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The mean-field limit of sparse networks of
integrate-and-fire neurons

Pierre-Emmanuel Jabin and Datong Zhou

Abstract. We study the mean-field limit of a model of biological neuron networks based on the
so-called stochastic integrate-and-fire (IF) dynamics. However, we do not assume any structure on
the graph of interactions but consider instead any connection weights between neurons that obey
a generic mean-field scaling. To address this, we propose a novel notion of observables that natu-
rally extends the marginals laws in studying classical many-particle systems. We prove the stability
of the network in terms of observables, by applying a novel commutator estimate in weak norms
to a tree-indexed extension of the BBGKY hierarchy. While we require non-vanishing diffusion,
this approach notably addresses the challenges of sparse interacting graphs/matrices and singular
interactions from Poisson jumps, and requires no additional regularity on the initial distribution.

1. Introduction

This article derives a continuous limit for the large-scale behavior of networks of neurons
following a type of dynamics known as integrate-and-fire (IF). It is a natural example of
multi-agent systems, where each agent (neuron) could influence others and be influenced
in return. However, because each neuron has a priori different connections to other neu-
rons, it is also an important example of non-exchangeable systems.

We focus on IF systems for a large number of agents or neurons, typically 86 x 10°
in a human brain for example. This makes it quite challenging to study the original sys-
tem, either numerically or analytically. Instead one can try to approach the large-scale
behavior of such multi-agent systems through the concept of the mean-field limit. In clas-
sical exchangeable systems, the mean-field limit consists in replacing the exact influence
exerted on one particle by its expectation or mean. It is hence connected to the famous
notion of propagation of chaos which allows the use of a law of large numbers to rigor-
ously justify this approximation. However, in non-exchangeable systems, the derivation
of the mean-field limit also requires a way to capture the limit of the non-identical inter-
actions between particles or agents.
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This article introduces a novel strategy based on a new concept of observables that
are well-chosen linear combinations of empirical laws of agents or neurons. This fam-
ily solves a tree-indexed hierarchy, approximately for a finite number of neurons and
exactly at the limit; a key feature of this hierarchy is that the connection weights between
neurons do not appear explicitly anymore. As a consequence, the mean-field limit can
be derived directly by passing to the limit in the hierarchy, bypassing a priori structural
assumptions on the connection weights. In particular, our result is entirely compatible with
sparse connection weights, as supported by experimental findings in neuroscience. How-
ever, the IF-type dynamics involve jump processes in time, which inevitably introduce
discontinuities. Therefore, at the technical level, a major contribution of this article is the
development of well-adapted weak norms that provide quantitative stability estimates.

1.1. An IF neuron network with non-identical sparse connections

We focus in this article on a type of stochastic integrate-and-fire model. In this model,
neurons interact through “spikes” that represent short electrical pulses in the membrane
potential, typically lasting 1-2 ms. A broad range of IF models adopt the following theo-
retical simplification that dates back to the earliest mathematical model of a neuron; see
[63] as well as [51, 66].

Spikes occur at distinct points in time, initiating what is typically referred to as a “fire”
event. For a network of IF neurons, at the exact time when the i th neuron fires,

for all j connected to i, X/ jumps by Wi,

where X/ describes the membrane potential of the jth neuron and w j,i represents the
synaptic connection from i to j. The case of no synaptic connection is represented by
Wji = 0.

There exists a large variety of models with various rules to determine when a neuron is
firing and what is the evolution of the membrane potential between spikes. In the seminal
work [63], the firing of neuron i is predicted at the time X* reaches a certain hard threshold
value X . According to IF dynamics, at such a time point each X/ jumps by w i and X iis
reset to zero. However, in the present paper we consider instead a notion of soft threshold
where the firing of each neuron follows an independent Poisson process with a rate that
depends on the membrane potential.

When there is no firing, the “pre-spike” dynamics of membrane potential is usually
given by a simple ODE or SDE, which we may write in our case as

dX'(t) = w(X*(¢))dt + o (X' (¢)) dB:.

As mentioned earlier, there exists a large variety of IF models in terms of the equations
for pre-spike dynamics and criteria for firing. From the point of view of the mathematical
analysis developed in this paper, both the stochasticity in the SDE equation on X (¢) and
the soft threshold are needed.
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The non-linearity of pre-spike dynamics has been observed in modern experimental
studies such as [3], and stochasticity was noted in [38,39,57]. Although biophysical mod-
els such as Hodgkin—Huxley [52] and FitzHugh—Nagumo [35, 68] are available for more
accurately representing the shape of each spike, IF-type dynamics are frequently preferred
for their perceived precision when investigating multiple-neuron networks. Nevertheless,
the present is still a compromise between mathematical succinctness and biological plau-
sibility. Some extended mathematical models that aim to capture more complex neuronal
phenomena have also been studied, for example, in [16, 70, 72]. For a more extensive
discussion of IF models in the context of neuroscience, we refer to [14,40,41] and the
references therein. For a more thorough exploration of the biological considerations, we
direct interested readers to references [41,77].

To complete the definition at endpoints, it is conventional to define X’ (¢) at a firing
time as the value affer the jump or reset, making each X’ (¢) right continuous with left
limit (cadlag functions). This allows a precise mathematical definition of the dynamics
to be given. Let (X ;')ZN=1 be the R-valued cadlag processes representing the membrane
potential changes of the N neurons and let wy := (w;,;; N)fY =1 be the interaction matrix
describing the synaptic connection between these neurons. The IF-type dynamics of neu-
rons are characterized by the following SDE in integral form holding foralli € {1,..., N }:

.. .. t .. ? . .
XV = xgV + [ u(XEV) ds + / o(X;HV) dB]
0 0

t oo g )
# Y [0z 20N @)
i 070

t o0
—// XNz < v(XEN)IN (dz, ds), (1.1)
0 JO
where

{N* },N:1 are homogeneous spatial Poisson processes w.r.t. Lebesgue measure,

{B! }1N=1 are standard Wiener processes, and the 2N processes are independent.

For the target neuron i, the term wu(X Si;—N) ds summarizes its pre-spike dynamics and
o(XEN) dB! adds a Brownian noise. It experiences a jump of w; j.x When another neu-
ron j fires and is reset to zero when it fires itself. Neuron i firing occurs with a likelihood
depending on the membrane potential, which we denote by v (X Si;—N) and we introduce the
Poisson processes Ni (dz, ds).

For the simplified case that the connections between neurons are all identical,
ie. w; ;v = 1/N, forall {i, j} € {1,..., N}, the mean-field limit of (1.1) or its vari-
ations can be expressed as a PDE about the (time-varying) density function f(¢, x), where
x € R represents the membrane potential. We mention [75] which employs a PDE-based
approach, and [27,29,34] which each offer a distinct probabilistic perspective. Though sig-
nificantly different from (1.1), Hawkes processes give another type of popular model for
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biological neuron networks and their mean-field limit has also been studied, as in [19,30].
We also cite [4, 12] for the study of large biophysical models with Hodgkin—Huxley and
FitzHugh—Nagumo equations for the neurons, together with [71] which derives an IF
model from biophysical models in a mean-field setting. Even in the case of identical con-
nections, we emphasize that some neuron models may contain singularities that lead to
important mathematical challenges when deriving the mean-field limit.

While assuming identical connections is a significant simplification, the derived mean-
field limits have nonetheless provided useful insights into our understanding of large
biological neuron networks. For some limiting models, the mean-field equations can for
example exhibit blow-up in finite time, which may represent some large-scale synchro-
nization within the network; see for instance [15, 17, 18] from a PDE perspective, and [28]
from a probability point of view. The issue of convergence to equilibrium in the mean-field
limit is also an important question, for which we refer for example to [37] and [33]. Other
studies, such as [24-26], have explored the spectral conditions sufficient for the existence
of periodic solutions near the invariant measure through a Hopf bifurcation.

Systems with non-identical connections remain less understood, despite their rele-
vance to applications in neuroscience, as noted for instance in [74]. This is also supported
by recent progress in experimental biology that makes detailed connection graphs for
large neuron networks available [53]. Mathematically, having non-identical connections
fundamentally alters the dynamics of coupled ODEs or SDEs like (1.1), rendering them
non-exchangeable and making many established tools for exchangeable systems lose their
applicability.

Despite these challenges, there exists a wide range of results that are able to handle
systems with certain types of non-identical connections, provided some structural assump-
tions are made. A first example assumes that connections follow the algebraic constraint
> wi,j;n = 1 and that the initial data (X, §IN_ | arei.i.d.; the same mean-field equation as
in the exchangeable case is then obtained, see for instance [54]. Another well-known case
is found when the connections smoothly depend on the physical location of each neuron:
A typical assumption is that w; j.y = W(yi;n, y;;N), Where y;.y € R4 denotes the spa-
tial location of the ith neuron and W(:,-) is a smooth function. This case leads to some
version of the well-known neural field equations; see [1, 8,47-49, 79]. Within this type
of assumption on connections, the mean-field limit has also been investigated in [20] for
a model based on the Hawkes processes. Another well-known setting consists in taking
random connections, typically corresponding to some classical random graph. This can
of course be an attractive assumption when the connections remain mostly unknown. The
mean-field limit has been rigorously derived with several types of random connections
including the Erd6s—Rényi type, as shown in [46]. We also mention [23, 67, 69] which
obtain mean-field limits of other multi-agent systems, still with random connections.

It is also enlightening to draw a comparison with the wider spectrum of results on
general non-exchangeable systems and not specifically IF models. Many approaches rely
on graphon theory, such as [56], which derives the mean-field limit for the Kuramoto
model (originally introduced in [59]), while subsequent explorations of the dynamics were
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conducted in [21,22]. The use of graphons and cut distance was later adopted in the study
of multi-agent systems with stochasticity; for example, see [5,7,65]. Graphons are natural
tools for describing the graph limit of connections w;_;.y without requiring a priori knowl-
edge of additional regularity. This approach was initially developed in the seminal works
[11,64] for L°°(]0, 1]2) kernels, which assume a dense scaling for the weight matrices,
typically with max; ; |w; j;n| ~ O(1/N). More recently, this framework was extended in
[9,10] to L?([0, 1]?) kernels, allowing it to handle limits for connection weights that are
potentially sparser. There are also results on adaptations of standard graphons that address
even sparser networks, where the limit kernel may no longer be a Lebesgue function. We
mention [61] based on some concept of weak convergence on graphs, or [42—-44,58] which
are based on extensions of graphons such as graph-op. While those results still require a
priori knowledge of some additional convergence of w;, ;. n, the case of sparse connections
without a priori regularity has been recently studied in [55].

Let us remark that, when we discuss sparse connection weights in the present article,
we mean that the support of the corresponding kernels can be concentrated, i.e. there can
be a significant number of zero entries in the discrete matrix. In much of the literature, the
definition of sparsity is more stringent. For example, it may refer to graphs with bounded
degree (or the number of non-zero entries in every column and every row is capped). As
will soon become apparent, the discussions in this article do not apply to such “extremely
sparse” connection weights. This is because the averaging effect in the binary interactions
becomes insufficient, making it impossible to justify mean-field interactions. This regime
should be described using different approaches and cannot be adequately addressed in
this article. For a discussion of such cases, we refer instead to [61,69] and the references
therein.

In the present article, we keep the same general assumptions on connections as [55]
namely, the following:

* The w;,j;xy may be completely different for every pair of neurons.

* The w; j;n can be positive or negative with corresponding excitation or inhibition
between neurons, and are not symmetric.

* The number of neurons is assumed to be very large, N > 1. We recall in particular
that the human brain for example contains approximately 8.6 x 10!° neurons.

* The w;, j;n satisfy the following scaling:
max | max w;, j:N |, max w;, ~ 0(1), max|w; ;n| < 1.
( ‘ ;| t,j,N| i Xl:| t,],N|) (1) N | t,j,N| <

This scaling allows each neuron i to be connected to a large population of neurons j,
while keeping the network sparsely connected. This again seems to fit with the average
of 7000 synaptic connections per neuron in the human brain.

However, we introduce several new key ideas with respect to [55] which we emphasize
below:
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*  We introduce a novel notion of observables at the level of the many-particle system.
In contrast, the observables in [55] could only be defined after propagation of chaos
is obtained for the system of coupled PDEs. This leads to significant differences in
the present article: First of all, we do not require propagation of chaos in the classical
sense. Some notion of independence is still implicitly assumed in our result but it is
much weaker and would for example allow for some strong correlations between a
small subset of neurons.

*  We develop the first theory of commutator estimates for hierarchies of PDEs. This is
both of interest in itself and a necessity given the new observables mentioned above:
contrary to [55], the new observables do not solve the limiting hierarchy and in fact the
jumps introduce several singular terms. This means that we cannot derive the limit just
by propagating strong L”-norms in a straightforward manner. Commutator estimates
are of course the key step in the theory of renormalized solutions to obtain uniqueness
of weak solutions to advection equations. The extension to infinite systems of coupled
PDEs, like the hierarchies in the present paper, is however challenging: the commu-
tator estimate for one equation involves the next observables in the hierarchy so that
each estimate needs to be compatible with the estimates at the next level.

A main contribution of the present article is to derive a mean-field limit while only
asking that the connection weights obey the extended mean-field scaling above, without
any further assumptions. A motivation for this scaling is to be able to consider general
sparse graphs, though it is not the only one. We note that the mean-field limit has been
established for certain sparse graph structures. For instance, classical graphon theory can
already be applied to specific classes of sparse random graphs (though typically with some
renormalization). But while other results can handle sparse graphs with a similar scaling
to the one here, they also typically require additional assumptions on the behavior of the
connection weights, for example [44]. Furthermore, heterogeneity may play a significant
role so that sparsity is not necessarily the most accurate characterization of the challenge.
For example, one may consider for connection weights the sum of a dense graph and some
sparse graph. The resulting w;; are not sparse but will fail to satisfy the classical graphon
scaling, or many other extensions.

As a last remark, to convey the essence more straightforwardly, we decided to state our
results for deterministic weights, although it is indeed possible to introduce randomness
to the weights. This is because, from the perspective of probability, our results are nei-
ther “annealed results” nor “quenched results” but rather “semi-quenched” (we can treat
the randomness of the graph as fixed or “frozen”, but should consider the law of the agents’
solutions rather than every individual realization). Therefore, attempting to state the
strongest possible results in the random context would feel cumbersome. Additionally, the
motivation for our results is not to better handle connection weights sampled from some
sufficiently smooth graphon, but rather to include more general connection weights. Con-
ceptually, this should allow us to consider data from experimental neuroscience without
presuming that the connection weights exhibit regularity within any specific phase space.
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Our results nevertheless hold for certain sparse Erd6s—Rényi graphs. For instance,
consider edge weights that are independent Bernoulli random variables, each taking the
value 1/(pN) with probability p and 0 with probability 1 — p. Here, p decreases as N
goes to infinity. This generates sparse weighted graphs that cannot be well described by
standard graphon theory, which requires L? regularity for p > 1 (see [10], where graphon
theory is extended only to p > 1; there is a natural barrier at p = 1, as seen in numerous
analysis problems). However, this requires p to decay slowly with respect to N. If p
decays too quickly, there is a non-zero probability that the maximum of row summation
(or the column summation) blows up, causing even our kernel to fail.

1.2. The marginal laws and BBGKY hierarchy for exchangeable systems

A classical way to address this mean-field limit of large SDE systems like (1.1) is to
shift our focus from tracking trajectories to examining the joint law of various subsets of
neurons.

For clarity, let us first mention some of the notation that we are using. We denote by
M(RF) the space of signed Borel measures with bounded total variation norm on R¥.
Here, M (R¥) stands for the subset of non-negative measures, and & (R¥) stands for the
subset of probability measures. When choosing a topology on M(R¥), we will mostly
use the classical notion of weak-* convergence. Note that we will also have bounds on
some exponential moments, so that together with those estimates, weak-* convergence
will typically imply tight convergence.

We now introduce the classical concept of marginals for exchangeable systems, where
we emphasize the following steps to highlight the difference from non-exchangeable sys-
tems:

» For any distinct indices iy, ..., ix € {l,..., N}, denote the marginal law of the agents
XN XN by

.....

In the context of exchangeable systems (identical connections, w; ;;y = w(N)), it is
straightforward that, if (X ,I;N s X tN N ) is a solution of the system, then any permu-
tation (X ,”;N e XN ;N) solves the same system. This implies that the full joint law
equation is symmetric, so it suffices to consider that marginals of the same order are iden-
tical, namely,
Downde (p ) — pibed gy ¢ PRK
) = fy (t,)) € P(RY),

if the indices 1 <iy,...,iy <aredistinctand 1 < j,..., jr < N are also distinct.
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Given this property, it is natural to define the unique k-marginal

The marginals are solutions to the famous BBGKY hierarchy of equations, in which the
equation for each fy x depends on itself and the next marginal fy x recursively.

