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(Quantum) discreteness, spectrum compactness
and uniform continuity

Alexandru Chirvăsitu

Abstract. We prove a number of results linking properties of actions by compact groups (both
quantum and classical) on Banach spaces, such as uniform continuity, spectrum finiteness and exten-
sibility of the actions across several constructions. Examples include: (a) a unitary representation of
a compact quantum group induces a continuous action on the C�-algebra of bounded operators
if and only if it has finitely many isotypic components, and hence is uniformly continuous; (b) a
compact quantum group is finite if and only if its continuous actions on C�-algebras lift to contin-
uous actions on either the multiplier algebras or von Neumann envelopes thereof; (c) a (classical)
locally compact group G is discrete if and only if the forgetful functor from G-acted-upon com-
pact T2 spaces back to compact T2 spaces creates coproducts; (d) a representation of a linearly
reductive quantum group has finitely many isotypic components if and only if its restrictions to two
topologically-generating quantum subgroups, one of which is normal, do; (e) equivalent character-
izations of uniform continuity for actions of compact groups on Banach spaces, e.g., that such an
action is uniformly continuous if and only if its restrictions to a pro-torus and to pro-p subgroups
are.

1. Introduction

This note gathers a number of observations revolving around the issue of extending com-
pact (quantum) group actions across constructions such as compactification, completion
of some sort, coproducts, etc.

To help make the matter concrete (and exemplify the problems at hand), consider the
discussion preceding [42, Definition 2.7.1]: given an action of a group G (mostly assumed
compact throughout [42]) on a C �-algebra A, continuous in the usual ([41, Section 7.4.1],
[8, Definition II.10.3.1]) sense that

G 3 g 7! ga 2 A

is continuous in the norm topology of A for every a 2 A, there seems to be no reason why
the corresponding action on the multiplier algebra [8, Section II.7.3] M.A/ will again be
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continuous in the same sense. This in turn motivates [42, Definition 3.1.1] introducing the
subspace MG.A/ �M.A/ where said continuity does obtain, etc.

Explicit examples of the flagged (potential) pathology are not given in [42, Section
2.7], but they are easy to produce and then turn around into characterizations of finiteness/
discreteness for the acting compact groups or the spectra of the actions in question. Much
of this, moreover, extends to compact quantum groups. Recall the following definition;
see, for instance, [60, Definition 1.1] or [36, Definition 1.1.1].

Definition 1.1. A compact quantum group G consists of

• a unital C �-algebra C.G/

• equipped with a C �-morphism�WC.G/! C.G/
x
˝ C.G/, coassociative in the sense

that
C.G/

x
˝2

C.G/ C.G/
x
˝3

C.G/
x
˝2

 

!

�
x
˝id

 !�

 

!�

 !
id
x
˝�

commutes

• and such that

span¹.a
x
˝ 1/�.b/ j a; b 2 C.G/º and span¹.1

x
˝ a/�.b/ j a; b 2 C.G/º

are dense in C.G/
x
˝2.

To return to lifting actions to multiplier algebras, then, Lemma 3.16 reads as follows.

Theorem 1. A unitary representation of a compact quantum group G on a Hilbert space
H induces a continuous conjugation action on L.H/ if and only if � has finitely many
isotypic components.

In particular, said action on L.H/ will then automatically be uniformly continuous
in any reasonable sense (e.g., Definition 3.6 (3)).

In fact, slightly more can be said for plain compact groups (Lemma 3.15): their contin-
uous actions on C �-algebras of the form L.H/ automatically have finitely many isotypic
components.

Action extensibility across A ,! M.A/ also singles out a class of compact quantum
groups: those for which it is always possible. By Theorem 1, these are exactly the finite
ones (Lemma 4.3).

Corollary 2. A compact quantum group is finite if and only if its actions on C �-algebras
A extend to actions on the corresponding multiplier algebrasA ,!M.A/ or von Neumann
envelopes A ,! A�� (the latter regarded as C �-algebras again).

For compact quantum groups, finiteness is equivalent to discreteness. Dropping com-
pactness at the cost of reverting to the classical setting, Lemma 4.1 expands (the analogue
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of) Theorem 2 into a category-theoretic characterization of discreteness for locally com-
pact groups. A short sample of that statement is the following.

Theorem 3. A locally compact group G is discrete if and only if the forgetful functor

.G-actions on compact Hausdorff spaces/
FORGET
����! .compact Hausdorff spaces/

creates [1, Definition 13.17] coproducts.

There is a natural connection between a representation having finitely many isotypic
components (in short, the finiteness of its spectrum, Lemma 3.3 (2)) and its uniform con-
tinuity, already mentioned explicitly in the statement of Theorem 1. This motivates both

• preliminaries on compact-quantum-group actions on Banach spaces in Section 3.1,
meant to recapture enough of the common substance of unitary representations and
actions on C �-algebras while keeping some of the main tools those separate construc-
tions afford (spectral spaces);

• and a foray into the selfsame connection between spectrum finiteness and uniform
continuity for actions of classical compact groups on Banach spaces in Section 3.2.

In reference to this latter point, Lemma 3.10 gathers a number of equivalent charac-
terizations of uniform continuity for such representations/actions. The lengthy statement
would be unwieldy to summarize here, but it is worth noting that many of those char-
acterizations, relying on sometimes-non-trivial compact-group structure results, have the
following general flavor: the G-action is uniformly continuous if and only if its restriction
to such and such a class of subgroups of G is.

This last remark, in turn, sensibly raises the issue of lifting finite-spectrum properties
of representations from (quantum) subgroups to larger ambient (quantum) groups; that is,
the direction taken in Section 5, where Lemma 5.3 moves back to quantum groups, this
time linearly reductive (so a broader class than compact).

Theorem 4. Let G be a linearly reductive quantum group and H;K � G be linearly
reductive quantum subgroups that generate G topologically (Section 5, preceding Defini-
tion 5.1), with K E G normal.

A G-representation has finitely many isotypic components if and only if its restrictions
�jH and �jK both do.

