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ABsTRACT. — Given a smooth, projective curve Y, a point yo € Y, a positive integer n, and a
transitive subgroup G of the symmetric group S, we study smooth, proper families, parameter-
ized by algebraic varieties, of pointed degree d covers of (Y, yo), (X, xo) — (Y, yo), branched
in n points of ¥ \ yo, whose monodromy group equals G. We construct a Hurwitz space H,
an algebraic variety whose points are in bijective correspondence with the equivalence classes
of pointed covers of (Y, yo) of this type. We construct explicitly a family parameterized by H,
whose fibers belong to the corresponding equivalence classes, and prove that it is universal. We
use classical tools of algebraic topology and of complex algebraic geometry.

Keyworps. — cover of a curve, monodromy group, family of covers, Hurwitz space, moduli
space.
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1. INTRODUCTION

Fulton studied in [10] smooth, proper families of covers of P! of degree d > 3 simply
branched in n > 2d — 2 points, parameterized by schemes over Z. In particular, over
C he constructed a universal family of such covers, parameterized by the Hurwitz
space H%" a variety whose points correspond bijectively to the equivalence classes
of covers of P! of the above type.

This paper is concerned with generalizing Fulton’s results to degree d covers of
an arbitrary smooth, irreducible, projective curve Y, branched in n points, whose
monodromy group is a fixed transitive subgroup G of Sy. When Y = P!, this problem
was first studied by Fried in [9] in connection with the Inverse Galois Problem. An
obstruction to the existence of a universal family of covers of Y of this type is the
presence of nontrivial covering automorphisms of f : X — Y. This happens if the
centralizer of G in S; is nontrivial. This obstacle may be avoided by working with
pointed covers of (Y, yg), where yq is a marked point of Y. Namely, we consider pairs
(f : X = Y, xo) where X is a smooth, irreducible, projective curve, f is a cover
branched in aset D C Y of n points, yg ¢ D, xo € f (), and there is a numeration
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of 71 (y¢) such that the monodromy group obtained from the action of 71 (Y \ D, yo)
on f~1(y) equals G. We construct an algebraic variety H, a Hurwitz space, whose
points correspond bijectively to the equivalence classes of pointed covers of (Y, yg) of
the above type.

We study smooth, proper families of pointed covers of (Y, yo) parameterized by
algebraic varieties. Our main result is the construction of a universal family of degree
d pointed covers of (Y, yg), branched in n points, with monodromy group G C Sy,
parameterized by the Hurwitz space H. The construction is explicit and uses the
universal family of pointed Galois covers of (Y, yo) with Galois group isomorphic to
G constructed in [22].

The covers f : X — Y with restricted monodromy group and the related Galois
covers p : C — Y yield polarized abelian varieties isogenous to abelian subvarieties
of the Jacobian variety J(X) [4, 6, 17,26]. Given a smooth, proper family of such
covers, one obtains a morphism of its parameter variety to a certain moduli space of
polarized abelian varieties, which may be studied by means of the associated variation
of the Hodge structures of weight one [3, 13, 14]. This approach to the moduli of
polarized abelian varieties was used in [18, 19] where the unirationality of #43(1, 1, d)
and #A3(1,d,d) with 2 < d < 4 was proved by means of families of simply ramified
covers of elliptic curves branched in 6 points. The Prym—Tyurin morphism from a
Hurwitz space to #¢ was used in [1] to prove that every sufficiently general principally
polarized abelian variety of dimension 6 is isomorphic to a Prym—Tyurin variety of
a cover of P! of degree 27, branched in 24 points, with monodromy group the Weyl
group W(Eg) C Sa7.

Emsalem studied in [7] the moduli properties of the Hurwitz spaces of pointed
degree d covers of (Y, yo), where Y = P!, with a fixed monodromy group G C Sy.
He worked with families, which are not proper, whose fibers are étale covers of open
subsets of P!, complements of < n points, and whose parameter varieties are étale
covers of open subsets of (P! \ yo)f,‘"). He constructed universal families of this type
parameterized by the corresponding Hurwitz spaces [7, Thm. 3'].

Section 2 contains generalities on degree d covers of a curve Y with a fixed mon-
odromy group G C S;. We associate with every cover some data called monodromy
invariant by which one parameterizes the equivalence classes of covers of ¥ of the
above type.

Section 3 of the paper contains generalities on smooth, proper families of degree d
covers of a curve Y with a fixed monodromy group G C S;. We discuss their connection
with the smooth, proper families of Galois covers of ¥ with Galois group isomorphic
to G.

In Section 4, given a curve Y, a point yo € Y, a positive integer n, and a transitive
subgroup G C S;, we endow with a structure of an algebraic variety the set H which
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parameterizes the equivalence classes of pointed degree d covers of (Y, yg), branched in
n points, with monodromy group G. We construct explicitly in Theorem 4.13 a smooth,
proper family of pointed covers of (Y, yo) of thistype (¢ : X — ¥ x H,§ : H — X)),
parameterized by H, whose fiber over every & € H belongs to the equivalence class
of covers corresponding to 2. We give the explicit form of ¢ locally at the ramification
points in analytic coordinates (Proposition 4.6 and Remark 4.14). We prove that the
constructed family is universal in Theorem 4.17. We mention that a key ingredient of
the proof is the use of the criterion for extending morphisms from [21]. We prove in
Proposition 4.18 that, after performing an étale base change, every smooth, proper family
of pointed degree d covers of (Y, y¢) with monodromy group G C Sy is isomorphic
to the quotient by the isotropy subgroup H = G(1), of a smooth, proper family of
pointed G-covers of (Y, yg). We give in Theorem 4.22 a variant of the main theorem
in which the pointed covers of (Y, y¢) have local monodromies at the branch points in
a set of marked conjugacy classes of G.

Notation and conventions. We assume the base field is C. Algebraic varieties are
reduced, separated, possibly reducible schemes of finite type; points are closed points.
Fiber products and pullbacks are those defined in the category of schemes over C.
A cover f : X — Z of algebraic varieties is a finite, surjective morphism. If Y is a
smooth, projective, irreducible curve, we denote by Y ™ the n-th symmetric power
of Y and by Y*(n) the subset of Y ™ consisting of effective divisors of Y of degree n
without multiple points. We identify such divisors with their support. If @ C ¥ ™,
then Q. = Q2 N Y*("). Given an algebraic variety (X, Ox), the canonically associated
complex space is denoted by (X", Oxan) [28]. Its topological space is denoted by | X ?"|.
We assume that the homotopy of paths leaves the end points fixed [24, Ch. 2, §2]. The set
of paths homotopic to « is denoted by [«]. The product of the paths & and 8 is denoted
by « - B and it equals the path y, where y(¢) = a(2t) if ¢t € [0, %], y(t) = B2t —1)if
t e [%, 1]. Given a covering space p : M — N of the topological space N, the map p
is called topological covering map. Lifting a path & of N from an initial point z € M,
the terminal point is denoted by za.

2. PARAMETERIZATION OF COVERS WITH A FIXED MONODROMY GROUP

2.1. Throughout the paper, Y is a smooth, projective, irreducible curve of genus g > 0,
n is a positive integer, G is a finite group, which can be generated by 2g +n —1 elements,
A is a finite set, |A| = d, on which G acts on the right faithfully and transitively, we
choose an element Ay € A as a marked element, and G(Ag) = {g € G | Aog = Ao}-
We identify G with its image in the symmetric group S(A) = Sy, where S(A) acts
on the right.
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DEerINITION 2.2. We call a finite, surjective morphism f : X — Y a cover of Y if
X is a smooth, projective, irreducible curve. We say that two covers f : X — Y and
f1: X1 — Y are equivalent if there exists a covering isomorphism / : X — X1, i.e.,
one such that fj oh = f. A G-cover of Y is a cover p : C — Y as above, such
that G acts faithfully on the left on C by automorphisms of C, p is G-invariant, and
p:C/G — Y is an isomorphism. Two G-coversof Y, p:C — Y and p; : C; — Y,
are called G-equivalent if there exists a covering isomorphism 4 : C — C; which is
G-equivariant.

2.3. Anecessary condition for two covers f : X — Y and f1 : X; — Y tobe equivalent
is that they have the same branch locus D. Let yg € Y \ D. Let Y* be the Riemann
surface associated with Y. Then 71 (Y \ D, y¢) acts on the right on f~1(y¢) by
x-[a] = xa Vx € f~1(yo) and V[a] € 1 (Y \ D, yp), and similarly it acts on the
righton f"! (o). Then f isequivalentto f; if and only if there exists a 1 (Y \ D, yo)-
equivariant bijection 1 : f "1 (yo) = f; ' (yo). In fact, let X' = f~1(Y \ D), X| =
/7Y (Y '\ D). Then such a bijection yields a covering biholomorphic map X" — X
over Y \ D, which extends to a covering biholomorphic map X*" — X" over Y*".
Furthermore, this map equals #?", where /i : X — X is a covering isomorphism over Y .
Abusing notation, we will write 71 (Y \ D, yo) instead of 71 (Y*" \ D, yo).

DeriniTION 2.4, Let yo € Y. Let f : X — Y be a cover such that yo does not belong to
the branch locus of f and let xg € £~ (y¢). We call (f : X — Y, x¢) a pointed cover
of (Y, yo). Two pointed covers (f : X — Y, x¢) and (f1 : X1 — Y, xp) of (Y, yo) are
called equivalent if there exists an isomorphism / : X — X such that fj o h = f and
h(xo) = x;. A pointed G-cover of (Y, yo) is a pointed cover (p : C — Y, z¢) as above
suchthat p : C — Y isa G-cover. Two pointed G-covers of (Y, y¢), (p: C — Y, z¢) and
(p1: C1 = Y, zy) are called G-equivalent if there exists a G-equivariant isomorphism
h:C — C; such that p = p; o h and h(zo) = zy.

2.5. The isomorphism & of Definition 2.4 is unique. In fact, if /; is a second one, then
@ =h7'oh:X — X isacovering automorphism over Y, such that ¢ (xo) = xo. Let D
be the branch locus of f andlet X’ = X \ f~1(D). Then f®|xmn : X" — Y&\ D
is a topological covering map, and X’*" is connected, so ¢*"|x-n is the identity map,
since 9" (x¢) = xo. Therefore, h = h;.

2.6. Let D = {by,...,by} CY \ yo.Let Uy, ..., U, be embedded closed disks in
Y \ yo which are disjoint and such that b; € U; Vi, where U; is the interior of U, . For
everyi = 1,...,n,letuschooseapathn; : I — Y \ U;'l=1 U; such that ,; (0) = yo,
ni(1) € dU;, and let y; : I — Y \ D be the closed path which starts at yy, travels
along 1;, then makes a counterclockwise loop along dU; , and returns back to yg along n; .
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Let f : X — Y be a d-sheeted cover of ¥ unbranched at yo. Let X' = X \ f~1(D),
f’" = flx’. The branchlocus of f equals D ifand onlyif /' : X’ — Y \ D is unramified
and the monodromy m : (Y \ D, yo) — S(f~!(yo)) defined by x - m([er]) = xa
Vx € f~1(yo) and V[a] € 71 (Y \ D, yo) satisfies the condition

)] m([y1]) # 1.....m([ya]) # L.

Letm : 7 (Y \ D, yo) — Sz be ahomomorphism and let G = Im(m). Suppose that m
satisfies condition (1). If one chooses in a different way Uy,...,U, and Nis-..s7n SO
as to satisfy the above conditions, then for every i € [1, n] the new element [y;] belongs
to the conjugacy class of [y;] in 71 (Y \ D, yo), so m([y;]) belongs to the conjugacy
class of m([y;]) in G. Therefore, condition (1) for m is independent of the choice of

Up,...,U, and thatof nq, ..., ny,.

