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Gorenstein Local Rings Whose Cohomological
Annihilator Is the Maximal Ideal

by
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Abstract

This work concerns the cohomological annihilators introduced by Iyengar and Takahashi.
Let R be a Gorenstein local ring whose cohomological annihilator is the maximal ideal. We
prove that R has finite Cohen-Macaulay type if, in addition, R is either of minimal mul-
tiplicity, one-dimensional, or an equicharacteristic Artinian algebra over an algebraically
closed field of characteristic not two. Under mild assumptions on residue fields, we classify
the equicharacteristic complete Gorenstein local rings with finite Cohen-Macaulay type
whose cohomological annihilator is the maximal ideal. For an Artinian Gorenstein local
ring but not a field, we prove that the nilpotency degree of the cohomological annihilator
is at most three.
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18G65 (secondary).
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§1. Introduction

Let R be a commutative Noetherian ring. In this article, we focus on studying
the cohomological annihilator of R introduced by Iyengar and Takahashi [24]. By
definition, the cohomological annihilator of R, denoted ca(R), is (J,~,ca”"(R),
where ca™(R) consists of elements r in R such that r annihilates Ext’;(M, N) for
all finitely generated R-modules M, N; see 3.1. When R is of finite Krull dimension,
the cohomological annihilator measures the singularity of R in the sense that R is
regular if and only if ca(R) = R; see 3.5.
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The study of the annihilator of Ext groups can be traced back to the 1980s.
Dieterich [17] proved that the ideal ca!(R) contains some power of the maximal
ideal when R is an equicharacteristic isolated Cohen-Macaulay singularity over
an algebraically closed field. Furthermore, Dieterich [17] observed that this prop-
erty implies that the first Brauer—Thrall conjecture holds. This established a close
connection between the cohomological annihilator and the Brauer—Thrall conjec-
ture. Buchweitz [8] observed that the ideal ca(R) contains the Jacobian ideal of R
when R is an equicharacteristic complete intersection; see 3.10. Later, Wang [34]
extended this result to equicharacteristic complete Cohen—Macaulay local rings.

Cohomological annihilators were systematically studied by Iyengar and Taka-
hashi [24, 25]. In [24], they proved that the cohomological annihilator of R defines
the singular locus of R when R is either an equicharacteristic excellent local ring
or a localization of a finitely generated algebra over a field. Then, under this
assumption, they proved in [24] that the category of finitely generated R-modules
contains a strong generator. On the other hand, Wang’s result [34] just mentioned
was extended by Iyengar and Takahashi [25] to a larger family of rings.

Usually, it is not easy to compute the cohomological annihilator for a given
ring. There are only a few classes of rings whose cohomological annihilators are
known. When R is a one-dimensional reduced complete Gorenstein local ring,
Esentepe [19] observed that the cohomological annihilator of R coincides with the
conductor ideal of R, namely the annihilator of R/R over R, where R is the integral
closure of R inside its total ring of fractions.

Recently, the second author [30] proved that the cohomological annihilator of
R is equal to the annihilator of the singularity category of R up to radical when
R is either an equicharacteristic excellent local ring or a localization of a finitely
generated algebra over a field. Moreover, building on works of Dao and Takahashi
[14], it is proved in [30] that there is an upper bound of the Rouquier dimension of
the singularity category of R by using the minimal number of generators of ca(R)
when R is an equicharacteristic excellent local ring with isolated singularity.

Let (R, m) be a Noetherian local ring. As mentioned, the cohomological anni-
hilator of R captures the singularity of R. Precisely, R is regular if and only if
ca(R) = R. We are motivated by the following natural question: For a Noetherian
local ring (R, m), what can we say if ca(R) = m? This is the leading question
throughout the article. Note that if the cohomological annihilator of (R, m) is
m-primary, then R has an isolated singularity; see Proposition 4.3.

A local ring (R, m) is said to have finite (resp. countable) Cohen—Macaulay
(CM) type provided that there are finitely (resp. countably) many indecomposable
maximal Cohen—Macaulay R-modules up to isomorphism. Our first result is a char-
acterization of Gorenstein local ring (R, m) with finite CM type and ca(R) = m.
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Theorem 1.1 (Theorem 4.12). Let (R,m,k) be an equicharacteristic complete
Gorenstein local ring of dimension d, where k is an uncountable algebraically closed
field of characteristic 0. Then the following conditions are equivalent:

(1) ca(R) =m and R has finite CM type.
(2) ca(R) =m and R is a hypersurface with countable CM type.
(3) R k[xo,...,z4]/(f), where f is of the form

2 2 2 2 2 2 2
rotaxy+x3+---+xy or x8+x1+x2+-~-—|—xd.

The above result supports a question of Huneke and Leuschke [22]; see Remark
4.13. The proof of Theorem 1.1 relies on the celebrated characterization of the
simple hypersurface singularities due to Buchweitz, Greuel, and Schreyer [9], and
Knérrer [28]. It is natural to ask whether we can drop the assumption that R has
finite CM type in Theorem 1.1. More generally, we ask: For a Gorenstein local
ring (R, m) with ca(R) = m, does R have finite CM type? The question is also
motivated by a theorem of Auslander [3] that a complete Cohen—-Macaulay local
ring with finite CM type has at most an isolated singularity. The following result
and Theorem 1.4 support this question.

Theorem 1.2 (Theorems 5.5 and 5.8). Let (R, m) be a Gorenstein local ring with
ca(R) =m. Then

(1) if R has minimal multiplicity, then R has finite CM type;

(2) assume R = S/(f1f2), where S = (S,n) is a Noetherian local ring and f1, fo €
n are S-regqular. Then embdim(R) < 2. If, in addition, dim(R) > 1, then S is
regular, dim R = 1, and R has finite CM type.

Let (R, m) be a hypersurface with ca(R) = m. We observed that the Rouquier
dimension of the stable category of maximal Cohen—Macaulay R-modules, denoted
dim MCM(R), is at most one; see Corollary 4.6. Due to Dao and Takahashi [12],
complete hypersurface singularity with dim MCM(R) = 0 has finite CM type.
Based on the above facts, we conjecture that a hypersurface (R, m) with ca(R) =m
has finite CM type. Theorems 1.2 and 1.4 support this conjecture.

In Section 5, we raise some questions and conjectures including those we
mentioned above. We also figure out their connections; see Proposition 5.15 and
Proposition 5.20. In Section 6, we study the cohomological annihilators of Artinian
Gorenstein local rings. We prove the following.

Theorem 1.3 (Theorem 6.3). Let (R, m, k) be an Artinian Gorenstein local ring.
Then

(ca(R))?>=0 or (ca(R))? =soc(R)=kE.
In particular, (ca(R))® = 0 if, in addition, R is not a field.
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The above result yields that the nilpotency degree of the cohomological anni-
hilator of R is at most three if R is an Artinian Gorenstein local ring but not a field.
In Proposition 6.6, we prove that the cohomological annihilator of the equichar-
acteristic short Gorenstein local ring is the socle under some mild assumptions.
Combining this with Theorem 1.3, we prove the first statement of the following
result.

Theorem 1.4 (Theorems 6.7 and 7.3). The following statements hold:

(1) Let (R,m, k) be an equicharacteristic Artinian Gorenstein local ring, where k
is an algebraically closed field with char(k) # 2. Then ca(R) = m if and only
if R k[z]/(2?) or R = k[z]/(23).

(2) Let (R,m) be a one-dimensional Gorenstein local ring. If ca(R) = m, then R
has minimal multiplicity and R has finite CM type.

The second statement of Theorem 1.4 has an immediate consequence: For
a hypersurface R = (S,n)/(f), where S is a two-dimensional regular local ring,
if the cohomological annihilator of R is the maximal ideal, then R has minimal
multiplicity; see Corollary 7.4.

§2. Notation and terminology
Throughout this article, R will be a commutative Noetherian ring.

2.1. In this article, we let mod(R) denote the category of finitely generated R-
modules. If R is a local ring with maximal ideal m and M is a finitely generated
R-module, the depth of M, denoted depthy (M), is the length of a maximal M-
regular sequence contained in m. This is well defined as every maximal M-regular
sequence contained in m has the same length; see [7, Theorem 1.2.8].

We denote by MCM(R) the full subcategory of mod(R) consisting of all max-
imal Cohen—Macaulay R-modules, i.e., R-modules M satisfying

depthp (My) > dim(R,)
for all p € Spec(R). By convention, 0 € MCM(R).

2.2 (Syzygy modules). For each ¢ > 0, Q%(M) is an n-th syzygy module in some
projective resolution of M. That is, there is an exact sequence

0—-QM)—>P,1—-+—P—FPh—M-—0,

where each P; is finitely generated projective R-module for 0 < ¢ < n — 1. By
Schanuel’s lemma, Q% (M) is independent of the choice of the projective resolution
of M up to projective summands.
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If R is local, we always use minimal free resolutions to compute syzygy mod-
ules in the article.

