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Hydrodynamic limit for the non-cutoff
Boltzmann equation

Chugi Cao and Kleber Carrapatoso

Abstract. This work deals with the non-cutoff Boltzmann equation for all types of potentials, in
both the torus T3 and in the whole space R3, under the incompressible Navier-Stokes scaling.
We first establish the well-posedness and decay of global mild solutions to this rescaled Boltz-
mann equation in a perturbative framework, that is, for solutions close to the Maxwellian, obtaining
in particular integrated-in-time regularization estimates. We then combine these estimates with
spectral-type estimates in order to obtain the strong convergence of solutions to the non-cutoff Boltz-
mann equation towards the incompressible Navier—Stokes—Fourier system.
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1. Introduction

Since Hilbert [50], an important problem in kinetic theory concerns the rigorous link
between different scales of description of a gas. More precisely, one is interested in passing
rigorously from a mesoscopic description of a gas, modeled by the kinetic Boltzmann
equation, towards a macroscopic description, modeled by Euler or Navier—Stokes fluid
equations, through a suitable scaling limit. We are interested in this paper in the conver-
gence of solutions to the Boltzmann equation towards the incompressible Navier—Stokes
equation, and we refer to the book [67] and the references therein to a detailed description
of this type of problem, as well as to different scalings and fluid limit equations.
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We introduce in Section 1.1 below the (rescaled) Boltzmann equation, and then in
Section 1.2 we describe the incompressible Navier—Stokes—Fourier system, which is the
expected limit. We finally present our main results in Section 2.

1.1. The Boltzmann equation

The Boltzmann equation is a fundamental model in kinetic theory that describes the evol-
ution of a rarefied gas out of equilibrium by taking into account binary collisions between
particles. More precisely, it describes the evolution in time of the unknown F (¢, x,v) > 0
which represents the density of particles that at time ¢ > 0 and position x € Q, = T3
or 2, = R3 move with velocity v € R3. It was introduced by Maxwell [63] and Boltz-
mann [15] and reads

1
3;F +v-VyF = ~Q(F. F), (1.1)
&

which is complemented with initial data Fj;—o = Fp and where ¢ € (0, 1] is the Knudsen
number, which corresponds to the ratio between the mean-free path and the macroscopic
length scale.

The Boltzmann collision operator Q is a bilinear operator acting only on the velocity
variable v € R3, which means that collisions are local in space, and it is given by

0(G,F)(v) = /R3 /52 B( —v4,0)(GLF' — G4+ F)do dvs, (1.2)

where here and below we use the standard shorthand notation F = F(v), Gx = G(v«),
F' = F(v'), and G, = G(v,), and where the pre- and post-collision velocities (v’, v},)
and (v, vs) are related through

, UVF Vs |U— vk e e
= o and v, = - o,

2 2 * 2 2

where o € S2. The above formula is one possible parametrization of the set of solutions
of an elastic collision with the physical laws of conservation (momentum and energy)

v ve =0 +0, and |v|® + |vi|? = V)7 4 0L]2

The function B(v — v4,0) appearing in (1.2), called the collision kernel, is supposed to be
non-negative and to depend only on the relative velocity |[v — v,| and the deviation angle
6 through cos 6 := ";:zzl - 0. As is customary, we may suppose without loss of generality
that 6 € [0, /2], for otherwise B can be replaced by its symmetrized form.

In this paper we shall consider the case of non-cutoff potentials that we describe now.

The collision kernel B takes the form

B(v —vx,0) = |v — vs|"b(cos 0),

for some non-negative function b, called the angular kernel, and some parameter y €
(=3, 1]. We assume that the angular kernel b is a locally smooth implicit function which
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is not locally integrable, more precisely that it satisfies
KO7172 <sinfb(cosf) < X1071725 with0 <5 < 1,

for some constant K > 0. Moreover, the parameters satisfy the condition
3
max{—3,—§—2s}<y§1, O<s<l,y+2s>—1. (1.3)

We shall consider in this paper the full range of parameters y and s satisfying (1.3), and
we classify them into two cases: When y + 2s > 0 we speak of hard potentials, and when
y + 25 < 0 of soft potentials. We also mention that cutoff kernels correspond to the case
in which we remove the singularity of the angular kernel » and assume that b is integrable.

Remark 1.1. When particles interact via a repulsive inverse-power law potential ¢ (r) =
r~@=D with p > 2, then it holds (see [25,63]) that y = Z—j and s = ﬁ. It is easy to
check that y + 45 = 1 which means the above assumption is satisfied for the full range of
the inverse-power law model.

Formally, if F' is a solution to equation (1.1) with the initial data Fy, then it enjoys the
conservation of mass, momentum, and the energy, that is,

d

- F(t.x,v)p()dvdx =0, ¢(v) =10, v,
d[ QXXR3

which is a consequence of the collision invariants of the Boltzmann operator

/113 O(F, F)(v)e(w)dv =0, ¢W)=1,v, |v|2. (1.4)

Moreover, the Boltzmann H-theorem asserts on the one hand that the entropy
H(F):f Flog F dvdx
Q. xR3

is non-increasing in time. Indeed, at least formally, since (x — y)(log x — log y) is non-
negative, we have the following inequality for the entropy dissipation D( f):

D) =5 HE =~ [

QxR

QO(F, F)dvdx

1 F/ !/
_1 / B — va,0)(F'F, — FF)log( == ) do dv. dv dx > 0.
Q, xR3xR3xS2 FF,

4 *

On the other hand, the second part of the H-theorem asserts that local equilibria of the
Boltzmann equation are local Maxwellian distributions in velocity, more precisely that

LX) (R

DiF)=0 & QF.F)=0 & F.xv)=Gr5m P~ 50y
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with p(t, x) > 0, u(¢, x) € R?, and (¢, x) > 0. In what follows, we denote by & = w(v)
the global Maxwellian
©w= (27r)‘3/2e_|”‘2/2.

Observing that the effects of collisions are enhanced when taking a small parameter
& € (0, 1], one can expect from the above H-theorem that, at least formally, in the limit
& — 0 the solution F approaches a local Maxwellian equilibrium. One therefore considers,
see for instance in [12], a rescaling of the solution F of (1.1) in which an additional
dilatation of the macroscopic timescale has been performed in order to be able to reach
the Navier—Stokes equation in the limit. This procedure gives us the following rescaled
Boltzmann equation for the new unknown F¢ = Fé(z, x, v):

1 1
B,F"’"—i——v-VxFE:—zQ(F"',Fs), (1.5)
€ €
with initial data Fij_, = Fg.
In the torus case Q, = T3 (normalized as |T3| = 1), we shall always assume, thanks
to the conservation laws, that the initial datum F satisfies the normalization

//F§(x,v)[1,v,|v|2]dvdx:[1,0,3], (1.6)
T3 JR3

that is, the initial data F§§ has the same mass, momentum, and energy as u, and the Max-
wellian p is the unique global equilibrium to (1.5).

In order to relate the above rescaled Boltzmann equation (1.5) to the expected incom-
pressible Navier—Stokes—Fourier system (described below in (1.13)) in the limit ¢ — 0,
we are going to work with the perturbation f¢ defined by

F®=p+eJife, (1.7)
which then satisfies the equation
& 1 & 1 & 1 & &
e f +EU'fo = s_sz +EF(f WAOE (1.8)
with initial data fj = 1:%, and where we denote

I(fg) =pu "2O(/Rf Vitg)

and
Lf =T/ f)+ T/ (1.9)

We can already remark that thanks to the collision invariants in (1.4), we have

/RSF(f, HIL v, v)*]/idv = 0. (1.10)
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In the case of the torus 2, = T3, we observe from (1.6) that Jo satisfies

//fog(x,v)[l»lh|U|2]ﬂ(v)dvdx=0, (1.11)
T3 R3

and from the conservation laws recalled above that, for all > 0,
/ f FE@t, x,v)[1,v, |v[*] /() dvdx = 0. (1.12)
13 JR3

1.2. The Navier-Stokes—Fourier system

We recall the Navier—Stokes—Fourier system associated with the Boussinesq equation
which is written

diu+u-Vyu+ Vep —viAyu =0,

00 +u-Vye0 —vA0 =0,

diveu = 0,

Vx(p+6) =0,

(1.13)

with positive viscosity coefficients vy, v, > 0. In this system, the temperature 6 =
0(t, x): Ry x 2, — R of the fluid, the density p = p(¢, x): R4 x Q, — R of the fluid,
and the pressure p = p(f,x): Ry x Q5 — R of the fluid are scalar unknowns, whereas the
velocity u = u(t, x): Ry x Q5 — R3 of the fluid is an unknown vector field. The pressure
p can actually be eliminated from the equation by applying to the first equation in (1.13)
the Leray projector P onto the space of divergence-free vector fields. In other words, for
u we have
0ru —viAxu = Ons(u,u),

where the bilinear operator Qg is defined by

Ons(v,u) = —%]P’(div(v ® u) + div(u ® v)),

R _ (1.14)
div(v ® u)’ := Z A (v u*) = div(v/u),
k=1

and the Leray projector P on divergence-free vector fields is as follows, for 1 < j <3 and
all & € Q/g:

556k

o F (5 ),

Fx(P ) (€)= Fx(f)(E) —

3 3
@ D EEF(HE =D G- 1)
k=1 k=1

where ¥, denotes the Fourier transform in the spatial variable x € Q; see for instance
[10, Section 5.1].
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We therefore consider the system

dru —viAxu = Ons(u,u),
0:0 +u-Vy0 —vyA0 =0,
divou = 0,

Vx(p + 0) =0,

(1.15)

for the unknown (p, u, #), which is complemented with initial data (pg, ug, 89) that we
shall always suppose to verify

diveug =0,  Vyi(po + 6o) = 0. (1.16)

In the case of the torus Q, = T3, we suppose moreover that the initial data is mean-free,

namely
/ po(x)dx = / up(x)dx = / Bp(x)dx =0,
T3 T3 T3

which then implies that the associated solution (p, u, 6) also is mean-free for all > 0:

/ p(t,x)dx:/ u(t,x)dx:[ f(t,x)dx = 0. (1.17)
T3 T3 T3

2. Main results

Our main result establishes a strong convergence in the hydrodynamic limit from solu-
tions to the rescaled Boltzmann equation (1.8) towards a solution to the incompressible
Navier—Stokes—Fourier equation (1.15) (see Theorem 2.3). In order to do so, we first need
to provide a well-posedness theory for the Boltzmann equation (1.8) (see Theorem 2.1),
as well as a well-posedness theory for the incompressible Navier—Stokes—Fourier equa-
tion (1.15) (see Theorem 2.2), in such a way that the functional frameworks are compatible
for being able to compare solutions and then to tackle the hydrodynamic limit problem.

Before stating our results we introduce some notation. Given a function f = f(x,v)
we denote by f (&, v) = Fx(f(-, v))(&) the Fourier transform in the space variable, for
£ e Q/E =Z3GfQy =T or Ql& = R3 (if 2, = R3), more precisely

/ e ¥ f(x,v)dx.
Qyx

In particular, we observe that if f satisfies (1.8), then for all § € QJ, its Fourier transform

in space f €(&) satisfies the equation

97°6) = (L —iev-§) @ + T SO
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where

T(LE) =D T(fE—n.8() if Qe =T°
nez3

or

F0® = [ TGE-ngma e, =R
For functions f = f(x, v) we write the micro-macro decomposition
f=P'f+Pf P =1-P

where P is the orthogonal projection onto Ker(L) = {/i, v /i, lv|? It} given by

Pree) = o1 +ulr v + 010 PN ey e
where
PLf 1) = /R G u) W) do,
W10 = [ Fe o Vi) dv, )
~ (o =3) |2
0Lf1(x) = /R e ) a

The function P f is called the microscopic part of f, whereas P f is the macroscopic
part of f.

We now introduce the functional spaces we work with. For every £ > 0 we denote by
Lﬁ((v)e) the weighted Lebesgue space associated to the inner product

&z = L0 g = [ Fetupao

and the norm
£ 2 coyey = 1) FllL2.

where L2 = L2(R3) is the standard Lebesgue space. We denote by H,"* the Sobolev-type
space associated to the dissipation of the linearized operator L defined in [4] (see also [44]
for the definition of a different but equivalent anisotropic norm); more precisely we denote

1S Nz oyey 7= 10) S Nl

where
o= [ [ [ beos oyl = vl ) = foP dodveao
+/ / /b(cos9)|v—v*|yf(v*)2[ﬁ(v’)—\/ﬁ(v)]zdodv*dv, (2.3)
R3 JR3 JS2
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which verifies (see [4,44])

WY 72%S £ llL2myey + T2 Flasme S 1 s qms S 1025 Fllgs oo

We also define the space (H,; ™)’ as the dual space of H;* endowed with the norm

1A ag=y == sup - (f.¢).

16175 <1

For functions depending on space and velocity variables, we shall also use a variant of
the quantity || - || HE*((v)t) defined above in (2.3) that also depends on the spatial variable.
More precisely, for f = f(x,v) we define the quantity

”f”lzqgv**((v)li) = ”Plf”zg,*((v)z) + ||Cl(Dx)Pf||i%, (24)
where a(Dy) is the Fourier multiplier a(§) = % which gives, in the Fourier variable,
POy = P O ey + S IR @2
Hy™ ((0)9) Hy* () T (£)2 Ly

Finally, given a functional space X in the variables (z, £, v), we shall denote by F,~!(X)
the Fourier-based space defined as

FX) = {f = ft.x,v0) | f € X).

Hereafter, in order to deal with the torus case Q, = T2 and the whole space case 2, = R3
simultaneously, we denote Lg = (P(Z?) in the torus case and Lg = LP(R3) in the whole
space case; moreover, we abuse notation and write

206 it =70,

| #1557
; /Ra¢>(§)df§ if Q, = R,

In particular, we shall consider below functional spaces of the type £, I(Lp L®L2((v)%))
and ¥ (L{L7Hy *((0)9) (or F~ NL{LTHY > ((v)*))) and the respective norms, for
f=flt.x,v),

1A llze Loz oyty = (/Q
and

. 0 p/2 1/p
P legszmsraonr = ([ {1780t} &) forp et oo

3

1/p
Sup | £ .61 00 E) for p € [1, +00)

Et>0

with the usual modification for p = +o0.
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2.1. Well-posedness for the rescaled Boltzmann equation

Our first result concerns the global well-posedness, regularization, and decay for equation
(1.8) for small initial data.

