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On Hecke and asymptotic categories for a family of complex
reflection groups

Abel Lacabanne, Daniel Tubbenhauer, and Pedro Vaz

Abstract. Generalizing the dihedral picture for G(M, M, 2), we construct Hecke algebras (and
present a strategy for constructing Hecke categories) and asymptotic counterparts. We think of
these as associated with the complex reflection group G(M, M, N).

1. Introduction

Weyl groups are among the most important objects in algebra, as they govern the rep-
resentation theory of their associated reductive group. Weyl groups are real reflection
groups and special cases of complex reflection groups, and it is an interesting question
what kind of “reductive group” is associated with a complex reflection group. These
“reductive groups” are (probably) not reductive groups themselves, but are believed
to exist in a certain sense and share many combinatorial and representation theoreti-
cal features of reductive groups. They were famously named by Broué—Malle-Michel
[16] after the Greek island Spetses: such a “reductive group” is called a spets.

We cannot provide a definitive answer to what spetses are, but recent develop-
ments indicate that Soergel bimodules, also known as Hecke categories, can often
serve as a replacement whenever an associated geometric or Lie theoretic picture is
missing.

In this paper, we focus on the complex reflection groups of type G(M, M, N) for
M > N and suggest that they have an associated Hecke algebra and category. These
arise from Chebyshev polynomials associated with root systems, have Kazhdan—
Lusztig (KL) type combinatorics, include asymptotic categories, are related to
Calogero—Moser (CM) families, and encode Fourier matrices for G(M, M, N).
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1A. From dihedral group to the main results

The dihedral group G(M, M, 2) of order 2M is one of the simplest examples of a
complex reflection group that is not a Weyl group (unless M is small), yet it still

exhibits behavior typically associated with objects from Lie theory.
Let us list a few of these, all of which are for the middle cell:

(A)

B)

©)

D)

The KL basis is determined by the coefficients of the Chebyshev polynomials
[21,24,73], and the Chebyshev polynomials determine the characters of the
simple representations of SL,.

The Zxo-representations of the dihedral group, or the 2-representations of
the dihedral Hecke category, are indexed by ADE Dynkin diagrams [38,55].
This is closely related to (but does not quite match) with three different
objects: irreducible conformal field theories (CFT for short) for SU, [66],
subgroups of quantum SU, [36,65] and module categories of the SL, Ver-
linde category [65].

The Drinfeld centers of the asymptotic categories associated to the dihedral
Hecke algebras are modular categories whose S-matrices coincide with the
so-called Fourier matrices [69], the base change between “unipotent char-
acters” and “unipotent character sheaves”, constructed in the 90s [53] in an
ad hoc fashion. Hence, one can think of these centers as “unipotent charac-
ter sheaves”, matching [54] which proposed “unipotent character sheaves”
associated to Coxeter groups that encode the Fourier matrices.

The simple representations of the (complexified) asymptotic Hecke algebra
are given by the KL family associated to the cell [51].

In this paper, we generalize all the above to the case N > 2 (for N = 1 the group
G(M, M, N) is trivial and we from now on assume that N > 1). The outline is as

follows.

(a)

(b)

Generalizing (A). We define a certain subalgebra T, of the Hecke algebra
of affine type Ay—1, and then a finite dimensional quotient 7, the Nhedral
Hecke algebra of level e, obtained from T, by annihilating certain KL basis
elements. This algebra is immediately truncated to the analog of the afore-
mentioned middle cell. As we will show, the algebra T, has its own KL
theory and representation theory akin to the dihedral Hecke algebra. Its KL.
basis is determined by the coefficients of the Chebyshev polynomials associ-
ated with simple representations of SL .

Generalizing (B). Returning to 7,, we observe (some aspects proven and oth-
ers conjectural) that most of Zuber’s generalized ADE Dynkin diagrams [75]
give rise to Zx>p-representations of 7,. This is closely related (but does not



(©)

(d)
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quite match) with three different objects: irreducible CFT for SUy as, e.g.,
in [67], subgroups of quantum SUy as, e.g., in [63] and module categories
of the SLy Verlinde category as, for example, in [32].

Generalizing (C). (With a (*), see below.) There should be a categorifica-
tion of T, called Nhedral Hecke category (or Nhedral Soergel bimodules)
of level e. This category should be positively graded. We define what we
believe is its degree zero part and we call it the asymptotic category ap m,n -
We show that the Drinfeld center of aps a7,y is @ modular category and com-
pute its S and 7 matrices. We show that the S matrix coincides with Malle’s
Fourier matrix for G(M, M, N) [60].

Generalizing (D). We then define a matrix category Az ar,y OVEr ay m N,
the big asymptotic category, which, by construction, is Morita equivalent
to ap,pm,n. We explain how this category is related to a CM family for
G(M, M, N), which plays the role of the middle cell for the dihedral group.

Let us summarize the main points of the paper with two overview diagrams. The first

diagram in Figure 1 illustrates how the main algebras and categories are related. The
“equation (QSH)” is explained in Section 1C below, while (*) means that we believe
this is definable and interesting to define, though we do not do this here since the

relevant technology is missing while writing this paper.

In Figure 2 we indicate the broader framework of Nhedral combinatorics. Though,

e.g., irreducible CFTs are beyond the scope of this paper and we do not discuss them

any further, Section 3 contains the combinatorial material which relates to this topic.

This picture is not intended as a rigorous statement but rather as an illustration of the

numerous (potential) connections.

Nhedral Hecke | degree zero Asymptotic Morita Big asymptotic
% <7
category (*) | equivalence | CAl€ZOTY aM,M,N equivalence | CAtegory A, m.N
3 equation (QSH) 1
 decat. ' decat
| .
Nhedral Hecke | degree zero Decategorification | Morita Asy;np:)otlcf Hecke
P—— +——— algebrafora
algebra isomorphism of ap,m,N equivalence gCM cell
equation (QSH)

Figure 1. Relationship between the main players
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E. Unipotent chars. .
for GIM.M.N) F. CM family
Section 4B Section 4C

Section 3C [ Nhedral \Section 2D A. Chebyshev

D. Irreducible

CFT picture polynomials
Section 3C Section 3C
C. Subgroups of B. Module cats for
quantum SU(N) Verlinde cats

Figure 2. Broader framework of Nhedral combinatorics

1B. Related works and speculations

The only infinite family of complex reflection groups is G(M, D, N) with D | M.
Among these, there are two infinite families of so-called spetsial complex reflection
groups, which represent the two different extremes D = M and D = 1, yet both
might permit some Hecke category combinatorics. Additionally, there is a twisted
variant that appears to fit into the Hecke category framework, and we comment on all
three here.

The first infinite family is G(M, M, N), as discussed in this paper, and we interpret
the Nhedral picture (Chebyshev polynomials etc.) as the combinatorics of the associ-
ated Hecke category. Furthermore, for N = 3, (A) and (B) above were originally gen-
eralized in [57]. The paper [57] also provides a classification of Z > -representations
of T, for small e, a task we expect to be achievable for at least small N as well. More-
over, exciting so-called exotic nilCoxeter and deformed affine nilHecke algebras are
obtained in [27, 28] (with some results also for N > 3), but we do not know how to
relate this work to ours.

The other infinite family of spetsial complex reflection groups consists of the
groups G(M, 1, N), where the corresponding Hecke algebra is the Ariki—Koike alge-
bra [7, 15]. Fourier matrices and families of unipotent characters for these groups
have been studied quite extensively; see, for example, [13, 19,44, 45, 60]. However,
we are not aware of any general Hecke category combinatorics for G(M, 1, N). The
paper [46] identifies the Ariki-Koike algebra as a subalgebra of webs on an annulus,
suggesting the possibility of using annular foams, as in [68], to describe a Hecke cat-
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egory. For N = 1, a Hecke category has been proposed in [34], but it seems quite
different from the annular web picture.

There is also the story of Fourier matrices associated with groups having an auto-
morphism, such as the Ree groups or G(M, 1, N); see, for example, [33,43,60]. The
corresponding Fourier matrices are not symmetric and often not integral, so they may
only arise via equivariant module categories and not via modular categories. The auto-
morphism “twists” the setting in a certain sense and one might hope that the “twisted”
2-representations of the Hecke category as, e.g., [59] can be used to define degree zero
module categories where crossed S-matrices in the sense of [20] might play a role.

1C. Additional remarks

For some proofs and some proposed constructions in this paper we need the following.

The quantum Satake hypothesis (QSH) is:

[26, Theorem 5.35] is true. (QSH)

Whenever we assume equation (QSH) holds, we state this explicitly.

Remark 1C.1. The paper [26] proves the quantum Satake hypothesis for N = 2, 3.
So we have no further assumptions in these two cases.

Remark 1C.2. We expect that several statements to follow (such as Lemma 3A.11,
Remark 3A.15, Remark 3A.17, Lemma 3A.20, Proposition 3A.22, or Lemma 3C.1)
will not depend on equation (QSH) itself, except perhaps Lemma 3C.1 in the finite
case; see Remark 3A.12 for some more comments. On the other hand, we anticipate
that equation (QSH) will play a role in the categorified context.

Remark 1C.3. We postponed several proofs to Section 5. If the reader is missing a
proof, then they should be able to find it there. Moreover, in Section 2 and Section 3,
we will generalize some of the main results of [57], following their exposition. Some
results will have proofs that work mutatis mutandis and we will be brief with these,
and we will point out when the arguments are sufficiently different.

Remark 1C.4. The paper is readable in black-and-white but we recommend reading
it in color.

Remark 1C.5. Code for some of the calculations in this paper is available on GitHub,
see [47].

1D. Table of notation and general conventions

In Table 2 is the list of the most important concepts.



Symbol Name Description

_ Placeholder Used as a placeholder symbol

le Grothendieck group The additive Grothendieck group of _ (for semisimple categories this equals
the abelian one)

-7 A cyclic action See Section 2B

- The dual Ifm= (mq,...,my_1),thenm = (my—q,...,my)

(-)i Degree i part If the category _ is graded, then this denotes the degree i part

A(L) Adjacency matrix The adjacency matrix of a graph _

Ap M N The big asymptotic category The big asymptotic category for G(M, M, N) defined in Definition 4C.2

ap M,N The asymptotic category The asymptotic category for G(M, M, N)) defined in Definition 4A.1

cf , J’ﬁc Nhedral KL elements See Section 3A

dx Change-of-basis coefficients See equation (2.2)

dim, — Categorical dimension The categorical dimension of _

dim,, — Quantum dimension The quantum dimension of _

dimg _ Usual dimension The dimension of _ over K

e Level The level, a number e € Z ¢ that we fix

n Root of unity The primitive 2 M th root of unity exp(in/M)

n'/N Root of unity The Nth root of 1 given by exp(in/NM)

F Family of unipotent characters A family of unipotent characters for G(M, M, N), see Section 4B

Fo Principal series The principal series of ¥

G(M,M,N) Complex reflection group The imprimitive complex reflection group of order MV ~1 N

r CM cell The two-sided CM cell associated with ¥, see Section 4C

h;c , ;h Nhedral Bott—Samelson elements  See Section 3A

ZeA ‘d pUe ‘Ioneyuaqqny, ‘(] ‘QuuBqeIRT Y

or



Symbol

Name

Description

(k]!

rk _

Rep, (sly)
Rep, (sLy)
S

S
Si(-)
m
stab_

Imaginary unit

Vertices

Vanishing ideal

Level (plus Coxeter number)

Nhedral representation

Rank (potentially plus one)
Quantum N — 1 factorial
Simplicial polytopic numbers
Quantum parameter

Quantum numbers

Quantum factorials
Rank

Representation category
Representation category
An §S-matrix

Complex conjugate
Simple objects
Sum of the entries
Stabilizer

The usual square root of —1

I ={0,..., N — 1}, the vertices of the affine type Axy_; Dynkin diagram
Defined in Definition 2E.1

Thisis e + N, the “level” of G(M, M, N) such that G(M, M, 2) is the dihe-
dral group of order 2M

Representation of the Nhedral Hecke algebra; potentially decorated with
symbols

The rank, a number N € Z >, that we fix

[N —1]!

Py =30 =(N5)

The quantum generic parameter

The kth quantum number, [k], = q:__qq:ll
The kth quantum factorial, [k],! = [1]v ... [k].

The rank of the category _ (the number of indecomposable objects)

The fusion category of U, (sl y)-representations

The category of (type 1) Uq(s! n)-representations

The matrix S of a modular category involved in the action of the modular
group

Entry-wise complex conjugate of S

The set of isomorphism classes of simple objects of _

Form = (mq,...,m;) welet ¥Xm = my + --- 4+ m,
Cardinal of a stabilizer

sdnoi3 uonoagar xo[dwos Jo Arurej € 10§ sa11039)ed onoydwAse pue aYooH uQ

v



Symbol Name Description

T A T-matrix The matrix T of a modular category involved in the action of the modular
group

T Nhedral Hecke algebra The Nhedral Hecke algebra of level _, see, e.g., Definition 3A.6

0 Ribbon structure The ribbon structure on Rep, (sl y) defined via n'/N

0; Nhedral generators The generators of 7T_

Un Chebyshev polynomials for sl 5 The higher versions of Chebyshev polynomials, see Definition 2D.1, due to
Koornwinder and Eier-Lidl

Uq(sln) Quantum sl y The generic quantum group for quantum parameter q

Uy(sln) Another quantum s{ The quantum group specialized quantum parameter 7,

Ve Koornwinder variety Defined in Definition 2E.1

V., Reparametrization of V, Defined in Definition 2E.7

w Affine Weyl group The Weyl group for affine type Ay—1

Wi Parabolic subgroup The parabolic subgroup for the vertices 7 \ {i}

Xec Central character The “colors” associated with simple Uq(s! 5 )-representations

Xt Dominant weights The set of dominant weights of type A,—;

Xt (e) Level e cut-off The level e cut-off of dominant weights of type A,—1

X; Fundamental variables The variables used for the fundamental U, (s! y )-representations

7o) Drinfeld center The Drinfeld center of a category _—

Z; Koornwinder’s Z-functions Defined in Definition 2E.5

4 Root of unity The primitive N th root of unity exp(2inm/N)

Table 2. Table of notations

ZeA ‘d pUe ‘Ioneyuaqqny, ‘(] ‘QuuBqeIRT Y

(44
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Unless otherwise specified, the following general conventions apply throughout:

(a) Our conventions for rings and fields, where we use the generic symbol K,
are: superscripts mean we adjoin a certain element to the ring/field, e.g.,
C? = C(q). We write square brackets if we adjoin these elements as Lau-
rent polynomials, e.g., ZI"l = Z[v,v71].

(b) All K-vector spaces are finite dimensional in this paper, or free of finite rank
if K is a ring and all categories are K-linear.

(c) All modules considered are left modules, and representations of quantum
enveloping algebras are always of type 1 (as defined in, e.g., [3, Section 1.4]).

(d) We often say “is a XYZ” instead of “can be equipped with the structure of
an XYZ” to avoid overloading statements. For instance, we say a category is
modular.

(e) Similarly, we say, for example, “there are only finitely many simple objects”
instead of “there are only finitely many isomorphism classes of simple ob-
jects.”

2. Some sl combinatorics

We start by fixing some notation regarding sl . Most of the material is known, but
our exposition for some parts is new.

2A. Root combinatorics

Denote by (1, ..., ey) the standard basis of RY, which we equip with the stan-
dard symmetric bilinear form (e;, €j) = §; ;. Denote by ©y the symmetric group
on N letters, which acts naturally on RY by permutation of coordinates. We let
E={(x1,....xy) €R¥ |x;+---+xy =0Vandleta; =¢&;41 —¢; forl <i <n.
The vectors «y, ..., an—1 are the simple roots and we fix the coroots ocl.V € E* such
that (o, oc]\.’) = a;j, where (a;;) is the usual Cartan matrix of type Ay_; and (_, _) is
the duality pairing. The weight latticeis X ={A € E | (A,') € Z forall 1 <i < N}
and the dominant weights are X T = {A € E | (A, ) € Zs¢ forall 1 <i < N}. We
also denote by w1, ..., wy—1 € E the fundamental weights which are defined through
the equalities {(w;, ozj\.’) =4, j,and by p = w; + -+ + wy—; the sum of the funda-
mental weights, or equivalently the half-sum of positive roots. Using the basis of
fundamental weights, we identify X with Z¥~! and X ™ with Z¥;1.

