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Abstract. – Given a smooth, projective curve Y , a point y0 2 Y , a positive integer n, and a
transitive subgroup G of the symmetric group Sd , we study smooth, proper families, parameter-
ized by algebraic varieties, of pointed degree d covers of .Y; y0/, .X; x0/! .Y; y0/, branched
in n points of Y n y0, whose monodromy group equals G. We construct a Hurwitz space H ,
an algebraic variety whose points are in bijective correspondence with the equivalence classes
of pointed covers of .Y; y0/ of this type. We construct explicitly a family parameterized by H ,
whose fibers belong to the corresponding equivalence classes, and prove that it is universal. We
use classical tools of algebraic topology and of complex algebraic geometry.
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1. Introduction

Fulton studied in [10] smooth, proper families of covers of P1 of degree d � 3 simply
branched in n � 2d � 2 points, parameterized by schemes over Z. In particular, over
C he constructed a universal family of such covers, parameterized by the Hurwitz
space Hd;n, a variety whose points correspond bijectively to the equivalence classes
of covers of P1 of the above type.

This paper is concerned with generalizing Fulton’s results to degree d covers of
an arbitrary smooth, irreducible, projective curve Y , branched in n points, whose
monodromy group is a fixed transitive subgroupG of Sd . When Y D P1, this problem
was first studied by Fried in [9] in connection with the Inverse Galois Problem. An
obstruction to the existence of a universal family of covers of Y of this type is the
presence of nontrivial covering automorphisms of f W X ! Y . This happens if the
centralizer of G in Sd is nontrivial. This obstacle may be avoided by working with
pointed covers of .Y; y0/, where y0 is a marked point of Y . Namely, we consider pairs
.f W X ! Y; x0/ where X is a smooth, irreducible, projective curve, f is a cover
branched in a setD � Y of n points, y0 …D, x0 2 f �1.y0/, and there is a numeration
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of f �1.y0/ such that the monodromy group obtained from the action of �1.Y nD;y0/
on f �1.y0/ equals G. We construct an algebraic variety H , a Hurwitz space, whose
points correspond bijectively to the equivalence classes of pointed covers of .Y; y0/ of
the above type.

We study smooth, proper families of pointed covers of .Y; y0/ parameterized by
algebraic varieties. Our main result is the construction of a universal family of degree
d pointed covers of .Y; y0/, branched in n points, with monodromy group G � Sd ,
parameterized by the Hurwitz space H . The construction is explicit and uses the
universal family of pointed Galois covers of .Y; y0/ with Galois group isomorphic to
G constructed in [22].

The covers f W X ! Y with restricted monodromy group and the related Galois
covers p W C ! Y yield polarized abelian varieties isogenous to abelian subvarieties
of the Jacobian variety J.X/ [4, 6, 17, 26]. Given a smooth, proper family of such
covers, one obtains a morphism of its parameter variety to a certain moduli space of
polarized abelian varieties, which may be studied by means of the associated variation
of the Hodge structures of weight one [3, 13, 14]. This approach to the moduli of
polarized abelian varieties was used in [18, 19] where the unirationality of A3.1; 1; d/

and A3.1; d; d/ with 2 � d � 4 was proved by means of families of simply ramified
covers of elliptic curves branched in 6 points. The Prym–Tyurin morphism from a
Hurwitz space to A6 was used in [1] to prove that every sufficiently general principally
polarized abelian variety of dimension 6 is isomorphic to a Prym–Tyurin variety of
a cover of P1 of degree 27, branched in 24 points, with monodromy group the Weyl
group W.E6/ � S27.

Emsalem studied in [7] the moduli properties of the Hurwitz spaces of pointed
degree d covers of .Y; y0/, where Y D P1, with a fixed monodromy group G � Sd .
He worked with families, which are not proper, whose fibers are étale covers of open
subsets of P1, complements of � n points, and whose parameter varieties are étale
covers of open subsets of .P1 n y0/.n/� . He constructed universal families of this type
parameterized by the corresponding Hurwitz spaces [7, Thm. 30].

Section 2 contains generalities on degree d covers of a curve Y with a fixed mon-
odromy group G � Sd . We associate with every cover some data called monodromy
invariant by which one parameterizes the equivalence classes of covers of Y of the
above type.

Section 3 of the paper contains generalities on smooth, proper families of degree d
covers of a curve Y with a fixed monodromy groupG � Sd . We discuss their connection
with the smooth, proper families of Galois covers of Y with Galois group isomorphic
to G.

In Section 4, given a curve Y , a point y0 2 Y , a positive integer n, and a transitive
subgroup G � Sd , we endow with a structure of an algebraic variety the set H which
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parameterizes the equivalence classes of pointed degree d covers of .Y;y0/, branched in
n points, with monodromy groupG. We construct explicitly in Theorem 4.13 a smooth,
proper family of pointed covers of .Y; y0/ of this type .� WX ! Y �H; � W H !X/,
parameterized by H , whose fiber over every h 2 H belongs to the equivalence class
of covers corresponding to h. We give the explicit form of � locally at the ramification
points in analytic coordinates (Proposition 4.6 and Remark 4.14). We prove that the
constructed family is universal in Theorem 4.17. We mention that a key ingredient of
the proof is the use of the criterion for extending morphisms from [21]. We prove in
Proposition 4.18 that, after performing an étale base change, every smooth, proper family
of pointed degree d covers of .Y; y0/ with monodromy group G � Sd is isomorphic
to the quotient by the isotropy subgroup H D G.1/, of a smooth, proper family of
pointed G-covers of .Y; y0/. We give in Theorem 4.22 a variant of the main theorem
in which the pointed covers of .Y; y0/ have local monodromies at the branch points in
a set of marked conjugacy classes of G.

Notation and conventions. We assume the base field is C. Algebraic varieties are
reduced, separated, possibly reducible schemes of finite type; points are closed points.
Fiber products and pullbacks are those defined in the category of schemes over C.
A cover f W X ! Z of algebraic varieties is a finite, surjective morphism. If Y is a
smooth, projective, irreducible curve, we denote by Y .n/ the n-th symmetric power
of Y and by Y .n/� the subset of Y .n/ consisting of effective divisors of Y of degree n
without multiple points. We identify such divisors with their support. If � � Y .n/,
then �� D � \ Y .n/� . Given an algebraic variety .X;OX /, the canonically associated
complex space is denoted by .X an;OXan/ [28]. Its topological space is denoted by jX anj.
We assume that the homotopy of paths leaves the end points fixed [24, Ch. 2, §2]. The set
of paths homotopic to ˛ is denoted by Œ˛�. The product of the paths ˛ and ˇ is denoted
by ˛ � ˇ and it equals the path 
 , where 
.t/ D ˛.2t/ if t 2 Œ0; 1

2
�, 
.t/ D ˇ.2t � 1/ if

t 2 Œ1
2
; 1�. Given a covering space p WM ! N of the topological space N , the map p

is called topological covering map. Lifting a path ˛ of N from an initial point z 2M ,
the terminal point is denoted by z˛.

2. Parameterization of covers with a fixed monodromy group

2.1. Throughout the paper, Y is a smooth, projective, irreducible curve of genus g � 0,
n is a positive integer,G is a finite group, which can be generated by 2gCn�1 elements,
ƒ is a finite set, jƒj D d , on which G acts on the right faithfully and transitively, we
choose an element �0 2 ƒ as a marked element, and G.�0/ D ¹g 2 G j �0g D �0º.
We identify G with its image in the symmetric group S.ƒ/ Š Sd , where S.ƒ/ acts
on the right.
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Definition 2.2. We call a finite, surjective morphism f W X ! Y a cover of Y if
X is a smooth, projective, irreducible curve. We say that two covers f W X ! Y and
f1 W X1 ! Y are equivalent if there exists a covering isomorphism h W X ! X1, i.e.,
one such that f1 ı h D f . A G-cover of Y is a cover p W C ! Y as above, such
that G acts faithfully on the left on C by automorphisms of C , p is G-invariant, and
Np W C=G ! Y is an isomorphism. Two G-covers of Y , p W C ! Y and p1 W C1! Y ,
are called G-equivalent if there exists a covering isomorphism h W C ! C1 which is
G-equivariant.

2.3. A necessary condition for two covers f WX! Y and f1 WX1! Y to be equivalent
is that they have the same branch locus D. Let y0 2 Y nD. Let Y an be the Riemann
surface associated with Y . Then �1.Y an nD; y0/ acts on the right on f �1.y0/ by
x � Œ˛� D x˛ 8x 2 f �1.y0/ and 8Œ˛� 2 �1.Y an nD;y0/, and similarly it acts on the
right onf �11 .y0/. Thenf is equivalent tof1 if and only if there exists a�1.Y an nD;y0/-
equivariant bijection � W f �1.y0/! f �11 .y0/. In fact, let X 0 D f �1.Y nD/, X 01 D
f �11 .Y nD/. Then such a bijection yields a covering biholomorphic mapX 0an! X 0an

1

over Y nD, which extends to a covering biholomorphic map X an ! X an
1 over Y an.

Furthermore, this map equals han, where h WX!X1 is a covering isomorphism over Y .
Abusing notation, we will write �1.Y nD;y0/ instead of �1.Y an nD;y0/.

Definition 2.4. Let y0 2 Y . Let f WX ! Y be a cover such that y0 does not belong to
the branch locus of f and let x0 2 f �1.y0/. We call .f W X ! Y; x0/ a pointed cover
of .Y; y0/. Two pointed covers .f W X ! Y; x0/ and .f1 W X1 ! Y; x00/ of .Y; y0/ are
called equivalent if there exists an isomorphism h W X ! X1 such that f1 ı hD f and
h.x0/ D x

0
0. A pointedG-cover of .Y; y0/ is a pointed cover .p W C ! Y; z0/ as above

such thatp WC ! Y is aG-cover. Two pointedG-covers of .Y;y0/, .p WC ! Y;z0/ and
.p1 W C1! Y; z00/ are calledG-equivalent if there exists aG-equivariant isomorphism
h W C ! C1 such that p D p1 ı h and h.z0/ D z00.

2.5. The isomorphism h of Definition 2.4 is unique. In fact, if h1 is a second one, then
' D h�11 ı h WX!X is a covering automorphism over Y , such that '.x0/D x0. LetD
be the branch locus of f and let X 0 D X n f �1.D/. Then f anjX 0an W X 0an ! Y an nD

is a topological covering map, and X 0an is connected, so 'anjX 0an is the identity map,
since 'an.x0/ D x0. Therefore, h D h1.

2.6. Let D D ¹b1; : : : ; bnº � Y n y0. Let xU1; : : : ; xUn be embedded closed disks in
Y n y0 which are disjoint and such that bi 2 Ui 8i , where Ui is the interior of xUi . For
every i D 1; : : : ; n, let us choose a path �i W I ! Y n

Sn
jD1 Uj such that �i .0/ D y0,

�i .1/ 2 @ xUi , and let 
i W I ! Y nD be the closed path which starts at y0, travels
along�i , then makes a counterclockwise loop along @ xUi , and returns back toy0 along��i .
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Let f W X ! Y be a d -sheeted cover of Y unbranched at y0. Let X 0 D X n f �1.D/,
f 0D f jX 0 . The branch locus off equalsD if and only iff 0 WX 0! Y nD is unramified
and the monodromy m W �1.Y nD;y0/! S.f �1.y0// defined by x �m.Œ˛�/ D x˛
8x 2 f �1.y0/ and 8Œ˛� 2 �1.Y nD;y0/ satisfies the condition

(1) m
�
Œ
1�

�
¤ 1; : : : ; m

�
Œ
n�

�
¤ 1:

Letm W �1.Y nD;y0/! Sd be a homomorphism and letG D Im.m/. Suppose thatm
satisfies condition (1). If one chooses in a different way xU1; : : : ; xUn and �1; : : : ; �n so
as to satisfy the above conditions, then for every i 2 Œ1; n� the new element Œ
 0i � belongs
to the conjugacy class of Œ
i � in �1.Y nD;y0/, so m.Œ
 0i �/ belongs to the conjugacy
class of m.Œ
i �/ in G. Therefore, condition (1) for m is independent of the choice of
xU1; : : : ; xUn and that of �1; : : : ; �n.

Lemma 2.7. LetG � S.ƒ/ be as in §2.1. LetNS.ƒ/.G/D ¹� 2 S.ƒ/ j �G��1 DGº.
Let f WX ! Y and f1 WX1! Y be two covers with the same branch locusD. Let y0 2
Y nD. Suppose that there are bijections " Wƒ! f �1.y0/, "1 W ƒ!f �11 .y0/, and epi-
morphisms m W �1.Y nD;y0/!G, m1 W �1.Y nD;y0/!G, such that ".�m.Œ˛�// D
".�/˛ and "1.�m1.Œ˛�// D "1.�/˛ 8� 2 ƒ and 8Œ˛� 2 �1.Y nD; y0/. Then f is
equivalent to f1 if and only if there exists a � 2 NS.ƒ/.G/ such that m1 D �m��1.
The covering isomorphism h W X ! X1 is unique if and only if the centralizer of G in
S.ƒ/ is trivial, ZS.ƒ/.G/ D ¹1º.