Theorem 2.1 (Global well-posedness and decay for the Boltzmann equation). Let £ = 0
in the hard potentials case y + 2s > 0, and £ > 0 in the soft potentials case y + 2s < 0.
There is n9 > 0 small enough such that for all ¢ € (0, 1] the following holds:

(1) Torus case Qx = T>: For any initial data f§ € ?_I(LILZ((U)Z)) satisfying (1.12)
and ||fA0€||L;L2 ((n)t) = Mo, there exists a unique global mild solution
17 e FIMLGLP L)) N LeLTH ™ ((v))

to (1.8) satisfying (1.12) and the energy estimate

”fe”LthooL%((v)[) + = ||P f ||L1L2H,§*( vy T ||Pf ||L r2r; ~ < ||fo ||L LZ((U . (25

Moreover, we have the following decay estimates: In the hard potentials case y + 2s >
0, there exists A > 0 such that

. 1 s . .
||e,1f6||L§LC;°L5 + g”eAP f€||L§L§H5’* + ”eles“LéLfL% < ||f06||L§L%((v)f)’ (2.6)

where we denote et — e* . In the soft potentials case y + 2s <0, if £ > 0 then for any

0<w< T +2S| there holds

A 1 ~ A ~
||ow8||L;L;’°L5 + g”pwPLfs”LéL%H,f’* + ||PwPf6||L;L%L% < ”fOs”LéL%((v)l)v 2.7
where we denote py:t + (1 4 1)®.

(2) Whole space case Q, = R3: Let p € (3/ 2, 00]. Then for any initial data f; €
?x—l(LéL%((v)[) n L?L%(( v)Y)) satisfying ||f0 ||L1L2 0o+ ||f0 ||L1’L2 o)ty < 1o, there
exists a unique global mild solution

I7 e FIMLELE L ((0)Y) N LgLFH ™ ((v)))
NFLELPLY((v)) N LELTHY™ ((v)9)
to (1.8) satisfying the energy estimate

‘IEI

A 1 L2
17y 2oy + < P fenL;Lz (o) + | L

)Iél

1 Mgz + P Folgznaon + [ 627 ors
E t~v

< ||fo ||L§Lg((v)€) + ||fo ”L‘;L%((v)‘f)‘ (2.8)
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Moreover, we have the following decay estimates: In the hard potentials case y + 2s >
0, forany 0 < 9 < %(1 — %) there holds

]
o 7¥lgiozs + +IDoP* Fll sz R LA A
ghito

S ||fo ||L§L3 + ||f0 ”Lé’L%v (2.9)

where we denote py:t — (1 + 1)?. In the soft potentials case y + 25 < 0, if 0 < ¥ <
%(1 — %) and £ > Uy + 2s| there holds

€l
Ipo gz + 5 I0P* ¥ luyazmee + oo P o .

< |Ifs ||L§L5((u)l) +1fs ||L§L%((u)l)~ (2.10)

Remark 2.1. We make below a few comments concerning our result:

(i) We observe that in the soft potentials case y + 2s < 0 we can take £ = 0 for the
well-posedness result. We only need a well-posedness theory with £ > 0 in order
to obtain the decay estimates ((2.7) and (2.10)).

(i) We observe that the functional spaces are different when working on the
torus or on the whole space. In the torus we have a solution in the space
f’”x_l(LgL%Hlf’*((v)e)), whereas in the whole space the solution belongs to
FNLLLIHP™ ((0)9), with, clearly, || - [z oy = | gy This
comes from the hypocoercive-type estimate for the hneanzed operator (see Pro-
position 3.1).

(iii) Another difference between the torus and the whole space appears when dealing
with low frequencies |£] < 1. When working on the torus, the only low fre-
quency is £ = 0, which is controlled thanks to the conservation laws. On the
other hand, in the whole space, the gain estimate for the linearized operator in
?’x_l(LéL%Hlf’**((v)e)) is not enough to control low frequencies in the non-
linear estimates. This is why we also need to work in %! (Lg’ )-type spaces with
pe(3/2, 0]

The Cauchy theory and the large time behavior for the Boltzmann equation for ¢ = 1
have been extensively studied. Concerning the theory for large data, we only mention the
global existence of renormalized solutions [32] for the cutoff Boltzmann equation, and
the global existence of renormalized solutions with defect measure [6] for the non-cutoff
Boltzmann equation.

We now give a very brief review for solutions to the Boltzmann equation in a per-
turbative framework, that is, for solutions near the Maxwellian. For the case of cutoff
potentials, we refer to the works [17,43,71-73], as well as the more recent [31, 74] for
global solutions in spaces of the form LS°H ;v , and to [33,47,55,62,70] for solutions in
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H ){'YU or HN L2. On the other hand, for the non-cutoff Boltzmann equation, we refer to
[44,45] in the torus case and to [2—4] in the whole space case, for the first global solutions
in spaces of the form H Q”v by working with anisotropic norms (see (2.3)). The optimal
time-decay was obtained in [68] for the whole space, and recently [30] constructed global
solutions in the whole space.

All the above results concern solutions with Gaussian decay in velocity, that is, they
hold in functional spaces of the type H ;V , for the perturbation f defined in (1.7), which
means that F — € H )ﬁ\jv (u~1/2). By developing decay estimates on the resolvents and
semigroups of non-symmetric operators in Banach spaces, Gualdani—-Mischler—Mouhot
[46] proved non-linear stability for the cutoff Boltzmann equation with hard potentials
in L})L;o((v)kul/z), k > 2, that is, in spaces with polynomial decay in velocity (f €
LYL®((v)*u!/?) means F — € LLL((v)¥)). In the same framework, the case of
non-cutoff hard potentials was treated in [7,49], and that of non-cutoff soft potentials
in [22].

The aforementioned results were obtained in Sobolev-type spaces. Very recently,
Duan-Liu—Sakamoto—Strain [34] obtained the well-posedness of the Boltzmann equa-
tion in Fourier-based spaces Lg L%°L2 in the torus case, which was then extended to the
whole space case by Duan—Sakamoto—Ueda [35]; see also [23] for the whole space case
in polynomial weighted spaces. We also refer to the works [8,21] for recent results on the
well-posedness for non-cutoff Boltzmann using De Giorgi arguments.

In our paper, we establish uniform-in-¢ estimates for the rescaled non-cutoff Boltz-
mann equation (1.8). Our result in Theorem 2.1 is similar to those in [34, 35], but the
proof is quite different. Indeed, thanks to new integrated-in-time regularization estimates
(that is, estimates in ¥ ' (L{L7Hy™) or 7' (L{L7Hy™)), we are able to prove the
well-posedness of (1.8) using a contraction fixed-point argument in a suitable functional
space that takes into account these regularization estimates, which is the main novelty
in Theorem 2.1. More precisely, we first investigate the semigroup U? associated to the
linearized operator ELZ(L — ev - Vy) appearing in (1.8). We provide boundedness and
integrated-in-time regularization estimates for U® (see Proposition 3.2), as well as for
its integral in time against a source f(; U?é(t — )S(r) dr (see Proposition 3.3). Together
with non-linear estimates for I" (see Lemma 4.1), we are then able to take .S equal to the
non-linear term I'( f, ) and prove the global well-posedness of mild solutions of (1.8),
namely

t
Fo0) = U £ + - / US(t — DT (f(2). f5(2)) dr.
€ Jo

by applying a contraction fixed-point argument. The decay estimate is then obtained
as a consequence of decay estimates for U® (see Propositions 3.4 and 3.8) and for
f(; U?(t — 7)S(7)dt (see Propositions 3.5 and 3.9). It is important to notice that the fixed
point takes place in the space

FNLELP L2 ()Y N LELTHP*((v)9)



C. Cao and K. Carrapatoso 428

for the torus case, and in

FNLELPLI((v)Y) N LELTHS* ((v)"))
NFHLELPLY((0)) N LELTHY™ ((v)9)
for the whole space, that is, the integrated-in-time regularization appears in the functional
space.
It is worth mentioning that the integrated-in-time regularization estimates as well as
the estimates for f(; U®(t — 1)S(7) dt are the key ingredient of our method. On the one
hand, they are the main novelty that allows us to apply a contraction fixed-point argument

as explained above. On the other hand, they are also crucial for establishing the strong
convergence in the proof of the hydrodynamic limit established below in Theorem 2.3.

2.2. Well-posedness for the Navier-Stokes—Fourier system

Our second result concerns the global well-posedness of the incompressible Navier—
Stokes—Fourier system (1.15) for small initial data.

Theorem 2.2 (Global well-posedness for the Navier—Stokes—Fourier system). There exists
n1 > 0 small enough such that the following holds:

(1) Torus case Q, = T3: For any initial data (po., ug. 6p) € 5‘7_1(Lé) satisfying (1.17)

X

and || (0o, tg, éO)HLé < 11, there exists a unique global mild solution

(p.u,0) € F7 (LELY N LE((ENLY)

X

to the Navier—Stokes—Fourier system (1.15) satisfying (1.17) and the energy estimate
1B 7 6)ll 120+ IHEYD 2. D)y 22 5 1 CBos o, Bl

(2) Whole space case Q, = R3: Let p € (3/2, 00]. For any initial data (pg, uo, 0p) €
?x—l(Lé N Lé’) satisfying || (0o, o, 00)||L; + ||(,60,120,90)||Lg < 11, there exists a unique
global mild solution

(pou.6) € FNLLLE N LL(ENLE N LELE 0 LE(E)LY)
to the Navier—Stokes—Fourier system (1.15) satisfying the energy estimate
||(/35ﬁ79)||L§L;>° + |l |é|(ﬁ,ﬁ,9)”LéL% + ||(/3,ﬁ,9)||L§L?° + |l |E|(/3,ﬁ,9)”LgL%
< 1(Po- tto. o)l 1 + 1l (Po. tto. o)l .2 -

The incompressible Navier—Stokes equation, that is, the first equation in (1.15), pos-
sesses a vast literature, so we only mention a few works in the three-dimensional case
below, and we refer the reader to the monographs [10, 58] and the references therein for
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more details. On the one hand, global weak solutions for large initial data were obtained
in the pioneering work [59] (see also [51]). On the other hand, global mild solutions for
small initial data were obtained in [19,20,28,37,38,54] in different Lebesgue and Sobolev
spaces, and we refer again to the book [58] for results in Besov and Morrey spaces. We
mention in particular the work of Lei and Lin [57], where global mild solutions in the
whole space R® were constructed in the Fourier-based space L ;(|§ |~hLee.

Our results in Theorem 2.2 may not be completely new, but we do not have a refer-
ence for this precise functional setting (observe that the functional spaces in Theorem 2.2
correspond exactly to the same functional setting as in the global well-posedness for the
Boltzmann equation in Theorem 2.1). Therefore, and also for the sake of completeness,
we shall provide a complete proof of them in Section 5.

Our strategy for obtaining the global solution u for the incompressible Navier—Stokes
equation follows a standard fixed-point argument. As in the proof of Theorem 2.1, we
first obtain boundedness and integrated-in-time regularization estimates for the semigroup
V' associated to the operator vi Ay (see Proposition 5.1), as well as for its integral in
time against a source fot V(¢t — t)S(7) dr (see Proposition 5.2). We then combine this
with estimates for the non-linear term Qs (see Lemma 5.3) to obtain, thanks to a fixed-
point argument, the global well-posedness of mild solutions of the first equation in (1.15),
namely

u(t) = V(o + /0 V(t - 1) Ons u(0). u(0)) dr.

Once the solution u is constructed, we can obtain in a similar (and even easier) way the
well-posedness of mild solutions of the second equation in (1.15) for the temperature 6.
Finally, we easily obtain the result for the density p thanks to the last equation in (1.15).

2.3. Hydrodynamic limit

Our third result regards the hydrodynamic limit of the rescaled Boltzmann equation, that
is, we are interested in the behavior of solutions ( f*).e(o,17 to (1.8) in the limit ¢ — 0.
Let (po, ug, 6p) be an initial data verifying (1.16) (and also (1.17) in the torus case)

and consider the associated global solution (p, u, 8) to the incompressible Navier—Stokes—
Fourier system (1.15) given by Theorem 2.2, where the viscosity coefficients vy, v, > 0
are given as follows (see [12]): Let us introduce the two unique functions ® (which is a
matrix-valued function) and W (which is a vector-valued function) orthogonal to Ker L
such that

Loy = —ven Lrmw = 2

VI N

Then the viscosity coefficients are defined by

v = i L(\/_CD)CID\/_dv vy = % V. L(/pW)/irdv.
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We define the initial kinetic distribution g¢ € Ker L associated to (pg, 4o, 6o) by

2
v
g0(x.1) = Pox. ) = [po) +u00) v + 600 ") . @
and we suppose that g is well prepared in the sense
Vi -ug=0 and pg+ 6y =0. (2.12)

We then consider the kinetic distribution g(¢) € Ker L associated to (p(t), u(t), 8(¢)) by

(vl

g(t,x,v) =Pg(t,x,v) = [p(t xX)+ut,x) v+ 0(t,x)——= ]f(v) (2.13)

Theorem 2.3 (Hydrodynamic limit). Let (f)ee(0,1] satisfy the hypotheses of Theorem 2.1
and consider the associated global unique mild solution (f®)ge(o,1] to (1.8). Also let
(po, Uo, Bo) satisfy the hypotheses of Theorem 2.2 as well as (2.12), and consider the
associated global unique mild solution (p,u, 0) to (1.15). Finally, let go = Pgq be defined
by (2.11) and g = Pg by (2.13). There exists 0 < n, < min(no, n1) such that if

R R _ \
max(||f08||LéL12), ”gollLéL%) <ny inthecase 2y =T,

R R X K ‘ ,
max(I /g lzyzz + 170 Iz e3- 180l zz + 18ollzpr3) <2 inthe case Qx = R°,

forall e € (0,1] and
lim | fo' — $ollz1z3 = O,
then there holds
. AE A _
812)1(1) I/ _g”L;L?OL% =0. (2.14)

Remark 2.2. A few comments about the above result are in order:

(i) One can get a explicit rate of convergence in (2.14) if we suppose that the initial
data g has some additional regularity in x, namely a rate of &’ if the initial data
go satisfies ||(£)% %o ||L§L% < oo for § € (0, 1]. We refer to (6.22) and (6.23) for a

quantitative version of this result.

(i) Our methods can also be applied to the Landau equation with Coulomb potential,
and we obtain similar results to Theorem 2.1 and Theorem 2.3.

(iii) Our result concerns well-prepared data for the fluid equation, namely (pq, Ug, 6o)
associated to the initial kinetic distribution g satisfies (2.12). In the whole space,
fluid initial data that are not well prepared could be handled as in [39] by using
dispersive estimates. In the case of the torus, we refer to [52] who handle the
initial fluid layers for fluid initial data that are not well prepared.

Before giving some comments on the above result and its strategy, we start by provid-
ing a short overview of the existing literature on the problem of deriving incompressible
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Navier—Stokes fluid equations from the kinetic Boltzmann one, and we refer to the book
by Saint-Raymond [67] for a thorough presentation of the topic including other hydro-
dynamic limits. The first justifications of the link between kinetic and fluid equations
were formal and based on asymptotic expansions by Hilbert—-Chapman—Cowling—Grad
(see [27,42,50]). The first rigorous convergence proofs based also on asymptotic expan-
sions were given by Caflisch [18] (see also [29,56]). In those papers, the limit is justified
up to the first singular time for the fluid equation. Guo [48] has justified the limit towards
the Navier—Stokes equation and beyond in Hilbert’s expansion for the cutoff Boltzmann
and Landau equations.

