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The Principle of Limiting Amplitude for
Wave Equations on a Star Graph

by

Kiyoshi MocHIzUKI, Hideo NAKAZAWA and Igor TROOSHIN

Abstract

We consider the dissipative wave propagation problem on an infinite star graph. High
and low-frequency estimates and local Holder conditions of the resolvent are studied for
the reduced wave operator. Based on these results the principle of limiting amplitude is
proved to hold for our wave propagation problem with oscillating external force.

Mathematics Subject Classification 2020: 35L05 (primary); 35B40, 35R02, 81Q35 (sec-
ondary).
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§0. Introduction

Let I' = 71 X --- X 7, be a non-compact graph which consists of n semi-infinite
rays v; = Ry = {z; € (0,00)}, with the origin of each ray identified with the
single vertex of the graph (Figure 1). Each function u(x) on x € T is identified as
a vector u(z) = (u;(z;))j—;. Let L be the Schrédinger operator

d?u dPu; n
(0.1) Lu= I +q(z)u = (—WQJ + qj(xj)uj) . X €Yy,
J
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Figure 1.

on I' defined for functions u satisfying the natural Kirchhoff boundary conditions
on the vertex:

u1(0) = uz(0) = - -+ = un(0),
(0.3) u1(0) + u5(0) + -+ + 1, (0) = 0,

where u; = du;/dz;.
Each potential ¢;(z) (j = 1,...,n) is assumed to be real on ~y; (hereafter we
simply write = for each z; if there is no possibility of confusion) and satisfies the

condition

(0.4) /(1+x)5\qj(x)|dx<oo with >1(j=1,...,n).

J

Let H = L*T) = H?Zl L?(v;) be the Hilbert space with norm

1/2

f||r=<Z||fj||3j> e = [ 5@ .
j=1 Vi

Under the above conditions on g¢;(z) the operator L restricted to the domain

{u, T €M d“ = being absolutely continuous,

(0.5) satisfying (0.2), (0.3) and (—4¢ dmz %+ g (z)u)’_, € H}

forms a lower semi-bounded self-adjoint operator in H, and the essential spectrum
of L fills the non-negative half-line [0, 00). The discrete eigenvalues are in general
finite on (—o0,0).

In this paper, we are concerned with the asymptotic behavior as ¢t — oo of
the solution w(w,t) = (w;(z,t))}_; of the wave equation

w(e,t) + Lu(z,t) + Bow(w,t) = gla)e ", (x,) € T x (0, 00),

(0.6)
w(z,0) = dw(z,0) =0, xzeT,
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requiring that L is non-negative in H, B is a non-negative multiplication operator
with Bf(x) = (bj(x)f;(x))j=;, 9(x) = (gj(x))}—; belongs to some weighted L>-
space on I', and o is a positive constant.

Problem (0.6) is a simplified mathematical model when one considers the
propagation of waves of different natures in thin, tube-like domains. The simplest
non-compact graphs are the positive half-line Ry = (0,00) or the whole real line
R = (—00,00). In these simple graphs, the steady state problem associated with
(0.6) has been studied, when B = 0, by Marchenko [8] and Faddeev [2, 3] (see also
Yafaev [17, Chapters 4 and 5]), and we can find there complete descriptions of the
scattering theory. Their results are partly extended for example by Gerasimenko—
Pavlov [5], Freiling-Ignatiev [4] and Mochizuki-Trooshin [12] (see also Mochizuki
[10, Chapter 8]) to problems on general non-compact graphs. The behavior of the
resolvent (L — x%)™!, k € C; = {k € C;Imx > 0} presented there is, with some
addenda, applied in Sections 2 and 3 to examine necessary local regularity and
low-frequency estimates of the resolvent.

We shall prove that under certain assumptions, the solution w = (w;)}_; =
(w;(x,t))j—; has the property

- 1
wy(@,1) = vj(w,00)e ™" + —[Pgl;(@) +0(1) (j=1,2,...,n), t =00
0

in an appropriate topology, where v = (v;)7_; satisfies

2.
d“v;

~ g T (@) — doob;(w)v; — ojvj =g; in;,

with the Kirchhoff condition. The operator P = (Py;)p ;_; is determined in
considering the steady state problem near the resonance 0 of L. This is the
statement of the principle of limiting amplitude. The principle has been stud-
ied by many authors for waves in various infinite domains of R™, n > 2; see, e.g.,
[1,6,7,9,11, 13, 14, 15, 16] and references there. However, few results are available
for waves on non-compact graphs. The complexity may be in the existence of the
0-resonance. This causes the appearance of the singularity when the resolvent of
L approaches the resonance point. The existence of the friction term —iocqBv may
bring another complexity. For this problem, we have the proofs of [9, 11], which
are also applicable to the present equation.

This paper will be organized as follows: In the next Section 1 we consider an
abstract wave propagation problem with dissipation, and summarize conditions
under which the validity of the principle of limiting amplitude is guaranteed. The
results are applied in Section 2 to the Dirichlet problem of the concrete wave
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equation on the positive half-line R, . Finally, in Section 3 we extend the results
of Section 2 to the problem on the non-compact star graph.

8§1. An abstract setting of the principle of limiting amplitude

Let H be a Hilbert space with inner product (-,-) and norm |-||. Let L be a
non-negative self-adjoint operator in H with dense domain D(L). Let B be a non-
negative bounded operator in H.

