Quantum Topol. 17 (2026), 189-237 © 2024 European Mathematical Society
DOI 10.4171/QT/203 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Triple clasp formulas for G,

Elijah Bodish and Haihan Wu

Abstract. We use Kuperberg’s diagrammatic description of homomorphisms between funda-
mental representations of G, to give explicit recursive formulas for the idempotent projecting to
the highest weight irreducible summand in each tensor product of fundamental representations.

1. Introduction

1.1. History of clasp formulas

The discovery of the Jones polynomial in the early 1980s [11] triggered mathemat-
ical developments in areas including knot theory and quantum algebra. One way to
define the Jones polynomial is by using the braiding in the Temperley—Lieb Category
[12, Chapter 2]. Half a decade earlier, Rumer—Teller—Weyl found a description of
morphisms between tensor products of the vector representation of SL,(C) in terms
of cup and cap diagrams [24, equation (3)]. The g-analog of their result is that the
Temperley—Lieb Category is monoidally equivalent to the full monoidal subcategory
of Rep(U,(sl,)) generated by the g-analogue of the vector representation.

Let V' € Rep(U,(sl,)) denote the g-analogue of the vector representation of
SL,(C). For each n € Zx, there is an irreducible representation V(n), which is a
direct summand of V®" and which is not a direct summand of V' ®™ for m < n. Note
that

V) = V.

So, for each n, there is an idempotent in the Temperley—Lieb category which can be
viewed as the idempotent in Enqu(SIZ)(V@’”) with image V' (n). The condition that
V(n) is not a summand of V®™ for m < n implies that composing a projector with
any cap diagram will result in zero.

These idempotents are usually called Jones—Wenzl projectors, as they were first
considered by Jones [10, Section 4.2], and the following explicit inductive formula
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was first given by Wenzl [26]:

n—-2 (1.1)

Here, we use the notation [m] to denote the quantum integer

[m]q := M

q9—9
for each m € Z. Our convention is that a red box with label z is the morphism in the
Temperley-Lieb category which corresponds to the idempotent with image V(n).

The Jones—Wenzl projectors and the recursive formula in equation (1.1) describing
them have been proven useful in link homology [6], Soergel bimodules [7], and the
theory of subfactors and planar algebras [20]. The present work is concerned with
generalizing equation (1.1) from sl to the Lie algebra g,. However, many things we
say in the introduction make sense for all semisimple Lie algebras.

Fix a finite-dimensional semisimple Lie algebra g. There is an associated quantum
enveloping algebra Uy (g), which is a C(g) algebra defined by generators and relations
which “quantize” the Serre presentation of the usual enveloping algebra [9, Chapter
4]. The finite-dimensional irreducible type-1 representations' are in bijection with
the finite-dimensional irreducible representations of g; i.e., for each dominant inte-
gral weight A, there is a finite-dimensional irreducible module of U, (g), which we
denote by V(A). We will abuse notation and write Rep(U,(g)) to refer to the cate-
gory of finite-dimensional type-1 representations of U, (g). The algebra U,(g) is a
Hopf algebra [9, Section 4.8], and it turns out that Rep(Uy (g)) is closed under taking
tensor products. Furthermore, since we are working over C(g), where ¢ is an inde-
terminant or a generic element of C, the category Rep(U,(g)) is a semisimple tensor
category, and the Grothendieck ring of Rep (U, (g)) is isomorphic to the Grothendieck
ring of the category of finite-dimensional representations of g.

The recursion in equation (1.1) is expressed in terms of the Temperley—Lieb cat-
egory, which describes the full monoidal subcategory of Rep(U,(sl,)) generated by
V. One way to generalize this subcategory to arbitrary quantum groups is proposed
in the following definition.

This means that, for all simple roots a, the element K, acts on the p weight space of any
representation by +¢(@®) [9, Section 5.2]. We will only consider type-1 representations in this

paper.
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Definition 1.1. The category Fund(U,(g)) is the full subcategory of Rep(U,(g)).
monoidally generated by the irreducible representations with highest weight a funda-
mental weight.

We denote the set of fundamental weights of g by {w;}. Let A be a dominant
integral weight. Then, we can write

A= Zniwi,

where n; € Zs¢. There is a partial order on all weights, where ¢ < A when A — u
is a Z>o-linear combination of positive roots. With respect to this partial order, the
irreducible representation V(1) has highest weight A. Also, V(1) is a direct summand
of the tensor product &); V(z;)®". Thus, there are projection and inclusion maps

Q) V(@)® - V() > Q) V(w:)®"

such that the composition is an idempotent C in Fund(U,(g)). We are interested in
finding explicit descriptions of these idempotents, generalizing formula (1.1).

Unless A is a fundamental weight or the zero weight, V(1) will not be an object
in Fund(U, (g)). However, C, is a morphism in Fund(U,(g)), and we think of it as
a replacement for V(1). Analogous to how V(1) is characterized as the irreducible
representation with highest weight A, the morphism C), is characterized as the non-
zero idempotent endomorphism of ); V(w;)®" such that if

[ QV(@)® - V(wi) @@ V(w;,)

1

is a morphism in Fund(U,(g)) and Y _; @i, < A, then f o Cy = 0.

The Temperley—Lieb category provides a generators-and-relations description of
Fund(Uy (sl,)). Kuperberg’s paper [16] was the first attempt to generalize this to
other g. In this work, Kuperberg gives generators and relations descriptions of the
monoidal categories Fund (U, (g)) when g is a rank two simple Lie algebra, i.e., g =
sl3, spy, or go. This work was later extended to types A [5, Theorem 3.3.1] and C
[3, Theorem 1.4]. Following these authors, we refer to a diagrammatic category which
is monoidally equivalent to Fund(U,(g)) as Weby,(g). It remains an open problem to
define web categories for all simple g.

Kuperberg also introduced the terminology clasp to refer to an idempotent pro-
jecting to the highest-weight irreducible summand of a tensor product of fundamental
representations, viewed as a morphism in Weby (g). If the highest weight of this irre-
ducible summand is A, then we will call this idempotent a A-clasp. To generalize the
Jones—Wenzl recursion, a first step is to find recursive formulas of clasps in the rank
two cases.
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In the sl5 case, a recursive formula was given by Ohtsuki and Yamada [18, Defi-
nition 2.4], where they called a clasp a “magic element”. Later, Dongseok Kim found
other recursive formulas for the s[5 case as well [13, Theorem 3.3].

In [8, Conjecture 3.16], Elias made his type A clasp conjecture, which implies
a recursive description of each sl, clasp using the language of sl,, webs. Also, [8,
Theorem 2.57] provides a basis for all homomorphism spaces between fundamental
representations for sl,,. These bases have a particularly nice form which reduces the
validity of the type A clasp conjecture to an explicit (but unwieldy) calculation. In
[8, Sections 3.4 and 3.5], Elias proved the sl,, clasp conjecture by hand for n < 4.

Since sp, is rank two, there are two simple roots: one short «; and one long 5.
We write @, and @, for the corresponding fundamental weights. In the sp, case,
Kim gave recursive clasp formulas for the awj-clasp [13, Corollary 4.3] and the
bw,-clasp [13, Corollary 4.5]. However, an inductive formula for the sp, aw; +
bw,-clasp remained unknown until recently, when the first named author derived
formulas generalizing Elias’s type A clasp conjecture to type C, [1, Theorem 1.5].

In the g, case, little was known before the present work. Attempts at getting
the g,-clasp formulas have been made, including a few base-case calculations by
Sakamoto and Yonezawa [25, Section 5]. In this paper, we give triple clasp expansions
for the g, A-clasps for all dominant integral weights A. Our results are summarized in
the following theorem.

Theorem 1.2. Let A be a dominant integral weight for g». Then, the A + @ clasp is
given by the following recursive formula:

A+w A

At
Ao

DCELL

[ Adw |=[ 2 [=| - Z ((peff,w)_l)i,-'

neV(@)\{w}

A+w A

Here, a red box labeled by y denotes the x-clasp, i.e., the morphism in Weby (g2)
At
A,

which corresponds to the idempotent with image V(x). The diagrams D( ELL
and ' E LLiJ;’;L are given explicitly in formula (3.1) and formula (3.2) in Section 3.1.

The coefficients Pélff,w are given explicitly by equations (3.3) to (3.25) in Section 3.1
and equations (A.1) to (A.3) in Appendix A.1.
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1.2. Connection to the clasp conjecture

Let IF be a field. Consider objects X and S in an additive IF-linear Karoubian category
with duality D, i.e., a contravariant endofunctor with D2 = id such that

End(S) =F -ids, D(X)=X, and D(S)=S.

Given
7:X— S,

we obtain a map
t=Dm): S —> X

and
molL=kidg

for some k € F. If k # 0, then S is isomorphic to the image of the idempotent

1
e = —Lom.
K
In [8, Definition 3.8], the coefficient k, computed in the sl,, web category, is called a
local intersection form. We carry out analogous calculations in the g, web category
and find that an analogue of Elias’s clasp conjecture holds for G,.

In fact, we expect that something in general will hold. Let g be a simple Lie
algebra, and let U,(g) be the associated quantum group. Let W denote the Weyl
group associated to g. For V' € Rep(U,(g)), we will write wt V' to denote the set
of all weights u such that the u weight space of V is non-zero. Fix a fundamental
weight @ . For each € wt V(@) such that w is in the same W orbit as w, there
should be a clasped elementary light ladder map®

LLY V) @ V(m) — VA + p).

Definition 1.3. For an extremal weight p in a fundamental representation (i.e., a
weight in the W orbit of w; for some i), we write d,, to denote the minimal length
element w € W so that w() is dominant. We also define ®,, to be the set of positive
roots which are sent to negative roots by d,.

’In examples, this is most easily defined using web categories. But with some care should
make sense in general, even without having a generators-and-relations presentation of Fund(g).
The main feature should be that the map is the composition of projectors and neutral maps
with some fixed map from V(4,,i,) @ V(@) — V(Amin + 1), where A,,;, is the smallest
dominant weight so that V(1) ® V(@) contains a copy of V(A + ).



E. Bodish and H. Wu 194

Conjecture 1.4. If we denote by D the duality’ on Fund(g) and write
A A .
LLy W o D(LLY ) = i) idviw.
then

g = T o2t Pl
’ wea. (@ A+ 1+ )o@
w

Here, p is the sum of the fundamental weights and
(o) = (,)/2.

Remark 1.5. The conjecture is known to be true in types A, forn < 4 [8, Section 3]
and type C, [1, Corollary 3.7].

The following proposition is an elementary consequence of our main theorem.
Proposition 1.6. The conjecture is true for g».
Proof. See Corollary 3.1. ]

Remark 1.7. We also expect a more general form of the conjecture which describes
what happens for € V(@) which are not in the extremal Weyl orbit. The work in
this paper and [1] could give enough data to guess the answer when V(@) is one
dimensional, but we have not yet carried this out. We also hope the general form of the
conjecture will give rise to a product formula which computes the elementary divisors
of the matrix of local intersection forms when dim V(w),, > 1.

1.3. Reshetikhin-Turaev invariants via skein theory

Let g be a simple Lie algebra over C. In order to define an analogue of the Jones
polynomial for g, Reshetikhin and Turaev defined a link invariant using the category
Rep(U,(g)) [22]. Their construction gives a knot invariant for every type-1 repre-
sentation of U, (g). More generally, one can label each component of a link with an
object in Rep(U,(g)) and their construction gives the colored Reshetikhin-Turaev
link invariant.