In the framework of large data solutions, the weak convergence of global renormal-
ized solutions of the cutoff Boltzmann equation of [32] towards a global weak solution
to the fluid system were obtained in [11, 12,40, 41, 60, 61, 67]. Moreover, for the case
of non-cutoff kernels, we refer to [9] who proved the hydrodynamic limit from global
renormalized solutions with defect measure of [6].

We now discuss results in the framework of perturbative solutions, that is, solutions
near the Maxwellian. Based on the spectral analysis of the linearized cutoff Boltzmann
operator performed in [26, 36, 65], some hydrodynamic results were obtained in [13,
39, 66]; see also [24] for the Landau equation. Moreover, for the non-cutoff Boltzmann
equation, we refer to [53], where the authors obtained a result of weak-* convergence
in LY°(H},) towards the fluid system by proving uniform-in-¢ estimates. To our know-
ledge, our paper is the first to prove a strong convergence towards the incompressible
Navier—Stokes—Fourier system for the non-cutoff Boltzmann equation. We also note here
that, compared to former hydrodynamical limit results, in our work we do not need any
derivative assumption on the initial data.

We now describe our strategy in order to obtain strong convergence results. Our
approach is inspired by the one used in [13] for the cutoff Boltzmann equation, which
was also used more recently in [16,39] still for cutoff kernels and in [24] for the Landau
equation. Indeed, as in [24, 39], using the spectral analysis performed in [36, 75, 76], in
order to prove our main convergence result, we reformulate the fluid equation in a kinetic
fashion and we then study the equation satisfied by the difference between the kinetic and
the fluid solutions. More precisely, we denote the kinetic solution by

o) =U0) fg + YL/ Fo0),

and we observe, thanks to [13], that the kinetic distribution g associated to the fluid solu-
tion (p, u, 0) through (2.13) satisfies

g(t) =U(t)go + V[g. gl(),

where U is obtained as the limit of U¢, and W as the limit of ¢, when ¢ — 0. The idea is
then to compute the norm of the difference f* — g by using convergence estimates from
U¥? to U (see Lemma 6.3) and from W¢ to W (see Lemma 6.4), which are based on the
spectral study of [75,76], together with uniform-in-¢ estimates for the kinetic solution f*¢
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from Theorem 2.1. This was achieved in [39] for the cutoff Boltzmann equation by apply-
ing a fixed-point method; however, as explained in [24], this cannot be directly applied to
the non-cutoff Boltzmann and Landau equations due to the anisotropic loss of regularity
in the non-linear collision operator I". To overcome this difficulty for the Landau equation,
the authors in [24] proved new pointwise-in-time regularization estimates not only for the
semigroup U? but also for the solution to the non-linear rescaled kinetic equation, which
were then used to close the estimates and obtain a result of strong convergence.

In our work, we propose a new method in order to obtain strong convergence in the
hydrodynamic limit using only the integrated-in-time regularization estimates (as opposed
to pointwise-in-time regularization estimates as in [24]) for the semigroup U?, as well as
for f(; U®(t — t)S(r) dz. More precisely, the fixed-point argument in the space

Fo (LELPLY N Ly LT HY™)
for the torus case, or in

X

FoNLELPLy N LELFHY™) N Fr(LELE LY N LY LT Hy™)

for the whole space, used for the global well-posedness in Theorem 2.1 above together
with the corresponding energy estimates are sufficient to estimate the #7' (L L°L3)-
norm of the difference f¢ — g and obtain strong convergence.

2.4. Organization of the paper

In Section 3 we first establish basic properties for the rescaled linearized non-cutoff Boltz-
mann collision operator and then compute the basic estimates for the associated semi-
group. In Section 4 we prove the well-posedness for the rescaled non-cutoff Boltzmann
equation. We establish well-posedness for the Navier—Stokes—Fourier system in Section 5.
Finally, we obtain the hydrodynamical limit result in Section 6.

3. Linearized Boltzmann operator

It is well known, see for instance [64] and the references therein, that the linearized Boltz-
mann collision operator L, defined in (1.9), satisfies the following coercive-type inequality

(Lf fz < =P S e,

where we recall that PL = 7 — P and P is the orthogonal projection onto Ker L given by
(2.1). Forall ¢ € (0, 1] and all £ € Q, we denote by A®(£) the Fourier transform in space

of the full linearized operator sizL - %v - Vy, namely

A(E) = ;—Z(L —iev - £).
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We first gather dissipativity results for the operator A¢(£) obtained for instance in
[69], that we reformulate below as in [23] and inspired from [14,24], in order to take into
account the different scales related to the parameter ¢ € (0, 1]. For every & € Q’g we define

BUS)E) = 801 € MIPE(©)] + L 5£02)] MIP- )
* (Sgi)iz(E ®ulf D™ : {OIPHE(E)] + 0[2(E)]}
* (%iz(S RulgEDY™ : {O[PHF(®)] + [/ (©)1}
+ Do O w2 + Doe ]l O

with constants 0 < 83 < 8, < §; < 1, where [ is the 3 x 3 identity matrix and the
moments M and ® are defined by

M) =/RS Fo(lol? -5 aM) dv,  O[f] =/R} fv & v— 1) a®)dv,

and where for vectors a, b € R? and matrices 4, B € R**3, we denote

3
1
(@®b)y*™ = ~(ajbk + axb)izjk=s, A1 B = > AjkBjk.
Jk=1

We then define the inner product (-, -)) ;2 on L? (depending on &) by

(f(®).8EN 2 = (f(©).8E) 2 + eB[f.£l(5), 3.1)

and the associated norm

LA @, == (/@) fENz-

In a similar fashion, for any £ > 0, we define the inner product ({-, ) 12 ((,)¢) on L2((v)%)
(depending on &) by
(©). 8N L3y = (/). 81z + 6o(P* (). P2 L3yt
+ eBI/, £](6). (32

with §; <« 8¢ < 1, and the associated norm

1A @2 oy = (S E FED L2y

It is important to notice the factor ¢ in front of the last term on the right-hand side of (3.1)
and (3.2).

Arguing as in [69], the main difference being the factor ¢ in the second term of (3.1)
and (3.2), we obtain the following dissipativity result.



C. Cao and K. Carrapatoso 434

Proposition 3.1. We can choose 0 < §3 K 8, <K 81 < 8o < 1 appropriately such that

(1) the new norm || - ||| L2 ()¢ is equivalent to the usual norm || - || L2 )¢y on L2((v )6
with bounds that are mdependent of € and €;

(2) if Qy = T3, for every f satisfying (1.12) we have, for all £ € 7.3,

Re(AE)f©). f @Dz = ~Ho( 5 IPF O se ey + IPFEIE).

for some constant Ao > 0;
(3) if Qx = R3, for every f we have, for all £ € R3,

Re(A°(§) /). / 1z < —Ao(si||Plf(s>||§,5,*(<v)é)

IEI

+ oz IPFO1)

for some constant Ay > 0.

The aim of the remainder of this section is to obtain, using the dissipativity result of
Proposition 3.1, decay and regularization estimates for the semigroup associated to the
linearized operator A®. In the sequel we denote by

U°(1.§) = "™, (3.3)
the semigroup associated to A¢(§), and by
Us(r) = F, U (0) Fr, (3.4)

the semigroup associated to ELZ(L — v - Vy).

3.1. Boundedness and regularization estimates

We first provide boundedness and integrated-in-time regularization estimates for the semi-
group U¥ (see Proposition 3.2), as well as its integral in time against a source fot Uet —
7)S(7) dr (see Proposition 3.3). These are the key estimates we shall use later in order
to prove the well-posedness results for the rescaled Boltzmann equation (1.8) in The-
orem 2.1. They are also crucial for establishing the convergence of some of the terms in
the proof of the hydrodynamic limit in Theorem 2.3.

Proposition 3.2. Let £ >0, ¢ € (0,1], and p € [1,00]. Let fo € LéLﬁ((v)e) and suppose
moreover that fo verifies (1.12) in the torus case Qx = T3. Then

1090 fol gz szqory + < IP*0°O) foll g3z W)+H PO°() fo|

LYL?L}
< ”fO“Lé’L%((v)l)’

and, moreover, in the torus case, we also have that U (t) fo verifies (1.12) for all t > 0.
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Remark 3.1. Observe that, in the torus case Q, = T3, one can replace the term
%PUS(-) fo in the above estimate by PU?(:) fo since U®(¢) fo verifies (1.12).

Proof of Proposition 3.2. Let f(t) = U4(t) fo for all t > 0, which satisfies the equation

1
0f = L—ev-Vof fi-o=fo. (3.5

We already observe that in the case of the torus, f(¢) verifies (1.12) thanks to the proper-
ties of L. Moreover, for all £ € Z3 (if @, = T?) orall £ € R3 (if Q, = R?), the Fourier
transform in space f satisfies

WfE) =NELE). fEumo= fol®) (3.6)

Using Proposition 3.1 we have, for all # > 0,

d - A N
S IF Oz = RAA @S @ f @D 2o

IEI2

1 A
< ~ho( 1P S Olee ey + 72

s IPF©12,).
which implies, for all # > 0,

A Lo P
17O+ 5 | POy + / CCIPA @I, o

: G2
< ”fO(g) ||i%((v)l)!

where we have used that ||| f (®)ll L2 is equivalent to || f ()|l .2 independently of § and e.
Taking the supremum in time and then taking the square root of previous estimate yields

1 Olzizqon + 11PF Oz + | 5P S 1 A®s.

and we conclude by taking the Lg norm. n

Proposition 3.3. Let { >0, € (0,1], and p € [1,00]. Let S = S(t, x,v) verify PS =0
and (v)tS € Lé’L%(Hg’*)/, and denote

gs(t) =/(; Ue(t —1)S(r)dr.

Then

&l p
00 - P 8% ”
1852 L2oL3(0)0) + || §slerrzmy (o + Pgs L

S ell(v)* S”LgLf(Hg’*)"
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Remark 3.2. As in Remark 3.1, we observe that in the torus case 2, = T3 one can
replace the term %ng in the above estimate by Pg.

Proof of Proposition 3.3. 'We first observe that gg satisfies the equation
1
digs = 5 (L—ev-Vi)gs + 5. gu=0=0. (3.7
thus, for all for all £ € Z3 (if Q, = T3?)orall £ € R3 (if 2, = R3),

0:8s(8) = A (E)&s(E) + ), &E)y=0 =0, (3.8)

that is, forall t > 0,

t

8506 = [ 0% -rSoar (3.9)
0
We remark from (3.1) (if £ = 0) or (3.2) (if £ > 0) and the fact that PS = 0 that

(5. &sEN 2y
= (S(0). 8513 + 5o(PSE). P25 ®) 2y + £BIS. 851)
— (). P g5(®)2 + 5o (P-SE). PXas(®) 2oyt + £BIS. g51(E).

Using again that PS = 0, so that p[S] = u[S] = 6[S] = 0, we have

811 ~
B[S. gs(£) = ﬁse[grs(s)] - M[PLS ()]
Sri ~
+ —2_(E @ulgsE)Y™: O[PS (#)].

1+ (&

therefore observing that for any polynomial p = p(v) there holds

[ S@rwvEw ] < 8@l

we get
1g &l oA 1g &l o~
|B[S, gs](®)| < P S(S)“(Hﬁ”‘)’@”PgS(S)“L% S AIP=SE N sy ) IPgs (&)l L2-
Moreover, R R
(SE). P as®) 2 SUISE Nl azry P25 E) s~
and

(SE).PLes ) 12wy = (V) SE). (V) PLEs(6)) 2
S 1Y SE sy 1 (v) PLEs ©)ll oo+
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Gathering previous estimates yields

| s
&) IPEs@luz).

Using Proposition 3.1 and arguing as in Proposition 3.2 we have, for all # > 0 and all
£ e QL,

(S®). &sEN 30wy < () S(E)II(Hg*)/(IIPLﬁs(E)IIHg’*«v)Z) el

1d
S e @z
Ll
< —do(—=|P+2 O ( P
o(IPHEs @12, + 5 POl
IO SOl *y(nPlgs(s)nH;*( o + 515y IP2s ©)l7)
Ao/ 1 . 2
< (I eSO g + gy IPES 1)
+ C2[[(0) S )17y (3.10)
where we have used Young’s inequality in the last line, which implies
2
185080+ 55 [ 1PN e o0+ [ LIPS,

<2 / 1) S (2. £)l2se, d

Taking the supremum in time and then taking the square root of the previous estimate
yields

s @ lerzan + § P8 lizmgeo + | 5y PEs®

< el () Sl 2y

and we conclude by taking the L‘; norm. [ ]

L2L}

3.2. Decay estimates: Hard potentials in the torus

In this subsection we shall always assume y + 25 > 0 and , = T3, and we shall obtain
decay estimates for the semigroup U? (see Proposition 3.4), as well as its integral in time
against a source fot U®(t — t)S(7) dr (see Proposition 3.5). We recall that given any real
number A € R we denote e;: 7 —> e*’.