We consider the following problem:

Ofw(t) + Lw(t) + Boyw(t) = ge "7°!, >0,

(1.1) with w(0) = d,w(0) = 0,

where oy is a non-zero real number. In the following we put oy > 0. The same
treatment is possible when og < 0. For k € C; let R(k%) = (L — k?)~! be the
resolvent of the operator L.

There exists a Banach space X such that

X" H— X,

where X* is the dual space of X. In the following we write B = A*A, where
A* = A=+/BinH and A is extended to an operator in B(X,H). Then A* forms
the operator in B(H, X™*).

Assumption 1 (Principle of limiting absorption). For k = o + i7 with ¢ € Ry
and 7 > 0, the limit

R(0® +i0) = hf& R({o +it}?)
exists in B(X™*, X). Thus, as a bounded operator from X* to X, the resolvent
R(k?) is extended continuously in k € C4\{0}.

Assumption 2 (High-frequency estimates). There exists Cy > 0 such that for all
k € C1\{0} we have
IR(5*) 1 5(x+ x) < Colr] ™

Assumption 3 (Local Hélder continuity). Let I = [a,b] C Ri. We set Ay =
{(k=0+ir; o €1, 0 <7 < 1y} for a small vg > 0. Then there exists C; =
C1(A+) > 0 such that for any x, &’ € Ay with |k — | < 1 we have

|R(x%) — R(K"*)||p(x~.x) < Cilrs — £'|°* for some 0 < &; < 1.

Assumption 4 (Low-frequency estimates). There exist Py € B(X*, X) and
Ca > 0 such that we have in Ag = {x € C4; 0 < |s| < 1},

[kR(k%) = Pollg(x,x) < Cy|k|%2  for some 0 < dy < 1.
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Assumption 5 (Compactness of AR(k?)A*). For each k € C;\{0}, AR(k?)A*
forms a compact operator in H.

Under these assumptions, it is well known that for each g € H, solutions w(t)
of problem (1.1) exist and are unique in the class of differentiable functions of
t > 0 with values in H.

For this solution we shall prove the following theorem which establishes the
principle of limiting amplitude.

Theorem 1. Under Assumptions 1-5 consider the initial value problem (1.1) with
g € X*. Then as t — oo the solution w(t) satisfies

w(t) = v(og)e 70t + UiOPg +o(1) strongly in X,
where v(og) = v(og +1i0) € X is the unique solution of the problem
(1.2) Lv —ikBv — k*v = g,
with k = og + 10 and

P =Py +iPyA*{1 —iAPyA*} ' AP,.
Let
@ = (k) = /0 T ()t dt,
where x € C,. Then w satisfies the reduced equation

L — ikBW — k200 = —9
i(k — 0p)

So, if v solves problem (1.2), then v(k) = —i(k — 0¢)w(k) and the solution of (1.1)
is given by
1 —ptito v(k)

w(t) = — lim

: efznt dﬂ,
271 p—oo

ptirg 700

where 79 is a large positive number.
Let ¢ = Av. Then (1.2) is reduced to the following equation for ¢:

(1.3) ¢ — ikAR(k*)A*¢ = AR(K?)g.
Conversely, let ¢ € H satisfy this equation. Then the solution of (1.2) is given by

(1.4) v =ikR(k*)A*¢ + R(K?)g.
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In fact, if we denote the right by h, then we have (L —rx?%)h = ikA*$+g. By means
of (1.3),

ikA*¢ = ikA*{irAR(rk*)A*¢ + AR(rk)g}
= ikB{ikR(k*)A*¢ + R(k*)g} = ikBh.

Thus, h satisfies the equation (L — k?)h = ik Bh + g showing h = v.

Lemma 1.1. The operator —ikAR(k?)A* is dissipative in H: i.e., for each r =
—o+it (1 >0) and f € H the following inequality holds:

Re[—ik(AR(K%)A* f, )] > 0.
Proof. If ¢ > 0, we have

Re[—ik(R(k%)A* f, A* )]

> A+o2+72 d .

where E()\) is the spectral family of the self-adjoint operator L. Further, by the
limit procedure we have

lim Re[—ir(R(k?)A* f, A* f)]

= Blre? - i0) - R ipa* s 4
d
= o] (BO)A*f, A" )lszr 2 0. O

This lemma shows the uniqueness and the existence of solutions ¢ = ¢(z, k)
of (1.3) in H.

Lemma 1.2. For each k € C;\{0} we have

(1.5) le(s)II < Cslsl = lgllx-,

where C3 = Cy||Al|g(x,1). Moreover, for k,k" € Ay,

(1.6) lo(k) = Skl < Call A*[l50x 30K — &1 lgllx-,
where Cy = maxy {|x]72}CF + C1C3[| A |53, x+) + Ch-

Proof. By use of Lemma 1.1 we have from (1.3),

lo()l < IAR(s*)gll < [[Allsx a0 [1R(5?)gl|x -
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Then (1.5) is direct from Assumption 2. Next note that
¢(k) — ¢(v") — ik AR(K*) A™{(r) — ¢(r')}
=i(k — K)AR(k})A*¢(r') + ix’ A{R(k*) — R(x"*)} A* (k')
+ A{R(r%) — R(x")}g.
Then we can use Lemma 1.1 once more to obtain
lo(r) = ok < N Allsx 20 {1 — &' R(6*) A6 (x) | x
+ [ [{R(K?*) — R(k™)} A" (r")]| x
+I{R(x*) — R(s")}gllx }-
Each term on the right is estimated as follows: By use of Assumption 2 and (1.5),
|k = K[ |R(*) A" (r)||x < Colw|™ |k — w'|[|[ A"l x+ < CFIu| "%k — w'[llgl x--
Assumption 3 implies
|&'[I{R(r*) — R(x™)}A"¢(x") ]| x
< |W|Ch|w — &1 A* G (W) [ x+ < CLC3]| A" (|30, 5+
I{R(x?) = R(x"*)}gllx < Cilw = &' [|g] x--

k=" gl x-,

Estimate (1.6) is thus concluded. O
Lemma 1.3. Let Cs = Co(C3||A*||gp,x+) +1). Then

(1.7) lv(r)llx < Cslw| ™ lgllx- for & € C\{0}.

