves disjoint from c¢. Cut
the bands intersecting c to obtain a set of curves {ey,...,e;} in sy that are disjoint from c.

This corresponds to performing bigon surgeries on ., where an example of one such
bigon is shown in green in Figure 5 (c). It will now be shown that this gives a set of curves
{e1,...,e;}in A that are all disjoint from both ¢ and ¢. Suppose otherwise; then there is an
ej € {e1,...,e;} that has nonzero geometric intersection number with ¢. The intersection
of the disk D,; with L(z, ¢) cannot contain a loop homotopic to a nonzero multiple of the
core curve of L(z,c), as shown in Figure 5 (a), because then the Jordan curve theorem in
D,; would imply that ¢ and 7 are in A. Since e; does not intersect ¢, ignoring intersections
of D, with L(z, ¢) that can be removed by a homotopy of D,; , the only type of intersec-
tion between D, and L(z, ¢) is as shown in Figure 5 (c). It follows that the intersection
of D,; with L(z, ¢) determines bigon surgeries that can be performed on D,; to obtain a
set of disks with boundary disjoint from L (¢, ¢). Since c; has nonzero intersection number
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with 7, the boundaries of these disks cannot all be homotopically trivial in X. This con-
struction shows that elements of 51 can be obtained as band sums of curves disjoint from
both ¢ and 7. Consequently, s; is invariant under D, and Dy, for the same reason that s;
is invariant under D, (see, e.g., the comment preceding Remark 27). ]

Recall that z € Z is the curve in the definition of s, in equation (5.1).

Lemma 31. Let d be a curve in s3 for which d s, (z,d) = |k| for k € Z, in particular,
|k| = R. Suppose the sign of k is chosen such that i(z, Dc_k (d)) <i(z,d). It holds that
i(z, Dc_k (d)) = |k| — 1. Moreover, there is a homotopy class of arcs d* of d N (X \ ¢)
and z% of z N (X \ ¢) such that d® and z? both intersect every curve t € T.

Proof. Since |k| > 1, the assumption that ¢ is not in A implies that the homology class
[Dc_k (d)] — [z] in Hy(Hg4; Z) is nonprimitive. The surgery construction in the proof of
Lemma 30 showed that every curve in A \ sy, in particular z, must intersect every prim-
itive homology class of which [Dc_k (d)] — [z] is a multiple, that is, there exist arcs of
D, N L(t,c), as shown in Figure 5 (b). Since [Dc_k (d)] — [z] is at least a |k| multiple of
a primitive homology class, the bound i (z, Dc_k (d)) = |k| — 1 follows immediately.

To prove the statement about the arcs d¢ and z¢, recall from the proof of Lemma 30
that by homotoping the disk if necessary, the intersections of the disks £, and D, with
L(c,t;) can all be made to be of the type shown in Figure 5 (b) or (c). This will be assumed
from now on. Since d and z are not in 51, it was also shown that not all intersections can
be of the type shown in Figure 5 (c¢). Then d“ and z¢ can be chosen to be arcs containing
one side of a bigon of the type shown in Figure 5 (b). For the curve ¢t € T on the boundary
of the annulus L(t, ¢), it is clear that this arc intersects ¢. To show that such an arc inter-
sects every curve in the set 7', there are two cases to consider, as illustrated in Figure 6. In
the first case, the existence of a ¢’ € T for which d“ does not intersect ¢' implies that the
intersections of Dy with L(c,t’) could all be taken to be of the type shown in Figure 5 (c).
This contradicts the assumption that d € (A \ s1). In the second case, if d% does not inter-
sect ¢/, d has a different algebraic intersection number with ¢/, as with ¢, contradicting
Remark 21 and Lemma 29. ]

Remark 32. The first part of Lemma 31 could alternatively have been proven by con-
structing a sequence y of multicurves in A \ s; representing a path from z to d in an
appropriate analogue of €(X). Here the ith vertex of y is obtained from the (i — 1)st
vertex by a bigon surgery, using a bigon in a connected component of Dz N (Hy \ Dy,).
As a result of the bigon surgery, i (y;,d) < i(z, yi—1) — 2. Lemma 31 implies that a min-
imum number, |k| — 1, of intersections between z and d resulting from the constraint
da.(z,d) = |k| are “paired” with at least the same number of intersections between z
and Dc_k (d). This inspires the next definition.
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(a) (b)