Proposition 3.4. Let { > O and s € (0, 1]. Let fy € LiL3((v)"). Then

SO 1 PO PO
||CAU6(')f0||L§L$°L3((v)£) + g||e)LPJ_UE(')f0”L;L%Hj'*((v)‘f) + ||CAPU8(-)f0”L§L%L%
S “fAO”LéL%((v)f)’

for some A > 0 (depending on Agy of Proposition 3.1).
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Proof Let f(t) = U®(t) fo for all + > 0 which satisfies (3.5), so that f(t £ =
Ue(t E)fo(é) satisfies (3.6) for all £ € Z>. Using Proposition 3.1 we have, for all ¢ > 0
and some A¢ > 0,

S IO gy = o ( 1P PO e ey + IPFOIZ;):

which implies, since || - ||H3*((v)l) > ||(v)?/2+s . lL2¢wyey = I+ | 22((vyt) and the fact that
2((p)t is equivalent to 2.v¢y Independently of & and &, that
L2((v)t) 18 equival L2((v)t) Independently of d e, th

1 A~ o
3T O3 a0y = —MIF O3 ey — o (S IPE 7@z oy + IPS@IZ)-

for some positive constants A, 0 > 0 depending only on the implicit constants in Proposi-
tion 3.1 (1) and on Ao > 0 appearing in Proposition 3.1 (2). We therefore deduce

1 A A
AN Oy ) = —0e (FIPE POy + IPFEIE).

which implies, for all 7 > 0,

A 1 [t A t A
2At 2 - 2As 1 pl 2 218 2
MO0 + /0 P () oy I + /0 P (x.8)|2; dr
N ||fo(§)||Lz 6y
where we have used again that |||f(§)|||le}((v>z) is equivalent to ”f(é)”L%((v)f) independ-

ently of & and ¢. Taking the supremum in time and then taking the square root of the
previous estimate yields

R 1 R
llea f )l oo r2(wyty + glleAPlf(E)lngH (o T IIGAPf(E)IILsz N IIJ’o(S)IIL2 )6

and we conclude by taking the L; norm. ]

Proposition 3.5. Let £ > 0 and ¢ € (0, 1]. Let A > 0 be given in Proposition 3.4. Let
S = S(t,x,v) verify PS = 0 and e, (v)S € LéL%(Hlf’*)’, and denote

gs = 1/8 —1)S(7)dr.
(t) /0 (t ) ( )
Then

R 1 1A R
||€Ags||L§L§>°L5((v)l) + g”eAP gs||L§L§Hg’*((v)l) + ”e/\PgS”LéL?L%

‘a
< ellea{v) S”L;L%(Hj’*)h
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Proof. Recall that g satisfies equation (3.7) and g verifies (3.8) for all £ € Z3, as well as
(3.9). Thanks to (3.10) and using that || - [| grs.x )¢y = [[{v yy/2ts . L2y = 1T Lz ye
as in the proof of Proposition 3.4, we get for all t > 0,
||| Q] —Migs @I -0 i||Pl 25 (6)|l7 +IIPgs ()7
&8s Gz = ML wye o G I8 ENgge oy +1FES E)1
2 LG (eY)2
+CE () 8O 1250,

for some constants A, g, C > 0. We therefore deduce

d 2At 14 2 2At 1 1A 2 A 2
AP NEs O3y} < —0€ (S IP-E5 ) e uye) + IPES @I )
2 2Mt Lg 2
+ C2e?M () S )17y

which implies, for all 7 > 0,
1 t
M gst. N7z ey + 3 /0 M P Es (1. 6) 170w oy 97

+ /0 M [Pgs (v, £)|7; dv < & /0 X (0) 8 (@ &)1 sey d

Taking the supremum in time and then taking the square root of the previous estimate
yields

. 1 . .
llexgs )l zeer2(wyey + g||6APlgS(E)||L§H,§’*(<v)e) + leaPgs(®)ll 2,2

< elleatv) Sz gy

and we conclude by taking the L é norm. ]

3.3. Decay estimates: Soft potentials in the torus

In this subsection we shall always assume y + 25 < 0 and 2, = T3, and we shall obtain
decay estimates for the semigroup U?¢ (see Proposition 3.6), as well as its integral in time
against a source fot U®(t — 1)S(r) dt (see Proposition 3.7). We recall that given any real
number w € R we denote py,:t — (1 + 1)®.

Proposition 3.6. Let{ >0, ¢ € (0,1], and fo € L;L%(( vYY). Then for any 0 < w <
we have

4
Ty+2s]

PO 1 SO PO
”Pa}Us(')fOHLéL;”L% + g”pwPan(')fO“LéL%Hg’* + ||PwP(U8(')f0)||L§L§L%

S W ollppez +1UO follLireorz -
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Proof. Arguing as in the proof of Proposition 3.4, denoting f(t) = U®(¢) fo, and using
that || - || s > ||(v)?/?F5 . ll2, we obtain

o @I = My F©I2,
—o(g—znPLf@ni,g,* +IP/@)12,). G.11)

for some positive constants A, g > 0.
We now observe the following interpolation inequality: for any R > 0 there holds

A @NZ; < (R @Y 25 F @1 + (RN O sy G12)
Therefore, coming back to (3.11) and choosing (R) = [(A/w)(1 + 1)]*/17 25! yields

1 A A
SO, < ~00 + 07 IF O o (IR F @I + IPF©I2;)

+ U+ 07 P SO 00

for some constant C > 0 (independent of £ and ¢). Multiplying both sides by (1 + 7)?
gives

SHAH O3} < 001+ 0% (IR @1 +IPFOI;)

26 A
+ COU+ 7T L )72 e

2dr

Integrating the last estimate in time gives, for all 7 > 0,
U+ PO+ 5 [ 0+ 0 IP f 81
+ /0 1+ IR DI, dr
S Io@z; + swp 17 (DI [0 (14 02

where we have used again that || - |||z is equivalent to || - || .2 independently of & and e.

2w0—1—

Observing that (1 + t) Ir+2s1 is integrable since 0 < w < ﬁ, we can take the

supremum in time in the last estimate and then its square root to obtain

~ 1 ~ ~
IP0 f ©lzgerz + £ 1PP f ©)llzae + IPP 5 Oz

S 1o® Nz + 17 Ellzerz .

and we conclude the proof by taking the Lé norm. [ ]
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Proposition 3.7. Let e € (0,1]. Let S = S(t,x,v) verify PS = 0 and p,S € LéL%(Hlf’*)’

for some 0 < w < and £ > 0, and denote

L
Ty+2s]
t
gs(t)=/ Ut —1)S(r)dr.
0

Assume that g5 € LéL;”L%((v)Z). Then we have

. 1 1A .
IPogsliLiier; + CIPoPEslLizays + IPoPEsllLir Lz
S elpoSllzizyey + 1&slLiiezw-

Proof. Arguing as in the proof of Proposition 3.5, but now using that || - || grs.«((p)e) >
[[(v)¥/2+s . Il L2 ((v)¢y @s in Proposition 3.6, we have

1
DB @I, < A1) s @12, — o (IP s @13 + IPEs©I2;)

+ CS ”S(é)” HS *)/?

for some constants A, o, C > 0. Using the interpolation (3.12) as in the proof of Proposi-
tion 3.6, we obtain

1d
SO, < ~o0 -+ 07 125 @I, — 0 (5P 85 @)1 + P25 E)I;)
+ CEISE) P g, + CA+ DT TH 252000,

for some constant C > 0 (independent of £ and €). We can then conclude exactly as in the
proof of Proposition 3.6. ]

3.4. Decay estimates: Hard potentials in the whole space

In this subsection we shall always assume y + 2s > 0 and Q, = R3, and we shall obtain
decay estimates for the semigroup U?¢ (see Proposition 3.8), as well as its integral in time
against a source fot U®(t — 7)S(r) dt (see Proposition 3.9). We recall that given any real
number w € R we denote py,: ¢ — (1 4+ 1)®.

Proposition 3.8. Let £ >0, e € (0,1], p € (3/2,00], and 0 < ¥ < %(1 — %). Let fo €
LiL3((v)"). Then

S 1 SO
IPa U C) follzt Lo L3 (yey + " IpsP-T*() fo lzie2 b ey

+ [pa ey PO°CA

A N
L;L%L%((v)f) < ||f0||L§L%((u)é) + U (')f0||L§L§>°Lg((v)l)-



C. Cao and K. Carrapatoso 442

Proof. Let f(t) = U®(t) fo for all + > 0 which satisfies (3.5), so that f(t, £ =
Ué(t,§) f (§) satisfies (3.6) for all £ € R3. Using Proposition 3.1 we have, for all 1 > 0
and some A¢ > 0,

1§12
(€)?

and we already observe that, using | - [| g () > [(v)¥/2+s . Iz )ty = I+ 2oyt and
g€ (0,1],

SO < 20 FIPFO e + g IPF )

€17 €17

)2 IR @17 2 )72

1 R
SIPE Oy + ElF 122

where we have used that |||f(§)|||Lz ¢ is equivalent to ||f(§)||L2((U>¢) independently of
¢ and ¢. Therefore, it follows that

1§12
(£)?

—o(—nPLf(s)uHs*

SO0 = 22 I O3,

ISI2
GE

for some constants 4,0 > 0. We now split our analysis into two cases: high frequencies
|€] > 1 and low frequencies |£] < 1.
&2

For high frequencies |£| > 1 we remark that 160 >

SsIPF®I).  313)

%; hence we obtain

d . .
__1\$|zl|||f(g)|||i2 0o = —Al|5|zl|||f(§)|||]%2 )¢
() ()9

2dt
o1 A R
_ 5(8_21|$|21”PJ_f(i:)”ilg’*((v)l) + l‘s‘ZIHPf(g)”z%)

Arguing as in the proof of Proposition 3.4 we hence deduce

R 1 . .
Ligiz1llen f )l rzqwyey + El|‘§|21”eAPlf@)”L%H,f’*((v)f) + Ligiz1lleaP f (§)ll 22

< 1|$|Zl|lﬁ)(§-)”L%((v)e)‘ (3.14)

We now investigate the case of low frequencies |£] < 1. We denote by p’ the conjugate
exponent of p, thatis, 1/p + 1/p’ = 1, with the convention p’ = 1 if p = oo, and consider
areal number r verifying 1 + p’/3 <r <1+ 1/(2%), which we observe is possible thanks
to the conditions on p and . Remarking that |£|? < 2|£|2/(£)? if || < 1, by Young’s
inequality we get the following: for any § > 0 there is Cs > 0 such that, for all || < 1 and
t > 0, we have

2
1 <8(1+ r)% + Cs(1 + 1) 71|77 (3.15)
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We therefore obtain, coming back to (3.13) and choosing § > 0 appropriately,

S U=l F O3y < —0 (et lPE 7@ oy + i< ('g') IPA©)I2,)
=31+ 0 <l F 72 )
+C(1+ t)_l_ﬁIél_ﬁ1|§|<1||f(€)lle 16y
for some constant C > 0. Multiplying both sides by (1 + 7)2? gives
S0+ 0 gl PO )
<004 0 (Ut P O e ey + T gz IPF©I2;)

P P 2
+C+ 0P =T gl S N -

Integrating in time implies, for all # > 0,

. 1 [t .
29 2 29 1 2
I+ D)7 g <a 1 f @O N2 ¢ye) T 5_2/0 (1 4+ O e <1 1P f (T E) [ s (e A7

t 2
+ [+ r)zl’haq%nw(n HI2, dr
< 1|,§\<1||f0(§)|| y T Ligj<11§]77= = ||f(§)||LooLz v)E)?
where we have used that (1 + 1)20 =711 is integrable since r < 1 + 1/(29). We now

take the supremum in time and finally the square root of the resulting estimate, which
gives

R 1 .
Lig<1 IIPﬁf(é*)IILgOL2 )z) + _1\E|<1”P??PLf(E)”L%H,f’*((v)‘)

+ 1ig<1

pﬂ f@)\ Lo

~ _L A~
< 1\$\<1||f0(5)||L5((u)4) + Lig <1 E17 TN S )l oo L2 ((wyy- (3.16)

Gathering the estimate for high frequencies (3.14) together with the one for low fre-
quencies (3.16), it follows that

~ 1 ~ ~
Ipo SOl 2 + 5 IPoP O lizgea + [po gy PF )

< ||f0($)||L2 yoy + Ligi<1 €77 1||f(§)||L°°L2((U)l)

Taking the L é norm above, we use Holder’s inequality to obtain

L2L3

/ 1/p’
_1 .2 _r A
/ Ligj<1|§]7 7 ||f(§)||Lg>°L%((v)/i) d§ < (/ Ligj<11§]7 7 df) ||f||L1’L°°L3((v)€)
R3 R3 gt

< ||f||Lg’L;>°L5((v)Z),
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since r > 1 + p’/3, which implies

Ipo Fllsyazernn + 3 IPoP Flugazmgeoo + ooy P70
fL7L3

< ||f0||L§Lg((v)l) + ||f||L§L;’°L5((U)4),
and concludes the proof. ]
Proposition 3.9. Ler { > 0, ¢ € (0,1], p € (3/2,00], and 0 <& < 3(1 — ). Let S =

S(t, x,v) verify PS = 0 and p,;(v)ZS'\ € LéLf(Hg’*)’, and denote

t
gs(t) = / Ut —1)S(r)dr.

0

Assume that g5 € LgL;’OL%((v)é). Then

A

A L A
”pl?gS“LéL?OL%((U)é) + g”pﬁp gS”L;L%H,f’*((U)Z) + HP# @Pgs

LIL2L3
s A
< ¢llps (v) S”LéL%(H,f’*)’ + ||gS||L§L$°Lg((v)z).
Proof. Recalling that g5 satisfies (3.8), we can argue as for obtaining (3.13) to get

) 6P
s © 30 < 2l @z

&7

P ©l:)

1 A 2
o (S IP s O e ey +

+ CE)(0) S E)IF oy

for some constants A, g, C > 0. By separating the cases of high and low frequencies, we
can conclude exactly as in the proof of Proposition 3.8. ]

3.5. Decay estimates: Soft potentials in the whole space

In this subsection we shall always assume y + 25 < 0 and , = R3, and we shall obtain
decay estimates for the semigroup U? (see Proposition 3.10), as well as its integral in time
against a source f(; U?(t — 7)S(7) dr (see Proposition 3.11). We recall that given any real
number @ € R we denote py,:t — (1 + 1)®.

Proposition 3.10. Let e € (0, 1], p € (3/2,00], and 0 < & < 3(1 — 7). Let
fo € FNLELY () N LELY)
with £ > ¥|y + 2s|. Then we have

1o 00 follyzzons + 5 0P 0 ol + o 5y PO

L1L2L2

< ||fo||L§Lg +0° (')f0||L§L;>°Lg((v)4) +U* (')f0||LgL<;°L%-
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Proof. Arguing as in the proof of Proposition 3.8, denoting f(t) = U?(¢) fo, and using
that || - ||Hs,*( 1oy = [[{v)r/2+s . 22 ((v)¢)» We first obtain

L&l
(€)?

SEIPFOI). @D

S I @2, < =M B F @12, Ao IPF @I,

&?
()2
for some positive constants A, o > 0. We now split the analysis into high frequencies and
low frequencies.