2.3 (Annihilators and stable annihilators). For an R-module M, the annihilator
of M in R is

anngp M = {r€R|r-M:0}.
For R-modules M and N, denote by P(M,N) the set of R-homomorphisms of

M to N which factors through projective modules. This is an R-submodule of
Homp(M, N). We put

Homp (M, N) :== Homg(M,N)/P(M,N).
The stable annihilator of M, denoted ann M, is defined to be anng Hom 5 (M, M).
We let Spec(R) denote the prime spectrum of R and write
V(I) == {p € Spec(R) | I C p}

to be the Zariski closed subset of Spec(R) defined by the ideal I. For each finitely
generated R-module M, we denote by p(M) the minimal number of generators of
M.

2.4 (Regular (local) rings and Gorenstein (local) rings). For a commutative Noe-
therian local ring (R, m, k), the embedding dimension of R is defined to be pu(m).
There is always an inequality dim(R) < embdim(R). The codimension of R,
denoted codim(R), is defined to be their difference. That is,

codim(R) := embdim(R) — dim(R).

A commutative Noetherian local ring (R, m) is regular if its codimension is
zero. Due to Auslander, Buchsbaum, and Serre, a commutative Noetherian local
ring is regular if and only if its global dimension is finite; see [7, Theorem 2.2.7].
A commutative Noetherian ring is said to be regular provided that R, is regular
for all p € Spec(R).

A commutative Noetherian local ring (R, m) is Gorenstein if the injective
dimension of R is finite. A commutative Noetherian ring is said to be Gorenstein
provided that R, is Gorenstein for all p € Spec(R). For a Gorenstein ring R, if
R has finite Krull dimension, then the injective dimension of R is finite; see [8,
Theorem 4.1.1].

2.5 (Finite CM type and countable CM type). Recall a local ring (R, m) is said
to have finite (resp. countable) Cohen—Macaulay (CM) type provided that there
are finitely (resp. countably) many indecomposable maximal Cohen-Macaulay R-
modules up to isomorphism. See details in [29] and [35].
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§3. Cohomological annihilators
The cohomological annihilator of a ring was introduced by Iyengar and Takahashi

[24, Definition 2.1]. We recall the definition below.

3.1. For each integer n > 0, the n-th cohomological annihilator of R is defined to
be the ideal
ca(R) = ﬂ annp Exty (M, N).
M,N€mod(R)

By the dimension shifting,

ca"(R) = ﬂ annp Exth (M, N).
i>n,M,N€mod(R)
The cohomological annihilator of R is defined to be
ca(R) = U ca(R).
n>0

This is an ideal of R. Indeed, there is an ascending chain

0 =ca’(R) C ca'(R) Cca’(R) C ---

of ideals of R. As R is Noetherian, it stabilizes after enough high terms, i.e.,
ca(R) = ca”(R), forn>0.

3.2. Tt is proved that the socle of R, denoted soc(R), is always contained in ca(R).
Indeed,
soc(R) C cal(R);

see [24, Example 2.6].

The following lemma is useful for computing ca(R). We refer the readers to
[16, Lemma 3.8] and [24, Lemma 2.14] for its proof.

Lemma 3.3. Let M be a finitely generated R-module. Then one has equalities of
ideals of R:
annp M = anng Ext (M, QL(M))

= ﬂ anng Ext's (M, N).
i>1,Nemod(R)

For Gorenstein rings with finite Krull dimension, we have the following useful
lemma.
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Proposition 3.4. Let R be a Gorenstein ring with finite Krull dimension. Then
ca(R) = ca"(R)
for alln > d+ 1, where d = dim(R).

Proof. It is enough to prove that ca™(R) C ca®!(R) for all n > d + 1. Consider
x € ca™(R). For any M, N € mod(R), we have

Ext&™ (M, N) = Exth(Q& (M), N).

Since Q% (M) is maximal Cohen—Macaulay and R is Gorenstein, Q% (M) is an i-th
syzygy module for any i > 0. In particular, Q% (M) = Q7% (X) for some X € mod R.
Thus,

Extht (M, N) = Exth(Q%(M), N)
>~ BExth (QR(X), N)
=~ Exti;t (X, N).

We obtain = € ca™(R) C anng Ext®™ (X, N) = anng Ext4t (M, N). As M, N
are arbitrary, we conclude = € ca?t!(R). O

3.5. Let Sing(R) := {p € Spec(R) | R, is not regular} be the singular locus of R.
It is proved in [24, Lemma 2.10] that

Sing(R) C V(ca(R)).

Hence, if ca(R) = R, then R is regular. The converse holds if, in addition, R has
finite Krull dimension. Indeed, if R is a regular ring of Krull dimension d, then
the global dimension of R is equal to d. This yields that Extzk(M ,N) =0 for all
i>d+1and M,N € mod(R). Thus, ca(R) = ca"!(R) = R.

Next, we compute the stable annihilator of cyclic modules.
Lemma 3.6. Let I be an ideal of R. Then
annp(R/I) =1+ anng 1.
Proof. Since QL(R/I) = I, one has
Exth(R/I,QL(R/I)) = Exthp(R/I,I).

This is annihilated by I and anng I. It follows from Lemma 3.3 that I +anng [ is
contained in annp(R/I).
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Conversely, let r € anng(R/I). We have an exact sequence
0—-I—R%LR/T—0,

where g is the canonical map. Hence, by the proof of [24, Lemma 2.14], we have a
factorization
R/l ———— R/I

N A

Since f(r) is annihilated by I, one has Im(f) C anng I, where Im(f) denotes the
image of f. Then

Im(gf) C glanng I) C (anng I)(R/I) = (anng I + I)/1.
As gf is multiplication by r on R/I, we get
(rR+1)/I=r-(R/I)=Im(gf) C (anng I +1)/I.

Lifting the containment to R, we obtain rR+1I C I +anng I. Hence, r is contained
in anng I 4+ I. Thus, anng(R/I) C I+ anng I. O

Let I be an ideal of R and r € R. We let 7 denote the image of r under the
canonical map R — R/I.

Example 3.7. Let R = S/(2*"), where n > 0 and S is a DVR with maximal
ideal generated by an element x. Since R is an Artinian Gorenstein local ring,
ca(R) = cal(R) by Proposition 3.4. Note that S is a PID. By the structure theorem
of finitely generated modules over PID, we know that the indecomposable modules
of R are of the form S/(z%) = R/(2%) for 1 < i < 2n. Hence, using Lemmas 3.3
and 3.6,

ca(R) = ca'(R)
= [ amng(R/(z))

1<i<2n

= ﬂ () + anng(z7)

1<i<2n

= N @+

1<i<2n
= (a").
Keeping the same assumption of S, if R = S/(z?"*1), where n > 0, one can
compute similarly that ca(R) = (z7).
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3.8. Let R be a Gorenstein ring with finite Krull dimension. In this case, the
injective dimension of R is finite; see 2.4. By a result of Esentepe [19, Lemma 2.3],

ca(R) = m annp M.
MeMCM(R)

Proposition 3.9. Let (S,n) be a Gorenstein local ring and R = S/(f1f2), where
f1, f2 are S-reqular elements. Then

ca(R) C (f1) + (f2)-
Proof. As f1, fo are S-regular, hence so is fi fa, hence S/(f1f2) is also Gorenstein.
Let d := dim S. Then,
depth 5/(f1f2) = dim S/(f1f2) = d — 1 = depth S/(f;) = dim S/(f;)

for i = 1,2. Thus, S/(f;) = R/(f;) are MCM S/(f1 f2)-modules for i = 1, 2.
Combining with Lemma 3.6, one has

anng(R/(f1)) = (f1) + anng(f1)

= (fi) + (f2);:
here we see that anng(f1) = (fif2 :s f1)/(fif2) = (f2)/(f1f2) = (f2) because fi,
fo are S-regular. Then the desired result follows immediately from 3.8. O

We make use of Proposition 3.9 to compute the cohomological annihilators of
Example 3.11. Before that, we recall the following powerful result that will also be
used in the computation.

3.10. Let R = k[z1,...,z,]/(f) be a hypersurface, where k is a field. For each
1<i<mn,

Of /0x; € ca(R);
see [17, Proposition 18] or [19, Remark 3.1].

More generally, if R = k[z1,...,z,]/(f1,-., fc) is a complete intersection,
where k is a field and fi,..., f. is a regular sequence in (x1,...,x,), then
the Jacobian ideal generated by all maximal minors of the Jacobian matrix
(ofi/ aa:]){;l" is contained in the cohomological annihilator of R; see [8, Corol-

,C

laries 6.4.1 and 7.8.7].

