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ABsTRACT. — In this paper, we give some examples of non-star-shaped bounded domains of
R? where, for a class of nonlinear elliptic Dirichlet problems involving supercritical Sobolev
exponents, there exists only the trivial identically zero solution (notice that a well-known result
of Pohozaev concerns only the star-shaped domains).

Unlike the case of previous papers (Molle and Passaseo (2020, 2021, 2023, 2025)) where we
proved nonexistence results for nontrivial solutions in thin domains sufficiently close to prescribed
curves, in the present paper, the domains do not need to be thin.
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1. INTRODUCTION

Our aim is to study the effect of the domain shape on the existence of nontrivial solutions
for nonlinear elliptic Dirichlet problems of the type

(1.1) div (|Du|”">Du) + f(u) =0in Q, u =0ondQ,

where €2 is a bounded domain of R”,n > 2,1 < p < n and f is a continuous function
having critical or supercritical growth from the viewpoint of the Sobolev embedding
Hol’p(Q) — L9(Q2); that is, f satisfies the condition

1.2) qu/Ot f(r)ydt <tf(t) VteR

n
n—p°*

For the sake of simplicity, in this paper, we consider only classical solutions
u € €1(Q) N€%(Q) of problem (1.1). For the case of weak solutions, we refer the

reader to Remark 2.4. Also notice that, when the domain 2 is unbounded, the lack of

for a suitable g >

compactness is due not only to the presence of critical Sobolev exponents but also to
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the unboundedness of the domain. Several papers are concerned with this case. For
example, when 2 = R”, in [10], the pointwise asymptotic behavior is studied, with
respect to suitable parameters, of the radially symmetric ground state solution of a quasi-
linear elliptic equation involving the p-Laplace operator; in the case Q2 = R” \ {0},
some nonexistence results of nontrivial solutions for p-Laplace equations with singular
weights are obtained in [36].

Arguing as in [33], also for p 5 2, one can easily prove that problem (1.1) has only
the trivial solution ¥ = 0 when €2 is a bounded star-shaped domain. On the other hand,
when €2 is an annulus, one can easily find positive and nodal solutions.

Thus, many questions arise, analogous to well-known questions posed by Brezis,
Nirenberg, Rabinowitz, etc., concerning the effect of the domain shape on the existence
of nontrivial solutions (see [1-7,9, 11-16, 18,22-34,37]).

In particular, a natural question is whether or not Pohozaev’s type nonexistence
result for nontrivial solutions might be extended from the bounded star-shaped domains
to all the bounded contractible domains.

With respect to this question, the problem presents quite different features in the
case n = 2 (with 1 < p < 2) and the case n > 3 (with 1 < p < n) because for n > 3,
the answer is negative, while for n = 2, we expect that it might be positive.

Infact,ifn > 3,1 < p<nandg > %, there exist bounded contractible domains
of R”, even arbitrarily close to bounded star-shaped domains, where problem (1.1)
has nontrivial solutions. For example, if €2 is a pierced annulus of R” with n > 3, one
can find many positive and nodal solutions when the size of the perforation is small
enough.

On the contrary, ifn = 2,1 < p <2and g > 22_—’;7, some results we obtained in
[17,19-21] suggest that, for every bounded contractible domain 2 of R2, the trivial
solution ¥ = 0 in 2 might be the unique solution of problem (1.1).

For example, for all n > 2, a € ]0, [ and py, p2 such that 0 < p; < p, let us
consider the domain €2 of the type

P1:02

(1.3) Q=Q" .= {(xl,...,xn) eR": (xl,

where

(1.4) Q%;"fpz := {p(cos §,sin ) € R2:p; <p<pa, 0] < af.

Then, ifn > 3, p =2, f(t) = |t|77%¢ and Q = Q}:%,,, as a consequence of some
results obtained in [12, 14—16,22,24,27,30,31], we infer that there exists @ € ]%, |
such that problem (1.1) has nontrivial solutions for & € ]o, 7| and their number tends
to infinity as o« — 7.
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Moreover, for all a € |7, 7, there exist § > ,fT"z and € > 0 such that the problem

has nontrivial solutions for g > g and for g € nZTnZ’ nZTnz + £, these solutions tend to
2n

=5, while their number tends to infinity. Notice that
the domain 2),:%,, is arbitrarily close to the star-shaped domain {x = (x1,...,X,) €

zero as ¢ — +oo and as g —

R™ : |x| < pa2, x1 > 0} for p; small enough and « sufficiently close to 7.

On the contrary, if n = 2, 1 < p < 2 and condition (1.2) holds with g > %,
from some results proved in [17, 19, 20], it follows that there exists € > 0 such that the
problem has only the trivial solution u = 0 in Qf,;ofpz for all « € ]0, [ and p1, p2 such
that 0 < p1 < pprand 1 — % < € (that is when the domain Q,z,fpz is thin enough).