Moreover, let Cs = Cy(C3||A*||gp,x+) +1). Then

(1.8) lo(k) = v(&)llx < Colw —'1%|lgllx- for w2,k € K.

Proof. Apply the inequalities of Assumption 2 to (1.4). Then we have

lollx < Isl[R(5*) A"l x + | R(x*)gllx
< Co{llA4"¢llx- + |6l lgllx- } < Colsl {145, x)Cs + 1} gllx-
showing (1.7). Next, note the identity
) —v(') = inR(K*) A {¢(r) — ()}
+i(k = K)R(K*)A"G(K) + in'{R(x*) — R(x"*)} A" 6(x")
+{R(x*) — R(x™)}g.

v(k

Then the estimates given in the proof of Lemma 1.2 are also available in this case
to conclude (1.8). O
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Lemma 1.4. There exists Cg > 0 such that
Ikv(k) = Pgllx < Celnl*|lgllx- for |s] < 1.
Proof. By (1.4) we have
ko(k) = ik{kR(Kk?) — P} A*$(k) + {kR(k*) — Py}g + ikPyA*¢(k) + Pog.
Here, by Assumption 4 and Lemma 1.2,

I{&R(K?) — Po}(icA* ¢ + g)|| x < Calk*{||kA* | x- + |lglx-}
< |k Co(Cs )| A* [l x ) + Dllgll x--
Note that
ikPyA*¢(k) = iPyA*{1 — ikAR(k*)A*} "' A(kR(k?) — Po)g
+iPyA*[{1 — ik AR(K*)A*} ' — {1 —iAPyA*} "1 APyg
+iPyA*{1 —iAPyA*} "t APyg.

Then since |[{1 —ikAR(k*)A*}~ Y| < 1 and ||{1 —iAPyA*}71|| < 1 follow from
Lemma 1.1, noting APy € B(X*,H), PhA* € B(H, X), we obtain

||1I€POA*(b(l<&) — ’LP()A*{l — iAPoA*}_lAP()gHX S C|KJ|62 ||g||X*

for a suitable constant C > 0. Thus, the desired inequality is concluded. O

Proof of Theorem 1. We start from the expression in X:

1 —pHiTo (4 ]
w(t) = — lim L(f“{t dk.
27i p=oo Jpyiny K — 00
Note that v(k) is an X-valued analytic function of Kk = —o +i7 in 7 = Im~x > 0.
So, by the use of the Cauchy integral formula,
—p+iTo P . —i(o+ie)t
; €
/ Me_mt dr = —lim vlo +ic)e , do
ity K00 el0 J_, o — 0 +1€e

_/TO{U(p-l—iT)e_i(p“T)t U(—P+i7)e_i(_p+”)t}d7_
0 T —i(p—00) T+i(p+00) .
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Here, the second term on the right tends to 0 in X as p — oo. Thus, choosing
0 < 2a < g9, we have

—a+oo —a . —i(o+ie)t
w(t) = lim — [(/ / / ) vlo £ ie)ge - do
el0 273 atoo a o —optie

N /“+”° {v(o +ig) — v(og + i) yele—ioNt

- do
—a+og o — 00+
. Ve a efiat

+ v(og + ig)elFTi0) /a P
N * {(oc+ie)v(o+ za) - Pg}e(*ff“’)75 &

—a (0 — oo +ic)(o +ic)

a (e—io)t -1
P do| = —|Lh+L+Is+ 14+ 15|

+ ?Kaw—av+mxa+w)”} gmg 1t 22 s+ Lt T

By the Holder continuity and the decay and singularity estimates of v(o + i¢) in
Lemma 1.3, we can use the Riemann—Lebesgue theorem to see I, Is — 0 strongly
in X as t — o0.

On the other hand, since
lim @ e_i".t do = —9iim * osin(ot) + € cos(ot)
elo J_, o+ie elo Jo 02 4 ¢2

¢ sin(ot < 1
:_22’{/ Sln(io-)do'—i—/ 5 do}—>—2m' as t — oo,
0 g 0 g “rl

-1
— I3 = v(og +0)e”°" ast — oco.
2me

do

it follows that

Moreover, since

a e—zot
/ - — do
_q (0 =00 +ie)(o +ie)

:/0 {(U—aoj—is)(a—l—is) * (a—l—ao—eie)(a—ie)}dg
“ 2010t 2io sin(ot) + 2ie cos(at)
:A{wkww—mww+mﬁ‘w+@—@éufa}“’

letting € | 0 we have
i a e(s io)
im
0 r—o0+ zs)( i) ¥

@ Qe~iot t) in(cot o0 1
= / 5 do — 21/ sin(o sin(ot) } do — Zi/ ——— do,
0 02— g2 — o 0 000 0'0(0'—|-O'0) o oo(c?2+1)
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and it follows that 1 1
—I5s —- —Pg ast— oo.
211 oo

Summing up, we obtain the desired conclusion. O

The above theorem is based on [11, Theorem 3], where some dissipative wave
equations in the exterior domain in R™ (n > 2) are treated and Assumptions
1 to 5 with P = 0 are proved to hold. Note that when we consider the self-
adjoint problem without dissipation, the Stone theorem can be replaced for a
high-frequency estimate of the resolvent. See, e.g., [14, 15], where Assumptions 3
and 4 with P = 0 are proved to establish the principle of limiting amplitude for a
wide class of n-dimensional (n > 3) wave propagation problems. Wave equations
may have resolvent with higher-order singularity at the origin. As we shall see
in Sections 2 and 3, the first-order singularity appears in the graph problems.
Assumption 4 is formulated to apply to these problems.