Example 3.11. Let R = k[x1,...,2,]/(2?), where k is a field. It follows from
Proposition 3.9 that

ca(R) C (7).
Combining with 3.10, if, in addition, the characteristic of k is not equal to 2, then
the cohomological annihilator of R is equal to (Z7).
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§4. Gorenstein local rings with ca(R) = m

For a Noetherian local ring (R, m), as mentioned in 3.5, R is regular if and only
if ca(R) = R. Thus, the cohomological annihilator can be used to detect whether
a local ring is regular. Also, it suggests that a commutative Noetherian ring has
better homological properties if ca(R) is bigger. As mentioned in the introduction,
there is a natural question: What can we say about the local ring R if ca(R) = m?
We consider this question throughout this article.

Let modg(R) denote the full subcategory of mod(R) consisting of modules
that are locally free on the punctured spectrum. Modules with finite length are
contained in modg(R). The following is a version of [13, Proposition 4.5 and 4.6 (1)]
for rings that are not necessarily Cohen—Macaulay.

Lemma 4.1. Let (R, m) be a Noetherian local ring of dimension d. For each n >
0, then one has the following:

(1) Let a € Mas vemodo(R) ann Tor®(M, N). Then a®* Tor® (M, N) = 0 for all
i>mn+2d and all M, N € mod(R).

(2) Let a € My, vemodo(r) 20 Exty (M, N). Then a?™ Ext%(M,N) = 0 for all
i>mn and M, N € mod(R).

(3) Here is an inclusion:

Sing(R) C V ( ﬂ ann Tor (M, N)>
M,Nemodo(R)

ﬂv( N annExt};(Mw)).

M,Nemody(R)

Proof. (1) If n = 0, then a = 0 as R € mody(R) and Tor(R, R) = R. Now,
assume n > 0. Let M, N be finitely generated R-modules with finite length. For
each ¢ > n, there is an isomorphism

Torj*(M, N) = TorZ(Q=" (M), N).

We observe that modg(R) is closed under syzygy. Combining with the hypothesis of
a, we conclude by the isomorphism above that a Tor!*(M, N) = 0 for all i > n and
all finite length modules M, N. Then it follows immediately from [13, Corollary
4.4(1)] that a®* Tor®(M,N) =0 for all i > n + 2d and all M, N € mod(R).

Combining with [13, Corollary 4.4 (2)], the proof of (2) is similar to the proof
of (1) and we omit the proof here.
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(3) The proof is similar to the proof of [13, Proposition 4.6(1)]. For each
p € Sing(R), one has [/ yemod, (r) A0 Torf(M, N) C p. If not, there exists

ac ﬂ ann Tor®* (M, N) \ p.
M,N€emodo(R)

Then it follows from (1) that a?™ Tor®(M,N) = 0 for all i > n + 2d and all
M,N € mod(R). In particular, a®’ Tor®(R/p, R/p) = 0. Combining with a ¢ p,
we get Torfp (k(p), k(p)) = 0 for all i > n + 2d, where x(p) is the residue field
of R,. This yields that R, is regular, which contradicts p € Sing(R). Hence,
ﬂM,Nemodo(R) ann Tor® (M, N) C p. Similarly, one can prove the similar result
that the Ext version holds. O

For a Noetherian local ring (R, m), we let M denote the m-adic completion of
M for each R-module M. We note here that the current authors established Lemma
4.1 and Proposition 4.2 in 2023, and these were also established independently by
Kimura [27]. Indeed, a significant part of the arguments are motivated by the
arguments in [16, Proposition 4.9 (2)].

Proposition 4.2. Let (R,m) be a Noetherian local ring. Then for each n > 0,

Sing(R) C V(ca"(R)).

In particular, Sing(R) C V(ca(R)).

Proof. The second statement follows immediately from the first one. By Lemma
4.1(3),
Sing(R) € V(I),

where I = (1, Nemodo (77) AN Ext’%(M, N). Then it is enough to show that
V(I) C V(ca™(R)).

For each M € mody(R), it follows from [4, Corollary 4.4] that M is a direct
summand of M’ for some M’ € mody(R). This yields the second inclusion in the
following:

ca"(R) C ﬂ anng Ext’s (M, N)
M,N emodg(R)

C Rﬂ ( ﬂ annﬁExt%(M,N))
M,N€modg(R)

In particular, ca™(R) C I. Hence,

o — ~

ca”(R) = Rca™(R) C RI = I,



226 S. DEY AND J. Liu

where the first equation follows from [2, Proposition 10.13] and the third one is
because I is an ideal of R. Then one has V(I) € V(ca™(R)). This completes the
proof. O

Let (R,m) be a Noetherian local ring. Then R is said to have an isolated
singularity provided that R, is regular for all prime ideals p # m. This is equivalent
to saying that Sing(R) C {m}. If R has an isolated singularity, then so does R;
this can be deduced by [29, Lemma 7.9].

Proposition 4.3 (1) below was established by Kimura [27, Proposition 2.4], and
Proposition 4.3 (2) was proved by Bahlekeh, Hakimian, Salarian, and Takahashi
[4, Theorem 4.5] under the assumption that R has an isolated singularity.

Proposition 4.3. Let (R,m) be a Noetherian local ring. Then
(1) The following three conditions are equivalent:

(a) ca
(b) ca

(c) R has an isolated singularity.

(2) ca(R)

(R) contains a power of m.
(R) contains a power of M.

m if and only if ca(ﬁ) =m.

Proof. (1) The implication (a) = (c) follows from Proposition 4.2 and the fact that
completions of m-primary ideals are m-primary. The implication (¢) = (b) can be
proved by combining [24, Theorem 1.1] with [15, Corollary 3.12]. The implication
(b) = (a) follows from [4, Theorem 4.5 (1)].

(2) If either ca(R) = m or ca(R) = @, then (1) yiclds that R has an isolated

~

singularity. When R has an isolated singularity, it follows from [4, Theorem 4.5]

~

that ca(R) = ca(R) N R. The statement of (2) follows immediately. O

4.4. Let MCM(R) denote the stable category of the maximal Cohen—Macaulay
modules. More precisely, it has the same objects as MCM(R), and for each M, N €
MCM(R), the morphism spaces

Homyicpm(r) (M, N) = Hompg(M, N).

The category MCM(R) is a triangulated category if R is Gorenstein; see [8, Chapter
4 and Appendix BJ.

For a local ring (R,m) and a finitely generated R-module M, we let pu(M)
denote the minimal number of generators of M. When R is Artinian, we write £/(R)
to be the Lowey length of R, namely the minimal integer n such that m™ = 0.
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The following result concerns the dimension of the triangulated category intro-
duced by Rouquier [32, definition 3.2]. For a triangulated category 7, we let dim T
denote dimension in the sense of Rouquier; we refer the reader to [32] for the def-
inition and more details.

Proposition 4.5. Let (R, m) be a Gorenstein local ring. Then
(1) If ca(R) is m-primary, then
dim MCM(R) < (p(ca(R)) — dim(R) + 1)€(R/ ca(R)) — 1.
In particular, if ca(R) = m, then
dim MCM(R) < codim(R).

(2) Assume R = (S,n)/(f1,...,fc), where S is regular and f1,..., f. is a reqular
sequence in n?. If ca(R) is the mazimal ideal of R, then

dimMCM(R)=¢ or c¢—1.

Proof. (1) Due to Buchweitz [8, Theorem 4.4.1], MCM(R) is triangle equivalent to
the singularity category of R. Since ca(R) is m-primary, R has an isolated singular-
ity by Proposition 4.3. Combining with 3.8, the same proof as [30, Lemma 6.5 (2)]
yields the inequality in the first statement. If ca(R) = m, then dim MCM(R) <
codim(R) by the first statement.

(2) The assumption means that R is a complete intersection of codimension
¢, and the desired result follows by combining with the first statement and the
following result:

codim(R) — 1 < dimMCM(R);

see [, Corollary 5.10]. O
The above result has an immediate consequence on the hypersurface.

Corollary 4.6. Let R = (S,n)/(f), where S is regular and f € n?. If ca(R) is
the mazimal ideal of R, then

dim MCM(R) < 1.

Remark 4.7. For an isolated complete hypersurface singularity (R, m), it is worth
noting that R has finite CM type if and only if dim MCM(R) = 0; see [12, Propo-
sitions 2.4 and 2.5]. Inspired by this and Corollary 4.6, we consider the business
about finite CM type under the assumption that ca(R) = m; see Proposition 4.11
and Theorem 4.12.
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Lemma 4.8. Let R = k[xo,...,z4]/(f), where f € (zo,...,24-1)? is a non-zero
element and k is a field. Then ca(R) is not m-primary.