Notation 2A.1. We will repeatedly sum over entries of tuples, and we use the fol-
lowing shorthand notation: ¥m = m + --- + my form = (mq,...,my). A weight
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A € X7 can be identified with a tuple A = (Aq,...,An—1), and we make this identi-
fication tacitly. We will also write XA instead of XA for Ay +--- + Ay_1.

We will also work with cut-offs X *(e) of the weight lattice, which will depend on
the level e € Zg, which are defined by X*(e) ={A € Xt | (A, o) +--- +a)_,)
< e}. Therefore, a weight A = Ajw; + ++- + Axy_jwy—1 is in X T(e) if and only if
each A; is nonnegative and XA < e.

The following picture is stolen from [57]. We stole it because it summarizes our
conventions for N = 3:

The shaded regions are, in order from dark to light, X *(3), X*(4) \ X*(3) and
X*tG)\ Xt (4.

2B. Quantum group generically and semisimplified

Our conventions follow [35, Chapters 4-7].

For g a formal variable, let Uy (sl 5 ) denote the quantum enveloping (C9-)algebra
associated to sy, with the Hopf algebra structure as chosen in [35, Section 4.8]. Let
us denote its category of finite dimensional representations by Repg (sl ). This cat-
egory is semisimple and has the same combinatorics as the corresponding category
for sl itself, so all the below follows from classical theory. In particular, the simple
Uy (sl v )-representations (we also write s{ y-representations for short) are parameter-
ized by the integral positive Weyl chamber

{Lm|m= (my,...,my—_1) € X+}.

Letm = (my—1,...,mp). As a matter of fact, we have (Ly)* = Ly forallm € X .

The highest weight here is mjwq + --- + my—_1wn—1. Let [-]g denote the (addi-
tive) Grothendieck group, which is a Z-algebra. We have a Z-basis given by (the set
of the elements)

L] € [Rep(sLn)]o-
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Scalar extension gives a C-algebra
[Rep,(sIn)]§ = [Rep,(siy)]e ®2z C.

Let Z[X;] = Z[X; | i € {1,..., N—1}] where we use the X; as variables. Recall that
the fundamental sl -representations ®-generated Rep,(sly), meaning that every
simple sl y -representation appears as a direct summand of some ®-tensor product of
the fundamental sy -representations. They also commute, Ly; ® Ly, = Ly, ® Ly,
and do not satisfy any additional relation. Thus, we can see them as variables in the
polynomial ring Z[X;]. That is, there is an isomorphism of rings

[Rep,(sn)]e — Z[Xil,  [Lo] — Xi,

which we will use to identify L,, and X;. (That is, abusing notation, we see them
simultaneously as variables and isomorphism classes of sl y-representations.)
Write Xf.‘ = Xi®k, for short, and also use X;X; = X;X;. For k € Zivo_l, write

Xk = X’f‘ e X];VN_ ‘11. In this notation, we can state the following useful fact.

Lemma 2B.1. We have two bases of [Repy(sln)]e given by {[Lm] | m € X Y and
{X¥] | k € Zgo_l}. Moreover, as Z-algebras [Rep,(sln)]e = Z[X;].

Proof. By classical theory. |

Lemma 2B.1 motivates the definition of the change-of-basis coefficients,

Ll =) dy-[x. dxeZ. (2.2)
k

Note that this sum is finite since dX = 0 unless k < ¥m. The numbers dX can be
computed inductively, as explained in Section 2D below, and we have d% = dl'; and
du = 1.

The center of SUy is Z/NZ, which agrees with the weight lattice modulo the
root lattice. We refer to the image of a weight in this quotient as its “color”, follow-
ing, e.g., [57]. One can check that all weights within Ly, have the same color, which
motivates the following definition.

Definition 2B.3. Let us define colors associated to the simple U, (sl )-representa-
tions

Xe(Lm) =my +2my + -+ (N—)my_ € Z/NZ.

We call y.(Lp) the central character of Ly,.

Remark 2B.4. The term central character comes from the fact that the center of the
group SLy (C) is isomorphic to Z /N Z.
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Example 2B.5. For N = 2, this is the parity coloring of Zx¢. For N = 3 see [57,
Example 3.16]. For N = 4, we have the following pictures of the sl4-weights in
X T (e), which we identify with the respective Ly, (the pictures display 3D graphs,
designed to create a 3D effect with higher nodes extending into the page. The bottom
left picture also gives the coordinates):

V

%

4

ZANN
A\
Y
@),
VA
A

/
77

N
%
y
g

7
/T
s
A
"'.‘v
i)
V)
7‘"

[ R =
SIS ]

The color 0 corresponds to black circles, 1 to red triangles, 2 to green squares and
3 to blue pentagons. For example, for ¢ = 1 the black circle represents the trivial
sl4-representation Lo g0, the red triangle the defining sl4-representation Lj g9, the
blue pentagon its dual Lg,; and the green square the 6 dimensional simple sl4-
representation Lo 0.

In these pictures the edges correspond to the action (by tensoring) of the direct
sum of the fundamental sl4-representations 7 = Ly,0,0 ® Lo,1,0 @ Lo,0,1, seen in
Rep, (sl y) (defined a few lines below). For example, T ® Lo,0,0 = L1,0,0 b Lo,1,0 ®
Lo,0,1, which in the graph is represented by the three edges adjacent to the black circle.

These colors define a grading by Z/NZ on Rep, (sl ), in the sense of [30, Defi-
nition 5.9], and we denote by Rep, (sl x); the full subcategory of objects of color i.

Lemma 2B.6. All simple summands of XX have central character y(Ly).
Proof. All summands of X* have the same color, and Ly is a summand of X. n

Specializing q to the primitive 2M th root of unity n = exp(iz/M) (using the
integral form), where M = e + N, we obtain Uy (sl y), as defined and used in, e.g.,
[3,52]. There is an associated category of representations, which we can semisim-
plify as usual, see, e.g., [2] for details. This category is denoted by Rep, (sl ). The
Grothendieck group of this category is a Z-algebra by the fusion product.
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Lemma 2B.7. We have two bases of [Rep, (sl y)]e given by {[Ly] |m € X T(e)} and
{XY] 1k € XT(e)}.

Proof. Well known by [2], see, for example, [29, Example 8.18.5]. [

The following are known as simplicial polytopic numbers, since they count points
in simplices.

Definition 2B.8. We define p§, = (e-{];/]i;l) = (%:11 )-

We have shifted them when compared to the usual definition in the sense that our
p% is what is often denoted Py—1(e — 1).

Example 2B.9. For N = 2 we have the linear numbers p§ = e + 1, for N = 3 we
have the triangular numbers pg = w, see, e.g., [64, A000217].

Lemma 2B.10. We have [Rep, (sly)]e = ZOPN as free Z-modules.
Proof. By Lemma 2B.7, this is just a count. ]

The object Leg, is invertible in Rep, (sly) and, for any m € X *(e), we have
Lew, ® Lm =~ Lp—, where m™ = (e — ¥m, my, ..., my—). The map m - m™
defines an action of Z/NZ on X*(e) and we will denote by staby, the size of the
stabilizer of m.

Givenm € X ™ (e), the action _~ is more clearly understood on the extended tuple
(mq,...,my—_1,e — Xm): it is the cyclic shift of the N coordinates

(my,...,my_1,e—Xm) — (e — Xm,my,...,myN_1).
Example 2B.11. For N = 3 and e = 3, the action _~ on X ™ (e) is a rotation,

/—\
(0,3) (3,0)

(0.0)

For N = 4, the action _~ on the tetrahedron X *(e) is a rotation composed with
a reflection, corresponding to a 4-cycle on the extremal vertices of the tetrahedron.
Explicitly with e = 22, one has (2,3,11)™ = (6,2,3) and (1, 10,1)™ = (10, 1, 10).
Note that the extended tuple (1, 10, 1, 10) is 2-periodic and therefore (1, 10, 1) has a
stabilizer of order N/2.
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As for Rep(slx), we have a grading by Z/NZ on Rep, (slx) by colors and
we denote by Rep, (sl ); the full subcategory of objects of color i. For later use we
recall the following.

Lemma 2B.12. The grading on Rep, (sln) by colors induces a grading on its Drin-
feld center; also by colors.

Proof. Easy and omitted. ]

We denote the full subcategory of Rep,, (sl x) of objects of color i by Rep, (sl );,
and similarly for the Drinfeld center.

2C. Braiding and ribbon structure

The fusion category Rep, (sl y) is equipped with a braided structure _,_. This struc-
ture is obtained through the use of the universal R-matrix of U,(sly), as one can
adapt from, e.g., [35, Chapter 7], and a choice of an Nth root of 1, which we denote
by n'/¥ . Denote by ¢ the Nth root of unity n*M/N = exp(2in/N). We also endow
Rep, (sl y) with a spherical structure, the corresponding quantum trace Tr and the
corresponding ribbon structure 6. (For the definition of a ribbon structure, we refer to
[29, Definition 8.10.1].) We will denote by Sy n the values of the S-matrix as defined
in [29, Definition 8.13.2].

Lemma 2C.1. For any m,m’ € Xt (e), we have the following formula for the S-
matrix of Rep, (sl y):

Zwe@ (_1)l(w)n2(m+p,w(m/+p))
_ N

SSI , =
m,m ZwE@N (—1)! ) p2(o,w(p))

For any m € X (e), the ribbon Oy, on Ly is given by multiplication by the scalar
77(m,m+29)_

Proof. A proof of the lemma can be found in, e.g., [8, Theorem 3.3.20]. n

Using Bruguieres’s criterion [17, Section 5], the fusion category Rep, (sln) is

1/N

modular if and only if n is a primitive 2M N th root of unity.

Lemma 2C.2. Letm € X (e). Then Br,,, 1m © Bimiew, =& 0™ -id

Lewq

Proof. Since Ly~ = Ly ® Lew, and since 6 is a ribbon element, we have Oy~ =
(Om ® Oewwy) © Brews, L © Pl Lew, - Using Lemma 2C. 1, we therefore obtain By, L, ©
ﬁLm,Lewl = n(m_)’m_)ﬂp)_(m’mﬂp )—(ew1.e01+20) . jd. One may finally show that

(m~,m~ + 2p) — (m,m + 2p) — (ewy, ew; + 2p) = —2exc(Lm)/N. [
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Since the exponent of ¢ in Lemma 2C.2 is the opposite of the color, the grading
by color is then retrieved using the double braiding similar to [29, Lemma 8.22.1].

2D. Chebyshev-like polynomials

The following polynomials are due to Koornwinder [40], and Eier-Lidl [22]. We
mildly change the conventions for convenience.

Definition 2D.1. For each m € Xt we define Chebyshev polynomials (of the second
kind) for sl , denoted by Uy, € Z[X;], as

Un = Zdllli : [Xk]’

k

with a’,ll‘1 € 7 as in equation (2.2).
By convention, Uy, and L, with negative subscripts m; are zero.

Lemma 2D.2. Let w]i- denote the weights of L,,;. Form € X *, we have the following
Chebyshev-like recursion relations:

Un(X1, ..., Xn-1) = Us(Xy—1,...,X1), % Un= ZUm+wji-'
j

Together with the starting conditions for ¥Xm = 0, 1 (as in Example 2D.3 for N = 4),
these recursion relations determine the polynomials Uy, for all m.

Proof. By construction and classical theory (such as the dual Pieri rule). ]

Example 2D.3. The examples for N = 2 are the Chebyshev polynomials of the sec-
ond kind normalized using the variable x /2 instead of x, while [57, Example 2.6] lists
examples for N = 3.

The next case is N = 4, we have three fundamental variables, X;, X, and X3,
associated to the simple 4 (the vector representation), 6 and 4 dimensional sl4-rep-
resentations. We have the following recursion. If m; < 0, then U, jny,my = 0, and
U(),(),() = 1 and

Uml,mg,m3 =X1- Uml—l,mz,m3 - Um1—2,m2+1,m3 - Uml—l,mz—l,m3+1
- Uml—l,mz,m3—1’

Uml,mz,m3 =X5- Uml,mz—l,m3 - Um1+1,m2—2,m3+1 - Uml—l,mz—l,m3+l
- Um1+1,m2—1,m3—1 - Uml—l,mz,m;;—l - Uml,m2—2,m3:

Uml,mz,m3 =X3- Uml,mz,m3—1 - Um1,m2+1,m3—2 - Um1+1,m2—1,m3—1

- Uml—l,mz,mg.—l-
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Now Ug,0,0 = 1 and

Ym=1:Ujpo=2%X1, Up1,0=2X2, Ugo,1 =Xs,

Us.00 = X§ — X, Ui,1,0 = X1X2 — X3, Uio,1 = Xi1X3 — 1,
Uo2.0 = X5 — X1 X3, Uo,1,1 = X2X3 — X1, U2 = X3 — X2,

Usgo =X, —2X1 X2 + X3, Uz10=X% — X X3 —X3 +1,
Uzo1 = X1X3 — XoX3 — X1, Uiz = X1X3 — X1X3 — XoX3 + X,
Ui = X1 XoX3 — X3 — ng U2 = X1X§ — X1Xp — X3,

Im =3 Uy = X3 — 2X1XoX3 + X2 + X3 — Xa,

Ug,1 = X5X3 — X1 X3 — X1Xa + X3,

Uo,12 = XoX3 — X1X3 — X3 + 1,

Ugo3 = X3 — 2XX3 + X;.

>Xm=2

For ¥m = 4 there are already 15 polynomials and for ¥m = 5 there are 21, so we omit
to put them here. Instead let us list the polynomials for the symmetric powers U k) =
U(k,0,0) varying k (the shading indicates when the constant coefficient is nonzero):

k o] 1] 2 | 3 | 4
UB 1] x| 3% | X-2X1Xo+X; | X—3X3Ko+2X, X3 +X3—1
k 5| 6 | 7

UB | x3—4X3%+3X3 K3+ 3K X3—2X,X3—2X; | X0k +2Xp | X[+ —2X3

k 8 | 9 | 10
UO [ x§E£ 41 | X9+ +3% | X[0%-- 3%,

k 11 | 12
U® [ xt. 435 | XPPE—1

We will see in the proof of Lemma 2D.4 below how one can compute these fairly
efficiently.

Lemma 2D.4. The polynomial Uy, has a nonzero constant term only if y.(Lm) = 0.
Moreover, for a given e € Z >, all Chebyshev polynomials Up, with ¥m = e + 1 have
a zero constant term if and only if e = 0 mod N.

Proof. This proof is much more involved than in [57, Lemma 2.8].

The trivial representation is of color 0, which implies that if y.(Ly) # 0 then Uy,
has a zero constant coefficient.

The vanishing of the constant term is understood using the recursion [9, (5.18)],
which is nicely expressed using partitions instead of highest weights. This recursion
implies that the Chebyshev polynomial Uy, has a nonzero constant coefficient if and
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only if the residues modulo N of (m; +---+my_1 + N —1,my +---+my_1 +
N =2,...,my—1 + 1,0) are all different. Therefore, if ¥m = 1 mod N, the residue 0
appears at least twice and Uy, has zero constant term. Conversely, given e = k mod N
with 0 < k < N, one may check that form = wy + ewn—_1, the Chebyshev polynomial
Un, has a nonzero constant term. ]

Remark 2D.5. To be self-contained, the alternative recursion that we mention above
comes from the following observation: It is remarkably easy to find a recursion for
the kth symmetric power of the vector sl y-representation, which corresponds to
Uk,0,...,0) in our notation. For N = 2 this recursion is the standard recursion since all

simple sl,-representations are symmetric powers. For N > 2 let U ®(X1,....Xn_1)
= U,o...,0)(X1, ..., Xny—1) denote these polynomials. The recursion then takes the
form

U(k+N) _ XIU(k+N_1) + e + (_l)N—lxN_lU(k-‘rl) + (_I)NU(k) — O,

with some additional starting conditions. The main observation made in [9, (5.18)]
is that this recursion also takes a nice form in the partition notation for the highest
weights. In this recursion, setting all variables to zero (the constant term) gives

U(k+N) + (—I)NU(k) — O,
and the claim then follows easily.

A classical result of Kostant [41] gives a formula for certain powers of the
Dedekind n-function by summing over simple sl y -representations Ly,, and the coef-
ficients ey, which appear are in {0, 1, —1}. The following is a fun side observation.