§2. The wave equation on the half-line

As the simplest problem we first consider the wave equation

(2.1) Ofw — 02w + b(z) 0w + q(x)w = e “tg(x), (x,t) € Ry x (0,00),
Wlg=o =0 and w(x,0) = dyw(x,0) =0,

where o¢ > 0, b(x) is a non-negative continuous function satisfying
(2.2) bx) <Cl+z)™® witha>1

and the potential ¢(z) is a real function satisfying (0.4).

Let % = L?(R4.) be the Hilbert space with norm || f||? = [* | f(z)|* dz < oo,
and let Lu = —d?u/dz? + q(x)u be the self-adjoint operator in H with domain
D(L) = {u,u € H; ' is absolutely continuous, u(0) = 0 and —u" + ¢(z)u € H}.

The essential spectrum of L fills the non-negative half-line [0, 00). The resol-
vent of L is an integral operator, whose kernel will be given with the use of two
solutions of the equation

2
—% +q(z)u = x*u in Ry.
Let w(z, k) be the solution of (2.3) which satisfies the initial condition w(0, k) = 0,
w'(0,k) = 1. Let e(x, k) (Imx > 0) be the Jost solution of (2.3) which satisfies
the asymptotic condition e(x, k) — €™** (x — 0o0). The Wronskian of w(z, k) and

(2.3)

e(z, k) is

(w(z, k), e(z, k) = w(z, k) (1, k) — W' (z,K)e(z, k) = —e(0, K).
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So these solutions are linearly independent when e(0,x) # 0, and the resolvent
R(k?) = (L — k%)~ of L forms an integral operator with kernel

w(x,k)e(y, k) (

z <y),

o e(0, k)
(2.4) HEr 2 oot
6(0,/@) -

The unique existence and fundamental properties of solutions w(z, ) and
e(z, k) are well known ([8]) and follow from the equivalent integral equations

sin kx T sink(z —
o) = Sy [P 1y ) ay,
0

K K

(oo} : _
e(r, k) = "% — / wq(y)e(y, #)dy, Imk>0.
x

K
We put
w(z, k) = e " E(x, k), e(z,k) =" 2(x,K)
and rewrite the equations as those of {(z, k) and z(z, k):
e2ikT _ 1 T eQin(mfy) -1
2. =
(2.5) §(z, k) 57 +/0 i 1W)E(y, k) dy,
© 1 _ e2ir€(y—x)
(2.6) z(z, k) =1— / 27(](111),2(317 K)dy.
x iK

Lemma 2.1. For each k, k' € C;\{0} we have

21Kk x
(2.7) ‘e —1 / e*"t dt| < min{w, |k},
2iK 0 -
eQinx eQinw -1 x dint 1 . 5 . L
(2.8) ‘x din (@) = /0 te dt’ < 3 min{x®, z|k|”" + |k| 77},
2iKT _ 1 2ik'x _ 1 x . o, T K )
‘ - S = {e2int _ 2Rty qt| = 2it | ¥ do dt

2iK 21K’ 0 0 !

(2.9) < min{|k — &'|2?, 2z, |k| 7t + |&'| 71},
621'&15 -1 x ) T K )
(2,10) ’7 — 1,‘ = / {e2mt o 1}dt‘ _ ‘/ 2it/ e2iot dadt‘
21K 0 0 0

< min{|s|z?, 2z}.

Lemma 2.2. For each vk € C, (2.5) has a unique solution &(x, k), which is an
entire function of k, and if Imk > 0, we have for any x € Ry,

(2.11) |€(2, k)| < min{z, |k| ' }elo via@ldy,
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For each k € Cy, (2.6) has a unique solution z(z,k), which is analytic in C

continuous up to C4, and we have

(2.12) |z(z, k)| < e min{y, x| " }a(y)| dy < el vla()ldy
(2.13) |2(z, k) — 1] < / min{y, ||~ }|q(y)| dy elo” vlaw)ldy
(2.14) |2 (z, k)| = |0z2(2, k)| < /oo la(W)l12(y, k)| dy.

Proof. The usual successive approximation argument can be applied to equations
(2.5) and (2.6).

First consider (2.5), restricting ourselves to the case Imx > 0. Put &(z, k) =
Jy €%t dt and determine & (, ) successively by

21K

T 2ik(z—y) _
ol k) = / e (y.k) dy.