For high frequencies || > 1 we observe that % > %, which yields

d A A A
5 qp ezt I/ @72 < =Agi=1 | (0)2HPE L7, - AP E)7,

1 A
—o(SIP @ + 5

1 ~ "
oSl 1P ©) 12 + L1 IPF©)I2;)
< Mgz | ()2 £ @11,

1 A N
0 (Lt [P F O + L=t IPF )12, ).

for some other constants A, o > 0. Thanks to the interpolation inequality (3.12) of the
proof of Proposition 3.6, we hence deduce

d A A
s3I ©IF; <~ +07 L=l F Ol
1 A A
o (Sl P F @13 + L1 IPF @I )

+ CU+ DT F O 000,

forany ¥ <w < \yf;ZSI and some constant C > 0. With this inequality we can thus argue as
in the proof of Proposition 3.6, which gives, recalling that (1 + I
since 0 < w <

Ir+2s1 is integrable

_t
ly+2s|°
1
1\s\>1||pwf(5)||L°°L2 + - 1|g|>1||PwP f(E)IILZHS* + 1|g|>1||PwPf(§)||L2L2

< 1|E|21||f0(§)||L5 + llslzl||f(§)||L;>°L5((U)/Z)~ (3.18)

‘We now turn our attention to the low frequencies case |£| < 1 . First of all, from (3.17),
we use the interpolation inequality (3.12) of the proof of Proposition 3.6 to deduce

. ) R 2
Sl IF @72 < =+ )™ g [P F )72 — “sm%
[

ez P/ ©l3:)

+ O+ DT L [P F©)125 0

IPf @17,

1
— o (L= P F @2 + L 3
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forany ¥ < w < Wf;hl and some constant C > 0. As in the proof of Proposition 3.8,
we denote by p’ the conjugate exponent of p, and consider a real number r verifying
1+ p'/3 <r <1+ 1/(219). Using inequality (3.15) we hence deduce

1d

YT Leall /@72 < =20+ 0 gl /@7

ol P F O + T 5 IPF O,

_1—2t A
+C(1+1) 1=z lig<1 ”PJ_f(E)”L%((U)Z)

J RS —_2 n
+C+ 1) g 1|g|<1||Pf(§)||ig’

for some constant C > 0. Multiplying both sides by (1 + 7)2? gives

d A
S (A0 Ll S @Iz )

€17

1 A
= —o(1+ 02 (GlgalP* F @G + ey

SIPf©12;)

S—1— 2¢ ~
+C(1+ l)2 ! |V+2"‘1|§‘|<1||PJ_f(é)”]2d%((v)£)
12 A
+C(1 + )2 11 g ’*11|g|<1||Pf(E)||§g.
Integrating in time implies, for all # > 0,
29 ; 2 1 ! 2% L7 2
(1+1) 1"5'<‘”f(”$)”L%+g_2/0 (1 + )" g1 [Pf (T.§) [ s dr
! 29 12 2 2
+ (1 + O gi<1 55 P (7,9l de

(&)
< 1|g|<1||fo(E)I|Lz + et | E 1 e 2y T Lel=t &1 ©) 2

12t . .
where we have used that (1 + t)w "% and 1+ t)w_l_ﬁ are integrable since
0<t<w< W-:;ZSI and r < 1+ 1/(2¢), respectively. We can now take the supremum
in time and then the square root of the resulting estimate, which gives

[
Py Pf(§)
(§)
R A S U
S Lg<ill /o2 + Ligi<tllf )l oo r2wyey + Ligr<tlE17 T If Gl pgerz.  (3-19)
Gathering the estimate for high frequencies (3.18) together with the one for low fre-
quencies (3.19) and observing that ¥ < w, it follows that

R 1 R
Ligj<1llps f ()l ooz + EIIE|<1”PﬂPLf(E)”L?H,f’* + Ligj<1 L2
tLv

Ipo F@llzzqoo + 3 10924 F O lizmgeuo + [po 27O

< 1fo®lz + ||f(€)||Lg>°L%((v)é) + Lg <1 [E]77 ||f($)||Lg>°L5-
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Taking the Lé norm above, we use Holder’s inequality to control the last term on the
right-hand side as in the proof of Proposition 3.8, to obtain

1 n n
[ el Oz 9 5 1 leguerzqoor

since r > 1 + p’/3, which implies

&1
Ipo Flegierzcon + $10P* Flegrzms- o + ooy PF e
< ||fo||L;Lg + ||f||L§Lg°L5((v)4) + ||f||L§L;>°L%(<v)l)

and concludes the proof. ]

Proposition 3.11. Lete € (0,1], p € (3/2,00], and0 <& < 3(1 — %). Let S = S(t,x,v)
verify PS = 0 and py S € LéL%(Hlf’*)’, and denote

t
gs(t) = / Ut —1)S(r)dr.
0
Assume that gs € F 1(L L2((v)H) N LgL%) with £ > 9|y + 2s|. Then

£l
Ipodslsyers + ;oo Esluyrzmse + oo cPes

L3213

< <9||pz$‘S||L§L§(H,§’*)f + ”gS”LéL?"L%((v)l) + ||gS||L§L§>°L%-

Proof. Recalling that g satisfies (3.8), we can argue as for obtaining (3.17) to get

2
< A }//2+SPJ_ A 2 _ |E| P
T |||gs($)|||Lz < —All{v) gs®llz, @) =5 IPEs®II7
L obls o2 1§17
—o( S IPTEs @l + EIIPgs(E)IILz + CE(IS @I gsey
for some constants A, g, C > 0. By separating the cases of high and low frequencies, we
can conclude exactly as in the proof of Proposition 3.10. ]

4. Well-posedness and regularization for the rescaled Boltzmann
equation

Consider the equation (1.8) that we rewrite here:

1 1
atfs = ;(L_gv'vx)fe + Er(fs’ fs)’
fts:O = fOs-
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We shall consider mild solutions of (1.8), that is, we shall prove the well-posedness of a
solution f¢ to (1.8) in Duhamel’s form

fE@ =U(0) f5 + é/o U@t —o)T(f*(x), f(x))dr. 4.1

Taking the Fourier transform in space of (1.8), we have

9776 = MO £ + D S,
o) im0 = f£(5),

and by Duhamel’s formula,
Fowo =020 /56 + - [0 0%t = . )0 (/*(0), fH(O)(E) dr.

4.1. Non-linear estimates

We start by recalling some well-known trilinear estimates on the collision operator I"
established in [1,5,44]. We start with estimates without velocity weight. From [5,44], for
the hard potentials case y + 2s > 0 there holds

(O 8). M) ezl S NS Nz llg s 1l g~

Moreover, from [1], for the soft potentials case y + 2s < 0 one has

(T 8) Mzl < (10072 Fllggllglmgs + 1 Taes 10) 2 gllLa) ] e
+min{[[ ()2 Flla gz 1/ 1) 2 gl Ikl e 42)

From these estimates we already obtain

I M@z = sup (D(f &), ¢)12

161 <1

) =029 £l gl gss + 1Lf Lo 1 (0)"2F9 ¢l
+min{ || (V)72 £ L lglla L 2 ()02 gl 2}, (4.3)

where we denote a— = — min(—a, 0), which holds for both hard and soft potentials.

For the soft potentials case, we shall also need estimates when adding velocity weight
(v)z. From (4.2) together with the commutator estimate of [1, Proposition 3.13], there
holds

KT (£, 8)sh) 2wyt

S ()27 Fllallglms ey + 1 s 102 gl 2 oo ) 12 g
+min{[|(v)"* flle2lglz2¢me s 11221000727 gl 2 o s« oy

A
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Therefore, we also deduce
1) T )l gy
= Sup (F(ﬁ g)7 ¢)L%((v)[)
1 5% ((uyty =
< I >W2“f||Lg el gz qwyey + 1/ Nz 100) > gl 2 ey
+min{[| ()% fl2 18l 22000 1 1210072 gl 2 oy 44
for the soft potentials case.

Thanks to (4.3) we deduce our main non-linear estimate without weight

Lemma 4.1. Let p € [1, o0]. For any smooth enough functions f, g there holds

||F(f g)”L”LZ(Hv y STi+ T2+ mln{l"3, I‘4}
where

2+5)— 5 —(/2+9)- 7
Ty=min{[[ (o)™ e 2181 2 mgs 10) 2597 Fllp 202180 L e e

I{v) /2 f||L1L°°L2 ”gHL"LZ > ||<U)_(y/2+s)_f||L r2rzligl L°°H“}
Fzzmin{”f”LgL?ng’*”( )~ (y/2+s)- gl

— 2 A
L1L2L2’”f||LPL2HS*”(U) v/2+s) 8llLireers:

1Az m 10028l p 2 1 2y N0) 28l o)
Ta=min{[[(0) 2 il ez 18012203 10) 2 Fllp 21318 i sger

1oy 049 Flyperal@lprzss M0 024 Fliyiaial@lpcecs),
and

Ta = min{[| fllpz e 121 (v) /249~ 8lzz212: IIfIIL 23l )78 1o

1/ 22502311 (0) ‘y/“s)—gnLgL;Lg,||f||L;Lng||<v> Ol p ez )
Proof. Using (4.3) we write

oo 1/2
{ |10 PG00/ @ e } S+ L+ min{l, 1)

with

I

> 2 1/2

{ /0 ( /Q YOO r e e =l g gy dn) dz} ,

> 2 1/2

I = {/ (/ 1Lt & = Mg+ l1{v) Y2 9=g (e 0| 2 dn) dt} ’
0 Q’n
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o0 2 1/2
13={/ (/ ||<v>—<”2+s>—f<z,5—n)||Lg||g(r,n>||Lgdn) dr} ,
o g,

and

* 2 1/2
14={/ (/ ||f(t,s—n)||L%||<v>—<y/2+s>—g(t,r,)”L%dn) d,} .
0 SZ;,

We now investigate the term /;. Thanks to the Minkowski and Holder inequalities we
then obtain

00 . 1/2
L< / (/ ||<v>—‘y/2+s>—f(z,s—n)||§2||g(z,n>||§,s,*dz) an
e, \Jo v v
< [Q o) 79 £ = )l 2 120D 2 e
n

Taking the Lg norm in the above estimate and using Young’s inequality for convolution
we first obtain

— 2 _ 7 A
Iy 5 [[{v)=0/2H9 f||L§L;’°Lg||g||L§L§H5’*
and
— 2 _ 7 N
IS )25 fllp ez 181 2
Arguing exactly as above but exchanging the roles of f and g when performing Holder’s
inequality, we also obtain
— 2 _ 7 A
I 5 |[{v)~ 072 f||L§’L%L5||g||LgL$°H5’*
and
— 2 _ 7 N
LS )25 fllp 22181 Lo g

thatis, I; < T'y.

~

The estimates for the other terms /,, I3, and I4 can be obtained exactly as for /1, so
we omit them. -

Arguing exactly as in the proof of Lemma 4.1 but using the weighted estimate (4.4),
we also obtain the main weighted non-linear estimate for soft potentials below, the proof
of which we omit for simplicity.

Lemma 4.2, Let £ > 0, y + 2s <0, and p € [1, o0]. For any smooth enough functions
f, g there holds

I T O Npracapey < Tr+ Ta + min{Ts, Tl
where
Flzmin{||(v)”/2+sf||LgL?oL%||§||L§L%H5,*((v)4), ||(U)y/2+sf||L§L,2L5 ||§||L§L‘,’°H5’*((v)‘)’

”(v)y/z-hvf”LéL?"L%”g”LgL%H,f’*((u)f)’ ”(U)Y/Z—Hf”LéL?L%”g”Lé’L‘,"’Hg’*((v)l)}v
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y/2+s

F2=miﬂ{||f||LgL,°°Hg’*||(U>V/Z+S§||L;L%L%((v)e), 1/ e 2 g 11{V) 8llLire 2wyt

y/2+s 4

Bz 1/ Iz age 10)7/2

I N2y e rrg=IICv) gl|L§L‘,’°L%((v)‘)}7

r3=min{||(v>y/2+sf”L§L§’°L%”g”LéLfL%((u)f)v ||<U)y/2+sf||L§L%L5||§||L§L$°L%((v)z),
”<v>y/2+sf”LéL§’°L%”gnLg’L%L%((v)l)’ ||<U)y/2+sf||L§L%L%||§||LgL$°L%((v)z)},

and

F4=min{||f”LgL§’°L%”(v)y/2+xg7”LéL?L%((v)f)v ||f||L§’L§L%||(U>y/2+sg||L§L;>°L%((v)l),

L ez -

”f”LéL;”L%”(v>y/2+s§”L§LfL%((v)4)v I/ Nz 2222l {v)
4.2. Proof of Theorem 2.1 (1)
We consider the torus case 2, = T3.

4.2.1. Global existence. Let £ = 0 in the hard potentials case y 4+ 2s > 0, and £ > 0 in
the soft potentials case y 4+ 2s < 0. We define the space

X ={feF T LILPLI(v)) N LELFHS*((v)Y) | f satisfies (1.12), || f[lx < oo}
with
R 1 R A
e VA 13y O E”PJ_f”LéL%H,f’*((U)Z) sl LA AVFIXE
Let ff € ?x—l(Lng((v)f)) verify
151212z < mo.
and consider the map ®: X — X, f¢ +> ®[ f¢] defined by, for all > 0,
1 t
SN =V WS+ 1 [ U-or (i@, e @)
0
thus, for all £ € Z3,
-~ N ~ 1 [t~ ~
QL) §) = U 8) f5(§) + 5/0 Us(t = . 9T (f* (), ff(@NE)dr.  (4.6)
Thanks to Proposition 3.2 we deduce, for some constant Cy > 0 independent of &, that
10O f5 Nl < Coll f§ 12z

Moreover, thanks to Proposition 3.3 and the fact that PT'(f¢, f¢) = 0 from (1.10), we
get, for some constant C; > 0 independent of &,

le Ut — OT(f*(x), £5(2)) dr
gllJo

< Gl T L2y
X

<G ||f8||L§L$°L% ||f8||L;L%H,§’*((U)z)

2
<CillfeN%.
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where we have used Lemma 4.1 or Lemma 4.2 in the second line together with
1)~ "2+=¢ |12 < mingllpll 3. 161l gz -
Gathering previous estimates yields
IPLf Ml < Collf(fllL;Lg + Gl foIIR- (4.7)

Moreover, for ¢, g¢ € X we first observe that

OLf7I(0) — @lg°)0) = - /0 US(t — DIT(f(0). £5(0)) — T(¢°(1). ()} dr.

Introducing the symmetrized version Igyy, of I', namely

1 1
Cym(f.g) = EF(f,g) + EF(g, ), (4.8)

we remark that, arguing as from obtaining the collision invariants in (1.4), we have that
Coym(f; g) also verifies (1.10), which means PT'yi,( f, g) = 0. We therefore obtain

B0~ 0le10) = ¢ [ UL =m0 S0 = g ()

L1 f US(t — DTym(g*(0). /(1) — g°())dr.  (49)
& Jo

with PTym(f%, f° — g°) = 0 and PI'y;n (g%, f° — g°) = 0. Hence Proposition 3.3 and
Lemma 4.1 or Lemma 4.2 yield

|@L°]— @lg°Tllxc
SIS = gnpcasy + 10V TG = &% L zasy
+ 1) T f* = enzamgey + 1) T = g% ez
= WA PEVEEYRT WA of PV Py sy
+1/° = & e rzamo |/ Iz e o
18 L2z 1/ = & iz e oyt
1/ = &l rao & iz -
thus we get, for some constant C; > 0 independent of ¢,
1@0°] = @lg°llxc < Colll £l + g® I/ = &°x. (4.10)

As a consequence of estimates (4.7)—(4.10) we can construct a global solution /¢ € X
to the equation (4.1) if no > 0 is small enough. Indeed, let Bx(n) ={f € X | | fllx < n}
for n > 0 be the closed ball in X of radius 1. Choose

=2C d < ,
n 070 an n°—8C0C1
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and observe that 5y does not depend on &. Then for any f¢ € Bx(n) we have from (4.7)
that

[®Lf“]llx < 2Como = 1,
and for any f°, g° € By (n) we have from (4.10) that

1
1L/°] = @[glllc = 4CoCrmoll f* = &"llx = S1/7 = &l

Thus ®: By (7) — Bx(n) is a contraction and therefore there is a unique f¢ € Bx(n)
such that ®[f¢] = f#, which is then a solution to (4.1). This completes the proof of
global existence in Theorem 2.1 (1) together with estimate (2.5).