Kuperberg’s first motivation for studying the category Webg(g2) was to compute
the Reshetikhin—Turaev link invariant associated to g,. Originally, he gave a diagram-
matic method to compute the g, link invariant when each component is colored by

3 Again, this is most easily defined in terms of webs, in which case it is just flipping the
diagram upside down.
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the first fundamental representation [15]. Soon after, using Webq(g2), he gave dia-
grammatic tools for computing the g, link invariant colored by both fundamental
representations [16, Section 4]. In this paper, we give explicit formulas for idempo-
tents projecting to each irreducible U, (g2) module. Combined with Kuperberg’s ear-
lier work, this gives a diagrammatic approach to computing the Reshetikhin—Turaev
invariant of a link with components colored by any irreducible.

Reshitkhin—-Turaev’s paper about their link invariant was intended as a prequel to
their work which gave an associated 3-manifold invariant [21]. The first step one takes
to make sense of their 3-manifold invariant is to leave behind representation theory of
Uy (g) for generic g and work instead with ¢ specialized to a root of unity. @

Let Uz, 4—11(g2) be the Z[q, ¢~ ']-subalgebra of U, (g2) generated by %
F(a) gtla)*

[d]qi(a) P
in C, we can study the relation between C ®,—¢ Webq(g>), and the category of tilt-
ing modules of C ®,=¢ Uz, ,~11(g2)- It is possible to adapt the approach from [2],
which itself is based on [8], to prove that the Karoubi envelope of C ®,—¢ Webq(g>)

and Kail, for all simple roots «, and all @ € Z>¢. When £ is a root of unity

is equivalent to the category of tilting modules as long as [2]¢, [3]¢ # 0. The same
result is work in progress of Victor Ostrik and Noah Snyder, but they propose a slightly
different approach.

When £ is a root of unity of order greater than 5, the generators of the negligible
ideal in the category of Ug(g>) tilting modules are (identity morphisms of) certain
irreducible tilting modules with quantum dimension zero. Irreducible tilting modules
are also Weyl modules, so these generating objects correspond to clasps in Webg(g>).
Moreover, the objects which survive in the negligible quotient are the irreducible Weyl
modules with non-zero quantum dimension. Once the equivalence between the web
category and the category of tilting modules is established, one can give a generators-
and-relations presentation of the associated modular tensor category” using the g»
triple clasp formulas for the negligible clasps. Combined with our description of the
clasps corresponding to the irreducible Weyl modules with non-zero dimension, this
gives an explicit way to compute the quantum g, 3-manifold invariant [21].

On the other hand, topologists have tried to understand the quantum 3-manifold
invariants with graphical categories. A construction of the quantum sl, 3-manifold
invariant using the Temperley—Lieb category was given by Lickorish [17]. This work
was generalized to the s[5 case by Ohtsuki and Yamada [18] with s[5 webs. A self-
contained proof of invariance under Kirby moves [14] using the graphical category
was given in both cases. One can now give similar constructions and proofs in the g,
case by using our clasp formulas.

“In the case that £ is a root of unity, that actually gives rise to a modular category as the
negligible quotient [23].
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1.4. Structure of the paper

In Section 2, we recall the definition of g, webs and also the relation between g, webs
and representations of the quantum group associated to g, [16]. Then, we give the
definition of g, clasps and introduce the elementary light ladders as building blocks
of the g5 triple clasp expansions.

In Section 3, we give the triple clasp formulas for g, explicitly and then prove
that a linear combination of webs given inductively by the g, triple clasp expansions
satisfies the definition of a g, clasp.

In Appendix A.2, we give a complete list of recursive formulas which determine
the coefficients in the g, triple clasp formulas. All the graphical calculations that
lead to the recursive formulas can be found in Appendix A.4 in the arXiv version
of this paper [4]. These calculations are a part of the proof of our main theorem. In
Example 3.23, we give a detailed outline of how one such calculation goes. The SAGE
code verifying that the explicit triple clasp coefficients satisfy the recursive formulas
is included with the source file of the arXiv version of this paper [4].

2. Webs and clasps for g»

2.1. Definition of g> webs

Definition 2.1. The category Webg(g>) is the strict pivotal C(g)-linear category,
whose objects are generated by self-dual objects @ and w5, and whose morphisms
are generated by the following two trivalent vertices:

w1
)\ € Homweb, (g,) (@1 ® @1, 1)
w1 w1
and
wy
)k € HomWebq(gz) (71 ® w1, ©2)
w1 W1

modulo the tensor-ideal generated by the following relations:

_ [z _ [78I113]
[41[6] 3141051
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/

’

-
_ 1
P [2]2[12

The tensor product of objects in Webg(g>) is concatenation of words. Tensor prod-

uct of morphisms is horizontal concatenation. Composition of morphisms is vertical
stacking.

Example 2.2. Let

f= ‘ )R € HomWebq(gz)(wiX)S.a W Q W),

=Y
Then,
roes| AY

fog= € Homwebq(gz)(wlg’z, w1 ® W2).

®2 ®3
EHOl’nwebq(gz)(wl , W )

€ Homwen, (g,) (wl , W1 QW2 &® ZD‘I )

and

Remark 2.3. Definition 2.1 is equivalent to the definition of g, spider given in [16,
Section 4], with some rescaling of both types of trivalent vertices. See [4, Lemma
A1l
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Notation 2.4. When w= w{@“ ® wf’ b we call w segregated. For example, @ w; @,
is segregated, while w; w, @ is not.
We will write 5, 5 1= TR b, and we will denote

id

Sa.b)y

€ Endwen, () (8(a,5))

as a labeled edge (@.0)

2.2. Kuperberg’s results on equinumeration

We recall the results of [16] which describe the relation between g, webs and repre-
sentations of the quantum group associated to g,. We will only work over the field
C(q), where ¢ is either an indeterminant or a generic element of C*.

Notation 2.5. Let ® be the root system of type g with Weyl group W and simple
roots o1 and ap, where o is the short root. It follows that the positive roots are

CD+ = {O[], 3(11 + oo, 20(1 + an, 30[1 + 20[2,()(1 + 012,052}.
Equip Z ® with the W invariant symmetric form determined by
(a1,01) =2, (o01,00) = =3 = (xz,001), and (az,2) = 0.

We write X for the integral weight lattice and X4 for the dominant integral
weights. The fundamental weights are @, = 2«7 + o, and @, = 301 + 202. We
may use the notation (a, b) for aw; + bw>; in particular,

X+ ={(a,b)]|a,b=>0}.
Definition 2.6. Let A, u € X ;. We define © < A if A — pu is a non-negative linear
combination of positive roots. We also write u < A if u < A and u # A.

Definition 2.7 ([9, Section 4.3]). The algebra U, (g>) is the C(q) algebra generated
by elements Fy, F>, K f*Ll, Kzil, E,, and E subject to the following relations:

Ki1K> = K>K;,

K2Ey =q°E2Ks, KaE1=q *E\Ka, KiE1=¢*E\Ki, KiE>=q *KE;,
KoFy =q Ky, KoFy=q¢*F1Ky, KiFi=q *FiK\, KiF>»=q*F:Ky,

K;— K71 K, — K;1
el s W E2F2=F2E2+#

E\Fi=FRE + ,
q—q! q*—q73
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2 2 [6] 2 2 [6]
E2E1+E1E2 —mEzElEz, F2F1—|—F1F2 —ﬁFzFle,
4 [41[3] .., 2 4 _ 3 3
EVEy 4 R LS EY o B = WE B2y + HE BB}
4 (48] .2 2 4 _ a3 3
Fl F, + [2] Fl F2F1 +F2F1 —[4]F1 F2F1+[4]F1F2F1.

The irreducible, finite dimensional, type-1 representations of U, (g») are in bijec-
tion with the finite-dimensional irreducible representations of g»(C). For each A €
X4, we write V(A) for the U;(g2) module which corresponds to the g, representa-
tion with highest weight A.

The algebra U, (g) is a Hopf algebra, so its representation category is a monoidal
category. We are only interested in type-1 U, (g2) modules, that is, modules such that
K, and K, act diagonalizably with eigenvalues in +¢" for m € Z. It is not hard to
see that the condition of being type-1 is closed under taking tensor product.

Notation 2.8. We write Rep(U,(g2)) for the monoidal category of finite-dimensional
type-1 U, (g2) modules.

The category Rep(U,(g2)) is completely reducible [9, Theorem 5.17]. Moreover,
we can determine how a module in Rep(Uj,(g2)) decomposes by looking at its weight
space decomposition.

The modules V(A) are type-1. Also, we have

vy R V() = @ Ve,
VEX+

where the integers mﬁ’“ are the same as those describing the tensor product decom-
position of the analogous g, (C) modules. So, the tensor product of type-1 modules
are also type-1.

Definition 2.9 ([9, Section 5.1]). A module W € Rep(U,;(g2)) decomposes as a

direct sum
W =P w..
nex
where
Wy={weW|Kw= g @My, Kow = q("‘2’”)w}.

We will call this direct sum decomposition the weight space decomposition of W; say
that W, is the u weight space of W, and call w € W, a weight vector of weight p.
We say that

Wi = {u | W, # 0)

is the set of weights of W.



E. Bodish and H. Wu 200

Remark 2.10. Itis well known that dim V(1) ,, is determined by the dimension of the
wu weight space of the corresponding g, (C) module. In particular, dim V(1) = 1 for
alll e X +.

Notation 2.11. Let W be a module in Rep(U,(g2)). For each A € X, there are
non-negative integers m (W) such that

W= v ™,
A€X+

We write [W : V(X)] := m (W) in this case.

Definition 2.12. The category Fund(Uy (g2)) is the full subcategory of Rep(Uy,(g2)).
monoidally generated by the fundamental representations V(@) and V(w>).

Remark 2.13. The objects in the category Fund(U,(g2)) are all isomorphic to iter-
ated tensor products of fundamental representations. This includes the empty tensor
product, which we take to be the trivial module, denoted by 1. The category is C(q)-
linear additive but is not closed under taking direct summands.

Definition 2.14. Let w be an object in Webgy(g2). Then, w = wyw; -+ w, for w; €
{w1, w,}. We define

Viw) :=V(w) @ V(wz) @ --- Q V(wy).
Remark 2.15. Note that

viw = @ v,

,lLGX+

The integers my; := m,,(V(w)) = [V(w) : V()] are the same as those describing the
tensor product decomposition of the analogous g, (C) modules.

Notation 2.16. Given an object w = wyws; -+ - Wy, we write
n
wtw = Z wtw;.
i=1
Note that wtw € X4 for all w.

Theorem 2.17 ([16, Theorem 5.1]). There is an essentially surjective monoidal func-
tor
® : Weby(g2) — Fund(U,(g2))

such that ®(w) = V(w) for w € {w;, 3}
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Theorem 2.18 ([16, Theorem 6.10]). Let w and u be objects in Webq(q2). Then,

dim Homwep, (,) (W, u) = dim Hompuna(v, (a,)) (V (W), V (W),
and it follows that the functor ® is an equivalence of monoidal categories.

Recall that, given a category €, the Karoubi envelope of €, is the category with
objects: pairs (X, e), where X is an object in € and e € Ende(X) is an idempotent,
and morphisms: triples (¢’, f,e) : (X,e) — (Y, e’), where f : X — Y is a morphism
in € sothat e’ o f oe = f. Given a C(g)-linear category €, the additive envelope
of € is the category with objects formal direct sums of objects in € and morphisms
matrices of morphisms in €.

Definition 2.19. Let € be a C(q)-linear category. Define the Karoubi completion of
€ to be the additive envelope of the Karoubi envelope of €.

Corollary 2.20. The functor ® induces an equivalence of monoidal categories

Kar(Webq(g2)) — Rep(Uq(g2))
such that (w, e) — im ®(e) and (¢’, f.e) : (w,e) — (w,e’) > ®(e’ o f oe).