That normality (or something like it) is needed is clear from Lemma 3.12, say.

2. Preliminaries

The symbol “
x
˝” denotes the minimal (or spatial C �-algebra tensor product [39, Sec-

tion 12], [49, Definition IV.4.8], etc.). The symbol “˝” denotes the plain algebraic tensor
product when one of the tensorands is not equipped with any analytic structure. We intro-
duce the following notations.
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• L.E; F / denotes the set of bounded linear maps between Banach spaces E and F ,
with L.E;E/ abbreviated to L.E/.

• K.E/ denotes the set compact operators on a Banach (hence also Hilbert) space E.

• M.A/ denotes the multiplier algebra [8, Section II.7.3] of a C �-algebra A.

• O.G/ � C.G/ denotes the unique dense Hopf �-subalgebra (the A of [60, The-
orem 1.2] and A D C ŒG� in [36, Theorem 1.6.7]). These are CQG algebras [22,
Definition 2.2]: particularly well-behaved cosemisimple [34, Definition 2.4.1] com-
plex Hopf �-algebras.

• Irr.G/ detotes the (isomorphism classes of) unitary irreducible G-representations. We
will often apply tensor operations directly to the symbols standing for such classes,
with “�” denoting the relation of being a summand. Thus,


 � ˛ ˝ ˇ; ˛; ˇ; 
 2 Irr.G/

means that tensoring representations of classes ˛ and ˇ produces a 
 summand,
˛� denotes the representation dual (or contragredient [36, Definition 1.3.8]) to ˛, etc.

• L2.G/ denotes the Hilbert space carrying the GNS representation associated to the
Haar state [36, Section 1.2] h 2 C.G/�.

Since in much of the sequel O.G/ plays rather a more important role than C.G/,
the phrase (compact) quantum subgroup consistently refers to Hopf �-algebra quotients
O.G/! O.H/.

3. Uniform CQG actions on Banach spaces

3.1. Generalities on representations and uniformity

Let G be a compact quantum group. The appropriate uniform context for analyzing both
unitary G-representations and G-actions on C �-algebras, both of which feature exten-
sively in the literature, seems to be the following setup.

Definition 3.1. Let E be a Banach space (equipped with a norm we typically suppress
notationally) and G a compact quantum group. A G-action (or G-representation) on E is
a continuous morphism

E
�
! C.G/˝" E (3.1)

into the injective (or minimal) [46, Section 3.1] Banach-space tensor product such that

(a) the diagram

C.G/˝" E

E C.G/˝" C.G/˝" E

C.G/˝" E

 

!

.�˝id/�

 !
�

 

!�  !
.id˝�/�

(3.2)
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commutes;

(b) and
span¹.x ˝ id/�.v/ j x 2 C.G/; v 2 Eº D C.G/˝" E:

Note that (3.2) does indeed make sense, given that

• the minimal C � tensor product
x
˝ into which the comultiplication

C.G/
�
! C.G/

x
˝ C.G/

is assumed to take values dominates the injective Banach-space norm (e.g., by [49,
Proposition IV.2.2 and discussion preceding Theorem IV.4.9]) and hence can also be
regarded as a map into C.G/˝" C.G/;

• and the injective Banach-space tensor product is functorial [46, Proposition 3.2] (with
respect to continuous linear maps between Banach spaces), so the various composi-
tions are well defined.

The spectral decomposition results familiar from the theory of CQG actions on
C �-algebras transport over to the Banach-space setup. To make sense of this, recall the
idempotent operators

E
�˛

��! E; ˛ 2 Irr.G/

employed in the proof of [43, Theorem 1.5], whose images are, respectively, the ˛-spectral
subspaces attached to the action.

• One first defines appropriate continuous functionals �˛ ([59, p. 657], [43, p. 3]) on
C.G/ vanishing on the spaces of coefficients associated to ˇ ¤ ˛ 2 Irr.G/. In the
notation of [43],

�˛.u
ˇ
ij / D ı˛ˇ ıij ; ı�´ Kronecker delta: (3.3)

• The idempotent �˛ can then be defined by (the commutativity of)

C.G/˝E

E E

 

!

�˛˝id

 

!
�˛

 !

All of this goes through for ˝" as well as it does for
x
˝, hence. In particular, the proof of

[43, Theorem 1.5] delivers the following.

Theorem 3.2. Given an action (3.1) of a compact quantum group on a Banach space, the
(algebraic) direct sum M

˛2Irr.G/

.E˛ ´ im �˛/ � E (3.4)

is dense.

Definition 3.3. We introduce the following definitions.
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(1) We will refer to the subspace E˛ � E of Lemma 3.2 as the ˛-isotypic com-
ponent of the action (or of E, slightly abusively). They are closed and in fact
complemented [16, Section III.13] subspaces of E, being ranges of continuous
idempotent operators �˛ .

(2) The set of ˛ for which E˛ ¤ ¹0º is the spectrum of �.

(3) The elements of the algebraic direct cum on the left-hand side of (3.4) are the
G-finite elements of E (with respect to �). This transports the terminology of
[25, Definition 3.1] into the present quantum setting.

When E is additionally a unital C �-algebra A, it seems reasonable to ask of an action
that it be a C �-morphism

A! C.G/
x
˝ A;

as one usually does [43, Definition 1.4]. The other constraints will then follow, however,
from the apparently weaker analogous ones of Lemma 3.1; this, despite the appearance
of the minimal Banach-space tensor product, which is nowhere featured in [43, Defini-
tion 1.4].

Proposition 3.4. Let G be a compact quantum group and A a unital C �-algebra. A
C �-morphism

A
˛
! C.G/

x
˝ A

is an action in the sense of [43, Definition 1.4] if and only if the composition

C.G/
x
˝ A

A C.G/˝" A

 

!

 

!
�

 !˛

is an a G-action on the Banach space A in the sense of Definition 3.1.

