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Abstract. – This paper is dedicated to investigating the existence of solutions for fractional
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1. Introduction and preliminaries

During the past few decades, scientists have been exploring fractional calculus as
a tool for developing more sophisticated mathematical models that can accurately
describe various systems. In particular, a great attention has been focused on the study
of problems involving the fractional Laplacian from a pure mathematical point of view
as well as from concrete applications. Moreover, the fractional Laplacian and more
general nonlocal operators of elliptic type have been widely studied in many fields such
as optimization, finance, phase transitions, stratified materials, anomalous diffusion
and so on (see [3, 8]). In particular, from a probabilistic point of view, the fractional
Laplace operator is the infinitesimal generator of a Lévy process. For more details and
applications, see [2, 3, 5].

The fractional Laplacian can be defined in RN in many equivalent ways. However,
when these definitions are restricted to bounded domains, the associated boundary
conditions lead to distinct operators. Those different, but yet equivalent, definitions for
.��/s allow us to take very different approaches in solving related problems, creating a
fruitful interplay between e.g. variational techniques, the theory of pseudo-differential
operators, functional analysis and potential theory.

In [13], authors proved the existence of infinitely many solutions and least energy
solutions for the following nonhomogeneous Klein–Gordon equation coupled with
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Born–Infeld equations:

(1.1)

´
��uC V.x/u � .2! C �/�u D f .x; u/; in R3;

�� C ˇ�4� D 4�.! C �/u
2; in R3;

where ! > 0 is a constant, V 2 C.R3;R/ and f 2 C.R3 �R;R/ is super-linear.
Motivated by the study of solitary waves of the nonlinear Klein–Gordon equation

interacting with an electromagnetic field, Benci and Fortunato in [1] derived a model
that is described by the following elliptic system:

(1.2)

´
��uC

�
m20 � .! C �/

2
�
u D jujp�2u;

�� D .! C �/u2;

where m0 and ! are real constants. They proved the existence of infinitely many
radially symmetric solutions .u; �/ 2H 1.R3/ �D1;2.R3/ for the above system when
jm0j > j!j and for sub-critical exponents p satisfying 4 < p < 2�. In [4], Cassani
investigated the critical case for the problem, i.e.,

p D 2� D
2N

N � 2
;

the critical Sobolev exponent. Firstly, Cassani used a Pohozaev-type argument, which
points out an invariance property for the problem (1.2), to prove the non-existence of
solutions with a suitable decay at infinity, and in particular it turns out to be the case of
radially symmetric solutions. Then Cassani replaced the first equation of the system
(1.2), adding a lower-order perturbation, by the following:

(1.3) ��uC
�
m20 � .! C �/

2
�
u D �jujp�2uC juj2

��2u;

where � > 0 and 4 � p < 6 D 2�. In this case, he recovered a Mountain-Pass type
solution for the equation (1.3) and the second equation of system (1.2).

In [10], Jin and Fang studied the fractional elliptic equation with critical Hardy–
Sobolev nonlinearity

(1.4) .��/suC a.x/u D
juj2

�
˛�2u

jxj˛
C k.x/jujq�2u;

where u 2 H s.RN /, 2 < q < 2�s , 0 < s < 1, N > 4s, 0 < ˛ < 2s, 2�˛ D
2.N�˛/
N�2s

is
the critical Hardy–Sobolev exponents, 2�s D

2N
N�2s

is the critical Sobolev exponent,
a.x/;k.x/2C.RN /. .��/s with s 2 .1

2
;1/ stands for the fractional Laplacian. Through

a compactness analysis of the associated functional, they obtained the existence of
positive solutions under certain assumptions on a.x/; k.x/.



existence of solutions for fractional klein–gordon–maxwell equations 265

In this paper, firstly we study existence of solutions for the following fractional
Klein–Gordon–Maxwell equation:

(1.5)

8̂<̂
: .��/

suC
�
m2 � .! C �/2

�
u D �

jujp�2u

jxj˛
; x 2 R3;

.��/s� C u2� D �!u2; x 2 R3;

where� > 0,m and ! are real constants, 2 < p < 2�˛ D
2.3�˛/
3�2s

, 0 < ˛ < 2. 2�s D
6

3�2s

is the fractional critical Sobolev exponent and 2�˛ is the Hardy–Sobolev exponent.
Then we investigate the following system involving a Hardy–Sobolev critical expo-

nent:

(1.6)

8̂<̂
:.��/

suC
�
m2�.!C�/2

�
uD�

jujq�2u

jxj˛
C
jujp�2u

jxj˛
C
juj2

�
˛�2u

jxj˛
; x2R3;

.��/s� C u2�D�!u2; x2R3;

where 1 < q < 2; 2 < p < 2�˛ .
There are two ways to define fractional Sobolev spaces. One is via the Gagliardo

seminorm

H s.R3/ WD

²
u 2 L2.R3/ W

ˇ̌
u.x/ � u.y/

ˇ̌
jx � yj

3
2Cs

2 L2.R3 �R3/

³
;

the other one is via Fourier transform

yH s.R3/ WD

²
u 2 L2.R3/ W

Z
R3

�
1C j�j2s

�ˇ̌
F u.�/

ˇ̌2d� < C1³
andH s.R3/D yH s.R3/. In the present paper, as the norm of fractional Sobolev spaces,
we define

kuk2H s WD

Z
R3
.m2 � !2/u2dx C

C3;s

2

“
R3�R3

ˇ̌
u.x/ � u.y/

ˇ̌2
jx � yj3C2s

dx dy;

