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Abstract. – We solve some parametric families of norm form equations using a method recently
introduced by Amoroso, Masser and Zannier. We show that for all sufficiently large (in an effective
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solution over ZŒT �. We find such functional solutions.
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1. Introduction

In this article, we will solve some parametric families of norm form equations, i.e.,
diophantine equations having the shape

Norm
�
x0�

.0/
t C x1�

.1/
t C � � � C xd�1�

.d�1/
t

�
D n;

where �.0/t ; : : : ; �
.d�1/
t are some algebraic numbers depending on an integer parameter

t and the norm is from Q.�.0/t ; : : : ; �
.d�1/
t / to Q. Of course, the unknown integers

x0; : : : ; xd�1 may be required to satisfy also other relations. The study of parametric
families of norm form equations, with particular focus on Thue equations, can be traced
back to the work of Thomas in [22]. Since then, this topic has been explored using
various techniques in many studies, including [2, 4, 7, 15, 18, 19, 23].

In our case, we set nD1 and, after fixing �.1/t D�t , we choose �.j /t D�
j
t for all j .

Our focus will be on solving uniformly these equations for all sufficiently large (in
an effective way) positive integers t . Under suitable assumptions, if t is sufficiently
large, all integer solutions will actually arise from “functional solutions”, obtained by
replacing t with a variable T and then solving the equation in ZŒT �. In every case we
consider, we will be able to find such functional solutions.

We show how a new method developed by Amoroso, Masser and Zannier in [2]
can be applied in order to study such equations, restricting ourselves to some specific
examples, which of course will satisfy the above-mentioned “suitable assumptions”.

https://creativecommons.org/licenses/by/4.0/
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This method is one of the various applications of the theory of heights to diophantine
problems: see also Zannier’s survey article [26] for an interesting overview on the topic.

In particular, we study some generalizations of the Thue equation

x5 C 4t4xy4 � y5 D 1;

which was already considered by Lombardo in [15], being perhaps the first instance of
a parametric Thue equation of degree 5 solved by Skolem’s method.

Firstly, we are able to drop the hypothesis 5 j t (which in principle may not be
necessary, up to be willing to make many more computations, see [15, Remark 3.1]).

Most importantly, we can escape from the context of Thue equations by adding two
more variables in the equation, obtaining Theorem 2.1.

We can also add a fifth variable, but then we need the variables to satisfy some
polynomial relations, see Theorem 2.3.

It is fitting to remark that the equation with 4 variables (equation (1)) cannot be
solved via Skolem’s approach for dimensional reasons: in the language of [15, p. 3],
we would have 4C 2 D dimX C dim Y > dimA D 5. Therefore, our method can
go further than Skolem’s one. However, the equation with 3 variables (equation (2))
could, in principle, still be solved with Skolem’s method. Nonetheless, even under the
assumption 5 j t , a significant number of cases would need to be treated.

A corollary of [10, Theorem 4.12], which generalizes Strassmann’s lemma, can
be applied alongside Skolem’s method to solve the equation x5C4t4xy4�y5D1.
Whether this corollary could also be applied to equation (2), potentially simplifying
its resolution but without imposing additional assumptions on the variables or the
parameter, remains unclear.

Finally, in Theorem 2.5, we solve (as usual for sufficiently large integers t ) the Thue
equation

x4 � tx3y � x2y2 C txy3 C y4 D 1:

This equation has already been studied by Pethö in [18, 19] using Baker’s method,
which relies on linear forms in logarithms; however, our approach could potentially
handle an extra variable in such equation.

2. Main results

LetP.T;X/DX5C4T 4X�1. Observing that @P.t;X/
@X
D5X4C4t4�0, we deduce that

P.t;X/ has only one real root for any choice of the integer t . We denote this root by �t .
Thanks to the results shown in [2], we prove the following result.

Theorem 2.1. There exists an effective t0 2 N such that for any integer t � t0 the
integer solutions of
(1) NQ.�t /=Q.x C y�t C z�

2
t C w�

3
t / D 1
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are precisely the following:

.x; y; z; w/ 2
®
.1; 0; 0; 0/; .0; 1; 0; 0/; .0; 0; 1; 0/; .0; 0; 0; 1/; .1;�4t4; 0; 0/;

.0; 1;�4t4; 0/; .0; 0; 1;�4t4/; .1;�8t4; 16t8; 0/;

.0; 1;�8t4; 16t8/; .1;�12t4; 48t8;�64t12/; .2t2;˙2t; 1; 0/;

.0; 2t2;˙2t; 1/; .2t2;�8t6 � 2t; 1˙ 8t5;�4t4/;

.˙8t3;�32t7 C 8t2;�32t6 ˙ 4t; 1� 16t5/
¯
:

Since P.t; X/ is irreducible in QŒX� for any t ¤ 0, equation (1) is a norm form
equation of degree 5. Setting w D 0 and writing explicitly (1), we obtain the following
corollary.

Corollary 2.2. There exists an effective t0 2 N such that for any integer t � t0 the
integer solutions of

x5 C y5 C z5 C 5xyz.xz � y2/

C 4t4.2x3z2 � 4x2y2z C xy4 C 4t4xz4 C yz4/ D 1

(2)

are precisely the following:

.x; y; z/ 2
®
.1; 0; 0/; .0; 1; 0/; .0; 0; 1/; .1;�4t4; 0/; .0; 1;�4t4/;

.2t2;˙2t; 1/; .1;�8t4; 16t8/
¯
:

In particular, setting z D 0 and substituting y 7! �y, we immediately recover the
Thue equation previously studied by Lombardo in [15]:

(3) x5 C 4t4xy4 � y5 D 1;

whose integer solutions (for sufficiently large t 2 Z) are precisely

.x; y/ 2
®
.1; 0/; .0;�1/; .1; 4t4/

¯
:

In Section 7, we present an alternative proof of the resolution of equation (3),
without deducing it as a corollary of Theorem 2.1. We do this because our goal is to
show how the method can be applied and not only to obtain the solutions of the specific
equations we are studying.

In this proof, we will deduce the functional solutions in another way, making use of
the explicit writing of the norm form equation, some considerations about the degrees
of the polynomial solutions and the Puiseux expansions at infinity of the roots of
P.T;X/. The same strategy can be applied to prove directly also Corollary 2.2, but we
do not display here the proof as it consists in more cumbersome computations and no
substantially new ideas.
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Equation (1) will be seen as the norm form equation

NQ.�t /=Q.x C y�t C z�
2
t C w�

3
t C u�

4
t / D 1;

where we require the solutions to lie in the proper subvariety ¹u D 0º � A5. Also all
the other examples discussed in [2] were obtained by requiring the last coordinate of
the “general” norm form equation to be fixed, and in particular the number of variables
in those examples is always d � 1, where d is the degree of the equation.

Here we provide an example of an equation where the number of variables is d .

Theorem 2.3. Let a; b; c 2 Q such that abc ¤ 0. There exists an effective t0 2 N

such that for any integer t � t0 the integer solutions of

(4) NQ.�t /=Q.x C y�t C z�
2
t C w�

3
t C u�

4
t / D 1

satisfying
az C bw C cu D 0

are precisely the following:

.x; y; z; w; u/ 2
®
.1; 0; 0; 0; 0/; .0; 1; 0; 0; 0/; .1;�4t4; 0; 0; 0/

¯
:

The assumption abc ¤ 0 is necessary because otherwise further solutions may
arise, and these cases should be treated separately. For instance, when a D b D 0 ¤ c,
we recover Theorem 2.1.