Proof. One implication is clear: the density and coassociativity of the original ˛ entail the
analogous properties of �, given that

x
˝ surjects onto ˝". It is thus the converse that is of

interest, and our focus for the duration of the proof.
It follows from Lemma 3.2 that the span of

A˛ ´ im �˛; ˛ 2 Irr.G/

is a dense �-subalgebra in A. This then recovers an action in the sense of [43, Defini-
tion 1.4] by [43, Corollary 1.6], finishing the proof.

As for Hilbert spacesH , recall (e.g., [18, Definition 2.1]) that a unitary representation
of a compact quantum group G on a Hilbert space H is a unitary

U 2M.C.G/
x
˝K.H// (3.5)

with
.�˝ id/U D U13U23 (3.6)
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in the leg-numbering notation of [36, Section 1.3]. These too are examples of Banach-
space G-actions in the sense of Lemma 3.1.

Proposition 3.5. A unitary representation (3.5) of a compact quantum group G on a
Hilbert space H is induces a G-action on the Banach space H in the sense of Defini-
tion 3.1 via

H 3 v
�
7! U �.1˝ v/ 2 C.G/˝" H: (3.7)

Proof. (3.7) perhaps requires some unwinding. Recall from [18, discussion following
Lemma 2.5] that a unitary representation (3.5) (or its adjoint U �) can be recast as an
automorphism of the Hilbert C.G/-module C.G/ � H obtained as the exterior tensor
product [31, Section 3, p. 34f] of C.G/ regarded as a Hilbert module over itself and the
Hilbert space (i.e., C-Hilbert module)H (this is also what on [31, p. 6] would be denoted
simply by C.G/˝H ).

Since the Hilbert-module norm resulting giving rise to the exterior tensor product is
easily seen to dominate the injective Banach-space norm, (3.7) is the composition

C.G/�H

H C.G/˝" H

 

!

 

!
 -
!

The coassociativity requirement of Lemma 3.1 is, in this case, a reformulation of

.�˝ id/U � D U �23U
�
13;

which in turn rephrases (3.6) (this is why the “�” is necessary: note the order reversal
between the “13” and “23” subscripts).

As for the density condition (b) of Lemma 3.1, it follows from the same discussion
preceding [18, Section 2.3]: as explained there,

.x ˝ id/�.v/; x 2 C.G/; v 2 E

(with � as in (3.7)) is precisely the image of

x � v 2 C.G/�H

through the isomorphism of that Hilbert module associated to U , followed by the surjec-
tion

C.G/�H ! C.G/˝" H:

Naturally, then, the span of such elements is dense.

The reason why M.C.G/
x
˝K.H// is a good ambient space for the unitary repre-

sentation U of (3.5) is that classically (i.e., for ordinary compact G) that space can be
identified [3, Corollary 3.4] with

¹bounded functions G ! L.H/ ŠM.K.H//; continuous for the strict topologyº:



A. Chirvăsitu 76

On the unitary subgroup U.H/ of B.H / Š M.K.H// the strict topology coincides [8,
Proposition I.3.2.9] with all of the various “weak” topologies of [49, Section II.2], in
particular with the strong topology induced by the norms

U.H/ 3 U 7! kU�k; � 2 H:

The containment (3.5), cast in terms of a representation 'WG ! U.H/, thus means pre-
cisely the usual requirement (e.g., [44, Section 2]) that

G 3 g 7! '.g/� 2 H

be continuous for every � 2 H .
One is occasionally interested in representations exhibiting the stronger requirement of

uniform continuity [41, Section 8.5]: the requirement that 'WGU D U.H/ be continuous
for the norm topology on U . The present line of reasoning justifies the following setup.

Definition 3.6. (1) For two Banach spaces E and F , a subset of F ˝" E is F - or
(left-)w�-equicontinuous if it is equicontinuous [16, Definition VI.3.7] on the dual F �

equipped with its weak�-topology [16, Example IV.1.8] upon embedding

F ˝" E � L.F �; E/ (3.8)

isometrically [49, Proposition IV.2.1].

(2) Given a property P that a set may or may not have (assuming also phrasing to the
effect that sets are P ), a linear map E

u
! F between topological vector spaces is bound-

edly P if it sends bounded [29, Section 15.6] sets to sets with property P .

(3) A representation (3.1) of a compact quantum group G on a Banach space E is uni-
formly continuous (occasionally uniform for short) if it is boundedly left-w�-equicontin-
uous in the sense of point (2): it maps bounded subsets of E into left-w�-equicontinuous
subsets of C.G/˝" E. Equivalently, it is enough to require this only for the unit ball of
E (or any single bounded origin neighborhood).

The following is a simple reformulation of Lemma 3.6, more in keeping with the spirit
of the requirement for a classical G-action on E that the corresponding map G ! L.E/

be continuous for the norm topology.

Lemma 3.7. A G-action (3.1) on a Banach space is uniformly continuous in the sense of
Definition 3.6 (3) if and only if the map

C.G/�
N�
! L.E/ (3.9)

defined by
N�.f /.v/´ .f ˝ id/�.v/; f 2 C.G/�; v 2 E

is weak�-to-norm continuous.
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Proof. Composed with the embedding (3.8) (for F ´C.G/), the original action structure
map (3.1) gives a (bilinear) pairing

C.G/� �E
ˇ
! E:

Unpacked, the equicontinuity condition of Lemma 3.6 means that a weak�-convergent net

f�
weak�
���!
�

f 2 C.G/�

results in a net
ˇ.f�;�/ D N�.f�/!

�
N�.f / D ˇ.f;�/ 2 L.E/

converging uniformly on bounded subsets of E (or equivalently, on the unit ball of E).
This being exactly the requirement in the present statement, we are done.

As perhaps familiar [41, Theorem 8.1.12] from the classical story on uniformly con-
tinuous actions of locally compact abelian groups, the condition (of uniform continuity)
should have something to do with the compactness of the spectrum of the action. One
direction is a simple observation, and worth recording here for future reference.

Lemma 3.8. If an action (3.1) of a compact quantum group on a Banach space has finite
spectrum, then it is uniformly continuous.

