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Large-time optimal observation domain for linear
parabolic systems

Idriss Mazari-Fouquer, Yannick Privat, and Emmanuel Trélat

Abstract. Given a well-posed linear evolution system settled on a domain €2 of R4, an observation
subset @ C 2 and a time horizon T, the observability constant is defined as the largest possible
nonnegative constant such that the observability inequality holds for the pair (w, T'). In this article
we investigate the large-time behavior of the observation domain that maximizes the observability
constant over all possible measurable subsets of a given Lebesgue measure. We prove that it con-
verges exponentially, as the time horizon goes to infinity, to a limit set that we characterize. The
mathematical technique is new and relies on a quantitative version of the bathtub principle.

1. Introduction

Let d € N* and let © be an open bounded smooth connected subset of R?. Throughout
the article, we denote by H the Hilbert space H = Lz(Q , C7). Sometimes, for the sake
of readability, we will just refer to L2. Let ¢ € N*. We consider the evolution system

0ty + Aoy =0 (D

where —Ag: D(Ag) — H is a densely defined operator generating a strongly continuous
semigroup on H. Given any y° € D(Ay), there exists a unique solution y € C°([0, 4+00),
D(Ap)) N C((0, 4+00), H) of (1) such that y(0,-) = y°(-).

For an evolution system like (1), it is often required in practice, for instance in engi-
neering problems, to reconstruct initial or final data of solutions, based on partial mea-
surements performed on a subset @ of 2 over a time horizon 7. This inverse problem
is feasible whenever the system is observable on @ in time 7', which is mathematically
modeled by an observability inequality, as follows. For any measurable subset @ of €2 and
any T > 0, the system (1) is said to be observable on w in time T if there exists C > 0
such that

T
Cly(T. ) S/O /Iy(t,x)|2dxdt )

for every solution of (1) such that y(0,-) € D(Ap). In (2), |y| is the Hermitian norm of
y e C9.
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Many results have been established in the literature regarding observability properties
for some classes of partial differential equations. Since, in this article, we are going to
focus on the case of parabolic equations (see Section 2.1 for assumptions on Ag), here
we simply quote a few of them. For the heat equation, that is, when — Ay is the Dirichlet
Laplacian, observability holds true for any 7 > 0 and any subset of positive Lebesgue
measure (see [17,26] for open subsets and see [3] for the extension to measurable sub-
sets). The same holds true for anomalous diffusion equations, that is, when Aq is some
power o > 1/2 of the Dirichlet Laplacian (see [33]), and for the Stokes equation (see
[15, Lemma 1] and [9]). We also refer to [46, Chapter 9] for some general results estab-
lishing observability for parabolic systems.

The observability constant is defined as the largest possible nonnegative constant for
which the observability inequality (2) holds, i.e., by

T
Jo Jolo()|y(, x)|* dxdt
Iy(T. )
where 1, denotes the characteristic function of @. Note that (1) is observable on w in

time 7 if and only if Cr(1,) > 0. The observability constant defined by (3) provides an
account, in some sense, of the well-posedness of the above-mentioned inverse problem:

Cr(ly) = inf{ 30 € D(Ao)\ {0}}, 3)

the larger the constant, the more favorable it is to solve the inverse problem. This is why
it is important, in practice, to try to choose the observation subset @ in an optimal way
and, when it is possible, the horizon of time 7" over which observations are performed.
Of course, in practice, there are limitations on the choice of the subset w, starting with its
Lebesgue measure. This is why, in what follows, we will consider measurable subsets of
a given measure.

Let L € (0, 1) be fixed. Given any T > 0, we consider the optimal design problem

§7 = sup Cr(ly) “)
loeUr

consisting of maximizing the observability constant over the set

Uy = {Jla, € L*®°(R;{0,1}) } o is a measurable subset of Q
of Lebesgue measure |w| = L|SZ|} 5)

This shape optimization problem models the best shape and placement of sensors for the
evolution system (1) in time 7. If an optimal set wy. exists, then it represents the best
possible place to install some (adequately shaped) sensors.

Unfortunately, the shape optimization problem (5) is very difficult to handle, not only
because of the complexity of the definition of the observability constant (3), which is an
infimum over all possible solutions of (1), but also because of the set of unknowns Uy,
which is very large and does not enjoy good compactness properties. Actually, it is not
even known whether a maximizer a);w exists for (4).
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To remedy this lack of compactness, some constraints may be added. The search of an
optimal set may be restricted to a compact finite-dimensional set, like in [25, 34,47,48],
or by adding constraints on the BV norm, on the number of connected components, or
anything yielding compactness (see, e.g., [20]), or by fixing the initial data, like in [16,
36,39]. However, we want to keep the maximal freedom on the choice of the observation
subset and this is why we consider the general set Uy, defined by (5).

This choice comes at a price: the set Uy, is not even closed for the weak-star topology
of L*°(£2), thus making even the basic question of existence of an optimizer challenging.
Such a question is well known in shape optimization, and this issue is often tackled by
considering a relaxed version of the problem. Here, the relaxation procedure consists of
extending the definition of C7 to the L*° weak-star closure of Uy, which is the set

Uy = fa € L2(:[0.1]) | fga(x)dx = LI}
and to define, in accordance with (3),

foT Joa()|y(t,x)|*dx dt
Iy (T. )%

Then we consider the relaxed shape optimization problem

Cr(a) = inf{ ‘ ¥ € D(4o) \ {0}} VaeU. (6)

St = sup Cr(a). (Pr)

acUy

Now, since Uy, is compact for the L° weak-star topology (see [20, Proposition 7.2.17])
and Cr is upper semicontinuous (as an infimum of bounded linear functionals), it follows
that problem (P7) has at least one solution ay. Characterizing a7 is more intricate. In
this article, we will study a} as T — oo and also give some results on its small-time
asymptotics as T — 0.

Observe the following a priori counterintuitive result: in some cases, the constant den-
sity a = L is not a maximizer (see [38, Proposition 2]).