Thus, if 1 — 2L < &, for « sufficiently close to 7, the problem has only the trivial
solution ¥ = 0 in Q};%,, when n = 2, while it has many nontrivial solutions when
n>3.

The above example where Q = Q7:%,  shows the deep difference between the case
n = 2 and n > 3 and explains why for n = 2 it is natural to expect that the trivial
solution u = 0 in 2 might be the unique solution for every bounded contractible domain
Q of R2.

In the present paper, we develop a new method which allows us to prove that if
n=21<p<2,Q= Qf,’lofpz with ¢ € ]0, 7[ and 0 < p; < py, then the problem
has only the trivial solution u = 0 in Q,z,;ofpz also when % is not close to 1.

This new method is based on a careful choice of the vector field arising in the
Pohozaev type integral identity we use to prove the nonexistence of nontrivial solutions
for problem (1.1).

The method used in [17,19-21] allowed us to obtain nonexistence results for elliptic
problems with supercritical growth in thin bounded domains, sufficiently close to
prescribed curves. These domains may be very different from the star-shaped ones,
even arbitrarily close to noncontractible domains where there exist many nontrivial
solutions and (for n and g large enough) also noncontractible, but they must be thin
enough.

On the contrary, we expect that the new method we use in the present paper in order
to prove nonexistence results in bounded domains that are not necessarily thin might
allow us to prove analogous nonexistence results in every bounded contractible domain

of R2.

2. INTEGRAL IDENTITIES AND NONEXISTENCE RESULTS

Our main result, which we present in the following theorem, concerns the nonexistence

of nontrivial solutions for the Dirichlet problem (1.1) under the assumption that the

nonlinear term f(u) has suitable supercritical growth and €2 is a domain of the type
2,

Q = Qp%,, (see (1.4)).
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THEOREM 2.1. Let us assume thatn =2, 1 < p <2 and Q = le,’lofpz withO <o <
and 0 < py < pa with (p1/p2) > 1/e. Moreover, assume that the function f satisfies
condition (1.2) with g > %(1 + log %)_1 and thatu € €1(Q) N'€2(Q) is a solution
of problem (1.1). Then, we have u = 0 in Qf,;ofpz.

The proof is reported below (see also Remark 2.4 for a possible generalization of
this result).

ReEMaRk 2.2. Notice that, without any loss of generality, in Theorem 2.1, we can
assume p, = 1; otherwise, after rescaling, we obtain the equivalent Dirichlet problem
in the domain Qf}l‘j .1 (the equivalence between these two Dirichlet problems is

obvious because the function f satisfies condition (1.2) with ¢ > % if and only if
the function (p,)? f satisfies this condition with the same ¢q).

In order to prove Theorem 2.1, we use the integral identity given by the following
lemma which generalizes Pohozaev identity (see [33]).

LemMA 2.3. Let Q be a piecewise smooth bounded domain of R? and p > 1. Assume
that u € €1 (Q) N'€2(Q) is a solution of the Dirichlet problem

2.1) div (|Dul??Du) + f(u) =0in Q, u =0o0n0Q,

where f : R — R is a continuous function. Then, for all vector field v € €1(Q2,R?),
the function u satisfies the integral identity

2.2) (1—1)/ | Du|? (v - v) do
p Q
=/ |Du|P—2(dv[Du].Du)dx—|—/ divv[F(u)_%|Du|p]dx’
Q@ Q

where v denotes the outward normal to 022, dv([§] = Ziz=1 £ DivVE = (£1,&) e R?
and F(t) = [y f(r)dz.

For the proof, it suffices to apply the Gauss—Green formula to the vector field
(v - Du)|Du|P~2 Du and argue as in [33]. In fact, we obtain

2 2
(2.3)/ (v.Du)|Du|P—2(Du-v)da=/ ZD,-[ZWD;M-IDul"‘ZDiu}dx,
o Q=1 L=

where

(2.4) /(v-Du)|Du|p_2(Du~v)do=/ |Dul? (v -v)do
aQ Q2
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because u = 0 on 2 and, as a consequence, Du = (Du - v)v. Moreover, we have

2
(2.5) [ Z iji,ju|Du|P_2Diu dx
Q=1

2
1 _
_ E/Q S ;| DulP=2D; | DyulPdx
ij=1

1 2
= —/ > v D;|DulPdx
Q

p =
1 1 ,

= — |Dul?(v-v)do — — | divv|Du|?dx
P Jog pJa

and, since u is a solution,

2 2
(2.6) / > v DjuD;(|Dul?">D;u) dx = _/ > v Djuf(u)dx
Q. Q5

i,j=1

= / divv- F(u)dx.
Q
Thus, from (2.3), (2.4), (2.5) and (2.6), one can easily obtain (2.2).