Proof. The covers f W X ! Y and f1 W X1 ! Y are equivalent if and only if there
exists a �1.Y nD;y0/-equivariant bijection � W f �1.y0/! f �11 .y0/ (cf. §2.3). Let
� be such a bijection. Let s W ƒ! ƒ be the bijection, which makes the following
diagram commutative:

(2)

ƒ
" //

s

��

f �1.y0/

�

��

ƒ
"1 // f �11 .y0/:

Let � 2 S.ƒ/ satisfy s.�/ D ���1 8� 2 ƒ. Let � 2 ƒ and let x D ".�/ 2 f �1.y0/.
For all Œ˛� 2 �1.Y nD;y0/, one has �.x˛/ D �.x/˛ and

�.x˛/ D �
�
".�/˛

�
D �

�
"
�
�m

�
Œ˛�
���
D "1

�
�m

�
Œ˛�
�
��1

�
;

�.x/˛ D �
�
".�/

�
˛ D "1.��

�1/˛ D "1
�
���1m1

�
Œ˛�
��
:

This shows that m1.Œ˛�/ D �m.Œ˛�/��1 8Œ˛� 2 �1.Y n D; y0/. In particular, � 2
NS.ƒ/.G/ since m and m1 are epimorphisms. We conclude that m1 D �m��1. Vice
versa, suppose thatm1D �m��1 for some �2NS.ƒ/.G/. Let s Wƒ!ƒ be the bijection
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".�/D ���1 and let� W f �1.y0/! f �11 .y0/ be the bijection which makes diagram (2)
commutative. Then �.x˛/D �.x/˛ 8x 2 f �1.y0/ and 8Œ˛� 2 �1.Y nD;y0/; there-
fore, f W X ! Y is equivalent to f1 W X ! Y .

Suppose f is equivalent to f1. The covering isomorphism h W X ! X1 is unique
if and only if every covering automorphism ' W X ! X equals the identity. Consider
the diagram (2) with f1 D f , "1 D ", and m1 D m. Let � 2 S.ƒ/ satisfy �.".�// D
".���1/. Then �.x˛/ D �.x/˛ 8x 2 f �1.y0/ and 8Œ˛� 2 �1.Y n D; y0/ if and
only if �m.Œ˛�/��1 D m.Œ˛�/ 8Œ˛� 2 �1.Y nD;y0/. Since Im.m/ D G, this holds if
and only if � 2 ZS.ƒ/.G/. Therefore, � D id, equivalently, ' D idX , if and only if
ZS.ƒ/.G/ D ¹1º.

Proposition 2.8. In the setup of §2.1, let y0 2 Y , let D D ¹b1; : : : ; bnº � Y n y0,
and let .f W X ! Y; x0/ be a pointed cover of .Y; y0/ of degree d branched inD. The
following conditions are equivalent:

(i) There is a bijection " W ƒ! f �1.y0/ and m W �1.Y nD;y0/! G, an epimor-
phism, such that

(3)
"
�
�m

�
Œ˛�
��
D ".�/˛ 8� 2 ƒ; 8Œ˛� 2 �1.Y nD;y0/;

".�0/ D x0:

(ii) Let X 0 D X n f �1.D/, f 0 D f jX 0 and let �x0 D f 0��1.X 0; x0/. There is an
epimorphism m W �1.Y n D; y0/ ! G such that �x0 D m�1.G.�0// where
G.�0/ is the isotropy group of �0.

LetN.�0/D ¹� 2NS.ƒ/.G/ j �0� D �0º. Let .f WX! Y;x0/ and .f1 WX1! Y;x00/

be two pointed covers of .Y; y0/ branched in D which satisfy condition (i) with .";m/
and ."1; m1/, respectively. They are equivalent if and only if there exists a � 2 N.�0/
such that m1 D �m��1. Furthermore, � 2 N.�0/ with this property is unique.

Proof. The conditions (i) and (ii) are equivalent since the map �1.Y nD; y0/!
f �1.y0/ defined by Œ˛� 7! x0˛ induces a �1.Y nD;y0/-equivariant bijection between
the set of right cosets �x0 n�1.Y nD;y0/ andf �1.y0/, andm induces a�1.Y nD;y0/-
equivariant bijection between �x0 n �1.Y nD;y0/ and G.�0/ nG Š ƒ. Under these
bijections, �0 7! G.�0/ 7! ��0 7! x0.

The pointed covers .f WX! Y;x0/ and .f1 WX1! Y;x00/ are equivalent if and only
if there exists a �1.Y nD;y0/-equivariant bijection� W f �1.y0/! f �11 .y0/ such that
�.x0/D x

0
0. By Lemma 2.7, this is equivalent to the existence of a � 2 NS.ƒ/.G/ such

thatm1 D �m��1 and �0��1 D �0, i.e., � 2 N.�0/. In order to prove the uniqueness
of such a � , it suffices to consider the case m1 D m and prove that if � 2 N.�0/
satisfiesmD �m��1, then � D idƒ. In fact, let g 2G D Im.m/; then g D �g��1 and
�0gD �0.�g�

�1/D .�0g/�
�1. SinceƒD �0G, this shows that �� D �8� 2ƒ.
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2.9. The set

HG
n .Y; y0/ D

®
.D;m/ j D 2 .Y n y0/

.n/
� ; m W �1.Y nD;y0/! G

is an epimorphism which satisfies condition (1)
¯(4)

is in bijective correspondence with the set of G-equivalence classes of pointed G-
covers of .Y; y0/ branched in n points ¹Œp W C ! Y; z0�º (cf. [20,22]). Given a pointed
G-cover .p W C ! Y; z0/ of .Y; y0/, p.z0/ D y0, the associated pair .D;m/, its mon-
odromy invariant, consists of the branch locus D of p and of the homomorphism
m W �1.Y nD;y0/! G defined as follows. Let C 0 D p�1.Y nD/. For every loop
˛ W I ! Y nD based at y0 let z0˛ be the end point of the lifting of ˛ in C 0 with initial
point z0. Let z0˛ D gz0, g 2 G. Then m.Œ˛�/ D g.

Definition 2.10. In the setup of §2.1, let N.�0/ D ¹� 2 NS.ƒ/.G/ j �0� D �0º.
Consider the left action ofN.�0/ onHG

n .Y;y0/ defined by � � .D;m/D .D;�m��1/.
We denote by Hƒ;G

n;�0
.Y; y0/ the quotient set

H
ƒ;G
n;�0

.Y; y0/ D H
G
n .Y; y0/=N.�0/:

Definition 2.11. Let y0 2 Y . A pointed cover .f W X ! Y; x0/ of .Y; y0/ which
satisfies the conditions of Proposition 2.8 (i) for someD 2 .Y n y0/.n/� and a pair .";m/
is called pointed .ƒ;G/-cover of .Y; y0/ branched in n points. The pair

.D;mN.�0// D
�
D; ¹�m��1º�2N.�0/

�
2 H

ƒ;G
n;�0

.Y; y0/

is called its monodromy invariant.

Lemma 2.12. Let .p W C ! Y; z0/ be a pointed G-cover of .Y; y0/ with monodromy
invariant .D;m/ (cf. §2.9). Consider the action of G on ƒ � C defined by g.�; z/ D
.�g�1; gz/. Let X D .ƒ � C/=G WD ƒ �G C . Let � W ƒ � C ! X be the quotient
morphism, let f W X ! Y be the morphism defined by f .�.�; z// D p.z/, and let
x0 D �.�0; z0/. Then .f W X ! Y; x0/ is a pointed .ƒ; G/-cover of .Y; y0/ with
monodromy invariant .D;mN.�0//.

Proof. Let G.�0/ D H . Let � W C ! C=H be the quotient morphism. One has
ƒ �G C Š C=H . In fact, let us choose for every � 2 ƒ an element a� 2 G such that
�D �0a�; let a�0 D 1. The morphisms C !ƒ�G C and ƒ�C !C=H , defined by

(5) z 7! �.�0; z/ and .�; z/ 7! �.a�z/;

are respectivelyH -invariant and G-invariant. The induced morphisms G=H ! ƒ �G

C and ƒ �G C ! G=H are inverse to each other. The curve C is projective, smooth,
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and irreducible, so X Š C=H has the same properties. Consider the map

(6) " W ƒ! f �1.y0/ defined by ".�/ D �.�; z0/:

It is bijective since G acts on p�1.y0/ transitively and freely. One has ".�0/ D x0. Let
".�/D �.�; z0/ be an arbitrary point of f �1.y0/. Let ˛ W I ! Y nD be a loop based
at y0 and let g D m.Œ˛�/. Let C 0 D p�1.Y nD/. Lifting ˛ inƒ � C with initial point
.�; z0/, the end point is .�; z0˛/ D .�; gz0/. Applying � , one obtains

".�/˛ D �.�; gz0/ D �.�g; z0/ D "
�
�m

�
Œ˛�
��
:

Let y 2 Y nD and let z 2 p�1.y/. The map ƒ! f �1.y/ defined by � 7! �.�; z/

is bijective, so f is unbranched at every y 2 Y nD. The monodromy homomorphism
m D mz0 satisfies condition (1), so every Œ
i � acts on the fiber f �1.y0/ as a nontrivial
permutation, i D 1; : : : ; n. Therefore, the branch locus of f W X ! Y equals D. We
see that .f W X ! Y; x0/ satisfies the conditions of Proposition 2.8 (i) with .";m/, so
its monodromy invariant is .D;mN.�0//.

Proposition 2.13. The map Œf W X ! Y; x0� 7! .D;mN.�0// establishes a bijective
correspondence between the set of equivalence classes of pointed .ƒ; G/-covers of
.Y; y0/ branched in n points and the set Hƒ;G

n;�0
.Y; y0/.

Proof. The map is well defined and injective by Proposition 2.8. It is surjective by
Lemma 2.12.

Corollary 2.14. Let .f W X ! Y; x0/ be a pointed cover of .Y; y0/ branched in
D 2 .Y n y0/

.n/
� . It is a pointed .ƒ;G/-cover of .Y; y0/ and satisfies condition (i) of

Proposition 2.8 with some pair .";m/ if and only if it is equivalent to�
ƒ �G C; �.�0; z0/

�
! .Y; y0/

where .p W C ! Y; z0/ is a pointed G-cover of .Y; y0/ with monodromy invariant
.D;m/. A pointed G-cover of .Y; y0/ has this property if and only if its monodromy
invariant equals .D; m1/ where m1 D �m��1 for some � 2 N.�0/. The set of G-
equivalence classes of such pointed G-covers of .Y; y0/ has cardinality jN.�0/j.

Proof. This follows from Proposition 2.8.

Proposition 2.15. Let D D ¹b1; : : : ; bnº � Y . Let f W X ! Y be a cover branched
in D. The following conditions are equivalent:

(i) There is a point y0 2 Y nD, a bijection " W ƒ! f �1.y0/, and an epimorphism
m W �1.Y nD;y0/! G such that

"
�
�m

�
Œ˛�
��
D ".�/˛ 8� 2 ƒ; 8Œ˛� 2 �1.Y nD;y0/:
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(ii) The condition of (i) holds for every y 2 Y nD for some pair "1 W ƒ! f �1.y/,
m1 W �1.Y nD;y/! G.

Suppose that f1 W X1 ! Y and f2 W X2 ! Y are two covers branched in D. Suppose
that f1 and f2 satisfy condition (i) respectively for some y1 2 Y nD and a pair ."1;m1/
and for some y2 2 Y nD and a pair ."2;m2/. Then f1 is equivalent to f2 if and only if
there is a path 
 W I ! Y nD, 
.0/ D y1, 
.1/ D y2, and a � 2 NS.ƒ/.G/ such that

m2
�
Œ˛�
�
D �m1

�
Œ
 � ˛ � 
��

�
��1 8Œ˛� 2 �1.Y nD;y2/:

Proof. (i))(ii): Let y1 2 Y n D. Let 
 W I ! Y n D be a path with 
.0/ D y0,

.1/ D y1. Let "1 W ƒ! f �1.y1/ be the bijection defined by "1.�/ D ".�/
 . Let
m1 W �1.Y n D; y1/ ! G be the epimorphism m1 D m
 defined by m1.Œˇ�/ D
m.Œ
 � ˇ � 
��/. Then

"1
�
�m1

�
Œˇ�
��
D "

�
�m

�
Œ
 � ˇ � 
��

��

 D ".�/
 � ˇ � 
� � 
 D "1.�/ˇ:

Given f1 and f2, let 
 W I ! Y nD be a path such that 
.0/ D y1, 
.1/ D y2. Let
"01 W ƒ! f �11 .y2/ and m01 D m



1 be the pair obtained from ."1; m1/ by 
 as above.

Then by Lemma 2.7, f1 is equivalent to f2 if and only if m2 D �m
1�
�1 for some

� 2 NS.ƒ/.G/.

2.16. Let D D ¹b1; : : : ; bnº � Y . Given two points y1; y2 2 Y nD and two homo-
morphisms m1 W �1.Y nD;y1/! G and m2 W �1.Y nD;y2/! G, G � S.ƒ/, we
writem1 �N m2 if there is a path 
 W I ! Y nD with 
.0/ D y1, 
.1/ D y2, and an
element � 2 NS.ƒ/.G/, such that

m2
�
Œ˛�
�
D �m1

�
Œ
 � ˛ � 
��

�
��1 8Œ˛� 2 �1.Y nD;y2/:

This is a relation of equivalence. Given a homomorphism m W �1.Y nD; y/! G,
we denote by Œm� its equivalence class. It is clear that if m is an epimorphism which
satisfies condition (1) relative to the base point y, every other homomorphism of Œm� has
these properties relative to its base point. Suppose a cover f W X ! Y branched in D
satisfies condition (i) of Proposition 2.15 with .";m/ for some y0 2 Y . Then the set of all
possible epimorphismsm1 W �1.Y nD;y/� G, y 2 Y nD as in Proposition 2.15 (ii)
equals the equivalence class Œm� (apply Proposition 2.15 to f1 D f D f2, y1 D y0,
y2 D y). We denote by Œm�f the equivalence class with respect to �N determined by
f W X ! Y .