Furthermore, notice that, in general, §7 < ST. We do not know whether equality
may hold, but in general the inequality is strict: indeed, taking 4 = (—A)% on the one-
dimensional torus, it is proved in [24] that for any @ & T there holds C7(1,) = 0, so
that 87 = 0, while taking @ = Cst yields §7 > 0. This leads to an interesting question
regarding the relationship between the bang-bang property (that is, whether optimizers for
87 are characteristic functions) and the observability of the underlying system.

Of course, we have §7 < ST =Cr (a}) but we do not know, in general, whether the
inequality is strict or not.

To tackle the difficulty of optimizing the observability constant (3), or its relaxed ver-
sion (6), the point of view adopted in the series of papers [37, 38, 40—44] consisted in
considering a randomized version Cr ana(a) of the observability constant, defined by tak-
ing the infimum in (6) not on all but on almost all initial data in an appropriate sense, thus
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yielding a more tractable expression of the functional, namely,
Croms(@) = inf (T [ a)igy P d. ™
jEN* Q

where (¢;);en~ is a Hilbert basis of eigenfunctions of Ay and (y; (T'));jeN~* is a sequence
of positive coefficients depending on the operator. We have C7rana(@) = Cr(a) for every
a € Uy, and the inequality may be strict [40, Theorem 1]. The randomized observability
constant Cr na(a) is in some sense “less pessimistic” than the deterministic observability
constant C7 (a) which provides an account for the worst observation cases. From the har-
monic analysis point of view, the constant Crana (@) reflects the independent observations
on each mode, with no interaction between them, while the constant C7(a) also takes into
account all interactions between modes, through crossed terms in a spectral expansion of
solutions.

In the above-mentioned series of papers, the problem of maximizing the randomized
(relaxed or not) observability constant has been solved for various classes of evolution
equations, showing strong differences between parabolic and hyperbolic cases. The results
have revealed a close relationship with asymptotic properties of high frequency eigen-
functions (quantum ergodicity properties). Roughly speaking, it has been shown that, in
hyperbolic cases, all modes count and a maximizer does not exist in general, while in
parabolic cases, there exists a unique maximizing domain which is, moreover, character-
ized and computable from a finite number of modes only.

The question of maximizing the deterministic (i.e., without randomization) observabil-
ity constant C7 (a) has remained unsolved theoretically, although it has been investigated
numerically in one dimension (see [4, 35]).

Although we do not solve this difficult problem, the present article takes us one step
further by studying the large-time behavior of the optimal observability constant for
parabolic evolution systems and of the associated maximizers. It is interesting to note that
the authors of [1] studied the relaxed problem for two-phase heat equations and proved
that the relaxed maximizers converge, as T — 00, to relaxed maximizers of the corre-
sponding stationary problem.

In Section 2 we state our main results concerning the large-time asymptotics of the
relaxed maximizers. We prove in Theorems | and 2 that, in large time 7', maximizing
Cr(a) over Uy is approximately equivalent to maximizing the lowest eigenvalue o1 (a)
of a matrix — when Ay is self-adjoint and its lowest eigenvalue A is simple then o (a) =
Joalé |2 where ¢ is a normalized eigenfunction of — A associated to A;. The latter limit
problem has a unique solution a; = 14+, with w* enjoying nice regularity properties. We
prove that any maximizer ay, € Uy, of Cr converges to 1+ in L' norm, exponentially as
T — 400 at arate given by the spectral gap of the operator Ay. To determine the speed of
convergence, we use an improved, quantitative version of the so-called bathtub principle,
inspired by [32] and [8, Proposition 2.7]. The use of this technique is one of the main
novelties of the present paper.
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We provide in Section 2.2 several examples and we comment on the assumptions
under which our main results are established. Following a relevant comment by Sylvain
Ervedoza during a presentation by one of us, we comment in Section 2.3 on the strategy of
proof that we develop, showing that, although the main result is perfectly intuitive, a naive
approach to proof is bound to fail, and we have to resort to a more elaborate technique
using kinds of quasi-maximizers.

The proofs of the main results are done in Section 3.

In the last Section 4 we comment on related problems: first, the optimal controllability
domain problem, which is dual to the one investigated in this paper; second, in contrast to
what is developed here, the small-time asymptotics of the optimal observability problems.
Finally we give some open problems.

2. Large-time behavior of maximizers

2.1. Main results

Throughout the paper, given y = (y1,...,¥¢) and z = (z1,. .., z¢) in C9, we denote by
ly] = (X%, |vi|*)!/? the Hermitian norm and by y - 7 = Y"%_, y;Z; the Hermitian inner
product.

We consider the following assumptions:

(H;) There exists a Hilbert basis (¢;);en+ of H consisting of (complex-valued)
eigenfunctions of Ay, associated with eigenvalues (A;);en= of finite multiplic-
ity such that

Re(A1) <+ <Re(d;) <+ — +o00 as j — +oo.
(Hz) Forevery j € N*, the eigenfunction ¢; is analytic in Q.
We define
Ji={j e N*|Red; =Rel},
Po = min{p € N*|Rel, > Re)&l} = min(N*\ J;) = 2.

The positive real number Re A, — Re A is the spectral gap of the operator Ay.

(Hz) (Bathtub property at level L) For every j € Jp, the function ¢; belongs to
C (). Given any real-valued function ® on  written as

©="np| Y Birdi
pe1 JjeJ

for some (B;,p);.pes, € RM*P\A{0}, {np}pes, € [0, 117 such that Zpejl np =
1, the set w = {® = v}, where v > 0 is such that |w| = L|S2|, satisfies

2

inf |V®|> 0.
dw\0Q2
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In Section 2.2 we will discuss these assumptions, give various examples, and show
that assumption (Hy ) cannot be weakened.

The word “parabolic” in the title of this article was chosen in reference to (H;) and
(H»). However, the word may be a bit of a misnomer because it often means that the semi-
group generated by —Ay is analytic. Nevertheless, there exist some analytic hypoelliptic
operators satisfying all the above assumptions, while the semigroup they generate is not
analytic [10, Remark 4.1].

Under (H;), for any yg € D(Ayp), the solution y of (1) such that y(0,-) = yo can be
expanded as

+o0o
y(t,x) =Y aje M (x),
j=1
where

a; :/Qyo(x)aj(x)dx Vj e N*.