The fact that the considered subvariety is a hyperplane is not particularly significant;
thanks to Theorem 3.2, we could instead consider any proper subvariety of A5 defined
over Q.T /. In particular, the coefficients defining the subvariety’s equations could also
depend on T , and the proof would follow the same strategy.

Remark 2.4. The resolution of equation (3) also follows directly from Theorem 2.3.

Proof. It suffices to apply Theorem 2.3 with .a1; b1; c1/, .a2; b2; c2/ and .a3; b3; c3/
chosen as three linearly independent vectors in Q3, each having non-zero compo-
nents.

In all the examples treated in [2], the rank of O�Q.�t / (sometimes called the “unit
rank” of the equation) was 1 or 2. We will see that also equation (1) has unit rank 2.

In Section 8, we will work on a Thue equation having unit rank 3, obtaining the
following result (which was already proven by Pethö in [19]).

Theorem 2.5. There exists an effective t0 2 N such that for any integer t � t0 the
integer solutions of

(5) x4 � tx3y � x2y2 C txy3 C y4 D 1
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are precisely the following:

.x; y/ 2
®
.˙1; 0/; .0;˙1/; .˙1;˙1/; .�1;˙1/; .˙t;˙1/; .˙1;�t /

¯
:

The proof follows the same strategy as the one given in Section 7.
We can notice from the various proofs (in this article and in [2]) that the higher the

unit rank, the more variables as exponents of the fundamental units will appear; so
equations with higher unit rank will be hypothetically harder to solve.

Finally, one question arises naturally: what can be said about the integer values
t < t0? If the equation we are studying is a Thue equation, then for any fixed integer
t we can solve it completely: Baker provided an effective proof of Thue’s theorem
in [6], establishing an explicit upper bound on the absolute values of the solutions of
a given Thue equation and, consequently, an algorithm for solving these equations.
However, this upper bound was too large to be “practically applied”. To address this,
later Tzanakis and De Weger developed in [24] a practical general method for solving
any Thue equation, which combines Baker’s theory with computational diophantine
approximation techniques. Finally, very recently, Gherga and Siksek presented a new
algorithm [11] that yields significantly improved results for solving Thue–Mahler equa-
tions, which are a generalization of Thue equations. Therefore, these results, combined
with Corollary 2.2 and Theorem 2.5, enable us to completely solve equations (3) and (5).

In the case of equations with three or more variables, there are still some results
that allow for an effective determination of all the solutions to a given norm form
equation. However, these results currently apply only in special cases (see for example
[3, 5, 12–14, 25]). Unfortunately, these results do not apply to equation (1) nor (2).
By “effectively” here we mean that the solutions consist of finitely many families that
can be explicitly described, along with finitely many additional solutions, outside the
aforementioned families, which can be bounded by effective constants.

Concerning effectivity, Bombieri developed an alternative approach to Baker’s
one, through an extension of the original Thue–Siegel method: for a brief description,
see [8].

As for finiteness results for norm form equations in which the number of variables
is smaller than the degree – results that, in general, do not always hold – the key
contributions are due to Schmidt. In [21], he proved that such equations admit at
most finitely many integer solutions, provided they satisfy certain “non-degeneracy”
conditions. However, his proofs rely on his Subspace Theorem and are therefore
ineffective. If we are willing to settle for demonstrating the finiteness of the solutions to
equation (1), then a theorem by Schlickewei concerning S -unit equations over number
fields [20, Theorem 1.1] allows us to establish the following result.

Theorem 2.6. For any t 2Z n ¹0º, equation (1) has a finite number of integer solutions.
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In addition, Schlickewei’s result provides an explicit upper bound for this number.
However, this bound concerns the number of solutions, not their size, and thus does
not allow for an effective resolution of the equation.

3. Notations and main tools

We recall from [2] the main results we will use in this article, and we will adopt the
same notations.

LetP 2ZŒT;X� be irreducible over xQ and monic of degreed inX , and let � 2Q.T /

be one of its roots. For t 2 Z we denote with �t the specialization of � at T D t .
When needed, we denote1 with � D �.1/; �.2/; : : : ; �.d/ the roots of P.T;X/, always
labeling the respective specializations with the subscript t . We focus on specializing
the parameter at sufficiently large integers t and we can clearly assume t > 0.

As explained in [2], for large t 2 N the numbers r1 and 2r2 of real and imaginary
embeddings of the number field Q.�t / are both constants, and as usual we let r D
r1 C r2 � 1.

In order to proceed, we make the following assumption.

Assumption 3.1.

(1) There exist multiplicatively independent elements u1; : : : ; ur 2 ZŒT; ���.

(2) Suppose u is in ZŒT; ��� and the algebraic number v is in the group generated by
the conjugates of u. Then, v is a root of unity.

The pillar on which this article stands is the following theorem, which in turn is a
consequence of the specialization theorem [1, Theorem 1.3].

Theorem 3.2 ([2, Theorem 2.2]). Let us assume Assumption 3.1. Let W ¨ Ad be a
proper subvariety defined over Q.T /. Then, there exists an effective t0 > 0 such that
for any integer t � t0 with ZŒ�t �� D .ZŒT; ���/t the solutions .x0; : : : ; xd�1/ 2Wt .Z/
of the norm form equation

(6)
dY
jD1

�
x0 C x1�

.j /
t C � � � C xd�1�

.j /
t

d�1�
D 1

are specializations of functional solutions X D .X0; : : : ; Xd�1/ 2 W.ZŒT �/ of

(7)
dY
jD1

�
X0 CX1�

.j /
C � � � CXd�1�

.j /d�1
�
D 1:

(1) For notational convenience we will use both the notation with the superscript “.1/” and
the one without.
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Remark 3.3. Even without the assumption ZŒ�t �� D .ZŒT; ���/t , a result still holds
– albeit more technical – that allows for a complete description of the solutions to
equation (6). Indeed, an effective uniform bound for the index ŒZŒ�t �� W .ZŒT; ���/t �
can be established (see [2, Theorem 2.3]). This leads to a slight generalization of the
above theorem, namely, [2, Theorem 2.5].

We now introduce a few lemmas that are useful for verifying Assumption 3.1 and
for other arguments in the following sections.

The next lemma is often useful, for example whenW is a subvariety (not necessarily
proper) of the hyperplane given by the vanishing of last coordinate, i.e., by the equation

Xd�1 D 0:

It can be deduced from [16, Exercise 35, p. 65] by looking at the last element of the
dual basis to ¹1; �.1/; : : : ; �.1/d�1º. However, for completeness, we provide a direct
and immediate proof.

Lemma 3.4. The following identity holds:

dX
jD1

j̨ �
.j /N

D

´
0 for N D 0; 1; : : : ; d � 2;
1 for N D d � 1;

where j̨ D
Q
k¤j

1

�.j/��.k/
.