LemMA 2.7. Let G C S(A) beasin §2.1. Let Ns(p)(G) = {0 € S(A) | 0Go~! = G}.
Let f: X — Y and f1 : X1 = Y be two covers with the same branch locus D. Let yo €
Y \ D. Suppose that there are bijections ¢ : A — f~ (o), &1 : A— f{ ' (yo), and epi-
morphisms m : w1 (Y\ D, yo) > G, my : w1 (Y \ D, yo) = G, such that e(Am([a])) =
e(M)a and e1(Am1([a])) = e1(M)a VA € A and V[a] € w1 (Y \ D, yo). Then f is
equivalent to fy if and only if there exists a o € Ng(p)(G) such that my = omo ™.
The covering isomorphism h : X — X is unique if and only if the centralizer of G in

S(A) is trivial, Zgp)(G) = {1}.

Proor. The covers f : X — Y and f1 : X7 — Y are equivalent if and only if there
exists a 71 (Y \ D, yo)-equivariant bijection p : £~ (yo) = f7 (o) (cf. §2.3). Let
1 be such a bijection. Let s : A — A be the bijection, which makes the following
diagram commutative:

A—— £~ (y0)

) sJ lu

A= £ (o)

Leto € S(A) satisfy s(A) = Ao~ ! VA € A.Let A € A andlet x = g¢(A) € £~ (o).
For all [¢] € w1 (Y \ D, yp), one has u(xa) = u(x)a and

pxa) = pleMa) = p(e(Am(la]))) = sl(km([a])o_l),

p(x)a = p(e))a = e1(Ao Ha = e1 (Ao my ([a])).
This shows that m([]) = om([e])o™" VY]] € m1(Y \ D, yo). In particular, o €

Ns(a)(G) since m and m are epimorphisms. We conclude that m; = omo~!. Vice
versa, suppose thatm; = omo ™! for some 0 € Ng(5)(G). Lets : A — A be the bijection
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e(A) =Ao~landletp: £~ (yo) — f 1(»o) be the bijection which makes diagram (2)
commutative. Then t(xa) = u(x)a Vx € £~ (yo) and V[a] € 71 (Y \ D, yp); there-
fore, f : X — Y isequivalentto f; : X — Y.

Suppose f is equivalent to f;. The covering isomorphism / : X — X is unique
if and only if every covering automorphism ¢ : X — X equals the identity. Consider
the diagram (2) with f; = f,e; = ¢, and m; = m. Leto € S(A) satisfy u(e(1)) =
e(Ao™1). Then pu(xa) = uw(x)a Yx € f~1(yo) and V[a] € w1 (Y \ D, yo) if and
only if om([a])o ™! = m([a]) V[e] € 71 (Y \ D, yo). Since Im(m) = G, this holds if
and only if 0 € Zg(a)(G). Therefore, i = id, equivalently, ¢ = idy, if and only if
Zsin(G) = {1}. =

ProrosiTiON 2.8. In the setup of §2.1, let yo € Y, let D = {by,...,b,} CY \ yo,
andlet (f : X = Y, xq) be a pointed cover of (Y, yo) of degree d branched in D. The
following conditions are equivalent:

(i)  There is a bijection e : A — f~Y(yo) and m : w1 (Y \ D, yo) — G, an epimor-
phism, such that

e(Am([a])) = eM)a VA €A, Y[a] € 1 (Y \ D, yo),

3)
8()&0) = X0.

(i) Let X' =X\ f~UD), f' = flx and let Ty, = flm1(X’, xo). There is an
epimorphism m : w1 (Y \ D, yo) — G such that Tx, = m~1(G(Ao)) where
G (o) is the isotropy group of Ag.

Let N(Ao) = {0 € Nsa)(G) | Ao = Ao}. Let (f : X — Y. x0) and (f1: X1 — Y, xp)
be two pointed covers of (Y, yo) branched in D which satisfy condition (i) with (e, m)
and (g1, my), respectively. They are equivalent if and only if there exists a 0 € N(Ag)
such that m; = omo ™. Furthermore, o € N(Lo) with this property is unique.

Proor. The conditions (i) and (ii) are equivalent since the map 71 (Y \ D, yo) —
£~ Y(yo) defined by [a] — xoa induces a 1 (Y \ D, yo)-equivariant bijection between
the set of right cosets r,, \ 71(¥ \ D, yo) and fY(yo),and m inducesam; (Y \ D, yo)-
equivariant bijection between r,, \ 71 (Y \ D, yo) and g(a,) \ G = A. Under these
bijections, 19 = G(Ag) = ', = xo.

The pointed covers (f : X — Y, x¢) and (f1 : X1 — Y, x) are equivalent if and only
if there exists a 1 (Y \ D, yo)-equivariant bijection i : f~(yo) — f;"' (o) such that
1(x0) = x;. By Lemma 2.7, this is equivalent to the existence of a 0 € Ng(a)(G) such
that m; = omo~! and Lgo ™! = Ag,i.e., 0 € N(A¢). In order to prove the uniqueness
of such a o, it suffices to consider the case m; = m and prove that if 0 € N(A¢)
satisfies m = omo !, theno = id. In fact, let g € G = Im(m); then g = o0go ! and
rog = Ao(ogo™1) = (Aog)o~ L. Since A = AoG, thisshowsthat \o = AVA € A. m
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2.9. The set
@ HEW¥.yo) ={(D,m)| D e ¥ \y)™.m:m(Y\D,yy) -G

is an epimorphism which satisfies condition ( 1)}

is in bijective correspondence with the set of G-equivalence classes of pointed G-
covers of (Y, yg) branched in n points {[p : C — Y, zo]} (cf. [20,22]). Given a pointed
G-cover (p: C = Y, zp) of (Y, y0), p(z0) = Yo, the associated pair (D, m), its mon-
odromy invariant, consists of the branch locus D of p and of the homomorphism
m : (Y \ D, yo) — G defined as follows. Let C’ = p~'(Y \ D). For every loop
a: I — Y \ D based at yg let zgo be the end point of the lifting of & in C’ with initial
point zg. Let zoae = gzp, g € G. Then m([x]) = g.

DeriNiTION 2.10. In the setup of §2.1, let N(Ag) = {0 € Nga)(G) | Aoo = Ao}
Consider the left action of N(Ag) on HC (Y, yo) definedby o * (D,m) = (D,omo™").
We denote by HnA/’g (Y, yo) the quotient set

H 55 (Y. yo) = H (Y, y0)/ N(Ao).

n,Ap

DeriniTION 2.11. Let yo € Y. A pointed cover (f : X — Y, xo) of (¥, yo) which
satisfies the conditions of Proposition 2.8 (i) for some D € (Y \ yo)i") and a pair (g, m)
is called pointed (A, G)-cover of (Y, yo) branched in n points. The pair

(Dm0 = (D.{omo ™" }oenr) € Hyor (Y. ¥o)

n,Aq

is called its monodromy invariant.

LemMma 2.12. Let (p : C — Y, zg) be a pointed G-cover of (Y, yo) with monodromy
invariant (D, m) (cf. §2.9). Consider the action of G on A x C defined by g(A,z) =
(Ag7l,g2). Let X = (A xC)/G :=A X% C.Letm: A x C — X be the quotient
morphism, let f : X — Y be the morphism defined by f(w(A,z)) = p(z), and let
xo = (Ao, zg). Then (f : X — Y, xg) is a pointed (A, G)-cover of (Y, yo) with
monodromy invariant (D, mN10)),

Proor. Let G(Ag) = H. Let p : C — C/H be the quotient morphism. One has
A x% C = C/H.In fact, let us choose for every A € A an element a; € G such that
A = Agay; letay, = 1. The morphisms C — A xG C and A x C — C/H, defined by

(5) z+> m(Ao,z) and (A,z) — p(ayz),

are respectively H -invariant and G-invariant. The induced morphisms G/H — A x%
Cand A X6 C - G/H are inverse to each other. The curve C is projective, smooth,
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and irreducible, so X =~ C/H has the same properties. Consider the map
(6) e: A — fY(yo) definedby e(d) = m(A,z0).

It is bijective since G acts on p~!(yy) transitively and freely. One has (1) = xo. Let
e(A) = m(A, zo) be an arbitrary point of f~!(yg).Leta : I — Y \ D be aloop based
at yo and let g = m([a]). Let C’ = p~!(Y \ D). Lifting o in A x C with initial point
(A, zp), the end point is (A, zoa) = (A, gzo). Applying 7, one obtains

eMa =n(A, gzo) = m(Ag, z9) = e(km([a])).

Lety € Y\ Dandletz € p~!(y). The map A — f~!(y) defined by A > (A, z)
is bijective, so f is unbranched at every y € Y \ D. The monodromy homomorphism
m = my, satisfies condition (1), so every [y;] acts on the fiber f~!()o) as a nontrivial

permutation, i = 1, ..., n. Therefore, the branch locus of f : X — Y equals D. We
see that (f : X — Y, x¢) satisfies the conditions of Proposition 2.8 (i) with (g, m), so
its monodromy invariant is (D, m™V(10)), ]

PrOPOSITION 2.13. The map [f : X — Y, xo] — (D, mN?0)) establishes a bijective
correspondence between the set of equivalence classes of pointed (A, G)-covers of
(Y, yo) branched in n points and the set H rf\ ﬁ (Y, yo).

Proor. The map is well defined and injective by Proposition 2.8. It is surjective by
Lemma 2.12. -

CoroLLARY 2.14. Let (f : X — Y, x¢) be a pointed cover of (Y, yo) branched in
D e (Y\ yo)fk"). It is a pointed (A, G)-cover of (Y, yo) and satisfies condition (i) of
Proposition 2.8 with some pair (¢, m) if and only if it is equivalent to

(A x%c, 7(Ao.z0)) = (Y. yo)

where (p : C — Y, z9) is a pointed G-cover of (Y, yo) with monodromy invariant
(D, m). A pointed G-cover of (Y, yo) has this property if and only if its monodromy
invariant equals (D, my) where mi = omo ™~ for some o € N(Ao). The set of G-
equivalence classes of such pointed G-covers of (Y, yo) has cardinality |N(Ao)]|.

Proor. This follows from Proposition 2.8. |

ProposiTioN 2.15. Let D = {by,...,b,} C Y. Let f : X — Y be a cover branched
in D. The following conditions are equivalent:

(i)  Thereisapoint yo € Y \ D, a bijection e : A — f~Y(yo), and an epimorphism
m:m (Y \ D,yo) = G such that

E(Am([a])) =e¢(A)a VA eA, Vo] e m1(Y \ D, yp).



HURWITZ MODULI VARIETIES 233

(i)  The condition of (i) holds for every y € Y \ D for some pair &1 : A — f~1(y),
mp:m(Y\D,y)— G.

Suppose that f1 : X1 — Y and f» : Xo — Y are two covers branched in D. Suppose
that f1 and f> satisfy condition (i) respectively for some yy € Y \ D and a pair (g1, my)
and for some y, € Y \ D and a pair (¢2,m»). Then [ is equivalent to f5 if and only if
thereisapathy : I — Y \ D, y(0) = y1, y(1) = y2, and a o € Nga)(G) such that

ma([e]) = omi([y oy No~" V¥[a] € m(Y \ D, y).

Proor. (i)=(i): Let yy € Y \ D. Let y : I — Y \ D be a path with y(0) = yy,
y(1) = y;. Let &1 : A — f~!(y1) be the bijection defined by &;(1) = &(1)y. Let
my : m1(Y \ D, y1) = G be the epimorphism m; = m" defined by m([8]) =
m([y - B -y~]). Then

er(Ami([B])) = e(Am(ly-B-y7 )y =e)y-B-y~ -y =e1(MB.

Given f1 and f>,lety : I — Y \ D be a path such that y(0) = y1, y(1) = y,. Let
gy : A — f7'(»2) and m; = m} be the pair obtained from (g1, m1) by y as above.
Then by Lemma 2.7, f; is equivalent to f> if and only if my = om}o~! for some
0 € NS(A)(G). n

2.16. Let D = {by,...,b,} C Y. Given two points y;, y, € Y \ D and two homo-
morphisms m1 : 7y (Y \ D, y1) > Gandm, : (Y \ D, y2) > G, G C S(A), we
write m; ~xn my if thereisapathy : I — Y \ D with y(0) = y1, y(1) = y,, and an
element 0 € Ng(a)(G), such that

my([e]) =omi([y-a-y 1)~ V] € (Y \ D, y2).