One of the key concepts to obtain the mean-field limit is the notion of (Kac’s) chaos,
which can be defined in various equivalent ways. One possible definition, which is the
one we use in this article, involves the marginals: We have chaos iff the k-marginals of
random variables (X LN - XNN ) converge weak-* to the tensorization of a certain
one-particle distribution f € £(R) as N — oo, namely,

k
Tk = [ e PRY), (1. z) = [| fGm), forall fixedk € N.
m=1

At least for smooth enough dynamics, it is possible to show that chaos on the initial data
implies chaos at every later time, which is the famous propagation of chaos. Among the
various strategies for proving propagation of chaos and for obtaining the Vlasov equa-
tion as a mean-field limit, we highlight the following one given its similarities with the
approach we will follow:

* Pass to the limit i)Ikl the BBGKY hierarchy to the Vlasov hierarchy as N — oo, which
yields fyr(t,)) = fook(t.) € P (RF), where Jook (2, +) represents a solution to the
Vlasov hierarchy with initial data in tensorized form, namely foo x(0,-) = 0®k.

* Notice that if the one-particle distribution f(z,-) solves the Vlasov equation with initial
data fj, then the k-marginals in tensorized form f®¥(t,-) are a solution to the Vlasov
hierarchy with the same initial data f % (0, ) = O®k .

* Prove the uniqueness of the solution of the Vlasov hierarchy, which allows one to
conclude that at all time ¢ > 0, foo 1 (£,-) = f&k(z,).

A variation of this argument involves directly obtaining stability estimates between the
BBGKY hierarchy and the Vlasov hierarchy, yet quantifies the deviation of the N -particle
SDE system to the Vlasov equation on the level of marginal laws. In general, deriving
the mean-field limit can be challenging, especially when the interaction between particles
is singular or when there is no diffusion in the dynamics. Not surprisingly, the above
approach usually requires smoothness on the dynamics: from analytic in [76] to Lipschitz
in [45]. However, recent results such as [60] and [13] have shown how to take advantage
of non-vanishing diffusion to handle interactions through a kernel merely in respectively
only L*° (more precisely some exponential Orlicz space) and only L? for p > 1.

We hope to implement a similar strategy for non-exchangeable systems, such as our
(1.1). However, given a solution (th;N, cees XtN;N) of (1.1), a permutation (Xf';N, e
X ;N ;N) is not in general also a solution since wy 2y is in general not equal to w;, ;,.n for
example. Consequently, the concept of k-marginals does not actually exist and, instead,
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we have to consider the more complicated situation where for a fixed k, each marginal
law £ "' might differ.

It is, however, not even the most significant obstacle. The more intricate issue lies in
the fact that any direct generalization of the BBGKY hierarchy would depend explicitly on
the coefficients w;_ ;,y. Hence, passing to the limit in the hierarchy would require passing
to the limit in some appropriate sense in the coefficients w;, ;.. If the w; ;, ¥ are of order
O(1/N), one can potentially apply the graphon theory [64] to achieve this, as has been
done for the Kuramoto model in [56]. Unfortunately, we are considering potentially sparse
networks without any a priori smoothness and we have no idea how to generalize graphon
theory in that case.

1.3. The novel notion of observables for non-exchangeable systems

A main contribution of the paper is to introduce a novel concept of observables in Defi-
nition 1.2, which not only incorporates into the marginal laws f, 1(,1""”"‘ but also takes into
account the effect of connectivity wy = (wi,j)f}'j=1 in (1.1).

Those observables satisfy an approximate hierarchy that extends in some sense the
BBGKY hierarchy but which does not involve any explicit dependence on the connection
weights. This new hierarchy hence offers a promising framework for obtaining the mean-
field limit, as it will be enough to pass to the limit in a countable family of observables
and equations.

Its structure however remains more complex. The main idea behind the definition of
the new observables, is to track all possible interactions between any finite number of
neurons. In the exchangeable case, it does not matter in which order these interactions
take place, so that our observables would reduce to the marginals and only depend on the
total number of neurons under consideration. But in the non-exchangeable case such as
here, it is necessary to keep track of which neuron is interacting with which. To achieve
this, we use tree graphs to index our observables, and establish a natural correspondence
between adding a leaf on a node of the tree and interacting with a particular agent among
the k selected ones.

Definition 1.1. Define T as a set of directed labeled graphs (trees) constructed recursively
in the following manner:

* Denoting by |T'| the total number of vertices in T, index the vertices in T from
L,...,|T].

» The graph of a single node (indexed by 1) belongs to 7.

* All other elements of 7 are constructed recursively: Forany 7 € 7 and any 1 <m <
|T'|, the graph T + m belongs to 7, where T + m is obtained by adding a leaf to

vertex #m namely by adding a node indexed by |T'| + 1 and adding (m, |T| + 1) as
anedgeto 7.

The family 7 corresponds to all trees up to isomorphisms, but it is equipped with a
natural orientation. The root of the tree is always labeled 1, and (I, m) € &(T) if there
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exists an edge connecting / and m and if / is closer to the root than m. This family enables
us to define our observables.

Definition 1.2. Consider any connectivity matrix wy = (w;, j)lN j=1 and a collection of

random processes (X,I;N, cee X,N;N). We define the observable tx (T, wy, fy)(t,-) €
MR, T e T as the weighted sum of marginals

‘L'N(T, wN,fN)(t,dz)
1 N . .
. . i1 yeeed
= N E wN,T(ll»~~-»l|T\)le 'T‘(t,dzl,...,dzm) (1.2)

15007 =1

where the weight of each marginal is given by

wN,T(il,---,i|T|) = l_[ Wi; i N e R.
U,m)e€&(T)

We also define the absolute observable |ty |(T, ww, f¥)(t,-) € M4 (RITY, T € T, as

N
1 . .
v |(Town, fa)(2.dz) = Yo lwwrG. il fy @ Az dz).

15007 =1

As we can see, if T, T, € T are isomorphic as tree graphs, the corresponding observ-
ables are also identical up to permutation. In this sense, we can say our observables are
indexed by trees. It will be apparent later that the weights are chosen in a natural way so
that, in the evolution of observable T, the observable T+ m accounts for the interaction
with the mth agent among the |T'| selected ones.

There does not appear to be an immediate interpretation for most observables, with
the obvious exception of the first one. If we take T = Tj, the first trivial tree with only
one vertex and no edge, then the observable is the 1-particle distribution which is just the
average of all marginals of order 1,

1Y
v (Trw. fy)(t.dz) = ; Sy (t.dzy).
Hence obtaining the limit of the observables directly provides the limit of the 1-particle
distribution.

We also emphasize that, in contrast to the marginals, our observables are not probabil-
ity measures. They are neither necessarily normalized to a total mass of 1, nor guaranteed
to be non-negative. But the scaling of w still ensures the total variation of any observable
is at most O(1).

Lemma 1.3. Forany T € T, we have that

N |T|—1
e (T F) e My = (max 3 v

j=1
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Proof. Recall that any marginal law has total mass 1 by definition, thus,

N
1 . .
v (T wn v @) wry = > lwn i)l
D1 yeens iir1=1

If |T| = 1, the right-hand side equals 1 trivially, concluding the proof.
When |T| > 2, we can assume 7 = T’ 4+ m and argue recursively:

N N
1 . . 1 . .
v 2 lwwrGooirl=5 30 oG i) Wiy
D1 yeens iir1=1 D1 yeens iir1=1
| N N
= (N Z |wN,T’(i1,--.,i|T—1)|) miaxz lwi,j:n |- u
i el T = j=1

Remark 1.4. While in Definition 1.2 the laws and observables are only assumed to be
measures, and hence are denoted by f(dz), we may adopt the abuse of notation f(z) in
later discussions. Many of the forthcoming equations, such as the Vlasov equation (1.3),
are indeed classically written on densities.

Given the non-exchangeability of the system (1.1), the limiting behavior as N — oo
cannot be approximated by just a function f(z, x), with x € R. Following the idea in
[56] and [55], we introduce the so-called extended density f(z, &, x) instead, where the
additional variable £ € [0, 1] accounts for the non-exchangeable indices i € {1,..., N} in
the mean-field limit. The non-identical interactions in the limit are described by a kernel
that we denote by w(£, ¢), (£,¢) € [0, 1]2, and the Vlasov equation corresponding to (1.1)
is given by

0.2

atf(t7£:7x) + Bx(u;(l,é,x)f(t,g,x)) - Taxxf(tv‘i:’x)
+v(x) f(t.§.x) = 8o (x)Jr (1,€) =0, (1.3)

where the mean firing rate and the mean-field drift are defined as

Jr(t.§) :=/H;v(x)f(t,§,x)dx,
{ (1.4)
) = )+ [ w600 dE

In our context, w(&, {) should be the limit object of the sparsely connected wy :=
(wi, j; N)lN j=1 that we described in Section 1.1. As a consequence, we are forced to con-
sider singular kernels w(§, {) and the only property we can inherit from wy is the O(1)
scaling of

max(mlaxz Jwi, ] max D |wi,,-;N|)= max([lwy | 0wl o).
J i
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To extend this norm for N x N connectivity matrices to the kernel on (£, ¢) € [0, 1],
we define the Banach space Lg"([O, 1], M¢[0, 1]) as the topological dual of the (strong)

Bochner space Lé([O, 1], C¢[0, 1]). Then, since Mg ¢([0, 1]?) is the topological dual of
Ct ¢ ([0, 1]%) and the canonical embedding

Ce.£([0,11%) — Lg([0, 1], C¢[0,1])
is continuous with dense image, one can consider
LE([0. 1], M[0,1]) € M ¢ ([0, 1]7).

This leads to the main Banach space ‘W for the kernels

W= {w e M([0,1]%) : w(E,dO) € L§°([O, 1], M¢[0, 1]),
w(d§, ¢) € L§([0.1], M0, 1])}, (1.5)
lwllw := max{|wllzgep, - lwlzgea }-

The proper definition of the kernel space ‘W allows us to correctly define the conjec-
tured limiting observables from the extended density. Here, we illustrate an instructive
example of elements in W that do not belong to any L? ([0, 1]?), following [55]. We also
present how this limit can appear from finite connection weight matrices that satisfy our
assumptions.

Example 1.5. Let ®: [0, 1] — [0, 1] be any measure-preserving, bijective map. Then

w(€, ¢) = 8(P(€) — ¢) belongs to 'W. This kernel can be interpreted in three equivalent

ways:

* First, as an element in Lg"M;, i.e. a parametrized family & € [0, 1] = So(£)(§) €
M([0, 1]) of measures on ¢ € [0, 1]. Specifically,

/[0 I P(Qw(§.df) = ¢(®(§)). forallg € C([0, 1]).

* Second, as an element in L‘go Mg, i.e. a parametrized family ¢ € [0, 1] = $g-1(£)(§) €
M([0, 1]) of measures on & € [0, 1]. Here, we have used the change of variables { =
®(£) (since P is one-to-one and measure preserving). In this interpretation,

/[0 POVEED = 9@ @), Forall 4 < C(0.1).

* Finally, as the measure in M ([0, 1]?). Namely,

Jo

5

]zfp(é,é“)w(dévdé“)=/[ 1]<P(§,<1>($))d57 for all ¢ € C([0, 1]%).

s
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These definitions provide a straightforward framework where one can switch seamlessly
between interpretations as needed, since for all ¢ € C([0, 1]?), we have

f o (6 Ow(dk, d) = / w(s,cb(s))ds=/ (& Ow(dE. d7).
[0,1]2 [0,1] [0,1]2

Consider wy = (wl"j;N)i]Yj:l which is an ad hoc discretization of w(£,¢) = §(P(§) —
). Specifically, define

N
wiw =5 [, eEOuEEdD)
k2 Jrigk e donlo.ar

Nri—k i i—k
_ MR Dy (LR L))
el ) e %)nen
Let N,k — oo with N/ k — oo. It is straightforward to verify that, when wy is viewed

as an element of W, it converges in the weak-* topology to w € W. Moreover,
max; <i,j<n |wi,j:n| = 0.

In the following sections of this paper, when performing a priori estimates, we use
[0, 2] to denote the time dimension’s endpoints. As will become apparent later, this choice
is solely due to our estimates being bounded on a bounded interval, and it remains valid for
any later time. That is, we can select any 7, > 0. Additionally, we note that for the a priori
estimate of f(z, &, x), we use the usual strong Bochner spaces L°([0, 4] x [0, 1]; M(R)),
which differ from the definition of W based on duality. We employ M (R) to indicate
that the density remains non-negative, which can be straightforwardly derived from our
equations.

Definition 1.6. Consider a connectivity kernel w(,¢) € W, (£,¢) € [0, 1]? and some
extended density f € L°°([0,2.]x[0, 1]; M (R)). Define the observables 7o (T, w, f)(¢,-)
e MRITH, T € T, as

IT|

TOO(Tv w, f)(t,Z) = /[ wT(Sl’ oo 7g|T\) l—[ f(t’Sm,Zm) dSI, o 7dé§.|T|7 (16)
m=1

0,1]17!

5

where
wrr )= [ wEL ).
(I,m)e&(T)

It is easy to check the validity of integrals in (1.4) and (1.6) if the kernel w(§, {) is
smooth or when w € L°°. At the present, it may not be clear yet why the integrations with
respect to £ € [0, 1] involved in (1.4) and (1.6) make sense when we only have w € ‘W.
We prove in Section 4 that it is possible to extend the bounds in Lemma 1.3 through a
density argument. We note that a definition akin to t, along with a similar argument on
integrability has been addressed in [55].
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1.4. Main result

Our main result states that the large-scale dynamics of (1.1) described in terms of observ-
ables Ty (T, wy, fn) can indeed be approximated by the mean-field limit, provided the
initial observables t (f = 0) are approximated by the initial 7o, (¢ = 0).

Theorem 1.7. Assume that j,v € W% and constant o > 0. For a sequence of N — oo,
let (X ;;N),Nzl be solutions of the non-exchangeable SDE system (1.1) with connectivity
matrices Wy ‘= (w,-,j;N)f-szl. In addition, let [ € L°°([0, t«] x [0, 1]; M4+ (R)) be a
solution of the Viasov equation (1.3)—(1.4) with connectivity kernel w € W. Assume that
the following holds:

*  The connectivity matrices are uniformly bounded: For some Cvy > 0,
supmax(maXZ|wi,j;N|,maxZ|wi,j;N|) < Cy. (L.7)
N ! ; J i

» The interaction of each pair of agents vanishes:

max |w; ;x| —0 as N — oo. (1.8)
1<i,j<N

» The hierarchy of observables and the extended density are initially bounded by an
exponential scale: There exist some a > 0, M, > 0, such that

IT|

sup/ exp(a Z |zm|)|7:N|(T, wy, fv)0,2)dz < MTI VT eT,

N JRIT m=1 (1.9)
ess sup/ eexp(alx]) f(0,& x)dx < M,.
£efo,1] /R

» The hierarchy of observables initially converges in weak-* topology:
v (T, wn, fN)(O,)
X to(Tow, £)0,) € MRIT!Y as N — 00, VT € 7. (1.10)

Then the hierarchy of observables converges at any time, in weak-* topology:

v (T wy, fN)(E.)
L to(Tow, £)(t,) e MRTY asN 00, Vi e[0T eT. (L1

While we state Theorem 1.7 in terms of the observables Ty from non-exchangeable
systems converging to the limiting observables 7o, in weak-* topology, our approach is
inherently quantitative. We state, in the next section, a precise and quantitative version of
Theorem 1.7, namely Theorem 2.6.

We recall that the first observable immediately corresponds to the 1-particle distribu-
tion so that Theorem 1.7 provides the limit of this 1-particle distribution. It would in fact
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be possible to derive the limit of other well-known statistical objects, the 2-particle dis-
tribution and correlations for example. To do that, we would build another family of new
observables starting from the 2-particle distribution in addition to the 1-particle distribu-
tion. This would also require stronger assumptions with the initial convergence on both
families instead of only (1.10). However, we did not want to further add to our approach
or our statements and confine ourselves to the limit of the 1-particle distribution.