Proof. The coefficients j̨ are uniquely determined by linear system0BBBBBB@
1 1 � � � 1

�.1/ �.2/ � � � �.d/

�.1/
2

�.2/
2
� � � �.d/

2

:::
:::

:::

�.1/
d�1

�.2/
d�1

� � � �.d/
d�1

1CCCCCCA
0BBB@
˛1

˛2
:::

˛d

1CCCA D
0BBB@
0

0
:::

1

1CCCA :

Applying Cramer’s rule to this system and noting that the matrices involved are Van-
dermonde matrices yields the desired formula for j̨ .

We also recall the following result, which will be useful for verifying Assump-
tion 3.1 (2).

Lemma 3.5 ([2, Lemma 3.5]). Let us assume that Assumption 3.1 (1) holds. Assume
further that the Puiseux series at T D 1 of the roots �.1/; : : : ; �.d/ of P.T; X/ are
Laurent series with coefficients in k where k is the rational field or an imaginary
quadratic field. Then, Assumption 3.1 (2) holds.
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To conclude this section, we state a version of Hensel’s lemma adapted to the power
series ring kJU K. Recall that kJU K is a discrete valuation ring with maximal ideal .U /
and discrete valuation v W kJU K! N [ ¹1º defined by

(8) v
�X
n�0

anU
n
�
D inf¹n j an ¤ 0º:

In particular, v.a/ D n if and only if a 2 .U /n n .U /nC1, and v.0/ D1.
The following result provides the usual root-lifting property in this context.

Lemma 3.6 ([9, Theorem 10.5]). Let f .X/ 2 kJU KŒX�. If a 2 kJU K is such that
v.f .a// > 0 and v.f 0.a// D 0, then there exists a unique ˛ 2 kJU K such that

f .˛/ D 0 and v.˛ � a/ > 0:

Moreover, v.˛ � a/ D v.f .a// and v.f 0.˛// D 0.

This lemma will allow us to prove that some of the considered Puiseux series are in
fact Laurent series, thus verifying one of the hypotheses of Lemma 3.5.

3.1. Preliminary results

For the remainder of this article we fix the polynomial P.T;X/ D X5 C 4T 4X � 1.
Its homogenization zP .T; X; Z/ defines a projective curve in P2

xQ
, which can be

readily verified to be smooth. Since smooth projective plane curves are irreducible,
it follows that zP .T;X;Z/ is irreducible over xQ, and therefore P.T;X/ is irreducible
over xQ.

Let �t D �.1/t denote the only real root of P.t; X/, and let � D �.1/ 2 Q.T / be
the root of P.T;X/ which specialized at T D t becomes �t . As said, we denote with
�.2/, �.3/, �.4/ and �.5/ the other roots of P.T; X/, always indicating the respective
specializations with the subscript t .

We make use of the following result.

Theorem 3.7 ([17, Satz 3]). Let ˛ be a root of the polynomial f .x/D x5 C 4t4x C 1,
where t is a positive integer. Then, ˛, ˛2 � 2t˛ C 2t2 and ˛2 C 2t˛ C 2t2 are units
in ZŒ˛�, and any two of them form a fundamental system of units of ZŒ˛��.

Applying this to our setting, we see that �t and �2t C 2t�t C 2t2 form a fundamental
system of units for ZŒ�t ��. This holds because the polynomial �P.t;�X/ satisfies the
hypothesis of the theorem.

Since ZŒ�t � � R, the only roots of unity in ZŒ�t �� are˙1 and therefore

(9) ZŒ�t �
�
D h�1; �t ; �

2
t C 2t�t C 2t

2
i:
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Given that ¹�; �2 C 2T � C 2T 2º � ZŒT; ���, we have ZŒ�t �� � .ZŒT; ���/t . The
reverse inclusion always holds, so we conclude that�

ZŒT; ���
�
t
D ZŒ�t �

�:

Thanks to [2, Theorem 3.2], for sufficiently large t the specialization map is an
isomorphism between ZŒT; ��� and .ZŒT; ���/t , but from (9) we know the generators
of the latter and thus in turn ZŒT; ��� is generated by �1, � , �2 C 2T � C 2T 2. The two
non-torsion units are multiplicatively independent, as their specializations are. Hence,
Assumption 3.1 (1) is satisfied.

Let us now expand �.1/, �.2/, �.3/, �.4/ and �.5/ in the Puiseux series at T D1 in
order to verify Assumption 3.1 (2).

By the change of variable T D U�1, X D zXU�1, the equation P.T; X/ D 0

becomes
f . zX/ WD zX5 C 4 zX � U 5 D 0:

Note that f 0. zX/ D 5 zX4 C 4 and f .0/ D f .˙1˙ i/ D �U 5.
We can apply Lemma 3.6 taking k D Q, a1 D 0 and subsequently k D Q.i/,

aj 2 ¹1C i;�1C i;�1 � i; 1 � iº. This yields five power series !1 2 QJU K and
!j 2 Q.i/JU K for j D 2; 3; 4; 5, all satisfying f .!j / D 0.

Moreover, we have

v.!j � aj / D v
�
f .aj /

�
D v.�U 5/ D 5 8j;

where v is the valuation defined in (8).
Since X D zXU�1, we obtain

�.1/ D
!1

U
2 U 4QJU K D

1

T 4
QJT �1K;

where the coefficient of T �4 is non-zero.
With regard to �.2/, we have instead

�.2/ D
!2

U
2
1C i

U
C U 4Q.i/JU K D .1C i/T C

1

T 4
Q.i/JT �1K

and similarly

�.3/ 2 .�1C i/T C
1

T 4
Q.i/JT �1K;

�.4/ 2 .�1 � i/T C
1

T 4
Q.i/JT �1K;

�.5/ 2 .1 � i/T C
1

T 4
Q.i/JT �1K:
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Therefore, the Puiseux series at T D1 of �.j / are Laurent series with coefficients
in Q.i/, so applying Lemma 3.5 we conclude that Assumption 3.1 (2) is also satisfied.

4. Proof of Theorem 2.1

Thanks to what was proven in Section 3.1, the hypotheses of Theorem 3.2 are satisfied;
therefore, it is sufficient to find all the solutions X; Y;Z;W 2 ZŒT � of

(10)
5Y

jD1

�
X C Y �.j / CZ�.j /

2
CW �.j /

3�
D 1:

Since ZŒT; ��� D h�1; �; �2 C 2T � C 2T 2i, NQ.�t /=Q.�1/ D �1 and

NQ.�t /=Q.�t / D NQ.�t /=Q.�
2
t C 2t�t C 2t

2/ D 1;

we have

‚.j / WD X C Y �.j / CZ�.j /
2
CW �.j /

3

D �.j /
m
.�.j /

2
C 2T �.j / C 2T 2/n

(11)

for some .m; n/ 2 Z2.
We now apply Lemma 3.4, obtaining

(12)
5X

jD1

j̨‚
.j /
D 0;

where each coefficient j̨ can be explicitly computed because P is monic and the
symmetric functions of the roots �.j / are determined by the coefficients of P.T;X/.
In particular, we have

j̨ D
�.j /

5 � 16T 4�.j /
:

Let � WD e 2�i5 . When t D 0, the polynomial P.t;X/ reduces to P.0;X/D X5 � 1,
so the roots �.j / specialize to the fifth roots of unity.