A

Using the change of variable b; = a;e™"/ T and a homogeneity argument, we have

2
dx dt. 8)

T +o0
Cr(a) = inf / / a(x) b;e*it i(x)
7 ( st ot Jo Ja ; e’ ¢;

Before stating our main results, let us give some notation. For any j € N*, set

eZRe()Lj)T -1

vi(T) =1 2Re(4))
T if Re(A;) = 0.

if Re(A;) # 0,

‘We define the Hermitian matrix

M, (a) = ( [Q a(x)¢l-(x)-¢]Tx)ds) ,

i,jeJy

and we denote by o1 (a) the lowest eigenvalue of M;(a). When #J; = 1, i.e., J; = {1}
(this is the case if Ay is self-adjoint and A; is simple), then o1 (a) = Mi(a) = [ alp: 2.

Theorem 1. Under (H;), we have
87 ~y1(T) max o1(ly) asT — +oo. )
loeUy
Under (H,), (H2), and (Hy), any solution a}, € Ur of problem (Pr) satisfies

— O —(1—§)RC(APO—},1)T/2 V O 10
e = O ) vE> (10)

Ha} — argmax o (a)‘
aGﬂL
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Remark 1. Note that (9) makes sense since

max o01(ly) = max o1(a) = o1(L) =L > 0.
lo€UL acUy

The equality between the two maxima is not immediate, and is in fact part of the next
result.

Theorem | highlights the interest of the shape optimization problem

max o1(a). (Ps,)
aceUy,

Theorem 2. Under (H) and (Hy.), problem (Py,) has a unique' solution a; = 1« € Uy,
satisfying the following properties:
(1) There exists u* > 0 such that

2 *
0" ={x € Q| Ypey, | Lyey, bigs (0" > n*}. (11)
for some (ax)key, € [0, 11*/1 and (bjl-‘)jejl e C*1 such that
D= fP=1 Vkel.
J€J1 JjeJy
(2) There exists K > 0 such that
o1(@1) = 01(a) + Klla —ar|}1q, Vae Ur. (12)
(3) If in addition (H,) holds, then w* is semi-analytic.” In particular, it has a finite
number of connected components.

Remark 2. Concerning the randomized observability constant defined by (7), it follows
from some results in [40] that, for T large enough,

sup CT,rand(a) = VI(T) max O’l(ﬂa))~
aEﬂL ﬂweul‘

Therefore, Theorem 1 shows that, in large time, maximizing the deterministic observabil-
ity constant is almost equivalent to maximizing the randomized observability constant.

"Here and in the sequel, it is understood that the optimal set is unique within the class of all measurable
subsets of € quotiented by the set of all measurable subsets of 2 of zero measure.

2A subset w of a real-analytic finite-dimensional manifold M is said to be semi-analytic if it can be
written in terms of equalities and inequalities of analytic functions. Recall that semi-analytic subsets are
Whitney stratifiable (see [18,21]) and enjoy local finiteness properties, such as local finite perimeter and
locally finite number of connected components.
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Remark 3. The exponential rate of convergence (10) in Theorem 1 is established thanks
to a quantitative version of the bathtub principle. The bathtub principle is an elementary
inequality yielding the solutions of the shape optimization problem

sp [ f.
weUy Jo
where [ is a given real-valued integrable function on 2. In recent years, quantified ver-
sions of this principle have been derived and used in optimal control problems. We will
build on the version stated in [32, Proposition 24]. We refer to Section 4.1 for more back-
ground on this inequality but we merely state here that, while it is now a known tool for

optimal control theory, it is to the best of our knowledge the first time that such quantified
inequalities have been used in the study of observability constants.

Remark 4. In the theory of rearrangements, the quantitative estimate (12) can be seen
as a strengthened Hardy-Littlewood inequality; to the best of our knowledge, the first
paper to investigate such strengthening was [19]. However, the results of [19] do not apply
here, as they are given in a different functional setting (roughly speaking, with L? —
LY (1 < p<oo,q=p/(p—1)) constraints rather than L> — L'). The quantitative
estimate (12) can take different forms. We refer to [6, Lemma 7.73], [32, Proposition 24]
for similar spectral quantitative inequalities in a different context and to [28, Theorem 1]
where such inequalities are used to study the stability of Vlasov—Poisson systems. The
proofs of the inequality in the three latter references revolve around the same idea, that
of partial Schwarz rearrangements. Finally, we mention [8, Proposition 2.7] where similar
inequalities are obtained in the context of stability of bang-bang optimal controls, with a
more direct proof that we will follow.

2.2. Examples and comments on the assumptions

The Dirichlet-Laplacian operator. Take ¢ = 1 and —A to be the Dirichlet-Laplacian
operator defined on its domain D(A4) = Hg () N H2(). It follows from the spectral
theorem [7, Section 6.4] that (H; ) is satisfied. By hypoelliptic analyticity of the Laplacian,
the eigenfunctions of A¢ are analytic in 2 (and we take them real valued) and (H,) is
satisfied. Regarding (Hy ), note that the first eigenvalue A;(€2) of Ao is simple (hence,
J1 = {1}) according to the Krein—Rutman theorem and the eigenfunction ¢; is positive in
Q. By (11), we have * = {¢7 > *} and, by analyticity of ¢, w* satisfies the interior
sphere property (see [20]), dw is at a positive distance from 02 and, according to the Hopf
maximum principle,

inf | V1| > 0.

o

Hence (Hy) is satisfied.

The Robin-Laplacian operator. Take ¢ = 1, 8 > 0 and — A to be the Robin-Laplacian
operator with boundary condition d,y + By = 0 on d2. By similar arguments, (H;)
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and (Hy ) are satisfied. The analyticity property (H») follows for instance from [14, Sec-
tion V.4].