where jmj > j!j. The fractional Laplacian is defined by

.��/su.x/ D C3;s P.V.
Z

R3

u.x/ � u.y/

jx � yj3C2s
dy

D C3;s lim
"!0C

Z
Bc" .x/

u.x/ � u.y/

jx � yj3C2s
dy

D �
1

2
C3;s

Z
R3

u.x C y/C u.x � y/ � 2u.x/

jyj3C2s
dy

D F �1
�
j�j2sF u.�/

�
;
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where

C3;s D

�Z
R3

1 � cos.�1/
j�j3C2s

d�
��1

;

and P.V. is the Cauchy principle value.
Consider the Sobolev space

Ds;2.R3/ WD

²
u 2 L2

�
s .R3/ W

ˇ̌
u.x/ � u.y/

ˇ̌
jx � yj

3
2Cs

2 L2.R3 �R3/

³
;

which is the completion of C10 .R
3/ by means of the norm

kuk2
Ds;2
WD

C3;s

2

“
R3�R3

ˇ̌
u.x/ � u.y/

ˇ̌2
jx � yj3C2s

dx dy:

Throughout this paper, we denote the Lp.R3; jxj�˛dx/ norm by

jujp;˛ WD

�Z
R3

jujp

jxj˛
dx
� 1
p

and Lp.R3; dx/ norm by jujp WD .
R

R3 juj
pdx/

1
p . The fractional Hardy–Sobolev best

constant is given by

Ss WD inf
u2Ds;2.R3/;u¤0

kuk2
Ds;2

juj2
2�˛

:

2. Main results

The energy functional related to system (1.5) is the following:

F.u; �/ D
1

2
kuk2H s �

1

2
k�k2

Ds;2
�
1

2

Z
R3
.2!� C �2/u2dx

�
�

p

Z
R3

jujp

jxj˛
dx:

(2.1)

However, for (1.6), one has

zF .u; �/ D
1

2
kuk2H s �

1

2
k�k2

Ds;2
�
1

2

Z
R3
.2!� C �2/u2dx

�
�

q

Z
R3

jujq

jxj˛
dx �

1

p

Z
R3

jujp

jxj˛
dx �

1

2�˛

Z
R3

juj2
�
˛

jxj˛
dx:

(2.2)

Critical points of F and zF correspond to the solutions of (1.5) and (1.6), respectively.
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Remark 2.1. The functional F and zF are strongly indefinite, i.e., unbounded from
below and from above on infinite-dimensional subspaces. In order to avoid this indefi-
niteness, which rules out many of the usual tools of critical point theory, a reduction
method is performed in [1] which we now recall.

Lemma 2.1. For every u 2 H s.R3/,

(i) there exists a unique function � D ˆ.u/ 2 Ds;2.R3/ which solves the second
equation of system (1.5);

(ii) if u is radially symmetric, then ˆ.u/ is radial too;

(iii) ˆ.u/.x/ � 0, moreover, ˆ.u/.x/ � �!, if u.x/ ¤ 0 and ! > 0.

Proof. The proof of the first result is proved in [11, Lemma 2.1]. The second one,
though not explicitly stated, is proved in [7, Lemma 5], where these two equations
are different, but the method is the same. In the following, we begin to prove the third
result.

Multiplying the second equation of problem (1.5) by ˆC.u/ D max¹ˆ.u/; 0º, we
get

�


ˆC.u/

2

Ds;2
D !

Z
R3
ˆC.u/u2dx C

Z
R3
u2
�
ˆC.u/

�2dx � 0;
so that ˆC.u/ � 0.

If we multiply the second equation of problem (1.5) by .! Cˆ.u//�, one hasZ
¹xWˆ.u/<�!º

ˇ̌
.��/

s
2ˆ.u/

ˇ̌2dx D � Z
¹xWˆ.u/<�!º

�
! Cˆ.u/

�2
u2dx;

so that .! Cˆ.u//� D 0 where u.x/ ¤ 0.

Lemma 2.2. The mapˆ isC 1andG�D¹.u; �/2H s.R3/�Ds;2.R3/ j F 0�.u; �/D0º.

Proof. From the second equation of system (1.5), one gets that

�


ˆ.u/

2

Ds;2
D

Z
R3

�
! Cˆ.u/

�
ˆ.u/u2dx

D

Z
R3
!ˆ.u/u2dx C

Z
R3
ˆ2.u/u2dx:

(2.3)

In addition, according to (2.1), one gets that

(2.4) F 0�
�
u;ˆ.u/

�
D �



ˆ.u/

2
Ds;2
�

Z
R3
!ˆ.u/u2dx �

Z
R3
ˆ2.u/u2dx:

Obviously, substituting (2.3) into (2.4), one gets

F 0�
�
u;ˆ.u/

�
D 0 for any .u; �/ 2 H s.R3/ �Ds;2.R3/:
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Thus,

F 0
�
u;ˆ.u/

�
D F 0u

�
u;ˆ.u/

�
C F 0�

�
u;ˆ.u/

�
ˆ0.u/ D F 0u

�
u;ˆ.u/

�
:

Define I.u/ WD F.u;ˆ.u//, and if u; v 2 H s.R3/, one gets that

(2.5) I 0.u/v D hu; viH s C

Z
R3

��
m2 �

�
! Cˆ.u/

�2�
uv � �

jujp�2

jxj˛
uv

�
dx:

Lemma 2.3. The following statements are equivalent:

(i) .u; �/ 2 H s.R3/ �Ds;2.R3/ is a solution of system (1.5);

(ii) u is a critical point for I and � D ˆ.u/.