This is a relation of equivalence. Given a homomorphism m : 71 (Y \ D, y) — G,
we denote by [m] its equivalence class. It is clear that if m is an epimorphism which
satisfies condition (1) relative to the base point y, every other homomorphism of [m1] has
these properties relative to its base point. Suppose a cover f : X — Y branched in D
satisfies condition (i) of Proposition 2.15 with (g, m) for some y¢ € Y. Then the set of all
possible epimorphisms mq : w1(Y \ D,y) = G,y € Y \ D as in Proposition 2.15 (ii)
equals the equivalence class [m] (apply Proposition 2.15to fi = f = f2, y1 = Yo,
y2 = y). We denote by [m] the equivalence class with respect to ~ determined by
f:X—>Y.

DEerintTION 2.17. In the setup of §2.1, we denote by H,f\’G(Y) the set

HMG() = {(D,[m]) | D e Y, wherem : 7y (Y \ D,y) - G

is surjective and satisfies condition (1)}.
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DerintTION 2.18. A cover f : X — Y branched in a set D of n points, which satisfies
condition (i) of Proposition 2.15 for some yg € Y \ D and some pair (g, m), is called
(A, G)-cover of Y branched in n points. The pair (D, [m]r) € H,fX’G(Y) is called the
monodromy invariant of the cover (cf. §2.16).

ProposITION 2.19. The map [f : X — Y]+ (D, [m]y) establishes a bijective corre-
spondence between the set of equivalence classes of (A, G)-covers of Y branched in n
points and the set HAC (Y). If the centralizer of G in S(A) is trivial, Zgr)(G) = {1},
then the covering isomorphism between every two (A, G)-covers with the same mon-
odromy invariant is unique.

Proor. The map is well defined and injective by Proposition 2.15. We claim that it is
surjective. Let (D, [m]) € H,f\’G(Y) wherem : 7y (Y \ D, yo) > G withyg € Y \ D
satisfies condition (1). Let (p : C — Y, zg) be a pointed G-cover of (Y, yo) with
monodromy invariant (D, m). Then the cover f : X — Y constructedin Lemma?2.12isa
(A, G)-cover with monodromy invariant (D, [m]). The last statement of the proposition
was proved in Lemma 2.7. ]

ProrpositioN 2.20. Let f : X — Y be a (A, G)-cover with monodromy invariant
(D, [m]) € H,f\’G(Y). Then f has a structure of a (A, Gy)-cover if and only if
G1 = ¢Go~! for some ¢ € S(A) and the corresponding monodromy invariant is
(D.¢lmlp™") € Hy O (Y).

ProOF. Let yg € Y \ D andlete: A = f~1(yo), m : m1 (Y \ D, yo) — G satisfy
s(km([a])) =eM)a VAeA, Vel e my(Y \ D, yop).

Letg € S(A)andlet G; = oG~ !. Lete; : A — f~1(y¢) be the bijection defined
by e1(A) = ¢(Ap) and let m; = eme~! : 7 (Y \ D, yo) — Gy1. Then V[ua] €

e1(ami ([e]) = &1 (hom(le)p™") = e(2om(le])) = e(g)a = 1 (Me:

hence, f : X — Y isa (A, G1)-cover with monodromy invariant (D, ¢[m]e~1). Vice
versa, letey : A — f~Y(yo) andmy : m (Y \ D, yg) — G satisfy

e1(Amy([e])) = e1(M)a VA € A, Y[a] € 7 (Y \ D, yo).
Let ¢ € S(A) satisfy e1(4) = e(Ap) VA € A. Then
e(Ap)e'mi([a])g) = e1(Ami([@])) = &1V = e(hp)a = e((Ag)m([a])),

so mi([a]) = em([a])p~! V][] € 71 (Y \ D, yo). This implies that G; = ¢Gp~!
since m and m; are epimorphisms by assumption. ]
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Prorosrition 2.21. The following two conditions for a cover f : X — Y are equivalent:

1)  (f : X =Y, x0) is apointed cover of (Y, yo) (cf. Definition2.4)and f : X — Y
isa (A, G)-cover.

(i) LetAoe A.Then(f : X — Y, xg) is apointed (A, G)-cover of (Y, yo) according
to Definition 2.11.

Proor. Let D be the branch locus of f. Condition (i) implies that yo ¢ D and there
exists a bijection ¢ : A — f~1(y9) and an epimorphism m : 7 (Y \ D, yo) — G
such that e(Am([a])) = e(A)a VA € A and V[a] € 71 (Y \ D, yo). The group G acts
transitively on A. One replaces the pair (g, m) with the pair (¢/, m’), where &¢’(1) =
e(Ag), m’ = gmg™! for an appropriate g € G, so that (&', m’) satisfies the additional
condition &’'(Ag) = Xxo. [

RemMARrk 2.22. Choosing a marked element Ay € A and imposing &(Ag) = x¢ is
a normalizing condition for pointed degree d covers of (Y, yg) whose monodromy

group equals G. This serves for defining the monodromy invariant (D, m~ (’\0)) €

A,G
Hn,)to

marked element A, € A is discussed in Proposition 4.23.

(Y, yo) so that the bijection of Proposition 2.13 holds. The choice of another

3. SMOOTH, PROPER FAMILIES OF COVERS WITH A FIXED MONODROMY GROUP

DerintTION 3.1. Let X and S be algebraic varieties.

(1) A morphism f : X — Y x S is called a smooth, proper family of covers of Y
branched in n points if 7, o f : X — § is a proper, smooth morphism, for every
s € S the fiber X is irreducible, and f; : Xg — Y is a cover branched in # points.
Two families of this type f1: X1 > Y xS and f5 : X - Y x S are called
equivalent if there exists an isomorphism /2 : X; — X5 such that f1 = f> o h.

(i) If, furthermore, fs : Xy — Y isa (A, G)-cover, Vs € S the morphism f : X —
Y x § is called a smooth, proper family of (A, G)-covers of Y branched in
n points.

Under the assumptions of (i), the morphism f : X — Y x § is finite, surjective,
and flat [22, Prop. 2.6]. If S is connected, then all covers f5 : Xy — Y have the same
degree d, where d is the rank of the locally free sheaf f,Ox. It is clear that two
families are equivalent if and only if there is an S-isomorphism % : X; — X5, which
is a covering isomorphism over Y Vs € S, i.e., fis = fasohs Vs € S.

DEerintTiON 3.2. Let yg € Y.

(i) A smooth, proper family of pointed covers of (Y, yo) branched in n points is a
pair (f : X —- Y x S§,1n: 85 — X) of morphisms of algebraic varieties such
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that f : X — Y x § satisfies the conditions of Definition 3.1 (i), Vs € S the
cover f; 1 Xy — Y x {s} is unbranched at (yo, s), and n(s) € £~ (yo,s). Two
families of this type (f1 : X1 — Y x S,n1)and (f2 : X5 — Y x S, 1,) are called
equivalent if there exists an isomorphism 4 : X; — X suchthat fj = f,0h
and 7, = hony.

(i) If, furthermore, f; : Xy — Y x {s}isa (A, G)-cover, Vs € S thepair (f : X —
Y xS, n:S — X)is called a smooth, proper family of pointed (A, G)-covers
of (Y, yo) branched in n points.

ProprosiTION 3.3. Let yo € Y andlet Ao € A. Let (f : X - Y,n:S — X) be a
smooth, proper family of pointed (A, G)-covers of (Y, yo) branched in n points. Then
forevery s € S the pointed cover (fs : Xs — Y, n(s)) of (Y, yo) satisfies the conditions
of Definition 2.11 (we identify Y x {s} with Y ).

Proor. This follows from Proposition 2.21. ]

34. Let D={bq,...,b,} CY \ yo, and let Uy,...,U, be disjoint embedded closed
disksin Y\ yg suchthat b; € U; Vi, where Uj is the interior of U;.Let Np(Uy,...,U,)C
Y\ yo)g’) be the open neighborhood of D in the complex topology (i.e., that of
(Y \ yo)i"))a“), which consists of £ = {y1,..., y,} suchthat y; € U; foreveryi. The
inclusion Y \ |/, U; <> Y \ D is a deformation retract, so for every homomorphism
m:m (Y \ D,yo) > G andevery E € Np(Uy, ..., Uy,) there is a unique homomor-
phism m(E) : 71 (Y \ E, yo) — G such that the following diagram commutes:

(Y \ D, yo) +—— m (Y \ U=, Ui, yo) =— m1(Y \ E. yo)

m m(E)
G

Given apathy : I — Y \ E, we denote by [y]g its homotopy class in ¥ \ E. We
denote by N(p m)(Us, ..., Uy) the subset of HS (Y, yo)

8) Nomy(Ui, ..., Up) = {(E,m(E)) | E € Np(Ui,...,Uy)}.

The set HS (Y, yo) has a structure of affine algebraic variety, the map § : HS (Y, yo) —
Y \yo)i"), defined by §(D,m)= D, is an étale cover, the sets N(p ) (Ui, ..., Uy,) form
an open sets basis of the topology of HnG (Y, yo)™,and every openset Np (Uy,...,U,) C
Y\ yo)i") is evenly covered with respect to the topological covering map |62

) 5 (Np(Uy..... Un)) = | | Ny (U, Un)

(cf. [20, Sec. 1]).
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LemMma 3.5. Let f : X — Y x S be a smooth, proper family of covers of Y branched
in n points. Suppose that fg, : Xs, — Y is a (A, G)-cover for some so € S. Then
there exists a neighborhood V- C |S®| of s¢ such that fs : Xs — Y is a (A, G)-cover
Vsel.

Proor. Let D = {by, ..., b,} be the branch locus of f, let yo € Y \ D, and let
e N — fsgl(yo), m (Y \ D, yo) > G satisfy e(Am([a])) = e(A)a VA € A and
Vi{e] € 11 (Y \ D, yg).Let B C Y x S bethe branchlocusof f. Themapf: S — Y™
defined by B(s) = Bs is a morphism [22, Prop. 2.6], so |8*"] : |S*"| — |(Y£"))a“| isa
continuous map. Let Np (U, .. ., Uy,) be a neighborhood of D = f(s¢) as in §3.4. Let
V1 be a neighborhood of s in |S*| such that B(V7) C Np(Uy,...,Uy). The restriction
I X®™|\ f~Y(B) — |(Y x )|\ B is a topological covering map [22, Prop. 2.6]
and (Y x §)* =~ Y x §2 [28, §1.2]. The complex space S*" is locally connected
(cf. [12, Ch. 9, §3 (1)]); therefore, there is an embedded open disk U C Y \ U:’Zl U;,
yo € U, and a connected neighborhood V of sg, suchthat V C V;,U xV CY x S\ B,
and f~1(U x V) is a disjoint union of connected open sets homeomorphic to U x V.
Denote these open sets by W), A € A, where W), > e(A). For every s € V we define a
bijection &5 : A — £~ 1(y9,s) and an epimorphism m; : 71 (Y \ By, yo) — G by

(10) es() = [ (vo.s) N Wa, ms =m(B(s))

(cf. §3.4). We claim that (&5, my) satisfies condition (i) of Proposition 2.15 for f; :
X5 — Y (we identify ¥ x {s} with Y). Leta be aloop in ¥ \ |J/_; U; based at yj.
Let g = m(Ja]p). We claim that e5(1)a = e5(Ag) VA € A and Vs € V. Consider the
homotopy F : [0,1] x V — Y* x S\ B defined by F(¢,s) = (a(z),s). Let A € A.
The restriction f |Wx W, - U xVisa homeomorph1sm Let us denote by F; (0) :
{0y x V —| X\ f~1(B)]| the composition (0, s) |—> (Yo, ) (f1w,) " (v, 5) = &5 ().
By the covering homotopy property (cf. [30 Ch. 2, §3, Thm. 3]), there is a unique
continuous lifting F, of F which extends F; (0)

X\ f7H(B)

Py l

[0,1] x V —L s yan x gan\ B,

One has F(1,50) = eV = e(Ag) € W) . The image F({1} x V) is a connected
component of f~1({yo} x V), so F) ({1} x V) C Wy,. This implies that &;(A)a =
es(Ag) Vs € V.Lets € V. By §3.4, we have

g =m([alp) = m(B(s))([elpes)) = ms([els,)-
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Every homotopy class of 1 (Y \ Bs, yo) may be represented by aloopain ¥ \ | J;'_, U;
based at yg, so

es(Amg(lalBy)) = es(Ma VA € A, V[a] € m1(Y \ By, yo). n

ProrosiTiON 3.6. Let f : X — Y X S be a smooth , proper family of covers of Y
branched in n points. Suppose that S is connected. Suppose that fy, : Xgg — Y isa
(A, G)-cover for some sg € S. Then [ : X — Y X S is a smooth, proper family of
(A, G)-covers of Y.