Then (2.7) implies
61(2, 5)| < mine, |51} / min{y, [5] " }a(y)| dy,
€ (z, 5)| < min{z, |5~} / 1) €61 (v, )] dy

< min{x, |x|~1}

_[/ winy. e~ Hao) | dy]

Hence &(z,k) = > &k(2, k) converges to the unique solution of (2.5) in z > 0,
Im > 0, and satisfies (2.11).
For (2.6) we put zo(z, k) = 1 and determine zj(x, k) successively by

© 1 2ik(y—x)
o) = = [ TG e ) dy

Then (2.7) also shows
(e, 0)] < / miny, |5l Ha@) 121 (g, 5| dy
1[ [ k
< gl [ minto b el
N xT

and the unique solution of (2.6) is obtained by z(z, k) = Y p, zk(2, k), and sat-
isfies (2.12) and (2.13). Inequality (2.14) is obvious from the equation

2z, k) = */ 2 W) g(y)2(y, k) dy. O
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Lemma 2.3. For each ,r' € C\{0} and 0 < & < 1 we have
€z, 1) = E(a, W) < [r = w2 [min{2z, [£] 71+ w710
(2.15) {1 [Tl )l dy bl o,
|2(w, k) = (@, K")| < |k — |° /OOO y* [min{2y, x|~ 4 |&'[ 710
(2.16) x la()l]2(y, &")| dy elo” viaWl v,

Proof. We have from (2.5) and (2.6),

T eQin(zfy) -1

£z, m)—E(, 1) = ale, 5, 1) + /

0 2iK

Q(y) {§(y7 H) 7§(y7 H/)} dya
a(x, K, H/) _ /Ox{eZimS _ e2in’t} dt

T eQim(w—y) -1 eQim'(w—y) -1
“f { Bl }q<y>£<y, W) dy
0

21K 21K

and

2(z, k) — z(x, K) )
iK

0 1— eQin(y—J;) 1— eQinl(y—J;)
i N _ N Nd
a(z, k, k") /L { 2in i }Q(y)z(lh k') dy,

] 7€2i/{(y7m)
iz, i) — / e ) ey, k) — 2y, )} dy,

13

respectively. Successive approximation arguments are also applicable to these inte-

gral equations. Then since we have from (2.9) that

o) < minlo = a2 20,4 1 1 [l a
and
la(z, k5, 1)| < /:o min{|x — #'ly*, 2y, k|7 + |17 Ha()]2(y, &) dy,
the desired inequalities (2.15) and (2.16) are concluded, respectively.

Lemma 2.4. Assume that B > 2 in (0.4). Then for each k € C;\{0} we have

@171 [elon)| < [ mingyull 4 6] a2 )| dy a0,

O
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and for each k € C,, 0 < |k| < 1,
oo
o) = 260,00 < 20 [Pl |00l dy
xT

+  sup Ié(w,fﬁ)\/ y2lq(y)| dy

x>0,|k|<1
(2.18) + [Tyl .0) dy}efo*tw) at)

where 2(x, k) = Ogz(x, k) and 0 < 6 < min{l, 8 — 2}.

Proof. Differentiate (2.6) by . Then

01 _ eZin(y—x)

2(z, k) = a(z, K) +/ q(y)2(y, k) dy,

x

0o (y_m)e?m(yfw) 1_62im(y7w)
a(x,ﬁ):/w { - + s }Q(y)Z(y,H)dy

21K

The use of (2.8) implies
la(z, )| S/ min{t?, 5| =" + K| "2 }Ha(t)] [2(t, 5)] dt,

which leads us to the desired conclusion (2.17).
Next note

o) = 20 =) + [ [ [ e dt] a() {39, %) — (9,0)} dy,

T

where
a1 (2, k) = /:o on_wzzt{em _ 1}dt}q(y)z(y,0) dy
[T e ) ) - 20y

+/:o on_z{e”“t ~1} dt}q(y)i(y,o) dy.

To estimate the first and the third terms we use (2.10). Then

a1 (2, )] < 4]4]? / y2+019(y)] |2y, 0)| dy

x

+/:°y2|g(y)|‘/o“z-(y,a>dg

and (2.18) follows.

dy + 2/’ / y ™ g(w)] (s, 0)] dy,
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With these lemmas we return to the expression (2.4) of the resolvent kernel
R(z,y,k). We put K, = {k € C4; e(0,x) = 0}. It is well known ([8]) that {u?;
u € K.NC,} forms the set of negative eigenvalues of L, and we have K.NR C {0}.
Also, in the case e¢(0,0) = 0 there is an identity (cf. [17])

¢(0,0)¢'(0,0) = —i.

In the following, we require in addition to (0.4) that L is non-negative, i.e., K.C{0}.

Let X = L?

(142)-« (R+) be the weighted L?-space with norm

1% = / T4 2) 0 (@) dr < oo,

and let X* = L%1+z)a (R4) be its dual, where we have chosen a > 1 as in (2.2).

For b(z) of (2.2) let a(x) = +/b(x) and define a multiplication operator A by
Af(x) = a(z) f(z). Obviously we have A € B(L*(R.), X) N B(X*, L*(Ry)), and
equation (2.1) will be treated in this framework.

Theorem 2. The following statements hold:

(1) Let « > 1 in (2.2) and § > 1 in (0.4). Assume that e(0,0) # 0. If g(x) € X*
in (2.1), then as t — oo,

w(x,t) = v(z,00)e " +0o(1) in X,

where v(x,00) is the unique solution in X of the problem

2

Lv —ikBv — k“v =g with Kk = og.

(2) Let a > 2 in (2.2) and § > 2 in (0.4). Assume that (0,0) = 0. If g(x) € X*
in (2.1), then as t — oo,

4 1
w(z,t) = v(z,w)e "7 + —Pg(z) +o(1) in X,
0o
where v(x,w) is the unique solution in X of the problem

Lv — ikBv — K2

v=g with k= 0y,
and the operator P € B(X*, X) is given by

Pg = Pyg +iPyA*{1 —iAPyA*} ' APyg
with
e(z,0)
€(0,0)

[ w0t dn + 555 [ et 0t v

[Pog)(x) =
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Proof. For the proof it is enough to verify that Assumptions 1-5 of Section 1 hold.