Definition 2.17. In the setup of §2.1, we denote by Hƒ;G
n .Y / the set

Hƒ;G
n .Y / D

®�
D; Œm�

�
j D 2 Y .n/� ; where m W �1.Y nD;y/! G

is surjective and satisfies condition (1)
¯
:
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Definition 2.18. A cover f W X ! Y branched in a setD of n points, which satisfies
condition (i) of Proposition 2.15 for some y0 2 Y nD and some pair .";m/, is called
.ƒ;G/-cover of Y branched in n points. The pair .D; Œm�f / 2 H

ƒ;G
n .Y / is called the

monodromy invariant of the cover (cf. §2.16).

Proposition 2.19. The map Œf W X ! Y � 7! .D; Œm�f / establishes a bijective corre-
spondence between the set of equivalence classes of .ƒ;G/-covers of Y branched in n
points and the setHƒ;G

n .Y /. If the centralizer ofG in S.ƒ/ is trivial,ZS.ƒ/.G/D ¹1º,
then the covering isomorphism between every two .ƒ;G/-covers with the same mon-
odromy invariant is unique.

Proof. The map is well defined and injective by Proposition 2.15. We claim that it is
surjective. Let .D; Œm�/ 2Hƒ;G

n .Y / wherem W �1.Y nD;y0/� G with y0 2 Y nD
satisfies condition (1). Let .p W C ! Y; z0/ be a pointed G-cover of .Y; y0/ with
monodromy invariant .D;m/. Then the coverf WX!Y constructed in Lemma 2.12 is a
.ƒ;G/-cover with monodromy invariant .D; Œm�/. The last statement of the proposition
was proved in Lemma 2.7.

Proposition 2.20. Let f W X ! Y be a .ƒ; G/-cover with monodromy invariant
.D; Œm�/ 2 H

ƒ;G
n .Y /. Then f has a structure of a .ƒ; G1/-cover if and only if

G1 D 'G'�1 for some ' 2 S.ƒ/ and the corresponding monodromy invariant is
.D; 'Œm�'�1/ 2 H

ƒ;G1
n .Y /.

Proof. Let y0 2 Y nD and let " W ƒ
�
�! f �1.y0/, m W �1.Y nD;y0/ � G satisfy

"
�
�m

�
Œ˛�
��
D ".�/˛ 8� 2 ƒ; 8Œ˛� 2 �1.Y nD;y0/:

Let ' 2 S.ƒ/ and let G1 D 'G'�1. Let "1 W ƒ! f �1.y0/ be the bijection defined
by "1.�/ D ".�'/ and let m1 D 'm'�1 W �1.Y n D; y0/ ! G1. Then 8Œ˛� 2
�1.Y nD;y0/,

"1
�
�m1

�
Œ˛�
��
D "1

�
�'m

�
Œ˛�
�
'�1

�
D "

�
�'m.Œ˛�

��
D ".�'/˛ D "1.�/˛I

hence, f W X ! Y is a .ƒ;G1/-cover with monodromy invariant .D; 'Œm�'�1/. Vice
versa, let "1 W ƒ

�
�! f �1.y0/ and m1 W �1.Y nD;y0/ � G1 satisfy

"1
�
�m1

�
Œ˛�
��
D "1.�/˛ 8� 2 ƒ; 8Œ˛� 2 �1.Y nD;y0/:

Let ' 2 S.ƒ/ satisfy "1.�/ D ".�'/ 8� 2 ƒ. Then

"
�
.�'/'�1m1

�
Œ˛�
�
'
�
D "1

�
�m1

�
Œ˛�
��
D "1.�/˛ D ".�'/˛ D "

�
.�'/m

�
Œ˛�
��
;

so m1.Œ˛�/ D 'm.Œ˛�/'�1 8Œ˛� 2 �1.Y nD; y0/. This implies that G1 D 'G'�1

since m and m1 are epimorphisms by assumption.
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Proposition 2.21. The following two conditions for a cover f WX! Y are equivalent:

(i) .f WX ! Y;x0/ is a pointed cover of .Y;y0/ (cf. Definition 2.4) and f WX ! Y

is a .ƒ;G/-cover.

(ii) Let �0 2ƒ. Then .f WX! Y;x0/ is a pointed .ƒ;G/-cover of .Y;y0/ according
to Definition 2.11.

Proof. Let D be the branch locus of f . Condition (i) implies that y0 … D and there
exists a bijection " W ƒ! f �1.y0/ and an epimorphism m W �1.Y nD; y0/! G

such that ".�m.Œ˛�// D ".�/˛ 8� 2 ƒ and 8Œ˛� 2 �1.Y nD;y0/. The group G acts
transitively on ƒ. One replaces the pair ."; m/ with the pair ."0; m0/, where "0.�/ D
".�g/, m0 D gmg�1 for an appropriate g 2 G, so that ."0; m0/ satisfies the additional
condition "0.�0/ D x0.

Remark 2.22. Choosing a marked element �0 2 ƒ and imposing ".�0/ D x0 is
a normalizing condition for pointed degree d covers of .Y; y0/ whose monodromy
group equals G. This serves for defining the monodromy invariant .D; mN.�0// 2
H
ƒ;G
n;�0

.Y; y0/ so that the bijection of Proposition 2.13 holds. The choice of another
marked element �1 2 ƒ is discussed in Proposition 4.23.

3. Smooth, proper families of covers with a fixed monodromy group

Definition 3.1. Let X and S be algebraic varieties.

(i) A morphism f W X ! Y � S is called a smooth, proper family of covers of Y
branched in n points if �2 ı f W X ! S is a proper, smooth morphism, for every
s 2 S the fiberXs is irreducible, and fs WXs! Y is a cover branched in n points.
Two families of this type f1 W X1 ! Y � S and f2 W X2 ! Y � S are called
equivalent if there exists an isomorphism h W X1 ! X2 such that f1 D f2 ı h.

(ii) If, furthermore, fs W Xs ! Y is a .ƒ;G/-cover, 8s 2 S the morphism f W X !

Y � S is called a smooth, proper family of .ƒ; G/-covers of Y branched in
n points.

Under the assumptions of (i), the morphism f W X ! Y � S is finite, surjective,
and flat [22, Prop. 2.6]. If S is connected, then all covers fs W Xs ! Y have the same
degree d , where d is the rank of the locally free sheaf f�OX . It is clear that two
families are equivalent if and only if there is an S -isomorphism h W X1 ! X2, which
is a covering isomorphism over Y 8s 2 S , i.e., f1s D f2s ı hs 8s 2 S .

Definition 3.2. Let y0 2 Y .

(i) A smooth, proper family of pointed covers of .Y; y0/ branched in n points is a
pair .f W X ! Y � S; � W S ! X/ of morphisms of algebraic varieties such
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that f W X ! Y � S satisfies the conditions of Definition 3.1 (i), 8s 2 S the
cover fs W Xs ! Y � ¹sº is unbranched at .y0; s/, and �.s/ 2 f �1.y0; s/. Two
families of this type .f1 WX1! Y � S;�1/ and .f2 WX2! Y � S;�2/ are called
equivalent if there exists an isomorphism h W X1 ! X2 such that f1 D f2 ı h
and �2 D h ı �1.

(ii) If, furthermore, fs W Xs! Y � ¹sº is a .ƒ;G/-cover, 8s 2 S the pair .f W X !
Y � S; � W S ! X/ is called a smooth, proper family of pointed .ƒ;G/-covers
of .Y; y0/ branched in n points.

Proposition 3.3. Let y0 2 Y and let �0 2 ƒ. Let .f W X ! Y; � W S ! X/ be a
smooth, proper family of pointed .ƒ;G/-covers of .Y; y0/ branched in n points. Then
for every s 2 S the pointed cover .fs W Xs ! Y; �.s// of .Y; y0/ satisfies the conditions
of Definition 2.11 (we identify Y � ¹sº with Y ).

Proof. This follows from Proposition 2.21.

3.4. Let DD¹b1; : : : ; bnº�Y ny0, and let xU1; : : : ; xUn be disjoint embedded closed
disks inY ny0 such that bi2Ui 8i , whereUi is the interior of xUi . LetND.U1; : : : ;Un/�
.Y n y0/

.n/
� be the open neighborhood of D in the complex topology (i.e., that of

..Y n y0/
.n/
� /

an), which consists ofE D ¹y1; : : : ; ynº such that yi 2 Ui for every i . The
inclusion Y n

Sn
iD1Ui ,! Y nD is a deformation retract, so for every homomorphism

m W �1.Y nD;y0/! G and every E 2 ND.U1; : : : ; Un/ there is a unique homomor-
phism m.E/ W �1.Y nE; y0/! G such that the following diagram commutes:

(7)

�1.Y nD;y0/

m

))

�1.Y n
Sn
iD1 Ui ; y0/

Šoo Š //

��

�1.Y nE; y0/

m.E/
uu

G

Given a path 
 W I ! Y n E, we denote by Œ
�E its homotopy class in Y n E. We
denote by N.D;m/.U1; : : : ; Un/ the subset of HG

n .Y; y0/

(8) N.D;m/.U1; : : : ; Un/ D
®�
E;m.E/

�
j E 2 ND.U1; : : : ; Un/

¯
:

The setHG
n .Y;y0/ has a structure of affine algebraic variety, the map ı WHG

n .Y;y0/!

.Y ny0/
.n/
� , defined by ı.D;m/DD, is an étale cover, the setsN.D;m/.U1; : : : ;Un/ form

an open sets basis of the topology ofHG
n .Y;y0/

an, and every open setND.U1; : : : ;Un/�
.Y n y0/

.n/
� is evenly covered with respect to the topological covering map jıanj:

(9) ı�1
�
ND.U1; : : : ; Un/

�
D

G
m

N.D;m/.U1; : : : ; Un/

(cf. [20, Sec. 1]).
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Lemma 3.5. Let f W X ! Y � S be a smooth, proper family of covers of Y branched
in n points. Suppose that fs0 W Xs0 ! Y is a .ƒ; G/-cover for some s0 2 S . Then
there exists a neighborhood V � jS anj of s0 such that fs W Xs ! Y is a .ƒ;G/-cover
8s 2 V .

Proof. Let D D ¹b1; : : : ; bnº be the branch locus of fs0 , let y0 2 Y nD, and let
" W ƒ! f �1s0 .y0/,m W �1.Y nD;y0/ � G satisfy ".�m.Œ˛�//D ".�/˛ 8� 2 ƒ and
8Œ˛� 2 �1.Y nD;y0/. LetB � Y � S be the branch locus of f . The mapˇ W S! Y

.n/
�

defined by ˇ.s/ D Bs is a morphism [22, Prop. 2.6], so jˇanj W jS anj ! j.Y
.n/
� /anj is a

continuous map. LetND.U1; : : : ; Un/ be a neighborhood ofD D ˇ.s0/ as in §3.4. Let
V1 be a neighborhood of s0 in jS anj such that ˇ.V1/�ND.U1; : : : ;Un/. The restriction
jX anj n f �1.B/

jf anj
���! j.Y � S/anj n B is a topological covering map [22, Prop. 2.6]

and .Y � S/an Š Y an � S an [28, §1.2]. The complex space S an is locally connected
(cf. [12, Ch. 9, §3 (1)]); therefore, there is an embedded open disk U � Y n

Sn
iD1
xUi ,

y0 2U , and a connected neighborhood V of s0, such that V � V1,U � V � Y � S nB ,
and f �1.U � V / is a disjoint union of connected open sets homeomorphic to U � V .
Denote these open sets by W�, � 2 ƒ, where W� 3 ".�/. For every s 2 V we define a
bijection "s W ƒ! f �1.y0; s/ and an epimorphism ms W �1.Y n Bs; y0/! G by

(10) "s.�/ D f
�1.y0; s/ \W�; ms D m

�
ˇ.s/

�
(cf. §3.4). We claim that ."s; ms/ satisfies condition (i) of Proposition 2.15 for fs W
Xs ! Y (we identify Y � ¹sº with Y ). Let ˛ be a loop in Y n

Sn
iD1 Ui based at y0.

Let g D m.Œ˛�D/. We claim that "s.�/˛ D "s.�g/ 8� 2 ƒ and 8s 2 V . Consider the
homotopy F W Œ0; 1� � V ! Y an � S an n B defined by F.t; s/ D .˛.t/; s/. Let � 2 ƒ.
The restriction f jW� W W� ! U � V is a homeomorphism. Let us denote by zF�.0/ W
¹0º�V!jX annf �1.B/j the composition .0; s/

F
7�!.y0; s/ 7!.f jW�/

�1.y0; s/D"s.�/.
By the covering homotopy property (cf. [30, Ch. 2, §3, Thm. 3]), there is a unique
continuous lifting zF� of F which extends zF�.0/

X an n f �1.B/

��

Œ0; 1� � V

zF�

77

F // Y an � S an n B:

One has zF�.1; s0/ D ".�/˛ D ".�g/ 2 W�g . The image zF�.¹1º � V / is a connected
component of f �1.¹y0º � V /, so zF�.¹1º � V / � W�g . This implies that "s.�/˛ D
"s.�g/ 8s 2 V . Let s 2 V . By §3.4, we have

g D m
�
Œ˛�D

�
D m

�
ˇ.s/

��
Œ˛�ˇ.s/

�
D ms

�
Œ˛�Bs

�
:
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Every homotopy class of�1.Y nBs;y0/may be represented by a loop˛ inY n
Sn
iD1Ui

based at y0, so

"s
�
�ms

�
Œ˛�Bs

��
D "s.�/˛ 8� 2 ƒ; 8Œ˛� 2 �1.Y n Bs; y0/:

Proposition 3.6. Let f W X ! Y � S be a smooth , proper family of covers of Y
branched in n points. Suppose that S is connected. Suppose that fs0 W Xs0 ! Y is a
.ƒ;G/-cover for some s0 2 S . Then f W X ! Y � S is a smooth, proper family of
.ƒ;G/-covers of Y .