Proor. Let d = |A|. Every cover fs : Xy — Y, s € S, is of degree d since S is
connected. We have to prove that f; : X; — Y isa (A, G)-cover Vs € S. For every
transitive subgroup H C S(A), let S be the set of points s € S such that f; : X; — Y
is a (A, H)-cover. It is clear that S = | J;; S¥. By Lemma 3.5, S¥ is an open set
in |[S?"| for every H. By Proposition 2.20, given two transitive subgroups H and K
of S(A), the following alternative holds: if H and K are conjugated in S(A), then
SH = SK: otherwise, S” N SK = @. The topological space |S®| is connected (cf.
[28, Cor. 2.6]); therefore, S = S©. n

We denote by Varc the category of algebraic varieties and by (Sets) the category
of sets.

DEerINITION 3.7. Let S be an algebraic variety. We denote by J@;} ;G (S) the set of
equivalence classes [f : X — Y x §] of smooth, proper families of (A, G)-covers
of Y branched in n points, parameterized by S (cf. Definition 3.1). We denote by
ﬂ&i))’n (S) the set of equivalence classes [f : X — Y x S, : S — X] of smooth,
proper families of pointed (A, G)-covers of (Y, yg) branched in n points parameterized

by S (cf. Definition 3.2).

3.8. Letu : T — S be a morphism of algebraic varieties. Given a smooth, proper
morphism X — S of reduced, separated schemes of finite type over C, the pullback
morphism X7 = X xg T — T is smooth and proper. The scheme X xg T is reduced
since T is reduced (cf. [25, p. 184]). Hence, X xg T is isomorphic to the closed
algebraic subvariety of X x 7" whose set of points is the set-theoretical fiber product
X(C) xsc) T(C).

Let f : X — Y x S be a smooth, proper family of covers of Y branched in # points.
Letu : T — S be a morphism of algebraic varieties. Let X7 — T be the pullback of
w0 f 1 X — S. By the above argument, X7 = {(x,?) | mp 0 f(x) =u(t)} C X xT.
Let fr : Xr - Y x T and h : X7 — X be the morphisms defined respectively by
fr(x,t) = (w0 f(x),t)and h(x,t) = x. One has the following commutative diagram
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of morphisms:
Xr Ty T 2T
(1n "l lidxu l
XL sy xs-",58

in which the composed diagram and the right square are Cartesian. Therefore, the left
square is Cartesian as well [11, Prop. 4.16].

Given a smooth, proper family of (A, G)-covers f : X — Y x S branched in
n points, the pullback morphism fr : X7 — Y x T is a smooth, proper family of
(A, G)-covers of Y branched in n points. In fact, V¢ € T the cover ( fr); : (X7); > Y
is equivalent to the cover fy ) : Xy@) — Y, so the conditions of Definition 3.1 are
satisfied. Furthermore, the pullbacks of equivalent families are equivalent. This defines
a moduli functor Jf;,\ ;lG : Varc — (Sets).

Given a smooth, proper family (f : X - Y x §,n: S — X) of pointed (A, G)-
covers of (Y, yo) branched in n points and a morphism u : T — S, one defines the
pullback family as (fr : X7 — Y x T,nr : T — X7), where nr is the morphism
defined by n7 () = (n(u(¢)), t). This is a smooth, proper family of pointed (A, G)-
covers of (Y, yo). This defines, as above, a moduli functor Jf(I)\':)GzO),n : Varc — (Sets).

3.9. A morphism p : € — Y x § of algebraic varieties is called a smooth, proper
family of G-covers of Y branched in n points if

(i) mpo p:€ — §isaproper, smooth morphism with irreducible fibers;

(i) G acts on € on the left by automorphisms, p : € — Y x S is G-invariant, and
Vs € S the action of G on € is faithful, ps : €;/G — Y X {s} is an isomorphism,
and ps : € — Y x {s} is branched in n points.

Let yo € Y. If furthermore p; : € — Y X {s} is unbranched at (yo,s) Vs € S and
there exists a morphism ¢ : S — € such that p o {(s) = (yg,s) Vs € S, then (p : € —
Y x 8, ¢) is called a smooth, proper family of pointed G-covers of (Y, yo) branched in
n points (cf. [22, Sec. 3]).

In the next two propositions, we extend the construction of Lemma 2.12 to families.

ProrosiTiON 3.10. Let p : € — Y X S be a smooth, proper family of G-covers of Y
branched in n points.

Consider the left action of G on A x € defined by g(A,z) = (Ag™ "', gz). Let
X =(Ax€)/G:=AxX%€ letw: AxC€— X be the quotient map, and let f :
X =Y x Sbethemap f(w(A,z)) = p(z). Then f : X — Y x S is a smooth, proper
family of (A, G)-covers of Y. The branch loci of p and f coincide.
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Let X1 =€/G(MAy), let p: € — X be the quotient map, and let f1: X1 — Y x S
be the map f1(p(z)) = p(z). Then f1: X1 — Y X S is a smooth, proper family of
covers of Y equivalentto f : X — Y x §.

Proor. The group G acts by covering automorphisms of the finite morphism A x€ —
Y x § defined by (A, z) +— p(z). Therefore, X = (A x €)/G has a structure of
quotient algebraic variety and themaps 7 : A X € — X and f : X — Y x S are finite
morphisms [29, Ch. III, Prop. 19]. The morphism 75 o f : X — § is a composition of
a proper and a finite morphism, so it is proper. For every s € S its scheme-theoretical
fiber X is isomorphic to the quotient (A x €5)/G since the formation of quotients by
G commutes with base change (cf. [23, Prop. A.7.1.3]). Therefore, X, is smooth and
irreducible. Let H = G(A¢). Similar statements hold for X; = €/H, p: € — X;,
and f1 : X1 = Y x S. The two families of coversof ¥, f : X — Y x S and f; :
X1 — Y x S, are equivalent. In fact, the morphisms € — A x9€=Xand A x€ —
€/H = X1, defined as in (5), induce morphisms X; — X and X — X; over Y x S,
given respectively by p(z) — (Ao, z) and w (A, z) = p(a,z), which are inverse to
each other. We claim that 77 o f and 7, o f] are flat morphisms. Let x € X, let
73 0 fi(x) = s, and let p~!(x) be the scheme-theoretical fiber of p. The restriction
ps - €s — (X1)s is a surjective morphism of smooth, irreducible, projective curves,
so dimc HO((DPS—I(X)) = |H| = |G|/|A|. The schemes p~!(x) and p; ! (x) coincide,
so dimg HO(Op—l(x)) = |G|/|A| for every x € X;. This implies that the coherent
sheaf p.Oe is locally free (cf. [27, Ch. 2, §5, Lem. 1]); therefore, p : € — X; is
flat. It is moreover faithfully flat since p(€) = X;. By hypothesis, i, 0 p : € — S
is flat; therefore, 7, o f1 : X1 — S is flat (cf. [25, p. 46]). As we saw above, the
scheme-theoretical fiber (X;)s over every (closed) point s € S is smooth. Therefore,
a0 f1: X1 — S is smooth at every closed point of X; (cf. [2, Ch. VII, Thm. 1.8]).
The points of the scheme X at which 7, o f] is smooth form an open subset. This
open subset contains every closed point of X; therefore, it coincides with X (cf.
[11, Prop. 3.35]). The smoothness of 7, o f1 : X; — § implies the smoothness of
mp 0 f 1 X — § since there is a ¥ X S-isomorphism between X and X;. For every
s € S one has Xy =~ (A x €)/G, so the morphism f; : Xy — Y is a (A, G)-cover of
Y whose branch locus coincides with that of ps : € — Y (cf. Lemma 2.12). Therefore,
f X — Y x S is asmooth, proper family of (A, G)-covers of Y branched in n points
and it is equivalent to f1 : X1 — Y x S as we saw above. |

ProposiTiON 3.11. Let yg € Y. Let (p : € — Y x S, ) be a smooth, proper family
of pointed G-covers of (Y, yo) branched in n points.

Let X = Ax9 €, f:X — Y x 8§ be as in Proposition 3.10. Let  : S — X be
the morphism defined by 1n(s) = (Lo, {(s)). Then (f : X — Y x S, n) is a smooth,
proper family of pointed (A, G)-covers of (Y, yo). The branch loci of p and f coincide.
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Forevery s € S, if (D, my) is the monodromy invariant of (ps : €s — Y, (s)), then
(Ds, mév(AO)) is the monodromy invariant of the pointed (A, G)-cover (fs : Xs —
Y. n(s)) of (Y. yo)-

Let X1 =€/G(Lo), f1: X1 — Y xS beas in Proposition 3.10. Let n1 : S — X,
be the morphism defined by n1 = p({(s)). Then (f1 : X1 = Y x S, n1) is a smooth,
proper family of pointed covers of (Y, yo) equivalentto (f : X — Y x S, n).

Proor. One has f(n(s)) = p(L(s)) = (yo.s5),s0(f : X = Y x S, 1) is a smooth,
proper family of pointed (A, G)-covers of (Y, yo). For every s € S the scheme-
theoretical fiber X is isomorphic to (A x €;)/G, so the stated relation between
the monodromy invariants holds by Lemma 2.12.

One has f1(1n1(s)) = p(C(s)) = (yo,s) Vs € S.The Y x S-isomorphism X; — X
given by p(z) > m(Ag, z) transforms 11 (s) in n(s) Vs € S, so the two families of
pointed covers of (Y, yg) are equivalent. ]

4. UNIVERSAL FAMILIES OF POINTED COVERS WITH FIXED MONODROMY GROUP

4.1. Given a reduced complex space X and a properly discontinuous group of auto-
morphisms G of X,let p : X — X/G = Z be the quotient map of topological spaces.
Cartan defined in [5] a sheaf of complex valued functions KX on Z: for every open
subset V of | Z|, K (V) = Ox (p~'(V))@, every stalk X is a local ring, and he proved
in [5, Thm. 4] that the C-ringed space (Z, K) is a reduced complex space. Clearly,
(Z,02), Oz = K, is the categorical quotient of (X, Ox) in the category of complex
spaces.

ProrosiTioN 4.2. Let X be a normal algebraic variety. Let G be a finite group, which
has the property that every orbit is contained in an affine open set. Then X* /G is
biholomorphic to (X /G)™.

Proor. Consider the composition of morphisms of C-ringed spaces
(X*, Oxm) — (X,0x) — (X/G,0x/c).

By the construction of K = @z, it factors as
(X*™, Oxm) = (Z,0z) = (X/G,0x/6).