Proposition 2D.6. The constant coefficient of the Chebyshev polynomial Uy, is equal
to the trace of a(ny) Coxeter element acting on the zero weight space of Ly, which in
turn is equal to €p,.

Proof. This follows by comparing [9, (5.18)] and [1, Theorem 1.2]. [

2E. Koornwinder variety

All proofs in this section are much more intricate than their rank 2 or 3 counterparts
in [57]. We define the following.

Definition 2E.1. Let J, be the ideal generated by

{Un | Zm =e + 1} C Z[X;].
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We call J, the vanishing ideal of level e. Associated to it is the Koornwinder variety
of level e

Ve=1{y=U1....yn-1) € C¥71 | p(y) =0 forall p e J,} c CV!
which we consider as a complex variety.

Remark 2E.2. Following history, one could also call V., the Chebyshev—Eier—
Koornwinder-Lidl variety, cf. [40], which discusses the case N = 3 and [22], which
discusses the general case, but that is a mouthful.

Example 2E.3. All roots of Chebyshev polynomials Uy, have their first coordinate in
the interior of the N -cusped hypocycloid defined by the parametric equation

x(0) = (N —1)cos(f) + cos((N — 1)0)
and

y(0) = (N — 1)sin(6) — sin((N — 1)0).
This is a folk result, and can, for example, be explicitly found in [37, Section 3]. Recall
that these are plane curves generated by following a point on a circle of radius 1 that

rolls within a circle of radius N. Here are the pictures (throughout, we identify the
plane with complex numbers):

To be completely explicit, let N = 4 and e = 2. The points in the corresponding
Koornwinder variety are

(0,—1,0), (0,1,0), (v/3i,—2,—+/31), (—v/3i,—2,/31), (+/3,2,/3),

(—\/5,2,—«/?), (€21n/8’0’€14in’/8)’ (eéirr/S’O,elOiTr/ii)’
(elOi”/8,0,€6in/8), (614iﬂ/8,0,€2iﬂ/8) e (CS.
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We have the following plot of the first coordinates:

The point at zero is illustrated thick since two points in the Koornwinder variety share

zero as the first coordinate ((0, —1, 0) and (0, 1, 0)). Similar conventions are used
throughout, i.e., the thickness of points indicates their multiplicity.

Example 2E.4. For N = 6 and e = 6, the Koornwinder variety has pg = 462 points,
as one can check with MAGMA for example. We have the following plot of the first

coordinate, resp. of the second coordinate:

We have not included the third coordinate since the points are on the real line. The
fourth and fifth coordinates are the complex conjugates of the second and the first.
Note that the radius of the circle of the ith coordinate equals the dimension of the
sl y-representation L, .

Definition 2E.5. For 1 <i < N — 1, we introduce Koornwinder’s Z-functions Z;:
E — C defined by

Zi(o) = Y _exp(i(o, w})).
J

where we recall that (w; )j are the weights of the fundamental representation L, .
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Remark 2E.6. The map Z; is 2nY periodic, where Y is the root lattice, and is invari-
ant under the action of & . The fundamental domain of E£/2xY for this action is

N—-1
D = {Zliai | 2A; = di—y + Ajgr foralll <i < N, A1 + Ay—1 < ZJT}.

i=1

Note that, in contrast to [40] (this is N = 3), the map Z; is not injective on the
fundamental domain D for N > 3. For example, for N = 4, D is a tetrahedron and
the image of the six edges under Z; are the following:

Z1(2nws)

Z12rw,) Z1(0).

Z12rwy)

The edge joining the vertices 0 and 27w, and the one joining the vertices 2w w; and
2w w3 are mapped to the parts of the real and the imaginary axis inside the hypo-
cycloid.

To describe V, using the functions Z;, we introduce a different parametrization.

Definition 2E.7. Define V/, as the set V/, = { ei’ﬁ\, (k+p) | ke XT(e)}. Foro =

ei”N (k + p) € V., we denote by o~ the element ei_’ﬁ\, (kK™ +p) eV,

Lemma 2E.8. Giveno €V, we have (Z1(0),...,Zn—-1(0)) € Ve.

Proof. See Section 5A.1. ]

Example 2E.9. For N = 3, the coordinates of the vectors of V/, in the basis (o1, a2)
coincide with the expression as in [57, (2-11)]. For N = 4, we get

2
vV, ={——(@3k 2k 1k 6,2k 4k 2k 8
e {4(e+4)( 1+ 262 + 13 + 6,2k1 + 4ky + 2k3 + 3,

1k1+2k2+3k3+6)|0§k1+k2+k3Ee},

from Definition 2E.7, where the coordinates are given in the basis (o1, 2, «3).
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In the next theorem we use the Mobius function .

Theorem 2E.10. We have the following:
(a) As Z-algebras we have [Rep, (sIN)]e = Z[X;]/Je.

(b) #V. = py.
(c) The number of points in V. with stabilizer of size m under multiplication by
Cis
N M/mk
_ k ,
M % u )( N/mk )

where g = gcd(N/m, M/m).

Proof. Part (a). As explained in [9, Section 5.a], imported to our setting using [9, Sec-
tion 5.d], the Chebyshev polynomial Uy, is the character of the classical analog of Ly,.
Therefore [L] > Un is a well-defined ring isomorphism [Rep, (s[5 )]e = Z[X;]. The
claimed isomorphism then follows from Lemma 2B.7 and [4, Proposition 1.4], which
shows that the negligible ideal is tensor generated by {Ly, | ¥m = e + 1} (this could
also be derived from quantum Racah formula as, e.g., in [71, Corollary 8]).

Part (b). This is proven in Section 5A.2.

Part (c). This is proven in Section 5A.3. ]

3. Nhedral Hecke algebras and categories

While reading this section we recommend having Lemma 2B.1 as well as Theo-
rem 2E.10 (a) in mind, that we are going to “color”.

3A. Nhedral Hecke algebras

Let I = {0, ..., N—1}, identified with the set of vertices of the affine type Ay_1
Dynkin diagram. The associated Weyl group is W = (s; | i € I)/(relations in (3.2)).

Notation 3A.1. To ease notation, we write i instead of s; for the standard generators
of W. We will also often write, e.g., 145 for the set {1, 4, 5}.
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Summarized in one picture:

3.2)
010 = 101
121 =212
relations: ii =1 and

(N—1DO(N—1) = 0(N—1)0

Fork € {0,..., N—1}, ak-coloris a subset C C [ of size k. For such a C its ingre-
dient colors are the D C I of size k — 1 such that #CAD = 1, i.e., they differ by
precisely one element. The unique 0-color is @, also called white.

Remark 3A.3. The colors correspond to finite parabolic subgroups. Note that [ is
not a color, which could be called black, as the corresponding subgroup would be W
itself and therefore infinite (so black does not exist).

The (N —1)-colors are the subsets C C I of size N—1, and since we use them
often we call these top colors. These correspond to maximal finite parabolic sub-
groups of W.

Example 3A.4. For N = 3, the color analogy can be used at its fullest, either in the
RYB model (as in [57], the convention we follow) or the RGB model: Here 0 is red, 1
is either yellow or green, and 2 is blue. Moreover, 01 is orange or yellow, 02 is purple
or magenta, and 12 is green or cyan.

2

e
“","‘ - xem

(Note that white is black in RGB.) Beyond N = 3 the color analogy gets a bit shaky,
but is still useful to keep in mind.

Label the vertices of an N gon from O to N—1 counterclockwise. Let us put the
top colors on the vertices of such a regular N gon, so that C corresponds to the ver-
tex i withC Ui =1.LetZ/NZ = (po,...,pN—1 | Pipj = Pi+j mod N) act on this
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configuration by rotation, i.e., p = p1:i — i + 1 mod N. For example, for N = 4
and N = 5,

1
@ PIVVRS 013‘
0234
0134
1234 .
0124
0123

Notation 3A.5. We will always have a set of size N — 1 inside a set of size N, and we
will index the subsets by the missing value. Similarly, the parabolic subgroups of W
corresponding to these subsets will be indexed by the missing value. For example, if
N = 4, then 023 will be denoted 1 and the corresponding parabolic subgroup by W;.

Recall that v is a generic parameter. The quantum numbers in this variable will be
denoted by [a], etc.

Definition 3A.6. The Nhedral Hecke algebra T of level oo is the associative unital
(CV-)algebra generated by N elements {6; | i € I} subject to the following relations:
07 = [N]o! i, OktitjOk+iOk = OktitjOks;j0k foralli,jkel, (3.7)

1

where indices are taken modulo N. The second type of relation is called fundamental
commutativity.

Remark 3A.8. We have the following rough analogy, motivating Definition 3A.6.
This algebra sits inside the affine Hecke algebra (see Lemma 3A.11), capturing the
part associated with the bottom Kazhdan—Lusztig cell. Through decategorified geo-
metric Satake, tensoring with a simple representation of color i, call it Ly, acts on
representations of color j, producing representations of color i + j. This operation
corresponds to multiplying with a Kazhdan—Lusztig basis element ®,, for a particular
maximal double coset in W;; \ W/W; depending on m and j. As a result, a single
representation gives rise to different elements in the Hecke algebra depending on the
starting color.
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This analogy is only approximate: multiplication in the Hecke algebra corresponds
to composition of functors of tensoring with the corresponding representation only
up to scalar. (For the reader familiar with [57], for N = 2 and N = 3 there is a
diagrammatic incarnation of this functor that changes the color of faces.) For example,
the trivial representation maps to an idempotent 6;, but 67 = [N],! - 6;. This mismatch
arises because geometric Satake more precisely lands in the spherical affine Hecke
algebra.

Recall that X; denotes the isomorphism class of the representation L, of
Rep,(slx). The fundamental commutativity is then mimicking X;X; = X;X; when
compared with Remark 3A.8. Moreover, given an expression §; --- 6;, we call i the
starting and j the ending color.

Example 3A.9. Let N = 4. Then, up to changing the starting color, we have

0301600 = 050,00 <> XX = X1Xa,
909190 = 009390 <> X3X1 = X1X3,
010,600 = 610360 <> X3Xy = X5X3,

as the fundamental commutativity relations.

Remark 3A.10. Recall from Section 1A that we think of Nhedral Hecke algebras
as having a degree zero part corresponding to (the Grothendieck ring of) ap m n.
Essentially, this means that there is a scaling of the Nhedral Hecke algebras such
that: a) specializing v to zero results in a coefficient-free structure; b) the relations are
simplified; and c) the combinatorics of words in these algebras mirror the behavior of
the fundamental variables X;. We will explore all of this below.

Note that a = %N(N — 1) is half of the span of [N],!. So after shifting by v*, at
v = 0 the relation 91.2 =[N],!- 6; becomes 0i2 = 6;. We will see a natural explanation
for the value of a = %N(N — 1) in Remark 4B.1.

Every i defines a word of length %N (N—1) as follows. Say i = N—1, the general
case being similar, then

w; = (012--- (N —2))---(012)(01)(0) € W;.

Note that the w; are reduced expressions for the longest elements in their associated
parabolic subgroups W;.

Let H (X ~N—1) denote the Hecke algebra of affine type A y—;. Following the con-
ventions of [72], this algebra is generated by {®; | i € I} subject to (reading indices
modulo N)

©7 =21.0;, ©;0;0; —0; =0,;0,0; —0; forli—j|=1,
®i®j = ®j®i for |i —]l > 1.
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Let ®, denote the KL basis element for w € W, see, e.g., [72]. We have the following.

Lemma 3A.11 (This assumes equation (QSH)). The algebra homomorphism given
by

ei = ®w,- ’
defines an embedding Too — H (,Zf N—1) of algebras.

The proof of Lemma 3A.11 is different from the one given in [57, Lemma 3.2],
and is postponed to Section 5B.1.

Remark 3A.12. Returning to Remark 1C.2, these statements are primarily uncat-
egorified and should follow from combinatorial equivalences akin to the geometric
Satake equivalence. However, we remain uncertain about how to formalize this, and
after consulting several experts, none of us could interpret, for example, the fun-
damental commutativity relation geometrically. We identify three immediate issues.
First, the combinatorial statement that most closely resembles what we require, name-
ly, that certain Kazhdan—Lusztig basis elements multiply like representations, applies
to the spherical Hecke algebra, whereas our work involves the affine Hecke alge-
bra (though this is a relatively minor issue). Second, the fundamental commutativity
relation in our context involves three elements, whereas the usual Satake equivalence
concerns the commutativity of the tensor product, which involves only two factors. As
such, the fundamental commutativity is more appropriately viewed as a 2-categorical
analog, a perspective that is directly incorporated into equation (QSH). Finally, equa-
tion (QSH) is specifically concerned with type A phenomena, while the geometric
Satake correspondence is not type-specific, leading to subtle but crucial differences.
Ultimately, we remain unsure how to eliminate the assumption equation (QSH) from
these results.

The Nhedral KL combinatorics works as follows. Fork = (ky,...,kxy_1) € X T
and starting color i, let
h:-‘ =0

iz """ Y Yig
withio =i andi,+1 = p’ (i;) =i, + j suchthatk; =#{0 <r < Tk | i, 11 = o/ (i)}
for all j. (This looks cumbersome, but is not difficult to explain with an example, see

Example 3A.16 below.) We will call 3k the ending color. Reversing the order, let
?h = 0i0i, -+ Oi,
be defined similarly to ¥ but using p~/ instead of p/.

Lemma 3A.13. For any colori € I and any k € X, the elements h;‘ and ?h only
depend on k and not on the chosen sequence i = iy, 11, ...,Ixk-
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Proof. Using the fundamental commutativity relation, we can swap two successive
differences of colors. Therefore, any word representing /¥ is equivalent to the word
with increasing successive differences of colors. |

Lemma 3A.14. Foranyi € I andk € X, let j be the ending color ofh:-‘. We have
e =K,
Proof. This follows immediately from Lemma 3A.13. ]

Remark 3A.15. Via equation (QSH), the element /¥ is associated to le‘ ---XI;,N_ 7!
because its definition involves k; times the application of ol

Example 3A.16. Let us choose 0 as the starting color. For N = 4 and ¥k = 2, we
have

hﬁ’o’o = 0,0,0p <> X3, hg’Z’O = 000260 <> X3,

hg’o’z = 626036) <w> X3, h(l)’l’o = 03616 <> XoXi,

hy™' = 006100 <> Xa3Xi, hG! = 6016200 <ws X3Xs.

Note that, for example, h(l)’l’o = 636,06 by equation (3.7), and on the representation
side by X,X; = X;X;. With 1 as the starting color, we have h%,o,o = 6036,0,.

Let x = [N — 1],! and recall the numbers dX from equation (2.2). Motivated by
equation (2.2), for each m € X T, we define (right) Nhedral KL basis elements

o' = Z%_Ekdll; - h¥.
k

Note that the three sums are finite, because dX = 0 unless Tk < ¥m. Similarly, using
;‘h instead of hi.‘, we define the (left) Nhedral KL basis elements ["c. Note that the
ending color of every term /¥ appearing in the sum has the same ending color.

Remark 3A.17. Via equation (QSH), the element ¢/" is associated to the Chebyshev
polynomial Up, (X1,...,Xn—1).

Example 3A.18. For N = 4 and ¥k = 2, we have

2,00 _ -2 —1 _y2
Co =% 050100 — 0,0 <> Ujz,0,0 = X7 — X2,

58’2’0 = %72000200 — x 2000160 <w> Ugao = X% — X3X1,

0,02 _ -2 -1 2
Co = %" 0,030 — x 00 <> U0,0,2 = X35 — X3,

o0 = 572030100 — %0300 <> Uy 10 = XoX; — X,
cé’o’l = }f_2906190 — By <> U011 = X3X; — L,
C(())’l’l = }{_2919290 — %_19190 <W UO,I,] = X3X2 - Xl’

with 0 as the starting color.
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Lemma 3A.19. Foranyi € I andk € X ™, let j be the ending color ofcl!‘. We have

k _k
Ci—jC.

Proof. Same as Lemma 3A.14. ]

Lemma 3A.20 (This assumes equation (QSH)). Foralli € I andm € X, let j be
the ending color of ¢. Let 0 < k < N. With the notation in Lemma 2D.2, we have
[N]y!le k=0,

0 k" =
JHkC = m+wf .
XY ¢ otherwise,

where terms with negative entries are zero. Similarly for the left KL elements.