Proof. Since every object in Rep(Uy;(g2)) is a direct sum of direct summands of
objects in Fund(U,(g2)), this follows from & being an equivalence. [

@
Lemma 2.21. Let D € Endwen,(q,) (W) such that (D) acts as zero on V(wtw) C
V(w). Then, we can write D as linear combination

D :ZAiOBi,
i

where B; € Homweb, (g,) (W, Y;) and A; € Homweb, (g,) (U;, W) for some u; with wtu; <
wtw.

Proof. Since
Viw) = V(wtw) @ V@,
m<wtw
our hypothesis on ®(D) implies that we can write ®(D) = >, (; o m;, where for
each i there is some u; < wtw such that 7; is a projection V(w) — V(u;) and (; is
an inclusion V(u;) — V(w).

For each p;, fix an object u; in Webg(g>) with wtu; = ;. There is a projection
yi 1 V(y;) = V(i) and inclusion y’ : V(i;) — V(u;) so that y; oy’ = idy(,;). Then,
we can write

tiom =t oidy(uyom = oyjoy om.
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Thus, (; 0 y; € Homy,(g,)(V(u;), V(w)) and y* o ; € Homy, (g,)(V(w), V(y;)). The
desired result now follows from ® being an equivalence. ]

Definition 2.22. The neutral coefficient of a diagram D € End(w) is the scalar by
which ®(D) acts on the one dimensional weight space V(W) w. We write

(D) vy = Np -id.

Lemma 2.23. Let D € Endwen,(q,) (W). Then, we can express D as a linear combi-
nation of diagrams
D = Np-idy+ Y _ Ao B,
i
where B; € Homweb, (g,) (W, Y;) and A; € Homweb, (g,) (1;, W) for some u; with wtu; <
Wt w.

Proof. Consider ®(D) — Np idy ) € End(V(w)). This eerédomorphism has V(W)wiw
in its kernel and therefore also acts as zero on V(wtw) C V(w). The desired result
now follows from Lemma 2.21. ]

2.3. Definition of clasps

Definition 2.24. Let w € Web,(g2). A diagrammatic w-clasp is a morphism Cy, €
Endwen, (g,) (W) which satisfies the following conditions:

(1) Cﬂ ?é 0;
(2) CyoCy = Cy;
(3) if D € Homwen,(g,) (W, u) and wtu < wtw, then D o Cy, = 0.

Remark 2.25. Note that we only use the terminology clasp to refer to idempotents.
This is consistent with Kuperberg’s original use of the term [16], but less general than
Elias’s [8, Definition 1.12]. In Section 2.4, we will define generalized clasps, which
will agree with Elias’s notion of clasp.

Lemma 2.26. If the w clasp exists, then it is unique and N¢,, = 1.

Proof. Suppose that C,, and C& are both w-clasps. By Lemma 2.23, we can write
Cw = Nc¢,id+3_; Ai o B; and Cy, = Nc¢;id + ) ; A} o B]. As a consequence of the
definition of clasps, we find

Cy =CyoCy = (Ncﬂid-l-ZAi OBi> oCy = Nc¢,Cy

1

and
Cy=CyoCy= (Negid+Y 470 B) o Cl = Ney €.

1
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Since w-clasps are non-zero elements of the vector space Endwen, (q,) (W), it follows
that N¢, =1 = N¢;. Thus,

Cl = Ne,C, = (Neyid+)_ 4; 0 B;) o € = Cy o C,
i
=Cyo0 (N% id+ > Ajo B{) = N¢;Cy = Cy. n
i

Definition 2.27. Let 7y € Endy, (g,)(V(w)) be the idempotent endomorphism with
image V(wtw). The endomorphism ®~!(ry,) in Endweb, (g,) (W) is the algebraic w-
clasp.

Lemma 2.28. The algebraic clasp is a clasp, and ®~ () = Cy,.

Proof. Since the algebraic clasp is non-zero and idempotent, we just need to argue that
the algebraic clasp satisfies the third condition in the definition of clasp. Fix u such that
wtu < wtw, and let D € Homwep, (g,) (W, u). The module V(wtw) is not isomorphic
to any summand of V' (u), so we know that Homg, (q,) (V' (wtw), V(u)) = 0. Therefore,
®(D) oy, =0, and by Theorem 2.18, we may conclude that D o (P! (7)) =0. =

Lemma 2.29. Let w be an object in Webq(q2), then there is a unique diagram-
matic w-clasp Cy, and ®(Cy) is an idempotent endomorphism of V(w) projecting
to V(wtw).

Proof. From Lemma 2.28, we see that clasps exist and map under @ to the projector
for V(wt w). Uniqueness follows from Lemma 2.26. ]

Lemma 2.30. Let E € Endweb,(g,) (W) be a non-zero endomorphism so that E 2= F.
IfCyo Do E =0forall D € Homwen,(g,) (W, 1) such that wtu < wtw, then E = Ci.

Proof. Since we assume that E is non-zero and idempotent, we just need to show that
E satisfies the third condition in Definition 2.24. Fix u such that wtu < wt w. Suppose
inductively that B o E = 0 for all B € HomWqu(QQ)(y, v), where wtv < wtu. By
Lemma 2.23, we can write C, = id 4 ) ; A; o B;, where each A4; has domain v; such
that wty; < wtu. If D € Homweb,(g,) (W, u), then

DoE=idoDoE=CEoDoE—ZAioBioDoE

4

=—ZA,-oBioDoE. 2.1

1

Since B; € Homweb,(g,) (U, v;) and D € Homwen,(g,) (W, u), we have

BioD e HOmWebq(gz) (ﬂ7 Xi)'
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The induction hypothesis applies, so (B; o D) o E = 0, and equation (2.1) implies
that
Do E =0. |

Lemma 2.31 (Clasp Schur’s lemma). Let u and v be objects in Webq(g2) and let
D € Homweb,(g,) (U, V). Then, we have the following.

(1) If wtu # wty, then Cy 0 D o Cy = 0.

(2) Ifu=yv,then C,o D oCy = Np - C,.
Proof. By Corollary 2.20, we find that dim Homgar web, (g,) (Cus Cv) = Swiu,wtyv- Thus,
we can deduce the following.

(1) If wtu # wty, then HomKarWebq(m)(Cg, C,)=0.

(2) Ifu =y, then HomKarWebq(gz) (Cy, Cy) = C(q) - Cy. u

Lemma 2.32. Let w, u, and v € Webgy(g>). If V(wty) is not a direct summand of
V(wtw) ® V(wtu), then

CyoDo(Cy®Cy) =0
for all D € Homyep, (q,) (W ® u, v).

Proof. Corollary 2.20 implies that dim Homgar(web,(g,)) (Cw ® Cu, Cy) = 0, when
V(wtv) is not a direct summand of V(wtw) ® V(wtu). ]

Lemma 2.33 (Clasp absorption). Ler w = x ® y ® z in Webq(q2), then
(idy ® Cy ® id,) 0 Cy = Cy = Cy o (idy ® Cy ® id).

Proof. Since V(wtw) appears with multiplicity one in V(w), it follows that 7, is
a central idempotent in Endy, (q,)(V(w)). Therefore, (idy ® Cy ® id,) o Cy, = Cy, ©
(idy ® Cy ® id,) is also an idempotent and C, o D o (idy ® Cy ® id,) o Cy, = 0 for
all D € HomWebq(gz) (w, u) such that wtu < wtw. Thus, by Lemma 2.30, it suffices
to show that (id, ® Cy ® id,) o Cy, # 0. This is deduced from observing that the
morphism ®((idx ® C; ® id,) o Cy) acts on V(W)ww as multiplication by 1. ]

2.4. Neutral diagrams and generalized clasps

Definition 2.34. We will write Hp>m) := ‘H‘ and Hplp? = ‘H‘. These are the
basic neutral diagrams.

Lemma 2.35 (Neutral absorption). Ifw = w, @1 @2 W, and W = W, W@ W,, then

(idm RHT2T1 & idﬂz) o Cﬂ o (idﬂl ®RHZ1IP2 & idﬂz) — Cﬂ/

w1w2 wawW]

in ]:ﬁ‘ll'l(j,\)vebq (a2) @/)
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Proof. Write Hg = idy, ® Hp gy ® idy, and Hy, = idy, ® Hpam: ® idy,. By
Lemma 2.26, we only need to show that (Hg) oCyo (H%,) satisfies the defining prop-
erties of a clasp.

Let D € Homwep, (g,) (W', u), where wtu < wtw’. Then,

Do H% (S Homwebq(gz) (E, Q)

/ /
and wtw = wtw' > wtu, s0 D o Hy o Cy = 0. So, Hy o Cy o Hy, satisfies the third
condition in the definition of clasps.
/
The following calculation shows that H, o Hy o Cy = Cy:

| | | |
oo ﬁ LN ] LR N ] M (RN ] LR N ] eee e 00 (XN ]
ot | [4][6] ﬁl Hl
G 7B G | Rn & ]

12 G
|
IR
af & | [ G

So, we have

(H% oCyo Hi,) o (Hg oCyo Hi,) = H%/ oCyo (Hi, o Hg oCy) o Hi,

[€1=_ |

=H /oCﬂoCﬂoH%,=H%/oCﬂoH%,.

/
This tells us that Hy o Cy o Hy, satisfies the second condition in the definition of
clasps.
/
What is more, Hy o Cy o Hy, # 0. Otherwise,

Cy = Hi, ° (Hg oCyo Hi) ° Hg =0,
which is a contradiction. ]

Definition 2.36. A neutral diagram Ny, € Homyyep, (g,) (W, W) is a composition of

tensor products of identity diagrams and basic neutral diagrams. A reduced neutral

diagram is a neutral diagram such that Hplm? o Hpl o) or Hp?m) o Hplm? do not

occur as subdiagrams of Ng.
Lemma 2.37. Fix w and w'. We obtain the following.
(1) There is a neutral diagram Ng if and only if wtw = wtw'.

(2) Ifwtw=wtw/, then there is a reduced neutral diagram in Homyyep, o(32) (W, w).
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(3) Reduced neutral diagrams are unique.

/ /
(4) Suppose that lNi and zNi are two neutral diagrams. Then,
/ /
1N§ oCy = 2N§ o Cy,.
Proof. 1t is omitted. |

Notation 2.38. Suppose that wtw = wtw’; then we will write Hy, for the reduced
neutral diagram in Homwep, (g,) (W, W').

Example 2.39. Consider w = wr, w1 W w1 @1, W = @@ W w1 @. We know that
wtw = wtw’ = (3, 2). The reduced neutral diagram is

I

Definition 2.40. Given a diagram D in Webq(g>), we will write D(D) for the dia-
gram obtained by flipping D upside down. Note that D(Hy ) = H%,.

Definition 2.41. Given x,y so that wtx = wtw = wty, we define the generalized
clasp C% = HXE o Cy o Hx. From Lemma 2.37, it follows that if Ni and Ny are any
neutral diagrams, then CKX = NXE 0 Cy o Ny.

Proposition 2.42. The generalized clasps satisfy the following properties:
(1) Cs =Gy,
y X y
(2) G oH, = (5,
(3) H o C§ = C¥,
@) CfoCx = CY,
(5) D(CY) = €y

Proof. Tt is left as an exercise for the reader. For hints, see [8, Proposition 3.2]. [

2.5. Elementary light ladders

k k
Notation 2.43. We write fl(k) = %‘q, and fz(k) = [k]]fzg,, where
! 23

[klg! = [k][k —1]---[2][1]

and
[k]qs! = [k]q3[k — l]qs ---[Z]qs[l]q3.