The only non-straightforward assumption in Theorem 1.7 is (1.10) about whether the
700 (T)(0, ), for all T € T, come from a pair of extended density f(0,&,x) and w € ‘W
as defined in Definition 1.6. It would be possible to formulate a version of Theorem 1.7
without this assumption. The sequence of initial data 7x (T, wy, fx)(0, -) is obviously
precompact as N — oo, so that we could extract a converging subsequence. The proof
of Theorem 1.7 would then imply that the limiting 7o, are exact solutions to a limiting,
tree-indexed hierarchy. However, without (1.10), we cannot identify the limiting 7o, as
being obtained through some solution f(¢, &, x) to the limiting Vlasov equation.

It is fortunately straightforward to show that (1.10) directly follows when the initial
X4 = XN (t = 0) are independent. When the initial data (Xo*~, ..., X2¥*") are inde-
pendent random variables with f1f1,o = Law(Xé;N ) forall 1 <i < N, the marginal laws

then define a graphon-like kernel and the extended density as

N
BN = Y Nwijivliz s (),
b=l (1.12)

N
INCe®) = M) 1)),

i=1

It becomes straightforward to show that the initial observables 5 (T, wy, fy,t = 0) are
approximated by Teo (7, Wy, fn,¢ = 0) up to an error of O(max;<; j<n |w; j;n|). We in
particular state the following proposition, whose proof is postponed to Section 4.

Proposition 1.8. For a sequence of N — oo, consider (XN, ..., XV:N) as independent
random variables and wy = (u),-,j)fvj=1 € RYXN_ Denote the marginal laws as v =

Law(Xi;N)for each N and 1 <i < N. Further, let Wy, fN be the kernel and extended
density as defined in (1.12). Assume that the following hold:

»  The connectivity matrices are uniformly bounded: For some Cvy > 0,

supmax(max E |w;, j:n |, max E |w,-,j;N|) < Cy.
N i e i5
j

1

» The interaction of each pair of agents vanishes:

Wy = max |w;j.n| =0, asN — oo.
1<i,j<N
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» The laws are bounded by an exponential scale: There exist some a > 0, M, > 0, such
that

v(z)dz < M,.
sxp@g/ﬂ{eXp(aIZI)fN(Z) z <M,

Then the difference between the observables tn (T, wy, fn) and their approximations
Too(T, Wx, fN), as formulated by (1.6) and (1.12), is quantified by

7|

[ (o X 1o ealTo v 00— o (T, )2 0

m=1

|T|—2
< max |wi,j;N|max(maxZ|wi,j;N|,maXZ|wi,j;N|) |T|2M‘|1T|. (1.13)
1<i,j<N i 7 J ;

Moreover, by extracting a subsequence (which we still index by N for simplicity), there
exists a pair of kernel w € ‘W and extended density f € L°°([0, 1]; M4+ (R)), such that
the hierarchy of approximate observables 1o(T, Wy, fN) converges weak-* to the limit
hierarchy too (T, w, f):

too(T, By, fv) — too(T,w, f) € MR as N — 00, VT € T. (1.14)

In addition, such an extended density f satisfies the bound

ess sup/ exp(alx]) f(E,x)dx < M,.
ge€fo,1] /R

When combined with Proposition 1.8, Theorem 1.7 yields the mean-field limit for
independent initial X é’N with only some appropriate moments bounds and no other struc-
tural assumptions on the w; ; y. For the integrate-and-fire model discussed here, as well
as for many other models with sufficiently smooth dynamics, the asymptotic indepen-
dence of agents X"V is a property that can propagate to any later time ¢ > 0. The proof
follows an argument similar to that in [55]. A recent work [62], which also extended the
BBGKY hierarchy to non-exchangeable systems, provided sharp quantitative estimates
for the propagation of independence in terms of relative entropy.

However, we do emphasize that the proof of our main result, Theorem 1.7, does not
rely on the property of asymptotic independence. This is not a necessary condition but
merely a convenient situation where the existence of a limit for the initial data is guaran-
teed. In fact, for non-exchangeable systems, the convergence of observables can in general
be much less demanding than independence. It is a very different situation from exchange-
able systems where chaos (or approximate independence) is essentially equivalent to the
asymptotic tensorization of the marginal. Counterexamples, where observables converge
but asymptotic independence of agents does not strictly hold, are easy to construct.
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Example 1.9. For convenience, consider the number of agents is 2N (i.e. it is even). Let
ILi={1,...,N}and I, = {N +1,...,2N}. We then take
0 if(i,j) e (lix)U(l2x1),
Wi, j;N =

1
N if(i,j)E(]]X]])U(]zXIz).

In such a case, there are no interactions between neurons in /; and neurons in /,. We

can then easily satisfy assumption (1.10) by having the Xé’ZN iid.fori =1,..., N, but
XSHNAN = xP2N fori =1,...,N.
In the exchangeable case, the strong correlation between agents, such as X, (’;J“N 2N _

X, é’ZN , does not pose a essential difficulty. One can introduce a random index permuta-
tion 7 and define Y(f 2N =y, 0 (i)’zN, thereby diluting the strong correlation across indices
and reducing the system back to the asymptotically i.i.d. (chaotic) case. In fact, any data
converging to a deterministic mean-field limit can always be reduced to asymptotic inde-
pendence. However, in the non-exchangeable case, such a random index permutation does
not guarantee that Yé 2N remains a solution of the original system. (For the specific exam-
ple, a carefully chosen permutation could guarantee this, but the loophole is a trade-off
we make for the simplicity of the argument.) As a result, we cannot reduce the system
to an asymptotically independent setting. This example can obviously be generalized to
any arbitrary fixed number of subsets and it is possible to construct even more intricate
examples. But this already shows that the optimal assumptions on the initial X é’N have to
depend intrinsically on the structure of the connections in non-exchangeable cases. In that
regard, we conjecture that assumption (1.10) is both necessary and sufficient to have the
convergence of the 1-particle distribution.

Theorem 1.7 is the first rigorous result to obtain the mean-field limit for networks of
neurons interacting through integrate-and-fire models. The approach through an extended
hierarchy solved by observables has very few comparisons in the literature, having only
been used previously in [55]. In comparison with the previous [55] however, we put for-
ward several new key ideas with notably the following:

*  We introduce the observables directly at the level of the marginals. Instead, the notion
of observables in [55] was only valid for almost independent variables, which required
first the propagation of independence. There are hence several advantages to our new
definition, first as per the discussion above about independence, but also by providing
a much more immediate notion of the statistical distribution in the system.

*  We develop a new approach for the quantitative estimates on the hierarchy, based on
weak norms. This is again in contrast to [55] which used strong L2-norms. This is a
critical point, because the jumps in integrate-and-fire models lead to discontinuities so
that we cannot have convergence in the hierarchy for our system for any strong norm.
On the other hand, the use of weak norms forces a different method in the analysis,
as propagating weak norms necessarily creates intricate commutator estimates. An
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important technical contribution of the present paper is to introduce the “right” weak
norms and a novel approach to handle those commutators.

There are however many remaining open questions. First of all, the statistical approach fol-
lowed here does not seem to allow us to obtain the limit of any individual trajectory. This
is again in contrast with classical exchangeable systems where obtaining the limit of the
1-particle distribution allows one to have the limit of typical (in some sense) trajectories.
Another important question is whether it is possible to connect the additional variable £ to
some properties of individual neurons, which could lead to classifying neurons in terms
of their role in the dynamics. We mention as a final example of an open problem, the issue
of including learning in the models. In the setting of (1.1), learning can be simply incor-
porated in the model by considering time-dependent synaptic weights w;_ j.n () together
with some equation prescribing the evolution of those weights. This was recognized as
being a critical mechanism as early as the famous Hebb rule in [50]. But it is unclear
how to model this kind of learning appropriately while keeping sparse connections and a
mean-field scaling, or whether the present approach would remain valid for such models.
The mean-field limit has been derived [73, 78] for neuron networks incorporating learning
mechanisms, and also in [2] for an opinion dynamics model. But those results impose the
strong algebraic constraint that w;, j.x = Wj,,j.n, foralliy,ir # j.

The rest of the paper is structured as follows. In Section 2 we present our approach
of directly obtaining stability estimates, starting from the extended BBGKY hierarchy
from the non-exchangeable system (1.1), the corresponding Vlasov hierarchy, and their a
priori estimates. The main stability result, as a quantitative version of (1.11), is stated as
Theorem 2.6.

The subsequent sections are about rigorously proving the results in Section 2. We
discuss in Section 3 the properties of the weak norms denoted by H,!'®*
throughout the quantitative estimates. In Section 4 we revisit the limiting observables
To(T, w, f), T € T, to show that they are well defined. Finally, with the preliminaries
done in Sections 3 and 4, Section 5 is devoted to the proofs of the main results of Section 2,
including Theorem 2.6.

that we use

2. Quantitative stability estimates

2.1. A tensorized negative Sobolev norm

This subsection is dedicated to the introduction of the H,~ 1®k_norm along with its basic

properties. While it is straightforward, the specific choice of this norm plays a key role in
our later estimates as it leads to good commutator estimates. Introducing the mollification
kernel

K() = [0 exp(—|x| cosh(£)) d&,

we may define the H,'®¥-norm as follows.
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Definition 2.1. For any function F defined on R, denote its tensorization to R¥ by

k
F*zy . z) =[] Fem). VYi.....z) € RE
m=1
We then define
lgllg-ex = IK®* * gllL2qge),
and for any weight function 7 on R,
gl yrex == 1 K® % (gn®) 2 gy

The introduction of the weight n is motivated by the need for some control on the
decay of the solutions at infinity since we work on the whole of R. We simply choose
some o > 0 and define

100 = 1) i= Cuenp(V1 4 @®5%). Gy = [ exp(—v1+ax?)ax.
R

Our definition of H,~ 1®k Jeads to a topology that is equivalent to the classical weak-*
topology of M (R¥).

Lemma 2.2. Consider anya > 0, C > 0, 0 < o < a (which determines n = 1) and any
sequence

{gn}22, C g e MR¥): [orexp(a Xk _ 1zmDlgl(z) dz < C}.

Then the following are equivalent:
* gn X Zoo under the weak-* topology of M(RK).
¢ ”gn _g°°||H,7_l®k — 0.

The proof of Lemma 2.2 is postponed to Section 3, where we also conduct a deeper
examination of the relationship between the H,~ 1®k_norm and classical negative Sobolev
norms. The use of weak distances such as Wasserstein distances is classical in the deriva-
tion of the mean-field limit, in particular when looking at the notion of empirical measures.

However, our observables are bounded functions at any ¢ > 0, for which we can even
prove bounds, and a main motivation for the use of weak norms stems from the singularity
introduced by the Poisson jump processes. The usefulness of negative Sobolev norms in
that context has been highlighted in works such as [75]. We also mention [36] which con-
siders a somewhat relaxed IF model with connections depending on the spatial structure
of neurons. However, instead of studying th¢ l-particle distribution, we use tensorized
H,'®k norms to investigate the joint law f,""* and the observables, which seems to
be a novel approach in this context.
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2.2. From the original SDE system to the extended BBGKY hierarchy

We show in this subsection that the observables, as defined in Definition 1.2, satisfy an
extended BBGKY hierarchy.

We first recall the Liouville or forward Kolmogorov equation that is satisfied by the
full joint law f of solutions to the SDE (1.1),

N 2
3 fn (2, x) + Z[axi (1(xi) fiv (1, %)) = "782 S (%) +v(x) fu (2, %)

i=1

_50(xi)(/R V(y,-)fN(t,y—(wN),—;)dyi) 2.1

} = O’

Vi

yi=xj
T=(wy, ; RY, Vi<i<N

(wn).; = (Wi, .- WNiN) € RT, <i <N,

where § is the Dirac delta function at the origin. The “spike vector” (w N)Tl. corresponds
to the ith column of connectivity matrix wy that account for the jumps when the ith
neuron fires.

From the Kolmogorov equation, we may derive equations on each observable.

N

Proposition 2.3. Assume that j,v € W' and constant o > 0. Let wy = (wj,j;N)’ =1

be the connectivity matrix and (X(};N, RN XéV;N) be the initial data with gy =
Law(X, ™, ..., x).
Then there exists a unique solution (X,l;N, R XtN;N) solving SDE (1.1) forallt > 0,

whose law
fn(t.) =Law(X N, x NN

is the unique distributional solution of the Liouville equation (2.1) with initial data gn. In
addition, the observables

wn(T) = tn(T,wn, fN), YT €T
solve the extended version of the BBGKY hierarchy with remainder terms: Forall T € T,

drtn (T)(1. 2) 2.2

7|

2
-y {[—azm(u(zm)mm(t,z» + 20 ey (1)0.2) v (1) 2)
m=1

Vn;ém]

Un=2Zpn

+ 8o<zm)( [R ) (e (T) (12 10) + Ry 2o (60)) dum)

., [ /R V)N (T + m)(E.2) + R 7141 (6 2)) dz|T+1]},
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where the remainder terms are given by

N
RN T.m(t,2) = Z wN,T (i1, 7))

i1l =1 1o i15eesd [P
< (S — g = fy T @ ),

) LN 2.3)
:RN,T,m(t’Z)::/ Z w7 (i1, ..., 0T

i =1 P15eensl 1 seeesd i1yeensd
X (fN \T\([ z—rwyl” \TI) f \T\(t Z))

and the w;\l,’_']'-"lk are defined as the restriction of the “spike vector” (w N).Tj to the marginal

space, namely

wiv ™ = (Wi, jn)koy = Wiy gy wiy ) € RE

The proof of the proposition will be done in Section 5.1. Unlike the standard BBGKY
hierarchy which usually gives a closed equation involving fyx and the next marginal
JN.k+1. the hierarchy of equations derived here is only approximate as the remainder
terms do not only depend on our observables. Thus, an essential part of our approach is to
prove that as the strength of pairwise interaction max<; j<n |w; NE -~ | goes to 0 (which is
assumption (1.8) in Theorem 1.7), those remainder terms R and R vanish in the H, 10k
sense. As we mentioned earlier, it is a main motivation for choosing H 18k a5 ts spemﬁc
form. This result is precisely formulated in Proposition 3.6 in the next section.

We also note that the presence of the remainder terms R and R is not only a conse-
quence of the Poisson jump process. Consider the more classical first-order dynamics

. . t ., ! . .
XN = xg +[ w(XEN) ds +/ o(X;*N) dB]
0 0

+Zw”1\z/ v(XEN XTI ds.
J#i

Depending on the specific form of v (-, -), the term R N,T+m,|T|+1 May vanish, but the term
RN, T,m is always present. More than the specific form of the dynamics, the remainders
reflect the more essential difficulty that interaction between the first k neurons iy, ..., i
cannot be fully described by the observables as defined in Definition 1.2.

This is also one of the crucial distinctions that separates the method in this arti-
cle from [55]. The observables in [55] are similar to the limiting observables 7, in
this article, but are constructed from the solutions of the McKean—Vlasov SDE where
the interaction felt by one agent X%V is determined not by the exact X7V, but the
Law(X/*N). This leads to a simplified hierarchy without remainders. On the other hand,
in this article all the observables are constructed directly from the solution of (1.1), hence
the extended, approximate BBGKY hierarchy (2.2) reflects the dynamics of the original
non-exchangeable system.
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We conclude the subsection with a priori estimates of the absolute observables |ty |
whose proof is also postponed to Section 5.1.

Proposition 2.4. Let N > 1, t,, > 0, and o > O (which determines n = 1,,). Assume that
the connectivity matrix wy = (wi’j;N)z!\,]j=1 and joint law fy € L*®([0, ts]; My (RN))
solves the Kolmogorov equation (2.1) in the sense of distributions. For any T € T, assume
thatatt = 0,

7w 1T O, )0 T yymiry < Cp(T) < 0.

Then there exists Ay > 0 only depending on o, |||l w10, Vw1, 0, and

maX(m.aX E |w;, ;N |, max E |wi,j;N|),
i ; J ;
such that

e (T E T ymiry < Cu(T)(exp(Ayt )T, Vi € [0,14],

and
Hew (1)) yrom < Co(DK 2@y exp(At) T Vi€ 0.0]. 24)

Let us emphasize again that this proposition is about |ty | the absolute observables,
which are non-negative measures obtained by linear combinations of laws ]i,l """ 1<
i1,...,ix < N.We do not expect a straightforward extension to the 7y as the potential
cancellations of positive and negative terms in the dynamics makes the problem much less
tractable.