Proof. Immediate by Lemma 3.7, once we observe that under the hypothesis the map (3.9)
factors through the span of functionals �˛

k`
with

�˛k`.u
ˇ
ij / D ı˛ˇ ıkiı j̀

(as on [43, p. 3], analogous to (3.3)), for finitely many ˛. That span is of course finite-
dimensional, so all reasonable vector space topologies on it coincide (hence the continuity
required by Lemma 3.7).

Motivated by the fact that for a classical compact group the uniform continuity of a
unitary representation could also be phrased as (3.5) belonging to C.G/

x
˝L.H/ (see

also Lemma 3.10 below), we also note explicitly the following.

Remark 3.9. A finite-spectrum action (3.1) is implemented by an operator in the alge-
braic tensor product C.G/˝L.E/.

3.2. Plain compact groups

Before returning to quantum (mostly compact) groups, we first address this in the classical
case, for two reasons:

• anchored, as they are, in compact-group structure theory, the proof techniques do not
(all) transport over to the quantum setting, so they might be of some independent
interest;
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• and the main statement itself does not fully generalize well to quantum groups, given
that it relies rather heavily on point-topological notions.

In reference to the second point, recall ([24, p. 2, Definition 1 and Yamabe’s theorem
following it]; also [33, Section 4.6, Theorem] for the latter) that a topological group G is

• almost-connected if its quotient G=G0 by the connected component of the identity is
compact;

• pro-Lie if it is the inverse limit of its (finite-dimensional) Lie-group quotients;

• and pro-Lie as soon as it is locally compact and almost-connected.

In particular, compact groups are inverse (cofiltered [51, Tag 04AY]) limits of their Lie
quotients [25, Corollary 2.36]. Recall also [25, Definitions 9.30] that pro-tori are compact
connected abelian groups. Since the compact connected abelian Lie groups are precisely
[21, Corollary 4.2.6] the tori Tn Š .S1/n, the nomenclature is apposite: the pro-tori are
exactly the cofiltered limits of tori. Similarly, pro-p groups (for a prime p) are [58, pre-
ceding Theorem 1.2.3, p. 18] cofiltered limits of finite p-groups.

Theorem 3.10. Given a representation

G ! GL.E/; E a Banach space, (3.10)

of a compact group, the following conditions are equivalent:

(a) � has finite spectrum (i.e., finitely many non-zero isotypic components, see Defi-
nition 3.3 (2));

(b) all elements of E are locally finite, in the sense that their G-orbits span finite-
dimensional spaces;

(c) � is uniformly continuous in the sense of Definition 3.6 (3);

(d) regarded as a map (3.1), � is implemented by an operator U 2 C.G;GL.E// �
C.G;L.E//;

(e) the image �.G/ is a compact (hence finite-dimensional Lie) subgroup of GL.E/;

(f) the equivalent conditions (a)–(e) hold for (the restriction of � to) every closed
subgroup of G;

(g) (a)–(e) hold for the identity component G0 and the profinite subgroups of G;

(h) (a)–(e) hold for every (maximal) closed abelian subgroup of G0 and every pro-p
subgroup of G;

(i) (a)–(e) hold for every (maximal) pro-torus and every pro-p subgroup of G;

(j) (a)-(e) hold for a single maximal pro-torus and every pro-p subgroup of G;

(k) (a)–(e) hold for a single maximal pro-torus and every pro-p subgroup of G whose
image under � is abelian.

https://stacks.math.columbia.edu/tag/04AY
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Proof. Locally compact subgroups of Banach Lie groups are automatically finite-dimen-
sional and Lie [35, Theorem IV.3.16], hence the parenthetic remark in (e). We address the
various claims separately.

(a) () (b). The interesting implication is “(H”. To verify it, suppose � contains
infinitely many non-isomorphic irreducible summands �n, n 2 Z>0 supported on respec-
tive subspaces Ei � E. A vector of the form

v D
X
n

vn; vn 2 En;
X
kvnk <1

will then fail to be locally finite.

(a) H) (c). This follows from Lemma 3.8.

(c) () (d). This is tautological, and included only for further reference: uniform con-
tinuity in any sense made explicit in Lemma 3.6 is precisely intended to mimic norm-
continuous maps G ! GL.E/.

(c) H) (e). Naturally, since � is a continuous map defined on a compact space, so its
image is compact [56, Theorem 17.7].

(e) H) (a) assuming (c) H) (a). Given (e), the hypothesis (c) applies to the compact
group �.G/. Since we are also assuming that (c) implies (a), it follows thatE decomposes
as a finite sum of isotypic components over the subgroup

�.G/ � GL.E/ (3.11)

But then it does so as a G-representation via �, since that representation (by definition)
factors through (3.11).

(c) H) (a). The general linear group GL.E/ has neighborhoods containing no non-triv-
ial subgroups: this is the celebrated no-small-subgroups property, valid for all Banach Lie
groups ([35, Theorem III.2.3], citing [37, Theorem 1.4.2]). The assumed uniform conti-
nuity of � then implies, by the above-cited [25, Corollary 2.36], that � factors through a
Lie quotient of G. That (compact Lie) quotient will then have finitely many components,
so the target implication reduces to compact connected Lie groups. This, then, will be the
standing assumption on G for the duration of the proof.

Compact connected Lie groups are, up to isogenies (i.e., quotients by finite central
subgroups), products of tori and compact semisimple Lie groups [25, Theorem 6.19]. If
T � G is a maximal torus, the classification [47, Theorem IX.5.1] of the irreducible rep-
resentations of a compact semisimple Lie group in terms of highest weights makes it clear
that any infinite set of (isomorphism classes of) G-representations will restrict to infinitely
many characters of T . It is thus enough to prove the claim for T , and hence for the circle
group S1 (T being a product of copies of the latter).