Proof. Let d D jƒj. Every cover fs W Xs ! Y , s 2 S , is of degree d since S is
connected. We have to prove that fs W Xs ! Y is a .ƒ;G/-cover 8s 2 S . For every
transitive subgroupH � S.ƒ/, let SH be the set of points s 2 S such that fs WXs! Y

is a .ƒ;H/-cover. It is clear that S D
S
H S

H . By Lemma 3.5, SH is an open set
in jS anj for every H . By Proposition 2.20, given two transitive subgroups H and K
of S.ƒ/, the following alternative holds: if H and K are conjugated in S.ƒ/, then
SH D SK ; otherwise, SH \ SK D ;. The topological space jS anj is connected (cf.
[28, Cor. 2.6]); therefore, S D SG .

We denote by VarC the category of algebraic varieties and by .Sets/ the category
of sets.

Definition 3.7. Let S be an algebraic variety. We denote by H
ƒ;G
Y;n .S/ the set of

equivalence classes Œf W X ! Y � S� of smooth, proper families of .ƒ; G/-covers
of Y branched in n points, parameterized by S (cf. Definition 3.1). We denote by
H
ƒ;G
.Y;y0/;n

.S/ the set of equivalence classes Œf W X ! Y � S; � W S ! X� of smooth,
proper families of pointed .ƒ;G/-covers of .Y; y0/ branched in n points parameterized
by S (cf. Definition 3.2).

3.8. Let u W T ! S be a morphism of algebraic varieties. Given a smooth, proper
morphism X ! S of reduced, separated schemes of finite type over C, the pullback
morphism XT D X �S T ! T is smooth and proper. The scheme X �S T is reduced
since T is reduced (cf. [25, p. 184]). Hence, X �S T is isomorphic to the closed
algebraic subvariety of X � T whose set of points is the set-theoretical fiber product
X.C/ �S.C/ T .C/.

Let f W X ! Y � S be a smooth, proper family of covers of Y branched in n points.
Let u W T ! S be a morphism of algebraic varieties. Let XT ! T be the pullback of
�2 ı f W X ! S . By the above argument,XT D ¹.x; t/ j �2 ı f .x/D u.t/º � X � T .
Let fT W XT ! Y � T and h W XT ! X be the morphisms defined respectively by
fT .x; t/D .�1 ı f .x/; t/ and h.x; t/D x. One has the following commutative diagram
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of morphisms:

(11)
XT

fT //

h

��

Y � T

id�u
��

p2 // T

u

��

X
f
// Y � S

�2 // S

in which the composed diagram and the right square are Cartesian. Therefore, the left
square is Cartesian as well [11, Prop. 4.16].

Given a smooth, proper family of .ƒ; G/-covers f W X ! Y � S branched in
n points, the pullback morphism fT W XT ! Y � T is a smooth, proper family of
.ƒ;G/-covers of Y branched in n points. In fact, 8t 2 T the cover .fT /t W .XT /t ! Y

is equivalent to the cover fu.t/ W Xu.t/ ! Y , so the conditions of Definition 3.1 are
satisfied. Furthermore, the pullbacks of equivalent families are equivalent. This defines
a moduli functor H

ƒ;G
Y;n W VarC ! .Sets/.

Given a smooth, proper family .f W X ! Y � S; � W S ! X/ of pointed .ƒ;G/-
covers of .Y; y0/ branched in n points and a morphism u W T ! S , one defines the
pullback family as .fT W XT ! Y � T; �T W T ! XT /, where �T is the morphism
defined by �T .t/ D .�.u.t//; t/. This is a smooth, proper family of pointed .ƒ;G/-
covers of .Y; y0/. This defines, as above, a moduli functor H

ƒ;G
.Y;y0/;n

W VarC ! .Sets/.

3.9. A morphism p W C ! Y � S of algebraic varieties is called a smooth, proper
family of G-covers of Y branched in n points if

(i) �2 ı p W C ! S is a proper, smooth morphism with irreducible fibers;

(ii) G acts on C on the left by automorphisms, p W C ! Y � S is G-invariant, and
8s 2 S the action ofG on Cs is faithful, Nps WCs=G! Y � ¹sº is an isomorphism,
and ps W Cs ! Y � ¹sº is branched in n points.

Let y0 2 Y . If furthermore ps W Cs ! Y � ¹sº is unbranched at .y0; s/ 8s 2 S and
there exists a morphism � W S ! C such that p ı �.s/D .y0; s/8s 2 S , then .p W C !
Y � S; �/ is called a smooth, proper family of pointed G-covers of .Y; y0/ branched in
n points (cf. [22, Sec. 3]).

In the next two propositions, we extend the construction of Lemma 2.12 to families.

Proposition 3.10. Let p W C ! Y � S be a smooth, proper family of G-covers of Y
branched in n points.

Consider the left action of G on ƒ � C defined by g.�; z/ D .�g�1; gz/. Let
X D .ƒ � C/=G WD ƒ �G C , let � W ƒ � C ! X be the quotient map, and let f W
X ! Y � S be the map f .�.�; z//D p.z/. Then f WX ! Y � S is a smooth, proper
family of .ƒ;G/-covers of Y . The branch loci of p and f coincide.
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LetX1 D C=G.�0/, let � W C ! X1 be the quotient map, and let f1 W X1! Y � S

be the map f1.�.z// D p.z/. Then f1 W X1 ! Y � S is a smooth, proper family of
covers of Y equivalent to f W X ! Y � S .

Proof. The groupG acts by covering automorphisms of the finite morphismƒ�C !

Y � S defined by .�; z/ 7! p.z/. Therefore, X D .ƒ � C/=G has a structure of
quotient algebraic variety and the maps � Wƒ� C ! X and f W X ! Y � S are finite
morphisms [29, Ch. III, Prop. 19]. The morphism �2 ı f W X ! S is a composition of
a proper and a finite morphism, so it is proper. For every s 2 S its scheme-theoretical
fiber Xs is isomorphic to the quotient .ƒ � Cs/=G since the formation of quotients by
G commutes with base change (cf. [23, Prop. A.7.1.3]). Therefore, Xs is smooth and
irreducible. Let H D G.�0/. Similar statements hold for X1 D C=H , � W C ! X1,
and f1 W X1 ! Y � S . The two families of covers of Y , f W X ! Y � S and f1 W
X1! Y � S , are equivalent. In fact, the morphisms C !ƒ�G C DX andƒ�C !

C=H D X1, defined as in (5), induce morphisms X1 ! X and X ! X1 over Y � S ,
given respectively by �.z/ 7! �.�0; z/ and �.�; z/ D �.a�z/, which are inverse to
each other. We claim that �2 ı f and �2 ı f1 are flat morphisms. Let x 2 X1, let
�2 ı f1.x/ D s, and let ��1.x/ be the scheme-theoretical fiber of �. The restriction
�s W Cs ! .X1/s is a surjective morphism of smooth, irreducible, projective curves,
so dimC H

0.O��1s .x// D jH j D jGj=jƒj. The schemes ��1.x/ and ��1s .x/ coincide,
so dimC H

0.O��1.x// D jGj=jƒj for every x 2 X1. This implies that the coherent
sheaf ��OC is locally free (cf. [27, Ch. 2, §5, Lem. 1]); therefore, � W C ! X1 is
flat. It is moreover faithfully flat since �.C/ D X1. By hypothesis, �2 ı p W C ! S

is flat; therefore, �2 ı f1 W X1 ! S is flat (cf. [25, p. 46]). As we saw above, the
scheme-theoretical fiber .X1/s over every (closed) point s 2 S is smooth. Therefore,
�2 ı f1 W X1 ! S is smooth at every closed point of X1 (cf. [2, Ch. VII, Thm. 1.8]).
The points of the scheme X1 at which �2 ı f1 is smooth form an open subset. This
open subset contains every closed point of X1; therefore, it coincides with X1 (cf.
[11, Prop. 3.35]). The smoothness of �2 ı f1 W X1 ! S implies the smoothness of
�2 ı f W X ! S since there is a Y � S-isomorphism between X and X1. For every
s 2 S one has Xs Š .ƒ � Cs/=G, so the morphism fs W Xs ! Y is a .ƒ;G/-cover of
Y whose branch locus coincides with that of ps W Cs! Y (cf. Lemma 2.12). Therefore,
f W X ! Y � S is a smooth, proper family of .ƒ;G/-covers of Y branched in n points
and it is equivalent to f1 W X1 ! Y � S as we saw above.

Proposition 3.11. Let y0 2 Y . Let .p W C ! Y � S; �/ be a smooth, proper family
of pointed G-covers of .Y; y0/ branched in n points.

Let X D ƒ �G C , f W X ! Y � S be as in Proposition 3.10. Let � W S ! X be
the morphism defined by �.s/ D �.�0; �.s//. Then .f W X ! Y � S; �/ is a smooth,
proper family of pointed .ƒ;G/-covers of .Y; y0/. The branch loci of p and f coincide.



hurwitz moduli varieties 241

For every s 2 S , if .Ds; ms/ is the monodromy invariant of .ps W Cs ! Y; �.s//, then
.Ds; m

N.�0/
s / is the monodromy invariant of the pointed .ƒ; G/-cover .fs W Xs !

Y; �.s// of .Y; y0/.
LetX1 D C=G.�0/, f1 W X1! Y � S be as in Proposition 3.10. Let �1 W S ! X1

be the morphism defined by �1 D �.�.s//. Then .f1 W X1 ! Y � S; �1/ is a smooth,
proper family of pointed covers of .Y; y0/ equivalent to .f W X ! Y � S; �/.

Proof. One has f .�.s// D p.�.s// D .y0; s/, so .f W X ! Y � S; �/ is a smooth,
proper family of pointed .ƒ; G/-covers of .Y; y0/. For every s 2 S the scheme-
theoretical fiber Xs is isomorphic to .ƒ � Cs/=G, so the stated relation between
the monodromy invariants holds by Lemma 2.12.

One has f1.�1.s//D p.�.s//D .y0; s/8s 2 S . The Y � S -isomorphismX1!X

given by �.z/ 7! �.�0; z/ transforms �1.s/ in �.s/ 8s 2 S , so the two families of
pointed covers of .Y; y0/ are equivalent.

4. Universal families of pointed covers with fixed monodromy group

4.1. Given a reduced complex space X and a properly discontinuous group of auto-
morphisms G of X , let p W X ! X=G D Z be the quotient map of topological spaces.
Cartan defined in [5] a sheaf of complex valued functions K on Z: for every open
subset V of jZj, K.V /D OX .p

�1.V //G , every stalk Kz is a local ring, and he proved
in [5, Thm. 4] that the C-ringed space .Z;K/ is a reduced complex space. Clearly,
.Z;OZ/, OZ DK , is the categorical quotient of .X;OX / in the category of complex
spaces.

Proposition 4.2. Let X be a normal algebraic variety. Let G be a finite group, which
has the property that every orbit is contained in an affine open set. Then X an=G is
biholomorphic to .X=G/an.

Proof. Consider the composition of morphisms of C-ringed spaces

.X an;OXan/! .X;OX /! .X=G;OX=G/:

By the construction of K D OZ , it factors as

.X an;OXan/! .Z;OZ/! .X=G;OX=G/:

This induces a holomorphic map X an=G D Z ! .X=G/an (cf. [28, Thm. 1.1]). The
continuous map jX an=Gj ! j.X=G/anj is a homeomorphism (cf. [22, Lem. 2.5]). The
algebraic variety X=G is normal, so .X=G/an is a normal complex space (cf. [28,
Prop. 2.1]). Normality implies maximality (cf. [8, §2.29]); therefore, the holomorphic
homeomorphism X an=G ! .X=G/an is a biholomorphic map [8, §2.29].
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4.3. Let p W C ! Y be a G-cover. Let b 2 Y be a branch point. Let p�1.b/ D
¹w1; : : : ; wrº. There is an embedded open disk V � Y; b 2 V , such that p�1.V / D
triD1Wi is a disjoint union of connected components Wi , wi 2 Wi for i D 1; : : : ; r ,
and every pjWi W Wi ! V is a surjective cyclic analytic covering with Galois group
G.wi /DStG.wi /ŠCe �C�, where jGj D er . Consider the left action ofG onƒ�C
defined byg.�;z/D .�g�1;gz/. LetX D .ƒ�C/=G WDƒ�G C , let� Wƒ�C !X

be the quotient map, and let f W X ! Y be the map f .�.�; z// D p.z/. Let i be an
integer, 1� i � r , and letwDwi ,W DWi . It is clear that f �1.V /Š .ƒ�W /=G.w/.
Let x D �.�; w/. Let ¹�1; : : : ; �kº D �G.w/. Then .¹�1; : : : ; �kº � W /=G.w/ is
the connected component of f �1.V / which contains x D �.�; w/. Let G.�; w/ D
G.w/ \ G.�/. Let jG.�; w/j D q. Then e D kq, the map .¹�º � W /=G.�; w/!
.¹�1; : : : ; �kº �W /=G.w/ is biholomorphic, and the composition of holomorphic
maps

W !
�
¹�º �W

�
=G.�;w/

�
�!