Note that [k],3 = 57
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For each fundamental weight
w € {w, w2},

we choose a basis {"vu,w}i=1,m,dim V(w), for all weight spaces V(w),. Our con-
vention will be to not record the superscript i in ‘v, when the weight space is
multiplicity one. Explicitly, we choose the following basis of V(w):
V(1,0),; = V1, V(=1,1),m;, = J1V1,
V@2,-1),w = ffivr, V(0,0),@w; = Sf1f2fiv1,
2 2
V(—2,1),m1 = f1( )fzflvl, Va,-1),w; — fzfl( )f2f1v1,
2
veroym = [P hfivn,

and the following basis of V(w>):

V(0,1),m, = V2, V3,—1),m, = S2v2,

V(1,0),m, = J1/202, V(=1,1),0p = fl(z)fzflvz,
Va1, = L2 /i fava, vsgms = [ fava,
W0y = fio /i fova, 200,00m2 = L2112 fava,
Ve = LOAD fvae v = A0 LA fava,

2) +(3 2) +(2) (3
V(a,-1),w = flfz( )fl( )fzvzy V(-1,0),wr — fl( )fz( )fl( )f2U2,
3 3 3 3
V(31)m, = fl( )f2(2)f1( )fzvz, VO—1).m = f2f1( )f2(2)f1( )fzvz.
Remark 2.44. The following relation holds in V(w,):

flfz(z)f1(3)fzvz = fzfl(z)fzfl(z)fzvz.

Thus, there are two ways to present the vector v(1,_1),z, -

Definition 2.45. For each vector ‘v, o € V(@) we associate a diagram in Webq(a2)
denoted ' L, 5. Our convention will be to not record the superscript i inL,, - when
the weight space is multiplicity one

L-1,00,w, = m , L,1),m, := \ , LG—1)m, i= ‘I]J—LW ,
La,0),mw, = ’_‘ﬁ . Ly, = }_fgu Lo-1)m, = ‘h ’
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|
L( 3,2), w5 -— U-F(LH L(O 0),wp -— ﬁ, L(O 0), > :‘h
L3,-2),w, = ‘E_Lﬁ] L2y, = ‘m La,~1),m, := '_L%”
Lerwm =[T Leanm =TT Lo-nmi=().

The diagram ' L, 5 is a morphism from ’ Xyw ®T — iy - We will refer to

. s
14

X, as the in strand of 'L, 4 and’ Yy @S the out strand of ' L, . Note that

p=wi'y, )= wi( X, ).

|
Example 2.46. For L(_5 1) o, := j, we have X(_; 1), = @1 DY oy, —
@y, and (=2,1) = Wt(z(—z,n,wz) — WH(X(_2,1),27,)-

Notation 2.47. If W is a subspace of a U;(g2) module, we will write
Kerap)(W) :={w e W : e¢Tlw = 0 = e5 1w},

Lemma 2.48. Let a,b € Zsy. Fix a fundamental weight w and let p € wt V(w).
Then,
[V(a,b) ® V(w) : V((a,b) + n)] = dimKer, p)(V () ). (2.2)

Proof. 1t follows from [19, Theorem 2.1]. [

Lemma 2.49. The following are equivalent.

(1) “vp,m € Kerp)(V(),).
(2) Thereis (c,d) € N x N such that wt(lxmw) + (c,d) = (a,b).

Proof. The lemma can be deduced from the following claim: the weight of the in
strand for ' L, o, Wt(iiu,w) is equal to the minimal (a, b) so that

ivu,w € Ker,p)(V(@) ).

The claim is verified from the vector to diagram correspondence ‘v, o + 'Ly 1,
along with equation (2.2), and the description of action of e; and e; on the vectors in
each fundamental representation. Computing ey - v w,w 1s left as an exercise; the most
interesting case is the zero weight space for the second fundamental representation.

n

Example 2.50. Whena >3andb >2,[V(a,b) ® V(w3) : V((a,b) + n)] = 1 when
u#(0,0),and [V(a,b) ® V(w2) : V(a,b)] = 2. The reader should compare this with
the observation that for each L, 5, the number of @ colored in strands is less than
or equal to 3 and the number of > colored in strands is less than or equal to 2.
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For each dominant integral weight A = aw; + bw, € X4, we choose a distin-
guished object u; € Webgy(g>) such that wtu; = A.

Example 2.51. We must have U ) = @101, and for Ugp,p), We choose one of w @,
Oor ww.

Definition 2.52. Let w be an object in Weby(g2), and let A = wt w. Suppose that
"u.w € Kery(V(w),), so in particular A + 1 € X4 Let

(c.d) =1 —wt(X, »);
then, by Lemma 2.49, we have (c,d) € N x N, so there is a reduced neutral diagram

Se.d)®C X ) ;
H;(C’d) X, w TwW > S(e.d) ® (l §p,,w)'

Since (c,d) + wt(* Y, w) = A + u, there is also a reduced neutral diagram

u
H7)~+IL

) i
se.an®Uy, ) e @ ( Xu,w) S

We define the elementary light ladder diagram to be

ELLYH = H o (s, ) ® L) o (HaD S0 @ idyy ).

£(c.d)®(izu'w

Example 2.53. Consider w = w @, w; @) and @ = w,. We know that A = wtw =
(3,1). When o = (=2, 1),s0 A + p = (1,2), choose u;  , = w1 w,w@>. Then,

When p1 = (0,0), A + 1 = (3, 1), choose u, |, = w1 @>. Then,

VELLYH = and 2ELLYH" =
| i

Definition 2.54. Let w € Webg(g2). Write A = wtw, and suppose that ‘v, €
Ker) (V (@), ). We define the (clasped) light ladder diagram to be the following dia-
gram:

LLY%" = C

wpsp © CELLGH") 0 (Cy ® idgy).
Lemma 2.55. Let Ng : w — W be a neutral diagram. Then,

LY 0 (NY ® idg) 0 Cy ® idgy = ' LLYE.

, W
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Proof. Tt follows from Lemma 2.37. ]

Definition 2.56. Suppose that ‘v, m.,” vy w € Keryw(V(@),) (we allow for i =
J). We define the (clasped) double ladder diagram to be the following diagram in
Endwen, (q,) (W ® @):

YLLW A = (DCLLY#) o ( LLYVH").
In the case that V(@) is one dimensional, we will drop the superscripts ij in
double ladders and drop superscript i in (clasped) light ladders.

Example 2.57. Consider w = w1 @ w1 @1, @ = @w,. When u = (=2, 1), choose

Uy, = T10202; then
e J
CHAJru ‘

LLGH" = | \W and LLy#* =| Cuyy |

o .
]

Remark 2.58. Using the definition of the elementary light ladder, and basic proper-
ties of clasps, we can expand the clasped light ladder

LLYH =G

b © CELLYZ") 0 (Cy ® idey)

up 4 . j Se.a)®xu ) o -
= Comaliy, )° ((ds.4)) ® " Lp,w) o (Cu H7 @ ide ).

We can similarly expand the clasped double ladder
YLLYS := DCLLYE) o O LLYH)
= (Cy ® idg)o(D( ELLUW";ZL,“))OC o(/ ELLu““) o(Cy ® idy)

7(0 d)®(.y )
5. n®UY, )

U}L+

= (51, sy ) ®10w) 0 (s ) @ DCLy)) o C

o (s, ) ® ' L) o (€2 @iy, ).

This more complicated-looking expanded formula is actually simpler when viewed in
terms of the graphical calculus, as we illustrate in Example 2.60.

Notation 2.59. When wtx = wty = (a, b), we will use an (a, b)-labeled box in

Homyen, (q,) (X, y) to denote C%.
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Example 2.60. Letw = wy @@ @1, @ = @3. When = (0, 0), choose

Wty = D101 W01 W2;

then (using Lemma 2.35), we have

[ G | [ 31D ]
"LL i = — = @b . ALLgHH = 6o ,
w. A\ w w. |_|
Cy 3,1 Cy (3,1
|IIIII| |IIIII| LV_FWJ
LI [
Cy | | (3,1)J Cy (3,1)J
—J 2,0 :J 2,1)
LD = [Conp ] [GD] ., "MLLg# =[Cun | = [GD] ,
=\ 2.1 =\ (3.0)
R R i
Cy 3,1) Cy 3,1
|IIIII| |IIIII| LV_FWJ
[ [
w | [ G.D | Cu G.D
H H
(3.0) (3,0
PILL o = [Curp | [GD] , >LLy% = [Cun | = [6BD]
2.1 (3.0)
W W :
[ G.D Cu G.1
|IIIII| |IIIII|

Remark 2.61. As (a, b) varies, so does Ker(, »)(V(7)). However, the vector v4 =
Vg,1 is always contained in Ker(, 5)(V(w)). Moreover, the associated elementary
light ladder is just a composition of neutral diagrams, so the associated (clasped)
double ladder can be simplified to

Dit+w _
LLy %" =Chvow.

Thus, the (clasped) double ladder associated to the highest weight vector in V(@) is
itself a clasp.
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3. Triple clasp formula

3.1. Formulas

(a.b)

(@b ]

(a.b)

(=1,1)

(1,0) . (aflb)

t(a by, @D

3.1)

(a,b)

(@]

(a.b)




T e

lahy,m P

2,2t(0,0) (a—1,b)
(a,b), w2
_|_ - e
D@p)y @-1.p .
2,1l(0,0) (a.b—1)
_ (a,b),@>
D@p)y (@-1.p)
N 1 (@b-2) .IIIv
(3.-2) :
Habyms, @=2] [

Triple clasp formulas for G,

1
—1,1)
(a,b),w>
1
t(—3,2)
(a,b),w>
1,2t(0,0) (a—1,b)
_ (a,b),w>
D@p)y @b—1
1,1t(0,0) (a,b—1)
(a,b), w2
D(a,b) (a,b—1)
1 (a—2,b)

213



(1,0)
(a,b), =

t(_lﬂl)

t

(a,b), w1 —

t(2,—1)

Z(O’O)

[(_251)

(a,b), w1 —

t(l’_l)

t(—l,O)

(0,1

t(a,b),tm

t(3:_1)

(a.b),wr —

+(1,0)

t(_l’l)

[(25_1)

(a,b), w2 —

t(_3’2)

(a,b),m —

(a,b), w1 —

(a.b),wy —

(a,b), @1 —

(a,b), w2

(a,b), w2 —

(a,b),my —

E. Bodish and H. Wu

=1,

la+1]
[a]

_ [3b +3][a + 3b + 4]

3blla +3b +3]

la + 2][a + 3b + 5][2a + 3b + 6]

[2]la]la + 3b + 3][2a +3b + 4] °

_[a +1][2a + 3b + 5][3a + 3b + 6]

l[a —1][2a + 3b + 4][3a + 3b + 3]’

[3b + 3][a + 3b + 4][2a + 3b + 5][3a + 6b + 9]
[3b][a + 3b + 2][2a + 3b + 4][3a + 6b + 6]

_[a +1][a + 3b + 4][2a + 3b + 5][3a + 3b + 6][3a + 6b + 9]

l[alla + 3b + 3][2a + 3b + 3][3a + 3b + 3][3a + 6b + 6]
=1,
[3b + 3]
[36]
_ [a+3][a +3b + 6]
Bllalla +3b +3] °
[a + 1][a + 2][2a + 3b + 7]
B][a — 1][a][2a + 3b + 4] °
_ [3b+3][a + 3b + 4][a + 3b + 5][2a + 3b + 7]
[3][3b][a + 3b + 2][a + 3b + 3][2a +3b + 4] °
_[a+1][3a +3b + 6]
[a —2][3a +3b + 3]’

El
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3.2)

3.3)

(3.4)

3.5)

(3.6)

(3.7)

(3.8)

3.9)
(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)



Triple clasp formulas for G, 215

G2 [3b+3lla+3b+ 43a + 6b + 9]