2.3. From the limiting Vlasov equation to the limiting hierarchy

The following proposition states that the limiting observables to, defined from the lim-
iting Vlasov equation (1.3)—(1.4) satisfy the limiting hierarchy (2.5), which is similar to
the BBGKY hierarchy (2.2) in Proposition 2.3 but without the remainder terms R and
R. In that sense the limiting hierarchy provides closed recursive relations of the family
T70o(T), for all T € T . In particular, the quantitative estimates proved later would imply
the uniqueness of solutions to the hierarchy for a given choice of initial data.

Proposition 2.5. Assume that i, v € WL and constant o > 0. Then for any t, > 0,
o > 0 (which determines n = ny), any connectivity kernel w € ‘W, and any initial extended
density g € L*°([0, 1]; Hn_l N M4 (R)), there exists a unique

f e L=([0.6] x [0, 1]: Hy'' N My (R))

solving the Viasov equation (1.3)—(1.4) in the sense of distributions. Furthermore, the
observables 150(T) = too(T,w, f), forall T € T are bounded by

. |T|—1 |T| -
”TOO(T’wv f)(t’ )”Hn—l@\ﬂ = ||w||'W ”f”L?oE(HrTl)x’ Vi e [O»I*L Ted ’
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and solve the following non-exchangeable extended version of the Vilasov hierarchy: For
allT €T,

at‘E()o(T)(l’ Z)
IT|

= m2=:1{|:_azm (M (Em)Teo(T)(t, 2)) + %28;” Too(T)(t, 2)
_ I)(Zm)foo(T)(l, Z) + SO(Zm) (/ \)(1,{m)‘[oo(’]")(l‘7 M) dum)
R

Vn;émi|

Upn=2Zn

~os,] [ vmner £ me ) dzr ) @5)
The proof of the proposition is again done in Section 5.1.

2.4. Quantitative stability estimates between the hierarchies

We are now ready to state the main quantitative result in this paper, which compares the
observables tx (T, wy, fy) satisfying the approximate hierarchy (2.2)—(2.3) to 1o0(T)
satisfying the limiting hierarchy (2.5). The proof of the theorem and the exact derivation
of constants Cy, C; in the estimate are performed in Section 5.2.

Theorem 2.6. Assume that [, v € WL constant o > 0 and N > 1. Let wy :=
{1,..., N} be marginal laws, from which the hierarchy of observables tn (T, wy, fN)
and the absolute observables |tn |(T, wy, fn) are defined and satisfy (2.2)—~(2.3) in the
distributional sense. Denote the strength of pairwise interaction as

Wy = max |w;i .|
1<i,j<N
In addition, let 1oo(T) € L®([0, t+]; M(RITY), for all T € T satisfy (2.5) in the distribu-
tional sense.
For some choice of A > 0 and a > 0 (which determines n = 1), assume that there
exists n € N such that

g:= Cilexp(2 + 2a)nwy) — 1] + (1/H" < 1,

where Cy is a constant depending only on | ||w1.c0, |V||w1.00, 0 and the scaling factor
A > 0. Then the following estimate holds: For any tree Ty € T,

sup(1/8) ™o (T v f)(t:2) = oo TEI, o (2.6)
i} A/8)IT &
< GGy {max(&. max (éT;nw(T,wN,fN)(o,-)—roo<T)(o,~)||§,n_l®n)}c,

max(n,| Tx|)
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where Cy depends only on ty, ||| wico, |V||wi.co, 0, and A > 0, and where Cj., depends
on the following a priori estimate:

Al
sup ??% )l 2 (e (T, w, TN yrem + ||Too(T)(l,')||Hn—1®\T|)
max(n,|Tx

< Cyp. 2.7)

Remark 2.7. The values of A, «, and n must be chosen carefully for this result to be
useful. The scaling factors A and « need to be selected so that the various norms in the
theorem are finite, to fit with the existing a priori estimates. Also, we need to have n such
that € is small enough, which would typically lead to taking n ~ %. However, n also
enters into the definition of Cj., in an implicit way as a larger value of n forces one to
take the max over more trees 7. Hence the actual optimal value of n is not so easy to
determine unless (2.7) is a priori given where the maximum is replaced by the supremum
over alltrees T € T .

Stability and uniqueness estimates on the kind of generalized hierarchy that we are
dealing with here are notoriously difficult, with only limited results available. As we
mentioned before there are obvious similarities between our approach and the hierarchy
derived in [55] or the strong estimates on the classical BBGKY hierarchy in [13] (leading
for example to the mean-field limit to the Vlasov—Fokker—Planck—Poisson equation). We
also mention results around the wave kinetic equation in [31,32].

A major difference in Theorem 2.6 is that the observables Ty do not solve an exact
hierarchy and the remainder terms only vanish in some weak norms. As we briefly
explained earlier, this forces the use of the H,, 18I7] norm both to control the remainders
and to have appropriate commutator estimates, which is the main technical innovation in
the paper.

We also emphasize that the general method used to derive stability estimates relies on
recursive inequalities, which often leads to a blow-up in finite time. This does not occur
here because we can derive a priori estimates, namely (2.7) from Proposition 2.4 and
Proposition 2.5, that are strong enough with respect to the weak norms that we are using.

2.5. Proving Theorem 1.7 from our quantitative estimates

We conclude this subsection by explaining how Theorem 1.7 follows from all the estimates
presented here.

Proof of Theorem 1.7. The first step is to make sure that we can apply Theorem 2.6 from
the assumptions (1.7)—(1.10) in Theorem 1.7. More precisely, we tend to show that (2.7)
in Theorem 2.6 holds for some well-chosen A > 0 and Cj.; > 0, and the maximum over
|T'| < max(n, |Tx|) can actually be replaced by the supremum over all trees T € T .
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Recall that for any k > 1,

k
n?k(zl,...,zk) = Cfexp ( Z V1 +a2272n),

m=1
hence

k k

exp ( 3 a|zm|) <1 (1. z7) < (Caexp()F exp ( ) a|zm|).

m=1 m=1

Thus, from assumption (1.9) in Theorem 1.7, the following two inequalities for the initial
data can immediately be derived:

sup |7 |(T)/0. TN ymiry < (MaCaexp()T), VT €T,

£~ Mgz, = I1Klz2) MaCa exp(l).

Now, applying Propositions 2.4 and 2.5 to the two initial bounds, we obtain the exponen-
tial moment bound

IT|

sup [ exp(a 3 bl lew T 02

N m=1

®|T| |T] —
< N (T E 2T yemirty < (MaCaexp(1) exp(Apts)) . Vi €[0.4].T € T,
and a priori energy bounds
Hew (T yrem < (1K (2@ MaCa exp(D) exp(Ayta )T Vi €[0.0]. T € T,

' IT|~1y ¢l e
7o (7. w, ). ) yreir = [wllyy ”f”L;’jg(Hn;‘)x’ Viel0.t], TeT,

where the coefficient A, inside the exponent now only depends on a, ||it|| w100, [|[V][w1.0,

o, and
max(max > lwi iy, max ) Iwi,j;N|)~
1 X J -
J i

This guarantees (2.7) where the maximum over |7| < max(n, |T«|) is replaced by the
supremum over all trees 7 € 7, with A, C; ., chosen as

A = min((|| K||z2®) MaCa exp(1) exp(Apts)) 2,
(max([|wllw, l)llf”L(t),Og(Hr]_l)x)_z)’ Cip =1

Hence the assumptions of Theorem 2.6 are satisfied and we apply it to the following point:

* Using (1.7) and (1.9), we choose the coefficients o € (0,a), A > 0, C;., > 0in (2.7)
independent of N, and the supremum in (2.7) is taken over all possible 7" € 7. This
implies in particular a uniform bound on exponential moments with coefficient a > 0
so that Lemma 2.2 applies.
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Fix T, € 7. For any ¢ > 0, choose sufficiently large n, such that

[T |
(A/8)"' % CaCrp2(1/4)"]1/2C2 < ¢,
By (1.8), we choose a sufficiently large Ny, such that for all N > N; the corresponding

Wy = max |wjj;N|
1<i,j<N

is sufficiently small such that
Cilexp((2 + 2a)nwy) — 1] < (1/4)".

Notice that there are only finitely many 7" € T satisfying |T'| < max(n, | Tx|). By (1.10)
on the weak-* convergence of initial data, and by Lemma 2.2, choose a sufficiently
large N> > 1 such that forall N > N»,

max A/8) T ta (T wn . fv)(0.) = Too (T)(0, Iy reim /(4CE,) = 201/4)".
max(n,|Tx])

In summary, for any T € 7 and any ¢ > 0, by taking N > max(Ny, N;) according to
our previous discussion and applying Theorem 2.6, we obtain that

sup ”TN(T*v wnN, J{]\/)(l‘7 ) - TOO(T*)(I’ ')”H*l@\T*\ =e
1€[0,4] "

Invoking Lemma 2.2 again, we finally deduce that
Nlim v (T, wy, fa)t,") = to(T)(,), VYT €T
—00

in the weak-* topology of L°([0, t«], M). |

3. The weak norm and the exponential moments

3.1. Basic properties

We first revisit our definition of the kernel K, and introduce another kernel, denoted as A,
as follows:

K(x):= %/0 exp(—|x|cosh(§))d§é, A(x) := %exp(—|x|), Vx e R.

For x > 0, the kernel K is, in fact, the zeroth order modified Bessel function of the sec-
ond type. From the known properties of Bessel functions, K is a non-negative, radially
decreasing L? function, and satisfies

1

V1 + 4n2g2’

K«xK=A, K@E= fR K(x)exp(—2mix€)dx =
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It is easy to extend the identity K » K = A to the tensorized kernels K ®% » K®k = A®k
which yields the following equivalent formalism of H ~'®¥ by Fourier analysis:

k 1 ) )
ZLmillﬂzﬁgyGV@@

In one dimension, it is straightforward that our notion of the H —1®k _horm for k = 1
is equivalent to the negative Sobolev norm of H~1(R), i.e.

I/ l-100 = 1L/ -1 w)-
provided we define H*(R) as
el = [ (1 +4n26 2O d.

for any s € R.
This also gives us the duality formula

| fllg-s®) =  sup
lgllesry<1

’

f F()g(x) dx
R

and the inequality from the Leibniz rule for s = 1,

= sup gl fla—

lglg1=1

<2|pllwre | flla-1@®)-

lVfllg-1y = sup
lgllz1<1

A g ()v(x) £(x) dx

3.2. Tensorization properties

1®k

In higher dimensions, our notion of the H ~'®*_norm is the tensorization of the H~!(R)-

norm to R¥.

Lemma 3.1. For any weight function n: R — R, one has

1LF S e = A la1@)* 1L e = (U i )*

Proof. One has that

®k |12 —
1 e = [

ze

k
®k , ( £k ®k 24, _ . 2 dz,,
Rk[K () (@) dz m|=|1 /ZmeR[K (fm(zm)]” dz

= (||f||H,71(R))2k-

The unweighted case of H~'®* is naturally included by choosing 1 = 1. n
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1®k

It is important to emphasize however that the tensorized H ™" ®”-norm is weaker than

the standard H ~' (R¥)-norm since in the Fourier domain

ﬁ 1 « 1
ol 1 + 472¢2 1 + 472 Zl;z=1 %'

This shows that the energy distributed along the diagonals of the Fourier domain have a

much smaller contribution to the tensorized H ~'®¥-norm than to the H ~!(R¥)-norm.
Similarly, while it is possible to include M (R¥) into the standard H ~* (R¥), the order

s > 0 in such Sobolev inequalities depends on the dimension k, namely s > k /2. On the

other hand, the following lemma holds for our notion of H —1®k _porm.

Lemma 3.2. Consider g € M(R¥) and any weight function n € L' (R, Ry such that
n®k is integrable against g. Then

. k k
Igllg-10r == I1K®* * gllp2miy < K72 ll€ ]l accre):
. k k k k
gl g 100 2= IK® % (gn®)L2mey < 1K IS 2) 1€ acrry-
Proof. The proof is a simple application of the convolutional inequality. ]

Hence M(]R{k ) is naturally included in H —1®k and can also be included in H,,_ 1®k
provided that the measure has the right moment bound.
The next lemma extends the inequality from the Leibniz rule to any dimension.

Lemma 3.3. Consider v,, of the form
Vm =1®®V®®1,

where v € WL(R) appears in the mth coordinate, i.e. v (z) = v(z,). Then for any
f e M(R*) N H1® the following inequality holds:

[vm [l -1k < 2[[v w10l f 1| g-10k
while for f € M(R*) N Hn_l@k, we have the corresponding

lm g 166 < 200 lrcoqry L./ 110t

Proof. Let us first discuss the unweighted inequality and without loss of generality con-
sider v that is non-constant in the kth dimension. Let us introduce the Fourier transform
on the first k¥ — 1 dimensions,

FET @ RFI xR — RFI xR,
It is easy to verify that

(FO @ I)(K®* * (v f)) 6o ket 2k)

( 1_[ m)“ xR F STV e z0).
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By the Plancherel identity,

2
”ka”H 19k
2

)(K o R F S & Bz e dEdz

/(0 s
/(1‘[ e N e B I G

Since v € W1 (R),

[ F O ) Er o e ) - )
< 2|vllwroemllF B L B ) -1 )

Hence

2
||ka||H—1®k
k—1

1 o Rk
= 4||V||%Vl,oo(R)/( I1 m)”d"@k HfE e ) gy dEr - A
m=1 m
= 4||V||%4/1,00(R)||f”i1—1®k’

which completes the proof of the unweighted inequality. Finally, for the weighted inequal-
ity, we can apply the unweighted inequality to obtain

k k
lvm £ 1l g0 = Nvm f 02 106 < 200 llwroe | 0% |l -1

= 2[vllwre LS 1l g0k .

3.3. The weak-* topology on measures
Now we proceed to the proof of Lemma 2.2, restated here.

Lemma 3.4. Consider anya > 0, C, > 0, 0 < a < a (which determines n = ny) and any
sequence

{81 C {8 € MRY): feexpla Ypmy lzmDgl@2) < Ca} (Bu)
Then the following are equivalent:
* gn X Zoo under the weak-* topology of M(RK).

¢ ”gn _g°°||H,71®k — 0.

Proof of Lemma 2.2. A sequence {g,}52, satistying (3.1) is uniformly tight and bounded
in total variation norm. By Prokhorov’s theorem, {g,}"> is sequentially precompact in
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the weak-* topology. Assuming now that ||g» — oo || y—1ex — 0, the definition of H, 1®k
n

directly implies that (g, — goo)n®* converges to 0 in the sense of distributions. Since
N = Ny is smooth, bounded from below and from above on any compact subset, it further
yields that g, converges to goo, still in the sense of distributions. Hence we immediately
have that g, — goo under the Weak-* topology of M (RF).

Assume now only that g, = Zoo under the weak-* topology of M (R¥). First recall
that

k
n®(z1, ... zk) = Crexp ( Z VI+ 0422,2,,) < (Cyexp(1))¥ exp (
m=1

The kernel A®¥ is Lipschitz. Hence the convolution A®¥ x (g,17®¥) is also Lipschitz, by

IA®E % (g21®0)lwrce < IAPK ool gnn® 1| ac-

By the exponential moment bound (3.1), we have

k k
lgnn®* lac = (Cuexp(D)F /R k exp(—<a —a) Y |z,,,|) p( > IZml)lgnl (dz)
m=1

m=1

k

Za|zm|).

m=1

< (Caexp(1))*Ca.
This implies that g, n®¥ is precompact and hence converges to goon®¥, so that
k % (gnn®k) — ¢ — A®k % (goon®k) c C(Rk)

uniformly on all compact subsets of R¥. Let p € C..(R) such that 0 < p < 1, p([—-1,1]) = 1,
supp p C [—2,2], and denote pr(x) = p(x/R). Then

Il = /zeRk(g””®k)(Z)[A®k * (gnn®*)(2)] dz
< [ @@ i
+ /ZeRk (gn71®F) () (A % (gan®*) — $)pSF) (2) dz
+ /zeRk (2n1®) (@) (A % (gan®)) (1 — pB5))(2) dz

=L+ L+ Ls.

We note that ¢p%k is continuous and compactly supported so that, for a fixed R, L
converges to 0 from the weak-* convergence of g,. Also, L, directly converges to O for a
fixed R from the uniform convergence of A®¥ x (g,7®¥) to ¢ on compact sets.