Proof. (ii))(i) Obviously.
(i))(ii) Suppose F 0u.u; �/ and F 0�.u; �/ denote the partial derivatives of F at

.u; �/ 2 H s.R3/ �Ds;2.R3/. Then for every v 2 H s.R3/ and  2 Ds;2.R3/, one
gets that

F 0u.u; �/Œv� D hu; viH s C

Z
R3

��
m2 � .! C �/2

�
uv � �

jujp�2

jxj˛
uv

�
dx;(2.6)

F 0�.u; �/Œ � D �h�; iDs;2 �

Z
R3
! u2dx �

Z
R3
� u2dx:(2.7)

By the standard computations, we can prove that F 0u.u;�/ and F 0�.u;�/ are continuous.
From (2.6) and (2.7), it is easy to obtain that its critical points are solutions of system
(1.5), and by (i) of Lemma 2.1, one has � D ˆ.u/.

Our main results are the following.

Theorem 2.1. Let ! > 0, and if one of the following conditions is satisfied:

(1) 2�˛ � 4 W 2 < p < 2�˛ and .p
2
� 1/m2 > !2, or

(2) 2�˛ > 4 W 2 < p < 4 and .p
2
� 1/m2 > !2, or 4 � p < 2�˛ and jmj > j!j,

then the functional I of system (1.5) has infinitely many critical points that have radial
symmetry.

Theorem 2.2. Under the assumptions of Theorem 2.1, if .1
2
�
1
p
/m2 > .1

2
C

1
p
/!2,

then system (1.5) possesses a least energy solution with positive energy.

Theorem 2.3. Under the assumptions of Theorem 2.1, there exists a constant m1 > 0
such that system (1.6) admits at least two different solutions .u; �/ satisfying kukH s
< C1, k�kDs;2 < C1, when 0 < � < m1.

Remark 2.2. Denote by Ci the Sobolev embedding constant for the embedding
H s.R3/ ,! Li .R3; jxj�˛dx/ for 2 � i � 2�˛ .
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3. The proof of Theorem 2.1

Since system (1.5) is set on R3, it is well known that the Sobolev embedding

H s.R3/ ,! Lp
�
R3; jxj�˛dx

�
.2 � p � 2�˛/

is not compact and then it is usually difficult to prove that a Palais–Smale sequence is
strongly convergent when we seek solutions of problem (1.5) by variational methods.
A standard tool to overcome the problem is to restrict ourselves to radial functions;
namely, we look at the functional I on the subspace

H s
r .R

3/ D
®
u 2 H s.R3/ j u.x/ D u

�
jxj
�¯

and
Ds;2
r .R3/ D

®
u 2 Ds;2.R3/ j u.x/ D u

�
jxj
�¯

compactly embedded in Lpr .R3; jxj�˛dx/ for 2 < p < 2�˛ and Lpr .R3; dx/ for 2 <
p < 2�s . By standard arguments, one sees that a critical point u 2 H s

r .R
3/ for the

functional I jH sr .R3/ is also a critical point of I .

Lemma 3.1. If 2 < p < 2�˛ and .p
2
� 1/m2 > !2, then I jH sr .R3/ satisfies the Palais–

Smale condition.

Proof. Suppose that ¹unº in H s
r .R

3/ is such that I 0.un/! 0 and I.un/! c, for a
positive c.

If 2�˛ > 4, we have the following cases.

Case (i): 2 < p < 4. According to (2.1), (2.3) and (2.5), there exists a constant " > 0,
and one obtains that

p.c C 1/C "kunkH sr

� pI.un/ � I
0.un/.un/

D

�
p

2
� 1

�
kunk

2
H sr
�

�
p

2
� 2

�Z
R3
!ˆ.un/u

2
ndx C

Z
R3
ˆ2.un/u

2
ndx

�

�
p

2
� 1

�
C3;s

2

“
R3�R3

�
un.x/ � un.y/

�2
jx � yj3C2s

dx dy C
Z

R3
ˆ2.un/u

2
ndx

C

Z
R3

��
p

2
� 1

�
.m2 � !2/C

�
p

2
� 2

�
!2
�
u2ndx

� Ckunk
2
H sr
:

It follows that ¹unº is bounded in H s
r .R

3/ as 2 < p < 4.
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Case (ii): 4 � p < 2�˛ . By (2.1), (2.3) and (2.5), one gets that

.c C 1/C "kunkH sr � I.un/ �
1

p
I 0.un/.un/

D

�
1

2
�
1

p

�
kunk

2
H sr
C

�
1

2
C
1

p

�Z
R3
ˆ2.un/u

2
ndx

C
1

2



ˆ.un/

2Ds;2r C 2

p

Z
R3
!ˆ.un/u

2
ndx

D

�
1

2
�
1

p

�
kunk

2
H sr
C

�
1

2
�
1

p

�Z
R3
ˆ2.un/u

2
ndx

C

�
1

2
�
2

p

�

ˆ.un/

2Ds;2r
� Ckunk

2
H sr
:

Therefore, ¹unº is bounded in H s
r .R

3/ as 4 � p < 2�˛ .
If 2�˛ � 4, the proof process is the same as Case (i).
Moreover, according to (2.3), one has

ˆ.un/

2Ds;2r D � ZR3

!ˆ.un/u
2
ndx �

Z
R3
ˆ2.un/u

2
ndx:

Then by Hölder inequality and Sobolev inequality, one obtains that

ˆ.un/

2Ds;2r � � ZR3
!ˆ.un/u

2
ndx

� j!j

�Z
R3

ˇ̌
ˆ.un/

ˇ̌2�s dx
� 1

2�s

�Z
R3
junj

2�2�s

2�s�1 dx
� 2�s�1

2�s

D j!j

�Z
R3

ˇ̌
ˆ.un/

ˇ̌ 6
3�2s dx

� 3�2s
6
�Z

R3
junj

12
3C2s dx

� 3C2s
6

� C


ˆ.un/

Ds;2r kunk2H sr :

Thus, .ˆ.un//n is also bounded in Ds;2
r .R3/.