The Dirichlet Stokes operator in the two-dimensional unit disk. Consider the Stokes
equation
dy—Ay+Vp=0, divy=0

in Q = {x € R? | | x|| < 1}, the Euclidean unit disk of R?, with Dirichlet boundary con-

ditions. The Stokes operator Ag: D(Ag) — H is defined by A9 = —P A, with D(Ag) =

{yeV]doyeH}, withV ={y € (Hy()?|divy =0}, H={y € (L*(Q))*|divy =
1

0, yjag -7 = 0}, and P: (L2(Q))?> = H @ H* — H the Leray projection (see [5]). The

first eigenfunction is given by

¢o,1(r,0) = —Jo(yA017) (— sin 0) ’

VT 0.11J0(v/Ao,1)| \ cos O

in polar coordinates (r, 8) (see [23,27]), where Jy is the Bessel function of the first kind
of order 0 and Ao} = zil with z1 1 > 0 is the first positive zero of Jy. Using that ¢ ; is
radially symmetric, it follows from properties of the Bessel functions that (H;), (H»), and
(Hy) are satisfied.

System of coupled heat equations in the cube. Setting Y = (y1, y2, y3) ", consider the
system of coupled one-dimensional heat equations

;Y — AY + AY =0,

in Q = (0, 1)3, with Dirichlet boundary conditions, where AY = (Ay;, Ay,, A y3)T,
where A € M3(C) is a 3 x 3 matrix with three distinct complex eigenvalues (1, (2, (43
and such that —72 < Re ;11 = Re j1, < Re u3. Let E; = Span(u;), with u; € C3, be the
eigenspace of A associated to u;, fori € {1,2,3}. Set p = Re u1.

The above system is known to be observable at any time 7" > 0 on any nonempty open
subset w of 2. We refer for instance to [2, Theorem 1.1] or [31, Proof of the first point of
Theorem 1].

Here we have ¢ = 3, Ag = A + Aldon D(Ao) = (H*(Q) N H} ()3, J1 = {1,2},
po = 3,and y1(T) = (e**T — 1)/(2p). The assumptions (H;) and (H,) are satisfied, and
¢1(x) = sin(wrxy) sin(wxz)u; and ¢ (x) = sin(rx1) sin(wx,)u,. We define

®(x) = nsin®(x1) sin®(7x2)|Br1vs + Broua|®
+ (1 — ) sin®(rxy) sin® (wx2) | B21u1 + Paariz]?
where 7 € [0, 1] and B;; # 0. Reasoning as before, and using that 81111 + B12u2 7# 0 and

Ba1u1 + Baaus # 0 (by linear independence of u; and u5), we get that |V ®| is uniformly
bounded below on any nontrivial level set of ®, and thus (Hy ) is satisfied.
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On the sharpness of (Hy): Periodic Laplacian in the one-dimensional torus. Take
Q =(0,27),q = 1,and Ay = —d?/dx? with periodic boundary conditions y(0) = y (27)
and y’(0) = y’(27). In that case, the domain of Ag is

D(Ao) = {y € H*(Q) | y(0) = y(27), y'(0) = y'(27). and [ y = 0}.

The first eigenvalue is A; = 1 with eigenspace spanned by x — cos x and x — sin x. For
every a € Ur, we have

Mi(a) ( fozna(x) cos? x dx fozna(x) cosxsinxdx)
a) = 2

o a(x)cosxsinxdx f02” a(x)sin® x dx

and thus

2m 27 2 27 2
o1(a) = %/0 a(x)dx — %\/(/o a(x)cos(2x) dx) + (/0 a(x) sin(2x) dx) .

Therefore, the optimal design problem (P, ) (maximizing o over U 1) is equivalent to

27 2 27 2
min (/ a(x)cos(2x) dx) + (/ a(x) sin(2x) dx) .
acUy 0 0

It is easy to see that the optimal value for this problem is 0, meaning that the maximal
value of o7 is LT” Moreover, the maximal value is reached for any function a given by

m
a(x) = % + n(aﬁ cosx + aj sinx + Z(a,‘é cos(kx) + ay, sin(kx)))
k=3
for any m € N \ {0, 1,2} and any families of real numbers (@) 1<k<m and (ap)1<k<ms
with 1 chosen small enough such that a € Uy . Hence, there exist maximizers in Uy, \ Uz,
and the conclusion of Theorem 2 is not true in that case. The main reason is that (Hy) is
not satisfied here. Indeed, one has #J; = 2 and it is possible to adequately choose the
coefficients defining ® so that ®(x) = cos® x + sin? x = 1, and its normal derivative
vanishes on dw.

2.3. Comments on the strategy of proof

In this section we describe our strategy of proof, highlighting the difficulties that will be
encountered, on the example of the Dirichlet heat equations. We take ¢ = 1 and —Ay
equal to the Dirichlet-Laplacian on D(4¢) = H/ () N H*(R). The operator A is self-
adjoint, of compact resolvent and then its spectrum is real and the first eigenvalue A (£2)
is simple, and we take real-valued eigenfunctions.

Recalling that 87 is the optimal value for problem (Pr), defined by (Pr), considering
particular choices of coefficients b; in (8), we have

S < y1(T) ﬂnleq&( /Qa(x)qﬁl()c)2 dx VaeUp (13)
1) L

(see the beginning of Section 3.2 for details).
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Let us now establish a lower bound for ST. Let alT eU 1, be the unique solution to the
shape optimization problem on the right-hand side of (13). We define

T +oo 2
ET,a(b)zfo /Qa(x)(ije*fquj(x)) dx dt,

Jj=1

and we set e = |b1|? and ¢; = bj/+/1 — e for j = 2, so that ;rz lcj|*> = 1. A straight-
forward computation gives

Era(b) = eAT,a(c) + (1 —&)Bra(c) +2+/e(1 — ) D1,4(c),

where

Ara(e) = 1 (T) /Q ad?,

T +OO 2
Bra(c) = et ) dx dt,
ra(0) /O/Qa(x)(];c]e 6;(0)) dxdi

T A 400 N
Dra(c) = i e (x) dx d
ra(0) /O/Q“(x)e @(x)éc]e ¢ (x) dx di

oo eAi+ADT _
= E Cj—/ a¢1¢j.
= A -i—l_,' Q

From the maximality of ST, we have

or = inf min eA74(c) + (1 —&)Br,a(c) +2v/e(1 —e)Dr14(c).
Y755 c2=1¢€[0.1]

Due to the presence of exponential terms, we could expect to be able to exploit this decom-

position to prove that the first mode dominates the others when T is sufficiently large. This

does not work however, essentially because the modes j = 2 in the decomposition can

modify the observability constant in large time. To understand this difficulty, note that, by

the Cauchy—Schwarz inequality,

Dy g7 (0)] < \/AT’alr(c)BT’alr(c).