(1) The resolvent kernel of L is given by (2.4):

E(x, )2 (y, w)e ")
z(0, k)

R(z,y; k) = if z <y,

and R(z,y;x) = R(y,x;k) (x > y), where 2(0,x) = ¢(0, k). Since ¢(0,0) # 0, it
follows from (2.13) that z(0,x) is uniformly positive in ¥ € R. Combining this
with other estimates of Lemma 2.2, we see that R(z,y, x) satisfies

|R(z,y; k)| < Colr| 71 H020/2y0/2

for any 0 < § < a — 1. So R(k?) is continuously extended in B(X, X*) to real
x € R\{0}, and the principle of limiting absorption (Assumption 1) holds. Also the
high-frequency estimate (Assumption 2) and the low-frequency estimate (Assump-
tion 4 with Py =0 and 0 < d2 < a — 1) hold.

Next, note that for x, " € A4 we have

E(@, K)2(y, m){ertv™) — )}y
(0, k)
E@,r)2(y, k) & K2y R i (y-a
2 oo

R(J?, Y, K) - R(Z‘, Y, "’5,) =

2(0, k) z(0,K")

Then |e(¥=%) — ¢in'(y=2)| < 21-0|,5 — /|9% for any 0 < § < 1. Thus, choosing
20 < a — 1 and combining the estimates of Lemmas 2.2 and 2.3, we obtain

[R(z,y. %) = R(z,y; )| < Cilr — #'°(1+2)° (1 +y)°,

where Cy > 0 depends on Ay and [~ (14y)|q(y)| dy. This implies the local Holder
continuity of the resolvent (Assumption 3 with 0 < §; < (a —1)/2):

IR(k?) — R(K")|l5(x+,x) < Cilk — &'

Finally, the compactness of AR(k2)A* (Assumption 5) is obvious since it is
an integral operator of Hilbert-Schmidt type for each x € C_.

(2) We have only to show the low-frequency estimate of the resolvent.
The kernel of kR(k?) — Py is represented as

kw(x, k)e(y.k)  w(z,0)e(y,0)
)

Rz, y,8) = Po(@,9) = —— 5" ~ ~ 0.0
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_ {r2(0,0) — 2(0, k) }E (2, 1) 2(y, k) V)
2(0,%)£(0,0)
E(x,k)2(y, k) — €(2,0)2(y,0) &z, k)2(y, k) {e W) — 1}

£(0,0) - £(0,0)

+

when =z < y, and a similar representation also holds when y < z. Lemma 2.4 is
applied to

/gz'(O,ZO()()’—;):(O,K) _ /OK{Z((LU) — 2(0,0)} do [/OH 2(0,0) da]

of the first term. For the second term we use the inequalities of Lemma 2.3 after
letting & — 0, and for the third term we note |e**(¥=%) — 1| < 2179|x|%|y — z|°.
Then we finally obtain

-1

kR (x,y; k) = Po(w,y)| < Clwl’ (1 +a) 1214 y)+0/2,

with C' > 0 independent of 0 < |s| <1 and 0 < 6 < min{1/2, a0 — 2,8 — 2}.
This gives the desired low-frequency estimate. O

8§3. The wave equation on a star graph

We return to the Schrodinger operator (0.1) defined on the non-compact graph
I' =~ X --- X 7, for functions w satisfying the Kirchhoff boundary conditions
(0.2), (0.3) on the vertex. The potential ¢;(z) (j = 1,...,n) is real and satisfies
condition (0.4). Then the operator L restricted to the domain (0.5) forms a lower
semi-bounded self-adjoint operator in H = L?(T") = H?zl L%(v;), and its essential
spectrum fills the non-negative half-line [0, c0).

We consider on I' the generalized eigenvalue problem

d2

(3.1) -

It gi(@)u; —K2u; =0 inT, je{l,...,n}.

Let w;(x, k), © € ;, be the solution of (3.1) which satisfies the initial condition
w;(0,k) =0, w;(0,r) = 1. Let ej(z, k), j € {1,...,n}, be the Jost solution of (3.1)
which satisfies the asymptotic condition e;(z, k) — € (z — 00).

When ¢;(0, k) # 0 for all j, the resolvent of the operator Lp = diag(—d?/dx?+
q(z;))j—; with 0-Dirichlet boundary conditions forms an integral operator with
diagonal kernel

RD(Z‘, Y, K’) = dlag(RD,k(-rkv Yk /@))Z:la
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where
(xka ) k(y/mﬂ) (xk Syk)a
er(0, k)
Rp i(Tk, yrs k) = e (e, K)o (Yo, )
) b) > .
en(0, k) (Tr > yr)

We modify this to satisfy the Kirchhoff conditions. As is easily seen (cf. [12]), the
resolvent kernel R(x,y; k) = (Ri;(Tk, y;; “))Z,j:1 of L is given by

ex(Tr, k)ej(y), k)

ex(0,K)e;(0,5)G(K)’

(3.2) Rij(xk,yj; k) = 0 Rp i (Tk, yis K) —

where dy; is Kronecker’s delta and

Put
K.={reCy; [[1_1ex(0,5) =0}, Kg={reCy; G(r)=0}.