Proof. Note that (zg,...,z4-1)/(f) is a prime ideal of R but not maximal. Denote
this prime ideal by p. We write S = k[zo,...,z4] and q = (2o, ...,24—1). Then

Ry = (5/(f))a = Sa/(f)Saq-:

Since f € q?, one has (f)Sq C q2Sy. This yields that R, is not regular; see [7,
Proposition 2.2.4]. Hence, R does not have an isolated singularity. It follows from
Proposition 4.3 that ca(R) is not m-primary. O

Let S = k[xo,...,x4] and f € (xo,...,2q)?, where k is an algebraically closed
field of characteristic 0. Consider R = S/(f). For each i > 2, R* .= S[z]/(f+2") is
called the i-th branched cover of R. There is the natural surjective map 7: R* — R.

Lemma 4.9. Keep the assumption as above. Let R* = S[2]/(f + 2°) be the i-th
branched cover of the hypersurface R = S/(f) as above. If ca(R?) is the mazimal
ideal, then so is R. The converse holds if, in addition, © = 2.

Proof. First, assume that ca(R*) is the maximal ideal. By [19, Theorem 5.4] one
has m(ca(Rf)) C ca(R). Thus, ca(R) contains the maximal ideal of R, denoted
m. We claim that ca(R) = m. If not, then ca(R) = R. By 3.5, R is regular. This
contradicts that f € (zo,...,zq)%; see [7, Proposition 2.2.4]. Hence, ca(R) = m.

Next, assume ¢ = 2 and ca(R) is the maximal ideal. When ¢ = 2, by [19,
Theorem 5.4], w(ca(R*)) = ca(R). Combining this with the assumption, we get
that 7; is in ca(R?) for each 0 <4 < d. It follows from 3.10 that

O(f + 22)/0(z) = 2z € ca(R").

Thus, z € ca(R*) as the characteristic of k is zero. Also, ca(R*) # R as R* is not
regular. We conclude that ca(R*) is the maximal ideal of R¥. O

The converse of the above lemma does not hold if i # 2; see [19, Example 5.5]
or Example 5.10. For the case i = 2, one cannot remove the assumption on the
characteristic in the above lemma; see the following example.

Example 4.10. Let R = k[z]/(2?), where k is a field of characteristic 2. Then
ca(R) is the maximal ideal. However, the cohomological annihilator of Rf =
k[x,2]/(x? + 2?) is not the maximal ideal. Indeed, since 22 + 2?2 = (x + 2)?,
it follows from 3.9 that

ca(RY) C (z + 2).

Thus, ca(RF) is not the maximal ideal.
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Recall that a local ring (R, m) is a hypersurface provided that R is isomorphic
to a regular local ring modulo an ideal generated by one element.

Proposition 4.11. Let (R, m, k) be an equicharacteristic complete hypersurface
of dimension d with countable CM type, where k is an uncountable algebraically
closed field of characteristic 0. Then

(1) ca(R) =m if and only if R = k[xo,...,z4]/(f), where f is of the form
x%—&—x%—l—x%—i—---—kxﬁ or x8+x§+x%+-~-+xfl.
(2) If ca(R) =m, then R has finite CM type.

Proof. Combining with the first statement, the second statement follows from a
result by Knorrer [28, Theorem] that an isolated simple hypersurface singularity
has finite CM type. We prove the first statement in the following.

Consider the direction “<”. Combining with Lemma 4.9, in order to show
that ca(R) = m, it is equivalent to show that ca(R) = m when d = 0. This follows
from Example 3.7.

Consider the direction “=". Since R is an equicharacteristic complete hyper-
surface, R is isomorphic to the ring k[zo, ..., z4]/(g), where g is a non-zero element
in (zg,...,zq); this can be deduced by combining the Cohen structure theorem
with [7, Theorem 2.3.3(c)]. By ca(R) = m, the ring R has an isolated singular-
ity by Proposition 4.3. If d = 0, then R 2 k[xzo]/(zf). Thus, R is of the form
k[zo]/(x3) or k[xo]/(x3) by the computation in Example 3.7.

Next, we assume d > 0. First, assume R has finite CM type. Due to Buchweitz,
Greuel, and Schreyer [9, Theorem B|, R & k[xo, ..., zq]/(f), where f is one of the
following forms:

Ap: f=aft +at+ad+- - +2d, n>1,

Dy: f=al 4 aox? t a4+ a2 n>4,

Ee: f=af+al+a3+ - +af,

Er: f = af + moxi + a5 + -+ + a7,

Eg: f=a3+a5+a5+- + a3
see also [29, Theorem 9.8]. Let f be of the form A,,. Since ca(R) = m, Lemma 4.9
yields that this is equivalent to that the cohomological annihilator of k[zo]/(z5 )
is the maximal ideal. By Example 3.7, we get that n = 1 or 2. Next, we prove
that f cannot be of the forms D,, Fgs, E7, Eg. Let f be of the form D,; if
the cohomological annihilator of [z, ...,24]/(f) is the maximal ideal, then the
cohomological annihilator of R’ == k[zo,x1]/(z§ " + z¢x?) is the maximal ideal
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by Lemma 4.9. It follows from Proposition 3.9 that
ca(R') C (75) + (52 + 27) = (75, 47),

where the equation holds as n > 4 in the form D,,. This contradicts that ca(R')
is the maximal ideal. Thus, f cannot be of the form D,. Similarly, f cannot
be of the form FE;. Let f be of the form FEg; if the cohomological annihilator of
E[xo, ..., zq]/(f) is the maximal ideal, we conclude by Lemma 4.9 that the coho-
mological annihilator of k[x;]/(x}) is the maximal ideal. This is a contradiction;
see Example 3.7. Similarly, f cannot be of the form Fj.

We now assume that R has countable but not finite CM type. Buchweitz,
Greuel, and Schreyer [9, Theorem B] proved that R = k[xo,...,zq]/(f), where f
is one of the following forms:

As: =2} +23+ - +a3,

Dm:f:xomf—i—x%—k"'—kxfl;

see also [29, Theorem 14.16]. In the above two cases, f € (z1,...,74)?, it follows
from Lemma 4.8 that ca(R) is not m-primary. In particular, ca(R) # m.

By the above, we prove that if ca(R) = m, then R must have the form in the
proposition. O

Theorem 4.12. Let (R,m, k) be an equicharacteristic complete Gorenstein local
ring of dimension d, where k is an algebraically closed field of characteristic 0.
Consider the following conditions:

(1) ca(R) =m and R has finite CM type.
(2) ca(R) =m and R is a hypersurface with countable CM type.
(3) R k[xo,...,z4]/(f), where f is of the form

2 2 2 2 2 2 2
rotaxy+ax3+---+xy or x8+x1+x2+-~-—|—xd.

Then (1) < (3) = (2). All these conditions are equivalent if, in addition, k is
uncountable.

Proof. (1) = (3). Assume ca(R) = m and R has finite CM type. The desired
result follows from the same argument as in Proposition 4.11; when R has finite

CM type, the assumption that k is uncountable is not needed (see [29, Theorem
9.8]).

(3) = (1). Assume R is of the form in the statement. Combining Example
3.7 with Lemma 4.9, ca(R) = m. On the other hand, it follows from a result by
Knorrer [28, Theorem] that R has finite CM type.
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(1) = (2). If R is a complete Gorenstein local ring with finite CM type, then
it is trivial that R has countable CM type. On the other hand, it follows from a
result by Herzog that R is a hypersurface; see [29, Theorem 9.15].

If, in addition, k is uncountable, then the implication (2) = (3) follows from
Proposition 4.11. O

Remark 4.13. In [22], Huneke and Leuschke raised a question: Let R be a com-
plete Cohen—-Macaulay local ring with countable CM type. If R has an isolated
singularity, does R have finite CM type?

Theorem 4.12 gives some sufficient conditions which support the above ques-
tion. Assume (R, m, k) is a complete hypersurface with countable CM type, where
k is an uncountable algebraically closed field with characteristic 0. If ca(R) = m,
then R has finite CM type by Theorem 4.12.

The results in the next three sections will also support the above question.

§5. Minimal multiplicity case and some questions

Throughout this section, (R, m) will be a Cohen—Macaulay local ring of dimension
d. The main result of this section is Theorem 1.2 from the introduction. We prove
that the condition ca(R) = m implies that R has finite CM type if (R, m) is
a Gorenstein local ring with minimal multiplicity. Motivated by this and some
evidence, we propose two conjectures and two questions at the end of this section.
Also, in the next two sections, we prove, under some mild assumptions, that these
conjectures and questions are true if dim(R) < 1.

5.1. We recall here the definition of Ulrich modules; see [6] and [33] for more
details.

A finitely generated R-module M is called Ulrich provided that M € MCM(R)
and e(M) = (M), where e(M) is the multiplicity of M with respect to m (see [7,
Section 4.6]), and p(M) is the minimal number of generators of M.

Assume £k is infinite. Then m contains a system of parameters x1, ..., T4 such
that @ = (x1,...,24) is a minimal reduction of m in the sense of Northcott and
Rees [31, Definition 2]. For each maximal Cohen-Macaulay R-module M, note
that @ is a reduction of m with respect to M. One has

e(M) = ((M/QM) > ¢(M/mM) = (M),

where ¢(—) represents the length of the R-module. Thus, M is Ulrich if and only
if mM = QM.
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Example 5.2. Let (R, m, k) be an Artinian local ring. Then an R-module is Ulrich
if and only if it is a direct sum of finite copies of k.