Therefore,
§r > egll(i)nl](sATﬂlT(c) + (1= 8)Bp,r(0) —2/e(l—e) \/AT,QIT(C)BMIT(C)) —o.

The latter equality follows from the fact that the minimum is equal to the first eigenvalue
of the matrix

Agar(©) \JATa7 (©)Brr (©)
\JATaT (©)Brr (©) Br,r ()
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Unfortunately, this estimate is not useful. The difficulty here is due to the presence of
crossed terms that are difficult to handle. To overcome it, we will consider a particular path
of “quasi-maximizers”, replacing alT by a convex combination of the expected maximizer
in large time and the constant function equal to L. We will choose appropriate convexity
weights, to give increasing importance to the term alT as T — +oo0.

3. Proofs
3.1. Proof of Theorem 2

First of all, noting that, for every a € Uy,

2
o1(a) = min / a(x) dx
Q

jeqy 1bjP=1

D bigi(x)

jeJ1

is a minimum of linear continuous functionals, o is upper semicontinuous for the weak
star topology of L*°. By compactness of Uy for this topology, it follows that (P, ) has at
least one solution a;.

We are going to prove that a; is unique and that a; = 1,+ for some subset w™ (“bang-
bang property”).

Bang-bang property. In order to prove that a; is actually the characteristic function of
some measurable subset, we exploit first-order optimality conditions. From [12, Theo-
rem 1], since o1 (a) has finite multiplicity, the mapping Uz, 3 a — o1 (a) is subdifferen-
tiable at a;. Let (b¥) keJ, be an orthonormal basis of the eigenspace associated to o (ay),
with J; C J1. We have

2
doy(ay) = co{ajk(al) | k € fl} with ji(a) = /Qa(x) dx,

> bFe(x)
jedi

where “co” means “convex hull”. We consider the tangent cone’ T4, to the set U L atay,
and the indicator function ¢[g,1] given by

0 ifue U,

+o00 otherwise.

Ly, () = {

Finally, we define the linear functional jo: Uz > a +— fQ a. The optimization problem
(Ps,) can be recast as

L (—o1(a) + 1g, (a)).
Jo(@)=LIQ|

3The tangent cone 7, is the set of functions 2 € L% (£2) such that, for any sequence of positive real
numbers &, decreasing to 0, there exists a sequence of functions , € L°°(Q2) converging to & as n — 400,
and ay + g,hy, € U forevery n € N (see [11] for example).
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If a; is an optimal solution, according to the Lagrange multiplier rule, there must exist
u* € R such that

0 € d(—01)(a1) + pn*djo(ar) + dig, (ar).

Equivalently, there exists (o), € ]Rijl such that ), 7, @ = 1 and for every h e
L*°(2) such that 0 < a; + nh < 1 for n > 0 small enough,

- Z ar{djk(ar),h) + {djo(a1),h) =0 < / h(x)(P(x) — ) dx =0, (14)
kE.il 2
where the function W: Q — R is defined by

Wix)= ) ak' > bFes(x)

kEjl jejl

2

Let us now prove that a; is necessarily bang-bang, i.e., that a; = 1, for some Lebesgue
measurable w* C 2. By contradiction, assume that [{0 < a; < 1}| > 0.

Take r > Osuchthat |{r <a; <1—r}|>0andsetw, ={r <a; <1—r}.Letxgbe
a Lebesgue point of w,. There exists a sequence (G, ),eN of measurable subsets G, C w,
such that

|Gn N B(xo,8)|

lim =1, (15)

e=>0  |B(xo,¢)|
where B(xg, &) C R4 is the ball centered at x¢ of radius &. Setting & = 1g, and noting
that 0 < a; + nh < 1if 5 is small enough, we infer from (14) that

:I:/Gn(\ll(x)—u )dx = 0.

Dividing this inequality by |G, | and letting G, shrink to {x¢} as n — +o00, we infer that
W(x) = u* a.e. in w, and, consequently, in {0 < a; < 1}. Since 0 < [{0 < a; < 1}| <
[{W = p*}| and W is analytic, we must have ¥ = u* and VW = 0 everywhere in €2, which
contradicts (Hy,).

We thus infer that |{0 < a; < 1}| = 0 and hence a; = 1,+ for some Lebesgue mea-
surable subset w* of Q such that |w*| = L|2|.

Characterization of w*. Consider a Lebesgue point xo of w*. Let (G,)pen be a
sequence of measurable subsets such that G, C w* and (15) holds. Setting 7 = —1g,
and noting that 0 < a; + nh < 1 if 5 is small enough, we infer from (14) that

[ (T(x) —pu*)dx = 0.
Gn
Dividing this inequality by |G, | and letting G, shrink to {x¢} as n — +o0 yields ¥ = p*

a.e. in w*. Similarly, ¥ < u* in (0*)¢. We conclude that w* = {W¥ > u*} by noting that
{¥ = u*} has zero Lebesgue measure.
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Uniqueness and regularity of @*. Assume by contradiction that problem (P, ) has two
distinct maximizers a; and a,. As a consequence of our previous analysis, there exist
w1, wy C Q such that a; = 1,, (i = 1, 2). By concavity of o1, (a1 + a2)/2 is also a
solution of problem (P, ), which contradicts the bang-bang property of maximizers.

Finally, the regularity property of w* follows from (H,), which implies the analyticity
of W. Therefore, @™ is an open semi-analytic set.

Quantitative estimate. Finally, we prove the quantitative estimate (12); the argument we
follow to establish it is inspired and adapted from [8]. Observe that with the same function
W we have, foranya € Uy,

ol(a)—ol(al)s/gz(a—al)w.

