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Abstract. – We prove that the log canonical threshold of the base ideal of a complete linear
system on a complex abelian variety is � 1, and that equality holds if and only if the base locus
has divisorial components. Consequently, the same assertions hold for the ideal of the intersection
of translates of theta divisors by the points of a finite subgroup.
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1. Introduction

A well-known theorem of Kollár [17, Theorem 17.13] asserts that for a complex
principally polarized abelian variety, the pair .A;‚/ is log-canonical. This simple and
fundamental result has been subsequently sharpened by Ein and Lazarsfeld in [9], and
there are still important open conjectures in this field, see e.g. [6], [23, Section H.29],
[29, Section 9] and references therein. In turn, the theorems of Kollár and Ein–Lazarsfeld
have been extended to other integral and/or Q-divisors on abelian varieties in [3, 8, 13,
14, 16, 24].

In this note, Kollár’s result is extended in a different direction: we are looking at
base loci of complete linear systems, and intersections of translates of theta divisors by
the points belonging to a finite subgroup. We work over C. For an effective line bundle
L on an abelian variety A we denote bL as the base ideal sheaf of the complete linear
system jLj, namely, the image of the twisted evaluation map H 0.A;L/˝ L�1 ! OA.
This is our result.

Theorem 1. lct.bL/ � 1 and equality holds if and only if the zero locus of bL has
divisorial components.

(When there are divisorial components, the situation is completely understood, see
the last part of the proof below). By a standard argument, it follows that the conclusion
of the theorem holds also for the (scheme-theoretic) intersection of translates of theta
divisors of a principally polarized abelian variety A by all points of a finite subgroup
H � A.

https://creativecommons.org/licenses/by/4.0/
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Here and in the sequel, given a morphism f W X ! Y and an ideal sheaf a on Y , we
will denote by f �1a the inverse image ideal sheaf on X , i.e., the ideal sheaf generated
by the pullbacks of local sections of a. The translation by a point x2A is denoted as tx .

Corollary 1. Let A be a principally polarized abelian variety,‚ a theta divisor, and
H a finite subgroup of A. Let

a‚;H D
X
h2H

t�1h OA.�‚/ � OA:

Then,
lct.a‚;H / � 1

and equality holds if and only if the zero locus of a‚;H has divisorial components.

When there are no divisorial components, we do not expect our results to be sharp
or even close to it, and a better understanding of the log canonical threshold (and more
generally of the jumping numbers) of base ideals on abelian varieties seems to be an
interesting and difficult problem.

The motivation for this question comes from the attempt to show that bL is a radical
ideal sheaf; i.e., the base scheme of L is reduced, or at least, as conjectured by Debarre
in [7, Conjecture 2], that the 2-codimensional components of the base scheme are
generically reduced (see the erratum in [1]). Although our result does not imply this,
we hope that the method we use will be helpful in future developments.

2. Background material on the Fourier–Mukai transform and generic
vanishing

2.1. Notation
Given an abelian variety A, we set g D dimA. Moreover, we set yAD Pic0A and P the
Poincaré line bundle onA� yA. Given a point ˛ 2 yA, we denote byP˛ the corresponding
line bundle on A. All sheaves appearing in the sequel are coherent sheaves.

Given a sheaf F on A, its cohomological support loci are defined by

V i .A;F / D
®
˛ 2 Pic0A j hi .A;F ˝ P˛/ > 0

¯
:

2.2. (Symmetric) Fourier–Mukai transform associated with the Poincaré line bundle
Denoting D.X/ as the bounded derived category of the category of coherent sheaves
on a projective variety X , the Fourier–Mukai functor

ˆA!
yA

P W D.A/! D. yA/

(introduced in the seminal paper [21]) is an exact equivalence. Its quasi-inverse is
ˆ
yA!A

P_Œg�
.
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For our purposes, a version of this equivalence, introduced by Schnell in [28], will be
more practical. The symmetric Fourier–Mukai transform is defined as the contravariant
functor

FMA W D.A/! D. yA/op; FMA D ˆ
A! yA
P ı�A

where �A W D.A/! D.A/op is the dualizing functor �A D R Hom. � ;OAŒg�/. Also
FMA is an exact equivalence, with quasi-inverse FM yA [28, Theorem 1.1].