@b)m2 " 13p —3)[a + 3b + 1][3a + 6b + 6] (3.16)
[2 la + 1][a + 3b + 6][2a + 3b + 5][2a + 3b + 6][3a + 3b + 6]
@b)m2 " [3][a — 1][a + 3b + 3][2a + 3b + 3][2a + 3b + 4][3a + 3b + 3]’
(3.17)
a-1 _ la+313b+3]la+3b+4][2a+3b+5][2a+3b+6][3a+6b+9]
@by = 13][a][3b][a+3b+2][2a+3b+3][2a+3b+4][3a+6b+6]
(3.18)

(1.0
(a,b), w2

_la+1[a+2][a+3b+4][a+3b+5][2a +3b+5][3a+3b+6][3a +6b +9]
~ [3lla—1][a]la+3b+2][a+3b+3][2a+3b+3][3a+3b+3][3a+6b+6] ’
(3.19)

(=3,1) __[a+1][2a+3b+5][3a+3b+6][3a+6b+9]
CR [a —2][2a + 3b + 2][3a + 3b][3a + 6b + 6]
o1  [3b+3lla+3b+42a + 3b + 5][3a + 3b + 6][3a + 6b + 9]

@b).m2 = [3p][a + 3b + 1][2a + 3b + 2][3a + 3b + 3][3a + 6b + 3]

t

(3.20)

(3.21)
B D
p,L,(0,0) _ a,b),w> a,b),w>
(" tapym) = | o1 00 2n.00 | (3.22)
La,b),m, (@b),m>
. ,£,(0,0)
Dy = det(" 17 o) (3.23)
Moreover,
1,2.(0,0) _ 2,1,(0,0)
lapyws = lab)mws (3.24)

_ [4[6]la +2][3b+6][a+3b +5][2a +3b+6][3a+3b + 9] [3a+6b+12]
@b = RIBIN2)[al3b][a + 3b + 3][2a + 3b + 4][3a + 3b + 3][3a + 6b + 6]’
(3.25)

and the entries of the matrix can be computed from the relations in Appendix A.l.

3.2. Verifying the clasp conjecture

Before proving our main theorem, we will prove the following, which implies the
clasp conjecture in type G».

Corollary 3.1. Fix A = aw; + bwy witha,b € Z>y. Let w € {w, w2} be a fun-
damental weight, and let u € W - @w be a weight in the Weyl group orbit of w. Then,

(@Y, A + p)]ge
=4+ :
A 1_[ [V, A+ w + p)]gé(a)

aed,
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Proof. In type G,, the W invariant bilinear pairing on Z ® is determined by
(¢1,9) =2 and (ap,02) = 6.
In particular, [(;) = 1 and I(az) = 3. We set ¥ = 2/ («, ). The positive roots are
o1, 30y + az, 201 + a2, 301 + 200, 001 4 a2, 002
the corresponding coroots are
o) o + a5 20y + 305 o) + 205 a) + 30y, 0y
To simplify notation, we will write s; := s, . It is not hard to see that

da,o) =1, do,1) =1, d(—2,1) = $15251, d3,—2) = 525152,
d(—l,l) =51, d(3,—1) = 82, d(l,—l) = 851525152, d(—3,1) = 825152581,
d(z,—l) = 5152, d(—3,2) = $281, d(—l,O) = 5152815251, d(O,—l) = §251825152.

The claim then follows from the formulas for tf - in Section 3.1. One verifies this
by using the fact that if w = sg,5g, - -+ 53, , then

o€y iwa e @} = {Bn.5p,(Bu-1).58,58,_ (Bn—2). .. 58,58, 5, (B1)}.

along with the quantum number identity [n],3 = [3n]/[3]. ]

3.3. Proof of triple clasp formula

Suppose that V(wtu) is a summand of V(wtw) ® V(w) and that (a¢,d) = A = wtw
and (m,n) = u = wtu— wtw. Then, we will write

(m,n)

pt Y _pl
lvew =" lab),w:

Our convention is that the pf superscript is neglected when dim V(w), = 1. By

definition, the elements l’ét\gv’ only depend on the weights wt w and wt u, not the

w
words w and u.

We will write (P‘ty ) to denote the matrix of scalars ?¢ty 5, for
Up, Vg € Keryiw(V(@) ).
Lemma 3.2. The matrix (petiw) is invertible over C (q).

Proof. From Section 3.1, using equations (3.3) to (3.21), and (3.25), one can check
that the determinant of this matrix is invertible in C(g). ]
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Definition 3.3. Let w € Web,(q>), write A = wtw, and let w € {w, w>}. We define
the triple clasp to be the following inductively defined diagram:

Tyew =Ty Qidg — Z ((pftifgu —1) T

w, o

newtV(w)\{w}
v;,v; €EKeryiw (V() u)

where

TT 5 = (Ty ® ide) o (D( ELLy %)) o T,
o (ELLGH") o (Ty ® idy).

uA—HL

Definition 3.4. By Lemma 2.31, there is a scalar ? e/{if;{,“ such that

PLLGH o D(ELLyE") = Pyt - C

Uit

We call the matrix
(p(i “)Hru)

such that v,, vy € Keryw(V(@).), a local intersection form matrix.

Lemma 3.5. Ifwtw = wtw/, then

pl, Ya+n _ pl Yatnu
Kw,m =Py o -

Proof. First, observe that

Pl - Cuy = PLLY & o D(*LLYH)
— PLLYH 0 (Co ® idy) o D(LLYH"
= PLLy%" o (Hy ® idg)
0 (Cw ®idy) o (HY ® idg) o D(LLYH")
B pLLuA+u 0 (Cy ®idy) o [D)(ELLU)‘HL)
=PLL o D(LLY
= pz":vﬂzr; Cuyppe

The claim follows from comparing neutral coefficients. |

Notation 3.6. We will write

pZ n — pt, Btu
A w KW w >

where wtw = (a, b).
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Example 3.7. Consider w = ww,w;@; and @ = @w,. When u = (=2, 1), choose
E/H—;L = w1, w>. Then,

When p = (0, 0), choose Uy, = D101 T1D2. Then, we have the following:
(3, 1)
(3.1

2.0

1,2 Ex+u| 9
Kw, o ¢

=G|,

(3.0)

G. 1
[ENY
3.1

G.1D

(3.0)

u, ol
2,1Kﬂ ;}u| Cy

= 30D |

2.1

CEA«HL (37 1)
3D

Remark 3.8. When x = (0,0), by taking the quantum trace, we know that 12k, 5 =

w, o
u . . . u . . -
21 b So, the local intersection form matrix (P¢ky'7") is symmetric.
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Notation 3.9. Fix the following set of formal variables:
X = {x((Z:Z)),w |a,b,c,d € Z>o and w € {w, wz}}.

We will consider elements in the ring 4 := C(gq)[x*! | x € X].
Suppose that (a,b) = A = wtw and (m,n) = p = wtu, ., —wtw; then we will

write

¢ Yatu . pt (mn)
Ppaat =P Dy € A,

where PZPEZ',’;)),W is the recursive relation described by equations (A.4) to (A.25) in

Appendix A.2.

We also write ¢ p(a b) = (k) to denote the right-hand side of the recursive relation
with each Pexf . Teplaced with plyctt 3. Similarly, we write pt p(a b))w(t) to denote
the right-hand side of the recursive relation with each ?¢x% 1 = Teplaced by rty ;’f
Our convention is that the p{ superscript is neglected when

dim V(w), = 1.

Example 3.10. Consider w and v, , in Webg(g2) such that wtw = (a, b) and
wtu, ,, = (a + 1,b). Also, let w = w,. By equation (A.13),

v _ 10 _ 7 1 G.-1) B 1
Pwwr = Plab),m, = [3] (-=1,1) Xa—2,b+1),w> 2,-1) :
(a—1,b),m Xa—1,b),m
Remark 3.11. Since the recursive relations in Appendix A.2 are elements of #4, there
is no question whether a particular element in X appearing in a relation is invertible or

not. Thanks to Lemma 3.2, the elements 7* p&n’bn))w(t) are also always well defined.

This is not obviously true for # pza ’b))w(/c) However, we will prove that xy, =

Y +u
tw,w -

Theorem 3.12. Ifw € Weby(g2), A = wtw, and w € {1, 2}, then
Ty=Cy and Ky =ty

We will prove Theorem 3.12 by induction. To simplify the arguments, we will
break the various steps of the proof into smaller lemmas about the following state-
ments. In what follows, we write A = wt w:

Si1(w) := (Tw = Cy),
Si(w, @) = (1’( U’H“ pzti’};“ forall u € wtV(w)

and for all vy, p. vy e € Kerp (V(@),0)),
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So(w, w) 1= ( ® idy € span U {M]L]LHAJ’“ )
newtV(w)
vp,vp€Kery (V(w)y)

S (w, w) = ({pLLu“' }vpeKers (V(w),,) 18 @ linearly independent set

for all u© € wt V(w)),
S3(w, w) = ({"’LLu*Jr }opeKers (V(w),,) 18 a basis

for Homgar web, (a2) (Cyw ®idg, C Wrt ) for all u € wt V(w))
Sa(w, @) = (P« ;A;r,” p(,o FE (i) for all w € wtV(w)),
Ssw, @) = (Twow = Cy ® idy > Pt LY,

newtV(w)\{w}
v;,v; €Kery (V(@) )

Se(w) = (T2 = Ty).

Se(w, @) := (CE oD oTygw = 0forall usuch that (wtu—A7A) € wtV(w)\{w}

and for all possible diagrams D).

Lemma 3.13. If V(A + 1) is a summand of V(A) @ V(w), then A + u < A + .

Proof. Suppose that V(A + ) is a summand of V(1) ® V(). Then, V(w), # 0.

It follows that u € w + Z<9®4,s0w — pu > 0.

Lemma 3.14. If S (X) for all X such that wtx < wt(Ww ® @), then Sy (W, @).

Proof. Write A = wtw. Since Tygow = Cvow»

Coow =Twegw = Tw ®idgy — Z (pﬁtif&u)l]l UTTU’H—M.

wewt V(w)\{w}
v;,v; €Kery V(@) )

Also, we have
wiw <wi(w® @) and wty;  , < wi(w® @)
for all u such that V(A + p) is a summand of V(1) ® V (@), so

Tw=Cy and T,

U +u

=C

Uatus

Therefore,

TTT Y = (Ty ® idm)o(D(' ELLY#))oTy, ,, o ELLYH")o(Ty ® idy)
= (Cy ®idg)o(D(' ELLYH"))oCy,, o ELLy%H)0(Cy ® idg)

u
= YLL 4.
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The claim follows from observing that Cy g » = L]Li’};{,w, which is a consequence

of Lemmas 2.33 and 2.35 (i.e., clasp absorption and neutral absorption). ]
Lemma 3.15. If S| (w, @), then S)(w, @).

Proof. Write A = wtw. For each u such that V(A 4+ ) is a summand of V(1) ®
V(w), consider the linear relation

> & PLLYH =o.
p

We can precompose the relation with D(KLLEQ;;“) for all vy € Kerpy(V(w),) to
obtain a family of relations

u
ZEP Pt W)L;'M = 0.
By our hypothesis, we obtain

ng f u)n-HL — 7

and it follows from Lemma 3.2 that each §, = 0. n
Lemma 3.16. If S} (w, @), then S3(w, @).

Proof. Let u = wtu — wtw. By combining Corollary 2.20 with equation (2.2), we
may deduce the following:

dim Homgar Web, (g,) (Cw ® idgr, Cuw) = dim Homy, (4,) (V(Wtw) ® V(w), V(wtu))
= dim Keryw(V(@),).