�
¹�1; : : : ; �kº �W

�
=G.w/

,! .ƒ �W /=G.w/! W=G.w/ Š V

has the following form in local coordinates: s 7! u D sq 7! t D se D uk . This shows
that the ramification index of f WX! Y at the point x D �.�;w/ equals k D j�G.w/j.

Let v0 2 V n ¹bº, w0 2 W , p.w0/ D v0. Then f �1.v0/ D ¹x1; : : : ; xd º, where
xi D�.�i ;w0/. Ifˇ W I! V n ¹bº is a simple loop withˇ.0/Dˇ.1/D v0, thenw0ˇD
gw0, where g is a generator of G.w/. One has xiˇ D �.�i ; w0ˇ/ D �.�i ; gw0/ D
�.�ig;w0/. Therefore, the decomposition of the permutation xi 7! xiˇ, i D 1; : : : ; d ,
into a product of disjoint cycles, by which one determines the indices of the ramification
points over b, corresponds to the decomposition of ƒ into a union of G.w/-orbits, as
discussed above.

4.4. Let y0 2 Y . Let

(12)
�
p W C.y0/! Y �HG

n .Y; y0/; � W H
G
n .Y; y0/! C.y0/

�
be the universal family of pointed G-covers of .Y; y0/ branched in n points (cf. [22,
Thm. 3.20]). We recall from [22, Sec. 3] the local analytic form of p at the points
lying over the branch locus B D ¹.y; .D;m// j y 2Dº. LetD D ¹b1; : : : ; bj ; : : : ; bnº,
y0 2 Y nD. Let us choose local analytic coordinates si at bi , such that si .bi / D 0,
i D 1; : : : ; n. Let � 2 RC; �� 1 be such that the open sets Ui D ¹y j si .y/ < �º have
disjoint closures xUi , i D 1; : : : ; n, and y0 2 Y n

Sn
iD1
xUi . Let 
1; : : : ; 
n be closed

paths based at y0 as in §2.6. Letp.w/D .b; .D;m//, where bD bj . LetU DUj and let
V D U �N.D;m/.U1; : : : ; Un/ (cf. §3.4). For every v D .y; .D0;m.D0/// 2 V , where
y 2U ,D0D¹y1; : : : ;ynº,yi 2Ui , let ti .v/D si .yi / and let t .v/D sj .y/. LetG.w/ be
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the isotropy group of w, jG.w/j D e � 2. Then w has a connected neighborhoodW �
jC.y0/

anj which is G.w/-invariant, p.W / D V , and gW \W D ; if g 2 G nG.w/.
LetE � C � V be the analytic subset defined by ze D t � tj and let p1 W E!V be the
projection map. Then there is a biholomorphic map � W W !E, such thatp1 ı � DpjW .
The composition �D .z; t1; : : : ; tn/ ı � WW !CnC1 mapsW biholomorphically onto
an open subset��CnC1. There exists a primitive character � WG.w/!C� such that
� and � are G.w/-equivariant with respect to the action of G.w/ on E and � defined
respectively by g.z; v/ D .�.g/z; v/ and g.z; z1; : : : ; zn/ D .�.g/z; z1; : : : ; zn/.

We need a simple case of Cartan’s theorem [5, Thm. 4].

Lemma 4.5. Let H be a cyclic group of order q, and let � W H ! C� be a primitive
character. Let� be an open subset of Cn invariant under the action ofH on Cn defined
by h.z1; z2; : : : ; zn/ D .�.h/z1; z2; : : : ; zn/. Let �=H be the quotient complex space
[5, Thm. 4] and let p W �! �=H be the quotient holomorphic map. Let  W �! Cn

be the map  .z1; z2; : : : ; zn/ D .zq1 ; z2; : : : ; zn/. Then �1 D  .�/ is an open subset
of Cn and there exists a biholomorphic map � W �1 ! �=H such that p D � ı  .

Proof. The holomorphic map  W �! Cn is open since the map C ! C given by
z 7! zq is open. Hence,�1 D .�/ is an open subset of Cn and j�1j is homeomorphic
to the quotient topological space j�j=H . In order to prove that .�1;O�1/ is isomorphic
to the quotient C-ringed space .�=H;K/ as defined in [5, §4], it suffices to verify that
for every a 2 � if H.a/ is the isotropy group of a and if b D  .a/, then

(13) .O�;a/
H.a/
D  ]a.O�1;b/:

Let a D .a1; a2; : : : ; an/. If a1 ¤ 0, thenH.a/ D ¹1º,  W �! �1 is locally biholo-
morphic at a, so (13) holds. Let a1 D 0. Then H.a/ D H . Without loss of generality,
we may suppose that a D .0; 0; : : : ; 0/. Let the H -invariant germ f 2 O�;a be rep-
resented by a series

P
˛1;:::;˛n�0

a˛1˛2���˛nz
˛1
1 z

˛2
2 � � � z

˛n
n which converges absolutely

in the polydisk jzi j < "i , i D 1; : : : ; n. One has ˛1 D qˇ1 for every ˛1. The seriesP
ˇ1;˛2;:::;˛n�0

bˇ1˛2���˛ny
ˇ1
1 z

˛2
2 � � �z

˛n
n , where bˇ1˛2���˛n D aqˇ1˛2���˛n , converges abso-

lutely in the polydisk jy1j<"q1; jzi j<"i , i D 2; : : : ;n, and represents a germf1 2O�1;b
such that f D  ]a.f1/. Hence, (13) holds 8a 2 �.

In the next proposition, we use the setup and the notation of §2.1 and §4.4.

Proposition 4.6. Let y0 2 Y . Let

(14)
�
' W X.y0/! Y �HG

n .Y; y0/; � W H
G
n .Y; y0/! X.y0/

�
be the smooth, proper family of pointed .ƒ;G/-covers of .Y; y0/ obtained from (12)
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as in Proposition 3.11. The variety X.y0/ is smooth. The branch locus of ' is B . For
every element .D; m/ 2 HG

n .Y; y0/ the fiber .'.D;m/ W X.y0/.D;m/ ! Y; �.D; m//

has monodromy invariant .D;mN.�0//.
Let x D �.�; w/ 2 X.y0/ be a point such that '.x/ D p.w/ 2 B . Let '.x/ D

.bj ; .D;m//, where D D ¹b1; : : : ; bj ; : : : ; bnº. Let j�G.w/j D k. Then there exists a
connected, open neighborhood A of x in jX.y0/anj, such that

'.A/ D U �N.D;m/.U1; : : : ; Un/ D V

and the following properties hold. Let E1 � C � V be the analytic subset defined by
zk D t � tj and let '1 W E1 ! V be the projection map.

(i) There exists a biholomorphic map �1 W A! E1 such that '1 ı �1 D 'jA.

(ii) The composition �1D .z; t1; : : : ; tn/ ı �1 WA!CnC1 mapsA biholomorphically
onto an open subset of CnC1.

Proof. One applies Proposition 3.11 to .p W C.y0/! Y �HG
n .Y; y0/; �/. The com-

position of the smooth morphisms X.y0/! HG
n .Y; y0/! Spec C is smooth, so

X.y0/ is a smooth variety.
It remains to prove the statements about the local analytic form of '. According

to Proposition 4.2, X.y0/
an is biholomorphic to .ƒ � C.y0/

an/=G. Let G.�; w/ D
G.�/\G.w/. This is a cyclic group of order q and eD kq. The open subset ¹�º �W �
ƒ�C.y0/ isG.�;w/-invariant and for every g 2G nG.�;w/ one has g.¹�º �W /\
.¹�º �W / D ;. Let A D �.¹�º �W /. The open complex subspace A � X.y0/

an is
biholomorphic to ¹�º �W=G.�;w/. Let H D G.�;w/ and let �1 W H ! C� be the
restriction of � W G ! C� (cf. §4.4). Identifying ¹�º �W with W the biholomorphic
map � W ¹�º �W ! E is H -equivariant. Let  1 W E ! E1 be the map  1.z; v/ D
.zq; v/. The composition 1 ı � isH -invariant, so there is a holomorphic map �1 WA!
E1 such that  1 ı � D �1 ı �j¹�º�W . Let � D �.¹�º �W /, let  W CnC1 ! CnC1

be the map  .z; z1; : : : ; zn/ D .zq; z1; : : : ; zn/, and let �1 D  .�/. One has the
following commutative diagram of holomorphic maps:

(15)
¹�º �W

� //

�
��

E

 1
��

.z;t1;:::;tn/// �

 
��

A
�1 // E1

.z;t1;:::;tn/// �1:

The vertical maps in the right square of (15) are H -invariant, the horizontal maps
are biholomorphic (cf. [22, Prop. 3.18]), and by Lemma 4.5 �=H Š �1, therefore,
E1 Š E=H . This implies that �1 W A! E1 and �1 W A!�1 are biholomorphic maps.
The map p1 WE! V equals '1 ı 1; therefore, the equality p1 ı � D pj¹�º�W implies
'1 ı �1 D 'jA.
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We mention that (ii) implies the smoothness of X.y0/, as well as the smoothness
of �2 ı ' W X.y0/! HG

n .Y; y0/ using [16, Ch. III, Prop. 10.4].

The next proposition is a particular case of Proposition 3.11.

Proposition 4.7. Let .p W C.y0/! Y �HG
n .Y;y0/; �/ be as in §4.4. Let � W C.y0/!

C.y0/=G.�0/ be the quotient morphism and let �1D�ı� WHG
n .Y;y0/!C.y0/=G.�0/.

Then . Np W C.y0/=G.�0/! Y �HG
n .Y;y0/; �1/ is a family of pointed covers of .Y;y0/

equivalent to the family .' W X.y0/! Y �HG
n .Y; y0/; �/ defined in Proposition 4.6.

In Proposition 2.13, we proved that the set Hƒ;G
n;�0

.Y; y0/ is bijective to the set of
equivalence classes of pointed .ƒ;G/-covers of .Y; y0/ branched in n points.

Proposition 4.8. The left action ofNS.ƒ/.G/ onHG
n .Y;y0/ defined by � � .D;m/D

.D;�m��1/ is an action by covering automorphisms of the étale cover ı WHG
n .Y;y0/!

.Y n y0/
.n/
� , where ı.D;m/ D D (cf. §3.4). The subgroup N.�0/ D ¹� 2 NS.ƒ/.G/ j

�0� D �0º acts freely on HG
n .Y; y0/ and the quotient set

H
ƒ;G
n;�0

.Y; y0/ D H
G
n .Y; y0/=N.�0/

can be endowed with a structure of quotient affine algebraic variety. The quotient map
� W HG

n .Y; y0/! H
ƒ;G
n;�0

.Y; y0/ and the map ı1 W Hƒ;G
n;�0

.Y; y0/! .Y n y0/
.n/
� given

by ı1.D;mN.�0// D D are étale covers.

Proof. The map ı WHG
n .Y;y0/! .Y n y0/

.n/
� given by ı.D;m/DD is a topological

covering map with respect to the canonical complex topologies; every neighbor-
hood ND.U1; : : : ; Un/ of D 2 .Y n y0/.n/� is evenly covered (cf. (9)). It is clear
from (8) that for every � 2 NS.ƒ/.G/ the map .E; �/ 7! .E; ����1/ transforms
N.D;m/.U1; : : : ; Un/ into N.D;�m��1/.U1; : : : ; Un/, so NS.ƒ/.G/ acts on HG

n .Y; y0/

by covering homeomorphism with respect to jıanj. By [22, Cor. 4.5], this action is
by covering automorphisms of the étale cover ı W HG

n .Y; y0/ ! .Y n y0/
.n/
� . The

subgroup N.�0/ acts freely on HG
n .Y; y0/ (cf. Proposition 2.8), so the quotient set

H
ƒ;G
n;�0

.Y;y0/DH
G
n .Y;y0/=N.�0/ has a structure of a smooth, affine algebraic variety

[29, Ch. III, Prop. 18] and the quotient map � is an étale cover. One has ı D ı1 ı �, so
ı1 is a morphism by the universal property of quotients and it is an étale cover since ı
has this property and � is étale.

4.9. The quotient morphism � W HG
n .Y; y0/! H

ƒ;G
n;�0

.Y; y0/ yields a homeomorphism
jHG

n .Y; y0/
anj=N.�0/

�
�! jH

ƒ;G
n;�0

.Y; y0/
anj (cf. [22, Lem. 2.5]), so jHƒ;G

n;�0
.Y; y0/

anj

has a neighborhood basis consisting of the open sets

N.D;mN.�0//.U1; : : : ; Un/ D �
�
N.D;m/.U1; : : : ; Un/

�
D
®
.E;m.E/N.�0// j E 2 ND.U1; : : : ; Un/

¯
:

(16)
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For every � 2 N.�0/, � ¤ 1, one has

N.D;m/.U1; : : : ; Un/ \N.D;�m��1/.U1; : : : ; Un/ D ;;

so jıan
1 j is a topological covering map and every open subset ND.U1; : : : ; Un/ �

.Y n y0/
.n/
� is evenly covered:

(17) ı�11
�
ND.U1; : : : ; Un/

�
D

G
mN.�0/

N.D;mN.�0//.U1; : : : ; Un/:

4.10. Let C.y0/
0 D p�1.Y �HG

n .Y;y0/ nB/. We recall from [22, Sec. 3] that C.y0/
0

is bijective to the set ¹.�mŒ˛�D;D;m/º where .D;m/ 2 HG
n .Y; y0/,

�m D Ker
�
m W �1.Y nD;y0/! G

�
;

˛ is a path in Y nD with ˛.0/ D y0, and Œ˛�D is its homotopy class in Y nD. The
map p0 D pjC.y0/0 W C.y0/

0 ! Y �HG
n .Y; y0/ n B , defined by .�mŒ˛�D; D;m/ 7!