But for S1 the claim is immediate: the characters are

S1 3 z
�n
7�! zn 2 S1 � C�; n 2 Z;
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and no infinite direct sum of such is uniformly continuous. Indeed, suppose the represen-
tation admits norm-1 �n` -eigenvectors v` 2 E for a sequence

n` 2 Z; jn`j inf
`
!ty:

We can then find z` 2 S1 approaching 1 2 S1 with zn`
`

uniformly far from 1, say

jz
n`
`
� 1j � C > 0I

one example: z`´ exp.�i=n`/ will do, with C D
p
2. It follows that

k�.z`/v` � v`k D k�n`.z`/v` � v`k D jz
n`
`
� 1j � kv`k � C > 0; for all i:

In particular, �.z`/ does not converge to 1, contradicting uniform continuity.

This, thus far, completes the proof of the mutual equivalence

(a) () (b) () (c) () (e)

for arbitrary compact groups; we can thus treat the three conditions as interchangeable in
the subsequent discussion.

(a) H) (f). Since every irreducible G-representation is finite-dimensional [25, Theo-
rem 3.51], the finitely many appearing in the decomposition of � restrict to finitely many
over any closed H � G.

(f) H) (g). Obvious.

(g) H) (e). [25, Theorem 9.41] ensures the existence of a profinite subgroup D � G
that “almost” supplements the identity component, in the sense that G D G0 � D. Since
G0 E G is normal, it is normalized by D and hence

�.G/ D �.G0/ � �.D/ � GL.E/:

In particular, �.G/ is compact if and only if �.D/ and �.G0/ both are.

We now have

(a) () (b) () (c) () (e) () (f) () (g), (3.12)

and proceed with the other implications (involving restrictions to (pro-)nilpotent sub-
groups).

(f) H) (h) H) (i) () (j). The forward implications are all formal, since each sub-
sequent condition recapitulates the former for a smaller class of groups.

It is also clear that maximality is optional in both (h) and (i) (i.e., omitting it does not
affect the strength of either condition), since every closed (connected) abelian subgroup
of G is contained in a maximal such (Zorn’s Lemma [27, Theorem 5.4]).

Finally, the single backward implication (i) (H (j) follows from the fact that maxi-
mal pro-tori are all conjugate [25, Theorem 9.32 (i)].
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(j) H) (a) (G connected). In this case it is in fact sufficient to demand (a) (or (c), or (e))
for a maximal pro-torus (i.e., the profinite arm of the condition is not needed). Indeed, this
is effectively what the proof of the implication (c) H) (a) given above in fact shows.

(j) H) (a) (reduction to profinite groups). The preceding argument, addressing the con-
nected-G case, already proves that the restriction of �jG0 to the identity connected com-
ponent G0 � G satisfies the requisite conditions. We can then indeed focus on a profinite
subgroup of G by (3.12) (specifically, (g) H) (a)).

(j) H) (a) (conclusion). The preceding step allows us to assume that G is profinite to
begin with. Now, regardless of the uniformity of �, ker� E G is a closed subgroup so that
the quotient xG´ G= ker � is compact and faithfully represented on E via �. The goal is
to prove the finiteness of xG.

We consider the two possibilities.

• xG is not torsion. There is then an element x 2G generating a closed group with infinite
image in xG. Restricting � to that (abelian!) group gives the desired contradiction.

• xG is torsion. In that case there is [57, Theorem 1] a chain

ker �µ G0 � G1 � � � � � Gn´ G;

with
xGi ´ Gi=G0 E xG characteristic;

and with the subquotients

GiC1=Gi Š
xGiC1=xGi either

´
pro-p (for various primes p)

or Š SÆi
i ; Si finite simple;Æi some cardinal:

We can now expand the scope of the target claim by substituting for ker � closed nor-
mal subgroups to which � restricts to a finite-image representation, and thus proceed
by induction on n, one layer Gi at a time. All in all, the goal is to argue that � has
finite image provided it does so when restricted to some closed H E G, as well as the
pro-p subgroups of G for various p, and the quotient G=H is either pro-p or SÆ for
simple finite S.

Now, if G=H is pro-p, then some p-Sylow subgroup [58, Definition 2.2.1] K � G
surjects onto it by general profinite Sylow theory as covered in [58, Section 2], because
the supernatural number [58, Section 2.1] jG=Hj divides the largest, possibly infinite
p power dividing jGj, etc. We are now done: � is finite when restricted to both H and
the subgroup K normalizing it.

Assume next that
G=H Š SÆ

Š

Y
È<Æ

SÈ; SÈ Š S

for some finite simple S and cardinal Æ. A simple pigeonhole argument shows that the
infinitude of im � entails that of the group generated by �.xÈ/, È < Æ where xÈ 2 SÈ
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is the copy of a single prime-order element x 2 S in the È-indexed copy of SÆ. But
then we can fall back on the preceding branch on the argument, given that .xÈ/È<Æ

belongs to a Sylow subgroup of SÆ.

(j) () (k). The interesting implication ((H) follows from the fact [61, Theorem 2] that
infinite compact groups have infinite abelian subgroups.

This completes the proof of the theorem.

Remarks 3.11. (1) Cf. also [25, Exercise E4.8], which parts of Lemma 3.10 echo: there,
a representation of a compact group G on direct-product (locally convex) space RI is
shown to have finitely many isotypic components provided all vectors of the underly-
ing space are locally finite (or G-finite: Lemma 3.3 (3)). In other words, the implication
(a) (H (b) of Lemma 3.10 in that slightly different setup.

(2) A version of the equivalence (a) () (c) for unitary representations of connected
locally compact groups appears as the main result of [28].

Given that a compact group is generated topologically by its closed abelian (hence
also pro-nilpotent) subgroups, Lemma 3.10 (h) might suggest a kind of local-to-global
principle whereby uniformity lifts from a topologically-generating family to the full
group G. No such principle can hold in this generality: every representation is uniform
when restricted to the individual factors Hi of a product G Š

Q
i Hi of finite groups,

without this entailing uniformity on G. Even for finite generating families, this cannot go
through.