Let us prove that there exists C > 0 such that
vacls [(@-a)vs-Cla-alq,
Q

which can be seen as a quantitative version of the bathtub principle.
We have proved that a; = 1+ for some w* C €2 such that |0*| = L|€2|, and moreover
that U > p* in w* and W < p* in Q \ w*. Noting that for every a € Uy, [q(a —a)¥ =

Jola—ay) (W —p*), thata —a; <Oonw*anda —a; = 0onw*, we get

/(a—al)wz—/|a—a1|«|\11—u*|s—/ la —a] - |¥ — u*]
Q Q Qs

where, for a given § > 0, the set Q5 = {|¥ — u*| = §} is the complement of a tubular
neighborhood of the level set {¥ = u*}. By definition of Qs, it follows that

/Q(a —anV¥ < dlla —arllpiqy = —8(la —ailli @) — lla —aillLy@\as)

< —8(lla —arllLr @) — 12\ $25)). (16)
Lemma 1. There exists M > 0 such that |2 \ Qg| < M4 for every § > 0.

Proof. Tt suffices to prove this estimate for § > 0 small enough. We establish the existence
of K > 0 such that if s > 0 is small enough then {¥ = u* + s} C X« + K5B, where
¥+ ={V¥ = u*} and B is the centered unit ball. Assuming such a K exists, we infer that
8
Q\Qs = [ J{¥=p*+s} C Iy + K3B.
s=—6
Now, using the definition of the perimeter of rectifiable curves via the Minkowski content,
we obtain |Q2 \ Q5| < 2§ Per(X,,«) for § small enough, whence the conclusion with M =
2K Per(X ). It thus remains to show that

distg (2« {¥ = u* +s}) < Ms

for s > 0 small enough, where distg is the Hausdorff distance between two compact sets.
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By contradiction, assume that there exist two sequences (Xg)xeN in X+ and (Vi )keN
in X« g, , where (sx)ren denotes a sequence converging to 0, such that

v -
X — Y| = distg (Spx 4y, Xpx) and  lim M=
Y ¥ s 2y

0.
k=400 |xx — yi|

By the mean value theorem, there exists z; belonging to the segment [x, yx] such that

(Wxe) = YOl _ <V\Il(zk) Yk — Xk >
|xk — Ykl v — x|l

Since T+ is C2, it satisfies the uniform interior ball property, and therefore yx = xx +
trv(xg) + o(tg) for k large enough, with t; — 0, where v(xx) denotes the outward unit
normal vector on X+ = 0{W¥ < u*}. We infer that (VW (zx), v(xg) + o(1)) - Oas k —
~+o00. This contradicts (Hy ). ]

Given any a € UL , W set 8 = —211‘4 ||(1 —daq ||[1(Q) By (16) and by Lemma 1, we have
a a NS a a a a a a
984 M 1lL1(@) i@ = 537 L)

1
= —m ”(,l —dai ”il(s—z)
The conclusion follows.

3.2. Proof of Theorem 1

Considering particular choices of coefficients b; equal to 0 in N* \ J; in (8), we have

2
87 < y1(T) sup min2 /a(x) Zb,-(ﬁj(x) dx
aeily Ljen 16iP=1/Q jen
2
= y1(T) max min /a(x) bigi(x)| dx
N U vy, b =1 g J;l 7
= y1(T) Jmax 01(1e). (17)

To go from the first to the second line, we used Theorem 2. The rest of the proof is devoted
to establishing a lower bound on §7. We define

Era(b) = /0 ' /Q a(x)

and we sete = ) iy |bj|? (so that 1 — & = D ieN \J; |b; ). We also define sequence
(cj)en+ in £2(R) by

+o0 2
> bjeti'gi(x)| dxdt.

Jj=1

o bj/ e if j € Jy,
/ bj/~1 —¢ otherwise,
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so that

Il
=

2 2
dolelP= > ol

Jjeh JEN*\J;

We define the two subsets of £2(C),

Ay ={(c)) e C Yy lei? = 1),
Arvay = {(e)) € CON NI, Yjeneny, lej? = 1),

A straightforward computation shows that

Era(b) = eA74(c) + (1 —&)Bra(c) +2v/e(1 — &) Dr4(c),

where
2
A1a©) = (D) [ o) 3 ey .
& J€J1
T 2
BT,a(C)Z/ /a(x) Z cietitg;(x)| dxdt,
o Ja JEN*\J;
T
DT,a(C)=Re[/ a(x) chekltqbk(x) Z cjetitg;(x)dt dx.
QJ0 ke, JEN*\J;
Consequently,
CT(Cl) = inf ET,a (b)

jEN* |bj |2=1

= inf inf (gAT,a(c)Jr( inf (1 —¢&)Bra(c) +2ye(l —&)Dralc)).

£€[0,1] (cj)eA CIEAN*\

Moreover, note that

inf  Arq(c) = y1(T)o1(a).
(cj)eA

Let us consider the unique solution a; = 1,* of (Ps,). From now on, with a slight abuse
of notation, we will use the notation A7 4, = y1(T)o1(a1).

Let v € (0, 1) to be chosen later, and define a, = va; + (1 —v)L € Uy, (by convexity).
By maximality of 87, we have

6r = inf inf (sAT’av (¢)+ (1 —¢&)Brg,(c) +2ve(l —e)Dryg, (c))

e€[0,1] (C/)EAN*\Jl

> inf inf (\)EAT,G1 +v(1—¢&)Brg,(c)+ (1 —v)(1—¢e)Br,L(c)

e€l0,1] (C/)EAN*\Jl
+2vy/e(1 — ) Drg, (), (18)

by using that A7,z (c) = 0.
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To obtain this estimate, we have used that D74, (c) = vDr4,(c), since
e()Tj+/\1)T -1

Dr1(c) = LRe CjCk —
2 G A+ A

JEN™\J;
keJy

/quk(x)-mdx:o

by orthogonality of the functions ¢; in H.
We have

inf (vsAT,a1 +v(l —¢)Brg,(c)+ (1 —v)(1 —¢)Br,L(c)

(cj)eAN*\

+ 2vy/e(1 — &) Dr,q,(c))

= VeATq, + inf V(1 —&)Brg,(c) + (1 —v)(1 —&)Br,L(c)
Cj)EAN*\Jl
+20v/e(1 — ) Dr,a, (€)
> vedre, + inf (1 —v)(1 —&)Br,L(c) + 2vy/e(l — &) D1q,(c))

(cj)eAN*\ sy
> vedra, + (1—v)(1 — s)“’%m
+ inf ((1 DA=8) g o)+ 20 Ve =2) DTal(c)) (19)