Let � W A! B be a surjective homomorphism with connected fibers of abelian
varieties and let i W yB ! yA be the inclusion dual to � . By [28, Proposition 1.1], the
following properties hold:

FMA ı �
�
D i� ı FMB ;(2.1)

FMB ı Li
�
D R�� ı FMA:(2.2)

2.3. Vanishing conditions

Following [28], we have the following vanishing conditions on sheaves on abelian
varieties.

(a) A sheaf F on A is said to be a GV sheaf (i.e., satisfies generic vanishing) if
FMA.F / is a sheaf (in degree zero). If this is the case, we denote

(2.3) FMA.F / D yF :

It follows that if F is a GV sheaf onA, then also yF is a GV-sheaf on yA and yyF DF .
If F is a GV sheaf, then the fiber of yF at a point ˛ 2 yA is H 0.A;F ˝ P�˛/

_

[28, (10)]. It follows that the (reduced structure of the) support of yF is the subvariety
�V 0.A;F /.

(b) F is said to be M-regular if F is GV and yF is a torsion-free sheaf. Since the
support of yF is �V 0.A;F /, if F is M-regular, then V 0.A;F / D yA, i.e.,

h0.A; F ˝ P˛/ > 0; for all ˛ 2 yA:

(c) F is said to be an IT0 sheaf (i.e., satisfies the index theorem with index 0) if F is
GV and yF is a locally free sheaf.

Although not directly used in the sequel, it is perhaps useful to keep in mind
the following well-known characterizations of the above conditions in terms of the
cohomological support loci (which are more commonly adopted as definitions in the
literature):

A coherent sheaf F is GV (resp., M-regular, IT0) if and only if
codim yA V

i .A;F / � i (resp., > i , empty) for all i > 0.
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For the GV condition, this is [25, Corollary 3.12] (but one direction was proved earlier
in [15]). For the M-regularity condition, this is [26, Proposition 2.8], and for the IT(0)
condition in one direction, it follows easily from base change, and in the other one, it
follows e.g. from [25, Remark 3.13].

2.4. Chen–Jiang decompositions and theorem

Chen–Jiang decompositions were introduced by J. Chen and Z. Jiang in the paper
[5, Theorem 1.1]. A sheaf F on an abelian variety A is said to admit a Chen–Jiang
decomposition if

F Š
M
i

.��BiFi /˝ P˛i ;

where �bi W A! Bi are surjective homomorphisms with connected fibers, Fi are
M-regular sheaves on Bi , and ˛i 2 yA are points of finite order.

Some remarks about this notion are as follows:

(a) Chen–Jiang decompositions are essentially unique ([20, Lemma 3.5] and com-
ments after Proposition 3.3, or [4, Section 9]).

(b) Unless dimBi D dimA (i.e., the homomorphism with connected fibers �i is an
isomorphism), the pullbacks ��BiFi of the M-regular sheaves Fi are GV but not
M-regular (in fact, by (2.1), FMA.��BiFi / D ibBi�bFi is a torsion sheaf).

(c) Therefore, a sheaf F admitting a Chen–Jiang decomposition is always GV, but it
is M-regular if and only if the decomposition has F itself as the only summand.

(d) A direct summand of a sheaf admitting a Chen–Jiang decomposition admits a
Chen–Jiang decomposition [28, Proposition 3.6].

The theorem of Chen–Jiang [5, Theorem 1.1] (together with the subsequent gen-
eralization in [27]) summarizes and strengthens a good deal of the generic vanishing
theorems of Green–Lazarsfeld and Hacon [11, 12, 15]. It states that the following:

If f W X ! A is a generically finite morphism from a smooth variety to an abelian
variety, then the sheaf f�.!X / admits a Chen–Jiang decomposition.

3. Proofs

3.1. A preliminary lemma

Let L be an effective line bundle on an abelian variety A. Let K.L/ be the subgroup
¹x 2 A j t�xL Š Lº, acting on A by translations. The line bundle L is ample if and
only if K.L/ is a finite group.
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Lemma 3.1.1. Let L be an ample line bundle on an abelian variety A. Let 	 � OA

be a K.L/-invariant ideal sheaf, i.e., t�1x 	 D 	 for all x 2 K.L/. Then, for y 2 A,
either H 0.A; t�yL˝ 	/ D H 0.A; t�yL/ or H 0.A; t�yL˝ 	/ D 0. Moreover, if 	 is
non-trivial, then the Zariski open set of y 2 A such that H 0.A; t�yL ˝ 	/ D 0 is
non-empty.