We know a sequence ¹unº inH s
r .R

3/, which satisfies I.un/! c; I 0.un/! 0, and
sup kunkH sr < C1. Going if necessary to a subsequence, we assume that

un * u in H s
r .R

3/:

Since the embedding H s
r .R

3/ ,! L
p
r .R3; jxj�˛dx/ is compact for any p 2 .2; 2�˛/,

we have

(3.1) un ! u in Lpr
�
R3; jxj�˛dx

�
:
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Moreover, likewise, for p 2 .2; 2�s /, we also get that

(3.2) un ! u in Lpr .R
3; dx/:

According to (2.5), one obtains that

I 0.un/.un � u/

D

Z
R3

�
.��/

s
2un � .��/

s
2 .un � u/C

�
m2 �

�
! Cˆ.un/

�2�
un.un � u/

�
dx

� �

Z
R3

junj
p�2

jxj˛
un.un � u/dx:

Similarly, one gets that

I 0.u/.un � u/

D

Z
R3

�
.��/

s
2u � .��/

s
2 .un � u/C

�
m2 �

�
! Cˆ.u/

�2�
u.un � u/

�
dx

� �

Z
R3

jujp�2

jxj˛
u.un � u/dx:

By I 0.u/v D 0, we easily get thatZ
R3

�ˇ̌
.��/

s
2 .un � u/

ˇ̌2
C .m2 � !2/.un � u/

2
�
dx

D
˝
I 0.un/�I

0.u/; un � u
˛
C�

Z
R3

�
junj

p�2

jxj˛
un�

jujp�2

jxj˛
u

�
.un�u/dx

C 2!

Z
R3

�
ˆ.un/un �ˆ.u/u

�
.un � u/dx

C

Z
R3

�
ˆ2.un/un �ˆ

2.u/u
�
.un � u/dx:

(3.3)

It is clear that ˝
I 0.un/ � I

0.u/; un � u
˛
! 0; as n!1:(3.4)

Furthermore, in view of (3.1), we have

�

Z
R3

junj
p�1

jxj˛
.un � u/dx � �

�Z
R3

junj
p

jxj˛
dx
�p�1

p
�Z

R3

jun � uj
p

jxj˛
dx
� 1
p

D �junj
p�1
p;˛ jun � ujp;˛ ! 0; as n!1:

(3.5)

Similarly, we also obtain that

(3.6) �

Z
R3

jujp�1

jxj˛
.un � u/dx ! 0; as n!1:
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Thus, combining (3.5) and (3.6), one gets that

�

Z
R3

�
junj

p�2

jxj˛
un �

jujp�2

jxj˛
u

�
.un � u/dx

D �

Z
R3

junj
p�1

jxj˛
.un � u/dx � �

Z
R3

jujp�1

jxj˛
.un � u/dx ! 0; as n!1:

(3.7)

By Hölder inequality and Sobolev inequality, one hasˇ̌̌̌ Z
R3

�
ˆ.un/ �ˆ.u/

�
un.un � u/dx

ˇ̌̌̌
�
ˇ̌�
ˆ.un/ �ˆ.u/

�
.un � u/

ˇ̌
2
junj2

�
ˇ̌
ˆ.un/ �ˆ.u/

ˇ̌
6

3�2s

jun � uj 3
s
junj2

� C


ˆ.un/ �ˆ.u/

Ds;2r jun � uj 3s kunkH sr :

According to (3.2), one gets
R

R3.ˆ.un/ �ˆ.u//un.un � u/dx ! 0, as n!1.
Moreover,ˇ̌̌̌ Z

R3
ˆ.u/.un � u/

2dx
ˇ̌̌̌
�
ˇ̌
ˆ.u/

ˇ̌
6

3�2s

jun � uj 3
s
jun � uj2

� C


ˆ.u/



D
s;2
r
jun � uj 3

s
kun � ukH sr ! 0; as n!1:

Thus, we get thatZ
R3

�
ˆ.un/un �ˆ.u/u

�
.un � u/dx

D

Z
R3

�
ˆ.un/ �ˆ.u/

�
un.un � u/dx

C

Z
R3
ˆ.u/.un � u/

2dx ! 0; as n!1:

(3.8)