ReEMARK 2.4. Notice that Theorem 2.1 is concerned only with classical solutions of
problem (1.1), that is, solutions u € €1() N €?(Q). The case of weak solutions is
more complicated because for quasi-linear problems, Pohozaev identities need to be
carefully justified since the function (v - Du), which has to be used as test function,
is not an admissible function because a weak solution u is not in general €2 but only
ele,

However, using the result obtained in [8], concerning the regularity to be required
for the solutions u in the variational identity of Pucci—Serrin [35] which generalizes
Pohozaev identity [33], Theorem 2.1 can be extended to cover the case where u € €1 ()
is a weak solution of problem (1.1).

Now, our aim is to find a suitable vector field v to be used in the integral identity
(2.2) in such a way to prove Theorem 2.1.

Taking into account Remark 2.2, it suffices to consider only the case of domains
Q=Q2f with0 <r =2 <1.

First, in the next lemma, we prove that the domain Qf;%lcl is star-shaped for k large

enough.
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Lemma 2.5. Foralla € 10, [ and r € ]0, 1] there exists k(, r) € N such that, for
all positive integer k > k(o, 1), the piecewise smooth bounded domain Q2 l%kl is

star-shaped with respect to the point xo = (1, 0).

Proor. For all k € N and for all regular point x € 8523;%’;, let us denote by v (x)

the outward normal to Bin%kl.

If we set x = p(cos 0, sin ’0) it is clear that (x — xg) - vg(x) > 0 for p = 1 and
0 < |0] < % and also for |#| = ¥ and p € Jr'/% 1] (while it is obviously zero for
X = Xg).

It remains the case where p = r'/¥ and || < %. Notice that if p = r 17k and set

Fr = r'/*(cos %, sin %), for k > 2, we have
(x —x0) - vg(x) >0 for 0] < § < (¥ —x0) - (— —%) > 0 = rl/k < cos (%)

as one can verify by direct computation. Therefore, it suffices to verify that /% <
cos(%) for k large enough, which follows easily taking into account that

lim (rl/k — Dk =logr <0 = lim [cos( ) — l]k
k—o00 k—00
Thus, the proof is complete. [

RemARrk 2.6. Notice that, more precisely, the proof of Lemma 2.5 shows that for all
k > k(a,r), we have (x — x¢) - v (x) > 0 for all x in the boundary of Q2 1/k 1 such
that x is different from xo = (0, 1) and the boundary is smooth in x.

Now, taking into account Lemma 2.5, let us choose a positive integer k > k(«, r),
so that the domain in%kl is star-shaped with respect to the point xo = (1, 0), and
consider the map ’

(pk . Qzlo/likl e QZ P

defined by
gr(pcos B, psind) = (p* cos(k0), p* sin(k0)) VYpe[r'/* 1], Vo e[ -2, %]

Notice that if we use the complex notation and set z = pe'?, then ¢ (z) = 2%, so i
is a biholomorphic map between Q2 I /1/ck1 and Qz '

Then, in %%, let us consider the vector field v € €1(Q*¥, R2) defined in the

r,1>
following way.

For all x € Qr’f‘, let us set

r,1>

2.7 Ye(x.1) = to, Yx)+ (1—1)xo VteR.

Notice that, for all x # xo = (1, 0), there exists a unique positive number 7z (x)

such that y (x, fx (x)) € 893;%{‘1.
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Indeed, since yx (x, 1) = ¢ I(x) e Qzl%kl, we have 7 (x) > 1. Moreover, y (x,t)
is in the interior of l%kl fort €10, 1 (x)[, while yk (x,0) =x¢ € 8921%]{1 Vk € N.
Analogously, ¢ o Vi (x t) is in the interior of Qr LVt €]0,1 (x)[ ok oyr(x,1) =
X # xo, ¢ o vi(x, 1 (x)) € 852,’1 and ¢ o Yr(x,0) = x¢ € BSZ,,
Let us consider the vector field vg defined by

Aok © )/k)(

2.8) vex) = =

x, 1) Vx e Qpf\ {xo}.