Proof. Let us briefly recall, somewhat informally, the following fundamental con-
struction introduced in [22] (we refer to Mumford’s paper for the appropriate invariant
treatment). Let G .L/ be the theta-group of L, namely, the group of pairs .x; '/, where
x 2 K.L/ and ' W L! t�xL is an isomorphism. This theta-group sits in a central
extension

(3.1) 0! C� ! G .L/! K.L/! 0:

The group K.L/ does not act naturally on the space of global sections H 0.A;L/ but
G .L/ does, in such a way that C� acts with weight 1, i.e., by homoteties. Mumford’s
theorem [22, Section 1, Proposition 3] states that, up to isomorphism, this is the
only irreducible representation of G .L/ where C� acts with weight 1. Of course,
K.t�yL/ D K.L/ for all points y 2 A, and the extensions (3.1) for L and t�yL are
naturally isomorphic, as well as the representationsH 0.A;L/ andH 0.A; t�yL/. If 	 is
a K.L/-invariant ideal sheaf, then, for all y 2 A, H 0.A; t�yL˝ 	/ is a representation
of G .L/ where C� acts with weight one, and h0.A; t�yL˝ 	/ � h0.A;L/. Therefore,
by Mumford’s theorem, either h0.A; t�yL˝ 	/ equals h0.A; L/ or it is zero. If 	 is
non-trivial, then h0.A; t�yL˝ 	/ must be zero for some y; otherwise, the zero scheme
of 	 would be contained in the base locus of all translates of L.

3.2. Proof of the theorem

Given a rational number c > 0, we denote by J.bcL/ the multiplier ideal sheaf associated
with c and bL. We refer to [19] for generalities about multiplier ideal sheaves.

Theorem 1 states that J.bcL/ is trivial as soon as c < 1, and that J.bL/ is trivial if
and only if the zero locus of b has no divisorial components.

In order to prove this, in the first place, we can assume that the effective line bundle
L is ample. Indeed otherwise, as it is well known, there is a surjective homomorphism
with connected fibers� WA!B and an ample line bundleM onB such thatLD ��M
(one takesB D A=K0.L/, whereK0.L/ is the neutral component ofK.L/). Therefore,

H 0.A;L/ D ��H 0.B;M/I

hence, bL D �
�1bM . Thus, J.bcL/ D �

�1J.bcM / [19, Example 9.5.45].
The proof of the first assertion of the theorem is standard. Let L be an ample line

bundle and c < 1. By Nadel vanishing V i .L˝ J.bcL// D ; for i > 0. Therefore, the
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sheaf L˝ J.bcL/ is IT0 and the transform ⁄�L˝ J.bcL/ is locally free of rank

h0.A;L˝ J.bcL/˝ P˛/ WD h
0:

Let us recall that, for all x 2 A, t�xL Š L˝ P˛ for some ˛ 2 yA. If J.bcL/ were not
trivial, then h0 D 0, because the zero locus of J.bcL/ cannot not be contained in the
base locus of all translates of L. Therefore,⁄�L˝ J.bcL/ D 0I

hence, L˝ J.bcL/ D 0. Since this is impossible, J.bcL/ is trivial.
Let us turn to the second assertion of the theorem. Assume that J.bL/ is non-trivial.

We will prove that the zero locus of bL has divisorial components. To begin with, we
recall the following: There exists a smooth projective variety X , and a generically
finite morphism f W X ! A such that L˝ J.bL/ is a direct summand of f�!X . Let
us review this. In fact,

J.bL/ D J

�
1

k
E

�
;

where k > 1 and E D E1 C � � � C Ek , where the Ei ’s are general divisors in jLj,
see [19, Propositions 9.2.22 and 9.2.26]. Thus, E is a divisor in jkLj and it follows
from the work of Esnault–Viehweg [10, (3.13)] that the sheaf J. 1

k
E/˝ L is a direct

summand of the pushforward of a canonical bundle. A very readable account of this is
[8, Case t D 1, p. 226].