4.2.2. Uniqueness. Consider two solutions
f6.8° € FNLLLPLI((0)Y) N LELTHY* ((v))
to (4.1) associated to the same initial data f € ! (LéL%((v)e)) satisfying

||fo£||L§Lg((v)l) ="o

with no > 0 small enough and

||f6||L§L<;°L%((v)4) + ||f£||L§L§H5’*((U)l) < ||f08||L§L%((U)é)7

18" Nt Lo L3 (yey + ||§€||L;L§H3'*(<u>f) S Il 3wy
Arguing as in the existence proof above, we obtain

Ife— g£||L§L$°L§((v)4) + /= gSHLéLfHIf’*((U)l)
< (||f8||L§L[°°L%((v)4) + ||gs||L§L§Hg’*((u)l))
x(ILf° = g€||L§L<;°Lg((v)l) +1/° - g8||L§L§H,§’*((U)é))-

Using that ||f8||LéLtcoL%((v)Z) + ||g° ||L;L%H,§’*((v)£) < 1o is small enough we conclude the
proof of uniqueness in Theorem 2.1 (1).

4.2.3. Decay for hard potentials. Let f° be the solution to (4.1) constructed in The-
orem 2.1 (1) associated to the initial data f;, and let A > 0 be given by Proposition 3.2.
Using Propositions 3.4 and 3.5 we obtain

. 1 Lo .
leaslLipers + JNeaP™ follLtz s + leaP s/ lLiizrs
S 6 Iees + 1Al Cf iz cagey-
Thanks to Lemma 4.1 we have

lea D Cf* SOz asy < Neaf llergerzl f lLyez myes
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therefore using that || f|| Lz m” S A LiL? from the existence result in Theorem
2.1 (1), we obtain

. 1. R
lea s lleizeors + NeaP™ follLizzms + leaP/*lLizzrs
S o lepes +leaf oozl f I 2 mye
< ||f06||L§L% + ||f0£||L§L§||e)tf£||L§L;’°L%-

Since || fog I 12 < no is small enough, the last term on the right-hand side can be absorbed

into the left-hand side, which thus concludes the proof of the decay estimate (2.6) in
Theorem 2.1 (1).

4.2.4. Decay for soft potentials. Let f¢ be the solution to (4.1) constructed in The-
orem 2.1 (1) associated to the initial data f; with £ > 0,andlet0 < w <
Using Propositions 3.6 and 3.7 we obtain

_t
ly+2s]"

~ 1 12 ~
Po folLiLeory + PP follLiL2mpe + PP St 212
< ||f06||L§Lg + ||f8||L§L;>°L%((u)@) + P T (f°, f8)||L§L§(Hg’*)~
and from Lemma 4.1 we have
P T (f°, f€)||L§L%(H5’*)/ < ||ow8||L§L;’°L%||f€||L§L%H5’*'
Using that ||f8||L§L?oLg((U)z) + ||f6||L§L%H5,* < ||f08||LéL%((v)é) from the existence result
in Theorem 2.1 (1), we deduce
. 1 s .
||pa)f8”LéLt°°L% + g”pwP f6||L§L§H,§’* + ||PwPf8||L§L§L%
S W5z + 15l aqnlPo f L ers-

Since || fos|| L1L2((v)¢) = Mo is small enough, the last term on the right-hand side can be
absorbed into the left-hand side, which thus concludes the proof of the decay estimate (2.7)

in Theorem 2.1 (1).
4.3. Proof of Theorem 2.1 (2)
We consider the whole space case Q, = R3.

4.3.1. Global existence. Let £ = 0 in the hard potentials case y + 1s > 0, and £ > 0 in
the soft potentials case y + 2s < 0. Recall that p € (3/2, co] and define the space

Y={feFLILPLL((v)") N LLFH**((v)"))

X

NFLELPL () N LELFHY ™ (0)) | 1 £y < oo},
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with, recalling that || - || 5.+« is defined in (2.4),

L L v L L Iiv L%.LILU
+ p oo 2(( )l) I p 2H1 ( [) Lp '
S t*~v

Let fy € fx_l(LéL%((U)e) N LgL%((v)e)) verify

||f08||L§Lg((v)4) + ||fos||L§’Ll2,((v)é) = o,

and consider the map ®:Y — Y, f¢ > ®[ f¢] given by (4.5), which in particular satisfies
(4.6) for all £ € R3.
Thanks to Proposition 3.2 we deduce, for some constant Cy > 0 independent of &, that

10O folly < C0(||fos||L§L%((v)l) + ||foE||L§L3((v)£))-
Moreover, thanks to Proposition 3.3 and the fact that PT"( ¢, /¥) = 0 from (1.10), we get
1 t
e orgo s
€

0

Y
ST FOLizamesy + 1) TG e i2amy
< (e sz + 11z iz 1 Iz g ooy
where we have used Lemma 4.1 or Lemma 4.2 in the second line together with
1)~ 929- 8]l < min{|gll.z. ¢l )-
We now observe that, splitting f ¢=pt f E4+P f ¢, on the one hand we have
1%z m ey S IS a2 g ey + IPS*ILizrs-
and on the other hand,
IPFelerzns S 1Me=1P o lpazes + <P *leazss

Jo o7 -

‘ISI

Pfe

LiL213 + H1\5|<1|§ L1213

H ISI

= ,
‘ Ly 1213 Lg’L?L%

where we have used Holder’s inequality in the last line, using that p > 3/2 so that
Lig<1|6]7! € Lg . Putting together the two last estimates, we have

||f llo1 FLIHY ™ ((0)9) ~ ||P f ll1 FLIHY ™ (v)9)

‘ISI

‘ €l p 4.11)

|

|

L”L%L%'

17272
LiL2L3 i
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We hence deduce that there is some constant C; > 0, independent of ¢, such that

lH/ US(t — DT (f4(x). fE(r)) dr
& 0 Y

= Cl(||f€||L§L?°L§((v)¢) + ||f8||L1’L°°L2 06)

)IEI H 1] pfe

L re
x (”P Sz aeqon + ) LiL3L} L”L2L2>

Therefore, gathering previous estimates, we obtain
IPLF My = Coll /o Nzt 23wty + IS0 Izg L3(wyr) + Cill feI15 (4.12)

Moreover, for f¢, g° € Y we first observe that @[ f¥] — ®[g?] satisfies (4.9). Therefore
we obtain, arguing as above, thanks to Proposition 3.3 together with PT'y,(f®, /' —
g°) = 0and Pl (g%, f° — g°) = 0 and Lemmas 4.1 and 4.2, that

1
€

t
| v = om0 - g e
Y
SIS = g nprzagry + 10T =8 rracupey
+ 1T = g% FOLizamy + 10T = 8% ey

= VA PEVEEYRT WA of PV Py eann
+ 178 N e 2oy 1/ = & a2 oyt
+1Fe - ge”LéL?"L%((v)@)”fS”LéL?'H,f’*((v)Z)
+ ”ng - §€||L§L,°°L%((v)5)”fg”L;L%Hg’*((v)e)’

and similarly

1
€

t
/0 US(t — O)Taym(g" (0). £5(1) — g°(0)) de
Y
< 1P 7~ gy + M0 TE® £~ &) p gy

+ ()T =g 8zt rz gy + (W) T(f° -g", MLz L2 carpey

S8 iz rzqmoll /= 8Lz s
+ ||§6||L§L§°L%((v)l) ||J;8 - §’8||L§L§H5’*((v)‘)
+1.f° - 8l 3o & L L2 mye (o
+/° - §8||L§L?°L%((v)4)”g’s”L;L%Hﬁ’*((v)l)‘

Together with (4.11) for the terms in | - || LLLZH™ (0)%): this implies that, for some constant
C; > 0 independent of &,

1L/ ] = @[g°lly = Crllflly + gl f — glly- (4.13)
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As a consequence of estimates (4.12)—(4.13) we can construct a global solution ¢ €Y
to equation (4.1) if no > 0 is small enough by arguing as in Section 4.2.1. This completes
the proof of global existence in Theorem 2.1 (2), together with estimate (2.8).

4.3.2. Uniqueness. Using the above estimates, we can argue as in Section 4.2.2.

4.3.3. Decay for hard potentials. Let f° be the solution to (4.1) constructed in The-
orem 2.1 (2) associated to the initial data f;, and let 0 < ¢ < %(l — %). Arguing as
above, using Propositions 3.8 and 3.9 we obtain

|§|
o) —_ P 5* H
||p19f ”L 1LeL? + “pﬂ f ”L 1L2H + Py L;L%L%

< ||fo ||L§L% + ||f8||LgL;>°Lg + lIps T(f5, f )||L§L§(H5’*)/-
Thanks to Lemma 4.1 we have
Ips (/5. £ Mzizzcary = < lps ¢ ||L1L°°L2||f lzizz e

and by (4.11) we have

€l €l
1 hegazme < W gz + | P +g?

L§L2L2 LPLgL%

§
S lzizs + I/ lzzz:

where we have used the estimate of Theorem 2.1 (2) in the last line. Observing that we
also have ”fE”LthcoL% < IIfOSIILéL% + IIfOSIILgL%, it follows that

1€
Ips /€ ||L1L°°L2 + —||P13P s Iz FLIH)™ + ”Pﬁ P/ L3213

SIS lzizs + I/ lzzrz + Ips f° ||L;L;>°Lg(||fo lzizz + 170 ey 3)-

Since ||fos||L§L% + ||ﬁ)€||L§L% < 1o is small enough, the last term on the right-hand side
can be absorbed into the left-hand side, which thus concludes the proof of the decay estim-
ate (2.9) in Theorem 2.1 (2).

4.3.4. Decay for soft potentials. Let 0 < ¢ < %(1 - %). Let /¢ be the solution to (4.1)
constructed in Theorem 2.1 (2) associated to the initial data fj with £ > 9|y + 2s]|.
Arguing as above, using Propositions 3.10 and 3.11 we obtain

IEI

oo - P 5% “
Ips f* lzizeers + ||P19 SN 2Eyt TPy LéL%L%

<\ fe ||L§L% +1/ ||L§L§°L%((u)£) +1/ ”Lé’L?"L% + lpa T (S, fs)”LéL%(Hg’*)’
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For the non-linear term above, we argue as in Section 4.3.3 so that

Ipo ECF% SO L2y

€] 5 5] 5
< Wpo £l cngoa (1P ol ez + H { H P/ L,JLZLZ)
Therefore, using the estimate of Theorem 2.1 (2), we obtain
I3
Ipo legaiers + 2IpoP* Folugizmee + [oo P
LIL3L3

=< ||fo ||L§L%((v)l) + ||fo ||L§L%((u)‘f)
+ ||Pz‘}f8||L§L;>°L3(||fos||L§L%((v)é) + ||fo€||L§L%((v)é))-
Since ||f0 ||L1L2((u)4) + ||f0 ||LpLz ¢y = 7o is small enough, the last term on the right-

hand side can be absorbed into the left hand side, which thus concludes the proof of the
decay estimate (2.10) in Theorem 2.1 (2).

5. Well-posedness for the Navier—Stokes—Fourier system

We start by considering the incompressible Navier—Stokes equation, that is, the first equa-
tion in (1.15). We denote by V' the semigroup associated to the operator v; Ay, and we
also denote, for all > 0 and £ € QF,

D(t.8) = F (VIO F)(E) = e IEPr,

We shall obtain below boundedness and integrated-in-time regularization estimates for V',
as well as for its integral in time against a source fé V(t —1)S(r)dr.

Proposition 5.1. Let p € [1, o0]. Let ug € ?x_l(Lg ) and suppose moreover that ug is
mean-free in the torus case Q = T3. Then

IV OiollLy e + 1EIWV ollLr Lz < llitolle

and moreover V(t)ug also is mean-free for all t > 0 in the torus case (that is, it satisfies

(1.17)).

Remark 5.1. Observe that, in the torus case Q, = T2, one can replace |£| V()i in the
above estimate by (£§)V (-)itg since V(¢)ug is mean-free.

Proof of Proposition 5.1. Let u(t) = V(t)ug, which satisfies

8tu = —Uleu, U|r=0 = Uo.
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We already observe that, in the torus case, the solution u(¢) is also mean-free, that is, it
satisfies (1.17). For all £ € S‘Z’g we thus have

din(t.§) = —vilEPa(t.€). (=0 = tto(§),

thus for any # > 0 we have

@ HP + / ER (e )P dr < lo®)P
0

Taking the supremum in time and then taking the square root of the previous estimate
yields
@)L + [11E[E) 2 < lto(§)],

and we conclude the proof by taking the Lé’ norm. ]

Proposition 5.2. Suppose p € [1,00]. Let S = S(t,€) satisfy (§)71S € Lé’L% and (1.17)

in the torus case Q. = T3, and |£|™! Se LgL% in the whole space case Q. = R3. Denote
t
us(t) = / V(i —1)S(r)dr.
0
Then in the torus case we have
lisliepeo + €SN L2z < IHE)T S Lr L2
gt ght g
and in the whole space case,
lislzrree + 1 Elaslrrz < IEIT S e L2
&t gt &t
Proof. We first observe that u g satisfies
dius +viAyus =S8, usip=o = 0.

We only prove the whole space case, the case of the torus being similar by observing that
u s is mean-free, that is, it verifies (1.17).
Forall £ € R3 and all > 0 we have

Bt (1.£) + vi|1P0s (t.6) = S(t.8).  usE)j—o = 0.
We can compute
1 .
atzlﬁs(t,é)l2 + v [EPlas ()7 < (S(). hs (),

which implies, for all 7 > 0,

A 2 ! 214 2 ! —1 2
s (2, 8)] +/0 1§17 |5 (z. §)I dtS/O [EI77S(z. §)|" dr.

Taking the supremum in time, then taking the square root of the estimate, and taking the
L g norm, the proof is thus finished. [
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We now obtain bilinear estimates for the operator Qg defined in (1.14).