Figure 6. The annulus L(¢, c) in H4 has a tubular neighbourhood that can be oriented. This makes
it possible to distinguish between bigons of the type shown in Figure 5 (b) that are to the right of
L(t, c) and to the left of L(¢, c). Each connected component of d N (X \ ¢) that contains one edge
of such a bigon contains an edge of two such bigons. These bigons are either both on the same side
of L(t,c) as shown in part (a) or both on opposite sides of L(z, ¢) as shown in part (b).

Paired intersections. For a; and a, in A, two crossings of a; and a, will be said to be
paired if the two crossings are the endpoints of an embedded arc in the intersection of Dy,
with D,,. Similarly, fora; € a andt € T, two crossings of a; with the multicurve ¢ U ¢
will be called paired if the crossings are the endpoints of an arc in the intersection of Dy,
with L(¢, ¢). A crossing of a; with ¢ will be said to be paired with a crossing in A, if itis
paired with a crossing on the boundary curve ¢ of L(¢, ¢).

Remark 33. For d € A\ s, the intersection of Oy with L(¢, ¢) gives at least two
bigons in Dy N (Hy \ L(¢, ¢)). If these two bigons are on opposite sides of L(z,c) as
in Figure 6 (b), a curve z € A \ s with i(c, z) = 1 can be constructed by attaching the
two bigons to form D, . If the two bigons are on the same side of L(¢,¢),acurvez € A \ s,
with i (c, z) = 2 can be constructed by attaching the two bigons to a rectangle in H4 with
a pair of opposite sides on L(¢, c), as shown in Figure 6 (a).

It will now be shown that, within the c-unbounded subset s3, moving out to infin-
ity in the subsurface projection to +. necessarily also involves moving out to infinity in
some other subsurface. This will be used to obtain lower bounds on d(D}(A), B) for
large |n|. The next theorem will be used to relate the intersection number from Lemma 31
to a large distance in a subsurface projection. Some notion is needed: ¢(X) is the set of
curves on X, W is the set of essential, connected, nonannular subsurfaces of X that are
not 3-holed spheres and [n] is the cutoff function defined as follows:

] n ifn >k,
ni =
0 otherwise.
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Lemma 34 ([22, Theorem 1.5]). For every two vertices vy and v, of €(X) and all k > 0,
we have

log, i (v1,v2) < Vg(k)(l + Z [dy (v1,v2)]x + Z logz[dAl(Ul»UZ)]k)7

Ycw A,lCc(D)
where Vg (k) = (40000(2g — 2)(k + 200(3g — 3)))3¢ ™!, and log,(0) := 0.

Lemma 35 ([8, Lemma 11]). Suppose ¢y and ¢, are two curves in ¥ in minimal posi-
tion, for example, c1 and c, are geodesics. Then the number of isotopy classes of arcs
¢1 N (X \ ¢2) is uniformly bounded from above by 3g — 3.

Recall that (%) is the constant from Theorem 22, and z is the curve in the definition
of 55, given in equation (5.1).

Lemma 36. Choosing R in the definition of s, sufficiently large ensures that for every d in
§3, there is a subsurface Y (d) containing a curve t(d) € T for which dyq)(d,b) > B(%)
for every b € B. Here “sufficiently large” depends only on X.

Proof. Recall that the surgery construction in the proof of Lemma 30 showed that for
every t € T, there is a curve in sy disjoint from ¢. The assumption that d(A4, b) > 3 then
implies that every b € B intersects every ¢t € T. If a subsurface of ¥ contains at € T,
it follows that every curve in B is either contained in this subsurface or has essential
intersection with the subsurface. Choosing R in the definition of s3 sufficiently large will
now be shown to imply the existence of a Y(d) containing a curve t € T with dy (d, z)
sufficiently large that the lemma then follows from Lemma 26.