(cj)eAN*\7,
by using that

400
Bro@ =1 Y P / PR = 1Y yy(T) e 2

JEN*\J; J=po

and that / PO y] (T)lc] |2 ypo(T) ] PO |c] |2 - yPO (T)
Lemma 2. Let T > 0 and v € (0, 1) be given. We define

L2(1 —v)?yp (T)
16v2y1(T) + L*(1 = v)2yp,(T)

Ev,T,L = € (0,1). (20

For every ¢ € [0, &,,1,1], we have

inf ((1 v - )BTL(C) +2vye(l —¢ Dral(c)>

(C/')EAN*\J
Proof of Lemma 2. By the Cauchy—Schwarz inequality, we have

po—1

Re[ / ay(x) Z cre™ e (x) Z cjetite;(x)dt dx

J=po

D14, () =
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T po—1 2

S/ / ai(x)? Z cre r(x)| drdx

@Jo k=1

T | +oo 2
x/ / Z cje’\ftqu(x) dtdx
270 1 j=p

po—1 +o0o “+o00
< Y Ml D vi(MleP = yiT) Y v (Dles .

k=1 J=Dpo J=po

To go from the first to the second inequality we used the fact that 0 < aq(-) < 1. Therefore,
1-v)(1—e¢
U029 By s 0) 4+ 20 Vel — ) Dran (0
I-v)(1—¢
= ()Z#LXT(C)2 —2vy/e(1 —e)/y1(T)Xr(c),

where

+o00 1/2
Xr(0) = ( S y_,-<T>|c.,-|2) |

J=po

Since X7(c) = /¥p,(T), the expected conclusion follows if

m> 4v/ey/y1(T)
P T L —wV1—¢

which is satisfied for any ¢ € [0, ¢, 7,1], where ¢, T 1. is defined by (20). [ ]

Lemma 3. One has

(§T Z lnf WT,v,L(S), (21)
e€l0,1]
where . .
min(vAT,al ,(1— v)M) ife €[0,e,.7.L],
Yrop,L(e) = 2 (22)
(1 =v)(1 = &)yp,(T) ife € (evrp. 1]
Proof. We combine Lemma 2 and (19): first, observe that for any ¢ € [0, 1],
L T L T
veAra + (1 —=v)(1 - 8)%() = min(vAT,al,(l - v)—yp;( )).

Second, the expression of Y7, 1. on (&y,7,1, 1] follows from (18), using that E1 4, (b) = 0
for all b € £2(R) and the fact that

VveATa, + V(1 —€)Brg,(¢) + (1 —v)(1 —¢)Br,L(c) +2v/e(1 —&)D14,(c)
= (1 =v)(1—¢)Br,L(c)

for all ¢ € £2(R). n
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The end of the proof consists in making suitable choices of v and ¢ to compute
infeefo;1) Y1,0,L(8).

Lemma 4. There exists a family (vr)T>o converging to 1 as T — 400 such that vy €
(0,1) for every T > 0, and

(L=v1)ypo(T) _

li =1, li _ = ,
T—1>r-|r—loo fvr.TL T—lg-loo y1(T) too
1-— 1-— T
i (LD = () _
T—+o0 Y1 (T)

Proof. Let (vr)r>0 be a family of elements in [0, 1] converging to 1 as T — +o0.
Let 07 = 1 — vr. Since yp,(T)/y1(T) ~ e2TRe(lpy=A1) a5 T — +o00, let us set 7 =
y1(T)e™ /yp, (T), where 1 € R* will be chosen appropriately. Note first that

(=)o) _ 1
y1(T) '

In particular, this indicates that we should choose 1 € (0,2Re(A,, — A1)).
Regarding the last equality of the lemma, note that

(1 +2Re(A1~Ap)T

l—vyr =0r ~e¢ asT — +oo and

16v%y1(T)
16v2y1(T) + L2(1 — vr)?yp,(T)

l—eyr 1L =

and thus

Voo (T) _ 16vZ(1 = v7)ypo (T)

yi(T) — 16v2y1(T) + L2(1 — v7)2yp, (T)
T

(I =vr)(A —s&yp7,L)

el

- L2e20T y (T) -
I+ 16v2 ¥po(T)

Since
2T 1 T _ O(e2Tr+hi=hng)y
Ypo(T)
choosing any 7 such that n € (Re(A,, —A1),2Re(A,, — A1)) yields the desired conclusion.
Observe moreover that, with this choice, we have

L2(1 —v7)?yp,(T)
L2(1 —v7)2yp,(T) + 161)%)/1 (T)

L2y (T) /yp, (T) 1 + O(e 2T (=ReCipy—21)))

T 16v2 + L2e21 Ty (T) ) ypy(T)

SvT,T,L

since n + Re(A1 — Ap,) > 0. L]
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Conclusion: Asymptotics of 87. Letus consider v = v in (21), where (vr)T>0 denotes
the family constructed in Lemma 4. One has

§7 = inf Yru.L(e),
£€[0,1]

where Y7, 1 is given by (22). From Lemma 4, there holds

1— T)L 1-— 1-— T
i (L () (= e ) Ypo(T)
T—+o0 2)/1(T) T—+o0 )/l(T)

+00

From (21) we infer that
87
y1(T)

Letting 7' go to 400 yields

(1—v7)7p ()L (1 —vr)(1 — SvnT,LWm(T)), (23)

> min(vT01 (a1), 291(T) ’ y1(T)

lim inf
T—+oo Y1

TT) > 01 (ay).

Combining this inequality with (17) finally gives (9).

Quantitative estimate on dist; 1(q) (a’T‘ ,argmax, 4 01(a)). Since §r =Cr (a7) and
since C7(ay) is defined as an infimum, considering particular choices of coefficients b;
equal to 0 in N* \ J; gives

2
Cr(ay) <ni(T) min /Qa(x) dx = y1(T)o1(ay).

Zje]l b 2=1

Y bigi(x)

JeN1

Now, according to (23), with the particular choice of parameter vz given by Lemma 4, we
also have Cr(ay) = y1(T)vroy(ay) if T is large enough, and therefore

Cr(ay)
y1(T)

In particular, this implies that 0 < 0y (ay) — o1(ar) < (1 —vr)oi(a;). Using the constant
K given by Theorem 2 we deduce that

oi(ay) = = vroy(ar).