Let N°(k) = {j € {1,...,n}; €;(0,x) = 0}, and divide K. into two parts K, =
K.(I) U K, (11):

Kc(I) = {r € K¢; §N(k) > 2}, K.(II) = {r € K.; §N°(k) = 1}.
If 4 € Cy is in K., then for k € N%(pu),

e;(0, 1)
éj (07 /j‘) ’

€k (07 K)G(K) — ek (Oa :u) Z

JENO (1)

and it follows that G(k) — oo as k — p. So K, and K¢ are disjoint to each
other. Repeating the argument of [12] we have more: If u € [K.(I) U Kg] N Cy,
u? becomes a negative eigenvalue of L. In fact, when u € K.(I) N C,, choosing
{aj; j € N%(u)} to satisfy 3- cno(,,) as€5(0, 1) = 0, we see that u = (u;)7_; with
u; = aje;j(z, 1) (j € N%(p)) and = 0 (otherwise) becomes an eigenfunction of L,
and when p € Kg N Cy, p? is an eigenvalue of L with eigenfunction

er(w, p) en (T, 1)
(el(o,u),..., en(()’u)) € LX(I).

Next, [K, U Kg]NR C {0}. In fact, if A € R\{0}, then as in the case of Section 2
we have

(3.3) m e;:(z, a Hes(@, VP = .
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Lastly, let p € K.(II) and k& € N°gu). Then e(0,x)G(x) — €} (0,u) and
e;(0,k)G(k) — o0 (j # k) as kK — p. So Rese—, R(z,y,k) = 0 if p € Cy,
and this p becomes a removable singularity.

Now we treat of the principle of limiting amplitude for the solution w(z,t) =
(w;(w,t))j—; of the wave equation

OPw(x,t) + Lw(z,t) + Bow(z,t) = g(x)e " (z,t) € T x (0,00),
w(z,0) = dyw(x,0) =0, xeTl.

Here L is additionally required to be non-negative, i.e., {K.(I) U Kg} C {0}, and
B = A* A is defined by

(34)  Af(2) = (a;(2) f;(2))}=1,  aj() = \/bj(z) < C(L+2)"*% (a>1).

With @ > 1in (3.4), let X = L%1+$)Q(F) =1II-, L(21+xj)a (v;) and X* be its
dual.

Theorem 3. The following statements hold:

(1) Let > 1 in (3.4) and 8 > 1 in (0.4). Assume K. U Kg = 0. If g(x) € X*,
then as t — oo,

w(z,t) = v(z,00)e " 4 0(1) in X,
where v(x,00) is the unique solution in X of the problem

Lv —ikBv — k*v =g with k = 0y.

(2) Let « > 2 in (3.4) and § > 2 in (0.4). Assume K (II) = {0}. If g(z) € X*,
then the same results as (1) hold in this case.

(3) Letaw > 2 in (3.4) and 5 > 2 in (0.4). Assume K. (I)UK¢g = {0}. Ifg(x) € X*,
then as t — oo,

- 1
w(x,t) = v(z,00)e 7" + —Pg(z) +o(1) in X,
o0
where the operator P € B(X*, X) is given by
P =Py +iPyA*{1 —iAPyA*} 1 APy,

where Py = (Pok;j)y. j—1 is an integral operator with kernel (Porj(z,y))i j—1- When
0 € K.(I), we have Poyj(z,y) =0 if k or j ¢ N°(0), and if both k,j € N°(0), then
‘wk(ac,O)ej(y,O) _ ek(xao)e.j(y’())

Pori(x,y) =0 - 20y TSV
ok (T,Y) kj ¢;(0,0) €,(0,0)¢;(0,0)G(0) !




20 K. MocHI1zuki, H. NAKAZAWA AND I. TROOSHIN

and Pogj(z,y) = Por;(y,x), * >y, where

é(o): Z ?2(070): Z 62(079)2.

e
£ENO(0)

On the other hand, when 0 € K¢g, we have

er(,0)e;(y,0)
ex(0,0)e;(0,0)G(0)

Porj(z,y) = —

for all k,j € N, where

zn: %(0,0)e;(0,0) — €(0,0)¢,(0,0) zn:
= €;(0,0) €

Jj=1

]

To show this theorem we can follow a line similar to that for the single equa-
tion.

Lemma 3.1. Let 0 <6 < 1. Then

@@|4@m—4m#nsmmwv{é fmme{wmw}mpm@mm

YEY;

where
amm:/ mmw/'f%m@mrwm*wﬁmmwaﬁmww.
0 0

Moreover, in the case > 2,

(3.6) 1£5(0, )] §4/Ooo(1+y)|Q( ) dy sup {|z;(y, £)| + % (y, %)[},

YEY;

1250, k) — £;(0,0)] §4IHI5/O (1+9)"*lq(y)| dy sgp{\zg-(y,m)l + 1% (y,5)}
ASel

+2Awﬂ+wq(ﬂw9mﬂ%@,) 21(5.0)

YEY;

(3.7) +12i(y, %) = 2(y, 0)[}-

Proof. Inequality (3.5) is easy from the identity
400.8) = 50,0 = = [ = Az 0. dy
[ e s ) - ) dy
0
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if we note (2.16). Inequalities (3.6) and (3.7) are respectively obtained from the
identities

2:(0,K) = — /Ooo " Yq(y){2iyz;(y, k) + % (y, k) } dy,
#(0,k) — £5(0,0) = — /000(62“"’ — D{2iyq(y)z; (y, &) + a(y)2;(y, &)} dy

_ /OOO[Qiyq(y){Zj (y, k) — Zj (y,0)}

+a(W){2(y, k) — %;(y,0)}] dy. O

Combining this lemma and Lemmas 2.2 and 2.4, we have the following two
lemmas for the function G(k).