Lemma 5.3. Let p € [1,00]. Letu,v € F7 ' (LyL3® N L{LE®). Then

—1 pay
IHE™" Ons (o)l z 2 < Vil pzllull:pe 5.1

and also
1A
18] QNS(U»M)”LgL% < ||U||L§L$°||M||L§L%- (5.2)

Proof. From the definition of Qys, we first observe that for all £ € Q’g and j € {1,2,3}
we have

3 3
Oxs(0.0) (6) = Zisk{ﬂ(vfuk)(s) - = Zsjaﬁx(v’ukﬂs)}
=1

k=1
= - S
Y RO - 5 Y ganathe).
k=1 =1

‘We obtain

1Oxs0a0 @15 Il [ 19001 lae — ]

thus by Minkowski’s inequality and then Holder’s inequality,

[e’s) 1/2
(/0 |ﬁ<r,n>|2|a(z,s—n>|2dr) an

< [ 18I0 =l on

n

el Oxs(v.0®lsz < [

2

We then conclude the proof of (5.1) by taking the Lg norm above and applying Young’s
convolution inequality. The proof of (5.2) can be obtained in a similar way, by exchanging
the roles of u and v when applying Holder’s inequality with respect to the time variable.

(]
5.1. Global existence in the torus 2 , = T3
We shall construct mild solutions to the first equation in (1.15), namely
t
u(t) = V(@e)uo + / V(t — 1) Ons(u(r), u(r))dr. (5.3)
0

We define the space
X ={ueF "(LLP N LL(E)LT) | u satisfies (1.17), [luflx < oo},

with
loelloc := Wiy pge + €V N L1 22
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Letug € F,1(L é) be mean-free and
litolly < -
Consider the map ®: X — X, u > ®[u] defined by, forallz > 0,
t
Dlu](t) = V(t)uo + / V(t — 1) Ons(u(t), u(r))dr. 5.4
0
Thus, for all £ € Z3,
-~ A~ t A -~
Plul(z,8) = V(t.5)ito(§) +/ V(t —7.§)Ons(u(z), u(r))(§) dr. (5.5)
0
For the first term we have from Proposition 5.1 that

1790 @llx < Collioll

and by Proposition 5.2 we have

H [0 D (t - 1.6)Ons(u(0). u(0) () dr

—1 e
< HET Ons @)l 2
X

< Nl
< W)l a il Ly e

2
< .
where we have used Lemma 5.3. Thus we obtain
N 2
[@u]llx < ColluollLé + Cyllully.

Moreover, for u, v € X we can also compute, using Proposition 5.2 and Lemma 5.3 again,
that

H /0 D (t —7.8)Ons ( — v)(1). v(2))(§) dr

X
4 H f Pt — 7.8)Ons (1), (1 — v)(0))(€) de
0 X

-14 -14A
S HEF Ons@u —voo)lprgz + IHET Onsuu —v) 1,2

< i - ﬁllL;LgollﬁllL;Lg + IIﬁIIL;L;IIi2 - ﬁIIL;Lgo-
Therefore, there is C; > 0 such that

[®[u] — @[v]lx = Crllluflx + ol flu — vl
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Gathering the two inequalities and arguing as in Sections 4.2.1 and 4.2.2, we can
construct a global unique solution # € X to the equation (5.3) if 7 > 0 is small enough,
which moreover satisfies

lelloc < llitoll -

Once u has been constructed, we can then argue in a similar and even simpler way in order
to construct a global unique mild solution 6 for the second equation in (1.15) if n; > 0 is
small enough, namely

0(t) = V(t)ho + /Ot Vi(t— r)[—divx(u(r)e(f))] dr,

where V denotes the semigroup associated to the operator v, Ay, and which satisfies
moreover

1011 5 Ntollzy + 19oll-

We finally obtain the solution p by using the last equation in (1.15) and observing that we
consider mean-free solutions, so that 5(z, 0) = 6(¢,0) = 0. This completes the proof of
Theorem 2.2 (1).

5.2. Global existence in the whole space 2 , = R3

Similarly to before, we define the space, recalling that p € (3/2, +o¢],
X

Y={ueF (LgLP N Lg(EDLY N FH(LELE N LEIENLY) | llully < oo},

with
fully := IIﬁllL;Lgo + ISIﬁIIL;Lg + IIﬁlngLgo + IEIﬁIILng-

Letuo € 7' (Ly N L) satisfy
litollzy + llitolly = m1.

and consider the map ®:Y — Y, u — ®[u] defined by (5.4), in particular (5.5) is verified
for all £ € R3.
For the first term in (5.5) we have from Proposition 5.1 that

1790 @y < CollidollLy + ol 2).

Furthermore, by Proposition 5.2 we have

” /0 D (t — 7.8) Oxs (1) u(0)) (§) dr y

1A 1A
< gl IQNS(uvu)“L;L%‘i'H I§17 Ons )22

Sl 2 (1l e + Ny o).
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where we have used Lemma 5.3. We now observe that
lillzie < Migizattllzizz + g <aitllppcs.
and for the first term we easily have
Migzaitllzz < IHELNLLL2-
For the second term we use Holder’s inequality to obtain
N —1 N ~
Migi<attlirzz < 1< l&l 1, 0 Mg <1 €Ll r 2 < HIENE L2 22,
gt LE gt Fad]
where we have used that ||1}g)<1|§] ™! ||L§,/ < oo since p > 3/2. Therefore, we get
litlzpez < gLy 22 + I IElIp 3 (5.6)
Gathering previous estimates, we have hence obtained
IS S 2
IPfully = ColllitollLy + lldollz) + Cullully.

Moreover, for u, v € Y we can also compute, using Proposition 5.2 and Lemma 5.3 again,
that

H/o V(t —7.6)Ons((u = v)(), v(2))(§) dr

e
+ H | 7= r 0. w - @ ar
0 X
S IHET Onsu — v, iz + 1 €] Ons(ut,u — Wi
+ 111" Ons e = v, 0 p 2 + IH1E1" Ons e = v)llp 2

Sl =0l e 0l ree + ltllpe2lli = Ol p e

it = Bl o8l 22 + Ny zz 10 = Dllp e
< (il ez + W0z z2) Wit = 0l poo + i = Dllp po0)-
Using inequality (5.6) we therefore get, for some constant C; > 0,
[®fu] — ®[]lly = Cilllully + l[vily)lu —vlly.

Gathering these two inequalities together, the proof of Theorem 2.2 (2) is completed by
arguing as in Section 5.1 above.
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6. Hydrodynamic limit

Recalling that the semigroup U? is defined in (3.4), and also U¢ in (3.3), we also define,
forallt > 0,

1 t
VIO = 1 [ U= 0T (0. () b 6.1

as well as its Fourier transform in space, for all § € Q,

~ 1 [~ ~
Va8 =+ [ O - O Fan(F0). 26 o
0
where we recall that Iy (f; g) is the symmetrized version of I'(f, g) defined in (4.8).

6.1. Estimates on U'¢

We denote that 0 < y < 1 is a fixed compactly supported function of B; equal to 1 on B L
where Bp, is the ball with radius R centered at 0.

Arguing as in [13,39] but using the spectral estimates of [75,76] for the non-cutoff
Boltzmann equation, we then have the following lemma.

Lemma 6.1. There exists k > 0 such that one can write
4
Us(t) =Y UF () + U™ @),
j=1
with ; p
383 (- F7e# — 7t
07w :=0;(5.e6). 0. = 0%(5.e¢).
where we have the following properties:
(1) For1 <j <4
5 51N i
0;.8) = x(*2)e™ @ Py (6).

with A; satisfying

Aj(§) = iaj(§) — BiIEI” + v (§D).

with
(X1>0, O[2<0, (X3=O[4=O, ,Bj>0,
and
vi(ED) = O(EP). as& —0. y;(§) < BlE17/2. V[E| <«.
as well as g ;
B = B (1) + 18/ (1) + 6P PP ®).

with the Pj” bounded linear operators on L2 with operator norms uniformly bounded for
&] < k.
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(2) We also have that the orthogonal projector P onto Ker L satisfies
 po( £
0
P=) P (E)
Jj=1

Moreover, Pjo(é—‘), le(lg—l), and P]-Z(E) are bounded from L2 to L%((v)l) uniformly in
€] <k foralll > 0.

(3) In the hard potentials case y + 2s > 0, for allt > 0 and all £ € R? there holds, for
any £ > 0,

105 2.6) F )l 2y < Ce™ 21 F N L2pey- (6.2)
for any f satisfying moreover (1.11) in the torus case, where A1, C > 0 are independent

oft, & e.

(4) In the soft potential case y + 25 < 0, for allt > 0 and all £ € R3 there holds, for any
k,l >0,

100,08 F Oz = C(1+ ) I Oligamro 6

for any f satisfying moreover (1.11) in the torus case, where C > 0 is independent of

t, € e

Proof. The proof is the same as in [24, Lemma 5.10]. For the soft potentials case, we need
to replace the use of [75, Theorem 3.2 and Remark 5.2] in the proof by [76, Theorem 1.1
and Section 4], in particular the decay estimate (6.3) comes from [76, Equation (2.46)]
and the fact that By(£)PL = B(£)PL, where By(£) and B(£) are defined in [76, Equa-

tion (1.18)] and satisfy Bo(§) = B(§) — P. |
_ §
P} () + I61PAE),

Pe ) =1 (g

for 1 < j <4, we can further split U j? into four parts (one main part and three remainder
terms):

Denoting

Uf =Uf + Ufs + Uf + U

J J Jjo j2 6.4)

where

Uk (.6) = el 1 ’SJ’|§|2P°( § )

g
0530.6 = (1) - )emime o ),
05 0.6 = (T )erertiomrer (27— pp( L),
0520.6) = () )ero AR e 7 e ).
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In particular, we observe that 17380 and U 4o are independent of ¢, so that we define
U1,§) = Usy (1,6 + Ugy (1, 6), 6.5)
which is then independent of ¢. We finally define
Uty = F710 (1) Fe. (6.6)
We say that a function f = f(x,v) € Ker L is well prepared if

2 _
7w = {7160+ ut 1 v+ 017100 2 ),

with
Vi-u[fl=0 and p[f]+6[f]=0,
where we recall that p[ f], u[ f], 0] f] are defined in (2.2)

Lemma 6.2 ([39, Proposition A.3]). We have that U(0) is the projection on the subset of
Ker L consisting of functions f that are well prepared. We also have

ug)f =u@U©)f, vr=0

and

Ve ulf]=0 and p[f]+0[f]1=0 = Pf(é—|)f=o,j=1,2.

The following lemma studies the limit of U®(¢) as & goes to 0.
Lemma 6.3. Let f = f(x,v) € Ker L be well prepared. Then we have
1@ =T fllLerz < 1 1Lz
and
10O = OO fluprers S el 161/ 122z

Proof. The proof follows the idea of [39, Lemma 3.5], which we shall adapt since we
work in different functional spaces.

First of all we observe that from the decomposition of U? in (6.4) we can write, for all
t>0and § € Q,

4

U6 f € - 0.6 F ) =D AU & + U5 .6) f€) + UL 6) F ()

j=1
2
+ Y UR 6 f &) + T f ©).
j=1

and we shall estimate each term separately below.
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We first compute the term Ufm(t)f for j =1,2,3,4and m = 1, 2. For the Uj; term,
using Lemma 6.1 together with the inequality |e? — 1| < |ale!®! for any a € RT, we have

V(E\ED B
X(SLH) ~ByeleR | 1 _1|§X(@)e—%t|‘swzm|s|3

<0 (S)elel < mingnelely. )

Then we can compute, for all # > 0 and & € R3,

vj (el€D) ~
1) F @l

” (1, E)f(f)“[} <X( |5|>| zajISlé—ﬂjtlélz}(e o

< min{1, e[£ [} £ (€]l -

For the U ;2 (t, &) term we have

2 ty,( el&))
1052087 @iz = x(2E) et ihEF 27 i | 7 (s, D)
< min{1, e[£[}[| £ ©)ll 2.

For the term U fg (2, &), using the fact that
)x(@) — 1] < minl. elg]}, ©3)

we have
e f elély _ ) i [£1L— B t]&I2
10530 Ol < (x(=2) 1)l I

< min{1, e[E[H £ (E)l 2.
Taking the LéL;’o norm on both sides yields, forall j = 1,2, 3,4,

IEI

105 O eprgers + 1050 iy + 10750 eisers
< min{| £ oz ell 161 lopeg)-
By Lemma 6.2 we have, if f € Ker L is a well-prepared data, that
Ufof + Uz f =0.
Finally, we compute the term U (¢, £), noticing that (see [13, Proof of Lemma 6.2])

U (t,8) f (£.v) = U(t,§)0%(0,£) f (5. v)

- (78(;,5)(1 - x(#) 24: P; (eé)) S (€ v).
j=1
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Since f belongs to Ker L, we have
N P el EN o 5 e ) 7
0w f €)= 0.5 (1-1(=2) —elélx (=) X2 Pre) ) &
j=1
By Proposition 3.2 we deduce

(1= x("E) - slete (f')é@(s@)ﬂs)

< min{lIfIILéLgﬁ” |§|f||L§L%}v

IOVAPYPIERS
L;L%

thus the proof is finished by gathering together the two previous estimates. |

6.2. Estimates on W

In the spirit of the decomposition of the semigroup U*(¢) in (6.4), we can split the operator
We(t) defined in (6.1) in the following way.

Lemma 6.4. The following decomposition holds:

4
=Y e
j=1
with -
V11, o], €) = . /0 U (t — 7, 5) Dy (f1(z), £2(0)) (&) dr,

and, forall 1 < j <4,
_ #
W= W WS W 0,

where

VoL S0, 6) = / oy B2 =0EF g ) (é) Pom(1(0), £2(0)(E) dr,

Bipte 210 = (x(SE) 1) [ ez muaierigp) (£)
<P (), )6 de.
B 10,6 = 1) [ e om o (U g ()
< Py (f1(0). L0 (@) dr.

o, Al — (8|€I)/0 o 161555~ (=) lg? 1= T slélzP (c€)
x Dym(f1(2), £2(0) (&) dr.
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Similarly to above, we observe again that @go and \’I\Jjo are independent of ¢, so that
we define

WL/ g)(1.8) 1= W5[ £ 811 §) + Whol /. £](1.6). 6.9)
which is then independent of &. We finally define
W[1.8)(0) = FNULL. gl0) F (6.10)

We are now able to prove the following result on the convergence of W towards W.

Lemma 6.5. Let (po, U, 6o) satisfy the hypotheses of Theorem 2.2 and consider the asso-
ciated global unique solution (p,u, 0) to (1.15). Also let go = go(x,v) € Ker L be defined
by (2.11)and g = g(t,x,v) € Ker L by (2.13). Then we have the following properties:

(1) Torus case Q. = T3: There holds
19°l2. 8] = Wls. &llpaners < (801} )z + 200y z)-
(2) Whole space case Q = R3: For any p € (3/2, 00| there holds
19°1s. 8] = Vlg. 8l i rgor3 < S(llgolliéLg + ||§o||z§L%
120l + 1200y 15)-

Proof. We adapt the proof of [39, Lemma 4.1] for the cutoff Boltzmann equation with
hard potentials. Thanks to the decomposition of W¢ in Lemma 6.4 we write, for all # > 0
and £ € Qf,

4

g, (1. £) — Blg. g)(t.6) = Y _{Wehlg. g1(t. &) + Wiy [g. (1. £) + W, [g. £](r. £)}

j=1
2
+ 3 Wl g1, £) + PHg. g] (2. 6).
j=1

We remark that for the zero frequency £ = 0 we have

U?[g. g](1.0) — V[g. g](1.0) = U¥[g. g](t,0) = U*[g, g](z.0).