Since computing the Wronskian of the five functions ‚.j / (similarly as done in
the various examples in [2, Section 7]) would result too cumbersome in this case, we
instead derive information from the vanishing of the derivatives with respect to T of
the expression

P5
jD1 j̨‚

.j /, as expressed in equation (12). These derivatives vanish
identically, and in particular at T D 0. The derivatives up to order 4 are precisely those
that would appear in the Wronskian, while the ninth derivative somehow recovers the
information we lost looking only at T D 0.
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Thus, by imposing the vanishing condition on the derivatives of orders kD 0;1;2;3;
4; 9 and using the expression of ‚.j / from equation (11), we obtain the following,
respectively:
• k D 0:

1

5
.1C �mC2nC1 C �2.mC2nC1/ C �3.mC2nC1/ C �4.mC2nC1// D 0

and so necessarily

(13) 5 − mC 2nC 1:

• k D 1:
2n

5

4X
jD0

�j.mC2n/ D 0

and so necessarily

(14) n D 0 or 5 − mC 2n:

• k D 2:
4n2

5

4X
jD0

�j.mC2nC4/ D 0

and so necessarily

(15) n D 0 or 5 − mC 2nC 4:

• k D 3:
8n.n2 � 1/

5

4X
jD0

�j.mC2nC3/ D 0

and so necessarily

(16) n 2 ¹0; 1;�1º or 5 − mC 2nC 3:

• k D 4:
16

25
� .5n4 � 20n2 C 3n � 6mC 18/

4X
jD0

�j.mC2nC2/ D 0

and so necessarily

(17) m D
5n4 � 20n2 C 3n

6
C 3 or 5 − mC 2nC 2:

• k D 9:
512n

25
p.m; n/

4X
jD0

�j.mC2nC2/ D 0;
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where

p.m; n/ D 2268m2�756mn4C7560mn2�2268mn�20412mC5n8�420n6

C 378n5 C 6468n4 � 3780n3 � 29993n2 C 10206nC 30744;

and so necessarily

(18) n D 0 or p.m; n/ D 0 or 5 − mC 2nC 2:

Since P.T; X/ is the minimal polynomial of �, we can give ZŒT; �� a free ZŒT �-
module structure of rank 5, where we take ¹1;�; �2; �3; �4º as a basis. As �5D 1� 4T 4� ,
the linear isomorphismLT WZŒT �5!ZŒT �5 such thatLT vx D v�x (where vx 2ZŒT �5

is the vector of the coordinates of x 2 ZŒT; ��with respect to the basis ¹1; �; �2; �3; �4º)
is given by

(19) LT .a; b; c; d; e/ D .e; a � 4T
4e; b; c; d/;

with inverse L�1T .a; b; c; d; e/ D .b C 4T
4a; c; d; e; a/. We denote by Lt the special-

ization of LT at the value T D t 2 C, which is a linear isomorphism of C5.
Thanks to conditions (13), (14), (15), (16), (17) and (18), in order to solve equa-

tion (11), we are left with four cases to deal with.

n D 0. We are seeking all integers m such that for some X; Y;Z;W 2 ZŒT � we have

.X; Y;Z;W; 0/ D L
.m/
T .1; 0; 0; 0; 0/:

U D 0 if and only if U is identically zero on C and so, given a solution

.X; Y;Z;W; 0/ D
�
Xm.T /; Ym.T /;Zm.T /;Wm.T /; Um.T /

�
D L

.m/
T .1; 0; 0; 0; 0/;

it is necessary that Um.1Ci2 / D Um.1/ D 0.
Let us observe that

(20) L˙.1Ci/
2

.a; b; c; d; e/ D .e; aC e; b; c; d/:

Iterating this formula 17 times yields

L
.17/
1Ci
2

.1; 0; 0; 0; 0/ D .1; 1; 1; 3; 3/

and 17 is the smallest positive integerm such that all the coordinates ofL.m/1Ci
2

.1;0;0;0;0/

are positive.
By (20), it follows by induction that form�17 all the coordinates ofL.m/1Ci

2

.1;0;0;0;0/

remain positive, and consequently for m � 17 we will not find any solution.



effective resolution of families of norm form equations 297

Let us now observe that

(21) L�1˙1.a; b; c; d; e/ D .b C 4a; c; d; e; a/:

Iterating this formula 4 times yields

L
.�4/
1 .1; 0; 0; 0; 0/ D .256; 1; 4; 16; 64/

and 4 is the smallest positive integerm such that all the coordinates ofL.�m/1 .1;0;0;0;0/

are positive.
By (21), it follows that for m � �4 all the coordinates of L.m/1 .1; 0; 0; 0; 0/ remain

positive, and consequently for m � �4 we will not find any solution.
For the values m 2 Œ�3; 16� we find the following solutions X; Y;Z;W 2 ZŒT � of

equation (10):
m .X; Y;Z;W /

0 .1; 0; 0; 0/

1 .0; 1; 0; 0/

2 .0; 0; 1; 0/

3 .0; 0; 0; 1/

5 .1;�4T 4; 0; 0/

6 .0; 1;�4T 4; 0/

7 .0; 0; 1;�4T 4/

10 .1;�8T 4; 16T 8; 0/

11 .0; 1;�8T 4; 16T 8/

15 .1;�12T 4; 48T 8;�64T 12/

n D 1. We are seeking all integers m such that for some X; Y;Z;W 2 ZŒT � we have

(22) .X; Y;Z;W; 0/ D L
.m/
T .2T 2; 2T; 1; 0; 0/:

Since
L
.�4/
1 .2; 2; 1; 0; 0/ D .656; 2; 10; 41; 164/;

by (21), it follows that for m � �4 all the coordinates of L.m/1 .2; 2; 1; 0; 0/ remain
positive, and consequently for m � �4 we will not find any solution.

Specializing equation (22) at T D 1Ci
2

and choosing m D 12, we obtain

L
.12/
1Ci
2

.i; 1C i; 1; 0; 0/ D .3C i; 4C i; 1C i; 1C 3i; 3C 3i/:

By (20), for m � 12 none of the coordinates of L.m/1Ci
2

.i; 1C i; 1; 0; 0/ can vanish
since all of them are complex numbers having positive real and imaginary parts.
Consequently, for m � 12 we will not find any solution.
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For the values m 2 Œ�3; 11� we find the following solutions X; Y;Z;W 2 ZŒT � of
equation (10):

m .X; Y;Z;W /

0 .2T 2; 2T; 1; 0/

1 .0; 2T 2; 2T; 1/

5 .2T 2;�8T 6 C 2T; 1 � 8T 5;�4T 4/

n D �1. We are seeking all integersm such that for someX;Y;Z;W 2 ZŒT � we have

(23) .X; Y;Z;W; 0/ D L
.m/
T .0; 2T 2;�2T; 1; 0/

because the vector .0; 2T 2;�2T; 1; 0/ corresponds to the coordinates of .�2 C 2T � C
2T 2/�1.