5.3. Abhyankar [1] observed that the multiplicity of R has a lower bound. More
precisely,
e(R) > embdim(R) — dim(R) + 1,

and R is said to have minimal multiplicity provided that the equality holds.
When k is infinite, R has minimal multiplicity if and only if m? = Qm for
some minimal reduction @ of m as in 5.1; see [7, Exercise 4.6.14].

Example 5.4. For a local ring (R, m), the order of an element f € R, denoted
ordm(f), is defined as follows: ordw(f) = sup{n € Z>o | f € m™}; if this supre-
mum does not exist, then we set ordy, (f) = oo. By the Krull-intersection theorem,
ordy (f) = oo if and only if f = 0.

Let (S,n) be a regular local ring and consider R = S/(f), where f € n?. By
definition, R has minimal multiplicity if and only if e(R) = 2. It is known that
the multiplicity of R is equal to ord,(f); see [23, Example 11.2.8]. Thus, R has
minimal multiplicity if and only if f € n?\ n3.

Theorem 5.5. Let (R, m) be a Gorenstein local ring with minimal multiplicity. If
ca(R) =m, then R has finite CM type.

Proof. Let M be a non-free indecomposable maximal Cohen—Macaulay R-module.
Since R is Gorenstein with minimal multiplicity, then so is R. It follows from [10,
Lemma 4.3] that M is an Ulrich R-module.

~

By Proposition 4.3, ca(R) = m. Thus,
m C annz(M) = anng Ext (M, Q5 (M),

where the first inclusion is from 3.8 and the equality is from Lemma 3.3. As
mentioned, M is an Ulrich R-module. Combining with the fact that M is inde-
composable, it follows from [10, Proposition 3.3] that M is a direct summand of
Q% (k), where k is the residue field of R.

Since R is Henselian, the Krull-Schmidt theorem holds in mod(ﬁ). Thus,
there is a decomposition

OL(k) = My & My @ --- & M,

where each M; is an indecomposable maximal Cohen-Macaulay R-module. It fol-
lows from this that M = M, for some i. We conclude that R has finite CM type.
Hence, R has finite CM type by [29, Theorem 10.1]. This completes the proof. [
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Remark 5.6. Let (R, m) be a local ring. It is known that R is Gorenstein with
minimal multiplicity if and only if its completion Risa hypersurface with minimal
multiplicity. If R is not regular, these conditions are further equivalent to R being
a hypersurface of multiplicity 2.

Example 5.7. Let (R,m) = k[x1,...,Zn, Y1, -, Yn]/ @191+ -+ 2nyn), where k
is a field and n > 1. It follows from 3.5 and 3.10 that the cohomological annihilator
of R is m. By Theorem 5.5, R has finite CM type.

For the case n = 1, consider R = k[z,y]/(zy), where k is a field. By the proof
of Theorem 5.5, one can conclude that each indecomposable maximal Cohen—
Macaulay R-module is isomorphic to either R, R/(Z), or R/(%).

A local ring (R, m) is said to be an abstract hypersurface provided that the
m-adic completion of R is isomorphic to a regular local ring modulo an ideal
generated by one element, namely R is a hypersurface.

Theorem 5.8. Let (S,n) be a Gorenstein local ring and set (R,m) = S/(f1f2),
where f1, fa € n are S-regular elements. Assume ca(R) = m; then

(1) embdim(R) < 2 and S is either regular or an abstract hypersurface;

(2) max{ord,(f1),ordn(f2)} < 2, and if equality holds, then min{ord,(f1),
ordn(f2)} =1 and S is a DVR;

(3) if dim R > 1, then embdim(R) =2 =1+ dim R and S is regular;

(4) if dim R > 1, then e(R) = 2 and R has finite CM type.

Proof. (1) Combining with the assumption, by Proposition 3.9,

This implies that embdim(R) < 2.

Since fi1fo € n?, wet get that embdim(S) = embdim(R). This yields that
embdim(S) < 2. Note that dim(S) > 1 as fi f2 is S-regular. Thus, codim S < 1.
If codim(S) = 0, then S is regular. It remains to prove that S is an abstract
hypersurface if codim(S) = 1. Assume now codim(S) = 1. This implies that
codim(S) = 1. By Cohen’s structure theorem, S is isomorphic to a regular local
ring modulo an ideal. We can choose a minimal presentation of S and write S =
Q/I, where @ is a regular local ring and I is in the square of the maximal ideal
of Q. Combining with embdim(S) = 1, it follows from a theorem of Serre that I
is a principal ideal; see [18, Corollary 21.20]. Thus, S is an abstract hypersurface
if codim(S) = 1.
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(2) First, we prove that if max{ord,(f1),ordn(f2)} > 2, then S is a DVR.
Indeed, assume f; € n?. It follows from this and the proof of (1) that

m? + (fo) = m.

By Nakayama’s lemma, (f2) = m. This yields that (f) = n. As mentioned in the
proof of (1), dim(S) > 1. Hence, dim(S) = embdim(S) = 1. This yields that S is
a DVR.

Next, we prove that max{ord,(f1),ords(f2)} < 2. If not, one has f; or fs
is in n®. We may assume f; € n3. By the above argument, S is a DVR with
n = (f2). Hence, fifo € (f3). It follows from Example 3.7 that ca(R) C m?.
This yields that m = m? as ca(R) = m. By Nakayama’s lemma, m = 0. This
contradicts m # 0; here, m # 0 is because S is a DVR and f; f5 is S-regular. Thus,
max{ord,(f1),ord,(f2)} < 2.

Now assume max{ord,(f1),ord,(f2)} = 2. This yields that S is a DVR with
n = (f2). If min{ord,(f1),ordn(f2)} > 2, then fifs € (f3). The same argument
as above yields that ca(R) € m? and m = 0. This again contradicts m # 0. Thus,
min{ord, (f1),ord,(f2)} = 1.

(3) Note that 1 < dim R < embdim(R). We claim that embdim(R) # 1. If
not, assume embdim(R) = 1. By dim(R) > 1, we conclude that R is regular. This
contradicts ca(R) = m; see 3.5. Combining with (1), embdim(R) = 2.

By 3.5 and ca(R) = m, R is not regular. Hence, dim R < embdim(R) = 2.
Combining this with dim R > 1, we conclude dim R = 1. Thus, dim S = dim R +
1 = 2. Since f1f2 € n?, we also know embdim(S) = embdim(R) = 2. Thus, S is
regular.

(4) By (3), S is regular. We claim that f; ¢ n?. If not, assume f; € n?
It follows from this and the proof of (1) that (f2) = n. Hence, S is a DVR. In
particular, dim R = 0, contradicting our hypothesis. Thus, f; € n\ n?. Similarly,
fo € n\ n? It follows from Example 5.4 that e(R) = 2 and R has minimal
multiplicity. Combining this with Theorem 5.5, R has finite CM type. O

Remark 5.9. Regarding the type of rings that appear in Theorem 5.8, we men-
tion that if S is a Cohen—Macaulay local ring that admits a canonical module
and is factorial, then S is Gorenstein ([7, Corollary 3.3.19]). Hence, one can apply
Theorem 5.8 to get structural results on rings of the form S/(f), where f € m is
not a prime element, whose cohomology annihilator is the maximal ideal.

Example 5.10. Let (R,m) = k[z,y]/(x® + y*), where k is a field. By 3.5, ca(R)
is contained in m. Note that R does not have minimal multiplicity; see Example
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5.4. Combining this with 2% + 3® = (x + y)(2? — zy + %?), it follows immediately
from Example 5.4 and Theorem 5.8 that

ca(R) G m = (z,7).

Note that R is the 3rd branched cover of k[z]/(z3). The computation of
Example 3.7 implies that the cohomological annihilator of k[z]/(2?) is the maximal
ideal. Thus, the converse of Lemma 4.9 does not hold if we do not consider the
double branched covers.

Inspired by Corollary 4.6 and Theorem 5.8, we propose the following conjec-
tures.

Conjecture 5.11. Let (S,n) be a regular local ring and (R,m) = S/(f), where
f en. If ca(R) = m, then R has finite CM type.

Conjecture 5.12. Let (S,n) be a regular local ring and (R,m) = S/(f), where
fen Ifdim(R) > 1 and ca(R) = m, then R has minimal multiplicity.

Remark 5.13. In regard to the above conjectures, we note the following:

(1) In the above conjectures, if ca(R) = m, then R is not regular; see 3.5. Thus,
f en?.

(2) Let R be a hypersurface as Conjecture 5.12. Then R has minimal multiplicity
if and only if f € n?\ n3; see Example 5.4.