Furthermore, by Hölder inequality and Sobolev inequality, we haveZ
R3

�
ˆ2.un/un �ˆ

2.u/u
�
.un � u/dx

D

Z
R3

�
ˆ2.un/ �ˆ

2.u/
�
un.un � u/dx C

Z
R3
ˆ2.u/.un � u/.un � u/dx

�
ˇ̌
ˆ.un/Cˆ.u/

ˇ̌
6
2�s

ˇ̌
ˆ.un/ �ˆ.u/

ˇ̌
6
2�s

junj3jun � uj 3
s

C
ˇ̌
ˆ.u/

ˇ̌2
12
3�2s

jun � uj 3
s
jun � uj2

� C
�

ˆ.un/Cˆ.u/

Ds;2r 

ˆ.un/ �ˆ.u/

Ds;2r kunkH sr jun � uj 3s �
C C

�

ˆ.u/

2
D
s;2
r
jun � uj 3

s
kun � ukH sr

�
:
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By (3.2), one has

(3.9)
Z

R3

�
ˆ2.un/un �ˆ

2.u/u
�
.un � u/dx ! 0; as n!1:

Therefore, according to (3.4)–(3.9), we obtain that

kun � uk
2
H sr
D

Z
R3

�ˇ̌
.��/

s
2 .un � u/

ˇ̌2
C .m2 � !2/.un � u/

2
�
dx

! 0; as n!1:

(3.10)

Thus, ¹unº has a strongly convergent subsequence in H s
r .R

3/.

Now we verify that I
ˇ̌
H sr .R3/

satisfies the geometrical hypothesis of the Z2 version
of the Mountain Pass Theorem (see [12, Theorem 9.12]).

Lemma 3.2 (Z2-Mountain Pass Theorem). LetE be a Banach space with dim.E/D1.
Assume thatB2C 1.E;R3/ andB satisfies the Palais–Smale condition and letB.0/D0.
Suppose that

(i) there exists � > 0 and ˇ > 0 such that B.u/ � ˇ for 8u with kukH sr D �;

(ii) for every finite-dimensional subspaceX ofE, there existsR.X/ such thatB.u/�
0 if kukH sr � R.

Then B has an unbounded sequence of critical values.

Proof. We observe that I.0/ D 0. Moreover, from (2.1) and (2.3), one has

I.u/ D
1

2
kuk2H sr

C
1

2
k�k2

D
s;2
r

C
1

2

Z
R3
�2u2dx �

�

p

Z
R3

jujp

jxj˛
dx

�
1

2
kuk2H sr

�
�

p

Z
R3

jujp

jxj˛
dx�

1

2
kuk2H sr

�
Cp�

p
kuk

p

H sr
; 2<p<2�˛:

(3.11)

Therefore, there exists � > 0 and small enough such that

inf
kukHsr

D�
I.u/ � ˇ > 0:

Next we prove the second condition of Lemma 3.2. It is obvious that

lim
t!C1

I.tu/ D
t2

2
kuk2H sr

� t2
Z

R3
!ˆ.tu/u2dx �

t2

2

Z
R3
ˆ2.tu/u2dx

�
1

2



ˆ.tu/

2
D
s;2
r
�
�tp

p

Z
R3

jujp

jxj˛
dx

�
t2

2
kuk2H sr

� !t2
Z

R3
ˆ.tu/u2dx �

�tp

p

Z
R3

jujp

jxj˛
dx

�
t2

2

�
kuk2H sr

C

Z
R3
2!2u2dx

�
�
�tp

p

Z
R3

jujp

jxj˛
d! �1;
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which implies that I.u/! �1, as kukH sr !1. Therefore, if R is big enough and
kukH sr � R, then I.u/ � 0.

We have thus verified all the conditions of Lemma 3.2, proving that I has an
unbounded sequence of critical values.

4. The proof of Theorem 2.2

Set
M D

®
u 2 H s

r .R
3/ n ¹0º W I 0.u/ D 0

¯
and l D inf

u2M
I.u/:

We say that u 2 H s
r .R

3/ is a least energy solution for system (1.5) if u 2 M and
I.u/ D l .

Lemma 4.1. ' D ˆ.u/ and ˆ.un/! ˆ.u/ in Ds;2
r .R3/.

Proof. First we prove the uniqueness. For every fixed u 2 H s
r .R

3/, we consider the
following minimizing problem inf

�2D
s;2
r
Eu.�/, where Eu W Ds;2

r ! R defined as the
energy functional of the second equation in system (1.5):

Eu.�/ D
1

2
k�k2

D
s;2
r

C

Z
R3
!�u2dx C

1

2

Z
R3
�2u2dx:

In fact, by the proof of [15, Lemma 2.1], we know that

ˆ.un/! '; locally uniformly in R3;

so we obtain thatZ
R3
ˆ.un/u

2
ndx !

Z
R3
'u2dx;

Z
R3
ˆ2.un/u

2
ndx !

Z
R3
'2u2dx:

From the weak lower semicontinuity of the norm in Ds;2
r .R3/ and the convergence

above, one has

Eu.'/ � lim inf
n!1

Eun
�
ˆ.un/

�
� lim inf

n!1
Eun

�
ˆ.u/

�
D Eu

�
ˆ.u/

�
;

and then by Lemma 2.3, ' D ˆ.u/.
Next we prove that ¹ˆ.un/º converges strongly inDs;2

r .R3/. Sinceˆ.un/ andˆ.u/
satisfy the second equation in problem (1.5),8̂̂<̂

:̂
˝
ˆ.un/;  

˛
D
s;2
r
D �

Z
R3

�
!u2n Cˆ.un/u

2
n 
�
dx;˝

ˆ.u/;  
˛
D
s;2
r
D �

Z
R3

�
!u2 Cˆ.u/u2 

�
dx;
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then we take the difference for ˆ, and one obtains that

(4.1)
˝
ˆ.un/�ˆ.u/;  

˛
D
s;2
r
D�

Z
R3

�
!.u2n�u

2/ C
�
ˆ.un/u

2
n�ˆ.u/u

2
�
 
�
dx

for  2 Ds;2
r .R3/. Thus,

(4.2)
˝̂
.un/�ˆ.u/; 

˛
D
s;2
r
C

Z
R3

�
u2n
�̂
.un/�ˆ.u/

�
 
�
dxC

Z
R3
.u2n�u

2/ˆ.u/ dx

D �!