Specializing equation (23) at T D �1 and choosing m D �5, we obtain

L
.�5/
�1 .0; 2; 2; 1; 0/ D .656; 2; 10; 41; 164/:

As done previously, (21) implies that for m � �5 we will not find any solution.
Specializing equation (23) at T D �1�i

2
and choosing m D 11, we obtain

L
.11/
�1�i
2

.0; i; 1C i; 1; 0/ D .3C i; 4C i; 1C i; 1C 3i; 3C 3i/I

therefore, by (20), for m � 11 we will not find any solution.
For the values m 2 Œ�4; 10� we find the following solutions X; Y;Z;W 2 ZŒT � of

equation (10):

m .X; Y;Z;W /

�1 .2T 2;�2T; 1; 0/

0 .0; 2T 2;�2T; 1/

4 .2T 2;�8T 6 � 2T; 1C 8T 5;�4T 4/

n¤ 0 and n¤˙1. From conditions (13), (14), (15) and (16), it follows that 5 j mC
2nC 2. Combining this with conditions (17) and (18), we deduce that necessarily

(24) m D
5n4 � 20n2 C 3n

6
C 3 and p.m; n/ D 0:

Substituting the expression for m in the equation p.m; n/ D 0, we obtain

10.n � 1/.nC 1/.n � 2/.nC 2/.95n4 C 55n2 � 252/ D 0:

The cases in which n D ˙1 have already been dealt with, so by (24), we have that
.m; n/ D .2;�2/ and .m; n/ D .4; 2/ are the only cases to be examined. In fact, both
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lead to a solution of equation (10), more precisely:

.m; n/D.2;�2/ H) .X; Y;Z;W /D.�8T 3; 32T 7C8T 2;�32T 6�4T; 16T 5C1/;

.m; n/D.4; 2/ H) .X; Y;Z;W /D.8T 3;�32T 7C8T 2;�32T 6C4T; 1�16T 5/:

Therefore, the ones we have found are all solutions of equation (10) and so we can
apply Theorem 3.2 taking as proper subvariety the one given by the vanishing of the
coefficient of �4, obtaining the desired conclusion.

5. Proof of Theorem 2.6

We conclude our study of equation (1) by proving Theorem 2.6.
To begin, we recall equation (12): of course, this relation still holds while specializing

and so we obtain

(25)
5X

jD1

j̨;t‚
.j /
t D 0;

where j̨;t D
�
.j/
t

5�16t4�
.j/
t

and

‚
.j /
t D �

.j /
t

m�
�
.j /
t

2
C 2t�

.j /
t C 2t

2
�n

for some .m; n/ 2 Z2.
It is clear that j̨;t ¤ 0 for all j .
The assumption t ¤ 0 ensures that P.t; X/ is irreducible and consequently�

Q.�t / W Q
�
D 5:

We can apply [20, Theorem 1.1] with n D 4 and aj D j̨;t , whereK is the splitting
field of P.t; X/ and S DM1.K/ is the set of archimedean places of K. Therefore,
the equation

(26)
5X

jD1

j̨;txj D 0

admits only a finite number of projective solutions having a representative whose
components are S -units and where no proper subsum vanishes.

Since ZŒ�.j /t �� � O�K , any solution .‚.1/t ; : : : ; ‚
.5/
t / of equation (25) is also a

solution of equation (26).
We now show that every solution of equation (26) leads to at most one solution of

equation (25), and that equation (25) does not admit solutions with a vanishing proper
subsum. These two facts clearly imply the desired conclusion.
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Suppose that .m; n/ ¤ .m0; n0/ are two solutions of equation (25) that arise from
the same projective solution .x1; : : : ; x5/ of equation (26). Then, we have

xj D �
.j /
t

m�
�
.j /
t

2
C 2t�

.j /
t C 2t

2
�n

and there exists a � 2 K� such that for all j

�xj D �
.j /
t

m0�
�
.j /
t

2
C 2t�

.j /
t C 2t

2
�n0
:

Thus,

� D �
.j /
t

m0�m�
�
.j /
t

2
C 2t�

.j /
t C 2t

2
�n0�n

2 ZŒ�.j /t �� n ¹˙1º

because at least one of m0 �m and n0 � n is non-zero. Therefore,

� 2

5\
jD1

ZŒ�.j /t �� n ¹˙1º D ¿;

which is a contradiction.
Now, suppose that .‚.1/t ; : : : ;‚

.5/
t / is a solution of equation (25) having a vanishing

proper subsum. Then, there exist indices i ¤ j such that

(27) ˛i;t‚
.i/
t C j̨;t‚

.j /
t D 0:

By [17, Satz 1], we have G WD Gal.K=Q/ D S5, so the action of G on the roots of
P.t;X/ is doubly transitive. Therefore, we can choose � 2 G such that �.�.i/t / D �

.h/
t

and �.�.j /t / D �
.k/
t , where i; j; k; h are all distinct.

Consequently, we have

0 D �
�
˛i;t‚

.i/
t C j̨;t‚

.j /
t

�
D ˛h;t‚

.h/
t C ˛k;t‚

.k/
t :

It follows that if ` is the index distinct from i; j; k; h, then ˛`;t‚
.`/
t D 0, which is a

contradiction. This concludes the proof of Theorem 2.6.

Remark 5.1. As previously noted, the finiteness result we have just established is not
effective. To obtain an effective result, one might consider applying [5, Theorem 1],
which provides an effective upper bound for the height of a non-degenerate solution to
a projective S -unit equation with five terms, under the assumption that S contains all
infinite places and jS j � 3. Unfortunately, we cannot do so because the field K is “too
large”, leading to an excessive number of infinite places in S .

In fact, [5, Theorem 1] cannot be applied to solve any similar equation of degree
d D 5: if the units appearing in the S-unit equation are conjugates (as in (25)), then
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K must be the Galois closure of Q.�t /. To ensure that jS j D r1 C r2 � 3, we must
have d D r1 C 2r2 D ŒQ.�t / W Q� � 6. Thus, K D Q.�t /, but any degree 5 field that
is Galois over Q must be totally real. This implies jS j D r1 D 5 > 3, so the theorem
does not apply.

6. Proof of Theorem 2.3

Let a; b; c 2 Q be fixed, with abc ¤ 0.
Thanks to what was proven in Section 3.1, the hypotheses of Theorem 3.2 are

satisfied; therefore, it is sufficient to find all the solutions X; Y;Z;W;U 2 ZŒT � of

(28)
5Y

jD1

�
X C Y �.j / CZ�.j /

2
CW �.j /

3
C U�.j /

4�
D 1

such that

(29) aZ C bW C cU D 0:

In the same way as before, now we have to find the solutions .m; n/ 2 Z2 of

(30)

8̂̂<̂
:̂
‚.j / WD X C Y �.j / CZ�.j /

2
CW �.j /

3
C U�.j /

4

D �.j /
m�
�.j /

2
C 2T �.j / C 2T 2

�n
;

aZ C bW C cU D 0:

We aim to express the polynomials Z;W and U in terms of �.j /, m and n (note
that ‚.j / and j̨ can be written in this way).