(3) We cannot remove the assumption that dim(R) > 1 in Conjecture 5.12. For
example, the cohomological annihilator of k[x]/(23) is the maximal ideal, but
k[z]/(x®) does not have minimal multiplicity.

5.14. Keep the assumption in Conjecture 5.11. If, in addition, R is Artinian, then
S is a DVR. By the structure theorem of finitely generated modules over PID, one
sees easily that R has finite CM type in this case. Thus, Conjecture 5.11 is true
when R is Artinian.

The next result concerns the relations between the above two conjectures.

Proposition 5.15. Let (S,n) be a regular local ring and (R,m, k) = S/(f), where
f e n. Assume dim(R) > 1 and ca(R) = m. If Conjecture 5.12 is true, then so
is Conjecture 5.11. The converse holds if, in addition, k is an algebraically closed
field of characteristic 0 and R is equicharacteristic complete.

Proof. The first statement holds by applying Theorem 5.5. Now, assume ca(R) =
m, k is an algebraically closed field of characteristic 0, and R is equicharacteristic
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complete. If Conjecture 5.11 is true, then R has finite CM type. Combining the
assumption dim(R) > 1 with Example 5.4, R is isomorphic to a hypersurface with
minimal multiplicity by Theorem 4.12. Thus, R has minimal multiplicity. O

5.16. In [3, Section 10], Auslander proved that a complete Cohen—Macaulay local
ring with finite CM type has at most an isolated singularity. Due to Huneke and
Leuschke [21, Corollary 2], this theorem still holds if the complete assumption is
removed. Let (R, m, k) be a Gorenstein local ring which is not regular. Combining
with Proposition 4.3, there are the following implications:

R has R has an
finite CM type X isolated singularity

Note that the ring k[z, y]/(2?,y?) has an isolated singularity with ca(R) # m; see
Example 6.4. Moreover, it does not have finite CM type.

Motivated by the above diagram, Theorem 5.5, and the examples we com-
puted, we put the following question.

Question 5.17. Let (R, m) be a Gorenstein local ring. If ca(R) = m, does R have
finite CM type?

Let (R,m) be a Gorenstein local ring with finite CM type. Due to Herzog,
R is an abstract hypersurface; see [29, Theorem 9.15]. Based on Question 5.17, we
put another question.

Question 5.18. Let (R,m) be a Gorenstein local ring. If ca(R) = m, is R an
abstract hypersurface?

Remark 5.19. In regard to the above questions, we note the following:

(1) Theorem 5.5 yields that Questions 5.17 and 5.18 have a positive answer if, in
addition, R has minimal multiplicity.

(2) The assumption that R is Gorenstein is needed in Questions 5.17 and 5.18.
For example, the cohomological annihilator of k[x,y]/(z,y)? is the maximal
ideal; see 3.2 and 3.5. Obviously, k[z,y]/(z,y)? is not a hypersurface. It is
known that this algebra does not have finite CM type.
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We prove in the next two sections that, under some mild assumptions, all
these conjectures and questions are true if dim(R) < 1. Before ending this section,
we give the following relations between these conjectures and questions.

Proposition 5.20. Let (R, m, k) be a complete Gorenstein local ring with ca(R) =
m, where k is an algebraically closed field of characteristic 0. Then we have the
following:

(1) If Question 5.17 is true, then so is Question 5.18.

(2) Assume furthermore dim R > 1 and R is equicharacteristic. If Question 5.17
is true, then Conjecture 5.12 holds.

(3) If Conjecture 5.12 holds and Question 5.18 is true, then Question 5.17 is true.

Proof. (1) As mentioned above, this is due to Herzog; see [29, Theorem 9.15].

(2) Assume Question 5.17 is true. Then R has finite CM type. With the
assumption that R is equicharacteristic complete, Theorem 4.12 yields that R has
two possible forms as in Theorem 4.12. Since dim(R) > 1, we conclude that R has
minimal multiplicity. That is, Conjecture 5.12 holds.

(3) Assume Conjecture 5.12 holds and Question 5.18 is true. Then R is a
hypersurface with minimal multiplicity. It follows from Theorem 5.5 that R has
finite CM type. Hence, Question 5.17 is true. O

8§6. Zero-dimensional case

The first main result of this section is Theorem 1.3 from the introduction. It turns
out that the nilpotency degree of the cohomological annihilator ca(R) is at most
three if R is an Artinian Gorenstein local ring but not a field. By making use of
this and Proposition 6.6, we prove the first statement of Theorem 1.4 from the
introduction.

Lemma 6.1. For ideals I and J of R such that J C I C cal(R), we have
ca'(R)J = IJ.

Proof. By Lemma 3.6, we have cal(R) C I + anng I for every I. If J C I, then
J(anng I) = 0. Hence, cal(R).J C IJ for all J C I. As I C ca'(R), we also have
IJ C cal(R)J. Thus, cal(R)J = IJ for all ideals J C I C cal(R). O

Proposition 6.2. Let (R,m) be a Noetherian local ring. Then
(ca'(R))? C soc(R).

In particular, if R is not a field, then (ca*(R))3 = 0.
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Proof. Take I = J = cal(R)m. By Lemma 6.1,
(ca'(R))’m = ((ca'(R))*m)m.

This yields (cal(R))?m = 0 by Nakayama’s lemma. Hence,
(ca'(R))? C anng(m) = soc(R).

Assume R is not a field. Since cal(R) C anng Exth(R/m, R/m), one has

cal(R) # R. Then cal(R) C m. Thus, (cal(R))? C (cal(R))?m = 0. O

Applying the above result to Artinian Gorenstein local rings, we get the fol-
lowing result.

Theorem 6.3. Let (R, m, k) be an Artinian Gorenstein local ring. Then
(ca(R))*=0 or (ca(R))? =soc(R) = k.
In particular, (ca(R))® = 0 if, in addition, R is not a field.
Proof. As R is Artinian Gorenstein, one has
ca(R) = ca’(R)

by Proposition 3.4. In an Artinian Gorenstein local ring, every non-zero ideal
contains the socle ([7, Exercise 3.2.15 (d)]). It follows from Proposition 6.2 that
either (ca(R))? = 0 or (ca(R))? = soc(R). Then the second statement is a direct
consequence; see also Proposition 6.2. O

Example 6.4. Let k be a field and consider R = k[x,y]/(22,%?). Then one has
ca(R) = soc(R).
Indeed, it follows from 3.2 that ca(R) 2 soc(R). On the other hand, by 3.8,

ca(R) C annp (R/(2))( ) anng(R/(y))-
By Lemma 3.6, anng (R/(x)) = (Z)+anng(Z) = (Z). Similarly, annz(R/(y)) = (7).
Then
ca(R) C (z)[)() = (7) = soc(R).
Thus, ca(R) = soc(R).

Lemma 6.5. Let R be an Artinian Gorenstein ring. Assume there exist elements
ai, az, az in R such that ajas = ajaz = azaz = 0 and (a1)? = (a2)? = (a3)?.
Then for each r € ca(R),

ray = raz = ras.
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Proof. By 3.8, one has

ca(R) = ﬂ annp M;
Memod(R)

this can also be deduced by combining Lemma 3.3 with Lemma 3.6. Thus, the
assumption yields that r € anny M for each M € mod(R).
Denote {i,7,1} = {1,2,3}. Let M be the image of the following map:
ROR Laial), ® R.

Denote by 7: R&R — M (resp. t: M — R® R) the canonical surjection (resp. the
canonical injection) of the above map. Since r € annp M, there is a factorization

M\_/M

where P is a projective module. Combining with the property that 7 is surjective,
the morphism g factors through =. In particular, the multiplication r: M — M
factors through m. That is, there is a morphism ¢: M — R @ R such that mp = r.
Since t: M — R@ R is an injection and R® R is an injective module, there exists a
morphism ¢’: R R — R® R such that ¢t = ¢. Thus, there exists a commutative

diagram
ROR
@ ]\1 (57)

ReR— M — 3RO R.

This yields that (§9). = trg’s, and hence,

(r 0) ,
LT = LT L.
Or

We write ¢ to be (2; Z;i ), where b;; € R. Since vm = (g} ol ), one has

r0 a; Ay _ Qi Gy b11 b12 a; Gj
Or a; a; o a; a; b21 b22 a; a; '
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Combining with ajas = ai1as = asaz = 0, a direct calculation of the above equation

shows that
ra; ra; _ bll(ai)Q b21<aj>2 + b12<ai)2
raj ra; bor(a;)? + biz(ar)? baz(a;)? '

Since (a;)? = (a;)* = (@), we conclude from the above equation that ra; = ra;.
Since this is true for each {4,j,1} = {1,2,3}, one has ra; = raz = ras. This
completes the proof. O

A local ring (R, m) is called short provided that m® = 0. For a local ring (R, m),
the embedding dimension of R, denoted embdim(R), is the minimal number of
generators of the maximal ideal m.