Lemma 3.2. Let 3>1in (0.4). Then there exists C(Ay) such that for k, k' € A,

(3.8) |G(k) — G(K")| < C(As)|k — &'|V/2.

Proof. By definition we have

G(k Z i

(0%)

J (0, 6"){z;(0, k) — 2;(0, ")}
_Z zj(0, k)z;(0, k')

+ni(k — K').

So (3.8) follows from (3.5), (2.16), (2.12) and (2.14). O

Lemma 3.3. Let B > 2 in (0.4). Assume that 0 € K.(I) and j € N°(0). Then
there exists C > 0 such that for 0 < 6 < min{1/2, 8 — 2},

(3.9) le5(0,8)G () = ¢;(0,0)G(0)] < Cls|’.

Assume that G(0) = 0. Then similarly

(3.10) |k G(K) —

71/ {G(s) 0)}ds| < C|x|°.
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Proof. Assume that 0 € K. and j € N°(0). Then

¢;(0, K)G(r) = ¢;(0,0)G(0)

= ifN"(0)r2;(0, k) + {20, ;(0,0)} Z Zf 0(1;;
LeNO°(0 H ZZ H
B {2(0,0) — 5~ "20(0, %) }24(0, %) 2(0, k) — 2(0,0)
! (070)26;:(0){ £12¢(0,K)2(0,0) i %(0,0) }

Lemmas 2.2-2.4 and 3.1 are applicable to this identity to obtain (3.9). Next,
assume G(0) = 0. Note the identity

. . o c3(0,k)  £5(0,0)
G(k) — G(0) = ! -
0-60=3{ 6 00
7(0,r)2;(0,K)  27(0,0)£;(0,0)
B Z{ 2i(0,k)2  2(0,0)2 }
in this case. Then Lemmas 2.2-2.4 and 3.1 also yield (3.10). O

Proof of Theorem 3. (1) By assumption both ex(0,x) (k = 1,...,n) and G(k)
are never zero in R. So Assumption 1 is obvious from the expression (3.2) of the
resolvent kernel R(z,y, k).

As is proved in the half-line problem we see

wi(z, K)er(y ’ _ |8k, K)2k(y, K)e in(y—=) < CJ|1Ho02y12

21(0, K)

er(0, k)
for any 0 < 6 < @ — 1. On the other hand, the assistance of (3.3) yields

c __c
~ G T 1+ k]

Applying these estimates to the expression of the resolvent kernel, we obtain both

Zk z, K Z](y, ) znzei/{y

21(0, k)2 (0, k)G (k)

‘ er(z, k)e;( y, ’_
ex(0,k)e; (0, k)

the high-frequency estimate (Assumption 2) and low-frequency estimate (Assump-
tion 4 with Py = 0).

To verify Assumption 3 we need the Holder continuity (3.9) of G(k). Then a
similar proof to Theorem 2 (1) is possible to the present case. Moreover, we see
that AR(k?)A* is an integral operator of Hilbert—Schmidt type under (3.4). So we
see Assumption 5 holds. Theorem 3 (1) is thus proved.

(2) Let 0 € K.(II) and k € NY(0). Then

e;(x, k) ex (2, k)
Rkj (xv Y, H) = {5kjwk(x’ ﬁ) N €; (07 ,‘{:)G(Kl) } 6:(0, K) '
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Applying Lemmas 2.2, 2.3 and the first inequality of Lemma 3.1, we obtain

(k) — o (x ex(2,0)  ex(z,K)
=kl ) =kl 00+ G5y T 0,

er(z, k) er(z, K

) ) B .
1 (0,k)  er(0,K)G(k) = O(|x]).

er(z, k)
er(0,k)G(kK)

wi(z, k) —

Also,
ej(z, K)

o mGe Ol G#R.
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So Ryj(x,y, k) (for all £, j) are bounded near x = 0, and the proof is concluded.

(3) For the proof it remains only to show the low-frequency estimate (Assump-

tion 4).
When 0 € K.(I) we notice

er(z, K) }K;ej(y, K)

KBkj(@,y, k) = {5kj“k(x’ ") 0.RGm ) o0,

Here, as k — 0,

0 if 7 ¢ N°(0),

Kej(y k) ¢:(5,0) o

e;(0, k) é{(g’o) if j € N°(0),

I\
and
oy [P0 ik ¢ N°(0),
ex(z, K

Ok (@, ) = e (0, k)G (k) - Orjwi(z,0) — M if k€ N°(0).

€r(0,0)G(0)
So we see kRy;(z,y, k) = Poxj(x,y) as K — 0, where

0 if k or j ¢ N°(0),
Pij(xay) =

o (x _ Ek(x,()) ej(yao) if bo . 0
{Brjeon(,0) ék(070)@(0)}éj(070) £ both k, j € N°(0).

Moreover, with the help of (3.9) we obtain the estimate
|5 Rj (@, y, &) = Por(2,y)] < Clul*(1+2)1F2(1 4 y)1+0/2,

Thus, Assumption 4 holds with

n

> A ,. Pokj(z,9)9;(y) dy)

j=1

n

Poale) = (

k=1
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Next, consider the case 0 € K. Then e (0, k) # 0 near x = 0 for all k£ and

KkRy;(x,y, k) = Poxj(z,y) as k — 0,

where

(2.y) = — ex(,0)e;(y,0)
Poii (@9 = = e (0,0)8(0)

Moreover, by use of (3.10) we also have

|6 R (2,9, 5) = Porj(2,y)] < Olw’ (14 2)1HO2(1 4 4)1H072, 0
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