Example 3.12. Consider the coproduct

G´ Z=2qCGP Z=2

in the category of compact groups: this is the Bohr compactification (the AP-compacti-
fication of [7, Section III.9]) of the usual discrete-group coproduct (or free product [45,
Definition preceding Lemma 11.49])

hai qGP hbi Š Z=2qGP Z=2
[45, Exercise 11.63]
�����������!

Š
Z Ì Z=2 Š habi Ì hai ;

for respective generators a and b for the two copies of Z=2. Naturally, every unitary
representation of G, including non-uniform ones, will restrict to finite-spectrum Z=2-rep-
resentations. The two copies of Z=2, though, topologically generate G.

There are also the expected links to the representations induced by (3.10) on various
algebras of operators on E.

Corollary 3.13. For a representation (3.10) of a compact group on a Banach space the
following conditions are equivalent:

(a) � is uniform;
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(b) the conjugation action

G 3 g 7! �.g/ � �.g/�1 2 GL.L.E// (3.13)

is uniform;

(c) the conjugation action (3.13) is uniform when regarded as a representation on
any norm-closed ideal 	 E L.E/;

(d) the conjugation action (3.13) restricts to a uniform representation on the norm
closure

L0.E/ Š E ˝" E
�

(minimal Banach tensor product: [46, preceding (3.4)]) of the ideal of finite-rank
operators.

Proof. We take for granted the equivalence of uniformity and isotypic finiteness (Lemma 3.10,
(a) () (c)).

(a) H) (b). Denoting byE˛ �E the ˛-isotypic component, the (finite!) linear and topo-
logical decomposition

E Š
M
˛

E˛

gives the corresponding finite decomposition

L.E/ Š
M
˛;ˇ

L.E˛; Eˇ /:

Each summand L.E˛; Eˇ /, as a G-representation, is of the form ˇ ˝ ˛� ˝ F for a
Banach space F , with G acting on the ˇ˝ ˛� tensorand. The conclusion is now obvious.

(b) H) (c) H) (d). All formal.

(d) H) (a). For a finite-rank operator T 2 L.E/, the continuity of

G 3 g 7! �.g/T�.g/�1 2 L.E/ .norm topology/

is immediate, and hence so is that of the analogous maps for T 2 L0.E/. For that reason,
the conjugation action (3.13) does, first off, induce an action on the Banach space L0.E/.
But then Lemma 3.10 takes over to show that action is uniformly continuous precisely if
it has finitely many isotypic components.

Now, for non-zero isotypic components E˛i � E the representation j̨ ˝ ˛
�
i appears

as a constituent in L0.E/. Infinitely many non-zero E˛i will produce infinitely many
non-isomorphic summands in the various j̨ ˝ ˛

�
i , so that indeed the finite-isotypic-

component requirement for L0.E/ entails that for E.

A subtle issue in the proof of Lemma 3.13 can be expanded constructively. In the
implication (d) H) (a), we had to first argue that the conjugation action actually is a
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Banach-space action in the usual sense on the ideal L0.E/ of approximable [46, p. 46,
paragraph following (3.3)] operators. This is not a moot point: [42, discussion preceding
Definition 2.7.1], for instance, observes that given a compact-group action

G � A
F
! A

on a C �-algebra A, the resulting action on the multiplier algebra M.A/ is “unlikely to be
continuous” for the latter’s norm action, in the sense that

G 3 g 7! g F a 2M.A/

need not, presumably, be continuous for the norm topology on M.A/ for arbitrary a 2
M.A/. This of course connects back to Lemma 3.13: if the representation (3.10) is unitary
on a Hilbert space H , then

L0.H/ DK.H/ [8, Section I.8.1.5]

and

M.K.H// D L.H/ [8, Example II.7.3.12 (ii)]:

It turns out that in this unitary-representation setting the aforementioned remark in [42,
Section 2.7] precisely delineates the uniform representations. We relegate the more gen-
eral, quantum version to Lemma 3.16, and record the classical consequence here.

Corollary 3.14. Let G be a compact group and G
�
!U.H/ a unitary representation on a

Hilbert space. � is uniform if and only if the conjugation action (3.13) is a representation
on the Banach space L.H/, in which case it will automatically be uniform.

In fact, one need not start with a unitary representation.

Corollary 3.15. A continuous action of a compact group on the C �-algebra L.H/ is
automatically uniformly continuous, and hence has finite spectrum.

Proof. Indeed, because the automorphism group of the C �-algebra L.H/ is ([5, Corol-
lary 3 to Theorem 1.4.4], [8, Example II.5.5.14]) the projective unitary group PU.H/´
U.H/=S1 (the group P of [53, Section VIII.1]), an action is implemented [53, Theo-
rem 7.5 and discussion preceding it] by a projective representation of G on H , and hence
[53, Theorem 7.8] by a unitary representation onH of a (compact) group E fitting into an
exact sequence

¹1º ! S1 ,! E� G ! ¹1º:

Now, apply Lemma 3.14.



(Quantum) discreteness, spectrum compactness and uniform continuity 85

3.3. Returning to quantum groups

Much of the classical discussion above does not have obvious quantum counterparts:
connectedness ([55, p. 3315], [14, Definition 3.1]) and identity components [14, Defini-
tion 3.11] can be made sense of, but are good deal more problematically (than classically).
The usual [25, Theorem 1.34] relationship between total disconnectedness and profinite-
ness fails massively [14, Definition 3.21 and Proposition 3.23], the supplement theorem
of Dong Hoon Lee [25, Theorem 9.41], used in the proof of Lemma 3.10 (implication
(g) H) (e)) is absent, etc. The crucial link between uniformity and spectrum compact-
ness does survive in at least some of its guises though.

Theorem 3.16. For a unitary representation (3.5) of a compact quantum group G the
following conditions are equivalent.

(a) U has finite spectrum.

(b) The conjugation G-action

K.H/ 3 T 7! U �.1˝ T /U 2 C.G/
x
˝K.H/ (3.14)

lifts to a uniform action on all of L.H/.

(c) The action (3.14) lifts to an action on L.H/ (not assumed uniform, a priori).