Finally, for any ¢ > 0, choose sufficiently large R > 0 such that

e/6
T | A®K| Lo (Co exp(1)FCZ

[Cq exp(l — (a —a)R)]F <
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Then
Ls = A% Lo (Ca exp(1)Ca / I O SIOLS
ze
< [A®¥ ]| (Ca exp(1))* CalCa exp(l — (@ =) R)* Ca < ¢/6.
This shows that L3 converges to 0 as R — oo uniformly in 7, which concludes. ]

3.4. Bounding the remainder terms

As a first example of an application of our weak norms, we can derive a quantified weak
convergence of the remainder terms R and R in (2.3). However, L?-norms are too sen-
sitive to the pointwise density of the distribution, which makes it difficult to quantify
vanishing translations. The following lemma shows how such translations are smoothed
when mollified by A®*, making the behavior of R and R milder in the H'®* sense and
laying the ground for our future commutator estimates.

Lemma 3.5. For any non-negative measure f € M, (R¥) and vector w € R¥, the fol-
lowing pointwise estimate holds:

[(A®% )z —w) — (A®F x £)(2)] < [exp(lwllp) — 11(A®F « f)(z), VzeRF

Proof. 1t is straightforward that

(A% % £)(z —w) — (A« f)(2)] < /R IA®K(z —w—y) = A®F(z = )| f(y) dy.

From the formula,
k
1
®k _ _
A% () = 5 exp( Py |zm|),

we have that
IA®K(z —w — y) = A®*(z = )| < fexp(w]lo) — 1AZK 2 = y).
We conclude the lemma by multiplying both sides by f(v) and integrating by y. ]

The following proposition summarizes the estimates of R and R terms.

Proposition 3.6. Consider any o > 0 (which determines n = n,,), any connectivity matrix
wy € RNV and any joint law fy € My (RN). Let RN, T.m and iN,T,m be the remainder
terms as in (2.3) and let |tn|(T) = |ty |(T, wy, fn) as in Definition 1.2 (where the
variable t will be neglected). Then the following estimate holds:

2 D 2
max(”fRN,T,m ”Hn—l@\T\ , ”:RN,T,m I|H7]—1®IT\)

< [exp((2 + 2a)c(wy . [T1)) — 1]| |IN|(T)||277—1®|T\’
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where
cuy. |T)) 1= min(|T|(n;3x |wi,j;N|),max(mjaxZ il max Y |wi,,-;N|)).
, : j

Notice that the right-hand side of the inequality is the “absolute” observables |ty |
instead of Ty as non-negativity plays a role in the proof. The constant & > 0 takes the
effect of weight n = 1, into account.

Proof of Proposition 3.6. Once we obtain the bound for Ry 7,,, we can derive the same
bound for R N,T,m by the Minkowski inequality. Hence, let us only consider Ry, 7. For
simplicity, we also omit the ¢ variable in the proof.

By definition,

L I L 1O S O e

= f (R 21 A®" % Ry, 1mn®")(2)] dz.

‘We recall the notation

iyt T
w]\lf,] ! = (wil,j;N)‘lzll,
so that
Bl s < min(|T|(rrl;e}x|wl-,j;N|),max(mjaxZ Iw,-,j;Nl,mlaxZ Iw,-,j;N|))

i J
= c(w,|T]).

By Lemma 3.5, since the marginals are non-negative,

[A®" % (Ry,7m11®")(2)]

N
<o S Jumrlin. )]
=N . N, T\l1,...,T]|
11 5eeey l|7~|=1

N
= Y fwwrGn i llexp((] + @), T]) — 1]

= [exp((1 + @)c(w, |T])) — H[A®" » (|tx [(T)n®")(2)].
Then

”RN’T”””Z;@‘T' =< [exp((1 + @)c(w.[T])) — 1]

x / (R n®)OIA®" % (o [(T)n®")(2)] dz
RITI
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< [exp((1 + @)c(w,[T1)) — 1]
x Am [A®" % (RN, 7" [(][([Tw [(T)n®")(2)] dz.

We hence need also to bound A®”"  |Ry.7,,1n®"| with the absolute value inside but

(A®" % | RN, 7m1®" ) (2)

N
LS fuwrGn i
= — w
N 2 N, (i1 IT|
11 eees iir=1

= 2A%" % (|tn [(T)n®")(2)
N

1
+ >0 lwnrr... i)l

i],...,i|T|=1
x [A®n * ((f]i]ls...,”T\(' _ w;\]],’lm,l\T\) _ IG,-..,I\T\(_))U®I1)(Z)].
Hence again by Lemma 3.5,

(A®" * | Ry, 7.mn®")(2)
<2A®" % (|tn [(T)n®")(2)
N

1
+ Yo lww G- sirpllexp((+ @)e(w, |T)) — 1]

= [exp((1 + a@)c(w, |T])) + 1[A®" » (Jtx [(T)n®")(2)].
In conclusion,

”RN,T,m”iin—l@lT\ < [exp((1 +@)c(w, |T])* — 1]

X /];gm [A@" * (|TN|(T)n®n)(Z)][(|TN|(T)7]®n)(2)] dz

= [exp((2 + 2)c(w, [T])) — 1]]| |TN|(T)||2;1®|T\- u

3.5. Bounding the firing rate through exponential moments

We present here another set of technical results which show how to handle the weight
function in our subsequent commutator estimates.

Lemma 3.7. Consider the weight function 1 = 1o and any signed measure f € M(R).
The following estimate holds:
= ‘ [ vf dx
R

/];KK*(vf)dx

where C(a) only depends on o > 0.

= C@[vliwroollf g,




P.-E. Jabin and D. Zhou 306

Proof. Only the inequality in the statement is not trivial. Choose now a non-negative,
smooth function ¢ with compact support supp¢ C [—1, 1], such that ¢; = ¢(- —i),i € N
form a partition of unity of R in the usual sense that

o

Z po(x—i)=1, VxeR.

i=—00
/ pdx = 1.
R

=y ' /R (v/n) fn i dx

i=—00

=y ‘/Rsv*((v/n)fnsoz')dx

i=—00

<c ¥ ([ios@mmepar)

i=—00

It is easy to verify that

Then

/vadx

- ] / (v/n) frdx
R

where in the last line we use that each integrand is supported in [-2 + 7,2 + i].
From the smoothness of ¢, its Fourier transform can be bounded by

C

> —— = CK(®).
@) < NiEwr=r= €3]
Hence we further have from Lemma 3.1,
[ orax fCi;oo(/RIK*((V/n)fnwi)l2dX) ,
<C Z II(V/??)%'IIWLoo(fRIK*(fri)IZd)C)2

o0
3 ||<o,-/n||W1,oo)||v||W1,oo||fn||H-1,

i=—00

ef

where the constant C is some universal constant which may change line by line.
Since each g; is a translation of ¢ and has supportin [—1 4 i, 1 + 7], it is easy to check
the uniform bound

7 llei/nlwre < C(1L+a) Y exp(—ali]) < oo,

i=—00 i=—00

where the constant only depends on the particular choice of ¢, which concludes the proof.
(]
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This lemma also admits the following tensorization.

Lemma 3.8. For f € M(RF) N H;l@k’

2
A;,H (/R K®k*((vm/nm)frI@k)(t,Z)dzm) [ dza

n#m

200,112 2
= C@7Ivllpree 117 -10k
n
where we recall the notation vy, = v(zy,) and Ny, = 1(zZm).

Proof. Without any loss of generality, we may assume m = k and define

g(2) = [K® D sy gony (f12*D)](2)
k—1

k—1
= /I‘qu 1_[ KWy —zp) f(U1, ... U1, Zk) 1_[ n(uy) duy,.
n=1

n=1
Then, from the previous lemma,

2 k—1

fo (5o # @ermorn®ynraz) T o

2k—1
= /Rk_l (/l‘{v(zk)g(t,z) dzk) }:[1 dz,
k—1

< [ C@PWn 1K ot Cone 21,2007 [

k
= C@P Il [ (K« (F12900 210200 [
n=1

which concludes.

4. The limiting observables from the Vlasov equation

307

This section is centered on the limiting observables too (T, w, ), T € T . We first show
that Definition 1.6 is still correct when the kernel and extended density are merely w € ‘W
and f € L°°([0, t«] x [0, 1]; M4+ (R)). We also prove Proposition 1.8, which shows the
compactness can be attained not only at the level of weak-* topology of each limiting

observable 7, T € T, but also directly at the level of w and f.

Contrary to the rest of the paper, this section owes much to the technical framework

developed in [55], which extends to our setting.
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4.1. Revisiting the definition of limiting observables
The main kernel space W in this article was defined in (1.5), and is restated here:
W= {w e M([0,1]%) : w(§ d¢) € LE([0, 1], Mc[0, 1)),
w(dg. §) € L ([0, 1], Me[0. 1]},
lwll o= max{wllge e, |0l ze.ne -

The motivation for introducing this Banach space in its current form lies in its capability
to act as an L? — L? mapping.

Lemma 4.1. Consider the following bounded linear operator:

W x C([0. 1]: B) —L>([0. 1]: B).
(w. ) > / $(Ow(-do),
[0,1]

where B stands for any Banach space such as L? (R). Then this operator can be uniquely
extended to 'W x L°*°([0,1]; B) — L*°([0, 1]; B) with

H f $(Ow(-d7)
[0,1]

< lwlwll¢llrqo,11;8)-
L7([0,1];B)

Proof. The cases for p = 1 and p = oo can be checked through a careful but straight-
forward density argument, for which we refer to [55, Lemma 3.8]. Extending the result to
1 < p < oo is an application of a textbook result of interpolation between Banach spaces,
which can be found in [6] for instance. [

The integrals appearing in Definition 1.6 can then be made rigorous by sequentially
consider the integrations as operations L? — LP?. To assist such an argument, we again
follow [55] and introduce the following countable algebra, which, as we will see later,
contains all the necessary information to reproduce the limiting observables oo (7, w, f),
TeT.

Definition 4.2 (A countable algebra). We denote by T the countable algebra of transforms
over spaces of arbitrarily large dimensions which is built as follows: For each transform
F € T there exists k € N (called the rank of F) so that F maps each couple (w, f)
into a signed measure F(w, f) € L*([0, 1]; M(R¥)). The full algebra T is obtained in a
recursive way according to the following three rules:
(1) (Seed). The elementary 1-rank transform Fy: (w, ) — f belongs to the alge-
bra T.
(ii) (Graft). Let Fy; € T and F, € T be k;-rank and k,-rank transforms respectively.
Then the following (k1 + k;)-rank transform (F; ® F>) also belongs to 7

(F1 ® F2)(w, f):
G210 o Zkg k) = FL(w, O)E 21,z ) Fa(w, 1)E 2k 410 -+ Zkg 4k )-
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(iii) (Grow). Let F € T be a k-rank transform. Then the following k-rank transform
F* also belongs to T:

F*(w, f):
(S,zl,...,zk)|—>/ F(w, /)¢, z1,...,z)w(E, d0).
[0,1]

The following lemma shows that the transforms of the countable algebra T are well
defined on ‘W.

Lemma 4.3. Consider any kernel w € ‘W and extended density f € L*(|[0, 1]; Hn_l N
M4 (R)). Then for each F € T, the signed measure F(w, ) is well defined and belongs
to L°°([0, 1]; Hn_l@k N M (RF)) for some k € N. Moreover, as n — oo,

Fw®, f®)y — F(w, f) in L*([0,1]; H; '®%)

for any fixed F € T, any sequence {f(”)},‘i":1 uniformly bounded in L*°([0, 1]; H,]_1 N
M4 (R)), and any sequence {w(”)},c;":1 uniformly bounded in ‘W, satisfying

= in L0, 1]: H; ' (R)).
w™ (€ Q) >w(E Q) in LgH; ' NLFH "
We note that since ¢ € [0, 1], we have that LgH ¢ 1c Lgo M; with compact embedding.

Proof of Lemma lem:tree_algebra. We use an induction argument based on the recursive
rules in Definition 4.2.

(i) The seed element Fo(w, f) = f is well defined and belongs to L°°([0, 1]; Hn_l N
M (R)).

(i) Consider two elements Fi(w, f) and F>(w, f) that are well defined and satisfy
Fi(w, f) € L=(0, 1]; H, "5 0 MRS)), i =1.2.
Because both norms are stable under tensorization, for the combined element we have

|(F1 ® F2)(w, f)llLeo(0,1]:B:©B2)
< [IF1(w, H)llzeqo,13;8) 1 F2(w, f)llL=(0,11;8,)

where we may choose either B; = H,,_1®k1, B, = H,,_l®k2, B ® B, = H,,_1®(k' +k2),
or By = M(R¥1), B, = M(R*¥2), B; ® B>, = M(R¥1*2), Hence,

(F1 ® Fa)(w. f) € L®((0. 1];: H'®®+k)  y(rFthy),
(iii) Consider an element F(w, f) that is well defined and satisfies

F(w, f) € L=([0, 1]; H,'®* 0 M(RF)).
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Applying Lemma 4.1 with p = oo with either B = H, 18k or B = M(RF), for the grow
element we have

IF*(w, f)llzeoqo1;8) < lwlwlFw, )llLqo,11:8)-

Hence,
F*(w, f) € L0, 1]: H, ' 0 ML (RF)).

Since T is generated by the three rules in Definition 4.2, the above argument shows
that any F(w, f), F € T is well defined.

We can use a similar argument to prove the convergence F(w®, f™) — F(w, f)
for any fixed F € 7.

(i) For the seed sequence, Fo(w'™, f™) = £ — £ in L>°([0, 1]; Hn_l(R)), hence the
convergence also holds in L2 ([0, 1]; Hy L(R)).

(ii) Consider the two sequences Fi (w™, f®) and F>(w™, f™) satisfying
Fiw™, f™) - Fi(w, f) in L2([0,1]; H,'®k),i = 1,2.

Then by introducing the intermediary element Fy (w™, f™) ®, F>(w, f) and by apply-
ing the triangular inequality, we have

I(F1 ® F)(w™, f™) — (F1 ® F2)(w, f)
< |Fi(w™, ™)

L2([0,1];H,,_1®(k1+k2))
ok | Fa(w™, f™) — Fy(w, f)]

+ || Fy (w(n)7 f(")) — Fi(w, f)HLZ([O,l];Hn*l@kl)||F2(w’ f)”LOo([O,l];H,?l@kZ)'

Lo ([0,1];H. L2([0,1];H, ' ®*2)

As n — oo, we immediately have
(F1 ® F)(w®, ) - (F1 ® Fa)(w, ) in L*([0,1]; H, '®®17)),
(iii) (Grow). Consider a sequence F(w™, f ) satisfying
Fw™, f®) — F(w, f) in L2([0.1]: H,'®F).
The difference between the grow sequences is given by
||F*(w(n), f(n)) — F*(w, f)||L2([0’1];H;1®k)

- H / F®, )¢, yw® (&, dt) - / F(w. £)(.)wE dE)
[0,1] [0,1]

L2(0.1]: Hy %%y

Introduce any ¢, € H'([0,1]; H”_1®k) approximating F(w, f) in L?([0, 1]; Hn_1®k) and
the intermediary elements

/ Be(C. 0™ (£, A7), / $e (£ Yw(E. ).
[0,1] [0,1]
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Then, applying the triangular inequality and Lemma 4.1 with p =2, B = H,; 1®k

have

, We

|F*w™, £™) - F*(w, f)||L2([O,1];HW_1®k)
< o™ Nl F@™. £ ) = el 12 0,11, 10%)
+ 1wl wlF o, £) = Gell 2 o srr-ot
+ w™ = w2 g1 e ll 71 10,13 1212y
Letting n — oo and ¢ — 0, we conclude that
F*w®, f™) — F*(w, f) in L*([0.1]: H,'®¥). =
The following lemma shows that it is possible to recover the limiting observables
Too(T,w, f), T € T from F(w, f), F € 7.
Lemma 4.4. For any tree T € T, there exists a transform F € T such that

Fw, /)¢ z1,....21)

IT|

= (/ wr (§1,...,&1)) H f(Em,Zm)dEr--dSTl)
[0,1]71-1 m=1

1=¢

where the variable &, corresponding to the root of T is not integrated. As a consequence,
to(T,w, f) = /[‘ | Fw, )&, z1,....z1)) dL.
0,1

Proof of Lemma 4.4. For the tree T; € 7 with only one node, the corresponding transform
in T is the seed element Fj. It is easy to verify that

Fo(w, f)(§,21) = f(§.21),  Teo(To,w, f)(z1) = /[0 ; (€ z1)dg.