Proposition 6.6. Let (R,m,k) be an equicharacteristic short Gorenstein local
ring, where k is an algebraically closed field with char(k) # 2. If the embedding
dimension satisfies that embdim(R) > 2, then

ca(R) = soc(R).

Proof. By Cohen’s structure theorem, R = k[x1,...,x,]/I, where n = embdim(R)
and I C (vq,...,7,)?%. Since R is a short Gorenstein ring, the structure of R is
determined by the multiplication

m/m? x m/m? - m? = k.

This is a symmetric bilinear form. Classifying the structures of R is equivalent
to classifying the symmetric bilinear forms [26, Section 6.3]. It follows from [20,
Chapter 2] that R is isomorphic to the algebra

k[xy,...,z,.]/(«? —m?,wix]— |1<i<j<n).
If e = 2, then R 2 k[xq,z2]/(2? — 23, x122). We observe that the maps
s x —vV—lzs and t— x; + V-1,
induce an isomorphism of algebras
ks, t]/(s%,t?) = k1, z2]/(x3 — 23, 2122).

Hence, R = k[s,t]/(s%,t?). It follows from Example 6.4 that ca(R) = soc(R).
If n > 3, then R =2 k[xq,...,2,]/(2? — x?,xixj |1 <i<j<mn). It follows
from 3.2 that soc(R) = m? is contained in ca(R). Next, we prove ca(R) = soc(R).
If not, there exists an element in ca(R) \ soc(R). Hence, there exists an element
r = b1ZT1 + b2z + -+ + by T, in ca(R), where by, by, ..., b, € k are not all zero.
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Choose i, j, [ such that 1 <7 < j <1 < n and consider a1 = T;,a2 = T;,a3 = ;.
It follows from Lemma 6.5 that rZ; = rT; = rZ;. This implies that

bix? = bja? = ba?
in R. Combining with z7 = 2% = 27 # 0 in R, one has b; = b; = b;. Since

i, il aurejmrbitrary7 we get that b; = b; # 0 for all 1 < 4,5 < n. In particular,
bix? = byz3. Now, choose a; = —Z1,as = T3,a3 = Z3. It follows from Lemma 6.5
that r(—Z7) = rZz = rZ3. This yields that

72— hor2 — hom2
—blxl = b21‘2 = ngS.

Combining with blx? = b£7 we get that 2b1x? = 0. Since char(k) # 2 and by # 0,
22 = 0. This contradicts 27 # 0. Hence, ca(R) = soc(R). O

Theorem 6.7. Let (R,m,k) be an equicharacteristic Artinian Gorenstein local
ring, where k is an algebraically closed field with char(k) # 2. Then ca(R) = m if
and only if R = k[x]/(2?) or R = k[x]/(2?).

Proof. The backward direction follows from Example 3.7.

For the forward direction, assume ca(R) = m. Then R is not regular; see
3.5. Combining with R being an Artinian Gorenstein local ring, it follows from
Theorem 6.3 that m® = 0.

We claim embdim(R) = 1. If not, assume embdim(R) > 2. Combining with
Proposition 6.6, we conclude that m = soc(R). Thus, dim; m = 1; see [7, Proposi-
tion 3.3.13]. This contradicts embdim(R) > 2. Thus, embdim(R) = 1.

By above, embdim(R) = 1, m® = 0, and R is an equicharacteristic Gorenstein
local ring, we conclude that either R = k[z]/(2?) or R = k[z]/(«3). O

§7. One-dimensional case

The main result of this section is the second statement of Theorem 1.4 from the
introduction.

7.1. Let Q(R) be the total ring of fractions of R. Denote by R the integral closure
of R inside Q(R). The conductor ideal of R, denoted C(R), is the ideal anng(R/R).

Note that the integral closure R is finitely generated as an R-module if and
only if the conductor ideal C(R) contains a non-zero divisor.

There are only a few classes of rings whose cohomological annihilators are
known. When R is a one-dimensional reduced complete Gorenstein local ring, this
is described by Esentepe [19].
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7.2. Let R be a one-dimensional Gorenstein local ring with reduced completion.
Esentepe [19, Theorem 5.10] observed that

Theorem 7.3. Let (R, m) be a one-dimensional Gorenstein local ring. If ca(R) =
m, then R has minimal multiplicity and R has finite CM type.

~

Proof. Since ca(R) = m, we get ca(R) = m by Proposition 4.3. By assumption,
R is also a one-dimensional Gorenstein local ring. This implies that m contains a
non-zero divisor of R. Hence, ca(R) contains a non-zero divisor of R. It follows
from [24, Lemma 6.6] that R is reduced. Then we conclude by 7.2 that

C(R) =ca(R) =m.

In particular, C(R) contains a non-zero divisor of R. This yields that the integral
closure R is finitely generated as an R-module. It follows immediately from [11,
Corollary 4.10] that C(R) is Ulrich. Hence, m is Ulrich. This yields that R has
minimal multiplicity. Combining with Theorem 5.5, we get that R has finite CM
type. O

Corollary 7.4. Let (R,m) = (S,n)/(f), where S is a regular local ring of dimen-
sion 2. If ca(R) = m, then f € n?\ n3.

Proof. Since ca(R) # R, R is not regular; see 3.5. Hence, f € n?. It follows from
Theorem 7.3 that R has minimal multiplicity. This yields that f ¢ n®; see Example
5.4. This finishes the proof. O

Acknowledgements

We would like to thank Yiping Chen, Xiaoyan Yang, and Guodong Zhou for their
helpful and valuable comments on this work. The authors sincerely thank the
anonymous referee for helpful suggestions and valuable comments. Souvik Dey
was partially supported by the Charles University Research Center program No.
UNCE/SCI/022 and a grant GA CR 23-05148S from the Czech Science Founda-
tion. Jian Liu was supported by the National Natural Science Foundation of China
(No. 12401046) and the Fundamental Research Funds for the Central Universities
(Nos. CCNU24JC001, CCNU25JC025).

References

[1] S. S. Abhyankar, Local rings of high embedding dimension, Amer. J. Math. 89 (1967),
1073-1077. Zbl 0159.33202 MR 0220723


https://doi.org/10.2307/2373418
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0159.33202&format=complete
http://www.ams.org/mathscinet-getitem?mr=0220723

2]

[10]
(1]

[12]
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]

23]

24]

COHOMOLOGICAL ANNIHILATOR 243

M. F. Atiyah and I. G. Macdonald, Introduction to commutative algebra, Addison-Wesley,
Reading, Mass.-London-Don Mills, Ont., 1969. Zbl 0175.03601 MR 0242802

M. Auslander, Isolated singularities and existence of almost split sequences, in Representa-
tion theory, II (Ottawa, Ont., 1984), Lecture Notes in Math. 1178, Springer, Berlin, 1986,
194-242. 7Zbl 0633.13007 MR 0842486

A. Bahlekeh, E. Hakimian, S. Salarian, and R. Takahashi, Annihilation of cohomology,
generation of modules and finiteness of derived dimension, Q. J. Math. 67 (2016), 387-404.
Zbl 1368.13014 MR 3556492

P. A. Bergh, S. B. Iyengar, H. Krause, and S. Oppermann, Dimensions of triangulated
categories via Koszul objects, Math. Z. 265 (2010), 849-864. Zbl 1263.18006 MR 2652539
J. P. Brennan, J. Herzog, and B. Ulrich, Maximally generated Cohen—Macaulay modules,
Math. Scand. 61 (1987), 181-203. Zbl 0653.13015 MR 0947472

W. Bruns and J. Herzog, Cohen—Macaulay rings, rev. ed., Cambridge Stud. Adv. Math. 39,
Cambridge University Press, Cambridge, 1998. Zbl 0909.13005

R.-O. Buchweitz, Mazimal Cohen—Macaulay modules and Tate cohomology, Math. Sur-
veys Monogr. 262, American Mathematical Society, Providence, RI, 2021. Zbl 1505.13002
MR 4390795

R.-O. Buchweitz, G.-M. Greuel, and F.-O. Schreyer, Cohen-Macaulay modules on hyper-
surface singularities. II, Invent. Math. 88 (1987), 165-182. Zbl 0617.14034 MR 0877011
H. Dao, S. Dey, and M. Dutta, Ulrich split rings, [v1] 2022, [v3] 2023, arXiv:2210.03872v3.
H. Dao, S. Maitra, and P. Sridhar, On reflexive and /-Ulrich modules over curve singularities,
Trans. Amer. Math. Soc. Ser. B 10 (2023), 355-380. Zbl 1522.13016 MR 4555794

H. Dao and R. Takahashi, The radius of a subcategory of modules, Algebra Number Theory
8 (2014), 141-172. Zbl 1308.13015 MR 3207581

H. Dao and R. Takahashi, The dimension of a subcategory of modules, Forum Math. Sigma
3 (2015), article no. €19. Zbl 1353.13011 MR 3482266