Remark 3A.21. Further, coming back to Remark 3A.10, after shifting, at v = 0,
Lemma 3A.20 becomes

cm k=0,

Ok =23 !
J+kCi )
0 otherwise,

since » has a smaller span than N(N — 1). This justifies the “degree 0 isomorphism”
from T, in Definition 3A.24 to the Grothendieck ring of the asymptotic category
apy,m,n in Definition 4A.1.

Proposition 3A.22 (This assumes equation (QSH)). Each of the four sets
H® ={1}U{h¥|keXt iel}, “H={JUu{fh|keXT iel},
C={Bu{ImeXxT icl}, *C={}u{fcimeX™, icl}

is a basis of Too. The first two are called Nhedral Bott—Samelson bases, the final two
Nhedral KL bases.

Recall the definition of left, right and two-sided cells for T, using the Nhedral
KL basis, see, for example, [57, Definition 3.10]. The unit forms its own cell, that we
call the trivial cell.

Proposition 3A.23. There is one nontrivial two-sided cell for the algebra Ty, namely
J={cmeXT icl}={"clmeX*t icl}.
The left and right cells contained in J are
L={c"meX*}, R={PcimeX'} foriel.

Therefore, there are N nontrivial left and right cells.
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Proof. As in [57, Proof of Proposition 3.11], this follows from Lemma 3A.20. [

We now define finite dimensional quotients of 7, which are compatible with the
cell structure in Proposition 3A.23.

Definition 3A.24. For our fixed e, let I, be the two-sided ideal in T, generated by
{¢™liel, meX" Sm=e+1}.
We define the Nhedral Hecke algebra of level e as
Te = To/1e
and we call I, the vanishing ideal of level e.

Proposition 3A.25. The set
ce={1}u{c;“|iel,meX+(e)}(L’eC={1}u{;“c|iel,mex+(e)}

(the equality (*) follows from Lemma 3A.19) is a basis of T,. Thus, we have dimcv T,
=1+ Np§.

Proof. Similarly to [57, Proof of Proposition 3.14]. |
Proposition 3A.26. The nontrivial cells for the algebra T, are
Li={c;"|m€X+(e)}, iR:{;“c|meX+(e)}, fori e l,

J={c"ImeXT(e)icl}={"cimeXT(e).icl}

where L;, iR and J are left, right and two-sided cells respectively. In particular, each
left and right cell is of size pY;, and J is of size Npy.

Proof. This follows from the previous results. |

Example 3A.27. Left and right cells correspond to the cut-off of the positive Weyl
chamber of type Ay _1, similarly to [57, Example 3.16].

3B. Nhedral complex representations

We now classify all simple representations of 7, on CV-vector spaces, and this clas-
sification implies that T is semisimple.
To this end, for A = (1;)ier € (C¥)! define

MAZCV(G,'“EI)—)(CV, 0; — A,

which determines a one dimensional T,-representation in the following cases. For
x € C", welet (x,i) € (CV)! the element with the ith entry x and zero otherwise.
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Proposition 3B.1. The following table:

e =0mod N | e£0mod N
My fori € I, and Mo, o | Mo.....0
N + 1 in total i only one

gives a complete and irredundant list of one dimensional T,-representations.

Proof. That My,.. o is well defined and simple is immediate. The remaining parts
follow from Theorem 3B.3 below. ]

We now define some representations of dimension N, which are parametrized by
the points in V,,. Given o € E, we define

[Nly Zi(o) Zz(0) -+ Zn-1(0)
0 0 0 0
Mo (o) = x : : : .. : ’
6 0 0 0
0 0 0 0
Zy-1(0) [N}y Zi(o) -+ Zn-—2(0)
Mi(o) = x 0 0 0 0
0 O 0 0
0 0 0 0
MN—I(U) = . . . . .
0 0 0 0
Zy(o6) Za(o) -+ Zn-1(0) [N}

Lemma 3B.2. The assignment 0; — M;(0) is a well-defined representation of T, if
and only ifo € V.,.

Proof. The defining relations equation (3.7) of T, are easy to check, since the matri-
ces have only one nonzero row. It factors through J,, if and only if (Z1(0),..., ZyN(0))
€ V., asin [57, Lemma 3.18]. [

For o € V/,, denote by M(c) the above defined 7,-representation.
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Theorem 3B.3. We have the following.

(a) For o € V., the representation M(0) decomposes as the direct sum of m

equidimensional nonisomorphic simple representations, where m is the order
of the stabilizer of o for the 7/ N Z-action.

(b) Foro,o’' €V, we have

0 ifo and o’ are in different orbits,
dim Homz, (M(0),M(a”)) = 4 I
m  otherwise.
(c) The simple representations appearing in (a), when o varying over the orbits
of V., and the representation M,... o) form an complete irredundant list of
simple representations.

(d) The algebra T, is semisimple.

Proof. Part (a). This is proven in Section 5B.2.
Part (b). This is proven in Section 5B.3.
Farts (c) and (d). These are proven in Section 5B .4. ]

3C. Nhedral integral representations

Let Z[‘% = Z=o[v,v"!]. Recall that an Z"] o-algebra is a C"—algebra with a fixed
basis such that the structure constants for the multiplication are in Z>0 An Z[>Vo
representation of such an algebra is a representation over CV with a fixed basis such
that the structure constants for the action are in Z[;%.

Lemma 3C.1 (This assumes equation (QSH)). The Nhedral Hecke algebras Too and
T, are Z[zvg)—algebras with respect to the KL basis of Proposition 3A.22 and Proposi-
tion 3A.25.

We now study Z[ng)—representations of the Nhedral Hecke algebras. To this end,
we use the following type of colored graphs. Recall / = {0,..., N — 1}.

Definition 3C.2. An unoriented graph I' = (V, E) is Ncolored if V is partitioned into
N disjoint sets V.= [ [;<; V; such that neighboring vertices have different colors. The
vertices in V; are said to be of color i.

The adjacency matrix of such a graph can be brought in the form

0 1 - N-1
of 0 zd |z
1| z? 0 |...|zN1

A) = 1 - . . with (Z])" = Z}.
N—I\Z%_, |z, ,|...| ©
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Given an Ncolored graph I' = (V, E), define
M(T):C"(6; | i € I) — Endcv(C'V), 6; > M;(T),

where the matrices are

[Nlyid z§ z2 ... z{!
0 0 0 ... 0
Mo(T) = x ) : . ) ;
0 0 0 0
0 0 0 0
Z9 [N]id Z? zZN-1
Mi(T)=x| O 0 0o ... 0
\o 0 0 0
0 0o ... 0 0
My (D) =x| : C )
0 0o ... 0 0
Z%y Zhoy oo ZNT NV

Let Z! =idfori € 1.

Lemma 3C.3. The assignment 0; — M; (") is a well-defined representation of Teo if

and only ifforalli, j,k € I, Zfi;JrkZ‘i.ﬂ = Zfif+kZl’f+k.

Proof. This follows from an easy direct computation (since only one row of the action
matrices is nonzero). ]

Fori € {1,..., N — 1} define the following oriented subgraphs I'; of I with
adjacency matrix A(I';) obtained from A(I") by setting all blocks to zero except the
blocks th:+j . Note that the condition in Lemma 3C.3 is equivalent to the pairwise
commutation of the matrices A(T"y),..., A(l'y—1).

Example 3C.4. For N = 4 we have:

0 |2zy|2z2|2z3 0 |Zy| 0] O
z0 o | z2|Z3 ATy = A(Ts)T = AR
Zg Zzl 0 Z; P 1) — 3 - ’
ARWARW AR Zyl 0|00

(e
(e

A(T) =

[«
[«
[«
S
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ololzz]o
00| 0|2z
AT =700 0 0
0o zIlolo

If T is the graph of the type as in Example 2B.5, then the I'; are obtained by putting
an orientation on some edges, and removing other edges. Generically, the picture is

These three graphs correspond to tensoring by L, . Note that the generic pictures for
1 and 3 have four edges, while 2 has six edges, matching the dimensions of the L, .

Let us now assume that I" is such that the condition in Lemma 3C.3 holds.

Lemma 3C.5. The Tyo-representation M(I") descends to a T,-representation if and
only if

Un(A(T1),...,A(Tn=1)) =0 forallm with ¥m = e + 1.

Proof. By construction. ]

Some examples of Ncolored graphs I' satisfying Lemma 3C.5 are obtained by the
fusion rules of Rep, (sl ). Here is a (non-exhaustive) list.

Definition 3C.6. We define the graph of type A of rank N and level e as the graph '
with set of vertices X ™ (e), colored using the color y., and the vertices m and k are
adjacent if and only if Ly, is a summand of @fvz_ll Ly; @ L. The graph I'; is then the
fusion graph of the object L, .

Moreover, we define graphs of type D in Section 5B.5.

For N = 4, we have additional graphs that we will not describe here but rather
refer to [63, Figures 3 and 4, denoted 24, 2(AS/2) and E]. These are called graphs
of conjugate type A (these two are infinite family), and graphs of type E (there are six
of these).

Remark 3C.7. There appears to be a small typo in [63, Figures 3 and 4] for the
graphs labeled 2A4¢ and 2(A¢/2): all double edges should be colored blue instead of
red (in 2024, we got a colored version of Ocneanu’s paper from https://cel.hal.science/
cel-00374414/document).


https://cel.hal.science/cel-00374414/document
https://cel.hal.science/cel-00374414/document
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Example 3C.8 (Type A). For N = 4 and e = 4, the graph of type A is the tetrahedron
of Example 2B.5 and the plot of the eigenvalues of A(I'1) are shown below:

AN
K~
)
i
A

s,
4
A 7N

[ X7

A
%

\/

by

.

\

?“I
iy

w’é’
NV _!'!

/T =N
—\

)

The joint spectrum of (A(I';), A(I'2), A(T'3)) is the Koornwinder variety V..

Example 3C.9 (Type D). For N = 2 the type D graphs are type D Dynkin diagrams,
for N = 3 see [57, Appendix 1], and for N = 4 see [63, Figures 3 and 4]. Here are
the graph of type D for e = 4 and N = 4 and the plot of the eigenvalues of A(I';)

Convention :

= single edge, ——— = double edge, —— = triple edge.

Here, similarly as below, the blue slightly thicker edges are double edges and the red
thicker edge is a triple edge. This graph is not included in [63] and the joint spectrum
of (A(I'y), A(I'2), A(I'3)) is a subset (with extra multiplicities) of the Koornwinder
variety: there are 8 points with multiplicity 1 and 3 points with multiplicity 2.
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Example 3C.10 (Type A conjugate). For e = 4, the graph of type 2A4¢ and the plot
of the eigenvalues of A(T";) are

o
S 7"'

The joint spectrum of (A(I'y), A(I'2), A(I'3)) is a subset (with extra multiplicities)
of the Koornwinder variety: there are 12 points with multiplicity 1 and 3 points with
multiplicity 2.

For e = 4, the graph of type 2(AS/2) and the plot eigenvalues of A(I';) are

The joint spectrum of (A(I'y), A(T2), A(I'3)) is a subset (with extra multiplicities)
of the Koornwinder variety: there are 12 points with multiplicity 1 and 3 points with
multiplicity 2.
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Example 3C.11 (Type E). The exceptional graph E4 and the plot of the eigenvalues
of A(T'y) are

The joint spectrum of (A(I'1), A(T'2), A(I'3)) is a subset (with extra multiplicities)
of the Koornwinder variety: there are 8 points with multiplicity 1 and 1 point with
multiplicity 4.

Recall, from, e.g., [57, Definition 5.6], the notion of a transitive Z["]—representa—
tion. These representations are the simple objects in the category of Z["]—representa—
tions, and we call them simple 7l -representations.

Theorem 3C.12. We have the following (potentially conjectural as indicated below).
All of the following give well-defined simple Z)-representations of T,.

(@) M(T) for I of type A of rank N and level e. (Proven.)
(b) M(T) for " of type D of rank N and level e. (Conjectural; verified in small

cases.)

(¢) M(T) for T of conjugate type A of rank N and level e. (Conjectural; verified
in small cases.)

(d) M(T) for T of type E. (Proven via computer, see [47].)
Proof. Part (a). This is proven in Section 5B.6. ]

Remark 3C.13. One could ask the following problem: could one classify the graphs
such that the condition in Lemma 3C.5 is satisfied? This question has been addressed
in the literature for special cases, see, e.g., [57,63,75]. We do not know the answer
to this in general, not even for N = 3. In particular, there will be more simple AR
representations than in Theorem 3C.12 in general.
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3D. Categorification

There should be a categorification of the above story, but we decided not to include it
here since these several notions we would need are not in the literature while writing

this paper. Instead, we list here what one probably needs to change compared to [57].

®

(i)

(iii)

@iv)

The diagrammatic 2-category in [57, Section 4.1] should be replaced by its
affine type A y—; analog. While writing this paper, at least to the best of our
knowledge, there is no diagrammatic presentation of the relevant 2-category
but one rather has to work with algebraic singular Soergel bimodules as in
[74]. For the quantization of this category one needs to use the quantum
Cartan matrix as in [26].

Nhedral Soergel bimodules of level co probably can then be defined sim-
ilarly to [57, Section 4.2], replacing “secondary color” therein by a subset
of I of size N — 1. The main statement should be then the analog of [57,
Proposition 4.31], which should hold verbatim and would provide a cate-
gorification of To.

Under equation (QSH), one can then likely copy [57, Section 4.3] using N -
colored webs (using, e.g., the webs from [18]) and would get the analog of
[57, Proposition 4.48], categorifying T, for a fixed e. Hereby, the Nhedral
version of the clasps probably can be defined using [23] (which has been
proven by now, see [61], and which might even give bases cf. [5]).

Finally, [57, Section 5.2] likely can be, mutatis mutandis, used to categorify
Theorem 3C.12 in the expected way. One would exploit here the algebra
objects that we give in Section 5B and the algebra object technology for
Soergel bimodules developed in [56, 58, 59]. Alternatively, this might be
done using a quiver similarly to [6], but the quiver is already complicated
for N = 3, see [57, Section 5.3].

4. Asymptotic G(M, M, N)

Below we will use some standard terminology that can be found, e.g., in [29]. We

encourage the reader to recall the conventions in the table of notations in Section 1D.

In particular, we remind the reader that we have fixed an integer e, and that M =
e + N, and that 7 is the primitive 2M th root of unity exp(iz/M).

4A. The asymptotic category and its Drinfeld center

We define the asymptotic category aps,p,n as a matrix category indexed by Z/N Z,

with entries in suitable subcategories of Rep, (sl n).
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Definition 4A.1. The asymptotic category aps p,n is the monoidal additive C-linear
category whose

(a) objects are matrices (Y;;);, jez/Nz, for Y;; an object in Rep, (s{n)i—;,
(b) morphisms between matrices (Y;;);, jez/nz and (Z;;); jez/nz are matrices
(fij)i,jez/Nz With f;; being a morphism between Y;; and Z;; in Rep,, (sly),
and the tensor product is given by multiplication of matrices. We equip this category
with the ribbon structure inherited from Rep, (sly).

Example 4A.2. When e = 0, then M = N and Rep, (sl y) is equivalent to the cate-
gory of C-vector spaces, and az .y is then equivalent to the direct sum of N copies
of the category of C-vector spaces.

As a sneak preview, before defining anything, we will do the following with

aM,M,N:

» In the final step Section 4C (following the introduction of some delicate com-
binatorics), we define a category that is Morita equivalent to aps p N Vvia a
straightforward matrix construction. We regard this new category as essentially
identical to aps p, i - It has rank given by the “subregular (= the first nontrivial)
KL cell” and corresponds to the asymptotic category associated with the mid-
dle dihedral cell, which is the subregular KL cell in this case. In this sense, we
interpret aps pr, v as the “subregular asymptotic category” for G(M, M, N).

» The Drinfeld center of aps a,n is a modular category. The first question one
would ask about a modular category is what are its S- and 7 -matrices. We
study this Drinfeld center and then indeed compute parts of its S- and T'-
matrices in Theorem 4A.5. In contrast to the dihedral case, however, we were
unable to compute the entire S-matrix.