This induces a holomorphic map X*/G = Z — (X/G)* (cf. [28, Thm. 1.1]). The
continuous map | X"/ G| — |(X/G)*| is a homeomorphism (cf. [22, Lem. 2.5]). The
algebraic variety X/G is normal, so (X/G)™ is a normal complex space (cf. [28,
Prop. 2.1]). Normality implies maximality (cf. [8, §2.29]); therefore, the holomorphic
homeomorphism X*"/G — (X/G)™ is a biholomorphic map [8, §2.29]. ]
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43. Let p: C — Y be a G-cover. Let b € Y be a branch point. Let p~1(b) =
{wy, ..., w,}. There is an embedded open disk V C Y, b € V, such that p~1(V) =
U?_, W; is a disjoint union of connected components W;, w; € W; fori =1,...,r,
and every p|w, : W; — V is a surjective cyclic analytic covering with Galois group
G(w;) = Stg(w;) = C, C C*, where |G| = er. Consider the left actionof G on A x C
definedby g(A,z) = (Ag™ ', gz).Let X =(AxC)/G:=Ax9 C,letmr : AxC - X
be the quotient map, and let f : X — Y be the map f(x(A,z)) = p(z). Leti be an
integer, 1 <i <r,andletw = w;, W = W;.Itisclearthat f =1 (V) = (A x W)/G(w).
Let x = w(A, w). Let {11, ..., Ar} = AG(w). Then ({A1,..., Ax} X W)/G(w) is
the connected component of f~1(V') which contains x = 7 (4, w). Let G(A, w) =
G(w) N G(A). Let |G(A, w)| = q. Then e = kq, the map ({1} x W)/G(A, w) —
(A1, ..., A} x W)/ G(w) is biholomorphic, and the composition of holomorphic
maps

W — ((Ay x W)/G,w) = ({1, Akt x W) /G(w)
> (AxW)/G(w) > W/G(w) =V

has the following form in local coordinates: s — u = s9 > t = s¢ = u¥. This shows
that the ramification index of f : X — Y atthe pointx = 7w (A, w) equals k = [AG(w)].

Let vg € V \ {b}, wo € W, p(wg) = vg. Then f~1(vo) = {x1,..., x4}, Where
xi =7m(Aj, wo). If B: I — V \ {b}isasimpleloop with 8(0) = B(1) = vy, thenwof =
gwo, where g is a generator of G(w). One has x; 8 = 7 (A;, wof) = w(A;, gwo) =
(A g, wo). Therefore, the decomposition of the permutation x; — x;8,i = 1,...,d,
into a product of disjoint cycles, by which one determines the indices of the ramification
points over b, corresponds to the decomposition of A into a union of G (w)-orbits, as
discussed above.

44. Letyg € Y. Let
12) (p:€(yo) = Y x HZ(Y, y0),& : HY (Y, yo) — €(y0))

be the universal family of pointed G-covers of (Y, yg) branched in n points (cf. [22,
Thm. 3.20]). We recall from [22, Sec. 3] the local analytic form of p at the points
lying over the branch locus B = {(y,(D,m)) | y € D}.Let D = {by,....bj,... by},
yo € Y \ D. Let us choose local analytic coordinates s; at b;, such that s; (b;) = 0,
i=1,...,n.Lete € RT, e < 1 be such that the open sets U; = {y | 5;(y) < €} have
disjoint closures (_]i, i=1,...,n,and yg € Y \ U?:l 17,-. Let y1,..., yn be closed
paths based at yo asin §2.6. Let p(w) = (b, (D, m)), where b = b;.Let U = U; and let
V=UXNpmUi,...,Uy,) (cf. §3.4). Forevery v = (y,(D’,m(D"))) € V, where
yeU,D' ={y1,....yn},yi € Uj,lett;(v) = 5; (i) and let (v) = s; (). Let G(w) be



HURWITZ MODULI VARIETIES 243

the isotropy group of w, |G(w)| = e > 2. Then w has a connected neighborhood W C
|'€(y0)*| which is G(w)-invariant, p(W) = V,and gW N W =@ if g € G\ G(w).
Let E C C x V be the analytic subset defined by z® = ¢ —¢; and let p; : E—V be the
projection map. Then there is abiholomorphic map 6 : W — E, such that p; 0 6 = p|w.
The composition p = (z,11,....t,) 00 : W — C"*1 maps W biholomorphically onto
an open subset  C C”*1, There exists a primitive character y : G(w) — C* such that
0 and p are G (w)-equivariant with respect to the action of G(w) on E and 2 defined

respectively by g(z,v) = (x(g)z,v) and g(z,z1,...,2n) = (x(g)z,21,...,2Zn).
We need a simple case of Cartan’s theorem [5, Thm. 4].

Lemma 4.5. Let H be a cyclic group of order q, and let y - H — C* be a primitive
character. Let Q be an open subset of C" invariant under the action of H on C" defined
by h(z1,z2,...,2n) = (x(h)z1, 22, ..., 2y). Let Q/H be the quotient complex space
[5, Thm. 4] and let p : @ — 2/ H be the quotient holomorphic map. Let ¢ : Q@ — C"
be the map (21,22, ..., zn) = (21,22, ...,2n). Then Q1 = ¥ (RQ) is an open subset
of C™ and there exists a biholomorphic map = Q2 — Q/H such that p = o .

Proor. The holomorphic map v : £ — C” is open since the map C — C given by
z + z49 is open. Hence, 2; = ¥ (£2) is an open subset of C” and |£21 | is homeomorphic
to the quotient topological space |2|/H . In order to prove that (21, Og, ) is isomorphic
to the quotient C-ringed space (2/H, K) as defined in [5, §4], it suffices to verify that
for every a € Q if H(a) is the isotropy group of a and if b = y(a), then

(13) (00..)7@ =yt (0q, »).

Leta = (a1,az,...,a,).If a; # 0, then H(a) = {1}, ¢ : @ — Q is locally biholo-
morphic at a, so (13) holds. Let a; = 0. Then H(a) = H. Without loss of generality,
we may suppose thata = (0,0, ...,0). Let the H-invariant germ f € Oq , be rep-

resented by a series ), - dajay-an z{'z5? - -+ zy" which converges absolutely
in the polydisk |z;| < &;,i = 1,...,n. One has «; = ¢B; for every «;. The series
> By tnz0 D1z, yPiz22 o where bg,ayan = AgBas-ay» CONVErges abso-
lutely in the polydisk |y1| < i, |z;| <&;,i =2,...,n,andrepresentsa germ f1 € Ogq, »
such that f = 1//g(f1). Hence, (13) holds Va € 2. [

In the next proposition, we use the setup and the notation of §2.1 and §4.4.
ProrosiTioN 4.6. Let yg € Y. Let
(14) (92 X(v0) = Y x HZ(Y. y0). 11+ H,J (Y. y0) = X(y0)

be the smooth, proper family of pointed (A, G)-covers of (Y, yo) obtained from (12)
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as in Proposition 3.11. The variety X (yo) is smooth. The branch locus of ¢ is B. For
every element (D, m) € HnG(Y, Yo) the fiber (¢(p,m) : X(Yo)(D,m) — Y, n(D,m))
has monodromy invariant (D, mN40)),

Let x = m(A,w) € X(yo) be a point such that p(x) = p(w) € B. Let p(x) =
(b, (D,m)), where D = {by,...,b;,...,by}. Let |]AG(w)| = k. Then there exists a
connected, open neighborhood A of x in | X (yo)*|, such that

9(A) =U xNpmUi,....Uy) =V

and the following properties hold. Let E1 C C x V be the analytic subset defined by
zk=¢— tj and let o1 : E1 — V be the projection map.

(1)  There exists a biholomorphic map 01 : A — E; such that 1 o 01 = ¢|4.

(ii)  The composition py = (z,t1,...,t,) 001 : A — C* TV maps A biholomorphically

onto an open subset of C"*1,

Proor. One applies Proposition 3.11 to (p : €(yo) — Y x HS (Y, yo), {). The com-
position of the smooth morphisms X (yo) — H.C (Y, yo) — Spec C is smooth, so
X (y0) is a smooth variety.

It remains to prove the statements about the local analytic form of ¢. According
to Proposition 4.2, X (y¢)*" is biholomorphic to (A x €(y9)*)/G. Let G(A, w) =
G(A) N G(w). Thisis a cyclic group of order g and e = kg. The open subset {A} x W C
A x €(yp) is G(A, w)-invariant and for every g € G \ G(A,w) onehas g({A} x W) N
A} x W) =@.Let A = ({1} x W). The open complex subspace A C X (yo)*" is
biholomorphic to {A} x W/G(A, w). Let H = G(A,w) and let y; : H — C* be the
restriction of y : G — C* (cf. §4.4). Identifying {1} x W with W the biholomorphic
map 0 : {A} x W — E is H-equivariant. Let ¢y : E — E; be the map ¥;(z,v) =
(z4,v). The composition ¥ o 6 is H -invariant, so there is a holomorphic map 6; : A —
Ej such that ¥y 0 6 = 6y o w|guxw. Let @ = p({A} x W), let y : C"*T1 — CnH!
be the map ¥ (z,z1,...,2n) = (24,21, ..., 2n), and let Q1 = ¥ (£2). One has the
following commutative diagram of holomorphic maps:

0 (z,t1505tn)

Ay x W E Q
(15) nl " v
A 61 El(z’tl’m’tn)szl-

The vertical maps in the right square of (15) are H -invariant, the horizontal maps
are biholomorphic (cf. [22, Prop. 3.18]), and by Lemma 4.5 Q/H =~ Q;, therefore,
E| = E/H . This implies that 6; : A — E; and p; : A — £ are biholomorphic maps.
The map p; : E — V equals ¢ o ¥1; therefore, the equality p; o 6 = p|(yyxw implies
@106 = ¢la.
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We mention that (ii) implies the smoothness of X (y¢), as well as the smoothness
of my o0 : X(y9) — HnG(Y, ¥o) using [16, Ch. III, Prop. 10.4]. ]

The next proposition is a particular case of Proposition 3.11.

ProposiTION 4.7. Let (p : €(yo) — Y x HE (Y, y0),{) beas in §4.4. Let p : €(yo) —
€(0)/ G(Ao) be the quotient morphism and let ny =po ¢ : HO(Y, yo) = €(y0)/ G (Ao).
Then (p : €(y0)/G(ro) = Y x HO (Y, yo),n1) is a family of pointed covers of (Y, yo)
equivalent to the family (¢ : X(yo) = Y x H, G(Y, Yo0), 1)) defined in Proposition 4.6.

In Proposition 2.13, we proved that the set HA Ao (Y Vo) is bijective to the set of
equivalence classes of pointed (A, G)-covers of (Y ¥o) branched in n points.

ProrosiTioN 4.8. The left action of Ng(p)(G) on HS (Y, yo) defined by o * (D, m) =
(D,omo 1) is an action by covering automorphisms of the étale cover § : HnG (Y, y0) —
Y \yo)i"), where §(D,m) = D (cf. §3.4). The subgroup N(Ag) = {0 € Ng(a)(G) |
doo = Ao} acts freely on HC (Y, yo) and the quotient set

HYS(Y, y0) = HE(Y, y0)/N(Ro)

can be endowed with a structure of quotient affine algebralc variety. The quotient map
v:HSE(Y, y0) — HA e (Y Yo) and the map &, : H, /lo Gy, vo) > (¥ \yo)( )gwen
by §1(D, mN*0))y = D are étale covers.