The claim follows by observing that a linearly independent set with cardinality equal
to the dimension of the vector space must be a spanning set. |

Lemma 3.17. If S4(w, @) and S{(X, ) whenever wt(x @ V) < wtw, then S| (w, @).

Proof. The right-hand side of the equation P« ww = PZ .z (k) only involves terms

y

i Ky such that wt(x ® V) < wtw. If we write Lo (t) to denote the same formula

Pw,w

with each ¥/ K;,]// replaced by ¥/ t;,w, then our hypotheses imply that

Thus, to show that S} (w, =) holds, we must verify the following equality of rational
functions in C(q):
ptt _pt
Iy ().

wa

which we verified using the SAGE code included with the source file of [4]. [
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Example 3.18. We take verification of equation (A.13) as an example. In order to

verify that
(000 gy U G.-1) 1
(@b), w2 — Plab),m, - [3] [(—1,1) (@—2,b+1),@> 2,-1) ’

(a—1,b), @ (a—1,b), =

(s,2)

we first write the t(x,y),u‘r

’s explicitly using equations (3.12), (3.4), (3.11), and (3.5)
to obtain

[a+3]a+3b+6 [ 1 (_[3b+6]) 1

= T Bb+3lla+3b+3]
36 + 3] “Phlla £

Bllalla +3b+3] 3] (_%)

We can rewrite this as

(qa+3 _ q—a—3)(qa+3b+6 _ q—a—3b—6)(q _ q—l)
(613 _ 61_3)(61“ _ q—a)(qa+3b+3 _ q—a—3b—3)
_ q7 _ q—7 _ (qa—l _ q—a+l)(q3b+6 _ q—3b—6)
=g (g =g (@I
(q3b _ q—Bb)(qa+3b+2 _ q—a—3b—2)

- (q3b+3 — g—3b=3)(qa+3b+3 _ g—a—3b-3)"

Making the substitutions 4 = ¢ and B = ¢®, we obtain
(Ag° — A™'q73)(AB3¢° — A7 B¢~ (g —q")
(@> —q7) (A= A7) (AB%q> — A7'B—3¢73)
_ ¢ —q7 (A4 - A9 (B%¢° — B3¢
> —q7> (A= A1) (B%¢> — Bq7?)
(B3 _ B—3)(AB3 2 A—IB—3q—2)
(B3q3 _ B_3q_3)(AB3 3 _ A—IB—Sq—S)’

Then, we can use .simplify_full() in SAGE to simplify the rational function of 4, B,
and ¢, which is given by the difference of the left-hand side and right-hand side of
the above equation. The result computed by SAGE is equal to 0, which tells us that
equation (A.13) holds.

Lemma 3.19. If S1(x) for all x such that wtx < wt(w ® @) and S{(W, @), then
Ss5(w, w).

Proof. By the definition of 7y g «, we find that

i Swtw . ij =wtw
TE@W = Tﬂ@ldw—— Z (petﬂ,‘la?-’_u)i]’l 'IJTTU 1,+H«.

W,
newtV(w)\{w}
v;,v; €Keryw (V (@) 1)
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Then, by our hypotheses, we deduce that

Twvew = Cy ®idy — Z (P 7Wlw+u)u ijLLHﬂvj%+u' "
uewtV(w)\{w}
Vi,U; eKeryiw (V(@) )

Lemma 3.20. If S5(w, @), then Se(W Q ).

Proof. By Lemma 2.31, we deduce the following multiplication formula for double
ladders:

J4 u rs v _ lr K u
p ]LLE’wo L}me = Swtuwtv K P H_,me

u

W,
Using the expression for Ty g from Ss(w, @) and the above formula, one can
explicitly compute to verify that 7y, 4 is idempotent. ]

Lemma 3.21. If S5(w, @) and S3(W, @), then S¢(w, @).

Proof. Write A =wtw. Let u € wtV(w)\{w}, and let u € Webg(g>) such that wtu =
A+ w. Let D € Homep,(g,) (W ® @, u). Consider the neutral diagram H T iu —
Yj 4, and write D’ = Hy't* 0 C, 0 D.

Combining the fact that clasps are idempotent with Lemma 2.31 we find, that

C

! ij Un4v _ .
Wt oD’ o LLy,w =8u - C

wpsp © D' 0 (Cy ®idy) o TLL .

By S3(w, @), there are scalars & such that

Cg/\‘i‘u. o D/ o (CE ® ]dw—) = Z %—k 3 kLL&)::,D_—M

vi €Keryw (V(@) 1)

Thus, using S5(w, @), we can rewrite C o D’ o Ty g as follows:

LI)L+

Cy,,, D' 0 (Cy ®idy)

- Z (Phx 7K+M)z] +Cyyp, 0 D0 (Cy ®idy) 0 ij]L]LiA,;M
v;,v; €Kery (V(w) )

=C oD o (Cy ®idy)

U +u

_ Z Z(pz ll/\-i-u,)l]ls kLL—/\-i-M ij ]L]Li):;u

v;,vj €Keryiw(V(@)n) k
= CEA+M oD’ o (C ® idy)

_ Z Z(pﬁ UA+;L)UIE le A+u ]LLU/\JrU«

v;,vj €Keryw (V(w)n) k

= Cy,,, © D' 0 (Cy ®idy) — > > &b LLYH
v; €Keryiw(V(@) ) k
=Cy,,, 0D 0 (Cy ®idy) — > & -JLL)3" =0.

v; €Kerwiw (V(@) 1)
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Using Lemmas 2.33 and 2.35, it is not hard to see that

Cyo Hiﬂ_u 0Cy,,, ° D' =C,o0 D,
and it follows that Cy 0 D o Tywg w = 0. |

Lemma 3.22. Let w € Weby(q»), and let w be a fundamental weight. If S»>(x, V)
and S5 (X, ¥) whenever wt(x ® V) < wtw, then S4(wW, @).

Proof. Consider x, ¥ such that wt(x ® ¥) < wtw. By S»(x, ¥), we obtain the fol-
lowing:
. ij «Ywix 1 Uyix
Goiy= Y Ry ULLIp

X,
newtV(yr)
Vi,V €K6rw15(V(W)u)

: . Uyix . .
Postcomposing with L L lf”‘ and using Lemma 2.31 results in the sequence of
equalities:
D Uwtx+u ij &Uwix+u D Ywix+un _ij Ywex +u
LLM/I - Z S&W LLL,W © LH"MI/
Vi,Vj EKerwlﬁ(V(W)lL)
_ ij $Uwtx+u pi, Ywix+u Uwtx+u
- Z w0 Ky LDy

Vi,V; EKerwtg(V(W)M)

By S5 (x, ¥), it follows that

o u S u
ij g=wix+u  pi =wix+u __ ¢
Z Evu Kew = Sjp-
Vi EKerwtz(V(W)M)

From Definition 2.54, we can use the fact that clasps are idempotent to write

LL Y oD(LL ™) = o ELLF™ o (Cy ®idy)

ngl1+1//

oD(ELL} )0 Cy, -

By Definition 2.52, ELLiW:jJ“” is a neutral map. Therefore, Lemmas 2.37, 2.35,
and 2.33, along with clasps being idempotent, imply that

LL ™ oD(LLG™) = Gy
It follows that Ki:‘fw = 1. Thus,
Ei\:tf+z/f -1
and
Cray = Cy ®idy — > (Pl VLLYE . (3.26)
uewt V() \{y}

Vi,V; eKerwt;(V(v/)M)
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Observe that

u
w,)

Pl wCy =PLLY o oD(‘LL,
= CyoPELLY , 0 (Cy ®idey) oD(‘ELL,, ) 0 Cy.

Then, use equation (3.26) for w = x ® ¥ to rewrite the Cy, term on the right-hand side.
This new sum will reduce to a scalar multiple of C, by repeatedly applying graphical
reductions or by replacing another clasp, necessarily of the form Cy g  for some y, @
such that wt(y ® @) < wtw, using equation (3.26). The exact form of the coefficient
is determined via the calculations in [4, Appendix A.4], where it is shown to be equal

u

to pﬁpi’w(K). Therefore, pél{ing = p[pwsw(K)Cg, and the desired result follows

from looking at the neutral coefficient of each map. ]

Example 3.23. The above argument is best illustrated by an example. Consider w
with wtw = (a, b), and assume that S>(x, ¥) and S;(x, ¥) whenever wt(x ® ¥) <
wt w. Note that

1

-1,1) .

pga,b),)wl =—2] - =10
X(a—1.b),m,

We will show that Kiﬂ‘;-;ll‘b“) = pg};)llm ().

Let wt(v ® 1) = wtw. It follows from Lemma 3.5 that

Ya—1.0+1) _  Ya—1.b+1)
W, W w,wy
s Ya—1,b+1) :
By definition, we have that k, g " 7" Cu(,_; 4, 18 €qual to

¢ 0 ELLYS 2D o (Cygmy ® idey,) o D(ELLYS 12EV) 0 C,

Ya—1,b+1) v wi,w] VO W, ™1 Ya—1.0+1)"

As in the first half of the proof of Lemma 3.22, our hypotheses allow us to write

. u, — i i u
Com =C®idm— >, (k™) - VLL™

vV, W] ij v, W]
uewt V(o) \{w1}
v;,v; €Kerwiy (V(@1) 1)

Using Lemma 2.32, we observe that if u # (—1, 1), then

Ya—1.6+1) pl, Ywtv+un—1 Qi Swivdu o
Cg(afl-hﬂ) © ELLX® wy,w © (( Kywi Jij LLx,wl ® idg,) )
Ya—1,b+1)
°© D(ELLy@) wl, w1 )o CH(a—1,b+1>

is zero. Finally, applying web relations (and properties of clasps), we find that

(-1.1) _ 1
K(a.b).m Courppn = (_ 21 - (-1,1) )CU(a—l,b+1)‘
(a—1,b),@,
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We conclude with a schematic of the graphical calculations involved as follows:

(@a—1,b+1) (@a—1,b+1) (a—1,b+1)
(@a—1,b)
(a—1,b) (a—1,b)
| (a—2,b)
= 1 - @D
K(a—l,b),wl (a—2,b)
(a—1,b) (a—1,b)
(@a—1,b)
(a—1,b+1) (a—1,b+1) (a—1,b+1)
(a—1,b+1) a@a-1b+1)
\
(a—2,b)
( 1,b) —1 C
— (a- _
- ’ (-1,1)
Ka—1.p).m,
(a—2,b)
l

(a—-1,b+1) (a—1,b+1)
(a—1,b+1) (a—1,b+1)

(a—2.b)

1

T 1D
K(a—1,b),m

=—[2] @a-1b

(a—2,b)

(afl,blml_I (afl,blﬁl_I

(a—1,b+1)
1
K(a—1,b),m,
(a—1,b+1)

Finally, we combine the previous lemmas to deduce the result of our main theo-
rem.



Triple clasp formulas for G, 227

Proof of Theorem 3.12. We will prove the result by induction on wt w with respect
to <. The base case follows from observing that Ty is 1 times the empty diagram,
which agrees with Cy. Assume that S (x) holds for all x such that wtx < wtw, and
assume that Sj(y, ¥) holds for all y, ¥ such that wt(y ® ) < wtw. We will show
Sy (w) and S} (W', @), where - -

w=w QR

Consider y, ¥ such that wt(y ® ¥) < wtw. Then, S;(x) holds whenever
wtx < wi(y ® ¥),

and by Lemma 3.14, we deduce S>(y, ¥). Thus, S>(y, ¥) holds for all y, y such that
wt(y Q ¥) < wtw. - N -
1If y, ¥ is such that wt(y ® ¥) < wtw, then our inductive hypothesis also says
that S7(y. ¥) holds. Along with Lemmas 3.15 and 3.16, this implies S}(y. ) and
S3(y, W)_. Hence, S)(y, ¥) and S3(y, ¥) holds for all y, ¥ such that wt(y ® w_) < Wtw.
For x such that wt_g < Wtw, we have S, (v, ¥) and Sy, v¥) whenever

wi(y ® ) < wtx.