For any tree T € T with more than one node, let iy,...,ix € {2,...,|T|} be all the
nodes that are directly connected to the root 1, and let 71, ..., Ty be the subtrees of T
taking iy, ..., i as their roots. Suppose by induction that we have found corresponding
transforms Fy, ..., Fy for Ty, ..., Ty. Then
IT|
/ wr .o ) [] £ Em ) dse. .. dEir)
(0,17t m=1
k
— f(r.7) 1‘[(/ wen gy [ we.g) [ £ zm>dsm)
1=1 W01 (.1)eE(T)) meT,

k
= f(i:lvzl)l_[/ Fl(wv f)(éil,zilv-~-)w(§§1’dé§i;) = F(wv f)(slvzlv~~~vZ|T|)°
1=1"10:1
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Up to an index permutation (so that if i € Ty, i’ € Ty, [ < I’, then i < i’), it can be
reformulated into the more straightforward form

k
Fw, f) = [Fo ® ®<Fz)*}<w, ).
=1

showing that F is obtained by making each F; grow (by rule (iii)) with depth 1, then
grafting (by rule (ii)) all of them together with another seed element Fy (by rule (i)). m
4.2. Compactness of the limiting observables

We now turn to the proof of Proposition 1.8.

Proof of Proposition 1.8. To prove (1.13), let us define S”(N) :={1,..., N}™ and
Sina(N) i={(i1, ... im) € {1,...,NY" : 3j # kst.ij = ir}.
Recall that

N
BN = Y Nwijivlim 1@z (),

i,j=1
5 N
N8 =) )i (8.
i=1
Since we have independence, it is straightforward that

IT|

/[0 o T et [ fwtndom der. . deir
’ m=1

(1,1"e&(T)

too(T, W, fv)(d2)

IT|

1 .

v 2 T i IT 7 @z

(i1semijr€ (1,1)€8(T) m=1
SITI(N)

On the other hand, again from independence,

7|

1 .
o (Town, fn)d2) =+ Y7 [T wiiew [] for @zm).
(il,...,i|T|)€ (l,l’)eé’(T) m=1
SITIN\S )L ()

where the terms involving repeated indexes are excluded from the summation, contrary to
the case of 7.
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Therefore the difference is controlled by

Too(T, Wn, fn)(dz) — N (T, wy. fn)(d2)
IT|
= N Z 1_[ Wi iy ;N 1_[ 7 (dzm),
(i1,esiir))E (1,1)EE(T)
Sdm‘ (N)

whose (weighted) total variation norm is bounded by

IT|
/R‘Tl exp(a Z |Zm|) |Too(T» sz fN)(dZ) - TN(Tv wnN, fN)(dZ)|
m=1
IT| 1 IT|
= [ exp(a Z |Zm|)‘ﬁ Z 1_[ Wiy iy N 1_[ 7 (dzm)
RITI m=1 (it siir)€ (LI)EE(T)

Shrba)

1 IT|

v = I el [ [ exptaloni i @

(i1smsijr)€ (L1)EE(T)
Sdla‘ (N)

When |T'| = 1, this term is zero as Sd
lemma.

1dg(N ) = @, while for |T'| > 2 we use the following
Lemma 4.5. The following bound holds:
1
N Z 1_[ lwiiy;N |
(i1smsijr)€ (L1)EE(T)
Sdm‘ (N)

|T|—2
< max |w,]N|Inax(max E |w;, ;. v |, max E |lw;, N|) |T|?.
J

1<i,j<N
J i

Once we prove Lemma 4.5, we immediately obtain (1.13),

IT|

/R . exp(a > |zm|)|roo(T, Dy, fn)dz) = oy (T, ww . fy)(d2)]

m=1

IT|—2
< | max |wijin| maX(m.aX Y lwi vl max Y wi iy l) T2 M,
i J

1<i,j< - -
J 1

Proof of Lemma 4.5. Let us consider

3 ipmip=iy || Wininv

(i1 seensi T € (1,1)e&(T)
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forany 1 <m,m’ <|T|and 1 <i < N. We introduce the path P which is the set of
indices n on the unique path connecting m and m’. We can immediately remove from the
sum the indices not in P as before,

3 Wipmig=iy || Wil

(i1 seensijT)E (1,1 e€&(T)
SITI(N)
|T|—|P|
< max| max w; j:N |, max W; i'N
(s 3 el max 3 ool
J 1
X3 Nimig=iy [ wiipenl.
(iny oo )€ (1.1)€E(P)

S‘P‘(N)

where we denote P = {ny,...,np/} withny =mandnp = m'.

The path P connecting m and m’ naturally goes up in the tree first (to reach the parent
vertex that is shared by m and m’) and then down. Denote by k the number of indices for
which the path goes up (with possibly k = 1 if m is a parent of m’) and write

0 Wimig=iy [ |wiinl

(in, ,,..,ianl)E 1,1I"e&(P)
SIPI(V)
k—1 |P|-1
= Z ﬂ{j1=ju)\=i} 1_[ |wjn+1=jn§N| 1_[ |wjn,jn+1;N|
1<ji;-sdip| =N n=1 n=k

|P|—2
max {wi,j:N| max(m.axz |wi ;v | max ) |wi,j;N|) -
1<i,j<N i 7 J ]

Therefore,
Y Uim=im=i} [] I|wiiw
(1500 TE ,0")e&(T)
S™(N)
IT|-2
< max |w; j,§|max maxZ|w,~,j;N|,maxZ|w,-,j;N| .
1<i,j<N i - J -
J l

As a consequence,

% Z 1_[ |wi[ s N

(i1 seijr)€ (LINEE(T)
Siiag (V)

N
5%2; Z Z V=i, =i} H |Wiy iy
iz

1<m,m'<|T| (i,....ij7))€ (,1Ne€&(T)
S™(N)
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TIsij<

|T|—2
< max |w;,j:n| max(miaxz |wi j:n | mjaxz |wi,j;N|) T,
J] i

which concludes the proof. ]

It remains to prove (1.14), for which we first invoke [55, Corollary 4.9].

Lemma 4.6 ([55, Corollary 4.9]). Consider any sequence g, in L*°([0, 1]). Then there

exists ®:[0, 1] — [0, 1], a.e. injective, measure preserving, such that the following estimate
is verified:

[[0 )6 = (g1 0 O)E + ] < Pyl VR

foranyn € N, 0 < |h| < 1, and some universal constant C.

This lemma tells us that, at the cost of a measure-preserving rearrangement, a mini-
mum regularity of L°° functions on [0, 1] can be obtained.

In order to apply Lemma 4.6, we need to first check the stability of the algebra
F(w, f), F € T under measure-preserving rearrangements.

Lemma 4.7. Consider any w € ‘W and f € L*([0, 1]; M+ (R)) and any a.e. injective,
measure-preserving ®: [0, 1] — [0, 1]. Define the push-forward kernel and measure

wp(§,d0) 1= Py w(B(E),)(dD),  fu(€.dz) := f(D(). d2),

where @1 is any a.e. defined left inverse of ®. Then the algebra F(w, f), F € T is stable
under ® in the sense that

F(wy, fi)(§.dz1.....dz) = F(w, f)(®(§).dzy. ... dz)

for any transform F € T and for a.e. £ € [0, 1]. Moreover, too(T, Wg, f4) = Too (T, w, f)
forany T € T.

Proof. The proof is again done by an induction argument based on the recursive rules
defining F(w, f), F € 7.
(i) For the seed element Fo(w, f) the property is obvious.
(i) Consider two elements Fy(w, f) and F>(w, f) stable under ®. Then the grafted
element satisfies
(F1 ® F2)(wy, fy)(§.dz1, ..., dzg, +k,)
= Fi(wy, f)(§.dz1, ... dzi,) Fa(wy, fi)(§,dzg 41, - - - Az, 4k,)
= Fi(w, /)(®),dz1, ..., dzg,) Fo(w, [)(P(E), dzky 41, - - - A2k, 4k,)
= F(w, f)(®(§).dz1,....dzg, 1k,),

which is the stated stability under .
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(iii) Consider an element F(w, f) stable under ®. Then the grow element satisfies the
stability property

F*(wy. fi)(E.dz1.....dzg) = /; o Pl @z dzm . dD
- / Fw, £)(®(), dz1, ... dzg)ws(E, dE)
¢efo,1]

— / Fw, £)(&.dzr, . ... dzp)w(D(E), dE)
¢efo,1]

= F*(w, /)(P(E),dzy,...,dzg).

Finally, forany T € 7, take F' € T as claimed in Lemma 4.4. Then

Too (T, wy, fe)(dz1,...,dz|7)) = /E ol F(wg, fa)(§,dzy,...,dzi7)) d§

_ / F(w. f)( dzy.....dzp) dE
£el0.1]

= Too(T, w, f)(dz1,...,dzi1)),
which finishes the proof. ]

The next step is to derive the compactness of the algebra F(w, f), F € T and to
identify the limit, which we summarize here.

Lemma 4.8. Under the assumptions of Proposition 1.8, there exist measure-preserving
maps ®x:[0,1] — [0, 1] for the sequence of N — oo andw € W, f € L*°([0,1]; M+ (R)),
such that convergence in the following strong-weak-* sense holds: For all F' € T and all
¢ € C.(R¥), where k is the rank of F,

lim 01, 2) F(@N, [N) (@ (E), dzr, ..., dzg)

N—o0 J,cRk

=/ R ozl zi)F(w, £)(E,dzq, ..., dzg) 4.1)

in any Lé’([O, 1), 1 < p < o0

Proof. Since the algebra is countable, we may index the elements as T = {F}, : m € N}.
For each m € N, let k, be the rank of F,,;, and let {¢,, ;};en be any countable dense set
of C,(R¥m). Define the functions

e81© = [ omiCre ) En@n )65 d,). LN,
VA4S

It is straightforward that supy || gm.1 |Le(j0,1]) < oc from the bounds on Fy,(Wx . fwn) in
the space L°°([0, 1]; M (R¥)) that follow from Lemma 1.3 and the identification provided
by Lemma 4.4.
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Thus, by Lemma 4.6, there exists ®x: [0, 1] — [0, 1] for the sequence N — o0, so that
the rearrangements

Em 1 (E) = (g, 0 PN)(E)

=/ omd (1. 2i) Fn (B ) (@ (). dz1. ... dzg,)
zeRk

fulfill the estimates

_ 1
/[ BN~y + 1 < G2 O w0 < <1
1

s

for some universal constant C > 0 and C,,; > 0 depending on the two indexes only.

By the Fréchet—-Kolmogorov theorem and using a diagonal extraction there exists some
subsequence of N (which we still denote by N for simplicity) and for all m, ! € N, there
exists g,,,; € L*°([0, 1]) such that as N — oo,

gn = &my inany LP([0.1]),1 < p < oc.

Let us define, for any N in the subsequence, any F € T and ¢ € C.(R¥), where k is the
rank of F,

o= [ oG 2 F@y. ) @nE).dn d2)

= / O(z1s o zi) F(@ns, ), dzy, ... dzp),
zeRk
where we again apply the following notation for the rearrangement:

Byw(E.d0) == 5 Ty ((E). (),  fyw(E. dz2) == fy(P(E).d2).

By a density argument of C..(R¥), we conclude that for any F € T and ¢ € C.(R¥),
there exists gr o, € L°°([0, 1]) such thatas N — oo,

gN, = &ry inany LP([0,1]),1 < p < coc.

It remains to identify w € ‘W and f € L°°([0, 1]; M4+ (R)) for the limit. Recall that we
have defined the kernel space ‘W as

W= {w e M([0,1]%) : w(& d?) € LE([0. 1], Mc[0, 1)),
w(dg. §) € LE([0. 1], Me[0. 1]},

where Lgo([O, 1], M¢[0, 1]) denotes the topological dual of Lé([O, 1], C¢[0, 1]).
Hence there exists a subsequence (which we still index by N) and w € W, f €
L*°([0,1]; M (R)), such that

~ * ~ *
Wnw —w, fyx— [
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By passing to the limit we can immediately obtain the exponential moment bound
ess sup/ exp(al|x]) f(&,dx) < M,.
gefo,1] /R

Let us define, for any F € T and ¢ € C,(R¥),

gro® = [ or ) P, bz,
zeRk
It is straightforward that g, € L*°([0, 1]) and (4.1) can be simply restated as

8F,p = &F.,p- 4.2)

We apply another induction argument based on the recursive rules.

(i) For the seed element Fo(w, f) = f, it is straightforward that for any ¥ € C([0, 1]),
¢ € C.(R),

[ W (E)gFop (6) dE = f v (®) / 0(2) f(E. dz) dE
[0,1] [0,1] zeR
 lim /[O’”w@ f _000) v ) d

N—oo

- / U (6)E 0 (6) .
[0,1]

where the equality = is due to the weak-* convergence fN;# A f. Hence, the identity
(4.2) holds for Fjy.

(i) Consider two elements F;, F, € T satisfying (4.2). Then for any ¢; € C, (]R{kl), ¢s €
CC (Rk2)9

8(F1®F2),(910¢2)(§)
= / (@1 ® 902)(219 o 9Zk1+k2)(F1 ® FZ)(w7 f)(%',le, v 9dzk1+k2)
zeRk1+k2
= 8F1.,01 (E)ng,wZ(S)v

hence g(r, @ F,),(p1®¢2) = &F1.018F2.02-

By a similar argument, g{*{,lwﬂ,(w@m) = gr% " gf;’zm for all N. Passing to the limit
(inany L?,1 < p <oo)as N — 0o we obtain g(r, o F,),(01®¢,) = & F1,018 F».¢,- Therefore,
one can conclude

E(FI®F2),(010¢2) = &(FI®F,),(¢18¢2):
which is (4.2) for F = (F; ® F») when ¢ € C.(RF11*2) is in the tensorized form ¢ =

01 ® Q2.
Finally, any ¢ € C.(R¥11*2) can be approximated by a sum of tensorized functions
so that we derive (4.2) for F = (F; ® F3) with any arbitrary ¢ € C, (RF1+k2)y,
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(iii) Consider an element F € T satisfying (4.2). Then for any ¥ € C([0, 1]), ¢ € C.(R¥),

/ V(E)gr o) dE
[0,1]
=[ w(s)/ 01 ) F (., f)(Edzr. .. dzg) dE
[0,1] zeRK
- / v (E) / o1 0) / Fw, f)(&.dzr.....dzg)w(dE. ) d
£€f0,1] zeRk tefo,1]

- / V(g (Ow(dE. ) dz.
£€lo,1]

By a similar argument, for all N,

| v@at,©= [ p@,Obras o
[0,1] £€[0,1]
Next, by the convergence
VEEN (O = V(E)gre© in LL([0.1].Ce[0. 1)),
Ty(dE.0)de = w(de. ©) ¢ in LE([0. 1], M0, 1),
we obtain that

fm [ OR O T 0)df = /E

N—o00 EE[O,I

I Y (§)gF.o(Hw(dE, ) dd.

€[o,

Hence gr+ y = gF*,q, whichis (4.2) for F*. n

We may now conclude the proof of Proposition 1.8. For any T € T, there exists F' € T
such that

too (T T, ) = /[0 | FON @6, 021,z

Too (T, w, f) =/[. ]F(w,f)(é,dzl,...,dZ|T|)dS.
0,1
For any ¢ € C.(R!T!), by Lemma 4.8,

lim oo (T, BN, fv)(dzy, ..., dz7))
N—o0 J,cRITI

= lim /[0 1]/ Rm(p(zl,...,Z‘T|)F(17)'N,fN)(CDN(E),le»u-,dZ|T\)dS

N—oo

=/[0 1]/ P A F 0 )6 dzn i) d

:/ Too (T, w, f)(dz1,...,dzT)).
zeRITI
Since ¢ € C.(R!T!) is arbitrary we conclude (1.14), restated here:

too (T, T, fiv) — too(Tow, f) € MRITH, VT e7T. -
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5. Proofs of the quantitative results

5.1. The hierarchy of equations

This subsection provides the main proofs of Propositions 2.3, 2.4, and 2.5, which derive
the hierarchy of equations from the Liouville equation (2.1) and the Vlasov equation (1.3)—
(1.4).

We begin with the proof of Proposition 2.3, showing that the observables correspond-
ing to the laws of (Xg*V,..., X2'*N) solving (1.1) satisfy the extended BBGKY hierarchy
(2.2)-(2.3).

Proof of Proposition 2.3. Since the coefficients are bounded Lipschitz, the well-posed-
ness of the SDE system (1.1) and the Liouville-type equation (2.1) are classical results.
For simplicity of the presentation, we avoid using weak formulations but only present a
formal calculation.