K| a7t _a1”i1(9) < (1 —vr)or(ay).
By construction of v we have

(+2Re(A1—Apy )T

vr ~e as T — +oo

for some fixed n € (Re(A,, — A1).2Re(A,, — A1)), whence the conclusion.
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4. Conclusion and further comments

In this paper we have described the large-time behavior of the maximizers of the observ-
ability constant associated with measurements of the solution of parabolic equations on a
subdomain.

Hereafter, we show by duality that our optimal observability results can be applied as
well to the optimal actuator (controllability) shape and location problem. We then give a
partial result regarding the small-time asymptotics, i.e., as T — 0, of the optimal observ-
ability problem. We conclude with some open questions.

4.1. Controllability

The control system
dry + Aoy = uly (24)

is said to be exactly null controllable in time T if every initial datum y(0,-) € L?(2) can
be steered to 0 in time 7" by means of an appropriate control function u € L2((0, T) x
Q). It is well known that controllability and observability are dual notions (see, e.g.,
[13,45,46,49]) in the sense that the latter exact null controllability property is equiva-
lent to the observability property of (1) on w in time 7', and the observability constant
Cr (1) coincides with the inverse of the minimal L? control cost for the controllability
problem for (24). The Hilbert uniqueness method (HUM; see [29, 30,45,49]) provides a
characterization unique control solving the exact null controllability problem with a min-
imal L? norm. This control is referred to as the HUM control and is characterized as
follows. Define the HUM functional ¢, by

1 T
fu0") =5 [ [ P drdi+ @750

where ¢ is the solution of —d,¢ + A§¢ = 0 such that ¢(T,-) = ¢T. Under the observ-
ability assumption, the functional ¢, has a unique minimizer and the HUM control u,,
steering y° to 0 in time T is uy, (¢, x) = 14, (x)¢(t, x). The HUM operator [',,: L?(Q) —
L%((0,T) x Q) is defined by T',,(y°) = u,, and its operator norm is given by

lvollz2(0.1)x0
Iyl = sup{ HLEDD |10 120\ oy,
17120
Adopting the convention 1/0 = +o00, we have
1
IToll = :
@ CT(Hw)

‘We refer to [37] for details. Thus,

inf ||T 1))
inf Tl = (_sup Cr(ls)

2 lyeUy
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Hence, the problem of maximizing the observability constant is equivalent to the problem
of minimizing the operator norm of I'y,, which models the determination of a best control
domain in some sense.

4.2. Small-time asymptotics

In this section we mention an issue similar to the one investigated in this article, which
cannot be treated using the same tools as in this paper: the limit of maximizers in small
time, as 7" — 0. We have the following partial result. It would be relevant to study how to
obtain quantitative estimates on the convergence of S /T, as well as on the convergence
of the maximizers.

Theorem 3. Let assumption (Hy) hold and let Ay be the second-order elliptic differential
operator

d d
Ag == 05, (gkx) + Y _bjdy; +c.
j=1 =1
where the functions g, bj, and c are smooth on Q. We assume that the matrix G =
(gjk)1<jk<a is real and positive definite in Q, that det(G) = 1 on Q, and that Ag is
symmetric for the Lebesgue measure on 2. Then

ST'\»LT as T — 0.

Proof. Using (8) and the fact that (¢;);>1 is a Hilbert basis, we first note that, taking
a=1L,

T
Cr(L) = inf / / L
i bir=1Jo JQ

Since a7 is a maximizer, we have st = Cr (a7) = Cr(L) and thus

£ y1(T) _

2
dxdt =L inf y;(T) = Ly (T).
JjEN*

400
Y biet'ei(x)
j=1

lim infg—T > Llimin L.

T—0 T T—0

Let us prove the converse inequality. Actually, let us prove the stronger fact that

C —
lim sup 7(@) <L VaeU.

T—0

Using that Cr(a) is defined by (8) as an infimum, taking b; = 1 and all other b equal to
0, we have in particular that

T
CT(a)$/ /a(x)eReMt|¢j(x)|2dxdz=yj(T)/ alg;|> Vj e N*,
0o Ja Q
and thus, for every N € N*,

Cr(a) < inf{Zj-Vzlajyj(T)an|¢j|2 | ag,...,on =0, Z;V=1O‘j = 1}.
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Choosing in particular o; = y; (T)™/ Y &_, yx(T) ™ forevery j € {1...., N}, we infer

that
Z (T) T()\[ Zlqb]l2 (25)

Inequality (25) is valid for every a € UL, every N € N*, and every T > 0. Fixing N and
letting 7" tend to O, using that y; (T') — T, we obtain

lim sup / Z 9[> VN e N*.

T—0 1_1

To conclude, we use the fact that the Cesaro mean % Zj-vzl |¢;|* converges to the constant
function ﬁ as N — +oo, uniformly on any compact subset of the open set 2 for the C°
topology and thus weakly in L2(2) (this follows from [22, Section 17.5, Theorem 17.5.7,
and Corollary 17.5.8]). The expected result follows. Note that a similar argument was used
in [41, Lemma 1]. [

Theorem 3 gives the asymptotic behavior of the optimal value 87, but we do not know
how to study the behavior of the maximizers a} as T — 0, as we did in the case T — +o0,
in particular due to the fact that we are not able to identify a limit problem as 7 — 0. We
leave this question as an open problem.

4.3. Other open questions

Other open questions are in order:

(i) A first one is to understand whether optimal profiles a7 are characteristic func-
tions for any 7" > 0. This bang-bang property is usually a first step in deriving
finer estimates and geometric information. As outlined in the introduction to the
paper, this property does not hold in general for arbitrary operators A and might
be intimately related to the observability properties of the system.

(i) A second question is to establish quantitative estimates for the optimal observ-
ability constant: Can we obtain an estimate akin to Cr(a) — Cr(ay) < —Klla —
ar 12 I (9)7 To answer this question, we believe that a positive answer should first
be obtained regarding the bang-bang property.
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