.˛.1/; .D;m//, is a topological Galois covering map with respect to the topologies
of the associated complex spaces, with a group of Deck transformations isomorphic
to G, where the action of G is defined as follows: if g 2 G, g D m.Œ��D/, then
g.�mŒ˛�D;D;m/ D .�mŒ� � ˛�D;D;m/.

In the setup of §2.1, for every .D;m/ 2 HG
n .Y; y0/ let �m;�0 D m

�1.G.�0// �

�1.Y nD;y0/. Let X.y0/
0 D '�1.Y �HG

n .Y; y0/ nB/. By Proposition 4.7, X.y0/
0

is isomorphic to C.y0/
0=G.�0/ by an isomorphism over Y �HG

n .Y; y0/ n B . The
quotient C.y0/

0=G.�0/ is bijective to the set ¹.�m;�0 Œ˛�D;D;m/º and the quotient mor-
phism �0 WC.y0/0!C.y0/

0=G.�0/ is given by .�mŒ˛�D;D;m/ 7! .�m;�0 Œ˛�D;D;m/.
One has X.y0/

0an
Š C.y0/

0an
=G.�0/ by Proposition 4.2. The map '0 W X.y0/0 !

Y �HG
n .Y; y0/ n B may be identified with

(18)
�
�m;�0 Œ˛�D;D;m

�
7!
�
˛.1/; .D;m/

�
and it is a topological covering map with respect to the topologies of the associated
complex spaces.

Proposition 4.11. For every .D; m/ 2 HG
n .Y; y0/ and every � 2 N.�0/ one has

�m;�0 D ��m��1;�0 . Consider the left action of N.�0/ on the set X.y0/
0 defined by

�
�
�m;�0 Œ˛�D;D;m

�
D
�
��m��1;�0 Œ˛�D;D; �m�

�1
�
:

This is an action by covering automorphisms of the composed étale cover

(19) X.y0/
0
! Y �HG

n .Y; y0/ n B ! Y � .Y n y0/
.n/
� n A;

where AD ¹.y;D/ j y 2Dº, and it can be uniquely extended to a left action ofN.�0/
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on X.y0/ by covering automorphisms of the composed cover

X.y0/
'
�! Y �HG

n .Y; y0/
id�ı
���! Y � .Y n y0/

.n/
� :

The morphism ' W X.y0/! Y �HG
n .Y; y0/ is N.�0/-equivariant with respect to the

action of N.�0/ on Y �HG
n .Y; y0/ defined by � � .y; .D;m// D .y; .D; �m��1//

(cf. Proposition 4.8).

Proof. For every � 2 N.�0/ one has �G.�0/��1 D G.�0/, so ��m��1;�0 D �m;�0 .
A basis of open sets of the topology of C.y0/

0an was constructed in [22, Sec. 3] as
follows. Let .y; .D;m// 2 Y �HG

n .Y; y0/ nB ,D D ¹b1; : : : ; bnº. Let xU ; xU1; : : : ; xUn
be disjoint embedded closed disks in Y with interiors U;U1; : : : ; Un, respectively, such
that y 2 U , xUi � Y n ¹y0º, bi 2 Ui , i D 1; : : : ; n. Let ˛ W I ! Y n

Sn
iD1
xUi be a path

such that ˛.0/ D y0, ˛.1/ D y. Let

N.˛;D;m/.U; U1; : : : ; Un/

D
®�
�m.E/Œ˛ � ��E ; E;m.E/

�
j E2ND.U1; : : : ; Un/; � W I !U; �.0/Dy

¯
:

(20)

The family of these subsets of C.y0/
0 is a basis of open sets of the topology of C.y0/

0an.
Furthermore (cf. §4.10),

(21) p0
�1�

U �N.D;m/.U1; : : : ; Un/
�
D

jGjG
jD1

N. j̨ ;D;m/.U; U1; : : : ; Un/;

where m.Œ j̨ � ˛�i �/ ¤ 1 for i ¤ j . Let h 2 G.�0/, h D m.Œ��/, where � is a loop in
Y n

Sn
iD1
xUi . Then

hN.˛;D;m/.U; U1; : : : ; Un/ D N.��˛;D;m/.U; U1; : : : ; Un/:

We see that acting on C.y0/
0 the groupG.�0/ permutes the open sets on the right-hand

side of (21) and the image of N.˛;D;m/.U; U1; : : : ; Un/ in X.y0/ is the set

xN.˛;D;m/.U; U1; : : : ; Un/

D
®�
�m.E/;�0 Œ˛ � ��E ; E;m.E/

�
j E2ND.U1; : : : ; Un/; � W I!U; �.0/Dy

¯
:

(22)

These sets form a basis of open sets of the quotient complex topology of X.y0/
0 Š

C.y0/
0=G.�0/ and

'0
�1�

U �N.D;m/.U1; : : : ; Un/
�
D

dG
iD1

xN.˛i ;D;m/.U; U1; : : : ; Un/;

where m.Œ j̨ � ˛�i �/ … G.�0/ for i ¤ j .
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Let � 2 N.�0/. Then � xN.˛;D;m/.U;U1; : : : ; Un/D xN.˛;D;�m��1/.U;U1; : : : ; Un/.
Therefore, N.�0/ acts on X.y0/

0 by covering homeomorphisms of the composed
topological covering

X.y0/
0
'0

�! Y �HG
n .Y; y0/ n B ! Y � .Y n y0/

.n/
� n A:

By [22, Cor. 4.5], N.�0/ acts on X.y0/
0 by covering automorphisms of the composed

étale cover (19). It is clear from (18) that '0 is N.�0/-equivariant.
LetH be a connected component ofHG

n .Y;y0/. Let X.y0/
0
H D '

0�1.Y �H nB/.
This is an irreducible algebraic variety, quotient of the irreducible variety

p0
�1
.Y �H n B/ D C.y0/

0
H

(cf. [22, §3.16]), and the smooth variety X.y0/H D '
�1.Y �H/ is the normalization

of Y �H in the field of rational functions C.X.y0/0H /. Given � 2 N.�0/, the map
x 7! �x defines an isomorphism X.y0/

0
H

�
�! X.y0/

0
��H . Passing to normalizations,

this isomorphism extends in a unique way to an isomorphism X.y0/H
�
�! X.y0/��H .

This defines an action of N.�0/ on X.y0/ with the required properties.

4.12. The group N.�0/ acts on X.y0/ by covering automorphisms of the cover
X.y0/! Y � .Y n y0/

.n/
� . We denote by X.y0; �0/ the quotient algebraic variety

X.y0/=N.�0/. The N.�0/-equivariant cover ' W X.y0/! Y �HG
n .Y; y0/ descends

to a cover � W X.y0; �0/! Y �H
ƒ;G
n;�0

.Y; y0/. One has the following commutative
diagram:

(23)

X.y0/
� //

'

��

X.y0; �0/

�

��

Y �HG
n .Y; y0/

id�� // Y �H
ƒ;G
n;�0

.Y; y0/;

where � and � are the quotient morphisms with respect to the actions of N.�0/. The
morphism � ı � WHG

n .Y;y0/!X.y0; �0/maps .D;m/ to .�m;�0 Œcy0 �D;D;m
N.�0//,

wheremN.�0/ D ¹�m��1 j � 2N.�0/º, so � ı � isN.�0/-invariant and can be decom-
posed as � ı �, where � W Hƒ;G

n;�0
.Y; y0/! X.y0; �0/ is a morphism with the property

that �.�.D;mN.�0/// D .y0; .D;mN.�0/// 8.D;mN.�0// 2 Hƒ;G
n;�0

.Y; y0/.
The closed algebraic subset B � Y �HG

n .Y; y0/ is N.�0/-invariant. Let B D

id � �.B/ and let X.y0; �0/
0 D X.y0; �0/ n �

�1.B/. Then

X.y0; �0/
0
D X.y0/

0=N.�0/ and jX.y0; �0/
0an
j D jX.y0/

0an
j=N.�0/

(cf. [22, Lem. 2.5]). For every element .y; .D;mN.�0/// of Y �Hƒ;G
n;�0

.Y; y0/ nB and
every z D .�m;�0 Œ˛�D;D;m

N.�0// 2 X.y0; �0/
0 such that �.z/ D .y; .D;mN.�0///,
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the sets

N.˛;D;mN.�0//.U; U1; : : : ; Un/D
®�
�m.E/;�0 Œ˛ � ��E ; E;m.E/

N.�0/
�
j

E2ND.U1; : : : ; Un/; � W I!U; �.0/Dy
¯(24)

form a basis of neighborhoods of z in the topology of X.y0; �0/
0an (cf. (20) and (22)).

Theorem 4.13. The pair

(25)
�
� W X.y0; �0/! Y �H

ƒ;G
n;�0

.Y; y0/; � W H
ƒ;G
n;�0

.Y; y0/! X.y0; �0/
�

is a smooth, proper family of pointed .ƒ;G/-covers of .Y;y0/ branched in n points. The
variety X.y0; �0/ is smooth. The branch locus of � is B. The fiber of the family over
.D; mN.�0// 2 H

ƒ;G
n;�0

.Y; y0/ is a pointed .ƒ; G/-cover of .Y; y0/ with monodromy
invariant .D;mN.�0//. Every pointed .ƒ;G/-cover of .Y; y0/ branched in n points is
equivalent to a unique fiber of the family (25) by a unique covering isomorphism.

Proof. The morphism ' WX.y0/! Y �HG
n .Y;y0/ isN.�0/-equivariant andN.�0/

acts freely on HG
n .Y; y0/ (cf. Proposition 2.8). Therefore, the action of N.�0/ on

the smooth variety X.y0/ is free, which implies that the quotient algebraic variety
X.y0;�0/ is smooth. The morphisms � and � of (23) are étale covers, so the composition
�2 ı� WX.y0;�0/!H

ƒ;G
n;�0

.Y;y0/ is smooth, since X.y0/!HG
n .Y;y0/ is smooth by

Proposition 4.6. Furthermore, �2 ı � is proper since � is finite and �2 is proper. Acting
by N.�0/ on X.y0/, every � 2 N.�0/ transforms the pointed .ƒ;G/-cover of .Y; y0/,
.X.y0/.D;m/ ! Y; �.D; m//, with monodromy invariant .D; mN.�0// (cf. Proposi-
tion 4.6) into the equivalent pointed cover .X.y0/.D;�m��1/ ! Y; �.D; �m��1// of
.Y; y0/; therefore, the fiber of the family (25) over .D;mN.�0// is a pointed cover of
.Y; y0/ equivalent to any of these ones. This proves the stated properties of the family
(25). The last statement of the theorem follows from Proposition 2.13 and §2.5.

Remark 4.14. The local analytic form of � W X.y0; �0/ ! Y � H
ƒ;G
n;�0

.Y; y0/ at
the points lying over the branch locus of � is the same as that of ' W X.y0/! Y �

HG
n .Y; y0/. In fact, in the commutative diagram (23), ' is N.�0/-equivariant and the

action of N.�0/ is free. Let x1 2 X.y0; �0/ be a point such that �.x1/ belongs to B.
Let x 2 X.y0/ be a point such that �.x/ D x1 and let '.x/ D .bj ; .D;m//, where
D D ¹b1; : : : ; bj ; : : : ; bnº (cf. Proposition 4.6). Acting on Y �HG

n .Y; y0/ by

� �
�
y; .D;m/

�
D
�
y; .D; �m��1/

�
;

every � 2 N.�0/ transforms V D U �N.D;m/.U1; : : : ; Un/ into the open set �V D
U �N.D;�m��1/.U1; : : : ; Un/ and �1V \ �2V D ; if �1 ¤ �2. Respectively, acting
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on X.y0/, the group N.�0/ permutes '�1.�V /, � 2 N.�0/. If A is the neighbor-
hood of x as in Proposition 4.6, let A1 D �.A/ and let V1 D .idY � �/.V / D U �
N.D;mN.�0//.U1; : : : ; Un/. Then one has a commutative diagram of holomorphic maps

A
�an
//

'jA
��

A1

�jA1
��

V
id��an

// V1

in which the horizontal maps are biholomorphic. Therefore, statements analogous to
(i) and (ii) of Proposition 4.6 hold for �jA1 W A1 ! V1.

Proposition 4.15. Let (f W X ! Y � S; � W S ! X) be a smooth, proper family of
pointed .ƒ;G/-covers of .Y; y0/ branched in n points. Let B � Y � S be the branch
locus of f . For every fiber .fs W Xs ! Y; �.s// let ."s; ms/ be a pair which satisfies
the conditions of Proposition 2.8 (i) (cf. Proposition 3.3). For every s 2 S let u.s/ D
.Bs;m

N.�0/
s / 2H

ƒ;G
n;�0

.Y;y0/ be the monodromy invariant of .fs WXs! Y;�.s//. Then
u W S ! H

ƒ;G
n;�0

.Y; y0/ is a morphism.