So, from Lemma 3.22, we deduce S4(x, @) for all x such that wtx < wtw and for
arbitrary @ .
If w=w ® @w, then wtw' < wtw, so Sq(W, @w). Also, if wt(y ® ) < wtw/,
then -
Wiy ® ¥) < wtw,

s0 S (y. ¥) holds whenever wt(y ® ¥) <wtw’. Thus, Lemma 3.17 implies S7 (W', @).

At this point, we know that S (x) whenever wtx < wt(w’ ® @) and that S W, @)
holds. Therefore, Lemma 3.19 implies that S5(w’, @) holds too. Then, from Lemma
3.20, we deduce that Sg(w' ® @) is true.

Moreover, since S7(w’, @) is true, Lemma 3.15 and Lemma 3.16 together imply
that S3(w’, @ ). Therefore, we can use Lemma 3.21 to deduce S¢(w', ).

If we show that Ty @  7# 0, then Definition 2.24 and Lemma 2.26 will tell us that
Se(Ww' ® w) and S¢ (W', @) imply S; (W ® @), so we are then done by induction. To
see that Ty @ is not 0, we apply ® from Theorem 2.17 and evaluate on a weight
vector in V(W ® @)wiw +w-. Using S5(W', @), along with the observations that for
all u such that

wtu—wtw' = u € wtV(w)\{w},

the map ® (¥ }L]Li,’w) acts as zero on V(W @ @)ww +w (since these maps factor
through representations which do not have wtw’ + @ as a weight) and @(Cﬂ/ ® id4 )
acts on V(W' ® @)ww +w as multiplication by 1, we deduce that 7y g« is non-
Zero. ]
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A. Appendix

A.1. Relations for computing the Pt 00 oefficients
(a,b),w>

2,2,(0,0)

(@.b),m> | 1,2,(0,0)
¢ labm

B —[3][a + 2][3a + 6b + 9]
~ [213bl[a + 3b + 3][2a + 3b + 4][3a + 3b + 3][3a + 6b + 6]

-([3a+3b+6][2a+3b+5]+[a+3b+4][3b+3]

[3a +3b + [63]][3b +312P° ot dl— o= 2]), A
11,00 _ [Ol8IS] | [2lla +2]la + 3b + 5][2a + 3b + 2]

@bz [3[5][12]  [3][a + 1][a + 3b + 4][2a + 3b + 4]

[a —2][3b + 6][2a + 3b + 2][3a + 3b]

[a][3b + 3][2a + 3b + 3][3a + 3b + 3]

[a — 1][3b + 6][a + 3b + 5][a + 3b + 6][2a + 3b + €]
[3][a][3b + 3][a + 3b + 3][a + 3b + 4][2a + 3b + 3]
[3b][a + 3b + 1][2a + 3b + 2][3a + 6b + 3]

[3b + 3][a + 3b + 3][2a + 3b + 3][3a + 6b + 6]

[a + 2][a + 3][3b][a + 3b + 2][2a + 3b + 6]

[3][alla + 1][3b + 3][a + 3b + 3][2a + 3b + 3]’

(A.2)

> 1iaym ( i )2+2- o N U W ( [4](6] )2

Dap \[2037[12] Dapy [2PBPN2P D@y \[2[12]
[6][8][15] [a + 3][3b]la + 3b + 2][a + 3b + 3][2a + 3b + 4]
B151(12] ~ [3][a + 2][3b + 3][a + 3b + 4][a + 3b + 5][2a + 3b + 7]

l[a — 1][a][3b + 6][a + 3b + 6][2a + 3b + 4]

[3][a + 1][a + 2][3b + 3][a + 3b + 5][2a + 3b + 7]

[2]la]la + 3b + 3][2a + 3b + §]
[3]la + 1][a + 3b + 4][2a + 3b + 6]

[a + 4][3b][2a + 3D + 8][3a + 3b + 12]
la + 2][3b + 3][2a + 3b + 7][3a + 3b + 9]
[3b + 6][a + 3b + 7][2a + 3b + 8][3a + 6b + 15] (A3)
[3b + 3][a + 3b + 5][2a + 3b + 7][3a + 6b + 12]° '




A.2. Recursions for the coefficients

(c,d) .

We write Xaby -

(1,0)
Pla,b),
(~1,1)
Pla,b), o

@,-1)
Pa,b),m

(0,0)
Pla,b),m,

(=2,

Plap),m; =

1,-1

Plaby,my =

(=1,0)

Plapy,m; =

(0,1)
P(a,b),m>

3,-1)

=1,

=1,
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(c,d) (c,d) ._ _(c,d)
= Xab),w A9 Yaby = Xarb),w
(A4)
1
=—[2] - SRR (A.5)
Xa—1,b)
_mo1 (-1,1) 1 1
[3] (3,—-1) Xa+3,6-2) ~ (1,0) W’ (A.6)
Y(a,b—1) Yia,b—1)
2,—1) (—1,1)
B8] Xa—2p+)  Xat+1p-1n 1 A7)
[EER)) 21 0,0 ° :
[2]14] X(a—1,b) X(a—1,b) [2]2x(a—1,b)
HECINETN. ( ! )zx«),m
Xa-1,b) (-1,1) (-1,1) (a—2,b+1)
[ 114] (a—1,b) x(a —2.,b)
1 [3] 1 1D
(0 0) [2] ( 1,1) X(a—1,b)
X(a—1,b) Y(a—2.b)
1 ( 3] 1 11 )2
-t , (A.8)
( 2,1) (-1,1) —1,1)
X(a—1,b) 2] Xa—2,b) x( —3,b) 2]
1)1 L) O S e RV (B)zx(o,o)
(3,-1) “(a+3,b-2) (1,0) (a+1,b—1)
T BlsIN2] Y b-1) Yabot) 3]
_ ;(L)zx(—l,l) _ ;(i)zx(z,—n
(2,—1) (a+2,b—2) (-1,1) (a—1,b)
Y(a,b—1) B3] Yia,b—1) 3]
1 ( [41[61° ) 1 ([4][61 )2
(0,0) 2 - (0,0)
y( ‘b—1) [2113]°[12] 2=2y(a’b_1) [2][12]
1 1 41[61>  [4][6
+( 00 T 31 00 ) 2[;[2]12 [[2]][[12]]’ (A9
y(bl) y(bl)[][][]
@2 v aen U ey
(-1,1) “(a—2,b+1) 2,-1) “(a+1,b-1)
[4][6] Xiasih) Xa 1)
1 - [ Y 1
(-=2,1) Xa-3.b+1) ~ 1,-1) Xab—1) ~ (-1,0) °’ (A.10)
Xa—1,b) Xa—1,b) Xa—1,b)
(A.11)
[6] ! A.12
Bl e (A.12)

p(ab) @y T

Yap-1)
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a0 [T 1 G.—1) 1
Plab)ms = ﬁ T T Ya-2b+) T o) (A.13)
Xa—1,b) Xa—1,b)
pctn v ( 1 )zy(l,O)
(a,b), w2 (-1,1) (-1,1) (-1,1) (a—2,b+1)
[2] X(a—2.,b) 3] Xa—1,6) “Y@a-2.,b)
1 3] 1 2
B 500 (E * xLD ) ’ (A9
(a—1,b) (a—2,b)
oy gt} 1 Yo - 1 gy((l,o) -
ab),w> 2 G,—1) “(a+3,b-2 (1,0) 2V (a+1,b—1
BIBL yano Yo ]
11 oy 11
(-1,1) Wy(a—l,b)_ 2,-1) W’ (A.15)
Yia,b—1) Yia,b—1)
(=3,2) [7] Bl 1,1 1 3] 1
Plab)ms = _(_ o1 @26 T -1,1) [ (-1, \2\ 2] + (—-1,1)
3] [2] x(a—z,b)(x(a—3,b)) [2] Xa—4,b+1)
(_151)
Ya—2.b+1) o1 (_Bx(—l,l)
(=1,1) /_(=1,1) _(=1,1) \2 (=2,1) (a—2,b)
x(a—l,b)(x(a—z,b)x(a—3,b)) X(a—1,b) 2]
1 1 \*([3] 1 2 Al6
+ LELD LD ot LELD ’ (&.16)
(a—2,b) (a—3,b) (a—4,b+1)
1,1 (0,0 _ _[6][8][15] _ 1 y(2,—1) _ 1 y(—l,l)
(a,b),wy — (-1,1) “(a—2,b+1) 2,-1) “(a+1,b—1)
(3][5][12] Xiasihy Xa 1)
1 10 1 G- 1
T 00 Ya-1p) T (2,0 Y@-3b+) " _(a-1 ° (A.17)
X(a—1,b) Xa—1,b) X(a—1,b)
(-3,2) (-1,1) (1,0) (3,-1)
22,00 _[4][6]2[18] ~ Ya+3p-2)  Vatip-)  Ya-16)  Va-3b+1)
(a,b), w2 ~ 3,—-1) (1,0) (-1,1) (=3,2)
BIeI2] Yia,p—1) Yia,p—1) Yia,p—1) Yia,p—1)
2,2..(0,0) 1,2,,(0,0) 2,1,,(0,0)
_ y(a,b—l)( [4][6] )2 _ ( Yab-n . y(a,b—l)) [4]°[6)”
Dap-1) \[2][12] Dia.p-1) Dap-1y J [2][12]?
1,1,,(0,0)
" Vap- (14106 (A18)
D@ap-1 \ [12] ]~ '
2 (_151)
12 00  _ [4]6]7[18] Y(a+1,b—-1) (ﬂ . 1 )
(a,b),w> ~— (1,0) (-1,1)
[21[3]1[91[12] Yiabot) 3] X 1b-1)
(1,0)

L Y1) (ﬂ B 2] )
Lo \[3] 7 gt 0D

Yia,b—1) (a—1,b—-1) (a—2,b—1)
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G,-1

" Y(a—3,b+1) (ﬂ n 1 )
3.2 Ly [ESTY) “LD
Y(a,b—1) 3] [3]x( —1,b-1)"@-2,b—-1)Y(a=3,b—1)

2,1,,(0,0) 1,1,,(0,0)
y(a,b—l)( [4][6] )2 Yiab—1) [41°[6]°
Diap-1y \[2][12] Dap-1y [2][12)
,2..(0,0)
P Vapn [4106] (i+ 1 __[4][6] )
Dap-n RIN2ANR 3l hh P02
,2.,,(0,0)
"V [4106] 1 I [4](6]
_ b=y — e § (A.19)
Dap-n M2\ Bl 21702
G2 _  [4I6°18] -1
Plabro: = ][] Meb D
,2,,(0,0)

1 [3]21,1 (0,0) . 2-3] 1,2 ,(0,0) +22y(a+3,b—2)
NCE Ya+3p-2)" 31 Ya+3p-2) G—1) \2
Y(a,p-1) (a,b-2) (y(a,b—z))

(23_1)
~ Varrp-ny 1 ( (3.-1) )2 (1,0)

(1,0) 2,-1) y(a,b—l) y(a+2,b—2)
Y(a,b-1) (a,b—1)
1,1,,(0,0)

3 y(a,b—l)([4][6] 4G )Zy(a,—n
°{D(a,b—1) [12] (a,b—1) (a,b—1)
1,2 ,,(0,0)

o Yap—n [4ll6] ([4][6] +y(3,—1)) 3,~1)

Dap-n RIN2AN\ [12] ~ 7@b=D J7@b=D
2,2..(0,0)