To achieve this, clearly we could solve the linear system0BBBBBB@
1 �.1/ �.1/

2
�.1/

3
�.1/

4

1 �.2/ �.2/
2

�.2/
3

�.2/
4

1 �.3/ �.3/
2

�.3/
3

�.3/
4

1 �.4/ �.4/
2

�.4/
3

�.4/
4

1 �.5/ �.5/
2

�.5/
3

�.5/
4

1CCCCCCA

0BBBBB@
X

Y

Z

W

U

1CCCCCA D
0BBBBBB@
�.1/

m
.�.1/

2
C 2T �.1/ C 2T 2/n

�.2/
m
.�.2/

2
C 2T �.2/ C 2T 2/n

�.3/
m
.�.3/

2
C 2T �.3/ C 2T 2/n

�.4/
m
.�.4/

2
C 2T �.4/ C 2T 2/n

�.5/
m
.�.5/

2
C 2T �.5/ C 2T 2/n

1CCCCCCA
and get the job done, but here we choose instead to apply Lemma 3.4 again, obtaining

(31) U D

5X
jD1

j̨‚
.j /;

where, as before, j̨ D
�.j/

5�16T 4�.j/
.
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Using the relations between the roots and the coefficients of P.T;X/, one readily
verifies that

5X
jD1

�.j / D

5X
jD1

�.j /
2
D

5X
jD1

�.j /
3
D 0 and

5X
jD1

�.j /
4
D �16T 4:

Thus,
5X

jD1

�.j /‚.j / D 5U � 16T 4W;

from which substituting the expression for U found in (31), we obtain the desired
expression for W :

(32) W D

5X
jD1

5 j̨ � �
.j /

16T 4
�‚.j /:

Similarly, by computing
P5
jD1 �

.j /2‚.j / D 5W � 16T 4Z, we find out that

(33) Z D

5X
jD1

25 j̨ � 5�
.j / � 16T 4�.j /

2

256T 8
‚.j /:

Remark 6.1. If the constraint (29) had also involvedX and Y , the argument could still
have been completed by computing the quantities

P5
jD1‚

.j / and
P5
jD1 �

.j /�1‚.j /.

We can now substitute (31), (32) and (33) inside the constraint (29). We proceed
by differentiating this quantity with respect to T and by evaluating it at T D 0, like we
did during the proof of Theorem 2.1.

Specializing at T D 0 and letting � D e 2�i5 , we obtain

1

5

�
c

4X
jD0

�j.mC2nC1/ C b

4X
jD0

�j.mC2nC2/ C a

4X
jD0

�j.mC2nC3/
�
D 0

and so, since a; b; c are all non-zero, necessarily

(34) 5 j mC 2n or 5 j mC 2nC 4:

By computing the first derivative and then evaluating at T D 0, we discover that

2n

5

�
c

4X
jD0

�j.mC2n/ C b

4X
jD0

�j.mC2nC1/ C a

4X
jD0

�j.mC2nC2/
�
D 0

and so necessarily

(35) n D 0 or 5 j mC 2nC 3 or 5 j mC 2nC 4:
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Analogously, by computing the second derivative and then evaluating at T D 0, we
obtain

4n2

5

�
b

4X
jD0

�j.mC2n/ C a

4X
jD0

�j.mC2nC1/ C c

4X
jD0

�j.mC2nC4/
�
D 0

and so necessarily

(36) n D 0 or 5 j mC 2nC 2 or 5 j mC 2nC 3:

Thanks to conditions (34), (35) and (36), we can conclude that necessarily n D 0.
Moreover, either 5 j m or 5 j mC 4.

Similarly to Section 4, we are now seeking all integers m such that for some
X; Y;Z;W;U 2 ZŒT � we have

(37) LT .X; Y;Z;W;U / D L
.m/
T .1; 0; 0; 0; 0/ and aZ C bW C cU D 0;

where LT W ZŒT �5 ! ZŒT �5 is the linear isomorphism defined in (19).
Let .Xm; Ym; Zm; Wm; Um/ WD L.m/T .1; 0; 0; 0; 0/.

Lemma 6.2. If m … ¹0; 1; 5º, then2 max¹degZm; degWm; degUmº is reached by only
one of ¹Zm; Wm; Umº. Therefore, m is not a solution of (37).

Proof. The last conclusion is evident, so we only need to prove that all the aforemen-
tioned values of m satisfy the condition on the degrees of ¹Zm; Wm; Umº.

Since
L
.�4/
T .1; 0; 0; 0; 0/ D .256T 16; 1; 4T 4; 16T 8; 64T 12/

and L�1T .a; b; c; d; e/ D .b C 4T
4a; c; d; e; a/, it can be easily shown by induction

that 8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

degXm D �4m;
degYm D �4m � 16;
degZm D �4m � 12;
degWm D �4m � 8;
degUm D �4m � 4

8m � �4:

Therefore, for m � �4 the condition is satisfied.
To address most of the cases m � 2, we make the following observation: if

max¹deg a; deg b; deg c; deg d; deg eº

(2) By convention, we assume deg 0 D �1.
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is reached by only one of ¹a; b; c; d; eº and this polynomial is c; d or e, then the same
condition holds for L.4k/T .a; b; c; d; e/ for all k 2 N. Indeed, since

(38) L.4/T .a; b; c; d; e/ D .b;�4bT 4 C c;�4cT 4 C d;�4dT 4 C e;�4eT 4 C a/;

the claim easily follows by induction.
The hypotheses of this observation are satisfied byL.m/T .1;0;0;0;0/ form2 ¹2;3;4º.
Therefore, ifm�2 andm 6�1 .mod 4/, the condition on the degrees of ¹Zm;Wm;Umº

is satisfied.
Lastly, thanks to equation (38), we can show by induction that

L
.4kC1/
T

0BBBBB@
1

0

0

0

0

1CCCCCA D
0BBBBB@
.�1/kC1c1T

4k�4

.�1/kc2T
4k

.�1/kc3T
4k�16

.�1/kC1c4T
4k�12

.�1/kc5T
4k�8

1CCCCCAC
0BBBBB@
o.T 4k�4/

o.T 4k/

o.T 4k�16/

o.T 4k�12/

o.T 4k�8/

1CCCCCA 8k � 4;

where the cj ’s are positive integers depending on k.
This establishes the desired property for all m � 1 .mod 4/ with m � 17.
The remaining cases m 2 ¹�3;�2;�1; 9; 13º can be verified directly.

Lemma 6.2 implies that for any choice of .a; b; c/ the only possible values of m
that may lead to a solution of equation (37) are m 2 ¹0; 1; 5º.

For all these values of m we have Zm D Wm D Um D 0; thus, they always yield a
solution to equation (37). These solutions are

m .X; Y;Z;W;U /

0 .1; 0; 0; 0; 0/

1 .0; 1; 0; 0; 0/

5 .1;�4T 4; 0; 0; 0/

Therefore, the ones we have found are all the solutions of equation (30) and so we
can apply Theorem 3.2 taking as proper subvariety the one given by equation (29),
obtaining the desired conclusion.

7. An alternative approach to solving equation (3)

As promised, in this section, we present an alternative proof of the resolution of equa-
tion (3). Our strategy will roughly be to compute and compare the asymptotic behavior
of some of the involved quantities, deducing then relations between the degrees of the
functional solutions and the exponents of the functional units that will generate them.
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We can notice from the various proofs in the previous section and in [2, Section 7]
that we had to compute the derivatives of some quantities in order to find the functional
solutions. Here we will not have to do so, but we will need to write explicitly the
functional equation (7) and especially the first terms of the Puiseux series at T D1
of the roots �.j /, so the information somehow still comes from derivatives.

Throughout this section, we will keep the same notations as in the previous ones.
To begin, let us recall a couple of definitions that may not be habitual for every

reader. Given two functions3 f; g W C ! C, we say that they
• have the same order of magnitude if f D O.g/ and g D O.f /. In this case, we

write f � g.
• are asymptotically equivalent if limx!1

f .x/
g.x/
D 1. In this case, we write f � g.