Z
R3
.u2n � u

2/ dx;  2 Ds;2
r .R3/:

By Hölder inequality and Sobolev inequality, testing with  D .ˆ.un/ �ˆ.u//, the
following holds:

ˆ.un/ �ˆ.u/

2Ds;2r D �! ZR3

.u2n � u
2/
�
ˆ.un/ �ˆ.u/

�
dx

�

Z
R3
u2n
�
ˆ.un/ �ˆ.u/

�2dx
�

Z
R3
.u2n � u

2/ˆ.u/
�
ˆ.un/ �ˆ.u/

�
dx

� j!j

Z
R3
ju2n � u

2
j
ˇ̌
ˆ.un/ �ˆ.u/

ˇ̌
dx

C

Z
R3
ju2n � u

2
j
ˇ̌
ˆ.u/

ˇ̌ˇ̌
ˆ.un/ �ˆ.u/

ˇ̌
dx

� j!j
ˇ̌
ˆ.un/ �ˆ.u/

ˇ̌
6

3�2s

ju2n � u
2
j 6
3C2s

C ju2n � u
2
j2

ˇ̌
ˆ.u/

ˇ̌
6

3�2s

ˇ̌
ˆ.un/ �ˆ.u/

ˇ̌
3
s

� C jun � uj 12
3C2s
C C jun � uj4:

Since un* u inH s
r .R

3/, un! u in Lpr .R3/ (2 < p < 2�s ), one hasˆ.un/! ˆ.u/

strongly in Ds;2
r .R3/.

Lemma 4.2. Under the assumptions of Theorem 2.2, M¤;, and there exists a constant
� > 0 such that I.u/ � �, 8u 2M.

Proof. By Lemma 3.1, there exists a sequence ¹unº�H s
r .R

3/ satisfying I.un/!c,
I 0.un/! 0 and kunkH sr �M for a constant M > 0. Up to a subsequence, we have

un * Qu in H s
r .R

3/;

un ! Qu in Lpr .R
3/ for 2 < p < 2�s :
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Suppose by contradiction that Qu D 0. We get that

c C o.1/ D I.un/ �
1

2

˝
I 0.un/; un

˛
D �

1

2



ˆ.un/

2Ds;2r � �� 1p � 12
�Z

R3

junj
p

jxj˛
dx

� Ckunk
p

H sr
! 0;

which contradicts with c > 0; thus, Qu ¤ 0.
Moreover, we have that ¹ˆ.un/º is bounded in Ds;2

r .R3/. Up to a subsequence,
we suppose that there exists ' 2 Ds;2

r .R3/ such that ˆ.un/ * ', ' D ˆ.u/ and
ˆ.un/!ˆ.u/ inDs;2

r .R3/. Then it follows from (3.8) and (3.9), for any v 2H s
r .R

3/,
that ˝

I 0. Qu/; v
˛
D lim
n!1

˝
I 0.un/; v

˛
D 0:

Thus, Qu ¤ 0 and I 0. Qu/ D 0, which means M ¤ ;. According to (2.3), (2.5) and
hI 0.u/; ui D 0 for every u 2M, one gets that

kuk2H sr
� kuk2H sr

�

Z
R3
!�u2dx C k�k2

D
s;2
r

D �

Z
R3

jujp

jxj˛
dx � Ckukp

H sr
; 2 < p < 2�˛:

This implies that there exists a constant �0 such that

kukH sr � �0 > 0; 8u 2M;

where �0 D . 1C /
1
p�2 . For u 2M, it follows that

I.u/ D I.u/ �
1

p

˝
I 0.u/; u

˛
D

�
1

2
�
1

p

�
kuk2H sr

C
1

2
k�k2

D
s;2
r

C
2

p

Z
R3
!�u2dx C

�
1

2
C
1

p

�Z
R3
�2u2dx

�

�
1

2
�
1

p

�
C3;s

2

“
R3�R3

ˇ̌
u.x/ � u.y/

ˇ̌2
jx � yj3C2s

dx dy

C

Z
R3

��
1

2
�
1

p

�
.m2 � !2/u2 �

2

p
!2u2

�
dx

� Ckuk2H sr
� C�20 DW �:

This shows I.u/ � � > 0, 8u 2M.
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Proof of Theorem 2.2. According to Lemma 4.2, we have l > 0. Let ¹unº �M and
I.un/! l . By similar arguments of Lemma 3.1, there exists Nu 2 H s

r .R
3/ n ¹0º such

that

un ! Nu in H s
r .R

3/;

ˆ.un/! ˆ. Nu/ in Ds;2
r .R3/:

Moreover, I 0. Nu/ D 0 and I. Nu/ � l . It follows from the weak semicontinuity of norm
and Fatou’s lemma that

l D lim
n!1

I.un/ D lim
n!1

h
I.un/ �

1

p

˝
I 0.un/; un

˛i
D lim
n!1

��
1

2
�
1

p

�
kunk

2
H sr
C

�
1

2
�
1

p

�Z
R3
ˆ2.un/u

2
ndx

C

�
1

2
�
2

p

�

ˆ.un/

2Ds;2r �
�

��
1

2
�
1

p

�

 Nu

2
H sr
C

�
1

2
�
1

p

�Z
R3
ˆ2. Nu/ Nu2dx C

�
1

2
�
2

p

�

ˆ. Nu/

2
D
s;2
r

�
D I. Nu/ �

1

p

˝
I 0. Nu/; Nu

˛
� l:

This shows that Nu 2M and I. Nu/ D l .