Proof. That (a) H) (b) follows from Lemma 3.9 and (b) H) (c) is formal. We address
the implication (c) H) (a), assuming

L.H/ 3 T 7! U �.1˝ T /U 2 C.G/
x
˝L.H/ (3.15)

to be a G-action on the C �-algebra L.H/ in the customary sense [43, Definition 1.4].
Suppose the spectrum of the original representation contains infinitely many ˛i 2

Irr.G/, whence also some

ˇn´ ˛kn ; ˇnC1 ˝ ˇ
�
n mutually disjoint (i.e., no common irreducible summands):

But then norm-1 finite-rank operators

Hn´ Hˇn
Tn
�! HˇnC1 µ HnC1

glue into a single norm-1 operator

T 2 L.H/; T jHˇn D Tn;

which by construction has distance� 1 from any G-finite operator under the action (3.15):
indeed, for such a G-finite element S 2 L.H/, by our very choice of .ˇn/n,

.projection onto HˇnC1/ ı S ı .projection onto Hˇn/ D 0

for all but finitely many n. But then, because the G-finite vectors are not norm-dense in
L.H/, (3.15) cannot [43, Corollary 1.6] be a G-action in the sense of [43, Definition 1.4].
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4. Discreteness as action-coproduct preservation

The discussion below will make repeated references to the Stone–Čech compactification
functor

TOP
ˇ
! TOPCH (4.1)

from topological to compact Hausdorff spaces, i.e., ([32, Section V.8], [15, Definition
preceding Lemma 2.4]) the left adjoint to the inclusion functor in the opposite direction.

Theorem 4.1. For a locally compact group G the following conditions are equivalent.

(a) G is discrete.

(b) Continuous G-actions lift along Stone–Čech compactifications X ! ˇX .

(c) Continuous G-actions on C �-algebras A lift along embeddings A ,!M.A/ into
multiplier algebras.

(d) The forgetful functor C�G
1 !C�1 from unital C�-algebras equipped with a G-rac-

tion to unital C�-algebras preserves products.

(e) The forgetful functor TOPG
CH ! TOPCH from compact Hausdorff spaces carrying

G-actions to compact Hausdorff spaces preserves coproducts.

Proof. We proceed in five steps.

(a) H) (b), (c), (d), (e). In all cases, the continuity requirement on the various actions
amounts to the continuity of a map

G ! C.c; c/ D EndC .c/

for some object c in a category enriched [9, Section 2.2] over TOP. Naturally, if G is
discrete any such condition will be moot.

(b) H) (e). Coproducts in TOPCH are formed by applying the Stone–Čech compactifi-
cation functor (4.1) to the disjoint union of topological spaces, so condition (e) amounts
to the requirement that G-actions on Xi , i 2 I glue to a continuous action on ˇ.

`
i Xi /.

Similarly:

(c) H) (d). The product in the category C�1 of unital C �-algebras Ai , i 2 I is

`1..Ai /i /´
°
.ai /i 2

Y
i

Ai

ˇ̌̌
kaik bounded

±
(as noted also in [40, Section 2.1]), and hence the multiplier algebra of

c0..Ai /i /´
°
.ai /i 2

Y
i

Ai

ˇ̌̌
kaik vanishing at infinity

±
: (4.2)

Continuous G-actions on the Ai are easily seen to induce one on (4.2), so that action’s
liftability to the multiplier algebra yields (d).
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(d) H) (e). The latter is nothing but the former’s specialization to commutative unital
C �-algebras.

(e) H) (a). G acts on itself by (left, say) translation, so there is [20, Proposition 3.1]
a G-equivariant compactification bG � G. We will apply the hypothesis to ƒ-indexed
copies of the resulting action

G � bG ! bG:

Denoting G�´ G, the goal is thus to show that the action

G � ˇ
�a
�2ƒ

bG�

�
! ˇ

�a
�2ƒ

bG�

�
µ X

is discontinuous.
Suppose G is not discrete. We can then find a convergent net [56, Definition 11.2]

1 ¤ g� !
�
1; � 2 .ƒ;�/: (4.3)

Furthermore, we can select the g� so that compactly-supported continuous functions f�
exist with

f�.1/ D 1; f�.g�/ D 0; for all � 2 ƒ:

Because the continuous functions on G obtained by restriction through G � bG are [19,
Example 2.3] precisely the (bounded) right-uniformly continuous (i.e., those that are uni-
formly continuous with respect to the right uniformity of [26, Section 7.1, p. 106]). In
particular, the f� (being compactly-supported) can be regarded as continuous functions
on bG.

Passing to a subnet if necessary, we can assume [56, Theorem 17.4]

.1�/�; 1�´ 1 2 G�

convergent to some p 2 X . Continuity for (4.3) would demand that

g� D g� � 1� !
�
1 � p D p 2 X;

which will not be the case under the assumption that G is not discrete: we can find [56,
Theorem 15.8] continuous functions

G
f�
�! Œ0; 1�; f .1/ D 1; f .g�/ D 0;

and these glue to a continuous function X
f
! Œ0; 1� with f .p/ D 1 and g� D 0 for all �.

This concludes the proof.

As for recovering some quantum flavor of the above, (co)products will be less suitable
because C.G/’s failure to be commutative for quantum G makes gluing G-action Ai !
C.G/

x
˝ Ai into actions on

Q
i Ai a tall order. Lifting actions to multiplier algebras, as in

(a) () (b) () (c)
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of Lemma 4.1, does make sense however. Recall [52, Definition 2.6] that for a compact
quantum group G and a possibly non-unital C �-algebra A a (continuous) G-action on A
is a non-degenerate [30, p. 840] morphism

A
�
!M.C.G/

x
˝ A/; (4.4)

coassociative in the usual sense that

M.C.G/
x
˝ A/

A M.C.G/
x
˝2

x
˝ A/

M.C.G/
x
˝ A/

 

!
id˝�

 !
�

 

!�  !
�˝id

commutes, and such that

spank�k.C.G/
x
˝C/�.A/ DM.C.G/

x
˝ A/: (4.5)

Remark 4.2. For (4.5) to make sense, it is understood ([6, Definition 1.8] and [54, Sec-
tion 3.1]) that � in fact takes values in the subalgebra

zM.C.G/
x
˝ A/ �M.C.G/

x
˝ A/

consisting of those elements which multiply C.G/
x
˝ C into C.G/

x
˝ A. This is an addi-

tional restriction on multipliers: A being non-unital, C.G/
x
˝C will of course not be a

subspace of C.G/
x
˝ A.