Proof. The map ˇ W S ! .Y n y0/
.n/
� � Y

.n/ given by ˇ.s/ D Bs is a morphism by
[22, Prop. 2.6]. The map u fits in the following commutative diagram:

H
ƒ;G
n;�0

.Y; y0/

ı1
��

S

u

::

ˇ
// .Y n y0/

.n/
�

where ı1 is the étale cover defined by ı1.D;mN.�0//DD (cf. Proposition 4.8). In order
to prove that u is a morphism, it suffices to verify that u is continuous with respect to the
topologies of S an and Hƒ;G

n;�0
.Y; y0/

an (cf. [22, Cor. 4.5]); i.e., we have to show that for
every s 2 S and every neighborhood N of u.s/ the point s is internal of u�1.N /. Let
s0 be an arbitrary point of S . Let ˇ.s0/ D D D ¹b1; : : : ; bnº. Let (" W ƒ! f �1s0 .y0/,
m W �1.Y nD;y0/! G) be a pair which satisfies condition (i) of Proposition 2.8 with
".�0/D �.s0/. One has u.s0/D .D;mN.�0//. LetN.D;mN.�0//.U1; : : : ; Un/ be any of
the open sets of the neighborhood basis of .D;mN.�0// in jHƒ;G

n;�0
.Y; y0/

anj contained
in N (cf. (16)). In the course of the proof of Lemma 3.5, we showed that there exists
a connected neighborhood V � jS anj of s0 such that ˇ.V / � ND.U1; : : : ; Un/ and
we constructed for every s 2 V a pair ."0s W ƒ! f �1s .y0/;m

0
s D m.ˇ.s/// as in (10).

For all s 2 S this pair satisfies the conditions of Proposition 2.8 (i). In fact, the first
one was verified in the proof of Lemma 3.5. We claim that the second one is satisfied
as well: "0s.�0/ D �.s/ 8s 2 S . This holds since ¹y0º � V is a connected subset of
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U � V , so f �1.¹y0º � V / is a disjoint union of d D jƒj connected components
f �1.¹y0º � V / \W�, � 2 ƒ. The map � W S ! f �1.¹y0º � S/ is continuous with
respect to the canonical complex topologies and �.s0/ D ".�0/ 2 W�0 . Therefore,
�.V / is the connected component of f �1.¹y0 � V º/ contained in W�0 . This shows
that "s.�0/ D �.s/ 8s 2 V . Using Proposition 2.8, we conclude that 8s 2 V the
monodromy invariant u.s/ of .fs W Xs ! Y; �.s// equals .ˇ.s/; m.ˇ.s//N.�0//, so
u.s/ 2 �.N.D;m/.U1; : : : ;Un//DN.D;mN.�0//.U1; : : : ;Un/ (cf. (16)). Therefore, V �
u�1.N /.

Lemma 4.16. Let f W X ! S and g W Z ! S be proper, surjective morphisms of
algebraic varieties. Let h WX!Z be a morphism such that f D g ı h. Suppose that for
every s 2 S the induced morphism of the scheme-theoretical fibers hs W X ˝S C.s/!

Z ˝S C.s/ is an isomorphism. Then h is an isomorphism.

Proof. The map h is bijective. By [15, Prop. 4.6.7 (i)], every s 2 S has an open
neighborhood U in S such that hjf �1.U / W f �1.U /! g�1.U / is a closed embedding.
Since X and Z are reduced schemes, hjf �1.U / is an isomorphism. Therefore, h is an
isomorphism.

In the next theorem, we assume the setup of §2.1.

Theorem 4.17. The algebraic variety Hƒ;G
n;�0

.Y; y0/ is a fine moduli variety for the
moduli functor H

ƒ;G
.Y;y0/;n

of smooth, proper families of pointed .ƒ;G/-covers of .Y; y0/
branched in n points (cf. §3.8). The universal family is (cf. Theorem 4.13)

(26)
�
� W X.y0; �0/! Y �H

ƒ;G
n;�0

.Y; y0/; � W H
ƒ;G
n;�0

.Y; y0/! X.y0; �0/
�
:

Proof. Let Œf W X ! Y � S; � W S ! X� 2 H
ƒ;G
.Y;y0/;n

.S/ and let B � Y � S be
the branch locus of f . For every fiber .fs W Xs ! Y; �.s// let ."s; ms/ be a pair
which satisfies the conditions of Proposition 2.8 (i) (cf. Proposition 3.3). Let u W S !
H
ƒ;G
n;�0

.Y; y0/, u.s/ D .Bs; mN.�0/s / be the morphism of Proposition 4.15. We want to
prove that .f WX! Y � S;�/ is equivalent to the pullback by u of the family (26). This
is the unique morphism with this property since the monodromy invariant classifies
the pointed .ƒ;G/-covers of .Y; y0/ up to equivalence. For every s 2 S there exists a
unique isomorphism hs W Xs ! X.y0; �0/u.s/ such that �u.s/ ı hs D .idY � u/ ı fs
and hs.�.s//D �.u.s//. Let h WX !X.y0; �0/ be the map whose restriction on every
Xs equals hs . One obtains the following commutative diagram of maps:

(27)

X
h //

f

��

X.y0; �0/

�
��

Y � S
id�u // Y �H

ƒ;G
n;�0

.Y; y0/:
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We want to prove that h is a morphism and that (27) is a Cartesian diagram. Let
B � Y � H

ƒ;G
n;�0

.Y; y0/ be the branch locus of �. One has B D .idY � u/�1.B/.
Let X 0 D X n f �1.B/, X.y0; �0/

0 D X.y0; �0/ n �
�1.B/, h0 D hjX 0 , f 0 D f jX 0 ,

�0 D �jX.y0;�0/0 . Restricting (27) to the complements of the branch loci, one obtains
the commutative diagram of maps

X 0
h0 //

f 0

��

X.y0; �0/
0

�0

��

Y � S n B
.id�u/0

// Y �H
ƒ;G
n;�0

.Y; y0/ nB:

We claim that h0 is continuous with respect to the topologies of X 0an and X.y0; �0/
0an.

Let s 2 S and let "s W ƒ! f �1s .y0/,ms W �1.Y nBs; y0/! G be a pair as in Propo-
sition 2.8 (i) with "s.�0/ D �.s/. One has

.f 0s /��1
�
X 0s; �.s/

�
D m�1s

�
G.�0/

�
D �ms ;�0 :

Let x 2 X 0s and let 
 W I ! X 0s be a path such that 
.0/ D �.s/, 
.1/ D x. Then
f 0 ı 
 W I ! Y n Bs is a path with initial point y0. Lifting f 0 ı 
 in X.y0; �0/

0
u.s/

with initial point �.u.s// D .�ms ;�0 Œcy0 �Bs ; Bs; m
N.�0/
s /, its terminal point is

(28) h0.x/ D h0s.x/ D
�
�ms ;�0 Œf

0
ı 
�Bs ; Bs; m

N.�0/
s

�
:

For everyx0 2X 0 and every neighborhoodN ofh0.x0/ in X.y0; �0/
0an we have to prove

that x0 is an internal point of h0�1.N /. Let f 0.x0/D .y; s0/,D D Bs0 D ¹b1; : : : ; bnº,
m D ms0 W �1.Y nD;y0/! G. Let 
0 W I ! X 0s0 be a path such that 
0.0/ D �.s0/,

0.1/ D x0, and let ˛ D f 0s0 ı 
0 W I ! Y nD. One has ˛.0/ D y0, ˛.1/ D y, and
h0.x0/ D .�m;�0 Œ˛�D; D; m

N.�0//. Let N.˛;D;mN.�0//.U; U1; : : : ; Un/, with y 2 U ,
bi 2 Ui , i D 1; : : : ; n, and ˛.I /� Y n

Sn
iD1
xUi , be a neighborhood of h0.s0/ as in (24)

contained in N . We want to show that there exists a neighborhood W of x0 such that
h0.W / � N.˛;D;mN.�0//.U; U1; : : : ; Un/. The complex space S an is locally connected
[12, Ch. 9, §3 (1)], so one may shrink the neighborhood U of y and choose a connected
neighborhood V of s0 such that ˇ.V / � ND.U1; : : : ; Un/, U � V � Y � S n B and
f 0
�1
.U � V / is a disjoint union of connected open sets homeomorphic to U � V . Let

W be the connected component of f 0�1.U � V / which contains x0. We claim that

h0.W / � N.˛;D;mN.�0//.U; U1; : : : ; Un/:

Consider the homotopy

F W Œ0; 1� � V ! Y � S n B; F.t; s/ D
�
˛.t/; s

�
:
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By the covering homotopy property of topological covering maps (cf. [30, Ch. 2, §3,
Thm. 3]), there is a unique continuous lifting of F

X 0

f 0

��

Œ0; 1� � V

zF
66

F // Y � S n B

such that zF .0; s/ D �.s/ 8s 2 V . We have f 0 ı zF .0; s/ D f 0.�.s// D .y0; s/ D

.˛.0/; s/. Let s 2 V . The path t 7! zF .t; s/ is a lifting of˛ � ¹sºwith initial point �.s/, so
f 0. zF .1; s//D .˛.1/; s/D .y; s/ 2U � V . If sD s0, then zF .1; s0/D 
0.1/D x0. This
implies that zF .¹1º � V /�W since V is connected. The map f 0jW WW ! U � V is a
homeomorphism. Let x 2W and let f 0.x/D .z; s/. We construct a path 
 inX 0s which
connects �.s/ with x as follows. The path z̨s.t/ D zF .t; s/, t 2 Œ0; 1�, has initial point
�.s/ and terminal point zF .1; s/ D w 2 W such that f 0.w/ D .˛.1/; s/ D .y; s/. Let
� W I !U be a path such that �.0/D y;�.1/D z. Then 
 D z̨s � ..f 0jW /�1 ı .� � ¹sº//
is a path in X 0s which connects �.s/ with x and f 0s ı 
 D ˛ � � . Let ˇ.s/ D E. We
showed in Proposition 4.15 that mN.�0/s D m.E/N.�0/, so by (28),

h0.x/ D
�
�m.E/;�0 Œ˛ � ��E ; E;m.E/

N.�0/
�
:

This shows that h0.W / � N.˛;D;mN.�0//.U; U1; : : : ; Un/, so x0 is an internal point of
h0
�1
.N /. The claim that h0 is continuous is proved.

One applies [22, Cor. 4.5] to the commutative diagram

X.y0; �0/
0

�0

��

X 0

h0
66

.idY �u/0ıf 0
// Y �H

ƒ;G
n;�0

.Y; y0/ nB

and concludes that h0 W X 0 ! X.y0; �0/
0 is a morphism.

Let �S WX.y0;�0/S!Y �S be the pullback of � W X.y0; �0/!Y �H
ƒ;G
n;�0

.Y; y0/

by u W S!H
ƒ;G
n;�0

.Y;y0/. The compositionX 0
h0

�! X.y0; �0/
0 ,! X.y0; �0/ yields an

S -morphism  W X 0 ! X.y0; �0/S which fits in the following commutative diagram
of morphisms:

X

f $$

X 0?
_oo

 
//

��

X.y0; �0/S

�Sww

Y � S

�2
��

S:
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The graph � of is contained in the set-theoretical fiber productX �Y�S X.y0; �0/S ,
which is a Zariski closed subset of X �X.y0; �0/S , so it contains the closure x� .
Therefore, the projection morphism x�!X has finite fibers. Applying [21, Thm. 2], one
concludes that  can be extended to an S -morphism z W X ! X.y0; �0/S . For every
s 2 S the compositionXs

z s
�! .X.y0; �0/S /s

�
�! X.y0; �0/u.s/ is a morphism whose

restriction onX 0s coincides with h0s . Hence, this composition equals hs . This implies that
h equals the composition of morphisms X

z 
�! X.y0; �0/S ! X.y0; �0/, so h W X !

X.y0;�0/ is a morphism. Furthermore, z s is an isomorphism for every s 2 S . Applying
Lemma 4.16 to the smooth, proper morphisms X!S and X.y0; �0/S!S , one
concludes that z W X ! X.y0; �0/S is an isomorphism, so diagram (27) is Cartesian.
One has that �S ı z D f and z .�.s// D  .�.s// D �S .s/ 8s 2 S since h.�.s// D
�.u.s// by the construction of the map h. Therefore, .f W X ! Y � S; �/ is equivalent
to the pullback of the family (26) by the morphism u W S ! H

ƒ;G
n;�0

.Y; y0/.

A pointed cover .f W X ! Y; x0/ of .Y; y0/ is a .ƒ;G/-cover if and only if it is
equivalent to .ƒ �G C ! Y;�.�0; z0// for some pointedG-cover .p W C ! Y; z0/ of
.Y; y0/ (cf. Corollary 2.14). In the next proposition, applying Theorem 4.17, we extend
this to smooth, proper families of pointed covers of .Y; y0/ (cf. also Proposition 3.11).

Proposition 4.18. Let y0 2 Y . Let .f W X ! Y � S;� W S ! X/ be a smooth, proper
family of pointed covers of .Y; y0/ branched in n points. Suppose that S is connected
and there is a point s0 2 S such that .fs0 WXs0! Y;�.s0// is a .ƒ;G/-cover of .Y;y0/.
There is an étale Galois cover � W T ! S with Galois group isomorphic to N.�0/ and
a smooth, proper family .pT W C ! Y � T; �T W T ! C/ of pointedG-covers of .Y;y0/
branched in n points such that the pullback by �, .fT W XT ! Y � T; �T W T ! XT /,
is equivalent to .ƒ �G C ! Y � T;�.�0; �T / W T ! ƒ �G C/ (cf. Proposition 3.11).
For every s 2 S the fibers over the points of ��1.s/ are the jN.�0/j pointed G-covers
of .Y; y0/, nonequivalent to each other, whose quotients by G.�0/ are equivalent to
the pointed cover .Xs ! Y; �.s// of .Y; y0/ (cf. Corollary 2.14).