» We relate in Theorem 4B.5 these S- and T -matrices to the Fourier matrix
and the eigenvalues of the Frobenius of a family of unipotent characters for
G(M, M, N). This is again in analogy with the asymptotic category for the
subregular KL cell in the dihedral group.

Lemma 4A.3. The asymptotic category is a multifusion category of rank Np%, and
is indecomposable if and only if e # 0.

Proof. The first statement follows from Lemma 2B.10, applied row-by-row. For e =
0 see Example 4A.2. Now, suppose e # 0 and that the asymptotic category splits
as C; & C, with C; and C; two nonzero multifusion categories. Then, there exist
i,j € Z/NZ such that 1; is a simple object of C; and 1; is a simple object of C,,
where 1; denotes the matrix with the unit object of Rep, (sly) at place (k, k) and
zero elsewhere. We consider any simple object X of aps ar, v with (i, j) entry simple
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and other entries 0. Such an object exists since e # 0 so that the grading of Rep, (sl )
by colors is faithful. The definition of the tensor product in the asymptotic category
implies that I; ® X ® 1; = X, but1; ® X =0or X ® 1; = 0 since X lies in C;
or C,. [ ]

We now describe the Drinfeld center of the asymptotic category when e > 0. The
first case is easy.

Example 4A 4. If e = 0, then the Drinfeld center is simply N copies of the category
of vector spaces, with a trivial braiding.

We now assume that e > 0. Let us denote by J3(k) = k3 Hp|k(1 — ﬁ) Jordan’s
totient function. See [64, A059376] for explicit values. We use the concept of modular
closure below, which is a special case of de-equivariantization from [29, Section 8.23].
This is the “universal way” of turning a non-modular fusion category into a modular
one. Since the definition is quite involved, we will not recall it and we refer the reader
to, e.g., [17] or [62] for more details.

Theorem 4A.5. We have the following.

(@) Z(ap,m,N) is equivalent as a ribbon category to the modular closure of
Z(Rep, (sLn))o. In particular, it is a modular category.

(b) Write staby m = gcd(staby, staby,). Simple objects of Z(ap,p,n) are indexed
by the set
{(m,k,i) | m,k) € X1 (e)?/(Z/NZ) with y¢(Lm) = xe(Li),
andi € Z/stabm’kZ}.
Here 7./ NZ acts diagonally on Xt (e)?> = X+ (e) x X (e) via (m, k) >
(m~, k™).
(¢) The rank of Z(ap,m,N) is

2
R SR G
k|ged(N,M)
(d) For N fixed and M — oo we have
tkZ(ammn) ~ gz - MV
(e) The S-matrix S® of Z(apy, N ) satisfies
stdbk m
Z Sk, i) = 1 — 52 S

staby m
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Moreover; if N is prime, there exists a uniqgue (m,k) € X (e)?/(Z/NZ)
with stabg ;m # 1 if and only ife = 0 mod N and we have

S?m,k,i),(m,k,j)

] { e Se + (N=1)630y dim, Rep, (sly) ifi = J,
= N2 <5l =3 .. o .

N2 | Sgl,Skx — 030 dim, Rep, (sly) ifi # j.
where 0 is the ribbon element and dim, Rep, (sl x) is the categorical dimen-
sion. (See, for example, [8, (3.3.9)] for the value of diim. Rep,, (sly).) If N is
not prime, see Remark 4A.8.

(f) The T-matrix of Z(ap ym.N) is the matrix with entries T(E:n,k,i),(m’,k’,i’) =
Smm ik 8iir O O

Example 4A.6. Let N = 3, ¢ = 3 and M = 6. The category Rep, (sly) has 10
simple objects and Z(aps,p, N )o has then 34 simple objects. Among these 34 objects,
there are 11 orbits of size 3 and one of size 1 under the action of Z/N Z. Therefore,
Z(ap,m,n) has 14 simple objects, since each orbit of size 3 will give one simple
object, and the orbit of size 1 will split into 3 simple objects.

The S-matrix of Z(aps p,n) is the 14-by-14 matrix

1 1 3 1 4 4 4 4 4 4 3 3 3 3 \

I 1 3 1 47 47 47 472 472 472

3 3 33 O o0 O O o o0 9 -3 -3 -3

I 1 3 1 4Y24Y24Y2 47 4Y 4Y 3 3 3 3

4 4 0 4Y%2 4 4Y 4Y% 4 4Y24Y O O O O

4 4T 0 4Y2 4Y 472 4 4Y24Y 4 0 O O O
g — 4 4Y 0 4Y24Y%2 4 4Y 4Y 4 4Y2 0 0 O O

4 472 0 4Y 4 4Y2 4Y 4 4Y 4Y2 0 0 0 O ’

4 472 0 47 472 4Y 4 4Y 4Y2 4 0 0 0 O

4 4Y%2 0 4Y 4Y 4 4Y24Y2 4 4Y O O O O

33 9 3 0 0 o0 0 0 o0

33 33 0 O O 0 0 O

33 33 0 O O 0 0 O

\ 33 33 0 O O 0 0 O
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where T = n* to ease notation. The top colored block corresponds to the S-matrix of
Rep, (5[ n)o and the bottom colored block corresponds to the object of Z(aas,m,n)o
that splits in three.

Remark 4A.7. Let 24 denote the alternating group of order twelve. The 14-by-14
matrix in Example 4A.6 is the same as the S-matrix of the Drinfeld center of 24-
graded vector spaces (the latter, by duality, is the same as the Drinfeld center of the
category of 4-representations). However, the appearance of nonnegative integers in
the first row and column of the matrix is a small number coincidence and we do not
expect any nice description of the S-matrix in terms of a group in general, since the
first column corresponds to the quantum dimension of simple objects.

Proof of Theorem 4A.5. Part (a). Since the asymptotic category aps,p,n 1S indecom-
posable by Lemma 4A.3, [39, Theorem 2.5.1] shows that its Drinfeld center is equiv-
alent to the Drinfeld center of any of its diagonal components Rep,, (slx)o. We then
observe that Z(Rep, (sly)o) is monoidally equivalent to the modular closure of
Z(Rep, (5L n))o, which follows immediately from [29, Proposition 8.23.11].

Part (b). Let ()™ denote the reverse category as in [29, Definition 8.1.4].
Since Rep, (sly) is modular, its Drinfeld center is equivalent to Rep, (sly) X
Rep, (sly)™, see, for example, [29, Proposition 8.6.3]. The degree zero part of
Rep, (sln) X Rep, (sln)™" is @ieZ/NZ Rep, (sln); X (Rep, (sln)™);, and its
symmetric center is generated by the object Ley, X Lew,, by [43, Lemma 2.2] and
Lemma 2C.2. Since Ley; ® Lin = Lm—, the result follows from [17, Remarques 4.5,
1)] or [62, Corollary 5.3].

Part (c). This is done in Section 5C. 1.

Part (d). For fixed N, rk Z(aps,p,n) is polynomial in M and the leading term is
obtained for k = 1. The result follows from J5(1) = 1 and (%) ~ AI'{,—/:/ when M — oo.

Part (e). This is done in Section 5C.2.

Fart (f). This follows immediately from [62, Proposition 4.2]. [

Remark 4A.8. When N is not prime, the calculation of the S-matrix of Z(aas p,n)
is more intricate. For gcd(e, N) # 1, Lemma 5C.2 shows that several objects of
Z(Rep, (3L n))o can split in the modular closure.

4B. A family of unipotent characters

Malle [60] has introduced the notion of unipotent characters for the complex reflec-
tion group G(M, M, N). These characters are partitioned into families, similarly to
the unipotent characters of a finite group of Lie type as, e.g., in [50, Chapter 4]. We
consider a certain family & of unipotent characters which, in terms of the combina-
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torics developed by Malle, are indexed by so-called M -symbols with entries in the
multiset {0¢, 1V}, but we do not use this explicitly.

Remark 4B.1. For N = 2 the family ¥ corresponds to the subregular KL cell of
a-value 1, which is the only nontrivial cell. In general, the families we consider have
a-value N(N — 1)/2, and they play a role analogous to the subregular cell. This is
our reason to use the a-value as the shift in Remark 3A.10. There are many other
nontrivial cells that we do not consider here.

The combinatorics of the family ¥ is a bit demanding, and some details are post-
poned to Section 5C.3. For now, we just define what is necessary to state our main
theorem in this section.

We now follow and borrow the notations of [60, Section 6C]. Let Y = {1,..., M}
and 7:Y — Zx>¢ defined by w(y) = 1if 1 <y < N and n(y) = 0 otherwise. (Our &
only takes values in {0, 1}, the reason why we choose Z > in its definition is explained
in Remark 4B.2.) We consider the set

VY, ) = {f:Y—>{O,...,M—1}|Zf(y)E (1‘24) mod M,

yeyY

Siz—1(y 1s strictly increasing for all i € Zzo}-

There exists an action of Z /M Z on W(Y, ) defined in Section 5C.3, and the elements
of ¥ are indexed by orbits under this action. We denote equivalence classes by [ f].
An equivalence class [ f] will index several unipotent characters of ¥, as many as
the size of the stabilizer of f under the action of Z/M Z, which we will denote by
([f].s) for s in a finite indexing set.

Remark 4B.2. The set W(Y, ) can be described with Malle’s M -symbols [60, Sec-
tion 6A], which are a generalization of Lusztig’s symbols used in the classification
of unipotent characters of type D [50, Section 4.6]. The M -symbol associated to a
function f € W(Y, ) has its jth row filled with the elements of w(f~'(j)). The
symbols have their entries in 77(Y'), which, for other families, could be some subset
of Zs¢ other than {0, 1}.

Explicitly, with e = 2 and N = 2, so that M = 4, the function f € W(Y, ) given
by f(1) =0, f(2) =2, f(3) = 1 and f(4) = 3 is the 4-symbol

1
0
1
0

The action of Z /M Z on W(Y, ) is the cyclic shift on rows of M -symbols. The above
4-symbol has then a stabilizer of order 2.
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To each family of unipotent characters, Malle [60] has attached a Fourier matrix
and eigenvalues of the Frobenius, generalizing the constructions from the groups of
Lie type as, for example, in [50]. The eigenvalue of the Frobenius of the unipotent
character of ¥ indexed by ([ ], s) is

g2
MA=MD S 002 + M),

Frob([f].s) = n%Y)  with a(f) = g
yeyY

4.3)

For the Fourier matrix, we will adopt the conventions of [48, Section 5.4] which differ
from [60, Section 6C] by some signs. For f € W(Y, ), we sete( f) = (—1)¢)+r(f)
where

c(N)={.y)eY? |y <y, f») < fON}

n="((5)-Zrm)

yeY

and

Let $ = (72V)o<i,j<m and define T = (—1)(1\24) det(S). We view § as the matrix
of an endomorphism of V = @ﬁgl Cv;. Given f:Y — {0,..., M — 1} strictly
increasingon 77 1(1) = {1,...,N}andon 71 (0) = {N + 1,..., M}, we set

Vf = (vf(l) VARERIAN Uf(N)) ® (Uf(N+1) VARERWN vf(M)) e ANV ® A°V.

Such vectors form a basis of ANV ® A®V and we denote by (AVS ® A¢S)ye the
entries of the matrix of the endomorphism AN S ® A¢S in this basis.

We define the pre-Fourier matrix S of the family ¥, which is indexed by orbits of
(Y, ) under the action of Z /M Z, by

~ —HM-1ypy
Str1lel = %E(f)fs(g)(/\’vs Q AS)fe,

for all f, g € W(Y, i), where the bar is the complex conjugate.

Remark 4B.4. Neither the eigenvalues of the Frobenius nor the entries of pre-Fourier
matrix depend on s in the pair ([ f], s), but depend only on [ f].

In contrast to the pre-Fourier matrix, the entries of the Fourier matrix itself of
the family & depend on s in the pair ([f],s). The Fourier matrix is not entirely
determined, see [48, Remark 5.4.35].

Let ¢ be the bijection, as in Section 5C.5, between the Z /M Z-orbits of W(Y, )
and the Z/ N Z-orbits of {(m, k) € (Xt (e))? | x¢(Lm) = xc(Li)}. Recall the T-matrix
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T? of the modular category Z(aps, s, ) in Theorem 4A.5 (f). We denote the S-matrix
of the degree zero part of the Drinfeld center of Rep, (s{x) by S 0,

The next theorem compares the Fourier matrix of ¥ and the S-matrix of the mod-
ular category Z(aps,m,n ). The proof relies on technical calculations, since these two
matrices are quite different in nature.

Theorem 4B.5. We have the following.
(a) The cardinal of ¥ is equal to the rank of Z(ay,p,n).
(b) Forall f,g € W(Y, m),

g 0

Sir11e1 = factor(f.8) - Sy ) ie)-

(_1)Z,N=1(f(i)+g(i))£(f)€(g)
vdim¢(Z(ap,m,n))
Thus, up to a diagonal change of basis, the pre-Fourier matrix and the S -
matrix of Z(Rep, (sl y))o coincide.

(¢) Forall f e (Y, ),

factor(f, g) =

Frob([f].5) = T 1y 1¢5)-

Proof. Part (a). This is proven in Section 5C.4.
Part (b). This is proven in Section 5C.6.
Part (c). This is proven in Section 5C.7. ]

Remark 4B.6. By Theorem 4A.5 (e), the S-matrix of Z(aps ar, v ) satisfies [48, Con-
jecture 5.4.34], and we think it hence deserves to be called the Fourier matrix of the
family F.

4C. The big asymptotic category related to a Calogero—Moser cell

We say that a unipotent character represented by ([ f], s) is in the principal series if
| f71(j)| = 1 forevery 0 < j < M — 1. We denote by F, the unipotent characters
of ¥ lying in the principal series. They are in bijection with a subset of irreducible
complex representations of G(M, M, N), which are represented by M -partitions of
N with each entry being (1) or empty, see [60, Section 6A] for more details. By a
(slight) abuse of notations, we will also denote by ¥y the set of irreducible complex
representations of G(M, M, N') corresponding to the unipotent characters in the prin-
cipal series. If M > N, a result of Bellamy [10] states that ¥y is a CM family of
irreducible complex representations of G(M, M, N) for a specific choice of parame-
ters, the so-called spetsial ones.
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Remark 4C.1. The spetsial parameters correspond to equal parameters for Iwahori—
Hecke algebras.

In [12], Bonnafé—Rouquier construct a partition of a finite complex reflection
group into left, right and two-sided CM cells, and conjecture that these cells coin-
cide with the KL cells provided the complex reflection group is a Coxeter group.
They also construct a bijection between the CM families and the two-sided CM cells.
Let us denote by I' the two-sided CM cell associated with the family F.

We now define what we call the big asymptotic category.

Definition 4C.2. Let A,y n be the matrix category over aps pr, v of size (N—1)!.
Since apr,pm, N is a ribbon category, so is the big asymptotic category Aas m,n -

Theorem 4C.3. We have the following.

(@) apm N and Ay pm,N are Morita equivalent (they have the same 2-represen-
tation theory).

(b) The Drinfeld centers of ap,m,n and Ay, pm, N are equivalent as modular cat-
egories.

2

© tkApuy = &0 = 1.

@) [AmmnN]g > By s, Matgme v(C).
Proof. Part (a). This is [58, Proposition 2.27].

Part (b). This follows from [39, Theorem 2.5.1, (7)].

Part (c). The rank of Ay prny is (N—=1))2tk apr v = ((N—l)!)szIeV. The
second equality follows from [12, Theorem 12.2.7, (c)] and taking dimensions in (d).

Part (d). This is proven in Section 5C.8. ]

5. Appendix: Some more technical proofs

SA. Missing proofs for Section 2

5A.1. Proof of Lemma 2E.8. Givenm € X, we define E,.: E — C by

En(e)= > (=1)!®™ exp(i(w(m).0)).

wE@N

The functions Z; and E, are invariant by ¢ — o + 2mw«; and therefore define
functions on the torus 7¥-! = E /2nY, where Y is the root lattice. Moreover, the
functions Z; are invariant and the functions £ are antiinvariant under the action of
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the symmetric group. The fundamental domain of the quotient 7V ~1 /@y is equal to

N—-1
D = { Z/\iai | 2A4; > Aicy + Ajpr foralll <i < N, A1 + Any—q 5275}.

i=1

Weyl’s denominator formula implies that the zeroes of E;” are on the boundary of D.

m-+p
Using Weyl’s character formula, for o in the interior of D, we have

Therefore the functions Z; and E_, / E are defined on the interior of D.