5. The proof of Theorem 2.3

Here we have lemmas similar to Lemmas 2.1, 2.2, 2.3. Define the functional of system
(1.6) as follows:

J.u/ WD zF .u; �/ D
1

2
kuk2H s �

1

2
k�k2

Ds;2
�
1

2

Z
R3
.2!� C �2/u2dx

�
�

q

Z
R3

jujq

jxj˛
dx �

1

p

Z
R3

jujp

jxj˛
dx �

1

2�˛

Z
R3

juj2
�
˛

jxj˛
dx:

(5.1)

If u; v 2 H s.R3/, we have

J 0.u/v D hu; viH s C

Z
R3

�
m2 �

�
! Cˆ.u/

�2�
uvdx

�

Z
R3

�
�
jujq�2

jxj˛
uv C

jujp�2

jxj˛
uv C

juj2
�
˛�2

jxj˛
uv

�
dx:

(5.2)

Lemma 5.1. Under the assumptions of Theorem 2.3, there exist some constants
�1; ˇ1; m1 > 0 such that J.u/jkukHsD�1 � ˇ1 > 0 for all � satisfying 0 < � < m1.
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Proof. From (2.2), one obtains that

J.u/ D
1

2
kuk2H s �

1

2
k�k2

Ds;2
�

Z
R3
!�u2dx �

1

2

Z
R3
�2u2dx

�
�

q

Z
R3

jujq

jxj˛
dx �

1

p

Z
R3

jujp

jxj˛
dx �

1

2�˛

Z
R3

juj2
�
˛

jxj˛
dx:

(5.3)

Substituting (2.3) into (5.3), we have

J.u/ D
1

2
kuk2H s C

1

2
k�k2

Ds;2
C
1

2

Z
R3
�2u2dx �

�

q

Z
R3

jujq

jxj˛
dx

�
1

p

Z
R3

jujp

jxj˛
dx �

1

2�˛

Z
R3

juj2
�
˛

jxj˛
dx

�
1

2
kuk2H s �

�

q

Z
R3

jujq

jxj˛
dx �

1

p

Z
R3

jujp

jxj˛
dx �

1

2�˛

Z
R3

juj2
�
˛

jxj˛
dx

�
1

2
kuk2H s �

Cq�

q
kuk

q
H s �

Cp

p
kuk

p
H s �

1

2�˛
S
�
2�˛
2

s kuk
2�˛
H s

D kuk
q
H s

�
1

2
kuk

2�q
H s �

Cp

p
kuk

p�q
H s �

1

2�˛
S
�
2�˛
2

s kuk
2�˛�q

H s �
Cq�

q

�
; 1<q<2:

Set g1.%/ D 1
2
%2�q �

Cp
p
%p�q � 1

2�˛
S
�
2�˛
2

s %2
�
˛�q , % � 0. Consider

g01.%/ D
2 � q

2
%1�q �

Cp.p � q/

p
%p�q�1 �

2�˛ � q

2�˛
S
�
2�˛
2

s %2
�
˛�q�1

D %1�q
�
2 � q

2
�
Cp.p � q/

p
%p�2 �

2�˛ � q

2�˛
S
�
2�˛
2

s %2
�
˛�2

�
:

Evidently, when % � 0 is small enough, g01.%/ is greater than 0, and g1.%/ increases
monotonically. When % � 0 is large enough, g01.%/ is less than 0, and g1.%/ decreases
monotonically. Therefore, there exists a maximum point b such that

g01.b/ D b
1�q

�
2 � q

2
�
Cp.p � q/

p
bp�2 �

2�˛ � q

2�˛
S
�
2�˛
2

s b2
�
˛�2

�
D 0:

Obviously, we observe that b D 0 or b > 0, while b D 0 is impossible. Then b > 0,
and next we obtain max%�0 g1.%/ D g1.b/ > 0. Choosing that kukH s D b WD �1, we
deduce, for all � satisfying 0 < � < qg1.�1/

2Cq
WD m1, that

J.u/
ˇ̌
kukHsD�1

� �
q
1 �

�
g1.�1/ �

Cq�

q

�
�
�
q
1 � g1.�1/

2
WD ˇ1 > 0;

and the proof is completed.
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Lemma 5.2. Under the assumptions of Theorem 2.3, there exists a function �1 2
H s.R3/ with k�1kH s > �1 such that J.�1/ < 0.

Proof. It is easy to obtain

lim
t!C1

J.tu/ D
t2

2
kuk2H s � t

2

Z
R3
!ˆ.tu/u2dx �

t2

2

Z
R3
ˆ2.tu/u2dx

�
1

2



ˆ.tu/

2
Ds;2
�
�tq

q

Z
R3

jujq

jxj˛
dx �

tp

p

Z
R3

jujp

jxj˛
dx

�
t2
�
˛

2�˛

Z
R3

juj2
�
˛

jxj˛
dx

�
t2

2
kuk2H s � !t

2

Z
R3
ˆ.tu/u2dx �

�tq

q

Z
R3

jujq

jxj˛
dx

�
tp

p

Z
R3

jujp

jxj˛
dx �

t2
�
˛

2�˛

Z
R3

juj2
�
˛

jxj˛
dx

�
t2

2

�
kuk2H s C

Z
R3
2!2u2dx

�
�
tp

p

Z
R3

jujp

jxj˛
dx �

t2
�
˛

2�˛

Z
R3

juj2
�
˛

jxj˛
dx

! �1;

which implies that J.u/! �1, as kukH s !1.
The lemma is proved by taking �1D tuwith t > 0 large enough andu¤ 0. Therefore,

we know that there exists �1 2 H s.R3/, k�1kH s > �1 such that J.�1/ < 0.