As anticipated, we begin by explicitly determining the coefficients of the first terms
of the Puiseux series of �.j / at T D1.

Let �.1/ D
P1
jD4 pjT

�j with p4 ¤ 0, so we have

0 D P.T; �.1// � p4T
�20
C 4T 4p4T

�4
� 1 � 4p4 � 1

and hence necessarily p4 D 1
4
.

More generally, imposing the vanishing of the coefficient of the term of degree �d
for d � 0, the condition P.T; �.1// D 0 yields

(39)
X

jCkChC`CmDd

pjpkphp`pm C 4p4Cd D

´
1 if d D 0;
0 otherwise:

From the above equation, we immediately derive that p5 D � � � D p23 D 0 (since
the first summand is non-zero only for d � 20) and p24 D � 1

46
.

Let now �.2/ D
P1
jD�1 qjT

�j , where by what was said above q�1 D 1C i , q0 D
q1 D q2 D q3 D 0 and q4 ¤ 0.

Equation (39) still holds when replacing all p’s with q’s, now for d � �5. In
particular, for d D 0 we obtain 5q4q4�1 C 4q4 D 1, and since q4�1 D �4, this yields

q4 D �
1

16
:

For �.3/, �.4/, �.5/ an identical argument leads to the same conclusion about the
coefficient of the T �4 term.

(3) Domain and codomain may also be subsets of C.
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In conclusion, the first terms of the Puiseux series at T D1 of the roots ofP.T;X/
are

�.1/ D
1=4

T 4
�
1=212

T 24
C o.T �24/;

�.2/ D .1C i/T �
1=16

T 4
C o.T �4/;

�.3/ D .�1C i/T �
1=16

T 4
C o.T �4/;

�.4/ D .�1 � i/T �
1=16

T 4
C o.T �4/;

�.5/ D .1 � i/T �
1=16

T 4
C o.T �4/:

We now return to equation (3), which can be recognized as the explicit form of the
norm form equation

NQ.�t /=Q.x � y�t / D 1:

Based on Section 3.1, the hypotheses of Theorem 3.2 are satisfied; thus, it is sufficient
to find all the solutions X; Y 2 ZŒT � of

(40) X5 C 4T 4XY 4 � Y 5 D 1:

As done previously, we aim to solve the equation

(41) ‚.j / WD X � Y �.j / D �.j /
m�
�.j /

2
C 2T �.j / C 2T 2

�n
for some .m; n/ 2 Z2.

From (40) it is clear that if X D 0, then Y D �1, while if Y D 0, then X D 1.
Therefore, from now on we assume thatX andY are both non-zero. Letk WD degX 2

N and h WD degY 2 N be the degrees of X and Y , so we can write X D
Pk
jD0 ajT

j

and Y D
Ph
jD0 bjT

j with ak ¤ 0 and bh ¤ 0.
From (40) we deduce

1 D X5 C 4T 4XY 4 � Y 5 � a5kT
5k
C 4akb

4
hT

4CkC4h
� b5hT

5h:

k D h is impossible as we would have 1 � T 5kC4.
If k > h, then 5k > 5h, so necessarily 5k D 4C k C 4h; hence, k D hC 1. But

then, a5
k
C 4akb

4
h
D 0 and so ak D 0, which is a contradiction.

Therefore, k < h, so 5k < 5h and then necessarily 5hD 4C kC 4h, which implies

h D k C 4:
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Note that

�.2/
2
C 2T �.2/ C 2T 2 � .1C i/2T 2 C 2.1C i/T 2 C 2T 2 � 4.1C i/T 2 � T 2

and so since �.2/ � T , we have

‚.2/ � TmC2n:

To reach an analogous conclusion for j D 3, we need to include the second term of
the expansion of �.3/, proceeding as follows:

�.3/
2
C 2T �.3/ C 2T 2 �

�
.�1C i/T �

1

16T 4

�2
C 2T

�
.�1C i/T �

1

16T 4

�
C 2T 2

� �2iT 2 C
1 � i

8T 3
C .�2C 2i/T 2 �

1

8T 3
C 2T 2 � T �3;

which implies that
‚.3/ � Tm�3n:

Since degY D k C 4, we have

(42) ‚.j / D X � Y �.j / � T kC5 8j 2 ¹2; 3; 4; 5º:

Consequently,
TmC2n � ‚.2/ � T kC5 � ‚.3/ � Tm�3n;

which impliesmC 2nD m� 3n, and therefore, nD 0. Thus, equation (41) reduces to

‚.j / D X � Y �.j / D �.j /
m
;

with (42) guaranteeing that m � 5.
Now we are ready to conclude as we did in Section 4.4
In this case, we are seeking all integers m � 5 such that for some X; Y 2 ZŒT � we

have
.X;�Y; 0; 0; 0/ D L

.m/
T .1; 0; 0; 0; 0/;

where LT W ZŒT �5 ! ZŒT �5 is the linear isomorphism defined in equation (19).
Note that for m D 5 we get .X; Y / D .1; 4T 4/, which is the last solution of equa-

tion (40) we were looking for: there is now only the need to prove that there are no
other ones.

Given a solution

.X;�Y; 0; 0; 0/ D
�
Xm.T /;�Ym.T /;Zm.T /;Wm.T /; Um.T /

�
D L

.m/
T .1; 0; 0; 0; 0/;

it is necessary that Zm.1Ci2 / D Wm.
1Ci
2
/ D Um.

1Ci
2
/ D 0.

(4) Note that here also Lemma 6.2 would immediately get the job done.
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Thanks to (20), it is immediate to see that form2 ¹6;7;8ºwe do not find any solution.
Moreover, sinceL.9/1Ci

2

.1; 0; 0; 0; 0/D .1; 1; 0; 0; 1/, (20) implies thatL.m/1Ci
2

.1; 0; 0; 0; 0/

has at least three positive coordinates for any m � 9, and consequently for m � 9 we
will not find any solution.

Therefore, ¹.1; 0/; .0;�1/; .1; 4T 4/º are all the solutions of equation (40) and so
choosing as W the variety given by the vanishing of the coefficients of �2; �3; �4, we
can apply Theorem 3.2, obtaining the desired conclusion.

8. Proof of Theorem 2.5

Let Q.T;X/ WD X4 � TX3 �X2 C TX C 1.
We claim thatQ is irreducible over xQ. Suppose by contradiction that it is reducible.

Since degT Q D 1, this would imply the existence of polynomials A;B; C 2 xQŒX�,
with A ¤ 0 and C … xQ, such that

Q.T;X/ D .TAC B/C:

Let 
 2 xQ be a root of C . Then,Q.T; 
/D 0, soQ.T; 
/ 2 xQŒT �must be the zero
polynomial. Hence, �T 
3 C T 
 D 
4 � 
2 C 1D 0. Since the polynomialsX3 �X
and X4 �X2 C 1 have no common roots, we get a contradiction.

It can be easily seen (cf. [19, Section 2]) that Q.t; X/ has four real roots for any
integer t � 3, and so in our notation, r D 3. Let � 2Q.T / be a root ofQ.T;X/, which
once specialized becomes �t .