Un(Z1(0), ... Zn-1(6)) = Epy ,(0)/E; (o).

If moreover m € X T is such that > m = e + 1, then [8, equation (3.3.11)] implies
that, for o € V., we have Uy (Z1(0),...,Zn-1(0)) = 0. O

5A.2. Proof of Theorem 2E.10, Part (b). The dimension of the quotient by J, being
of dimension p%;, Hilbert’s Nullstellensatz (via, e.g., [31, Corollary 1.7.4]) implies
that V, is discrete with at most p§, points. For the converse, we use the following
important lemma.

Lemma 5A.1. The map 0 +— (Z1(0), ..., ZN-1(0)) is an injection on the interior
of the fundamental domain D.

Proof. In [9, (5.9)], Beerends calculated the value of the Jacobian |% R

(Zy.....ZN-1) 1_[ |ei(0i—Ui—l)_ei(O'j_Uj—])|
d(01,...,0N-1) l<i<j<N
N . (0i —0iy1—0; +0j4+1
_ ) i = 0i41 = 0j + 01|
I sm( .
1<i<j<N

Therefore, the Jacobian vanishes only on the reflecting hyperplanes of the representa-
tion E of the symmetric group, and we are done. ]

Since V, lies in the interior of D, Lemma 2E.8 implies that we have found p§,
points in V. m|

5A.3. Proof of Theorem 2E.10, Part (c). We need the following two lemmas.

Lemma 5A.2. Given o = Z;V=—11 oja; € E, the function Z;(a) is the evaluation of
the ith elementary symmetric function at

io i(or—0 i(loON—1—ON— —ioN—
(e 1,6(2 1)"“’e(N1 Nz)’e N-1).
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Proof. The function Z; is the evaluation of the character of the fundamental sl -
representation Ly, at the diagonal matrix

diag(ioy, i(02 —01),...,i(0N—1 —ON—2),—iON—1).

The claim follows from the usual correspondence between the character of L, and
the i th elementary symmetric function. |

Using Newton’s identities, we can hence express Z; (o) in terms of the power
sums Z; (ko).

Lemma 5A.3. Foro € V., we have Z;(6™) = {7 Z; (o).

Proof. Fork = ZlNz_ll kiw;, we write A; (K) for its coordinates in the basis («1, ...,
any—1). Using [14, Plate I], we explicitly have

Ai(k) = — ((N—I)Z]k + (N —i)iki +i Z (N—])k)

j=i+1

Then, one easily show that N(A;(k) — Ai—1 (k) = — Y1, jk; + N Y0 k. A
straightforward calculation also shows that, for k € X +(e) and 1 <i <N —1, we
have

A 67 o p) = iK™+ p) = Ailh +p) — Ay (k4 p) =
and
MEK” +p)=—Any-—1(k+p) — ¥ +e+ N
The result then follows from Lemma 5A.2. ]

Lemma 5A.3 and Theorem 2E.10 (a) imply that the map
XF(e) > Ve, k> (ZiQin(k+ p)/(e + N))i<isn—1

is a bijection which is Z /N Z-equivariant. We then do the counting in X T (e) instead
of in the Koornwinder variety.

Lemma 5A.4. Let us temporarily write X;,' (e) instead of X T (e). Let A = (Aq, ...,
AnN_1) € X% ~ () with stabilizer of order m under the action _~. Then m | e and
A=A, ..., AN/m-1) € XN/m(e/m) and its stabilizer under the action - is of
order 1.

This defines a bijection between the elements of X ; (e) with stabilizer of order m
and the elements of X ; /m (e/m) with stabilizer of order 1.
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Proof. Since the stabilizer of A is of order m, the extended tuple (A1,...,An—_1,€ —
¥A) is N/m-periodic, and N/m is the smallest period. Therefore A, ..., An/pm
appear each m times in the extended tuple so that A + -+ + Ay, = e/m. This
implies that " = (A1,..., An/m—1) € X;\;/m(e/m). This element has a stabilizer of
order 1 since N/m is the smallest period of the extended tuple of A.

Conversely, if A" = (A1, ..., AN/m—1) € X;V'/m (e/m) has a stabilizer of order 1,
then Z;"z_ol Z,A;/;n Aiwi 4 iN/m (Where oy = 0) is in X;\,F (e) and is of stabilizer of
order m. ]

Denote by ¢(N, e, m) the number of weights in X ™ (e) with stabilizer of order m.
Lemma 5A.4 implies that m | e and that ¢ (N, e,m) = ¢(N/m,e/m, 1). It then suffices
to prove the formula form = 1.

We proceed by induction on gcd(N, e). If gcd(N, e) = 1 then all elements of
X (e) have a stabilizer of order 1. Therefore, ¢c(N, e, 1) = p§ = (AA;:II) = %(Z)

Now suppose that gcd(N, e) > 1. We have

c(N,e,l)z%(%)— > c¢(N.ek)

k|gcd(M,N)
k#1

N (M
M(N)_ > ¢(N/k.M/k.1).

k|gcd(M,N)
k#1

Since k # 1 in the last sum, we can apply the induction hypothesis and we find
that

kk'
c(N,e,l):%(%)— > N > u(k’)(%//kk/).

ket ) M rieca (N
k#1

But
N M/ kk' N k\(M/k
_ &’ - -
)DREID SRNTCO] el D S 1t (o (ertl
k|gcd(M,N) k’|gcd(N/ k,M/ k) klgcd(N,M) k' |k

and we conclude using the fact that the Mobius function is the convolution inverse of
the identity. a

5B. Missing proofs for Section 3 and type D graphs

5B.1. Proof of Lemma 3A.11. We have two things to check: that the map is well
defined and that it is injective. The first is significantly more difficult than in [57].
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Well defined. To see that the ®,,, satisfy the defining relations of T, in equa-
tion (3.7) we first observe that ®,, @, = [N],! - O, as follows from, for example,
[25, (2.8)] or [11, Proposition 10.5.2 (d)] since #W; = N!. The second relation in
equation (3.7) is much more difficult to prove and we use equation (QSH) to do so:
under equation (QSH) going from 6 to 04, corresponds to tensoring with L, and
from 6 4; t0 O, corresponds to tensoring with L, , and similarly, but reversed,
for the other side of the equation. In particular, this equation in H (A4 y—1) holds since
we have Ly, ® Ly, = Ly, ® Ly, -

Injective. The same argument as in [57, Proof of Lemma 3.2] works. a

5B.2. Proof of Theorem 3B.3, Part (a). We start with a lemma.
Lemma 5B.1. Let 0 € V.. The stabilizer of o is of order ged({j | Z;(0) # 0} U
{ND).

Proof. Letm be suchthat Zj(o0) =0ifm { j. By Lemma 5A.3, we have Z; (0 ™) =
7' Z;(o) forall 1 <i < N. This implies that Z; (6 >N/™) = Z; (o), either because
Zi(6) = 0,if m } j, or because ¢ *¥/™ = 1, otherwise. By Lemma 5A.1, we have

o N/m — & n

Since Z;(0) = 0if j # 0 mod m, the representation M (o ) decomposes as L(0')o

® - ®L(0)m—1 Where 0;,0; 1. ..., 0+ (N/m—1)m acts on L(o'); by the matrices
NIy Zm(o) Zyu(o) ... Z(N/m—l)m(o')
0 0 0 0
}f b
0 0 0 0
0 0 0 0
ZNm-1ym(@) [Ny Zm(o) ... ZN/m—2ym(0)
X 0 0 0o ... 0 L
0 0 0 0
0 0 0 0
» : : - : :
0 0 0 0
Zm(o') sz(O') s Z(N/m—l)(o-) [N]v

and by zero otherwise.

Lemma 5B.2. The endomorphism ring of L(0'); is one dimensional.
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Proof. Let f be a matrix intertwiner for L(o);. Since [N], # 0, we immediately
obtain that f must be a diagonal matrix diag( fo. ..., fn/m—1). The relation f0; i,
= 0; 1 xm f implies that fx Z;1,(0) = Zy1n(0) frvr sothat fr = fry, forall0 <k <
N/m and 0 < r < N/m such that Z,,,(0) # 0, where the indices are taken modulo
N/m.By Lemma 5B.1, the set {1 <r < N/m | Z,,(0) # O} generates Z /(N /m)Z.
Therefore, we obtain that f is diagonal. |

Since [N], # 0, the explicit form of the matrices above implies that the represen-
tations L(c'); are pairwise nonisomorphic. They are moreover simple because their
endomorphism rings are one dimensional by Lemma 5B.2. |

5B.3. Proof of Theorem 3B.3, Part (b). This follows from (a) and the following
lemma.

Lemma 5B.3. The representations M(o) and M(a") are isomorphic if and only if &
and o' are in the same orbit.

Proof. We have two directions.
Case <. Let j be such that 6’ =0~/ . By Lemma 5A.3, this implies that Z; (') =
{79 Z; (o). An easy calculation shows that, for all i € I, we have

M;(0”) = diag(1,¢7, ..., ¢V "DI))M; (0)diag(1, ¢/, ..., VD7)~

Therefore the representations M(o') and M(o’) are isomorphic.

Case =>. As in the proof of Lemma 5B.2, an invertible matrix intertwiner M(o') —
M(o”) is necessarily a diagonal matrix diag( fo, ..., fa—1). The relation M; (o) f =
fM;(c”) implies that f; Z;(6) = Zy(0’) fi+x forall0 <i < N and 1 <k < N. Since
f is invertible, we obtain that Z; (¢') = 0 if and only if Z; (o) = 0. By Lemma 5B.1,
the stabilizers of o and o’ have the same order m.

Ifforall 1 <k < N wehave Zy(0) = Z;(6') = 0, then, by Lemma 5A.1, we have
o = o’. We then suppose that all Z-functions do not vanish at o (and consequently
at 0’). By Lemma 5B.1, m is a generator of the subgroup of Z /N Z generated by the
1 < j < N with Z; (o) # 0. Therefore, using the relations f; Zx(0) = Zi(0”) fi+k
with k such that Z (6) # 0 # Z(6'), one may show that the ratios f;/ f;+m are all
equal. As

o e Soymeim _ (ﬁ)”/’”,

B fm f2m fO fm

the ratio fy/ fy is equal to £~ for some j .

The relation fyZx(0) = Zi (o) fi gives then Zi(o') = {7 7%Zi (o). Indeed,
either k is a multiple of m and this follows from fo = {™™7" f,,,, or k is not a multiple
of m and Zx(0) = Zi(a’) = 0. We finally obtain that Z; (¢’) = Zx(a~/) for all
1 <k < N,and then 6’ = 6~/ by Lemma 5A.1. O
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5B.4. Proof of Theorem 3B.3, Parts (c) and (d). The simple representations we
found in (a) satisfy

m—1

dimev(Mo)? + Y Y dime+(L(0);)? = dime (Te).

o €orbits i =0

This follows from Theorem 2E.10 (c). Indeed, each orbit in V, with stabilizer of order
m defines m representations of dimension N/m and there are

m N M/mk
N2 “(k)(N/mk)
k| gcd(N/m,M/m)
such orbits. Hence
m—1
. m N2 N M/mk
> Yameten’= ¥ ompioy > ()

o €orbits i =0 m|gcd(N,e) k| gcd(N/m,M/m)
N2 M/mk
— k
T 2. M )(N/mk)

m|gcd(N,e) k| gcd(N/m,M/m)

« N2 (M
- V(N) = e

where the equality (x) follows from the convolution property of the Mébius function.
The result now follows since the sum of squares of dimensions of simple representa-
tions is equal to the dimension of the algebra, which implies semisimplicity. |

5B.5S. Graphs of type D. We also construct other examples of Ncolored graphs
through the fusion rules of module categories over Rep, (slx). The corresponding
module categories are constructed as categories of modules over an algebra in
Rep, (sl ). This is similar to the orbifold procedure of [42].

Given arank N, alevel e and 1 <i < N, the pointed subcategory generated by
Lew,; has the fusion rules of Z/NZ. However, this subcategory is not a symmetric
subcategory in general. Recall, for a finite group G and a central element z € G with
z # 1 and z2? = 1, the braided fusion category Rep(G, z) as in [29, Example 9.9.1 (3)].
Let g = gcd(N,e)and p = N/g.

Lemma 5B.4. The pointed subcategory P generated by L.y, is a symmetric subcat-
egory of Rep, (sl ). Moreover, P is braided equivalent to Rep(Z/gZ, z) if (¢/ g and
p are odd and g is even) and to Rep(Z/gZ) otherwise.

Proof. The twist of the simple object L., is given by

ple@i-ewi+20) — exp(izi(N —i)/N).
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Therefore, since Lew,; ® Lew,; =~ L we have

€Dp(i+j)°

=6 -1 671 =id,

ﬂLe“’pi’wapj eWp(i+j)ewp; ewp;

and the subcategory P is symmetric.

By [29, Corollary 9.9.25], it remains to compute the braiding of the generat-
ing object Ley, with itself. Since the object Ly, ® Lew, is simple, the braiding
Brewp Lew, 1S @ scalar multiple of the identity. By [29, Exercise 8.10.15], since the
invertible object Le, is of quantum dimension 1, we have ,BLMP, = Oew,- One
may check that O, = (—1)¢P(&=1/2id, which is equal to —1 if and only if e/g, p

Lewp

and g — 1 are all odd. ]

We describe the classical construction of an algebra in Rep(Z/gZ), the case of
Rep(Z/gZ, z) being similar. In the category Rep(Z/gZ), we consider the algebra
of complex valued functions, which is an algebra in this category. In the category
Rep(Z/gZ, z), there is a similar algebra object, but the multiplication is twisted by
a sign, through the action of z. Fourier transform for abelian finite groups implies
that these algebras are, as representations, isomorphic to the direct sum of simple
representations.

The category P is equivalent to Rep(Z/gZ) or Rep(Z/gZ, z). We let AP be the
algebra in P corresponding to the above algebra in Rep(Z/gZ) or Rep(Z/gZ, z).

Lemma 5B.5. In Rep,,(ssIN), we have AP ~ Ly & Lew, @ -+ @ Lew(g—1)p-

Proof. The result follows from the decomposition of the algebra in Rep(Z/gZ) and
Rep(Z/gZ, z), since the g simple objects of Rep(Z/gZ) or Rep(Z/gZ, z) are iden-
tified with the simple objects Lo, Lew,, » - - - » Lew(g—1) p- ]

Remark 5B.6. For N = 3, in [57, Proposition 5.4.3] the calculation of the algebra
object AP was done using symmetric webs [49, 68,70]. We instead use a corollary of
Deligne’s theorem on Tannakian categories, see [29, Corollary 9.9.25].

We consider the category M of (right) modules over A in Rep, (s[y). In the
case P is equivalent to Rep(Z/gZ), the category M is the de-equivariantization of
Rep, (sl y), and is a braided Z /g Z-crossed category.

Lemma 5B.7. The category M is a finite semisimple module category over the cate-
gory Rep, (sly).

Proof. The only nontrivial statement is the semisimplicity, which follows from the
separability of AP, by [29, Proposition 7.8.30]. By Remark 5B.6, separability is
equivalent to the digon scalar to be invertible, which is immediate from the defini-
tion of symmetric webs. Here, we assume familiarity with webs. ]
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There is a Z/ N Z-grading on M. The simple objects of M are all obtained as sum-
mands of free objects AP ® L,,. Since all summands of AL are of color 0, AP ® Ly, is
of color x.(Lm). This grading is moreover compatible with the grading of Rep, (sl x).

We define the graph of type D of rank N and level e as the graph I with set of
vertices Si(M), colored with the above Z/N Z- grading, and the vertices X and Y are
adjacent if and only if Y is a summand of EBl_l Ly; ® X. The graph T'; is then the
fusion graph of the object L, .

5B.6. Proof of Theorem 3C.12, Part (a). For type A, this is explained in [75, Sec-
tion 1.3, Example 2]. We give a self-contained proof.

Lemma 5B.8. For I" of type A of rank N and level e, the matrices (A(I'1), ...,
A(I'y—1)) can be simultaneously diagonalized and their joint spectrum is the Koorn-
winder variety V.