Recall that K is the constant from equation (5.1) and § is the constant from The-
orem 25. The lemma will first be proven for any curve d € s3 with i(d,c) = i(z, ¢)
and f(d, c) = f(z, ¢), where, by Remark 33, i(z,c) = 1 or in the case that i(z,c) = 2,
i(z,c) = 0. In the special case that d = Dth_k (z), note that choosing R larger than
B(X) + Ky + 8 will ensure that d 4, (d,b) > B forallb € B.

Informally, the notation /(z, d) will mean the “smallest” embedded, essential subsur-
face of X \ ¢ containing the arcs z N (X \ ¢) and d N (2 \ ¢). The precise definition of
I(z,d) is given next. Let {z1, ..., zx } be the isotopy classes of arcs of z N (X \ ¢).

These isotopy classes determine a set of pairwise disjoint rectangles, {R1, ..., Rg}
contained in X \ ¢, one for each isotopy class. The rectangle R; corresponding to the ith
isotopy class z; has a pair of opposite sides on the boundary of the subsurface ¥ \ ¢ and
the other pair of opposite sides given by arcs in the same isotopy class as z;. Denote

by 2. i the subsurface of X \ ¢ obtained by removing all the rectangles {R;, ..., Ri}.
In the subsurface X x, next construct a set of rectangles {R},, ..., R}, } corresponding to
the isotopy classes of arcs of d N X x, analogous to the construction of {Ry,..., Rg}.

Glue the rectangles in the sets {R1,..., R¢} and {R’, ..., R;c,} along common boundary
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points to obtain an embedded subsurface. For each boundary component of this embed-
ded subsurface that bounds a polygon in X \ ¢, glue the polygon along the boundary. The
resulting embedded subsurface is 1(z, d).

The difference [z] — [D*(d)] is a nonprimitive homology class in H;(Hy4; Z) given
by A[t], where |[A| > R. It follows that not only does /(z, d) contain a curve ¢t € T but
any disjoint union m of curves and properly embedded arcs in /(z, d) that intersects every
curve in T contained in /(z, d) satisfies i (z,m) + i(d,m) > R.

The existence of a large subsurface projection to a subsurface Y(d) of I(z, d) is guar-
anteed by Lemmas 31, 34 and 35 whenever R is chosen sufficiently large. An algorithm
for constructing a subsurface Y (d) will now be derived.

If the distance between z and d in the subsurface projection to /(z, d) is greater than
orequalto B + K1 + 8, set Y(d) equal to I(z,d). Otherwise, a subsurface /(z,d), will be
constructed. The construction depends on whether an arc a; with properties given below
exists.

Case 1. There exists an essential, properly embedded arc a; in I(z, d) that has small
intersection numbers with d and z. In this case, cut /(z, d) along a; to obtain the sub-
surface 1(z, d )/1. The notion of “small” intersection numbers will be defined later; for
the moment, it is enough to observe that an arc a; with sufficiently small intersection
numbers with d and z will give a boundary component ¢, of a tubular neighbourhood of
ay U dl(z,d) with dy; gy(d, ¢5) + diz,a)(cs, z) < B + K1 + 6, showing that I(z, d)
could not be Y (d).

If the subsurface I(z, a’),1 has any connected components consisting of n-holed
spheres, replace each n-holed sphere in /(z, d )/1 by the set of annuli with core curves
in the n-holed sphere to which the subsurface projections of d and z have distance at
least B + K + §. Also, if any connected components of I(z, d )/1 have boundary curves
that define annuli to which the subsurface projections of z and d have distance at least
B + K; + §, add these annuli to the set of subsurfaces. Call the resulting set of subsurfaces
I(Z, d) 1-

Case 2. When there does not exist an arc a; as defined above, since the distance between z
and d in the subsurface projection to /(z, d) is assumed to be less than 8 + K; + &, there
exists a nonperipheral curve a; in /(z, d) with small intersection numbers with d and z. In
this case, 1(z,d )/1 is obtained by cutting /(z, d) along a;. The set of subsurfaces /(z,d);
is then obtained from /(z, a’)/1 in the same way as in Case 1.