ProoF. Themap § : HO (Y, yo) — (Y \yo)in) given by §(D,m) = D is atopological
covering map with respect to the canonical complex topologies; every neighbor-
hood Np(Uy,...,U,) of D € (Y \ yo)i") is evenly covered (cf. (9)). It is clear
from (8) that for every o € Ng(a)(G) the map (E, u) — (E, opo~ 1) transforms
Npmy(Ui,....Up) into Nep g mo—1y(Ut. ... Uy), 50 Ns(a)(G) acts on HE (Y, yo)
by covering homeomorphism with respect to |[§**|. By [22, Cor. 4.5], this action is
by covering automorphisms of the étale cover § : HnG (Y, yo) > (Y \ yo)in). The
subgroup N(Ao) acts freely on HS (Y, o) (cf. Proposition 2.8), so the quotient set

H, Ao (Y yo) = HC (Y, y0)/N(Xo) has a structure of a smooth, affine algebraic variety
[29, Ch. 111, Prop. 18] and the quotient map v is an étale cover. One has § = §; o v, so
81 is a morphism by the universal property of quotients and it is an étale cover since §
has this property and v is étale. |

49. The quotlentmorphlsmv H G(Y, y0) — HA o (Y Y0) yleldsahomeomorphlsm
[HE (Y, yo)™|/N (o) = |H, 55 (Y, yo)™| (cf. (22, Lem. 2.5)). so | o (Y. yo)™|
has a neighborhood basis consisting of the open sets
(16)  Nip vy (Ur, ..., Up) = v(Npm) (U, ..., Un))

= {(E,m(E)N*)) | E e Np(Uy,...,Up)}.
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For every 0 € N(Ag), 0 # 1, one has
N(D,m)(Ulv [P Un) n N(D,omafl)(Uh ey Un) == @,

so |6{"| is a topological covering map and every open subset Np(Uy, ..., U,) C
Y\ yo)fk") is evenly covered:

17 7' (Np(Ur... Un)) = || NepmnoonUi.....Un).

mNAo)

4.10. Let€(yo) = p~ (Y x HE (Y, yo) \ B). We recall from [22, Sec. 3] that € (yo)’
is bijective to the set {(Tn[a]p, D, m)} where (D, m) € HE (Y, o),

I = Ker (m : 71 (Y \ D, yo) - G),

aisapathinY \ D with «(0) = yy, and [«¢]p is its homotopy class in Y \ D. The
map p' = plecoy : €0) = ¥ x HE (Y. yo) \ B, defined by (T'u[e]p. D.m) v
(x(1), (D, m)), is a topological Galois covering map with respect to the topologies
of the associated complex spaces, with a group of Deck transformations isomorphic
to G, where the action of G is defined as follows: if g € G, g = m([o]p), then
gTmlalp, D,m) = (Um0 - a]p, D, m).

In the setup of §2.1, for every (D, m) € HS (Y, yo) let T =m 1 (G(Ro)) C
71 (Y \ D, yo). Let X (y0) = ¢~ (Y x HE (Y, o) \ B). By Proposition 4.7, X (yo)’
is isomorphic to €(yo)’/ G(Ao) by an isomorphism over ¥ x HS (Y, yo) \ B. The
quotient €(yo)’/ G(Ao) is bijective to the set { (I, 1, [@] p, D, m)} and the quotient mor-
phism p" : €(y0)’ = €(y0)'/ G(Ao) is givenby (I'm[e]p, D.m) = (T 3, lalp, D.m).
One has X (o)™ = €(y9)™/G(A) by Proposition 4.2. The map ¢’ : X (yo) —
Y x HP(Y, yo) \ B may be identified with

(18) (Cmaolelp. D.m) + (a(1), (D, m))

and it is a topological covering map with respect to the topologies of the associated
complex spaces.

ProposITION 4.11. For every (D, m) € HC (Y, yo) and every o € N(¢) one has
Timro = Lomo—1 4, Consider the left action of N(Ao) on the set X (yo)' defined by

O'(Fm,;\o[a]D, D,m) = (Famo—l,xo[a]p, D,Gmo_l).
This is an action by covering automorphisms of the composed étale cover
(19) X(yo) =¥ x HJ(Y.y0) \ B =Y x (Y \ yo){” \ 4,

where A = {(y, D) | y € D}, and it can be uniquely extended to a left action of N(Ag)
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on X (yo) by covering automorphisms of the composed cover
@ idx8
X(yo) = ¥ x HZ(Y.yo) = ¥ x (Y \ yo){.

The morphism ¢ = X (yo) — Y x HS (Y, yo) is N(Ao)-equivariant with respect to the
action of N(Xo) on'Y x HS (Y, yo) defined by o * (y, (D,m)) = (y,(D,omo~1))
(cf. Proposition 4.8).

Proor. For every o € N(¢) one has 6 G(Lo)o~ ! = G(Ap), so Como—120 = Tm.g-
A basis of open sets of the topology of €(yo)'™ was constructed in [22, Sec. 3] as
follows. Let (y, (D,m)) € Y x HO(Y,yo) \ B, D = {by,...,b,}.LetU,Uy,..., U,
be disjoint embedded closed disks in Y with interiors U, Uy, . . ., Uy, respectively, such
that y € U, U; C Y\{yo},bi eUj,i=1,....,n.Leta: I — Y\U?=1 U, be a path
such that «(0) = yg, (1) = y. Let

(20) N, pmy(U, Uy, ..., Uy)

= {(Cme)ler - tlg. E.m(E)) | EENp(Uy,... . Uyp), T: 1 —>U, t(0)=y}.

The family of these subsets of € (yg)’ is a basis of open sets of the topology of € (y¢)"™".
Furthermore (cf. §4.10),

|G|

el p U X NpmyUi,...,Uy)) = |_| N, pmy(U. U, ... . Uy),
j=1

where m([a; - a;]) # 1 fori # j.Leth € G(A¢), h = m([n]), where 7 is a loop in
Y \U'_, U;. Then

hN(a,D,m)(U, Uy,..., Un) = N(n-a,D,m)(Uv Ug,..., Un)

We see that acting on € (yg)’ the group G(A¢) permutes the open sets on the right-hand
side of (21) and the image of Ny, p m)(U,Us, ..., Uy,) in X (o) is the set

(22) N(a,D,m)(Uy U,..., Un)
={(CnEyrola - tTle. E,m(E)) | EENp(Uy, ..., Uy), T: I —>U, 1(0)=y}.

These sets form a basis of open sets of the quotient complex topology of X (y¢)’ =
€(y0)'/ G (o) and

d
(p/_l(U X N(D’m)(Ul, trt Un)) = I_l N(a,‘,D,m)(U7 Ula R} Un)a
i=1

where m([e; - ;7 ]) € G(Ao) fori # j.
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Leto € N(Lo). Then 6 N, pmy(U, U1, ....Un) = N p omo—1y(U. Ut, ... Un).
Therefore, N(Ag) acts on X (o)’ by covering homeomorphisms of the composed
topological covering

X(yo) L ¥V x HE(Y,y0) \ B = Y x (Y \ yo)? \ A.

By [22, Cor. 4.5], N(Ag) acts on X (o)’ by covering automorphisms of the composed
étale cover (19). It is clear from (18) that ¢’ is N(Ag)-equivariant.

Let H be a connected component of HS (Y, yo). Let X (o)} = ¢ 'Y x H\ B).
This is an irreducible algebraic variety, quotient of the irreducible variety

pN(Y x H\ B) =€)y

(cf. [22, §3.16]), and the smooth variety X (o) = ¢~ (Y x H) is the normalization
of Y x H in the field of rational functions C(X (y¢)} ). Given o € N(Ao), the map
x > ox defines an isomorphism X (o) 5% (o)., - Passing to normalizations,
this isomorphism extends in a unique way to an isomorphism X (yo) g 5% (¥0)oxH -
This defines an action of N(1¢) on X (yo) with the required properties. ]

4.12. The group N(XA¢) acts on X (yo) by covering automorphisms of the cover
X(yo) = Y x(Y'\ yo)i”). We denote by X (yo, Ao) the quotient algebraic variety
X (y0)/N(Ag). The N(Ag)-equivariant cover ¢ : X (yg) — Y X HnG (Y, yo) descends
to a cover ¢ : X (o, Ag) = ¥ X Hﬁﬁ(Y, ¥0)- One has the following commutative
diagram:

X (yo) ——— X (0. Ao)

(23) wl ld)

Y x HE(Y, yo) 2% ¥ x HMG (Y, yo),

n,Aop

where k and v are the quotient morphisms with respect to the actions of N(4¢). The
morphism k o 1 : HS (Y, y) — X (0, ko) maps (D, m) to (T 1, [cyo] D D, mNG0)),
where mN?0) = {emo~" | o € N(Ag)}, so k o nis N(Ag)-invariant and can be decom-
posed as € o v, where § : H,f\’)’g (Y, y0) = X (yo, Ao) is a morphism with the property
that ¢ (§(D, mN30)) = (yo, (D, mN%0))) ¥(D,mNG30) e HMO (¥, yo)

The closed algebraic subset B C Y x HE (Y, yo) is N(A¢)-invariant. Let 8 =
id x v(B) and let X (9, A0) = X (y0,A0) \ ¢~ 1(B). Then

X (¥0.20) = X(y0)'/N(Ao) and [X(yo,A0)"| =X (y0)™|/N(Ao)

(cf. [22, Lem. 2.5]). For every element (y, (D, mN*0))) of Y x Hrf\)’g(Y, vo) \ B and
every z = ([, i, [@]p, D, mN?9) € X (o, Ao)' such that ¢(z) = (y, (D, mN?0)),
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the sets

(24) Nig.pmnooyU. Ut ... .U)={(TCm(Eyaole - 1. E.m(E)NHO) |
EeNp(U,...,Uy), t: 1 —>U, r(O):y}

form a basis of neighborhoods of z in the topology of X (yg, A¢)"*" (cf. (20) and (22)).
Tueorem 4.13. The pair
25)  (¢:X(o.ho) > ¥ x HO (Y, yo). &+ HiC (Y. y0) > X(yo. Ao))

is a smooth, proper family of pointed (A, G)-covers of (Y, yo) branched in n points. The
variety X (yo, Ao) is smooth. The branch locus of ¢ is B. The fiber of the family over
(D, mNGo)y ¢ H,ﬁig (Y, yo) is a pointed (A, G)-cover of (Y, yo) with monodromy
invariant (D, mN®0)). Every pointed (A, G)-cover of (Y, yo) branched in n points is
equivalent to a unique fiber of the family (25) by a unique covering isomorphism.

ProoF. The morphism ¢ : X (yo) — Y x HC (Y, yo) is N(Xo)-equivariant and N(Ag)
acts freely on HO (Y, yo) (cf. Proposition 2.8). Therefore, the action of N(1¢) on
the smooth variety X (yo) is free, which implies that the quotient algebraic variety
X (y0, Ao) is smooth. The morphisms k and v of (23) are étale covers, so the composition
ma0¢: X(yg,Ao) = H,ﬁig (Y, yo) is smooth, since X (yo) — HnG (Y, yo) is smooth by
Proposition 4.6. Furthermore, 75 o ¢ is proper since ¢ is finite and 75 is proper. Acting
by N(Ag) on X (yg), every 0 € N(Ao) transforms the pointed (A, G)-cover of (Y, yo),
(X(yo)(p,m) — Y,n(D,m)), with monodromy invariant (D, mN40)) (cf. Proposi-
tion 4.6) into the equivalent pointed cover (X (yo)(p omo—1y — Y, n(D, omo~1)) of
(Y, yo); therefore, the fiber of the family (25) over (D, mN (’10)) is a pointed cover of
(Y, yo) equivalent to any of these ones. This proves the stated properties of the family
(25). The last statement of the theorem follows from Proposition 2.13 and §2.5. ]

REMARK 4.14. The local analytic form of ¢ : X (yg, Ag) — ¥ X H,ﬁﬁ (Y, yo) at
the points lying over the branch locus of ¢ is the same as that of ¢ : X (yg) = Y X
HE (Y, o). In fact, in the commutative diagram (23), ¢ is N(A¢)-equivariant and the
action of N(X¢) is free. Let x; € X (o, Ag) be a point such that ¢(x;) belongs to 3.
Let x € X (yo) be a point such that k(x) = x; and let ¢(x) = (b;, (D, m)), where
D ={by,...,bj,...,b,} (cf. Proposition 4.6). Acting on ¥ x HnG(Y, Yo) by

o (y.(D.m)) = (y.(D.omo™")),

every o € N(Ao) transforms V = U x N(p ) (Ui, ..., Uy,) into the open set oV =
U x N(D’Uma—l)(Ul, ...,Up)and 01V N o,V = @ if 01 # 0,. Respectively, acting
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on X (yg), the group N(Ag) permutes ¢~ (cV), o € N(Ao). If A is the neighbor-
hood of x as in Proposition 4.6, let A1 = k(A) and let V; = (idy x v)(V) =
N( D’mN(AO))(U 1,--.,Uy). Then one has a commutative diagram of holomorphic maps

A4,

ml ld’"“

in which the horizontal maps are biholomorphic. Therefore, statements analogous to
(i) and (ii) of Proposition 4.6 hold for ¢ |4, : A1 — V1.