Proof. The matrix A(I';) is the fusion matrix of L, in the category Rep, (slx). The
S-matrix diagonalizes the fusion rules [29, Corollary 8.14.5] and the joint spectrum
of (A(I'1),..., A(Ly—1)) is

[ [
{5801/ 580+ Sk /Seo) [ k€ X ¥ (@)},
A direct application of Weyl character formula shows that
Sk, 27
B ypenet = 2,k )
k,0 j
We conclude using Lemma 2E.8 and Theorem 2E.10. ]

By definition of the Koornwinder variety and Lemma 3C.5, M(I") is a T,-repre-
sentation for I" of type A. m|

SC. Missing proofs for Section 4

5C.1. Proof of Theorem 4A.S5, Part (c). Firstly, we will compute the rank of
Z(Rep, (sln))o and then the number of simple objects with a stabilizer of a given
order. We will denote by Ly x the simple object Ly, X Lg. In these lemmas we use
Euler’s totient function ¢ and the Mobius function .

Lemma 5C.1. The rank of Z(Rep, (s ))o is

N M/k\?
LSS w(k)(N/k).

klged(M,N)
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Proof. The simple objects are indexed by pairs (m,k) € (X T (e))? such that (L) =
xc(Lk). Let V be a complex vector space with basis (v, ..., vy—1) equipped with
the endomorphism 2 defined by Q(v;) = w'v;, where  is a primitive Nth root of
unity. This endows V' with an action of Z /N Z, and then also the symmetric algebra
SV xV*=8V)® S(V*). If we denote by (wy, ..., wxy—1) the dual basis of

(vg,...,vN—1), then (vm,k)(m,k)e(X"‘(e))z’ where
__ e—Xm_ m my g e—3Xk, ki ky—1
Umk = Vo U Uy @Wo Wy WhT,

is a basis of S¢(V) ® S¢(V*), on which Q acts diagonally:
Q(vm,k) — Q)Xc(Lm)_Xc(Lk)vm’k

Therefore, the rank of Z(Rep,(sly))o is equal to the dimension of (S°(V) ®
S€(V*))Z/NZ Using a multigraded version of Molien’s formula, one finds that the
rank of Z(Rep, (s{n))o is the coefficient of u®v® in

1 Z 1
N LN dety (1 — Q'u) dety+(1 — Qv)

Since €2 is diagonal in the basis (vg, ..., vny—1), we have dety (1 — Qiu) =
]_[jvz_o1 1 — wu) = (1 — uki)*/ki where k; is the order of the root . Similarly,
dety« (1 — Qv) = (1 — vki)"/ki Since there are exactly ¢(k) powers of w of order
k, one has

1 Z 1
N LN dety (1 — Qiu) dety+(1 — Qv)

1 (k)
- N Z (1 — uk)N/k(1 — yk)N/k

kIN
1 Nk 4i—IN(N/K+] =1\ o 2
—NHZNso(k)mZZO( RS | G T

Only the terms with k | e will contribute to the coefficient of u®v¢ and we finally
obtain that the rank of Z(Rep, (sl y))o is

1 N/k+e/k—1\> N M/k\?
Ly w(k)( ) mEESS w(k)( ,
N klged(e,N) N/k =1 M klged(M,N) N/k

the last equality is obtained usinge + N = M and (5_1) = 2(). n

Lemma 5C.2. Let m € Z. If m }t gcd(N, e), then there is no simple object of
Z(Rep,, (sl ))o with stabilizer of order m under Lew, ey ® —. If m | gcd(N, e), then
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the number of simple objects of Z(Rep, (sln))o with stabilizer of order m under
Lewl,ewl ® — is

2
M =5 S a0

k|gcd(N/m,M|m) N/mk

Proof. The count is similar to the count of Theorem 2E.10 (c). The base case is dealt
by Lemma 5C.1, and, at the end of the inductive step, we use the fact Euler’s totient
function is the convolution of the Mobius function and of the identity function. ]

Each orbit of X T (e)? with stabilizer of order m will contribute m simple objects
in the modular closure of Z(Rep, (slx))o, and there are rcz(N, M, m) such orbits.
Hence, the rank of Z(Rep,,(slx)o) is

2

S BN M) L 3 > miuk) M/mk\*
N I =5 YN Ny mi
m|gcd(M,N) m|gcd(M,N) k|gcd(M/m,N/m)
1 5 (m\(M/m 2
= = Teu(F)(m)

m|gcd(M,N) k|m

We obtain the formula in Theorem 4A.5 (c) since J3 is the convolution of the M6bius
function p and the cube function. m|

5C.2. Proof of Theorem 4A.5, Part (e). We will use the description of the mod-
ular closure of the category R = (Rep, (slx) X Rep, (sln)*®)o as in [62, Defi-
nition 3.12]. Recall that it is obtained as the idempotent completion of the cate-
gory where the objects are the same as in R, but morphisms between X and Y are
@iGZ/NZ Homg (X, Lew, ew; ® Y). Let us denote by y an endomorphism of Ly, x in

the modular closure different from the identity and of order staby, x. Then the primi-

Stabm.k £ jk . k
sz g%y

for j € Z/NZ, where £ is a primitive stabp, xth root of unity. Using similar notations
for the object Lyy x/, we have

tive idempotents of End(Lm k) in the modular closure are p; = m >

S(m,k,i),(m’,k’,j) = Tr(pl ® p; o ﬂLm,k;Lm,k o ﬂLm,k;Lm,k)

1 stabm, k
_ 2 : ik k /
- Stabm’k P s Tr()/ ® Pj/ © ,BLmr’k/,Lm,k © ﬂLm,k,Lm”k/)'

Therefore, summing over i, we obtain

stabk,m

Z S(m,k,i),(m/,k’,i/) = Tr(ld &® P]// o IBLm/!k/,Lm.k o IBLm,kaLm/,k/)
i=1
1

= stabm’k Tr(IBLm/’k/,Lm,k o IBLm,k,Lm/’k/)a
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since the other terms in the sum defining p]’., are of trace 0, as they are traces of
morphisms between different objects in R.

Now suppose that N is prime. Then Lemma 5C.2 shows that there exists a unique
pair (m, k) € Xt (e)? with y.(Lm) = xc(Lx) and staby, x # 1 if and only if e = 0
mod N, and one easily checks that m = k = (¢/N, ..., e/N) provides such a pair.
A similar argument as above shows that S(m i i),(m,k,j) = Sm,k,i"),(mk,j7) if I —j =
i’— j mod N.

We now use the relation 17 1ST~! = STS, where v~ is the Gauss sum as in
[29, Definition 8.15.1]. This relation is satisfied since the modular closure is a modular
category. The entry ((m, k, 0), (m, k, 7)) of this relation gives

T 07 1k Smk,0),(mk,i) = Z O 1S .00, (k) S (K'Y, (m,k,0)
(m’ k)7 (m,k)

N
+ Ok D S k0), (ko) Sk, ). (m k) -
=1

Let k # 0 mod N. Multiplying by £/¥ and summing then gives

N N
T Ok D EF Sk ki) = Y EFSmk.0). (k) Sk ). (mki)
i=1 i,j=1
N

= Y Smi0).mk. ) Smk,0).(mk,j—i)
i,j=1

N 2
= ( > E’kS(m,k,o),(m,k,i)) :

i=1

But ZzN:1 £ S(mk.0).(mk.i) 7 O since a similar calculation shows that

N N
Z ERS mk,0), (ki) = Z(Sz)(m,k,o),(m,k,i)

i=1 i=1
and that S? is, up to a nonzero constant, the permutation matrix given by the duality

on simple objects.
We finally obtain that

1 {S(m,k),(m,k)+N(N—1)9lf],kt_ ifi = j,

Smki),mk,j) = o5
(m.k,i),(m.k, ;) N2 S(m,k),(m,k)_Nei,kT_ ifi

Itis a calculation to show that the Gauss sum 7™ is equal to dim. Rep, (s{y)/N . First,
one shows that the Gauss sum t~ is equal to the Gauss sum 7~ (R) of R. Then, using
the grading, one shows that Nt~ (R) = 7~ (Rep,, (sl ) X Rep,, (sl y)™"). Finally, one
concludes using [29, Proposition 8.15.4]. a
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5C.3. Definition of the action. Now we come to Section 4B, so the reader might
want to recall the various terminology. We define an action of Z/M Z on W(Y, 7r) as
follows. Given f € W(Y,w) and k € Z/M7Z, we define f + k as the unique function
Y - {0,...,.M — 1} suchthat (f + k)(y) = f(y) + k mod M forall y € Y. Since
f + k is not necessarily increasing on 7~1(i) for all i € Zxg, we denote by f +k
the unique function in W(Y, 7r) such that fT%(z~1(i)) = (f + k)(x~1(i)) for all
i € Zsp. Given f € W(Y, ), we denote by s(f) the cardinal of the stabilizer of f
for the action of Z/MZ induced by f + f*!. The unipotent characters lying in
the family ¥ are then indexed by pairs ([ f], s) where [ f] is an equivalence class of
(Y, ) under the action of Z/MZ and 1 < s < s(f).

For f € W(Y,x), let f:{1,...,N} — {0,..., M — 1} be the only increasing
function such that { f(1), ..., f(N)} is the complement of f(x~1(0)) in {0, ...,
M —1}. Then we have YV (f(i) — f(i)) = 0 mod M.

Example 5C.3. Wetakee =2and N = 3,sothat M = 5,and f € W(Y, ) given by
f(1)=0, f2)=1, f(3) =2, f(4) =0and f(5) = 2. This corresponds to Malle’s
5-symbol,

1

S = O

see Remark 4B.2 for the construction. The 1’s in this symbol appear in the rows
f(1), f(2) and f(3) = f(N), whereas the 0’s appear in the rows f(4) = f(N + 1)
and f(5) = f(N 4+ e) = f(M), and f records the rows which do not have 0’s.

Finally, the functions f+!and f 13 satisty f ™1 (1)=1, ft1(2)=2, f*1(3)=3,
fH@=1land f*1(5)=3and (1) =0, [3(2) =3, f(3) =4, [F(4) =0
and f3(5) = 3. They respectively correspond to the symbols

-

1

and

S = O |
—

—_ O |
—_—

The symbols corresponding to f ! and f*3 are obtained from the symbol corre-
sponding to f via a cyclic shift.

5C.4. Proof of Theorem 4B.5, Part (a). The computation of the cardinal of ¥ is
similar to Theorem 4A.5 (¢).

Lemma 5C.4. The cardinal of W(Y, 70) is 37 > k|gca(N.a1) (1‘1\{//115)2
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Proof. The proof is similar to Lemma 5C.1. We consider V' a C-vector space of
dimension M equipped with a basis (vo, ..., vp—1). Let @ be a primitive M th root of
unity, and define 2 as the endomorphism of V' such that Q(v;) = ®'v;. This endows V
with an action of Z /M Z, and also the exterior power A(V x V*) = A(V) @ A(V*).
We denote by (wo, ..., wa—1) the dual basis of (vg,...,vy—1). Given a func-
tion f:Y — {0,..., M — 1} strictly increasing on 7~!1(1) = {1,..., N} and on
77 N0) ={N +1,..., M}, we set

vr = (Vray A AVF(N)) ® (wf—(l) AREEWAN u}f(N)) € AN(V) ® AN(V*).

Such vectors form a basis of AV (V) ® AY (V*) on which Q acts diagonally: Q(vy)
— WXt (fO=F@) vr. Therefore, the cardinality of W(Y, ) is equal to the dimen-
sion of (AN (V) ®@ AN (V*))Z/MZ and, via a Molien-type argument, is the u®™ vV

coefficient in :
— Z dety (1 + Q%u) dety« (1 + Q'v).
i€Z/MZ

N

Using arguments s1m11ar to Lemma 5C.1, we ﬁnd that the u™ v coefficient of the

k
above polynomial is M Zklgcd(N,M) (p(k)(%//k)

Lemma 5C.5. Let m € Z. If m } gcd(N, M), then there is no f € V(Y, ) with
s(f)=m.Ifm| gcd(N, M), then the number of f € V(Y, ) withs(f) =m is

2
W= (Y

klgcd(N/m,M/m) N/mk

Proof. As for Lemma 5C.2, the proof is similar to proof of Theorem 2E.10 (c), the
base case being dealt by Lemma 5C.4. [

Each orbit of W(Y, m) with stabilizer of order m will contribute m unipotent char-
acters in ¥, and there are Cq/(N, M, m) such orbits. Hence, the cardinality of ¥
is

2 : M/mk\?
Z HCW(N,M,M) =2 Z Z m3M(k)(N/mk)

m|ged(M,N) m|ged(M,N) k|gcd(N/m,M/m)
1 M/m
= — K3 .
v X () (Y
m|ged(M,N) k|m
Since J3 is the convolution of the Mobius function u and the cube function, we obtain
1 M/k\?
Fl=— Ja(k .
=g X nw(h)
k|gcd(N,M)

By Theorem 4A.5 (c), this cardinality is the rank of Z(aas,p,n)- O
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5C.5. The map i. We define a map 1: W(Y, 7) — (X *+(e))?, f — (my,k;) where
m; = (fQ) = f()—1,..., f(N) = f(N=1)= )77

and
ki = (f@Q—f()=1,....f(N)= f(N-1) = 1),

with 7y € Z being the unique integer such that ZlN:l(f(i) — f(i) = ryM. The
appearance of a rotation by ry is necessary to make Lemma 5C.8 true. Note that,
going back to the definition of _ 7, using the weight notation (with the convention
that wy = 0), and considering all indices and arguments modulo N, we have

N—-1
mp =Y (fi+1=rp)= f(i —rf) = Doy + Moy, . (5.6)

i=1

Example 5C.7. We continue Example 5C.3, and consider the same function f €
W(Y, ). We have ry = —1, and the corresponding weights are my = (0, 0)~CD =
(0,2) and ks = (1,0). Both are of color 1 € Z/N Z, see Lemma 5C.8.

The reader may verify that ry+1 = 0 and ry+3 = 0, that ms41 = (ms)™ and
k+1 = (ky)~, and that my4+3 = (my)~2 and ky4+3 = (Ky)~2. This behavior of ¢
under the action of Z /M Z is explained in the proof of Lemma 5C.9

We now show that ¢ induces an isomorphism between ¥ and Si(Z(ap,pm.n))-
Lemma 5C.8. Forany f € W(Y, ), we have xc(Lm,) = xc(Lx,) € Z/NZ.

Proof. A straightforward calculation shows that y.(Lk,) =— ZIN=1 fi)— (g’ ) Since
—7" adds e to the color, we obtain that y(Lm,) = — ZZN=1 f@)— (g’) + rye. There-
fore, xc(Lk,) — Xc(Lm,) = rf(M —e) =0since M =e + N. [

Lemma 5C.9. The map t induces a bijection t between the orbits of V(Y, i) under
the action of 7./ M Z and the orbits of {(m,K) € (X*(€))? | x¢(Lm) = xc (L)} under
the action of 7./ N Z.

Proof. We first study the behavior of ¢ under the action of Z/MZ. For f € V(Y, ),
we show that

(f)” if f(N)=M—1.

We distinguish four different cases depending on whether f(N) and f(N) are equal
toM—1.1f f(Ny=M —1and f(N) # M —1, then fT1(1) =0, fT1(i) =
fG—=1)+1foralll<i <Nand f+'(i) = f(i) + 1 forall 1 <i < N. Therefore,
re+1 =71 — 1Land «(f 1) = ((f). The three other cases are similar. Therefore, ¢

() = {L(f) if f(N) # M —1,
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induces a well-defined map ¢ from the orbits of W (Y, =) under the action of Z/M Z
to the orbits of {(m,k) € (X*(e))? | x¢(Lm) = xc(Lk)} under the action of Z/N Z.

We now prove that if f, g € W(Y, w) are such that ¢( f) and ¢(g) are in the same
orbit of (X (e))? under the action of Z/NZ, then f and g are in the same orbit
of W(Y, 7) under the action of Z/MZ. This would imply that the above induced
map 7 is injective. Let 1 </ < N such that ((f) = t(g)~!, and 0 < k < M such
that g(N — [ + 1) = M — k. Then one may check that ((g*%) = ((g)™ and we
may and will suppose that ¢(f) = t(g). The above behavior of ¢ also shows that
L(fHM=SN)=D) = (), and similarly for g. Therefore, we also may and will sup-
pose that £ (N) = g(N).

