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Right amenability in semigroups of formal power series

Fedor Pakovich

Abstract. Let k be an algebraically closed field of characteristic zero, and let k[z] be the ring of
formal power series over k. We provide several characterizations of right amenable finitely gen-
erated subsemigroups of z2k[z], where the semigroup operation o is composition. In particular,
we show that a subsemigroup S = (Q1, Q2. ..., Q) of z2k[z] is right amenable if and only if
there exists an invertible element § of zk[z] such that =1 0 Q; 0 = wiz% 1 <i <k, for some
integers dj, 1 <i < k, and roots of unity w;, 1 <i <k.

1. Introduction

Let R be a commutative ring with identity, and R[z] be the ring of formal power series
over R. For an element A(z) = ), cxz" of R[z], its order is defined by the formula
ord A = min{n > 0| ¢, # 0}. If A and B are elements of R[z] with ord B > 1, then
the operation 4 o B of composition of A and B is well defined and endows zR[z] with
the structure of a semigroup. This semigroup contains a group (R) consisting of all
formal power series of the form z + >, _, ¢,z". The group (R) has been extensively
studied (see survey [1] and references the;ein). In particular, it was established in [2] that
J(R) is amenable as a topological group. In this note, we study the right amenability of
subsemigroups of z2k[z], where k denotes an algebraically closed field of characteris-
tic zero. However, in distinction from [2], all studied semigroups are considered discrete.
This setting is different and requires another approach. In a sense, the results of this note
can be seen as analogues of the results of the recent papers [3,4, 11] about right amenable
semigroups of polynomials and rational functions over C. Nevertheless, our methods are
different.

Let us recall that a semigroup S is called right amenable if it admits a finitely additive
probability measure p defined on all the subsets of S such that foralla € Sand T C S
the equality

u(Ta™) = u(T)
holds, where the set Ta™! is defined by the formula

Ta'={seS|sacT).
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A semigroup S is called right reversible if for all a,b € S the principal left ideals Sa
and Sh have a non-empty intersection, that is, if for all a,b € S, there exist x,y € S
such that xa = yb. It is well known and follows easily from the definition that any right
amenable semigroup is right reversible.

We denote by 2V the subsemigroup of z2k[z] consisting of all monomials of the
form wz", n > 2, where w is a root of unity. We say that two subsemigroups S and S, of
22k |[z] are conjugate if there exists B € k[z] of order one such that

B loSioBf=S5,.
In this notation, our main result is the following.

Theorem 1.1. Let k be an algebraically closed field of characteristic zero, and let

01,032, ..., Qi be elements of z2k|z]. Then for the semigroup S = (Q1, Q2,..., Q)
generated by Q1, Qa2, ..., Ok, the following conditions are equivalent:

(1) The semigroup S is right amenable.

(2) The semigroup S is right reversible.

(3) The semigroup S contains no free subsemigroup of rank two.

(4) The intersection of principal left ideals SQ1 N SO, N --- N SQy is non-empty.

(5) The semigroup S is conjugate to a subsemigroup of ZY .

Notice that, in addition to right amenability, one can also introduce the notions of
left amenability and (simply) amenability (see [5, 13]). However, for a semigroup, the
properties of being left amenable and right amenable generally need to be considered
separately.

The rest of this note is organized as follows. In Section 2.1, we collect some auxil-
iary results that are used in the paper. In Section 2.2, we show that every subsemigroup S
of 2V, not necessarily finitely generated, is right amenable and contains no free sub-
semigroup of rank two. Then, using the result of the paper [12], which is essentially
equivalent to the equivalence (4) < (5) in Theorem 1.1, we prove Theorem 1.1. Finally,
in Section 2.3, we provide a class of examples showing that Theorem 1.1 is not true for
infinitely generated subsemigroups of z2k[z].

2. Proof of Theorem 1.1

2.1. Auxiliary results

Let us recall that a semigroup S is called left cancellative if the equality ab = ac,
where a, b, c € S, implies that b = c. Right cancellative semigroups are defined similarly.
A semigroup S is called cancellative if it is left and right cancellative.

The following result relates left reversibility with the presence of a free subsemigroup
of rank two (see [7, Theorem 8.4] or [8, Corollary 4.2]).
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Lemma 2.1. Let S be a right cancellative semigroup that contains no free subsemigroup
of rank two. Then S is right reversible. ]

A subsemigroup of a right amenable semigroup is not necessarily right amenable.
However, the following result holds (see [7, Theorem 8.5] or [6, Theorem 4]).