Proof. By Proposition 3.6, .f W X ! Y � S; �/ is a smooth, proper family of pointed
.ƒ;G/-covers of .Y; y0/. Let u W S ! H

ƒ;G
n;�0

.Y; y0/ and h W X ! X.y0; �0/ be the
morphisms defined in the proof of Theorem 4.17, which make diagram (27) Cartesian.
The quotient morphism � W HG

n .Y; y0/! H
ƒ;G
n;�0

.Y; y0/ is an étale Galois cover with
Galois group N.�0/. Let T be the fiber product, which fits in the Cartesian diagram

(29)

T
Qu //

�

��

HG
n .Y; y0/

�

��

S
u // H

ƒ;G
n;�0

.Y; y0/:
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The morphism � W T ! S is an étale Galois cover with Galois group N.�0/ (cf.
[23, Prop. A.7.1.3]). Let .fT WXT ! Y � T;�T / be the pullback of .f WX! Y �S;�/

by � W T ! S (cf. §3.8). One has the following commutative diagram of morphisms
in which the two squares are Cartesian:

(30)

XT
h�

//

fT

��

X

f

��

h // X.y0; �0/

�

��

Y � T
id��

// Y � S
id�u // Y �H

ƒ;G
n;�0

.Y; y0/:

Therefore, the composed diagram is Cartesian as well [11, Prop. 4.16]. Let .' WX.y0/!
Y �HG

n .Y; y0/; � W H
G
n .Y; y0/! X.y0// be the family of pointed .ƒ; G/-covers

of .Y; y0/ defined in Proposition 4.6. Let .f1 W X1 ! Y � T; �1/ be its pullback by
Qu W T ! HG

n .Y; y0/. One has the following commutative diagram of morphisms in
which the left square is Cartesian and the right one is (23):

(31)

X1
h1 //

f1

��

X.y0/

'

��

� // X.y0; �0/

�

��

Y � T
id�Qu // Y �HG

n .Y; y0/
id�� // Y �H

ƒ;G
n;�0

.Y; y0/:

The right square is also Cartesian since the canonical morphism of X.y0/ into the fiber
product is a bijective morphism of smooth algebraic varieties. Therefore, the composed
diagram is Cartesian. We have u ı � D � ı Qu by (29). Comparing (30) with (31), we
conclude that there is an isomorphism q W X1! XT such that fT ı q D f1. We claim
that q ı �1.t/D �T .t/8t 2 T . It suffices to check that � ı h1 ı �1.t/D h ı h� ı �T .t/.
One has

�
�
h1
�
�1.t/

��
D �

�
�
�
Qu.t/

��
D �

�
�
�
Qu.t/

��
and

h
�
h�
�
�T .t/

��
D h

�
�
�
�.t/

��
D �

�
u
�
�.t/

��
D �

�
�
�
Qu.t/

��
:

This shows that q W X1 ! X defines an equivalence of the families of pointed covers
of .Y; y0/, .f1 W X1 ! Y � T; �1/ and .fT W XT ! Y � T; �T /.

Let .pT W C ! Y � T; �T / be the pullback of .p W C.y0/! Y �HG
n .Y; y0/; �/

by Qu W T ! HG
n .Y; y0/ [22, §5.2]. One has that C is reduced and may be identified

with the closed subvariety C D ¹.z; t/ j �2 ı p.z/D Qu.t/º of C.y0/� T . The induced
action of G is defined by g.z; t/ D .gz; t/ and �T .t/ D .�. Qu.t//; t/ 8t 2 T . Let
j W C ! C.y0/ be the G-equivariant morphism j.z; t/ D z. Let H D G.�0/ and let
� W C.y0/! X.y0/ be the H -invariant morphism defined by �.z/ D �.�0; z/. Let
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�1 W C ! X1 be the morphism defined by �1.z; t/ D .�.z/; t/. It is H -invariant and
fits in the following commutative diagram of morphisms:

C
�1 //

j
��

X1

h1
��

f1 // Y � T

id�Qu
��

C.y0/
�
// X.y0/

'
// Y �HG

n .Y; y0/:

One has that f1 ı �1 D pT and ' ı � D p, so the composed diagram is Cartesian. The
right square is Cartesian, so the left square is Cartesian as well [11, Prop. 4.16]. By
Proposition 4.7, � induces an isomorphism x� W C.y0/=H

�
�! X.y0/. The formation

of quotients by H commutes with base change [23, Prop. A.7.1.3], so �1 induces an
isomorphism x�1 W C=H ! X1 over Y � T . Furthermore, �1 transforms the section
�T W T ! C into �1 W T ! X1. In fact, for every t 2 T one has

�1
�
�T .t/

�
D �1

�
�
�
Qu.t/

�
; t
�
D
�
�
�
�
�
Qu.t/

��
; t
�
D
�
�
�
Qu.t/

�
; t
�
D �1.t/:

By Proposition 3.11, we conclude that .f1 W X1 ! Y � T; �1/ is equivalent to
.ƒ�GC!Y �T;�.�0; �T //. This proves the proposition since .fT W XT!Y �T; �T /

is equivalent to .f1 W X1 ! Y � T; �1/ as we saw above. The last statement of the
proposition follows from diagram (29).

4.19. Let .f W X ! Y; x0/ be a pointed .ƒ; G/-cover of .Y; y0/ branched in D D
¹b1; : : : ; bnº � Y n ¹y0º associated with " Wƒ! f �1.y0/,m W �1.Y nD;y0/!G as
in Proposition 2.8 (i). Let 
1; : : : ; 
n be loops based at y0 as in §2.4 and let gi Dm.Œ
i �/,
i D 1; : : : ; n. Varying xU1; : : : ; xUn and �1; : : : ; �n, one obtains 
 01; : : : ; 


0
n and g0i D

m.Œ
 0i �/ such that g0i belongs to the conjugacy class of gi in G, i D 1; : : : ; n (cf. §2.6).
Furthermore, replacing .f W X ! Y; x0/ by an equivalent pointed .ƒ; G/-cover
.f1 W X1!Y; x00/ of .Y;y0/ results in replacing .g01; : : : ;g

0
n/ by .�g01�

�1; : : : ;�g0n�
�1/,

where � 2 N.�0/.

Definition 4.20. Let O1; : : : ; Ok be conjugacy classes of G, Oi ¤ Oj if i ¤ j . Let
nD n1O1C � � � C nkOk be a formal sum, where ni 2N. Let jnj D n1C � � � C nk D n.
We say that a pointed cover .f W X ! Y; x0/ of .Y; y0/ branched in n points is a
.ƒ;G/-cover of branching type n if there exists a bijection " W ƒ! f �1.y0/ and an
epimorphism m W �1.Y nD;y0/! G, which satisfy condition (i) of Proposition 2.8,
such that

(32) ni of the elements m
�
Œ
j �

�
belong to Oi for i D 1; : : : ; k:

Notice that the branching type is not uniquely determined by the equivalence class
of f . It specifies that .f W X ! Y; x0/ is equivalent to .ƒ �G C ! Y; �.�0; z0// for
some pointed G-cover .p W C ! Y; z0/ of .Y; y0/ of branching type n.
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4.21. Let HG
n .Y; y0/ be the subset of HG

n .Y; y0/ consisting of the elements .D;m/
with m satisfying condition (32). Every nonempty HG

n .Y; y0/ is a union of connected
components ofHG

n .Y;y0/ andHG
n .Y;y0/D

F
jnjDnH

G
n .Y;y0/. Let � 2N.�0/. Then

� �HG
n .Y; y0/ D H

G
n0 .Y; y0/, with n0 D n1O 01 C � � � C nkO

0
k
, whereO 0i is the conju-

gacy class �Oi��1 ofG. SupposeHG
n .Y;y0/¤;. LetHƒ;G

n;�0
.Y;y0/D �.H

G
n .Y;y0//

(cf. Proposition 4.8). It is a union of connected components of Hƒ;G
n;�0

.Y; y0/. Let us
denote by �n W Xn.y0; �0/! Y �H

ƒ;G
n;�0

.Y; y0/ the restriction of the family

� W X.y0; �0/! Y �H
ƒ;G
n;�0

.Y; y0/

and let �n W Hƒ;G
n;�0

.Y; y0/! Xn.y0; �0/ be the restriction of the morphism

� W H
ƒ;G
n;�0

.Y; y0/! X.y0; �0/:

Theorem 4.22. Let n D n1O1 C � � � C nkOk , jnj D n, be as in Definition 4.20. Let
.f W X ! Y � S; � W S ! X/ be a smooth, proper family of pointed covers of .Y; y0/
branched in n points. Suppose that S is connected and there is a point s0 2 S such
that .fs0 W Xs0 ! Y; �.s0// is a .ƒ;G/-cover of branching type n. Then
(i) there exists a unique morphismu WS!Hƒ;G

n;�0
.Y;y0/ such that .f W X!Y�S; �/

is equivalent to the pullback by u of .�n W Xn.y0; �0/! Y �H
ƒ;G
n;�0

.Y; y0/; �n/;
(ii) there exists an étale cover � W T ! S and a smooth, proper family of pointed

G-covers .p W C ! Y � T; � W T ! C/ of .Y; y0/ of branching type n, such
that the pullback by �, .fT W XT ! Y � T; �T /, is equivalent to .ƒ �G C !

Y � T; �.�0; �T // (cf. Proposition 3.11).

Proof. By Proposition 3.6, .f W X ! Y � S; �/ is a smooth, proper family of pointed
.ƒ; G/-covers of .Y; y0/. Part (i) follows from Theorem 4.17 since the morphism
u W S ! H

ƒ;G
n;�0

.Y; y0/ of Proposition 4.15 has image contained in a connected com-
ponent of Hƒ;G

n;�0
.Y; y0/ which is a connected component of Hƒ;G

n;�0
.Y; y0/.

Part (ii) is proved similarly to Proposition 4.18 replacing (29) by the Cartesian
diagram

(33)

T
Qu //

�

��

HG
n .Y; y0/

�
��

S
u // H

ƒ;G
n;�0

.Y; y0/

and using the universal family of pointed G-covers of .Y; y0/ of branching type n,
.pn W Cn.y0/! Y �HG

n .Y; y0/; �n/ (cf. [22, Thm. 5.8]).

Choosing another �1 2 ƒ as a marked element, one obtains a family of pointed
.ƒ;G/-covers of .Y; y0/ which is isomorphic to (25).
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Proposition 4.23. Let �1 2 ƒ and let �1 D �0g, g 2 G. Let

(34)
�
�1 W X.y0; �1/! Y �H

ƒ;G
n;�1

.Y; y0/; �1 W H
ƒ;G
n;�1

.Y; y0/! X.y0; �1/
�

be the smooth, proper family of pointed .ƒ;G/-covers of .Y; y0/ branched in n points
associated with �1 2 ƒ (cf. Theorem 4.13). Then there exists an isomorphism

h W X.y0; �1/! X.y0; �0/

which fits in the following diagram:

(35)

X.y0; �1/
h //

�1
��

X.y0; �0/

�
��

Y �H
ƒ;G
n;�1

.Y; y0/
id�u // Y �H

ƒ;G
n;�0

.Y; y0/;

where u WHƒ;G
n;�1

.Y; y0/!H
ƒ;G
n;�0

.Y; y0/ is an isomorphism given by u.D;mN.�1/1 / D

.D; .gm1g
�1/N.�0// and furthermore � ı u D h ı �1. Similar statements hold for the

universal families of pointed .ƒ; G/-covers of .Y; y0/ with a fixed branching type
n D n1O1 C � � � C nkOk .

Proof. Let .f W X ! Y; x0/ be a pointed .ƒ;G/-cover of .Y; y0/ branched in D 2
.Y n y0/

.n/
� and let ."1 W ƒ! f �1.y0/; m1 W �1.Y n D; y0/! G/ be a pair such

that "1.�m1.Œ˛�// D "1.�/˛ 8� 2 ƒ and 8Œ˛� 2 �1.Y nD; y0/, and "1.�1/ D x0.
Let " W ƒ! f �1.y0/ be the bijection defined by ".�/ D "1.�g/. Then ".�0/ D x0
and m D gm1g�1 satisfies ".�m.Œ˛�// D ".�/˛ 8� 2 ƒ and 8Œ˛� 2 �1.Y nD;y0/.
Applying this to the fibers of (34), we see that 8.D; mN.�1/1 / 2 H

ƒ;G
n;�1

.Y; y0/ the
monodromy invariant relative to �0 of�

X.y0; �1/
.D;m

N.�1/

1
/
! Y; �1

�
D;m

N.�1/
1

��
is .D; .gm1g�1/N.�0//, so by Proposition 4.15, u is a morphism. By Theorem 4.17,
there exists a morphism h WX.y0; �1/!X.y0; �0/ which makes diagram (35) Carte-
sian and satisfies h ı �1 D � ı u. Replacing �0 with �1, �0 D �1g�1, one obtains a
morphism

u1 W H
ƒ;G
n;�0

.Y; y0/! H
ƒ;G
n;�1

.Y; y0/

defined by
u1.D;m

N.�0// D
�
D; .g�1mg/N.�1/

�
;

inverse to u and a morphism h1 WX.y0;�0/!X.y0;�1/. One has h1 ı hD idX.y0;�1/

since h1 ı h ı �1 D �1 and similarly h ı h1 D idX.y0;�0/.
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