One can easily verify that vy € €1(Q>¥ R2), so it may be used in the integral

identity (2.2).

r,1°

REMARK 2.7. Notice that if in the integral identity (2.2) we set Q2 = Qzl and v = vy,
then we have (v - v) > 0 where the boundary of Q2 is smooth.
In fact, if x € 852,1 \ {xo0} is a regular point for the boundary of er , then

r I(x) e E)Qfl%kl \ {xo} is a regular point for the boundary of Qzl%kl and we have

(0 " (x) = x0) - vk (95 (x)) = 0,
alk

where v (¢ 1(x)) denotes the outward normal to the boundary of Q> L1/k 1 in (pk_l (x),

because Qzl%kl is star-shaped with respect to xo (see Lemma 2. 5)

Therefore, if we denote by v(x) the outward normal to 32> ;1 in x, taking into
account the definition of y (x, ) and v (x), since ¢ is a conformal map, we obtain
(Ve (x) - v(x)) = 0.

Thus, our assertion is proved for x # xq. For x = Xy, it is obviously true because
vk (x0) = 0.

Moreover, notice that, indeed, we have (v - v) > 0 almost everywhere on 02, as
follows from Remark 2.6.

Here, we use the complex notation with z = pe??. Since gy (z) = z*, one can easily
verify that
_ k—1 1/k
() =kz ® (/" =1).

Moreover, taking into account that v (z) is a holomorphic function, it follows that

(2.9) divvg(z) =2Revi(z) Vze fo‘
and
(2.10) dvg(2)[£] = |E|*Re vy (z) Vz € er , VE e R?

(where Re v} (z) denotes the real part of v} (z)).

Proor oF THEOREM 2.1. Taking into account Remark 2.2, it suffices to consider only
the case of domains of the type 2 = fo‘ withl/e <r <land0 <o < m.
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Notice that condition (1.2) obviously implies f(0) = 0, so the function u = 0 in

2 is obviously a solution of problem (1.1) for every domain €2.
2,0

In order to prove that problem (1.1) has only the trivial solution ¥ = 0 in €27},

use the integral identity (2.2) with 2 = Q%% and v = V. Then, we have

r,1
1
(l——)/ |Du|? (vg - v)do
p 392,04

r.1

we

= /M |Du|P—2(dvk[Du] . Du) dx + /M div vk[F(u) — %lDuV’] dx.

r.1 r.1

2,
r,1°

1
05(1——)/ |DulPvy -vdo
pJ Jaary

:/2 Rev,’€|Du|Pa’x—|—2/2 Rev;c[F(u)—%|Du|P]dx,
Q7 Q.7

r.1

Since (v - v) > 0 on Q2. , taking also into account (2.9) and (2.10), we obtain

where F(u) < éu f(u) because of condition (1.2) and
/ uf(u)dx:/ |Du|? dx
a2 a7y

because u is a solution of problem (1.1) in Q = fo‘
Taking into account that (1 — %) < 0and F(u) > 0, it follows that

2 2
(2.11) 0< |:(1——)mk+—Mk:|-/ |[DulPdx Vk > k(a,r),
4 q Q¢

r.1
where mj and M} denote, respectively, the minimum and the maximum of the set
{Revp(z):z € fo‘ )
Notice that, as k — o0, v (z) tends to z log z in €! (fo‘ ), as one can verify by

direct computation. As a consequence, M and my tend, as k — oo, respectively, to
the maximum and to the minimum of the set

{Re(1 +logz) : z € Q27

One can easily verify that the maximum of this set is equal to 1 and that the minimum
is (1 + logr), which is a positive number because r > 1/e. It follows that

) 2 2 2 2
lim [(1 — —)mk + —Mk] = (1 — —) -(1+1logr)+ —.
k—o0 p q p q
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Since g > 22_—pp (1 +logr)~!, we have (1 — %) - (1 +logr) + % <0 and, as a
consequence, (1 — %)mk + % M, < 0 for k large enough.

Thus, from (2.11), we infer that

/2 |[Du|? dx = 0;
Q Nes

r.1

that is, u = 0 in fo’ . So, the proof is complete. ]

Remark 2.8. Notice that the assertion of Theorem 2.1 can be stated in the following
equivalent way, as one can easily verify: if ¢ > p*, where p* = 22_—’;), 0<p1 <p2
and 2 < ¢4 , then problem (1.1) has only the trivial solution u = 0 in the domain
%0

Hence, one can easily infer, in particular, that for all ¢ > pr, there exists € > 0

such that problem (1.1) has only the trivial solution in Qf)ffpz ivhen Z—f <l+e¢e

Thus, Theorem 2.1 contains, as a particular case, also the result concerning thin
domains, obtained in [17] by using a different method. However, notice that, unlike
the case of [17], in Theorem 2.1, the ratio % is not required to be close to 1 when g is
large enough.

Finally, let us point out that in Theorem 2.1, as well as in [17], no assumption is
required on the parameter o € ]0, 7|, so the domain Qf,’lofpz can be arbitrarily close
to the noncontractible domain Q%’l’fpz, where there exist infinitely many positive and
nodal solutions.
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