Theorem 2.2. Let S be a cancellative semigroup such that S contains no free subsemi-
group on two generators. If S is right amenable, then every subsemigroup of S is right
amenable. ]

For a semigroup U, we denote by End(U) the set of endomorphisms of U. Suppose
that U and T are semigroups with a homomorphism p : T — End(U). Denoting fora € T
the endomorphism p(a) of U by p,, we define the semidirect product of U and T as the

semigroup F = U x T of ordered pairs (u,a), where u € U and a € T, with the operation
0

(u,a)(v,b) = (upa(v),ab).

An example of a semidirect product is provided by the subsemigroup Z of z2k [z] con-
sisting of all monomials az", n > 2, where a € k*. Indeed, for every integer n > 2, the
map ¢, : a — a” is an endomorphism of k*. Moreover, the corresponding map n — ¢,
induces a homomorphism

p:N\ {1} — End(k™), 2.1

where N \ {1} stands for the corresponding subsemigroup of the multiplicative semi-
group of natural numbers, identified with the subsemigroup z”, n > 2, of sz[[z]]. Thus,
the semidirect product £* x N \ {1} is well defined and can be identified with Z. Simi-
larly, ZY can be identified ‘with the semidirect product jteo X N\ {1}, where (o is the
group of all roots of unity. More generally, we can define the’semidirect product U x N,
where U is any subsemigroup of k*, N is any subsemigroup N \ {1}, and p is the restric-
tion of the homomorphism (2.1) on N. Below, we will omit p in the notation of such
semigroups.
The following result was proved in [10].

Theorem 2.3. If U and T are right amenable semigroups with a homomorphism
p:T — End(U), then F = U x T is right amenable. |
0

Let us recall that a congruence on a semigroup S is an equivalence relation on S com-
patible with the structure of semigroup, that is, an equivalence relation such that x ~ y and
x" ~ y" imply that xx’ ~ yy’. If S is a semigroup and ~ is a congruence on S, then one
can define the quotient semigroup S /~, whose elements are the equivalence classes of ~,
and for a, b € S, the operation on the corresponding classes is defined by [a] * [b] = [ab].

Congruences correspond to homomorphic images of S in the following sense. If
¢ : S — T is a homomorphism of semigroups, then the equivalence relation ~4, defined
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by x ~¢ y if and only if ¢(x) = ¢(y), is a congruence on S and the isomorphism

&(T) =S/~ (2.2)

holds.
Let S be a right reversible semigroup, and let ~ be the relation on S, defined by x ~ y
if and only if there exists s € S such that

sox =s0y. 2.3)

In this notation, the following criterion for the right amenability holds (see [13, Proposi-
tions 1.24 and 1.25]).

Theorem 2.4. Let S be a right reversible semigroup. Then the relation ~ is a congruence
on S, and the semigroup S/~ is left cancellative. Moreover, S is right amenable if and
only if S/~ is right amenable. ]

Let A € z2k[z] be a formal power series of order . We recall that a Bottcher function
associated with A is a formal series 84 of order one such that the equality

Aofg=pBg0z"

holds. It is known that such a function exists and is defined in a unique way up to the
change B4(z) — Ba(ez), where &"1 = 1 (see [9, Hilffsatz 4]). Among other things,
it follows from the existence of Bottcher functions that the semigroup z2k[z] is right
cancellative. Indeed, if

A1oX = A5 01X, 2.4

then conjugating (2.4) by Bx we obtain the equality
/3)}1 o AjofByxoz" :,3);1 0AyopfBxoz”,
which implies that
Bx' o Aiofx = Bx' oAz 0 fx

and Al = A2.
Finally, we need the following result.

Theorem 2.5. Let k be an algebraically closed field of characteristic zero,
01,03,...,Qy elements of z2k[z], and S = (Q1, Q2,. .., Qk) the semigroup generated
by Q1. 05, ..., Qk. Assume that Q1 is contained in ZY. Then

SO1NSQ,N---NSQr #0 (2.5)

if and only if every Q;, 2 < i < k is contained in ZY . |
The proof of Theorem 2.5 can be found in [12, Theorem 2.3]. Note that in [12], the
standing assumption is k = C. However, since the proof relies on the existence of the

Bottcher function together with some algebraic arguments, it carries over verbatim to any
algebraically closed field k of characteristic zero.



Right amenability in semigroups of formal power series 209

2.2. Right amenability of subsemigroups ZV

Let us denote by u, the group of nth roots of unity.

Theorem 2.6. Every subsemigroup S of 2V is right reversible and contains no free
subsemigroup of rank two.