With these extra assumptions, it remains to show that f = g. Since f(N) = g(N)
and kr = kg, we easily deduce that f(i) =g(@)foralll <i <N.LetO<r/ ,ré, <N
such that r; = ry mod N and r; = rg mod N. Since my = m, we have

N-1

0= Z i(mg; —myg ;)

i=1

N
= 3"(g()) = £()) + N(F(N —r}) = g(N = r}) + M(r) =)

i=1
= M(r]i —ry+ryg —r;) + N(f(N —r]/») —g(N —r;)).

We hence deduce that M divides f(N — J’,) — g(N —rg), which is between —M + 1
and M — 1 so that f(N — rj’,) = g(N —rg). The equality ms = m, then implies that
fG — r}’,) = g(i —ry) foralli and that ry = rg since M(ry —rg) = Zf-vzl(f(i) -
g(i)). We obtain that f = g as expected.

Therefore, ¢ is an injective map between the Z/M Z orbits of W(Y, 7) and the
7./ N Z orbits of {(m,k) € (X*(e))? | x¢(Lm) = xc(Lk)}. Since the number of such
orbits is the same we deduce that this injection is a bijection. |

5C.6. Proof of Theorem 4B.5, Part (b). Recall that the symmetric group @y acts
on the weights. We will denote by e the action shifted by p. We need the following
two technical lemmas.

Lemma 5C.10. Let f € V(Y, ) and w € Gy. Then

(wemys); = f(w G+ 1) —rp)— f(w @) —rr)—1 mod M,
weks)i=f(w i +1)—f(w'(@)—1 mod M.
Proof. It suffices to treat the case of a simple reflection s; through the hyperplane

orthogonal to o;. We only do the case of my, the case of ky being similar. By defini-
tion, we have s; emy = my — (my + p, o} )e;. Using (5.6), we have (my + p, o)
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=f(j+1—rr)— f(j —rf) mod N. Since j = —wj_1 + 2w; — w; 41, we verify
that the statement of the lemma holds for w = s;. n

Lemma 5C.11. Let f € W(Y, ) and w,w’ € Gy. Then we have w emy —w' e ks =
SN iy with

vi=) (ST = f@H(f)=rs) mod M.
=1

j_
Proof. By definition of the fundamental roots, we have v; = (w ems — w’ o ks, ;).
Using equation (5.6), we have

N-1

v = Moo + Y (F@ G+ 1) —rp) = f@™ () = r7)

Jj=1

— TG+ D)+ F TG (), @)

N
= Mo ) + ) _(fw™ () —rp) = @ () @1 — wj, o).
j=1

Since (w;, w;) = min(i, j) — 3, we deduce that

. N
= M{or, o)+ =3 (@) — ) = T ()
j=1

J
= F@TG) =) = F@TNG))

j=1

J
= M min(ry. i) + ) (f () = f@™ () =),

j=1
the last equality following from the definition of 7. ]

We now give another expression for the pre-Fourier matrix of the family ¥, which
will be more suitable for the comparison with the modular data arising from the
asymptotic category. Recall the matrix § = (172¥)o<; j<m-

Lemma 5C.12. Let 0 <i;j <+ <ig <M —1and0< j; <--- < jo <M —1.
Let i be the e-tuple (i1, ..., 1i.), j be the e-tuple (ji, ..., je) and €i be the strictly
increasing n-tuple obtained from the complement ofiin {0, ..., M — 1} and similarly
for €j. Then

e ;i yciydet(S -
(A8 = (- Tim i O g



On Hecke and asymptotic categories for a family of complex reflection groups 95

Proof. Since %E is the inverse of §, the inverse of AV S is ﬁAN S. But the inverse
of AN S can also be expressed in terms of the Nth adjugate matrix of §. The lemma
follows then from the explicit form of the adjugate matrix. ]

As T = (—1)(1‘2/1) det(S), we deduce that, given f, g € W(Y, ), the pre-Fourier
matrix of ¥ has the following expression:

N e —s
- (—DZi=1(F O+ e( f)e(g) ; ow!
S[f],[g] = MN—I Z (_1) (w)+I(w’)

w,w' €Sy

. ]_[ ,72(f(w(i))g(i)—f(w/(i))g(i))_
i=1
Given f, g € W(Y, ), using the explicit formula for the S-matrix of Z(Rep, (sln))o
(see Lemma 2C.1 for the S-matrix of Rep, (slx)), we have

0 ool sl
S f)ute) = Smyme Sk, kg

Zw e (_l)l(w)+l(w’) ,72<mf+p,w(mg+p))—2(kf+p,w’(kg+p)>
_ s N

, — DI w)+iw”) p2(p,w(p))—2{p,w’(p))
Zw w e@N( ) n

We are then concerned with the value, modulo M, of (mys + p, w(mg + p)) —
(kr + p, w'(kg + p)). Using the shifted action of the symmetric group, we have

(my + p, wmg + p)) — (kr + p, w'(kg + p))
= (my —ky, w' o kg + p) + (wemg —w e kg, w o kg + p).
Using Lemma 5C.10 and Lemma 5C.11, we find

(mf —kf,w/ ok, + p)
N—-1 _
= ) EWTN) g TGN G) = f( —r7)) mod M
j=1
and

(wemg —w ek, w e kg + p)
N—-1
=Y (fn—rp) = fG =@ () — g™ (j) —kg)) mod M.
ji=1

Since f € W(Y, m) we have vazl(f(i) — f(i)) = 0 mod M and similarly for g.
Therefore, we obtain

(my + p,w(mg + p)) — (ks + p, w'(kg + p))

N
=Y (G —rp) =g (j) —re) = F(HEW (/) mod M

Jj=1
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and since w — (j — w(j + rg) — rg) is a signature preserving bijection of Sy we
have

’ N . N Tl (iVNS( i
g B Zw,w/e@,v (—1)f )+’ 2, nf(w(.l))g(J) S’ (1)g0)
(i) = > wwree y (— DI 2w =2(w 6)

We finally renormalize the S-matrix by the positive square root of the categorical
dimension of Z(aps,p,n ), in order to compare with the pre-Fourier matrix of family
¥ . By [29, Corollary 8.23.12], we have dim(Z(Rep, (sln))) = N2dim(Z(ap m.n))-
Since the category Rep, (sly) is modular, we deduce that dim(Z(Rep, (sly))) =
dim(Rep, (s! ~))2. Using [8, Theorem 3.3.20], we find that the positive square root
of dim(Z(aps,pm.n)) is then

-2
Z (_1)l(w),72(p,w(p)) ) 0O

weby

dim(Rep, (sln))
N

— MN—I

5C.7. Proof of Theorem 4B.5, Part (c). We first rewrite slightly the eigenvalue of
the Frobenius.

Lemma 5C.13. Given f e V(Y,7)and 1 <s <s(f), we have Frob([ f],s) = n_“(f)
with

N i—1 i
o(f) = 23 (F) - fii - rf»(Z Fih -3 16 - rf>) mod 2.

i=1 j=1 Jj=1

Proof. The value of a( f) is given in equation (4.3). First, using the definition of £,
we have

(S + Mf(y)

yeyY
N B B M
= 2P+ MfG) = F()> = M)+ Y (> + Mj)
i=1 i

so that a(f) = YN (f()2 + M f(i) — f(i)* — Mf(i)) mod 2M. Now, we re-
write f (N) using the fact that f € W(Y, 7) and we obtain

N-1 2
FONY + M F(N) = (f(N i)+ S =) — ) - erf)

i=1

N—1
+M(f(N—rf)+ Z(f(i —rf)—f(i))—erf).

i=1
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Expanding the square, we obtain

N-1 2
FONY + MF(NY = f(N = rp)* + ( S (G —rp) - f(i)))
i=1
N-1

+2f(N —rp) Y (fli —rp) = £())
i=1

N-1

+ M(f(N —rp)+ Y (fli—rp) - f(i))) mod 2M.

i=1

We then check that this implies that

N—-1
a(f)=2 Y (i =rp) = Fo (. S 16 -r- Zm)) mod 2M,

i=1 J=i+1
and we conclude the proof using once again that le\;l (fG)— f(i)=0mod M. m

Given g € V(Y, 7), the value for the ribbon in Z(aps pr,n) is

et(f) = n(m/ ’mf""_ZP)_(k/',k_/'-i‘zp)'

We notice the equality (ms, my + 2p) — (kg ks + 2p) = (my — ks, my —kr) +
2(mf Ky, kf + p). On the one hand, using Lemma 5C.11, (o, «j) = a;,; and
Z; 1(f(l)—f(l))—0m0deehave

(m; —ky,my —Ky)
N i B
=23 (L7010 - ”f))) (FG) = £ —r/) mod 2M.
i=1 Vj=1
On the other hand, using once again Lemma 5C.11, we have

N—-1 i

AL EDS (Z(fm—f(] —”f)))(f(l - F)

N
= Z fO(f@)— fG —rp)) mod M.

Therefore, 0,(r) = nzﬂ ("), where

B(f) = Z(f@) - 1 —rf»(Zf(n S G -m).

j=1
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Then Lemma 5C.13 shows that the ribbon and the eigenvalue of the Frobenius coin-
cide, and we conclude, since the 7T -matrix is the diagonal matrix with entries, the
inverse of the ribbon. m|

5C.8. Proof of Theorem 4C.3, Part (d). Since Az s,y iS @ matrix category over
ay MmN, we first compute the Artin-Wedderburn decomposition of [aaz, s, N]g,
which is a subring of Maty ([Rep,, (s! N)]g), by determining all the primitive central
idempotents.

It is easy to see that the center of [apy, s, N]g consists of diagonal matrices with
entries in the center of [Rep, (sl N)o]g. A central idempotent of [aps s, N]g is then a
diagonal matrix with coefficients central idempotents of [Rep,, (s! N)o]g-

Lemma 5C.14. The primitive central idempotents of [Rep, (sl N)o]g are in bijection
with the Lew, ® —-orbits on Si(Rep, (sl )).

Proof. Since Rep,, (slx)o is a braided fusion category, its complexified Grothendieck
ring is commutative and semisimple. Then, the primitive central idempotents of
[Rep,, (sl N)o]g are in bijection with the characters [Rep,, (sl N)o]g — C.GivenL, €
Si(Rep, (sly)), the linear extension ymy of [Lg] = S;[,k / dim(Ly,) is a character of
[Rep,, (sl N)o]g, see [29, Proposition 8.13.11]. Since Rep, (s ) is a modular cate-
gory, it follows from [29, Theorem 8.20.7 and Corollary 8.20.11] that all this exhausts
all characters [Rep,) (sl N)o]g — C, and that yp = yn if and only if Ly, and Lyy
are in the same (Rep,(s{x)o)’-module component. Here, (Rep, (s{x)o)" denotes
the centralizer of Rep,(s[y)o in Rep,(sly) as in [29, Section 8.20]. Using the
tensor product rules in Rep, (sl ) (which can be obtained, for example, from The-
orem 2E.10 (a)), one may easily show that (Rep, (slx)o)" is the fusion subcategory
generated by L, , which implies that Ly, and Ly are in the same (Rep, (s] N)o) -
module component if and only if L, and L,y are in the same orbit under L., @ —. =

The idempotent of [Rep, (sl N)]g corresponding to the object Ly, is then a scalar
multiple of Ry, = ZXeSi(Rep,,(sI ) Xm(X)[X*]. Let us denote by

Rmi= Y rm(0X7]

XeSi(Rep,(sin)i)

Then the idempotent ey of [Repg(s! N)O](GCB corresponding to the object L, is a scalar
multiple of Ry 0. One can also check that Ry o[Lk] = ym([Lk]) Rm,—i for Lk a simple
object of color i.

Lemma 5C.15. Let m € X " (e). Define Am = {i € Z/NZ | ALy, ym(Lx) # 0 and
Xc(Lx) = i}. Then Ay is a subgroup of Z/NZ and the diagonal matrix Ewy i1 4,
supported by the right coset i + Ay with nonzero entries equal to ey, is a primitive
central idempotent of [ay, ., N]g
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Proof. First, it is clear that Ay, is an additive subgroup of Z /N Z. One may easily
show that each diagonal matrix supported by a right coset of Ay, with nonzero entries
equal to ey, is a central idempotent of [az s, N]g.

Let f be a primitive central idempotent of [aps s, N]g and choose i such that the
diagonal entry f;; is nonzero. Since e is primitive, there exists m such that f; ; = ep.
Suppose that there exists a simple object Ly of color j such that yy,(Lg) # 0 and
consider x € [ap . N]g whose only nonzero entry is at the position (i,i 4+ j) and is
equal to [Ly]. Then, since f is central, we obtain that x; ;+; fitji+; = fi,iXii+j =
em[Lg] which is a scalar multiple of Ry, —;. Since ym(Lk) # 0, the element Ry, ;
is nonzero as well as x; ;y; fi+ji+;. In particular, the coefficient f;1 ;4 of f is
nonzero and a scalar multiple of Ry . Therefore fiy;i1+; = em. We deduce that
f= Em.i+Ap- u

In the Artin—-Wedderburn decomposition of [aps, as, N]g, the idempotent Ep, ; 1 4,,
will contribute to a matrix algebra of size | Ay, |. Let Staby, be the stabilizer subgroup
of Ly, under the action of Lep, ® —.

Lemma 5C.16. Letm € X " (e) andr € Z/NZ. Then r € Staby, if and only if ri =
Omod N foralli € Ap,.

Proof. Using Lemma 2C.2, we have, for any m,k € X (e) and r € Zx¢

dim(Ly) dim(Ly)
-—Xk(Lm‘)r) =T
dim(Ly,) dim(Ly,)
— n_zreXC(Lk)/NXm(Lk)-

Jm—r (Lg) = Xk (Lm) Xk (Lew, )

Suppose that r € Staby, and let i € Ay. We then choose k € Xt (e) such that
xe(Lx) =1 and yu(Lg) # 0. By assumption, m~" = m and therefore we have yp (L)
= ym—r (Ly) = n 27X @I/N oy (1), As ym(Ly) # 0, we obtain that rym(Ly) =
0 mod N.

Conversely, suppose that ri =0 mod N forall i € Ay. Since Rep, (sl x) is mod-
ular, ym = fm—r implies that Ly ~ Lp—r. Let k € X T (e). If y¢(Lk) & Am then
Am(Li) = 0and ym—r (Lg) = n~2rexc@/N y (1,) = 0. Otherwise, r y¢(Lx) = 0 mod
N and we have ym—r(Ly) = 727X @)/N 9 (L) = ym(Ly). Therefore the charac-
ters ym and ymy,—r coincide. |

We hence deduce that |Ay,| is equal to the cardinal of the orbit of Ly, under
Lew, ® —.
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Lemma 5C.17. We have

ammnle > € Matym(C)®",
m|ged(M,N)
Aumnlg > € Matyym(©)®,
m|ged(M,N)
2 M/mk
where nm = 35 3 k| acd(N/m,M/m) /‘L(k)(N//n”;k)‘
Proof. To obtain the Artin—-Wedderburn decomposition of aps, a, v, it remains to com-
pute the number of orbits of simple objects of Rep, (sl y) under Ly, ® — of a given
cardinality m, which is done similarly to Lemma 5C.2. Indeed, each such orbit gives
rise to m idempotents with a matrix algebra of size N/m. The Artin—-Wedderburn
decomposition of Aps s,y follows from the definition of the big asymptotic cate-
gory. ]

The next lemma studies the dimensions of the representations of the Calogero—
Moser family Fy.

Lemma 5C.18. The Calogero—Moser family F¢ contains only representations of di-
mension N!/m for every m| gcd(M, N). The number of representations of dimension
N!/m is ny,.

Proof. Recall that in terms of M-partitions of N, the representations of %y are indexed
by orbits of multipartitions with entries equal to (1) or @ under the action of Z /M Z by
cyclic shifting. Each orbit of size m parametrizes M /m representations of dimension
N!/m.

To count the number of representations of a given dimension, one may proceed
similarly to the proof of Theorem 4B.5 (a). ]

Therefore, combining Lemma 5C.17 and Lemma 5C.18, we obtain

Aumnlg> B  Matyym(C©)® ~ @ Matgimev)(C).
m|ged(M,N) VeFo

The proof is now complete. a
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