Consider any distinct indexes iy, ...,ix € {1,..., N}.Itis easy to verify the following
identity deriving the marginal laws from the full joint law:

f;,l """ ik(t,zl, ceyZE) = LaW(Xti“N, .. .,ka;N)

:( v fN(Z,Xl,...,XN) l—[ de)

it ik vi=1,...,k, Xiy=z]
By integrating the Liouville equation (2.1) along spatial directions i ¢ {iy,...,ix} and cal-
culate the summation i € {iy,...,ix}and i ¢ {i1,..., iy} separately, we obtain equations
for the marginals:
A Syt zns e zk) (5.1

k
- Z {|:_82m (/’L(Zm)fjt/l,m’lk (t,2)) + fll’ ik (t,z)— u(zm)fll’ ik (t,z)
m=1

Vn;émi| }
Up=2zy

£ 2 v (e -l = ) ) don.

P10k

We can reformulate the last line as

Z / U(Zk+1)(fll ..... i, l(l, 7 _ w;\ll,.l..,lk l) f]i/l ..... ip,i ([’ Z)) de+1

i;éil ..... ix
- Z Zm[ Z wlth/V(Zk-H)(/ N, Z_”wsxlr ””” lkl)dr)dzkﬂ},
m=1 [0l

changing it into an additional advection term 9, [. . .] to the equation.
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Introduce the simple identity

SN = wig ) = S ) = L ) = S = i),

and proceed to do the same for f """ (z — rw;\‘,’ #1150 that the marginal equations

(5.1) now read

R R CIE (5.2)

. . 2 . . . .
=Z{[—azm(u(zm)fﬁ """ ’k(z))+%8§m V@) = v )

Vn;ém:|

Upn=2Zp

f v(zkm([ Ja e @) — e )

) A G rwi&’;"”"’ﬂd’)dzk*‘}}’

where we omit the variable ¢ for simplicity.
By taking the time derivative of the definition of observables (1.2), restated here,

N

Z wy,T (i1, - . . l|T|)fN """ m(l,Zl,...,Zm),

i1 ,...,i‘T|=1

TN(Tv WN, fN)(t,Z) = N

iyl

and substituting the right-hand side 9, f),
|T'|, we obtain

of the marginal equation (5.2) with k =

N
a,(% > wN,T(il,...,qT)f;;’“'”'T(zl,...,zm))
i1,enijr)=1
1 N
ZN_ Z wN,T(ll»~~-»l|T\)

I1eees ir=1
7|

x Z{[‘azmw(zm)f“’ M) + S, ) =G £y )
m=1

+50(Zm)(A V(um)(f“’ ”\Tl( ) — {le, ”\TI( )
A )

Vn;ém]

Un=Zn
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_8zm|: > wim,i;N/V(Z|T\+l)

P01 i) R

Noticing the identity wy,7+; (i1, ..., 01)+1) = wN,T (1, ..., i|T|)wijai|T\+1’ we see that
all the marginals, except the two terms of form { f5'(-) — fx (- — w)}, are expressed in
the right way so they can be rewritten as observables, obtaining (2.2) as the approximate
hierarchy and (2.3) as the explicit form of the remainders. ]

We now turn to the proof of Proposition 2.4. It is worth noting that the main Gronwall
estimate could also be written in the probabilistic language of 1t6 calculus. However, we
prefer to keep an approach and notation similar to the rest of the proofs presented.

Proof of Proposition 2.4. To simplify the argument, we only present a formal calculation
where the tensorized weight 7®!7! is directly used as the test function, while, strictly
speaking, the valid test functions for distributional solutions should have compact sup-
port. Given that the remaining coefficients are bounded Lipschitz and all terms in the
subsequent calculation are non-negative, passing the limit to justify the use of unbounded
weight on the dual side poses no problems.

The weighted total variation |||z |(T)n®!T!]| M(RITTy can be decomposed as

(T @ T e mim)

N
1 . . i e T
:f — 3 JuwrGi il £ T @ 20T () dz
RlTlNi _
1seees Lyr|=
N
1 . . i1yeensi T
== > |wN,T(z1,...,z|T|>|/ I 2 ®IT (2) de.
N £ RITI
i1,e00=1
For any distinct indexes iy, . . ., iy, we have

IT|

fli;,...,zm (t. z),,@ITI(Z) dz = / I, x) 1_[ n(x;,) dx.
RIT! RY I=1
The forthcoming estimate is not exclusive to our specific choice 1 = 4, but for any weight

function adhering to the form
n(x) =exp(h(x)), VxeR

such that |||z, ||h” || Lo are bounded and 2(0) < h(x). Our choice of n = 54 is clearly
included by choosing h(x) = +/1 + a2x2, resulting in ||4'||p~ < & and ||h" |1~ < o?.
The following inequalities are immediate results by the chain rule and the fundamental
theorem of calculus.
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Lemma 5.1. For any weight function of form n(x) = exp(h(x)) such that |h'| L,
|17” |L are bounded and h(0) < h(x), one has that

I /nl(x) < W llze. 10" /01(x) < [|h" |lLoo + 1A Zeo
and
n(x 4+ y) = n(x) < |7 |||yl exp([IA | L[y )n(x).

The last inequality can be extended to the tensorized case n®* (x) = ]_[5(:1 n(x;,) as
¥+ y) = 1% @) < 1 ey ller exp(IA Lo 1y lle)n®* (o).

We are now ready to prove Proposition 2.4 under the more general assumption that
n(x) = exp(h(x)). Since fx solves (2.1) in the distributional sense, it is easy to verify
that

IT|

/ vt [Tt g

|T|
- [, e 0 [Tt ox

IT| IT|
=[] e x)[ (u(x,-,,,)(n’/n)(xi,,,w%o%n”/n)(x,-m))l"[n(xi,)
=1
|T| |T|

+ Z v( j)( 10) l—[ n(xi, + wi,j;N) — 1_[ U(xi,))
J=i15ees i) 1’]( ) =1
|T] |T|
+ Z v(x;) (1_[ n(xi, +wy, j:n) — l_[ n(xil)):| dx ds.
EI T l\T\ =1 =1
By Lemma 5.1, we have
|T|
/ vt [Tt o
IT|
< [, o [Tesax
IT| 1 IT|
s e x)[ (I + 30 o+ 11) T T
=1

IT| IT|

" Z ol Y ool exp 11 s 3 v N|) I n(xi,)} dx ds

j= m=1 =1
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7| IT|

1
= / O [T nee) ax + [ O (a1l + 50> (1R e + [ [F) )
R I=1 m=1
N |T|
3t vl 1A o CXP(||h/||L°° max 3 |w,~,j;N|)]
j=1m=1 I i
t IT|
<[] o [Tnee avas,
0o JRN I=1
where the summations of j =iy,...,ij7jand j #i1,...,ir| are combined by the simple

fact that #(0) < h(x;), hence n(0)/n(x;) < 1.
Furthermore, we have that

N |T|

D0 il < |T|miaXZ|wi,j;N :

j=1m=1 j

Hence by choosing

Cy = lllax(lll,ax E |w;, j:n |, max E Iwi,j;N|),
i L j &
j i

1
Ay = (Il I Iz + 502" o + 1 1Fee)
+ [Vllzoo I 1o Cow exp(I 1 C)).

we conclude that
IT|
|, fteo [T nesp s
I=1

IT| |T|

S/]RN fN(O,x)ll:[ln(xil)dx—}—/O IT| A4, fRN fN(s,x)ll:[ln(xil)dxds.

By the Gronwall lemma, this implies that

IT| IT|

[ e [Tt ax < expq7iann [ w00 [Tt ar
RY I=1 RY =1

Taking the summation over iy, ..., 7|, we have

(T, Mm@y = exp(IT|Ay0)[[|7|(T)n®'T1(0. Wiy
< Cy(My exp(Ayts))T!
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Finally, by applying Lemma 3.2 to the left-hand side, we immediately obtain (2.4), restated
here:

Hew (7)) yrem < Co(TIIK [IL2) exp(Ayta) T
forall T € 7,1t € [0, t4]. ]
Finally, we give the proof of Proposition 2.5.

Proof of Proposition 2.5. We show the well-posedness of the Vlasov equation (1.3)—(1.4)
by a classical fixed point argument. Let us first define the mapping f +— £ f as the solu-
tion of

2
AL f(t, € x) + 0x(pp(t, £, X)L S (.6 x)) — %axx(éﬁf(l»E,X))
F V(X)L (1. E x) — 0(x)Tp (. £) = 0.

If f is given, then J; and ;,L;} are determined, making the above identity a linear equation
with respect to £ f. We are going to see that if f € L°([0, 4] x [0, 1]; Hn_l N M4 (R)),
then £ f belongs to the same space.

By multiplying the equation by the weight function 7 and applying the Leibniz for-
mula, we obtain

9L f (1.8, x)n(x)
2

= —0x(uy (.6, 0)Lf(1.§,x)n(x)) + %3xx($f(h§,X)n(X))

—v()Lf(t. & x)n(x)
+ 80()n(0) 5 (1.§) + pp (. E.x) (0 /M ()L f (2. & x)n(x)

2

o
+ 7[—3x(2(77’/77)(X)$f(t, E.0)n(x) + " /ML f (.6 x)n(x)].
We start the a priori estimate of the linear mapping &£ by the total mass. It is straight-
forward to verify that

t

IS & llacw = 1708 )llacwr) +/0 Jr(s.§)ds

IA

t
108w + [ Pl f 6l s (53)
Note that by choosing t; = 1/(2||v||L), we have

sup || (2. & )y = 21/(0. €. ) e

t€[0,11]

= sup L& )uw) < 201£0.8 )l uw)-
t€[0,t1]
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Next, consider the n-weighted total moment,
€ f @& Inllur
< 1709w + [ {10176.)
+ [1 . 6l e + 1l ]

x £ 1 (s.§. ')U”M(R)}ds

<106 lacw + [ {11766l
[l + Nwllwlvlzsl G5, g I/l

o2
+ Sl I £, 6l ey | ds.
By taking the supremum over £ € [0, 1], we have, for ¢ € [0, ],
||$f(t7 ) )77||L§°Mx
t
= 170, Il Lge me, +/ NO)llzee |l f llzgs ae
o :
/ 0—2 v

[l + Tl ol £ Lezmae) 0 falls + S I ol |
£ (sl e, d

t
< (||f(0, Il s, +/O NO) [ llzeo £ 1o ae. ds)

2
o
< exp([ el + Il w vz £ eggae) Il + 2 I /e ). (54)

where the L¢° should be understood as the supremum over ¢ € [0, #].
We construct the invariance set and show £-contractivity on the set by the following
procedure: For any R > Rg := || (0, -, -)17||L§oMX, and any 7, > 0, denote

Epi = {f € My :supseqo | £ (5. IllLzen, < R}.

By taking a sufficiently small #,, for example

1 R—R,
2/vllzee” 20(0) V]| R

log 73k )
(lielzoe + Twlwlvlize RY 0 /nlize + S 0" /nllze )

) < min(

we can make Eg.;, an invariance set, i.e. £(ER;;,) C ERys,.-
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To show that f — &£ f is contracting in the Hy l_sense, we consider the following
energy estimate: Along each fiber £ € [0, 1],

%(% [inses - zomices - zon dx)
- [R A« (£f — £NI0 (LS — Lg)ndx
2
= [ -G« u S — omllou (S - o)
A % 02 — Z2)0)]
X [HF(Ef =L+ (f — ug) (L + > /(LS — L£e)n]
1A * (£ S — L)) [—v(ff — 2g)n + 8on(0)(Jy — Jy)
+ur (' /ME S = L+ (k7 — ng) (' /m(Lg)n

+ ?(n”/ (LS — fg)n} dx.
Applying the Cauchy—Schwarz inequality, we obtain
a(Lin e s~ gomices - £onax)
< LIRFES — L0+ 508 — DEDIZ . + 40 L f L)1
+(4+ %Z)Il(if — 23+ V(LS = LD + 1800y = T3
+ wr (' /(LS — cfg)lli,nﬂ + I (nf — MZ)(U’/n)(éﬁg)lliﬁl
+ gll(n”/n)(if — 2871

Applying Lemma 3.3, we further have

d 2
1S = L
16 * 12 / 2 02
= (O—ZIIMfIIWm + 16[17" /15100 + (4 + 7)

40l A Byl /10y + 20700 /1 ICES — 2212,

4
(I EDI s + 410 /1 | LN 1 )1 = 15 P + 180l 311y = T .
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Now let us consider the integration over £ € [0, 1]. Firstly, using that w € ‘W combined
with classical interpolation,

2
* _ * 2 _ _
/[O’l]lﬂf(t,é,x) Pg(t, &, x)|"dE /[0’1](/[0,1]w(é,;’)(Jf(t,g) Jg(z,g))dg) dt
= w7 @) = Jg @ )1IZ;

Secondly, by Lemma 3.7,

|5 (@, 8) = T (1,6)] < /RV(X)(f(I,E,X)—g(f,&X))dx
= C@vlwrooll £, 8) = g E) | g1

Hence, we have
[ Jr(2,-) — Jg(t,')llig = /[0 I | J7 (1. 6) — Jg(1,6)7 dg
201,12 2
< C@MMpe [ 17069~ 0,611 08
_ 29,112 2
= C@P IV Byl f = 830,

Therefore, by integrating over £ € [0, 1],
2
||(£f - ig)(f, K ) ”L?(H{l)x

t
= /(; M()”(if - ig)(sv ) )”ig(Hn_l)x + Ml ”(f - g)(sa ) )Hig(Hn_l)x ds

t
E exp(MOZ)/ Ml ||(f _g)(s5»)||i§(anl)x dsv (55)
0
where My, M are required to satisfy
16 o2
Moz sup (112 ioe + 1610 /10 + (44 %)
t€[0,12] o2 Lg Wy Wi 2

F 4V + 471 oo 17 1010+ 207 1)

4

M; > su [(—é@ 2 47 )3 (£ 200,>w2

vz s [N g, + 4 e IO e, 0y
+ 1801131 | C@P 1013 1

In addition, by w € ‘W and Lemma 3.7, we can derive

1
[ weos00 dz'

“l’L;”Loonl,OO < ”,U«”le,oo + sup
f gefo,1]

< lullypoe + lwliwll Jr (2, ) |

= lInllppoe + lwliwC@lvilwreo I/ gy, -
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When f, g, £ f, £g € ERry,, by Lemma 3.2, we have

R R
I e, = 5 1ED e, = 7

fort € [0, 13]-

Hence My, M; in (5.5) can be chosen such that they only depend on R and the regu-
larity of the various fixed coefficients in the system. By choosing sufficiently small ¢, > 0O,
for example

1 log2
Iy < max(tz, ),

3M, M,
by (5.5) we conclude that £ is contracting on the set £(ERg;;,) for the Lg(Hn_ 1y .-norm.
Repeating the argument allows us to extend the weak solution to any finite time interval
as usual, since the a priori estimates (5.3) and (5.4) do not blow up in finite time.

We now turn to the derivation of the limiting hierarchy. Taking the derivative of
Too(T) = 10o(T, w, f) in Definition 1.6, we first obtain

0 Too (T, w, f)([,Z)
|7 2 .
= mz_:l[_azm(//v(zm)foo(T)(t,Z)) + Eazm‘coo(T)([,z)

)T 2) + so(zm)( /R (1t oo (T, u))

wt
- 3zm (/ wT(El, cee S|T|)f®|T|(t, El, Zlyenns S|T‘, Z|T‘)
[0,1]71

1
X (/w(fm, Eri+) [vEr+) S ET1+1 21T 41) dZ|T+1C1§|T+1)
0 R

xdgr. . m) |

The last term can be rewritten by using the observables with one more leaf, resulting in
the limiting hierarchy (2.5), restated here:

IT|

2
ditao(T)(1.2) = Y {[—azm (R too(T)(1,2) + Z-02, 7T (1.2)
T ) tee(T) (1. 2)

+ 80(2,,,)(/]R V(Um)Too(T)(t, u) dum) ‘Vn;ém]

— 0z, |:/ V(Z|T|4+1)Teo (T + m)(t, 2) dz|T|+1:|}. n
R
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5.2. Quantitative stability

This subsection focuses on the proof of the main quantitative estimate of the article. The
technical Lemma 5.2 about recursive differential inequalities is given separately in the
next subsection.