B y(a,b—l)( [4][6] )Zy(3,—1)
Dap-1 \[2][12]) ~@b=D

o Cm&_@ ! (wm{4+ ! HMOY
(3,—-2) (3,-1) (3,-1) ’
Yobat) (12]  [3] Y b-2) (3][12] Vb3 [12]

(A.20)

Padim = 5|12 @1

1,1 (050) 1’2 (0:0)
1 ( Ya—2,b+1) _2'( y(a—2,b+1)) 2.2.(0,0) )

(—2,1) [6][8][15]x(—1,1)

B + 7V as
(=1,1) -1,1) \2 (-1,1) (a—2,b+1)
Y(a-1,b) (x((a—Z,;J)) X(a—2,b)
(_lsl)
1 (-3,2) 1 Y(a—1,b)
T e Ya+1,0-1) " 0,0 1) \2
Ma—1,b) (a—1,b) ( (a—2,b))
1 y(l,O) 1
(a—3,b+1) (=1,1) \2
2 (L) (-1,1) \2 (=10 (*@ip) (A.21)
X(a—1,b) (x(a—z,b)x(a—3,b)) X (a—1,b)
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(1,-1) [6][8][15] 2,-1) 1 (3,-2)
P, = =T - y
(a,b),m> [3][5][12] (a—1,b) x(—l,l) (a—2,b+1)

(a—1,b)

(0,0)

1,1
B Yar1,-1) ((g B 1 L n 1 1 )2
21 (1,0) 2 G- —LD
X(a—1,b) 3] Yia—1,b—-1) 3] Yia—1,0-1) Y(a+1,b—2)
2,2..(0,0)

L Vet (@ R
(3,-1) 2 (1,0) 2
(y(a—l,b—l)) 3] Yia—1,b—1) (3]

1 1 1 1,2.,(0,0)
TG —1,1) ) G- Yia+1,b-1)
Y@a—1,b-1) Ya+1,6-2)" Y(a—1,b-1)

1 ([2] Lo 1
~ 7(0,0) Iz} G,—1) -1,1)
X(a—1,b) 3l Ya—1,0-1) *(a+1,p—2)

( 1 N 1 1 ( 3] 1 ))
N —1,) _(-1,1) T 91 (=1L,
[2] X(a,b—=2) Ya—1,—2) [2]

Xa=2,b—1)
(1,0) (-1,1) (a—1,b)
Y p-1) BI\[213] [2] Xlashh—1)
~ ;(_@ R 1 L ﬁ)zy(l,m
(1,-1) 3,—1) (-1,1) (—=1,1) (1,0) 2 (a,b-1)
Xa—1,b) 3] Ya—1,-1) *a+1,0-2) Y@,p-2) V(a—1,b-1) [3]
1 ( [4] 1 ( 1
T EL) A3 LG-D A\ 3]
Xa—1,b) 3] Ya—1,b—1) 3]
Lo 1 1 ([4] L1 ))
(=1,1) -1,1) _(-1.D 3] (=11
Xa+1,6-2) *@a,p—2) *a—1,b—2) 3] Xa—2,b—1)
1 1 ([4] 1 ))2 G-1)
+ ——(— + = Yo by (A.22)
(1,0) (-1,1) (a—2,b)
Yia—1,b—-1) BINEG] Xa—2,b-1)
10 _ OS] 00 1 1 (1,—1)
@b).m> = TRIB)[12] @) T (LD o 2V(@a—2,b+1)

@-1,6) (X(g_s.)

(-2,1)
~ Ya+10-1) (i n 1 ( (5] 4 1 (L
2,~1) 2,1 [ER)) 2
X(a—1,b) 2] X(a—2,b) [2113] Yia—2,b—1) (2]
+ : ) + : ))2
2 (-1,1) _(-1,1) 2 (1,0)
(2% (@ p=2) X (a—1,b-2) 213]%y

(a—2,b—1)

1 { ( 3] 1 ( 1 1 ) 1
~ (0,0 T L1 -1,1) _ G-  _@e-1n |
X(a1.p) 2]« 2]

2_(0,0)
(a—1,b-1) “*@a-2,b)Y@-3b) Xa—2,b)

X(a—2.,b)
_;(E_—l ))2191)1(0,0)
(=1,1) 2 (1,0) (a—1,b)
X(4—2.b) 3] [3]

Y(a—3,b)
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L. (Bl I 1P I
(o g o (o wme)

(@a=2,b) Ya—-2,p) 3,b)

1 ( 1 1 ))( 1
- 1,1 —1,1 3,-1) (2,1 —1,1 3,—1
xga 13) N x&LD y( ) x@=D y&LD y( )

(a—2,b)Y (a—3,b) (a—2,b) (a—2,b)Y (a—3,b)
2
1 1,2(0,0) + 1 _ 1 2,2.(0,0)
2,-1) Yia—1.b) (-1,1) _(3,-1) 2,-1) Y(a—1,b)
X(a—2.,b) Xa—2,0)Y@=3,0) Y(a—2.b)

1o(p 2] 1 O
x5 (@_x““’ ([3]x(_1’1) T @9 e (ﬁ xCLD) ))

(a—2.,b) (a—3.,b) (a—3,6)"(a—3,b) X(a—4,b)

1 [3] 1 2 o L (Bl
_ W 2l + (LD Y@a—3.b+1) ~ o\

(a—2,b) (a—3,b) (a 1,b)

1 [2] [5] 1
2,-1) ([3]2y(1,0) + [2][3] + (-1,1) _(-1,1) )

Xa—2.,b) (a—2,b—1) (a 2b DX(@,b-2)%(a—1,b—2)

1 1
(0,0) 2,-1) _(-1,1 (-1,1)
[2]x(a—2,b) Xa=2.6) (a—1,b-1)%(a—2,b—1)

[4] 1 [5] 1 1 1
([2] x27 N ([2][3] " iy (W * RPxCLDC1D )

X(a—3,b) —3,b—1) (a—1,b—2)Y(a—2,b—2)

. 1 L (4 2]
+m))) Vs n ~ ( 1) (E+W)

(a=1,b) “Xa—2,b) Y(a=3,p)
1 1 1 1 2 10

s ) e,

2D LD _G.-D —LD —LD (0,0) (a—2.b)

Xa—2.)  *a—2.)Y@=3,b)" Ya-1,b-1)%@-2,b-1) [2]x(a—2,b)

(A.23)
(-1,0)

3 _ [6IB8][15] (2,1 1 Ya—2,b+1)

Plab)ms = Xa—1,6) ~ (11 3
@0).m2 [3][5][12] " @ xga_l’;) (x((a_l’zl,i)x((a_lil))

1 [3] 1 [2] 1 [4] 1
- x((gf);’b)( [2] ( LD LD (E - [3]y(1 -0) (ﬁ * xCLD ))

—2,b)" (a—3,b) 3,b) (a—4,b)
S ;))g(_m
(0,0) L,1) (a—1,b)
21X, 25 ) 2] X (a—3,b)
1 { ( 3] 1 ( 3] 1 ([2]2
=2,1) = _ 2\ T 1T Y
Yaipy M2ximy xS (G 21 b \ B

1 1 ) 1 1 )
+ - + -
—1) (-1,1) 2 .(1,0) 2,-1) (-1,1) 2 _(0,0)
y(a 5,b+1)%(@—3,b) 3] Y(a=5,p+1) Xa—4,b+1) (a—3,b) 2] Xa—a,b41)
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1 3] 1 \* 1
%o (00) [2]+ (11) LD
—2.,b) -3,)” Y(a—3,b)

; (@ _ 1 )2)2 1,00
(=2,1) (-1,1) _(-1,1) (a—3,b+1)
X(a—2.b) 2] (21X (3 by ¥ (a—4.p)

+2( 1 ( 1 1 )
LELD (x(—1,1) )2 £LD 3,—1) x(2,—1)

(a—2,b) \*(a—3.b) (a— 4b+1)y(a —=5,b+1) (a—4.,b+1)

1 (3] 1\ [ [3] 1 [3]
- x00 (m*’ 1“) H)(mﬂln _<1n(<1n)(_ﬁi

(a—2,b)

( —3,b) 30 Xa—2,0)\Xa—3,h)
1 ([2]2 N 1 1 )+ 1
T LD 3] (G.-1 LD 12,10 2.1 -1,1)
Xa—4,b+1) B3] Y(a—5b+1) (a—3,b) (3] Y(a—5,b+1) Xa—4,b+1)*(a—3,b)

1 1 3] 1 S|
- [2]2x(0’0) + 0.0 m-’_x(—l,l) LCLD

(a—4,b+1) Xa—2,b) (a—3,b) (a—3,b)
2
;(@ ! ) )1,zy(o,0)
(=2,1) 1,1) _(-1,1) (a—3,b+1)
X(a—2,b) 2] [z]x(a 3,5)% (a—4,b)

ooy e, )-8
(-1,1) ( (-1,1) ) KLY y(3,—1) @D 2]

Xa—2.0)\ X a—3.p) (a—4,b+1)” (a—5,b+1) (a—4,b+1)

_; @_f_ ! 2 222 (0,0
L (0:0) 2] "~ LD Ya—3,p+1)

(a—2,b) (a—3,b)

1 (] R | 1 /5
1*>Gﬂ+ o0 Gﬁ+xFM>)Q@H>(mm

(a 1,b) —2,b) (a—3,b) (a—3,b)

1 1 ) [4] )) (-3.2)

+ + =5 ) ) Y-

-1) (-1,1) 2 ..(1,0) 2 (a,b—1)
[2] (a 3,b—1)Y(a—1,b—2) 21(3] Y(a—3,—1) 2]

1 1 1 n 1
(—1,0) (-1,1) (-1,1) [2] + (2 —1)

Xa—1,6) “*@a-2,b) X(a—3,b) Xa—4,b+1)

1 [5] 1 1
LY _ﬁ_mz o T (G-1) _(-1,D

X (a—3,b) Ya—ap)  Ya—4,b)*@—2,b-1)

N ;(ﬂ 3 1 ( (5] 1
[Z]x(o’o) 2] x@&1 [2][] [2]y(a Sb) xCLD

(a—4,b+1) (a— 5b+1) Xa=3,b—1)
1 ))) 1 ([3] N 1 ) 1
2 (1,0) ~ 7(0,0) ™ (-1,1) -1,1)
[ 1817 Y (a=5 ) Xa—2,b) [2] Xa—3,6)" *(a—3,b)
1 (B] 1 ))2 11
+ — = y ) (A.24)
( 2,1) (-1,1) _(-1,1) (a—2.,b)
—2,b) [2] (21X (4=3 by X (a—2.b)
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PO [7181[15] 1 yeID 1 L0
(a,b),w2 — 3,-1) “(a+3,b-2) (1,0) (a+1,b—1)
[3][4][5] Yy Yy
-y -2 1 @
LD Ya—1,b) D Y@+2.b6-2) T (3.2 Y@-3b+1)
Y(a,b—1) Yia,b—1) Yia,b—1)
2,2..(0,0) 1,2.,(0,0)
T Yab-111 0,0 Yab=1)12_(0,0)
‘:D(a,b—l) (a,b—1) °{D(a,b—1) (a,b—1)
2,1,,(0,0) 1,1,,(0,0)
" Yab-121 00 Ya@b-122 (0,0
D,p—1) @b=1" Dyp-1y (@b=1)
by L ey T
G—2) Ya+3.b-3) " (2.0 V@26 " (=1 Ya+1,b-2)
Y(a,b—1) Yia,b—1) Y(a,b—1)
I a0 I G- 1 (0.1)
~ G0 Yasb-n T TG Yassh) T Toon Yab-2 (A2
Y(a,b—1) Yia,b—1) Yia,b—1)
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