We split the proof into several steps and estimate each term separately below.

Step 1. By Lemma 6.4 and (6.8), for the term @%[g, glwith j =1,2,3,4,forallt >0
and all £ € Q’g \ {0} we have

1Peblg. g1t )l

R L

<e /0 e B DR £ P (o), g(2)) ()] 2 dT

< elT(g. @)l r2-
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Similarly for the term \’I\le [g, g], by Lemma 6.4 and (6.7) we have, forall j = 1,2,3,4,
1951 (. 81t §) .3
() [t ey ()

<e /0 e—%—f)‘f‘z|5|2||f(g(r>,g(r))@)nLg dr

< el (g, )®) o2

Similarly for the term \i!jsz [g. g], by Lemma 6.4 we have, forall j = 1,2, 3,4,

W7, lg. g1, )2
elé| - 2
< 1(ZEY) [ e R e PR oo (el
t _& B 5 .
s [ IR (o), () Ol17 00
< elT(g )2
Taking the LéL‘,><> norm on both sides we finally obtain, for all j = 1,2,3,4,
195508 llleregers + 19508 llopagns + 19518 gl S el (g ©lLiiers:
Thanks to [69] and the fact that ||(v)eP¢||H;n < |P@|| 2 forall m, £ > 0, we have

IT(Pg1.Pg2)ll 2 < IPgull 2 IPg2llL2: (6.11)
therefore arguing as in Lemma 4.1 it follows, for any p € [1, o] and £ > 0,
||f(g»g)||LgL;>°L2(( o S ||g||L1L°°L2||g||L1’L°°L2 (6.12)
We therefore obtain, for all j = 1,2,3,4,
19550 81l zirgors + 19508 8llopogers + 195al8. 8l Loz

< ellgliipe s (6.13)

Step 2. We now focus on the term @jo [g, g] with j = 1,2, and recall that o; > O for
j = 1,2. We denote

A .0.6) = PO 2] ()P0, 606,
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and thus, using integration by parts, for all # > 0 and all £ € Q’g \ {0} we have
Ve [g. g1t §)

! §
:/ eiajlé’lt_Tr—ﬂ/(t—f)lSlz|§-|p,(

; ! (g Pl N © ar

- ,-o:|s| (/0 !0 Hy (1 v 8) o — Hy(.0.6) + €1 A (1.0, s>)

= 7]( /0 I g 2N p (él)r(g(r) g(f))(é)df)
+%(/ot €1 1T A P ()0, (50,20 6) 0
- ,-Z, (i) P20
A ) NE ORI

= 0(t.8) + (. &+ I5(t.§) + 14(2,8). (6.14)

For the first term in (6.14) we have for all 1 > 0 and £ € Q, using Lemma 6.4,

t
R (f— 2. A
I )l < e / B 16 Pe PR P (g(0). g(0))(E) 12 d
0
< el (. &) (@) 2-
Similarly, for the third term in (6.14) there holds
1132, 6)ll2 < el T(g(0). @)l
< elT(g. )l 2.
and for the fourth one
_A. 2.0
I114(2. 6)ll 2 < ee PV T (g(0). g(0)(©)ll 2
< elT(g. )l 2
This yields
Millzrgors + MsllLirgors + MallLirgers < SIIf(g,g)IlL;LfOLg
A2
5 8||g||L§1.L?°L12,’ (615)

where we have used (6.12) in the last inequality.
For the second term in (6.14) we first write, for all # > 0 and § € Q,

1@l <& /0 e PR 5. T (g(1). (1) ()] 13 dr.
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Since 9. 1'(g. g) = ['(d:8.¢) + ['(g.9.g), from (6.11) we get
12:F (0. 8NNz 5 [ 180 & = Dliglg . mlg an
n

Recalling that g is defined through (u, 6, p) in (2.13), a straightforward computation gives
that, since (u, 6, p) satisfies the Navier—Stokes—Fourier system (1.15), for all 7 > 0 and
all n € Q}, we have

|8zt (z. )| < [0l |it(z, m)] + IHI/Q, |i(z, n = O |u(z, )| dg
¢

and
196z )| < |16z )| + |n|/9, li(e.n = 16z ) dt.
¢

Therefore, we deduce
18:8(z. M2 < InlPllg(z. w2 + IUI[Q, 18z, n=Ol2118(x, D2 dS.
¢
This implies
! i(t 2 2
[12(2, )| .2 SS/ e Pl [ 18 & —mliznl" gz, MLz dnde
0 Q)
t
do [ PO [ g = gl
0 Q) Y

X [ 18(x.n=Olr2l&(. Ol z Al dnde
Q/

¢
=: Ri(t,§) + Ry(t,8).

For the term R; we split the integral on 7 into two parts: the region 2|&| > |n| in which
we have || < 4|£|?, and the region 2|£| < || where we have | — &| ~ ||, which yields

? —R:(t— 2 ~ ~
Ri9 e [ PO [ 1y aglaeE - il g ande
0 ;
4 —R.(f— 2 ~ ~
o [P [ g6 = gl g dnde
0 n
t
_B.(t— 2 ~ A
se [P MO | gt — gl mlig dnde
0 (

! B (f— 2 A A
+a/0 e Pi=DlE] /Q 1§ —nlll&(x.& =zl & mll.2 dpde.
n
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Thanks to Holder’s inequality in the time variable, it follows that
IR @i S e [ 18E = lrglElzzers b
n
ve | 16 =1l 186 =l 180 322
Therefore, taking the L é norm and using Young’s convolution inequality we obtain
IR L e = 8||§||i;L;>OL5 + ¢ IélﬁlliéL;L%- (6.16)
For the term R, we write

[ R2(8) Lo
d —B:(t— 2 _ A
Sssup/o |&le B (=)l €] 1];2, 1&(z.§ = 2Inl
n

t>0

< [ 1= 0l e Dllg dc dnar
¢

! , 1/2 . 1/2
sesup(/ E[2e ik dr) |é|—1(/ G(r,s)zdr) ,
t>0 0 0

where we denote
6(.6) = [ 1&r.6 =l dn
n
H(t,n) = Inl/ﬂ, 18(z,n=Oll2118(z, Ol 2 dS.
¢

By the Minkowski and Holder inequalities,

1/2

6@l = [ ([ 1ece-niiaenre)
< [ 186 = mlmsgl #0012 an.
Qy
Moreover,
e s [ =180 - Ollle Ol &
2

+ / 1&(x.n=Olr2lE11&( Oz dS.
2
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Thus again by the Minkowski and Hélder inequalities,

1/2

i < [ ([ 1= cleen - onlacon o) a

¢

o 1/2
5 _ 2 N 5
([ 1= orneee o o) a

¢

</ 0= Ol K136
Hence we get
1Rl S elsl™ [ [ 12 = lirglén = Ollerl 1O 32 o
n
Taking the L é norm and distinguishing between high and low frequencies yields
||1\$|21R2||L;_L;>° < 8”3;”2;@%% [ |E|§”L§L%L%’ (6.17)
and, in the whole space case Q2 = R3 and Qé = R3,

Migi<1 Rzl g oo

-1
S el §1770 Ly

[ / 126 — Dll 21201 — Oll o2
@), Jo;

X (118D p22 A dn

L
Selgllrreragloiierz 181802202, (6.18)

where we have used that 1jgj<; |£]7! € Lgl since p > 3/2.

Step 3. It only remains to compute the term \TJ‘?#, for which we first write, for all t > 0

and § € QF,

- 1~ -
1W**[g. gt )l 3 < ;/0 1Tt — 7. ©)T (g(2), (@) (&)l 3 dr.

In the hard potentials case y + 2s > 0, thanks to (6.2) we have, for all ¢ > 0 and £ € QF,

~ 1 N (NP
1910 Ol < 5 [ T IR @)@l dr

t
_ (t—1)
e M2 dr

1~
< ;IIF(g,g)(S)IILgOLg/O

S elT(g ) llpger2-
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For the soft potentials case y + 25 < 0, observing that Pr (g,2) =0 we fix £ > 0 such

that |y+2s‘ > 1. Then we use (6.3) to obtain, for all > 0 and § € Q,

~ 1 y+Zs
9. 610,00 5 1 [ (14 520) T IR0 )@ i
(t - r)) =

1 ~
< 1P OOl Lz / (1+
< elT (8 @ L300

Taking the L;L‘t’o norm in the above estimates and using (6.12) yields, for both the
hard potentials and the soft potentials cases,

19*g. el Lppger ellﬁHi;Lm- (6.19)

Step 4: Conclusion. We conclude the proof by gathering estimates (6.13), (6.15), (6.16),
(6.17), (6.18), and (6.19) together with the bounds for g from Theorem 2.2. [

6.3. Proof of Theorem 2.3

Let f¢, for any ¢ € (0, 1], be the unique global mild solution to (1.8) associated to the
initial data f; constructed in Theorem 2.1.

Let g = Pg be the kinetic distribution defined by (2.13) through the unique global
mild solution (p, u, 8) to (1.15) associated to the initial data (pg, 1o, 6p) constructed in
Theorem 2.2, and also denote go = Pgo the initial kinetic distribution defined by (2.11)
through the initial data (po, g, 6p).

We know, from [13,39] for instance, that g verifies the equation

g(1) =U(t)go + Vg, g](1),
where we recall that U(¢) is defined in (6.6), and W(¢) in (6.10). Taking the Fourier trans-
form in x € Q,, we then have
2(6.8) = U(t.£)20(8) + V[g. g](t. %),
forall £ € Qé, and where we recall that U is defined in (6.5), and U in (6.9).
We first observe that the difference f¢ — g satisfies
feE) —g@)
= U6 f5 (&) — Ut 5)§o(®) + V£, 711, §) — V[g. g] (1, §)
= U (. f5 &) — 20®)} + {U°(.6) — U (1.6)}20(E)
+ {U[g, g](t,§) — Wlg, g](r, )} + { W[ /%, £41(t. €) — ¥¥lg, ] (1, 6)}
=T +T+T5+ Ty, (6.20)

and we estimate each one of these terms separately.
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For the first term, from Lemma 6.1 we have
U fo — é’o}”L;L?‘DL% <fe - §0||L§L%-
Thanks to Lemma 6.3 and an interpolation argument, we obtain for the second term, for
any § € [0, 1],
KU°C) = U 2olyrzers S & IE) ol -
For the third term we use Lemma 6.5, which yields
19°g. 81~ Vg glllyezers S (ol 1z + 2ol 13)
in the case Q, = T3, and

1971 81— Ple. glllpors < e(lgol?y s + 18013y, + Mol 5 + Mol 1)

in the case 2, = R3.
For the fourth term T}, we first decompose f¢ = P+ f¢ 4 P /¢ and use that g = Pg
to write

Ty = WLf°, fO1(t.86) — P°[g. g] (1. 6)
= WL £5 PL fE(t,8) + 208 [P £ 5, PL 6]t )
+ UEPfEP(f° = 9))(t.§) + U [Pg. P(f€ — 2)](t. ).
Thanks to Proposition 3.3 and Lemma 4.1 we have
(KR At b [ RVETERN N A b i FRVEY e
S oA PRV | i FRVPIER

and, moreover,

PP fe P f oW ez < ITPSE P SN acapey + 1P 2 PPN L2y

SRS rgerz P ol 2 mrpe

where we have used that ||P¢|gs+ < [Pé| 2 and ||(v>—(y/2+s)_¢”L% < min{[$ 2.
|l 75+ }- This implies

“\I‘IS[PJ_fS’PLfS]”LéL?"L% + 2||\Ij8[Pf€vPJ_fs]”L;L$°L%
< “szLéL?OL%”PJ_fs”L;L%Hg‘*‘ (6.21)
Therefore, using the bounds of Theorem 2.1, we deduce from (6.21) that

19575 P f N rens + 200 PSP Ny pers < el ST 2
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in the case Q, = T3, and
”‘IJS[PJ_fs’PJ_fE]”LéL?OL% + 2”\IJ€[Pf€vPJ_f8]”L;L?°L%
< 8(||f08||2éL% + ||f08||i€L%)
in the case 2, = R3.

Furthermore, from Proposition 3.3 and Lemma 4.1, and also using that [P/ s+ <
[Pp]| 2, we have

[ERLTAN (AR FIVPE:
SIT@(fE - g). POz gy + IT®feP(fe— Ltz agny
SIPCE = Dl P Lz
and similarly
I%°[Pg. P(f* — )l L1 er2
S IT®g.P(/* = )lnprzqgey + ID®UE =) POl r2cusey
SIPGE = D lenz PRIy

In the case of the torus €2, = T3, we can use the bounds of Theorem 2.1 (1) and The-
orem 2.2 (1) to obtain

[PPSR = Ol ers + WP P = llyrers
S (S Nepeg + 180l f® = Bllupagers
< /= &lloprgers
In the case of the whole space 2, = R3, we first use (4.11) to write

1y e

Pf N2z < H%PfE T H 3

b
L1212

1
L ¢

3

and then we use the bounds of Theorem 2.1 (2) and Theorem 2.2 (2) to get
I IPCf* =) P i rgors + 19°[Pg. POf® = @)Lt 15012
S (o llzizs + o llzzez + 18ollziez + 18olzz ) f* = &lizers
Sl f* = 8llryrgeors-

Gathering previous estimates and using that 7, > 0 is small enough, so that when tak-
ing the L;L‘;"L% norm of (6.20) the fourth and fifth terms on the right-hand side of (6.20)
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can be absorbed by the left-hand side, we deduce
1/* = 8lliiogerz < 175 = BollLis + € 1(6) gollLy 1z
+ 5(”(%;0”2;14% + ||§0||zéL%) + 5||f08||i§L% (6.22)
in the case Q, = T3, and
1/° = 8llpngerz < 175 = Zollis + €2 166) 2olly 1z

+ (120l + 18013, + 1201251 + 120 2)

+ eIz + 15 NZp10) (6.23)
in the case 2, = R3. From these estimates, we first conclude that

lim ||/ = &l 1003 = 0.

assuming moreover that (§)%g, € L;L% for some § € (0, 1]. We can finally prove The-
orem 2.3, where we only assume &g € L;L%, by using the previous convergence and
arguing by density as in [24]. This completes the proof of Theorem 2.3.
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