Proof. Let us show that S contains no free subsemigroup of rank two. Let

d] dZ

Fi=¢z F, =gz £1,82 € oo, d1,d2 > 2

be distinct elements of S, and n > 1 an integer such that €1, &, € u,. Assume first that
dy = d,. Then for every j > 1 the equality

°j _ . p°J
Fi" = oF,

holds for some w; € u,, implying by the pigeonhole principle that there exists j; # j»
such that ' ' _ _
F1°JI — SFZOJI, F1°]2 — SFZOJZ

for the same ¢ € w,. Assuming that j, > jj, this yields that
F1°j2 — Flojl o 1,7'20(].2_]1)7 (26)

and hence the semigroup (F7, F3) generated by F; and F; is not free.
In case d; # d», let us consider the elements

F{:Flon, F2/2F20F1

of S.If F| = F,, then the semigroup (Fi, F>) obviously is not free. On the other hand, if
F| # F;, then, since F| and F, have the same order, we can apply the above reasoning
to F| and F, and find j> > j; such that

(F1 0 F5)*2 = (Fy 0 F5)%1 o (Fy 0 Fy)°U27/0, (2.7

To prove that S is right reversible, it is enough to observe that equalities (2.6) and (2.7)
provide solutions of the equation

XOF1=YOF2
inX,Y e€8§. [

For ¢ € j1o, we denote by || the order of ¢ in the semigroup L. With every subsemi-
group S of 2V, we associate several objects. First, we define U(S) as the subsemigroup
of JLee generated by all roots of unity & such that ez¢ € S for some d > 2. Notice that
since £~! = ¢! belongs to U(S) whenever ¢ belongs to U(S), the semigroup U(S)
is a group. Second, we define N(S) as the subsemigroup of the multiplicative semigroup
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N \ {1} consisting of all d > 2 such that ez¢ € S for some & € 1. Notice that by
construction the semigroup S is a subsemigroup of the semigroup U(S) x N(S).

Further, we associate with S two subsets P;(S) and P»(S) of the set of prime num-
bers as follows. For an integer [ > 2, we define P(/) as the set of prime divisors of /. For
an element Q = ez? of S, where ¢ € Moo and d > 2, we set

pi(Q) =P(e).  p2(Q) = P(d)

(in case |e| = 1, we set p1(Q) = 0). Finally, we set
Pi(S) = p1(Q). PaS) = | p2(Q).
Q€S Qes

Notice that by construction
Pi(S) = P1(U(S) x N(S)), P2(S) = Po(U(S) x N(S)). (2.8)
Theorem 2.7. Every subsemigroup S of ZY is right amenable.

Proof. We start by observing that any semigroup of the form U xN, where U is a sub-
semigroup of k* and N is a subsemigroup of N \ {1}, is right amenable. Indeed, it is well
known that every commutative semigroup is right amenable. Therefore, U and N are right
amenable, implying by Theorem 2.3 that U x N is also right amenable.

Let us show first that the statement of the theorem holds if

P1(S) N Py(S) = 0. 2.9)

Since S is a subsemigroup of the amenable semigroup U(S) x N(S) and the last group
is right cancellative and contains no free subsemigroup of rank two by Theorem 2.6, it
follows from Theorem 2.2 that to prove the amenability of S, it is enough to show that the
semigroup U(S) x N(S) is left cancellative. Let us assume that

AoFi=AoF, (2.10)

for some A, F1, F, € U(S) x N(S). Clearly, (2.10) implies that ord F; = ord F,. Thus,

k

A=¢ez", F=¢1zF F,=¢,z

for some m,k € N(S) and ¢, €1, &, € U(S), and (2.10) implies the equality

(8—1)"’ — 1. 2.11)

&2

Setn = |e1/e2]. Since (2.8) and (2.9) yield that gcd(n, m) = 1, equality (2.11) is possible
only if n = 1. Therefore, &1 = ¢ and F; = F5.
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Let us prove now the theorem in the general case. Since for any integers n,m,my > 1
such that n = mym, and ged(m, m;) = 1, the equality

Mn = fmy X Hm,
holds, any element Q of S has a unique representation in the form
Q0 =e1e2%, 1.6 € floo. d = 2. (2.12)
where
Pler) N Po(S) = 0. P(le2]) S Pa(S).

Let us define a map

$:S—2Y,
setting for Q, defined by (2.12),

$(Q) = 127

It is easy to see that ¢ is a semigroup homomorphism. Indeed, for

0 =818z, 8.8 € floo. d =2,

we have

Qo0 = £1622% 08185294 = 81§1d82§2dzdd,

where obviously
P(e18f)) N Pa(S) =0, P(le288]) C Pa(S).