H. Dao and R. Takahashi, Upper bounds for dimensions of singularity categories, C. R.
Math. Acad. Sci. Paris 353 (2015), 297-301. Zbl 1312.13021 MR 3319124

S. Dey, P. Lank, and R. Takahashi, Strong generation for module categories, J. Pure Appl.
Algebra 229 (2025), article no. 108070. Zbl 08098564 MR 4947531

S. Dey and R. Takahashi, Comparisons between annihilators of Tor and Ext, Acta Math.
Vietnam. 47 (2022), 123-139. Zbl 1485.13032 MR 4406563

E. Dieterich, Reduction of isolated singularities, Comment. Math. Helv. 62 (1987), 654—676.
Zbl 0654.14002 MR 0920064

D. Eisenbud, Homological algebra on a complete intersection, with an application to group
representations, Trans. Amer. Math. Soc. 260 (1980), 35-64. Zbl 0444.13006 MR 0570778
O. Esentepe, The cohomology annihilator of a curve singularity, J. Algebra 541 (2020),
359-379. Zbl 1495.13025 MR 4017410

C. Gibbons, Decompositions of Betti diagrams, PhD thesis, The University of Nebraska -
Lincoln, 2013. MR 3153511

C. Huneke and G. J. Leuschke, Two theorems about maximal Cohen—Macaulay modules,
Math. Ann. 324 (2002), 391-404. Zbl 1007.13005 MR 1933863

C. Huneke and G. J. Leuschke, Local rings of countable Cohen—Macaulay type, Proc. Amer.
Math. Soc. 131 (2003), 3003-3007. Zbl 1021.13011 MR 1993205

C. Huneke and I. Swanson, Integral closure of ideals, rings, and modules, London Math.
Soc. Lecture Note Ser. 336, Cambridge University Press, Cambridge, 2006. Zbl 1117.13001
MR 2266432

S. B. Iyengar and R. Takahashi, Annihilation of cohomology and strong generation of module
categories, Int. Math. Res. Not. IMRN (2016), 499-535. Zbl 1355.13015 MR 3493424


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0175.03601&format=complete
http://www.ams.org/mathscinet-getitem?mr=0242802
https://doi.org/10.1007/BFb0075297
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0633.13007&format=complete
http://www.ams.org/mathscinet-getitem?mr=0842486
https://doi.org/10.1093/qmath/haw015
https://doi.org/10.1093/qmath/haw015
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1368.13014&format=complete
http://www.ams.org/mathscinet-getitem?mr=3556492
https://doi.org/10.1007/s00209-009-0545-4
https://doi.org/10.1007/s00209-009-0545-4
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1263.18006&format=complete
http://www.ams.org/mathscinet-getitem?mr=2652539
https://doi.org/10.7146/math.scand.a-12198
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0653.13015&format=complete
http://www.ams.org/mathscinet-getitem?mr=0947472
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0909.13005&format=complete
https://doi.org/10.1090/surv/262
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1505.13002&format=complete
http://www.ams.org/mathscinet-getitem?mr=4390795
https://doi.org/10.1007/BF01405096
https://doi.org/10.1007/BF01405096
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0617.14034&format=complete
http://www.ams.org/mathscinet-getitem?mr=0877011
http://arxiv.org/abs/2210.03872v3
https://doi.org/10.1090/btran/96
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1522.13016&format=complete
http://www.ams.org/mathscinet-getitem?mr=4555794
https://doi.org/10.2140/ant.2014.8.141
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1308.13015&format=complete
http://www.ams.org/mathscinet-getitem?mr=3207581
https://doi.org/10.1017/fms.2015.19
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1353.13011&format=complete
http://www.ams.org/mathscinet-getitem?mr=3482266
https://doi.org/10.1016/j.crma.2015.01.012
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1312.13021&format=complete
http://www.ams.org/mathscinet-getitem?mr=3319124
https://doi.org/10.1016/j.jpaa.2025.108070
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:08098564&format=complete
http://www.ams.org/mathscinet-getitem?mr=4947531
https://doi.org/10.1007/s40306-021-00443-0
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1485.13032&format=complete
http://www.ams.org/mathscinet-getitem?mr=4406563
https://doi.org/10.1007/BF02564469
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0654.14002&format=complete
http://www.ams.org/mathscinet-getitem?mr=0920064
https://doi.org/10.2307/1999875
https://doi.org/10.2307/1999875
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0444.13006&format=complete
http://www.ams.org/mathscinet-getitem?mr=0570778
https://doi.org/10.1016/j.jalgebra.2019.08.037
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1495.13025&format=complete
http://www.ams.org/mathscinet-getitem?mr=4017410
http://www.ams.org/mathscinet-getitem?mr=3153511
https://doi.org/10.1007/s00208-002-0343-3
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1007.13005&format=complete
http://www.ams.org/mathscinet-getitem?mr=1933863
https://doi.org/10.1090/S0002-9939-03-07167-3
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1021.13011&format=complete
http://www.ams.org/mathscinet-getitem?mr=1993205
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1117.13001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2266432
https://doi.org/10.1093/imrn/rnv136
https://doi.org/10.1093/imrn/rnv136
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1355.13015&format=complete
http://www.ams.org/mathscinet-getitem?mr=3493424

244

[25]

S. DEY AND J. LU

S. B. Iyengar and R. Takahashi, The Jacobian ideal of a commutative ring and annihilators
of cohomology, J. Algebra 571 (2021), 280-296. Zbl 1461.13015 MR 4200721

N. Jacobson, Basic algebra. I, 2nd ed., W. H. Freeman and Company, New York, 1985.
Zbl 0557.16001 MR 0780184

K. Kimura, Compactness of the Alexandrov topology of maximal Cohen—Macaulay modules,
Comm. Algebra 53 (2025), 3536-3549. MR 4911139

H. Knérrer, Cohen-Macaulay modules on hypersurface singularities. I, Invent. Math. 88
(1987), 153-164. Zbl 0617.14033 MR 0877010

G. J. Leuschke and R. Wiegand, Cohen—Macaulay representations, Math. Surveys Monogr.
181, American Mathematical Society, Providence, RI, 2012. Zbl 1252.13001 MR 2919145

J. Liu, Annihilators and dimensions of the singularity category, Nagoya Math. J. 250 (2023),
533-548. Zbl 1514.13014 MR 4583140

D. G. Northcott and D. Rees, Reductions of ideals in local rings, Proc. Cambridge Philos.
Soc. 50 (1954), 145-158. Zbl 0057.02601 MR 0059889

R. Rouquier, Dimensions of triangulated categories, J. K-Theory 1 (2008), 193-256.
Zbl 1165.18008 MR 2434186

B. Ulrich, Gorenstein rings and modules with high numbers of generators, Math. Z. 188
(1984), 23-32. Zbl 0573.13013 MR 0767359

H.-J. Wang, On the Fitting ideals in free resolutions, Michigan Math. J. 41 (1994), 587-608.
7Zbl 0822.13007 MR 1297711

Y. Yoshino, Cohen—Macaulay modules over Cohen—Macaulay rings, London Math. Soc.
Lecture Note Ser. 146, Cambridge University Press, Cambridge, 1990. Zbl 0745.13003
MR 1079937


https://doi.org/10.1016/j.jalgebra.2018.07.034
https://doi.org/10.1016/j.jalgebra.2018.07.034
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1461.13015&format=complete
http://www.ams.org/mathscinet-getitem?mr=4200721
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0557.16001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0780184
https://doi.org/10.1080/00927872.2025.2462278
http://www.ams.org/mathscinet-getitem?mr=4911139
https://doi.org/10.1007/BF01405095
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0617.14033&format=complete
http://www.ams.org/mathscinet-getitem?mr=0877010
https://doi.org/10.1090/surv/181
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1252.13001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2919145
https://doi.org/10.1017/nmj.2022.45
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1514.13014&format=complete
http://www.ams.org/mathscinet-getitem?mr=4583140
https://doi.org/10.1017/s0305004100029194
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0057.02601&format=complete
http://www.ams.org/mathscinet-getitem?mr=0059889
https://doi.org/10.1017/is007011012jkt010
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1165.18008&format=complete
http://www.ams.org/mathscinet-getitem?mr=2434186
https://doi.org/10.1007/BF01163869
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0573.13013&format=complete
http://www.ams.org/mathscinet-getitem?mr=0767359
https://doi.org/10.1307/mmj/1029005082
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0822.13007&format=complete
http://www.ams.org/mathscinet-getitem?mr=1297711
https://doi.org/10.1017/CBO9780511600685
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0745.13003&format=complete
http://www.ams.org/mathscinet-getitem?mr=1079937

	Introduction
	Notation and terminology
	Cohomological annihilators
	Gorenstein local rings with ca(R) = m
	Minimal multiplicity case and some questions
	Zero-dimensional case
	One-dimensional case
	References