Theorem 4.3. For a compact quantum group G the following conditions are equivalent:

(a) G is finite, i.e., C.G/ D O.G/ is finite-dimensional;

(b) every action (4.4) extends to one on M.A/;

(c) every action (4.4) extends to one on the von Neumann envelope [49, Chapter III,
Theorem 2.4 and Definition 2.5] A�� � A.

Proof. If G is finite, then all tensor products are purely algebraic, so that (a) does indeed
imply both (b) and (c). Conversely, for every Hilbert space H we have [23, Théorème 2]
an identification

K.H/��

K.H/ L.H/

 

!
Š

 

!

 -
!

of the two obvious inclusions, hence the opposite implications (b), (c) H) (a): simply
apply Lemma 3.16 to conclude that all unitary G-representations have finite spectrum.
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5. Jointly monic families and uniformity

Recall [10, Definition 4] that a family

O.G/� O.Hi /; i 2 I (5.1)

of quantum subgroups topologically generates G if said quotients do not all factor through
a proper quotient O.G/� O.H/. Equivalently, the topologically-generating families
of quotients (5.1) are precisely those whose induced corestriction functors between the
respective categories of comodules are jointly full [11, Definition 2.15]: a linear map
between two (right-say) O.G/-comodules is a comodule morphism if and only if it is
a comodule morphism over every quotient O.Hi / in (5.1).

Given the equivalence [2, Theorem 2.1], for a coalgebra (hence also bialgebra or Hopf
algebra) morphism f WC !D, between f being monic [32, Section I.5] in the respective
category and its inducing a full corestriction functor between categories of comodules, the
following notion [1, Definitiopn 10.5] will be of some relevance.

Definition 5.1. A family of morphisms fi W c ! ci in a category C is jointly monic or a
mono-source if for every d 2 C the map

C.d; c/
.fiı/i
����!

Y
i

C.d; ci /

is injective.
Jointly epic families (or epi-sinks [1, Section 10.63]) are defined dually.

The family/source versions of the single-morphism results for coalgebras [2, Theo-
rem 2.1] or Hopf algebras [13, Theorem 2.5] or the obvious analogues for bialgebras and
so on are now no more difficult to prove, so we provide only the statement(s).

Proposition 5.2. A family of coalgebra morphisms C ! Ci over a field k is a mono-
source if and only if the corresponding family of corestriction functors MC ! MCi

between categories of comodules is jointly full.
Moreover, the analogous statement holds in the category of Hopf k-algebras, k-bial-

gebras and CQG algebras, and one can substitute categories of finite-dimensional comod-
ules throughout.

With this in place, topologically-generating families Hi � G of compact quantum
subgroups are nothing but epi-sinks in the category of compact quantum groups, dual
to the category CQGALG of CQG algebras. Or: they are families dual to mono-sources
O.G/� O.Hi / in CQGALG.

We noted in Lemma 3.12 that the finite-spectrum condition does not lift from the
individual members of a finite topologically generating family. One crucial aspect of the
proof of the implication (g) H) (e) of Lemma 3.10, though, is that G was generated by
D and the normal subgroup G0 E G.
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We transfer that setup here, while also extending the scope of the discussion to linearly
reductive quantum groups: objects dual to cosemisimple Hopf algebras. We retain the
notation O.G/ for the object (Hopf algebra over a field k) dual to a quantum group G.
Quantum subgroups H � G are then (dual to) Hopf algebra quotients O.G/� O.H/,
etc.

A quantum subgroup H � G is normal [38, Section 1.5, p. 10f] if the corresponding
quotient O.G/� O.H/ is invariant under both the left and the right adjoint coactions:

O.G/ 3 x 7! x1S.x3/˝ x2 or x2 ˝ S.x1/x3 2 O.G/˝2

respectively, in Sweedler notation [48, Section 1.2]. The two conditions will be equivalent
[38, Proposition 1.5.1] for surjections of Hopf algebras with bijective antipode.

Theorem 5.3. Let K;H � G be an epi-sink of linearly reductive quantum groups over a
field k, with K normal.

A G-comodule �W V ! V ˝ O.G/ has finitely many irreducible constituents over H
and K if and only if it does so over G.

Proof. Every simple O.G/-comodule is finite-dimensional [34, Finiteness Theorem 5.1.1]
and hence decomposes into finitely many summands as either a comodule over any co-
semisimple quotient of O.G/. The interesting implication is thus (H)).

All comodules over a cosemisimple coalgebra being coflat [17, Section 2.4, preceding
Theorem 2.4.17], the normality of K � G is in fact equivalent [50, Theorem 2] to the
surjection O.G/� O.K/ fitting into an exact sequence [4, p. 23]

k! O.Q/ ,! O.G/� O.K/! k

of (cosemisimple) Hopf algebras.
The assumption that V have finitely many irreducible constituents as a O.K/-comod-

ule means [12, Theorem 4.4] that its irreducible constituents Vi , i 2 I over the original
(large) Hopf algebra O.G/ fall into finitely many classes for the equivalence relation

Vi � Vj () Vi � Vj ˝O.Q/ as O.G/-comodules: (5.2)

On the other hand, the fact that the pair of surjections

O.G/� O.K/; O.H/

is a Hopf-algebra mono-source implies that the composition

O.Q/ ,! O.G/� O.H/

is an injection, so that whenever Vi is not equivalent to Vj in the sense of (5.2) the same
holds over O.H/. But this means that each of the (finitely many) conjugacy of (5.2) is
itself finite, and we are done.
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