Thus, by the theorem of Chen–Jiang plus remark (d) of Section 2.4, the (indecom-
posable!) sheaf J. 1

k
E/˝ L has a Chen–Jiang decomposition. Therefore, there exist a

surjective homomorphism of abelian varieties �B W A! B with connected fibers, an
M-regular sheaf G on B , and a finite-order point ˇ 2 yA such that

(3.2) J.bL/˝ L Š Pˇ ˝ �
�
BG :

The base ideal bL is K.L/-invariant. Hence, also the multiplier ideal J.bL/ is K.L/-
invariant, because, according to [18, Section 3.3], one can take a K.L/-invariant log
resolution of bL. Therefore, by Lemma 3.1.1, H 0.A;J.bL/˝ L˝ P˛/ D 0 for ˛
general in yA. Hence, the GV sheaf J.bL/˝L is not M-regular (item (b) of Section 2.3).
Thus, dimB < dimA in (3.2).

Since G is an M-regular sheaf on B , we have that V 0.B;F / D yB , and therefore it
follows from (3.2) and projection formula that

V 0
�
A;L˝ J.b/

�
D i yB.

yB/ � ˇ;

where i yB W yB ! yA is the inclusion dual to the surjective homomorphism �B . In (3.2),
one can assume ˇ D y0. Indeed, since bL � J.bL/,H 0.A;L˝ J.bL// D H

0.A;L/,
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and therefore y0 2 V 0.A; L˝ J.b// D i yB.
yB/ � ˇ, i.e., ˇ 2 i yB. yB/. Hence, we can

assume that (3.2) takes the form

(3.3) J.bL/˝ L Š �
�
BG :

Next, we claim that

(3.4) G Š �B�L:

To prove this, we apply the symmetric Fourier–Mukai transform to (3.3). Using (2.1),
we have

(3.5) ⁄�J.bL/˝ L D i yB�
yG

(where yG is understood to be FMB.G /). On the other hand, we claim that from
Lemma 3.1.1 it follows that

(3.6) ⁄�J.bL/˝ L D i yB�i
�

yB
yL:

Indeed applying the functorFMA to the inclusion J.b/˝L ,!L, one gets a surjection

(3.7) yL!Ÿ�J.b/˝ L! 0:

As recalled in Section 2.3, the fiber ⁄�J.bL/˝ L.˛/ D yG.˛/ over a point ˛ 2 yB is
identified to the vector space H 0.A;L˝ J.bL/˝ P˛/

_ which, by Lemma 3.1.1, is
equal to H 0.A; L˝ P˛/

_, i.e., the fiber of yL.˛/ over the point ˛. By Nakayama’s
lemma, it follows that the surjection (3.7), restricted to i yB. yB/, is the identity. This
proves (3.6).

Comparing (3.6) and (3.5), we get

(3.8) yG Š i�
yB
yL:

Finally, applying the functor FM yA to (3.8) and using (2.2), we get what is claimed,
i.e., (3.4).

Finally, plugging (3.4) into (3.3), we get

L˝ J.bL/ Š �
�
B�B�L:

Since ��B�B�L is locally free, J.bL/ must be a line bundle. Since J.bL/ is assumed
to be non-trivial, bL has some divisorial components. This proves one direction of the
second assertion of the theorem.

Conversely, if L is ample and bL has some divisorial components, it is known that
AŠ B � C , where B is a principally polarized abelian variety, C is an abelian variety,
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andLDOB.‚B/�LC , whereLC is an ample line bundle onC without base divisors
[2, Theorem 4.3.1]. It follows that bL D OB.�‚B/� bLC . Hence, by the above,

J.bL/ D p
�
BOB.�‚B/:

This concludes the proof of the theorem.

3.3. Proof of the corollary

We prove more generally the following.

Corollary 3.3.1. Let L be an effective line bundle on an abelian variety and let H
be a finite subgroup of A. Then,

lct
� X
h2H

t�1h bL

�
� 1

and equality holds if and only if the zero scheme of
P
h2H t

�1
h

bL has some divisorial
components.

Proof. The argument is standard and similar to [1, Corollary 8]. Let 'L W A! Pic0A
be the homomorphism associated with L and let K WD 'L.H/. Let us consider the
isogeny

f W Pic0A! .Pic0A/=K

and let
�K W B ! A

be the dual isogeny. Then,

H 0.B; ��KL/ Š
M
˛2K

��KH
0.A;L˝ P˛/:

Therefore,
b��
K
L D �

�1
K

�X
˛2K

bL˝P˛

�
D ��1K

� X
h2H

t�1h bL

�
:

Corollary 3.3.1 follows from the theorem because J.b��
K
L/ D �

�1
K J.

P
h2H t

�1
h

bL/

[19, Example 9.5.44].
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