Thus, ~
$(Q0 Q) =18z = $(0) 0 9(0).

By construction, the image ¢ (S) of S under the homomorphism ¢ satisfies the condition

Pi(¢(S)) N P2(¢p(S)) = 2.

Therefore, by what has been proved above, the semigroup ¢ (.S) is cancellative and right
amenable. It follows now from Theorem 2.4 taking into account the isomorphism (2.2)
that to prove the theorem, it is enough to show that the congruence defined by the
homomorphism ¢ coincides with the congruence (2.3).

Let us assume that

$(Q01) = ¢(Q2). (2.13)
Then

01 =¢ee12%, Q2 =¢62%, e61,60 € loo, d > 2,

where
P(e) N P2(S) =0, P(le1]) € P2(S), P(le2]) € P2(S).
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Let

el = p{1ps2 - p. leal = q1'q5 - q)" (2.14)
be the canonical decompositions of |¢;| and |&;| into products of primes. Then for each i,
1 <i <, there exists K; € S of order divisible by p;, and for each j, 1 < j <, there
exists L; € S of order divisible by g;. Obviously, this implies that the equality

AoQi=A00Q, (2.15)

holds for the element
ob;
I

of S (formula (2.14) assumes that || > 1, |ez| > 1; however, in case one of these numbers
equals one, the proof can be modified in an obvious way).
In the other direction, if (2.15) holds, then

$(A) 0 p(Q1) = ¢(A4) 0 $(Q2).

implying that (2.13) holds since ¢ (.S) is cancellative. Thus, the congruence defined by the
homomorphism ¢ coincides with the congruence (2.3). ]

A=K KoL

Proof of Theorem 1.1. We first prove the implications (1) = (2) = (4) = (5) = (1). It
is well known (see [13, Proposition 1.23]) that every right amenable semigroup is right
reversible. Thus, (1) = (2). The implication (2) = (4) is proved by induction on k.
For k = 2, the condition (2) coincides with the right reversibility condition. On the other
hand, if
F=A41001=42002="+= Ag—10 0k

for some Ay, Az, ..., Ar—1 € S, then applying the condition of right reversibility to F
and Qy, we can find G, Y1, Y» € § such that the equality

G=YoF =Y,00¢
holds. Thus,
G={1041)0Q01={1042)0Q0,=---=(Y10A4,_1)0 Qk—1 = Y20 Q.

The implication (4) = (5) follows from Theorem 2.5. Indeed, if Bg, is a Bottcher
function corresponding to Q1, then

BoyoSoBo, =(01. 05 ... O)

is a semigroup satisfying the conditions Q € 2V and

SQ1 NSO, N---NSQ; # 9.

Thus, by Theorem 2.5, every Q; 2 < i <k, is contained in ZY, and hence S is conjugate
to a subsemigroup of ZY . Finally, the implication (5) = (1) follows from Theorem 2.7.
To finish the proof, it is enough to prove the implications (5) = (3) and (3) = (2).
The first implication follows from Theorem 2.6. On the other hand, since z2k[[z] is right
cancellative, the second implication follows from Lemma 2.1. [
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2.3. Infinitely generated semigroups

Theorem 1.1 is not true for infinitely generated subsemigroups of z2k[z]. A class of
counterexamples is provided by Theorem 2.8.
We recall that an element of a semigroup S is called indecomposable if it belongs to
S\ SS, where
SS ={st:s,t €S}

Theorem 2.8. Let U be a subsemigroup of k* such that U € oo and 1 € U. Then for any
subsemigroup N of N \ {1}, the semigroup S = U XN satisfies the following conditions:

(1) The semigroup S is right amenable.
(2) The semigroup S is not finitely generated.

(3) The semigroup S is not conjugate to a subsemigroup of ZY .

Proof. The right amenability of S was established at the beginning of the proof of Theo-
rem 2.7. Further, since indecomposable elements of S must belong to any generating set
of S, to prove that S is not finitely generated, it is enough to find an infinite subset of inde-
composable elements of S. An example of such a set is the set a¥z9 k > 1, where a is an
arbitrary element of U that does not belong to 4o and d is an indecomposable element
of the semigroup N.

Finally, the proof of Theorem 2.6 shows that to prove that S is not conjugate to a
subsemigroup of 2V it is enough to find Fy, F> € § such that ord F; = ord F> but
equality (2.6) does not hold for any choice of j;, j». Since 1 € U, we can take

where d is an arbitrary element of N, and « is an element of U that does not belong
10 Uoo- |
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