According to [19, Theorem 3.1], for t > 3 we have that �t � 1; �t ; �t C 1 form a
fundamental system of units for ZŒ�t ��.

Analogously to what was done in Section 3.1, it can be shown that�
ZŒT; ���

�
t
D ZŒ�t �

�
D h�1; �t � 1; �t ; �t C 1i

and
ZŒT; ��� D h�1; � � 1; �; � C 1i:

The three non-torsion units are multiplicatively independent since their specializations
at t > 3 are. Hence, Assumption 3.1 (1) is satisfied.

Let us now expand the four roots of Q.T;X/, namely, � D �.1/, �.2/, �.3/ and �.4/,
in Puiseux series at T D1 in order to verify Assumption 3.1 (2).

By the change of variable T D U�1, the equation Q.T;X/ D 0 becomes

f .X/ WD UX4 �X3 � UX2 CX C U D 0:

Note that f 0.X/ D �3X2 C 1C U.4X3 � 2X/ and f .0/ D f .˙1/ D 0.
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We can apply Lemma 3.6 taking kDQ and, respectively, a1 D 1, a2 D�1, a3 D 0.
This yields three series �.1/, �.2/, �.3/ 2 QJU K such that f .�.j // D 0 for all j and

v.�.j / � aj / D v
�
f .aj /

�
D v.U / D 1:

Similarly to what was done in Section 7, we can compute the first terms of the
Puiseux series of the �.j / recursively, obtaining

�.1/ D 1C
1=2

T
C
1=8

T 2
C
1=2

T 3
C
31=128

T 4
C

1

T 5
C o.T �5/;

�.2/ D �1C
1=2

T
�
1=8

T 2
C
1=2

T 3
�
31=128

T 4
C

1

T 5
C o.T �5/;

�.3/ D �
1

T
�

1

T 5
C o.T �5/:

Since
P4
jD1 �

.j / D T , we can find also the fourth root:

�.4/ D T �
1

T 3
�

1

T 5
C o.T �5/:

Therefore, the Puiseux series at T D1 of �.j / are Laurent series with coefficients
in Q, so applying Lemma 3.5, we conclude that Assumption 3.1 (2) is also satisfied.

Equation (5) can be readily recognized as the explicit form of the norm form equation

NQ.�t /=Q.x � y�t / D 1:

By what was said, the hypotheses of Theorem 3.2 are satisfied; therefore, it is
sufficient to find all the solutions X; Y 2 ZŒT � of

(43) X4 � TX3Y �X2Y 2 C TXY 3 C Y 4 D 1:

If X D 0, then Y D ˙1, while if Y D 0, then X D ˙1, so from here on out we
can assume that X and Y are both non-zero. Let k D degX 2 N and h D degY 2 N

be the degrees of X and Y , so we can write X D
Pk
jD0 ajT

j and Y D
Ph
jD0 bjT

j

with ak ¤ 0 and bh ¤ 0.
Since we know the generators of ZŒT; ��� and considering that all of them have

norm equal to 1, we need to solve the equation

(44) ‚.j / WD X � Y �.j / D ˙�.j /
n
.�.j / C 1/p.�.j / � 1/m

for some .n; p;m/ 2 Z3.
From now on we will use information from both equations (43) and (44).
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Equation (44) combined with the expansions of �.j / in Puiseux series at T D1
gives us the asymptotic behavior of ‚.j / in terms of the integers n; p;m; namely,

‚.1/ � T �m; ‚.2/ � T �p; ‚.3/ � T �n; ‚.4/ � T nCpCm:

Observe that if .X; Y / is a solution of equation (43), then so are .�X;�Y / and
.˙Y;�X/. Thus, without loss of generality, we may assume the positive sign in
equation (44) and that k � h.

From equation (43) we deduce that h � k C 2 cannot happen; otherwise, the left-
hand side would have the same order of magnitude as T 4h, contradicting the fact that
it must equal 1. So we are left with two cases, which we will treat separately: h D k
and h D k C 1.

h D k. From the definition of‚.j / we obtain‚.3/� T k and‚.4/� T kC1. Therefore,

�n D k and nC p Cm D k C 1:

The coefficient of the monomial of degree 4k C 1 in the left-hand side of equa-
tion (43) is �a3

k
bk C akb

3
k
, but it must be zero and so necessarily ak D ˙bk . Let us

treat the case ak D bk , the other being analogous. In this case, the terms of degree k
in the definition of ‚.2/ do not cancel out and hence ‚.2/ � k, so that �p D k.

We have thus determined that .n; p;m/ D .�k;�k; 3k C 1/ and therefore equa-
tion (44) becomes

X � Y �.j / D .�.j / � 1/

�
.�.j / � 1/3

�.j /.�.j / C 1/

�k
:

k D 0 produces the solution of equation (43) given by .X; Y / D .�1;�1/.
To prove that there are no further solutions for k � 1, we view ZŒT; �� as a free

ZŒT �-module of rank 4. With respect to the basis ¹1; �; �2; �3º, the multiplication by
.�.j/�1/3

�.j/.�.j/C1/
is represented by the matrix

M WD

0BBB@
T � 4 7 �8 7

�8T 8T � 4 7 � 8T 7T � 8

7T C 8 �8T � 7 8T C 4 �8T

�7 8 �7 T C 4

1CCCA :
It can be shown by induction that for all k � 1

M k

0BBB@
�1

1

0

0

1CCCA D
0BBB@

�T k C o.T k/

16kT k C o.T k/

�.16k � 1/T k C o.T k/

.16k � 1/T k�1 C o.T k�1/

1CCCA :
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Thus, the third coordinate never becomes zero, and so we are done.
If ak D�bk , we can proceed in the same way, obtaining only the solution .X;Y /D

.1;�1/, which corresponds to .n; p;m/ D .0; 1; 0/.

h D kC 1. We immediately obtain

‚.1/ � ‚.2/ � T kC1 and ‚.4/ � T kC2I

hence,
�n D �p D k C 1 and nC p Cm D k C 2:

Therefore, .n; p;m/ D .3k C 4;�k � 1;�k � 1/ and equation (44) becomes

X � Y �.j / D
�.j /

4

.�.j / � 1/.�.j / C 1/

�
�.j /

3

.�.j / � 1/.�.j / C 1/

�k
:

For k D 0 we obtain the solution .X; Y / D .1;�T /.
We need to prove that there are no other solutions for k � 1: to do so, we proceed in

the same way as before. The matrix representing multiplication by �.j/
3

.�.j/�1/.�.j/C1/
is

N WD

0BBB@
0 1 0 0

1 T 1 0

T 0 T 1

�1 0 0 T

1CCCA :
It can be shown by induction that for all k � 1

N k

0BBB@
1

T

0

0

1CCCA D
0BBBB@

T k C o.T k/

T kC1 C o.T kC1/

kT k C o.T k/

�kT k�1 C o.T k�1/

1CCCCA :
Thus, the third coordinate never becomes zero, and so we are done.
Altogether, we have found all the solutions of (43); namely,

.X; Y / 2
®
.˙1; 0/; .0;˙1/; .˙1;˙1/; .�1;˙1/; .˙T;˙1/; .˙1;�T /

¯
:

Therefore, we can apply Theorem 3.2 taking as proper subvariety the one given by
the vanishing of the coefficients of �2 and �3, obtaining the desired conclusion.
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