Either every element of /(z, d); has the property that the distance between z and d
in the subsurface projection to the embedded subsurface corresponding to that element
is bounded from below by S(X¥) + K; + § or the construction can be repeated on the
elements not satisfying this condition to obtain /(z, d),. It is possible to iterate the con-
struction j times to obtain /(z, d);, where, by Lemma 35, j < 3g — 3. At every step of
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the iteration, the arc or curve a;, i = 1,..., j — 1 is chosen such that

i(ai,z) +ia;,d) < R . (5.2)
6g —6

The justification for inequality (5.2) is the following: Suppose there is an i with 1 <i <
j — 1 for which every possible choice of curve or arc a; violates inequality (5.2). In this
case, for sufficiently large R, Lemma 34 would give that the distance between z and d in
the subsurface projection to every element of /(z, d);—1 is at least B(X) + K; + §. That
being the case, set j = i — | and terminate the construction.

It remains to be shown that a subsurface in /(z, d); contains a curve in 7. When the
choices ay, ...,a;— are all made in accordance with inequality (5.2), the curves and arcs
{ai,...,a;—1} cannot have large enough intersection numbers in total with d and z to cut
through every curve in 7' contained in /(z, d). It is therefore possible to find an element
of I(z, d); containing a curve in 7. This subsurface is then called Y (d). This concludes
the proof of the lemma in the case that i (d,c) = i(z, ¢).

To prove the lemma when i(d, ¢) > i(z, ¢), note that the arcs z¢ and d¢ guaranteed
by Lemma 31 are contained in the subsurface /(z, d); and must have intersection number
at least R — 1 in this subsurface. The rest of the argument is then identical to the proof in
the case that i (d,c) = i(z, ). |

It is now possible to put all the pieces together to give a proof of Lemma 19.

Lemma 37 (Lemma 19 from Subsection 5.1). Suppose that d(A, B) > 3, and let ¢ be
a curve, which is no longer assumed to be distance 1 from A. It follows that for all but
finitely many n € 7,

d(D2(A), B) > d(A, B).

Proof. If A and B could each be shown to have finite diameter in the subsurface projec-
tion to +,, the theorem would follow from the same argument as for Proposition 23. By
Theorem 25, this is the case, for example, when d(c, A) > 2 and d(c, B) > 2. This spe-
cial case of the lemma was also proven in [23, Theorem 1.4]. Alternatively, if D. takes A
or B to itself, for example, ¢ € B or ¢ € A, the lemma also follows. It remains to prove the
lemma under the assumption that d(c, A) = 1,d(c, B) > 2 and d(A, B) > 3; the argument
in the case that d(c, B) = 1, d(c, A) > 2 is symmetric.

The remaining case of the lemma will be proven by showing the following three state-
ments. The first statement is that d(DZ (s1), B) = d(s1, B) for every n € Z. The second
statement is that for all but finitely many n € Z, d(D2(s2), B) > d(s2, B). The third
statement is that for all but finitely many n € Z, d(DZ (s3), B) > d(s2, B).

The first statement is a consequence of the first part of Remark 27. By Lemma 26,
the second statement follows from an identical argument to that given in the proof of Pro-
position 23, because both s, and B have bounded diameters in the subsurface projection
to .. The third statement follows from a double iteration of the construction in the proof
of Proposition 23, as will now be explained.
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Denote by e a curve in D (s3), where |n| is large enough to ensure that d 4, (e, B) > B.
Theorem 22 together with Lemma 36 ensures that a geodesic y from e to b € B must pass
through a vertex d; disjoint from a curve ¢ in 7' and a vertex d, disjoint from c¢. Choose
j € Zsuchthat f =D, J D,j D" (e) € s, as guaranteed by Lemma 30. In the case that d;
is also disjoint from ¢, a path from f to b of length equal to the length of y is constructed
as in Figure 7 (a). When d,; intersects ¢, the vertex d; will not be fixed by D, Y +")D,j .
In this case, either the subpath y; or y, contains the vertex d.. In the first case, a path
from f to b with the same length as y is constructed as in Figure 7 (b), and in the second
case, a path from f to b with the same length as y is constructed as in Figure 7 (c). This
concludes the proof of the third statement and hence of the proof. ]
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