1dXv“n

ProrositioN 4.15. Let (f : X — Y x S,n: S — X) be a smooth, proper family of
pointed (A, G)-covers of (Y, yo) branched in n points. Let B C Y x S be the branch
locus of f. For every fiber (fs : Xs — Y, n(s)) let (e5,ms) be a pair which satisfies
the conditions of Proposition 2.8 (i) (cf. Proposition 3.3). For every s € S let u(s) =
(Bs,mj (AO)) e H (Y Yo) be the monodromy invariant of (fs : Xs — Y, 1(s)). Then
u:S — H o (Y yo) is a morphism.

Proor. Themap 8 : S — (¥ \yo)i") C Y™ given by B(s) = By is a morphism by
[22, Prop. 2.6]. The map u fits in the following commutative diagram:

n lo (Y Yo)

P
S —5 (Y \ yo)

where 8, is the étale cover defined by §; (D, m™N*0)) = D (cf. Proposition 4.8). In order
to prove that u is a morphism it suffices to verify that u is continuous with respect to the
topologies of $" and HA Ao (Y 0)* (cf. [22, Cor. 4.5]); i.e., we have to show that for
every s € S and every nelghborhood N of u(s) the point s is internal of u~1(N). Let
so be an arbitrary point of S. Let B(sg) = D = {b1,...,b,}.Let(e : A — fsgl(yo),
m (Y \ D, y9) — G) be a pair which satisfies condition (i) of Proposition 2.8 with
e(Ao) = n(sp). One has u(sg) = (D, mN(AO)) Let N(D mN(/\O))(Ul, ..., Uy,) be any of
the open sets of the neighborhood basis of (D, m~(*0)) in |H o (Y yo)““| contained
in N (cf. (16)). In the course of the proof of Lemma 3.5, we showed that there exists
a connected neighborhood V' C |S*"| of s¢ such that (V) C Np(Uy,...,U,) and
we constructed for every s € V apair (¢ : A — f, 1 (yo), m), = m(B(s))) as in (10).
For all s € S this pair satisfies the conditions of Proposition 2.8 (i). In fact, the first
one was verified in the proof of Lemma 3.5. We claim that the second one is satisfied
as well: €}(1o) = n(s) Vs € S. This holds since {yo} x V is a connected subset of
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U xV,s0o f~1({yo} x V) is a disjoint union of d = |A| connected components
FY{yoy x V)N Wy,Ae A.Themapn:S — f~1({yo} x S) is continuous with
respect to the canonical complex topologies and 1(so) = &(Ag) € W,,,. Therefore,
n(V) is the connected component of /! ({yo x V'}) contained in Wj,. This shows
that 5(Lg) = n(s) Vs € V. Using Proposition 2.8, we conclude that Vs € V the
monodromy invariant u(s) of (f; : Xy — Y, n(s)) equals (B(s), m(B(s))N*)), so
u(s) € v(NwD,m(Ut,....Un)) = Np vy (Ut,..., Uy) (cf. (16)). Therefore, V C
u~'(N). ]

LEMMA 4.16. Let [ : X — S and g : Z — S be proper, surjective morphisms of
algebraic varieties. Let h : X — Z be a morphism such that f = g o h. Suppose that for
every s € S the induced morphism of the scheme-theoretical fibers hy : X ®g C(s) —
Z ®s C(s) is an isomorphism. Then h is an isomorphism.

Proor. The map 4 is bijective. By [15, Prop. 4.6.7 (i)], every s € S has an open
neighborhood U in S such that 1| p—1 gy f7YU) — g7 1(U) is a closed embedding.
Since X and Z are reduced schemes, h|s-1(y) is an isomorphism. Therefore, / is an
isomorphism. L

In the next theorem, we assume the setup of §2.1.

TuaeoreMm 4.17. The algebraic variety Hrf\)’fo;(Y, Yo) is a fine moduli variety for the

moduli functor K (‘;\,’SO) ,, of smooth, proper families of pointed (A, G)-covers of (Y, yo)

branched in n points (cf. §3.8). The universal family is (cf. Theorem 4.13)
26)  (¢:X(vo.ho) > ¥ x HyO (Y. yo). & Hi52 (Y. y0) = X(yo. Ao)).-

ProoF. Let [f : X — ¥ x S.7: S — X] € HyS  (S)andlet B CY x S be
the branch locus of f. For every fiber (f; : Xy — Y, n(s)) let (g5, mg) be a pair
which satisfies the conditions of Proposition 2.8 (i) (cf. Proposition 3.3). Letu : § —
Hﬁﬁ(Y, vo), u(s) = (Bs, mﬁv(’l")) be the morphism of Proposition 4.15. We want to
provethat (f : X — Y x §,n) is equivalent to the pullback by u of the family (26). This
is the unique morphism with this property since the monodromy invariant classifies
the pointed (A, G)-covers of (Y, yo) up to equivalence. For every s € S there exists a
unique isomorphism 7 : Xy — X (»0, Ao)u(s) Such that ¢y (s) © hy = (idy x u) o fi
and hg(n(s)) = Eu(s)). Leth : X — X (yo, Ag) be the map whose restriction on every
X equals &g. One obtains the following commutative diagram of maps:

x—" X (yo,Ao)

@7) fl |0
Y xS 2%y x HAG (7, yo).

n,Ao
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We want to prove that 4 is a morphism and that (27) is a Cartesian diagram. Let
BCY x H,f\,ﬁ(Y, ¥0) be the branch locus of ¢. One has B = (idy x u)~!(B).
Let X' = X \ f7'(B), X(y0.20)" = X(vo,20) \ ¢~ (B), k' = hlx/, f' = flx,
@' = @|x(y0,40) - Restricting (27) to the complements of the branch loci, one obtains
the commutative diagram of maps

X — " X(ye. Ao

SN

(idxu)’ AG
YxS\B——Y an,AO(Y,yO)\;TE.

We claim that 4’ is continuous with respect to the topologies of X"*" and X (yo, 19)"™".
Lets € S andletes : A — ;71 (yo), ms : w1 (Y \ By, yo) — G be a pair as in Propo-
sition 2.8 (i) with £5(A¢) = n(s). One has

(S (X n(s)) = my (G(Ro)) = Tmy -

Let x € X; and let y : I — X be a path such that y(0) = n(s), y(1) = x. Then
f'oy: I — Y\ By is a path with initial point yg. Lifting f’ o y in X (yo, /\0);(5)
with initial point & (u(s)) = (I, 4, [Cyo]Bs» Bss mﬁV(AO)), its terminal point is

@%) W (x) = 1) = (T 20Lf" © VB, Boom40).

Forevery xo € X’ and every neighborhood N of ’(xg) in X (o, Ao)"*" we have to prove
that xo is an internal point of 2/~ (N). Let f”(xo) = (y,50), D = By =1{b1.....bn},
m=mg, :m (Y \D,yo) > G.Letyy: I — Xs’0 be a path such that y(0) = 1(so),
vo(1) = xo, and let ¢ = fs’o oyg: I — Y\ D.Onehas a(0) = yg, 2(l) = y, and
h,(Xo) — (Fm,ko[a]D’ D, mN(M))), Let N(a,l_),mN(lo))(U’ Uy, ..., U,), with yeU,
bieU,i=1,...,n,anda(l) C Y\ U?=1 U;, be a neighborhood of A’ (sg) as in (24)
contained in N. We want to show that there exists a neighborhood W of x( such that
W) cC Ng.pmN00y (U, Ui, ..., Uy). The complex space S*" is locally connected
[12, Ch. 9, §3 (1)], so one may shrink the neighborhood U of y and choose a connected
neighborhood V of s¢ such that (V) C Np(Uy,....U,), U xV CY xS\ B and
"YU x V) is a disjoint union of connected open sets homeomorphic to U x V. Let
W be the connected component of f’ (U x V) which contains xo. We claim that

W) c Ng.pmnooy (U, Ui, ... . Uy).
Consider the homotopy

F:[0,1]xV ->YxS\B, F(,s)= (a(t),s).
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By the covering homotopy property of topological covering maps (cf. [30, Ch. 2, §3,
Thm. 3]), there is a unique continuous lifting of F

/ lf’

[0, l]xV—)YxS\B

such that F(0,s) = n(s) Vs € V. We have [’ o F(0,5) = f'(n(s)) = (yo.5) =
(«(0),5).Lets € V. The pathr — F (¢,s) isalifting of @ x {s} with initial point 7(s), so
FI(F(1,5)) = (a(1),s) = (y,5) € U x V.If s = 50, then F(1,50) = yo(1) = xo. This
implies that F({1} x V) C W since V is connected. The map f'lw: W —>UxVisa
homeomorphism. Let x € W and let f'(x) = (z, s). We construct a path y in X which
connects 7(s) with x as follows. The path &(¢) = F(t,$),t € [0, 1], has initial point
n(s) and terminal point F(1,5) = w € W such that f(w) = (@(1),s) = (y,s). Let
t:1 — Ubeapathsuchthat 7(0) = y, (1) = z. Theny = & - ((f'|w) ! o (r x {s}))
is a path in X which connects 7(s) with x and f] oy = o - 7. Let B(s) = E. We
showed in Proposition 4.15 that mN(AO) m(E)N*0) 5o by (28),

W (x) = (T pole - Tle, E,m(E)N0).

This shows that 2’/ (W) C N.pmN0oy (U, Ui, ..., Uy), s0 xg is an internal point of
7' ~Y(N). The claim that 4’ is continuous is proved.
One applies [22, Cor. 4.5] to the commutative diagram

X (yo, Ao)’
/ e
/
Xearans X Huio S(Y.y0)\ B

and concludes that &’ : X — X (y9, A¢)’ is @ morphism.

Letgs : X (yo,A0)s =Y xS bethe pullback of ¢ : X (yo, Ao)—Y xH (Y Yo)
byu:S — HAAG(Y ¥o). The composition X’ — X (vo, o) = X (yo. )LO) ylelds an
S-morphism ¥ : X’ — X (yg, Ao)s which fits in the following commutative diagram

of morphisms:
v

X! X(y0,4o)s
N

|

S.
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The graph I" of ¥ is contained in the set-theoretical fiber product X Xy xs X (yo,A0)s,
which is a Zariski closed subset of X x X (yo, Ag)s, so it contains the closure T.
Therefore, the projection morphism I’ — X has finite fibers. Applying [21, Thm. 2], one
concludes that i can be extended to an .S-morphism VX = X(yo.Ao)s. For every
s € S the composition X ﬁ, (X (y0,20)s)s 5 X (¥0: Ao)u(s) is a morphism whose
restriction on X coincides with /). Hence, this composition equals /. This implies that

h equals the composition of morphisms X K) X (y0,A0)s = X (yo,A0),s0h : X —
X (yo. Ao) is a morphism. Furthermore, ¥y is an isomorphism for every s € S. Applying
Lemma 4.16 to the smooth, proper morphisms X — .S and X (y¢,Ao)s — S, one
concludes that {ﬁ 1 X = X (y0,A0)s is an isomorphism, so diagram (27) is Cartesian.
One has that ¢5 o {ﬁ = f and @(n(s)) =Y (n(s)) = Es(s) Vs € S since h(n(s)) =
& (u(s)) by the construction of the map /. Therefore, (f : X — Y x §, n) is equivalent
to the pullback of the family (26) by the morphism u : S — H,'3% (Y, yo). .

A pointed cover (f : X — Y, x9) of (¥, yo) is a (A, G)-cover if and only if it is
equivalent to (A x% C — Y, (Ag, z¢)) for some pointed G-cover (p : C — Y, z¢) of
(Y, yo) (cf. Corollary 2.14). In the next proposition, applying Theorem 4.17, we extend
this to smooth, proper families of pointed covers of (Y, yg) (cf. also Proposition 3.11).