Proof of Theorem 2.6. For simplicity, let us recall the notation
=1 QYR - Q,

where v appears in the mth coordinate, i.e. v, (z) = v(z,,). The same convention applies
to w and 7.
Define the difference Ay (T)(¢,z) := tn(T)(¢,2) — 100 (T) (2, z). By subtracting (2.5)
from (2.2), one has
atAN(T)(tv Z)
|T] o2

= Y {[ G AN 02 + S8, A (T2~ e (D)

m=1

+ so(zm)( /R b1t (AN (T)(Es ) + Ry 7m0 10)) dum)

Vn;ém]

— 0z, |:/R v(ZT)+D)AN T +m)(t, z) + j~QN,T+m,\T|+1(l,Z)) dZ|T|+1}},

for all T € 7. We highlight that, for any fixed N < oo, the above equalities and the
later inequalities involving Ay (T') can be understood as recursive relations that hold on
all T € 7. At first glance, one may think that the approximate hierarchy (2.2) is only
defined for observables 7y (7') with |[T'| < N. Nevertheless, by our formal definition that
fn 7% = 0if there are duplicated indices among i1, ..., i, it is easy to verify that for
any tree 7 such that |T'| > N,
1 ul . . 150 T
o (Town, fw)(2) = S wnrGr. i) fy L) = 0.

as in each marginal there must be duplicated indices. By a similar discussion, we see that

Rn,r,m = 0 and ﬁéN’TﬁLm,mH = 0 when |T| > N. With these formal definitions, it is

then straightforward to show that the approximate hierarchy (2.2) holds forall T € 7.
By multiplying by the weight function 7®!7! and integrating, we obtain

@: AN (T)(t, 2)n®Tl(z)
IT| )
= mZ_l{—azmwmAN(T)n@'T)(r, 2) + "785,,, (An(T)n® TN, 2)

— W AN (TP, 2) + (o (0 /1) AN (TIn®IT (2, 2)

+ ao(zm)n<zm>( /R (/1) AN (T) + R,z ® T (2, 0) dum)

Vn#m

Upn=2Zp
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-0z, [/ (Vi7141/ M7+ (AN (T + m)
R

+ iN,T+m,\T|+1)U®|T|+1)(t» z) dZ|T|+11|

2
Tl (20 1) A D) + O 1) AT, 2) )

Substituting (3; Ax (T'))n®!”! into the right-hand side of

%(% AlT\(K@Tl * (AN(T)n@)Tl)(LZ))ZdZ)

= [R‘T‘(KQD'T' « (AN (T, 2) (KT % (3, Ax (T2 (1. 2)) dz,

yields the extensive expression

%(% A@\n (K®|T‘ * (AN(T)U@T‘)(L Z))Zdz)

7| )
= -z 8ITI & ®IT| 2
B /Rm m2=:1{ 2 [0z, K (AN(T)n®" (2, 2)]
+ [K®|T| * (AN(T)n®IT|)(Z,Z)]
X |:—K®|T| * (VmAN(T)TI@lTl)(t, 7)

+ K(zm)nm)( AKW'*((vm/nm)AN(T)n®'T')(r,u)dum) .

nFm
Un=2Zpn

n*xm
Un=2Zn

+ K(zm)n(O)(/K®'T'*((vm/nm)RN,T,m’?@lT)(Z’“) du”’) Vnt
R
+ KO s (s (il /1) A (T)n® T (1, 2)
2
5K ((ni&/nm)AN(T)”@TI)(l’Z)}
+ [0, K= s (An (TP (1, 2)]
x [K®'T' * (um AN (T® (1. 2)

+/RK@THI*((V|T\+1/77|T\+1)AN(T+m)'7®|T‘+1)(f»Z) dzi7)41
+/RK®IT|+1*((VlTH-l/77|T\+1)§N,T+m,|T|+l’7®|T‘+1)(l,Z)dZ|T|+1

+ %21(@'“ * (2(nln/nm)AN(T)n®'T)(t,Z)]} dz.



P.-E. Jabin and D. Zhou 332

We then apply the Cauchy—Schwarz inequality to obtain

S(G1AN DI, o)
2

T
o 1
P> {(2 + C ) IAN DI o + §||vaN<T>||§,n_l®‘T.
m=

1
= ||,U«m(77m/77m)AN(T)”2 —1®\T\ + ||(77 /nm)AN(T)” —1®\T|

2
K2 [REn/man P, z)dzm) [T dzn
n#m
- %nKnizn(oV/ (&l 1 T z)dzm) [Td
n#m

||MmAN(T)|I -1®|r|+ ||2(77m/nm)AN(T)|| eI

2
e () xemn *((v|T|+1/mT|+1)AN(T+m)n®'T'+1)<z,z)
2 IT|

X dZ|T|+1) l_[ dZ,,
n=1
2

+ a_Z/Rm (/R KO s (W1 /714 D RN 7m0 T (2, 2)
2 |T|

X dZ|T|+1) l_[ dZn} (56)
n=1

This is where the proper choice of weak distance becomes critical, as we need to bound
the various terms on the right-hand side by the norm || Ay (7|2 P The commutator

estimate in Lemma 3.3 can directly bound all the terms with an exphc1t H, 11T jorm as
the coefficients y, v are W% and 7 is smooth. For example

”VmAN(T)”2 —1®\T\ 4||V||W1 0 (R) ”AN(T)”2 —1®\T|

This leads to the simplified expression for some constant Co,

d /1 )
o (GIAN DI em)

7|

< 2 {GlANTIE o
m=1

1 2
# K02 (KTl 0T, 2) ) [T
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+1||K|I2 (0)2/ (/K®|T|*((\1 /m)R ®ITly (¢, z)dz )2]_[ dz
B LG RITI-1 m/ lm N,T,mT] P m n

R n#m

2
w2 (LR ) A 4+ my®T,2)
2 |7|

X dZ|T|+1) l_[ dZn
n=1

2 -
+ ; /};{m (/R KEITIHL ((V|T|+1/77|T|+1):RN,T+m,|T|+177®|T|+1)(t,Z)
2 |T|
XdZ|T|+1) l_[ dzn}. (5.7)
n=1

The remaining integrals terms in (5.6) can be bounded by first applying Lemma 3.8 fol-
lowed by Proposition 3.6. For example, consider the first remainder term and write, by
Lemma 3.8,

2
®ITl @I
Lo (LK T2 02 I

201,112 2
= C@)7 IV 1eo RN 7m 116171
n

Next, apply Proposition 3.6 to the right-hand side to conclude that

2
eI, ®IT|
Lo (L &5 i znn® T 2102 I

< C@)IVII51.00lexp((2 + 2a)c (w, | T])) — 1] |TN|(T)”§_IW—1®IT\'

The method applies for the other integrals terms in (5.7), which yields

2
®IT| , ®IT|
/Rm_l (/RK ((m/nm)AN(T)n )(t,z)dzm) nl;’[ndzn

< C(a)ZIIVII%VI,ooIIAN(T)IIZ,ﬂ_@m,

2 IT|

/Rm ([1; KT s (yppt /) AN (T + m)n® T @, z) dz|T|+1) H dz,

n=1

< C@? 1o AN (T +m)I2 i
n

together with

2 IT|
A«m (A K&+ *((VT|+1/7)T|+1)IRN,T+m,|T|+177®T|+l)(t72)dZ|T|+1) [T dzn
n=1

< C@) VIl 1.00[exp((2 + 2a)c (w, [ T])) — 1] |TN|(T)||ZT]—1®\T\’
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Inserting those bounds into the energy estimate (5.7), we obtain a recursive differential
inequality: Forall T € T

d

3 1AM, ')”2,7—1®\ﬂ (5.8)
IT|

= Z {COHAN(T)(t )”2 —1®|T| + Cl ”AN(T + m)(t )” —1®(\T|+1)

m=1

+ eo(D)|||en [(T)(2, ‘)”Zﬂ—l@\ﬂ + a1 (M)|||en (T + m)(2, ')”znm(ﬂﬂ)},

where we can even provide explicit expressions for the constants:

~ (72
Co =4+ %+ 4(I0 By + 11Dy + S /01y

4
+ Sl + 20200 )10
+ K 2102 C@? V]

~ 4C ()2
G, = G(“) 1012100,
£0(T) = [IK[221(0)>C(@)?[[v 13100 [exp((2 + 2a)c(w, [T])) — 1],
4C(o¢)2
e1(T) = V112100 [exp((2 + 20)c (w, | T)) — 1.

We can now restrict the recursion relations by truncating them at any given depth n > 1,
meaning that we only consider the inequalities (5.8) for all T € 7 such that |T| <n — 1.
In such a case, since

c(w,|T]) < ITI(I?EJI,Xlwi,j;Nl) < nwy,

the coefficients g, €; can take the vanishing expression

go(n) = | K[17:1(00*C(@)?[[v][351.00[exp((2 + 20)ni0y) — 1],
4C(ot)2
e1(n) = —5—IVII5 1.0 [exp(2 + 20)niwy) — 1].

For a fixed depth n > 1, g9(n) and &1 (n) now vanish as wy — 0.
Let us now rescale the energy inequality through some A!”! factor: For all T € 7 such
that |T| <n—1,

d
M IAN D@, e

IT|
< Z{COAT'HAW)@ Mirerr + C/MATHANT +m) @I roqrion

m=1
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+ eomATew [(T) (), o
+ (e1 )/ DA [y | (T + m) . -)||§,ﬂl®m+n}. (5.9)
We also recall the a priori bound (2.7) for ty, T assumed in Theorem 2.6:

1Tl
sup max Az ([[[ov[(Town. fn) @)l gseim + [ 2eo (T ) greim) = Coy,

t<ty |T|<max(n,|T«|)

where T, € T is the tree index in the final estimate (2.6). By the triangular inequality, this
implies the following uniform bound of A y:

sup - max A AN (D)) e = Chye (5.10)

t<ty |T|<max(n,|T«|)

Denote

— |T| N
M (1) = ‘rjr}la;;()‘ AN (T)(t, )||H771®\T|7

C = 60 + él/l,
& = [eo(n) + &1(n) /AIC,,
L=C3,,

so that (5.9) and (5.10) can be summarized as follows:

d
EM"(Z) <k(CMgy1(t) +¢), Vi<k<n-1, (5.11a)
M (t) < L, V1 <k <max(n,n’), t €[0,]. (5.11b)
We now invoke the following result.

Lemma 5.2. Consider a sequence of non-negative functions (My(t))32, ont € [0, 1]
that satisfies the inequalities (5.11a)—(5.11b) with [e/CL + (20)"*] < 1. Then
max  [0F My (1)]
1<k<max(n,n’)
e
< L(Ct/6 +2) max([s/CL +(0)"). max [OkMk(O)]/L>P( T (5.12)
1<k<n—1

holds for any 1 < p < 00, 0 <8 <277 where 1/p+1/p’ =1, and any t € [0,1.].

Assume for the time being that Lemma 5.2 holds and apply it to (5.9) and (5.10).
Choose p = 2, 0 = 1/8, and substitute &, C, L with their explicit expressions to find that

go(n) +e1(n)/A

e/CL =— =
Co+ Cq1/A

= Cilexp((2 + 2a)wn) — 1],
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where C; depends only on A, the W 1:®-regularity of coefficients u, v and constant o > 0
in (2.1), but neither on wy nor on n. Choosing Cy = C /6, and as wy — 0as N — oo,
we deduce that for N large enough,

§=¢/CL+ (20)" = Cilexp((2 + 20)nwy) — 1]+ (1/4)" < 1.
The conclusion of Lemma 5.2 hence holds, showing that
max — (A/8) T en (T, ww . fn) () = Too (T —160m)
|T|<max(n,| Tx|) H,
< C},(Cot +2)

1
_ T (Copt+1)
xmax(&. max (/&) oy (T wn . f)0.) = Tao(THON? o/ CFy )

This can be further simplified to (2.6) by relaxing the maximum on the left-hand side
as T = Ty, taking the maximum on the right-hand side over |T| < max(n, |Tx|), and
choosing C, in (2.6) as C» = max(Cot + 2, 2(Cot+1), n

5.3. Proof of Lemma 5.2
Proof of Lemma 5.2. Let us restate here the recursive differential inequality (5.11a),
EMU0) SKCMn () ). V1 <k<n—1,
which directly yields
dilt(Mk(t) +(¢/C)) = kC(My41(1) + (¢/C)), Vi<k=n-—1

Forany 1 <k <n—1and? € [0, t4], by inductively integrating the inequalities in time,
we obtain

t _ n—k—1
0+ e/ 0 = ™ [ (171 ) 0+ e/ ar

+ch (o) )=t + /o,

We estimate the increase on Mj within time steps of size
t—s=20/C.

First, we bound the constant terms,

t —1 _ o \n—k-1 | —

elen (e (o

1=k
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I—k -k
(s/C)Zc ( )(r —5)
—k - 1
<0 (8/C)Z(k_ 1)9 ,
I=k

where the last inequality uses our choice of time step (t —s) < 8/C.
On the other hand, for 8 < 1/2,

—(1=1\, 1
N ) e

Hence,

nek [f(n—=1\@—=r)" ! !
C k/s (k_l)n_—(a/C)dr+Zc’ "(k )(z— Y ke/C) <6 kc

We now turn to the terms involving M;(s) and M, (r) (with s < r < t). For M, (r) we
have no choice but to take
M,(r) < L.

But for M;(s), k <[ <n —1, we have

My(s) < min(L, max [0 My (5)]0~" )
1<m=<n—1
together with any geometric average between the two terms. Choose % + # = 1 so that

1
= 2 gy )

1
7

— L7 max l[emMm(s)]%(ei)—l.

1<m<n—

Then we may write
tin—1)\ (@ —r)yn k1 [
[ (i) S o r+12; (o) )=o),
<Ccn- k(k )(l S)n—kL

+ZCI k( )(z /KLY max 16" Mon(s)] 67)

n—1
—gk), (" no g m 1 ! 5
<0 {L(k_l)é) + L7 max [0 My (s)] Z(k )(9 )" }

1=k

where we again use our choice of time step (¢ —s) < 6/C in the last inequality.
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Observe that

n—1 ”X‘E =1\, 1 1
0" < 2"lon, ( )(9,,/)— <—— <1
(k—l) k—1 (e—ﬁ_l)k

=k

1

when choosing 67" < 1/2, so that

t _ _ o \n—k—1 /
C”—k/s (Z_i)(tn_rl)< 1 M, (r)dr_|_ZCl k(k )(l—s)l kM, (s)

I=k
—k L 1
<6 (L(20)”+L’ max [QmMm(s)]P).
m<n—1

Combining these bounds, provided that 9# < 1/2, we have, forall 1 <k <n —1,
that ) :
My (1) < Q_k{(e/C) +L20)" + L7 max 1[9’”1\4,,,@)]5}.
<m=<n—

On the other hand, for n < k < max(n,n’), we simply have My (t) < L. As 67%+" > 1,
My (t) < L < 675(L26)"},
and we can combine the two cases to obtain

1
max [QkMk(t)] <(/C)+ LQR2O)" + L7 max [GkMk(s)]%.
1<k<max(n,n’) 1<k<n—1
If + < 6/C we are done, but otherwise we need to sum the various bounds. Letting ¢; =
J 0/C and recursively applying the preceding inequality at each step by taking t = ¢; and
s = tj_1, we have that

max [0 M (1))

1<k<max(n,n’)

<(e/C)+ LQ26)" + LV | max 0% Mo (1;-1)] 7
<n—1

=

< (e/C)+ LI + L7 {(e/C) + L@OY" + L7 | max [0 M)
< (6/C)+ LCO) + L7 {(e/C) + LEO'F + L' 7 max [6*My(tj—)]
i
=5 M 4 L kM (07
< ;L {e/C)+ LEOT " + Lo 77 max (07 M (0)]

where we use that (a + b)'/? < a'/? 4+ b'/? by concavity.
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For any ¢ > 0, we hence have with j(¢) = L%J +1,

jo-1 :
max  [0Mp(0)] < > L' {e/C + L0

1<k<max(n,n’) =0
1 1
F L7 max [0F M (0)] 7O (5.13)
1<k<n-1
Finally, by the assumption that [¢/CL + (260)"] < 1,
-1 L 1 A1
Vi<j, L7 {e/C+ L20)"}7 = L{g/CL + (20)"}7 < L{e/CL + (26)"} 7 .

Hence we can replace every i and every j(¢) in (5.13) by (Ct/6 + 1), which gives the
looser bound (5.12), restated here:

max  [0F My (1)]

1<k <max(n,n’)

< L(Ct/6 + 2ymax(e/CL+20)"). sup [ Me(@))/L) """,

1<k<n-—1
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