Similarly, we look at the functional I on the subspace H s
r .R

3/ D ¹u 2 H s.R3/ j

u.x/D u.jxj/º andDs;2
r .R3/D¹u2Ds;2.R3/ j u.x/D u.jxj/º compactly embedded

in Lpr .R3; jxj�˛dx/ for 2 < p < 2�˛ and Lpr .R3; dx/ for 2 < p < 2�s .

Lemma 5.3. Under the assumptions of Theorem 2.3, if ¹unº 2 H s
r .R

3/ is a bounded
Palais–Smale sequence of J , then ¹unº has a strongly convergent subsequence in
H s
r .R

3/.

Proof. The proof is similar to the proof of Lemma 3.1.

Proof of Theorem 2.3. The proof is divided into two steps.

Step 1. There exists u1 2 H s
r .R

3/ such that J 0.u1/ D 0 and J.u1/ < 0.
We choose a function v 2 H s

r .R
3/. Since ˆ.u/ � �!, one has

J.tv/D
t2

2
kvk2H sr

�t2
Z

R3
!ˆ.tv/v2dx�

t2

2

Z
R3
ˆ2.tv/v2dx�

1

2



ˆ.tv/

2
D
s;2
r

�
�tq

q

Z
R3

jvjq

jxj˛
dx �

tp

p

Z
R3

jvjp

jxj˛
dx �

t2
�
˛

2�˛

Z
R3

jvj2
�
˛

jxj˛
dx

�
t2

2
kvk2H sr

C

Z
R3
t2!2v2dx �

�tq

q

Z
R3

jvjq

jxj˛
dx < 0

(5.4)
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for t > 0 small enough. Thus, we have c1 D inf¹J.u/ W u 2 xB�1º < 0, where �1 > 0
is given by Lemma 5.1, B�1 D ¹u 2 H s

r .R
3/ W kukH sr < �1º (see [6]). By Ekeland’s

variational principle [9], let " D 1
n
> 0, ı D k� � unkH sr > 0 for all � 2 xB�1 . Then

there exists a sequence ¹unº � xB�1 such that

c1 � J.un/ � c1 C "

and
c1 C

"

ı
k� � unkH sr � J.�/C

"

ı
k� � unkH sr :

Then we obtain that

J.�/ � J.un/ �
"

ı
k� � unkH sr for all � 2 xB�1 :

Obviously, in view of Lemma 5.1, un 2 xB�1 , for n large enough. Thus, for any � 2
H s
r .R

3/ with k�kH sr D 1, we can take t > 0 such that .un C t�/ 2 xB�1 for n large
enough. Then we have

J.un C t�/ � J.un/

t
� �

1

n
:

Letting t ! 0, we get that ˝
J 0.un/; �

˛
� �

1

n
:

We replace � by �� in the above inequality, and then it follows that˝
J 0.un/;��

˛
� �

1

n
;

i.e., ˝
J 0.un/; �

˛
�
1

n
:

Thus, one obtains that ˇ̌˝
J 0.un/; �

˛ˇ̌
�
1

n
;

which implies J 0.un/! 0 as n!1.
Hence, we conclude that ¹unº is a bounded PS sequence of J for c1. Therefore,

by Lemma 5.3, we get that there exists a function u1 2 H s
r .R

3/ such that J 0.u1/ D 0
and J.u1/ D c1 < 0.

Step 2. There exists u2 2 H s
r .R

3/ such that J 0.u2/ D 0 and J.u2/ > 0.

From Lemmas 5.1, 5.2 and the Mountain Pass Theorem [14], there is a sequence
¹unº � H

s
r .R

3/ such that

J.un/! c2 D inf

2�

max
t2Œ0;1�

J
�

.t/

�
� ˇ1 > 0

and
J 0.un/! 0;
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where � D ¹
 2 C.Œ0; 1�; H s
r .R

3// W 
.0/ D 0; 
.1/ D �1º. From Lemma 5.3, we
only need to prove that ¹unº is bounded in H s

r .R
3/.

If 2�˛ > 4, we have the following cases.

Case (i): 2 < p < 4. From (2.3) and (5.3), one has

J.u/ D
1

2
kuk2H sr

�
1

2

Z
R3
!ˆ.u/u2dx �

�

q

Z
R3

jujq

jxj˛
dx

�
1

p

Z
R3

jujp

jxj˛
dx �

1

2�˛

Z
R3

juj2
�
˛

jxj˛
dx:

Then according to ˆ.un/ � �!, 1 < q < 2, we get that
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for n large enough. It follows that ¹unº is bounded in H s
r .R

3/.

Case (ii): 4 � p < 2�˛ . From (2.3) and (5.3), one has
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Then by (5.2), one obtains that
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for n large enough. Therefore, it follows that ¹unº is bounded in H s
r .R

3/.
If 2�˛ � 4, the proof process is the same as Case (i). The proof is completed.
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