ProrosiTion4.18. Let yg € Y. Let (f : X — Y x S,n:S — X) be a smooth, proper
Sfamily of pointed covers of (Y, yo) branched in n points. Suppose that S is connected
and there is a point sg € S such that ( fs, : X5, = Y, 1n(50)) is a (A, G)-cover of (Y, yo).
There is an étale Galois cover i : T — S with Galois group isomorphic to N(Ao) and
a smooth, proper family (pr : € — Y x T,Cr : T — €) of pointed G -covers of (Y, yo)
branched in n points such that the pullback by u, (fr : Xr = Y xT,nr : T — X71),
is equivalent to (A X € =Y x T, w(Xo. 1) : T — A xG €) (cf. Proposition 3.11).
For every s € S the fibers over the points of W' (s) are the |N(Ao)| pointed G-covers
of (Y, yo), nonequivalent to each other, whose quotients by G(Ao) are equivalent to
the pointed cover (Xs — Y, 1(s)) of (Y, yo) (cf. Corollary 2.14).

Proor. By Proposition 3.6, (f : X — Y x S, ) is a smooth, proper family of pointed
(A, G)-covers of (Y, yo). Letu : S — Hﬁﬁ (Y,yo)and i : X — X (yo,Ag) be the
morphisms defined in the proof of Theorem 4.17, which make diagram (27) Cartesian.
The quotient morphism v : HS (Y, yo) — H,f\’}ﬁ (Y, yo) is an étale Galois cover with

Galois group N(Ag). Let T be the fiber product, which fits in the Cartesian diagram
T —*— HZ (Y. yo)

(29) Ml lv

S 2 HMO(, yo).

n,Ag
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The morphism p : T — S is an étale Galois cover with Galois group N(4¢) (cf.
[23,Prop. A.7.1.3]). Let (fr : X7 — Y x T,n7) bethepullbackof (f : X — Y x S,n)
by w: T — S (cf. §3.8). One has the following commutative diagram of morphisms
in which the two squares are Cartesian:

h
Xr X " X (yo, Ao)

(30) fr f l¢

Y xT -2y 0§ 2%y x BAE (Y. yo).

Therefore, the composed diagram is Cartesian as well [ 11, Prop. 4.16]. Let (¢ : X (o) —
Y x Hf (Y, y9),0 : HnG(Y, o) = X (o)) be the family of pointed (A, G)-covers
of (Y, yo) defined in Proposition 4.6. Let (f1 : X; — Y x T, n1) be its pullback by
u:T—>H nG (Y, yo). One has the following commutative diagram of morphisms in
which the left square is Cartesian and the right one is (23):

h K
X ———— X (yo) ——— X (y0.0)

3D flJ/ lq’ l‘ﬁ

Y x T -5 Y x HE(Y, yo) ~=5 ¥ x HMO (Y. yo).
The right square is also Cartesian since the canonical morphism of X () into the fiber
product is a bijective morphism of smooth algebraic varieties. Therefore, the composed
diagram is Cartesian. We have u o u = v o u by (29). Comparing (30) with (31), we
conclude that there is an isomorphism ¢ : Xy — X7 such that fr o g = f1. We claim
thatg o ny(t) = nr(t) Vt € T. It suffices to check thatk o hy oy (t) = h o hy o nr(2).
One has

(i (m®)) = x(0(@@)) = £(v(@0))
and

h(hu(n7 ) = h(n(r®)) = §@(n®) = £ @EO))-

This shows that g : X; — X defines an equivalence of the families of pointed covers
of (Y,y0), (f1: X1 =Y xT,nm)and (fr: Xr =Y xT,n7).

Let (pr : € — Y x T, {r) be the pullback of (p : €(yo) — Y x HE (Y, yo), )
byu:T — HnG (Y, yo) [22, §5.2]. One has that € is reduced and may be identified
with the closed subvariety € = {(z,t) | 2 o p(z) = t(t)} of €(yo) X T. The induced
action of G is defined by g(z,t) = (gz.t) and {7(t) = (£(u(¢)).t) Vt € T. Let
Jj : € — €(yp) be the G-equivariant morphism j(z,t) = z. Let H = G(A¢) and let
p 1 €(yo) =& X(yo) be the H -invariant morphism defined by p(z) = 7w (Ao, z). Let
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p1 : € > X; be the morphism defined by p;(z,t) = (p(z), ). It is H-invariant and
fits in the following commutative diagram of morphisms:

e— " x,— " yxT

[, e

€(y0) —2— X (yo) —— Y x HE (Y, o).

One has that f; o p; = pr and ¢ o p = p, so the composed diagram is Cartesian. The
right square is Cartesian, so the left square is Cartesian as well [11, Prop. 4.16]. By
Proposition 4.7, p induces an isomorphism p : €(yo)/H 5x (o). The formation
of quotients by H commutes with base change [23, Prop. A.7.1.3], so p; induces an
isomorphism p; : €/H — X over Y x T. Furthermore, p; transforms the section
(r: T — €intony : T — X;.In fact, for every ¢t € T one has

p1(Cr (@) = p1(£(@(0).1) = (p(¢(@(®))). 1) = (0(ii(1)).1) = n1 (0).

By Proposition 3.11, we conclude that (f; : X1 — Y x T, 1) is equivalent to
(AxC€—Y xT,7(Ag,Lr)). This proves the proposition since ( f7 : X7 — Y x T, n7)
is equivalent to (f1 : X1 = Y x T, n1) as we saw above. The last statement of the
proposition follows from diagram (29). |

4.19. Let (f : X — Y, xo) be a pointed (A, G)-cover of (Y, yo) branched in D =
{b1,....by} CY \ {yo}associated withe : A — f~1(yo),m: (Y \ D, yo) = G as
in Proposition 2.8 (i). Let y1, . . ., ¥, be loops based at yg asin §2.4 and let g; = m([y;]),
i =1,...,n. Varying Uy,...,U, and 11, ..., n,, one obtains Yi+--- ¥y and g =
m([y]]) such that g/ belongs to the conjugacy class of g; in G,i = 1,...,n (cf. §2.6).
Furthermore, replacing (f : X — Y, xo) by an equivalent pointed (A, G)-cover
(f1: X1 =Y, x{)of (Y, yo) resultsinreplacing (g, . ..,g,) by (cgjo~,...,0g,07Y),
where 0 € N(Ao).

DEeriNITION 4.20. Let Oq, ..., Ok be conjugacy classes of G, O; # O; if i # j.Let
n=n101 + -+ ng O be aformal sum, wheren; € N.Let |n| =n; +---+np =n.
We say that a pointed cover (f : X — Y, x¢) of (Y, yo) branched in n points is a
(A, G)-cover of branching type n if there exists a bijection e : A — f~1(yp) and an
epimorphism m : 71 (Y \ D, yo) — G, which satisfy condition (i) of Proposition 2.8,
such that

(32) n; of the elements m([y;]) belong to O; fori =1,.... k.

Notice that the branching type is not uniquely determined by the equivalence class
of f. It specifies that (f : X — Y, x¢) is equivalent to (A x¢ C — Y, w(Ag, zo)) for
some pointed G-cover (p : C — Y, zg) of (¥, yo) of branching type n.
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4.21. Let HnG (Y, yo) be the subset of HnG (Y, yo) consisting of the elements (D, m)
with m satisfgfing condition (32). Every nonempty H nG (Y, yo) is a union of connected
components ofHG(Y yo)and HS (Y, yo) |_||n| —n H (Y, y0).Leto € N(Ag). Then
o * Hf(Y, Vo) = (Y Yo), withn' =n, 07 +- + nk Ok, where O is the conju-
gacy classoc O;0~ ofG Suppose HG(Y yo) 7# @. Let H (Y yo) = v(HG(Y o))
(cf. Proposition 4.8). It is a union of connected components of H o (Y ¥o). Let us
denote by ¢, : X, (yo,Ao) = ¥ X H, AG (Y Vo) the restriction of the family

¢ X(yo, o) > Y x Hn/’l (Y, yo)
andlet§, : H, - ,1 (Y Y0) = Xn(Yo, Ao) be the restriction of the morphism

£: H,,,,io (¥, y0) = X(yo, Ao).

THEOREM 4.22. Letn = n101 + --- + ni O, |n| = n, be as in Definition 4.20. Let

(f: X =>Y xS8,1n:8 — X) be a smooth, proper family of pointed covers of (Y, yo)

branched in n points. Suppose that S is connected and there is a point so € S such

that (fs, : Xso = Y, n(s0)) is a (A, G)-cover ofbranching type n. Then

(1)  there exists aunique morphismu : S—)H e (Y Yo) suchthat (f : X—)YXS n)
is equivalent to the pullback by u of (¢, : .‘)C n(¥0, o) = Y x Hn o (Y Y0).&n);

(ii)  there exists an étale cover u : T — S and a smooth, proper family of pointed
G-covers (p: € - Y xT,.: T — €) of (Y, yo) of branching type n, such
that the pullback by i, (fr : Xt — Y x T, n7), is equivalent to (A x% € —
Y x T, (Ao, CT)) (cf Proposition 3.11).

Proor. By Proposition 3.6, (f : X — Y x S, ) is a smooth, proper family of pointed
(A, G)- covers of (Y, o). Part (i) follows from Theorem 4.17 since the morphism
u:S — H (Y yo) of Proposition 4.15 has image contained in a connected com-

ponent of H (Y ¥o) Which is a connected component of H (Y Y0)-
Part (ii) is proved similarly to Proposition 4.18 replacing ( (29) by the Cartesian
diagram

T —"— H(Y, yo)

(33) ul lv

and using the universal family of pointed G-covers of (Y, yg) of branching type n,
(Pn: €a(yo) = Y x HE (Y, yo).&y) (cf. [22, Thm. 5.8]). "

Choosing another 1; € A as a marked element, one obtains a family of pointed
(A, G)-covers of (Y, yo) which is isomorphic to (25).
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ProprosiTiON 4.23. Let A1 € A andlet Ay = Aog, g € G. Let

(B4 (¢1: X(yo, A1) > ¥ x H (Y Yo),61: H, M C(Y, y0) = X(yo, A )

be the smooth, proper family of pointed (A, G)-covers of (Y, yo) branched in n points
associated with A1 € A (cf. Theorem 4.13). Then there exists an isomorphism

h:X(yo, A1) = X(yo, o)

which fits in the following diagram:

X(yo, A1) —r X (yo, Ao)

(35) ml l¢

Y x HNO (Y, yo) <25 Y x HAO (Y. yo).
where u : H (Y Yo) — Hn B (Y Yo) is an isomorphism given by u(D, mN(M)) =
(D, (gm1g~ 1)NU‘O)) and furthermore & ou = h o &,. Similar statements hold for the
universal families of pointed (A, G)-covers of (Y, yo) with a fixed branching type
n=n101+ -+ n;O.

Proor. Let (f : X — Y, x¢) be a pointed (A, G)-cover of (Y, y¢) branched in D €
Y\ yo)in) and let (g1 : A — f~1(y9),my : m (Y \ D, yo) — G) be a pair such
that &1 (Am;([o])) = e1(M)a VA € A and V[a] € 71 (Y \ D, yo), and £1(11) = xo.
Lete : A — f~1(y9) be the bijection defined by e(1) = &1(Ag). Then e(1g) = xo
and m = gm g~ ! satisfies e(Am([a])) = e(A)a VA € A and V] € nl(Y \ D, yo).
Applying this to the fibers of (34), we see that V(D, m} (A‘)) € H (Y, Yo) the
monodromy invariant relative to ¢ of

(X (o, A1) (p o0y = Y61 (D, mY*0))

is (D, (gm1g~")N?0)), s0 by Proposition 4.15, u is a morphism. By Theorem 4.17,
there exists a morphism £ : X (y9,A1) = X (yo, Ao) which makes diagram (35) Carte-
sian and satisfies & o £; = £ o u. Replacing Ao with A1, Ao = A;g~!, one obtains a
morphism

up MO(Y yo) = H, M(Y Yo)

defined by
ur (D, m"*)) = (D, (g™ mg)N ),

inverse to  and amorphism 21 : X (y9,A0) — X (¥0,A1).Onehashy o h =idx(yo,1,)
since hy o h o &y = & and similarly & o hy = idx;(y,10)- L]
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