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On optimal transport maps between 1
d

-concave densities

Guillaume Carlier, Alessio Figalli, and Filippo Santambrogio

Abstract. In this paper we extend the scope of Caffarelli’s contraction theorem, which provides
a measure of the Lipschitz constant for optimal transport maps between log-concave probability
densities in Rd . Our focus is on a broader category of densities, specifically those that are 1

d
-

concave and can be represented as V �d , where V is convex. By setting appropriate conditions, we
derive linear or sublinear limitations for the optimal transport map. This leads us to a comprehensive
Lipschitz estimate that aligns with the principles established in Caffarelli’s theorem.

1. Introduction

Given two probability densities f and g on Rd with finite second moments, the quadratic
optimal transport problem between �.dx/ D f .x/ dx and �.dy/ D g.y/ dy consists in
finding the change of variables T between � and � that minimizes the mean squared
displacement, Z

Rd

jx � T .x/j2f .x/ dx

subject to the constraint T#� D �, requiring that T transports � to �, i.e.,Z
T�1.A/

f .x/ dx D
Z
A

g.y/ dy for every Borel subset A of Rd :

A seminal work of Brenier [2] states that there exists a unique (up to negligible sets for �)
solution T to this quadratic optimal transport problem and that T is characterized by the
fact that it has a convex potential i.e., it is of the form T D r' with ' convex. Without
assuming that� and � have finite second moments, McCann [15] extended Brenier’s result
(with a different strategy based on cyclical monotonicity arguments rather than on optimal
transport). The Brenier–McCann map T D r' with ' convex, seen as the monotone
change of variables between the absolutely continuous measures � and � on Rd , is by
now considered a fundamental object which solves, in particular, in some suitable weak
sense the Monge–Ampère equation,

det.D2'/g.r'/ D f: (1.1)
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The regularity theory for the monotone transport and the corresponding Monge–Ampère
equation, initiated by Caffarelli [3], has stimulated an intensive line of research in the last
30 years (see the survey [9] and the textbook [11]). We shall consider the case of densities
f and g which are (at least) C 0;˛loc .R

d / with 1=f; 1=g 2 L1loc.R
d /; it follows from [8, 12]

(see also [1]) that ' 2 C 2;˛loc .R
d / and solves the Monge–Ampère equation in the classical

sense. Regarding global estimates, a groundbreaking result of Caffarelli [4] states that if
f D e�V and g D e�W for some C 1;1loc .R

d / functions V and W with D2V � ƒId and
D2W � �Id (� > 0, 0 � ƒ < C1), then T is globally Lipschitz with the explicit bound
kDT kL1.Rd / �

p
ƒ=�. To see the importance of Caffarelli’s result, it is worth recalling

that having a globally Lipschitz transport between f and g enables one to directly transfer
various functional inequalities, in particular Poincaré inequalities, from f to g. We refer
the interested reader to [5–7, 10, 14] and the references therein for extensions, alternative
proofs, and applications.

Since Caffarelli’s argument uses in a crucial way the concavity of the logarithm of the
determinant, it is really tempting to try to exploit the stronger fact that the determinant
to the power 1

d
is also a concave function on the space of symmetric positive definite

matrices, and to see whether this can be useful to go beyond the case of log-concave
densities. More precisely, we shall consider densities of the form

f D V �d ; g D W �d

with W typically convex (in which case, we shall say that g is 1
d

-concave) and V semi-
concave. Throughout the paper, we shall always assume that V and W are of class C 1;1loc ,
bounded from below away from 0, and of course we impose that V �d andW �d are prob-
ability densities Z

Rd

1

V d
D

Z
Rd

1

W d
D 1:

Under suitable additional assumptions, we shall indeed obtain a bound on the Lipschitz
constant of the monotone transport between such measures, in the spirit of Caffarelli’s
result. A similar strategy and somehow similar computations were already present in the
recent paper [13], which instead focuses on the case of moment measures (i.e., one of the
two densities is related to the potential ' itself through a negative power law). However,
besides the fact that the moment measure case provides the Monge–Ampère equation with
a particular rigid structure, the claimed result of [13] is rather different from ours.

As a first step of independent interest, we establish some linear growth estimates on
the monotone transport.

Theorem 1.1. Assume that, for some p > 1, V 1=p is Lipschitz and

lim inf
jyj!1

W.y/

jyjp
> 0; lim inf

jyj!1

rW.y/ � y

W.y/
> 1: (1.2)

Then the monotone transport T from V �d to W �d satisfies

jT .x/j � C.1C jxj/; 8x 2 Rd ; (1.3)

for some explicit constant C > 0.
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Using the previous result together with the concavity of det
1
d will enable us to obtain

global Lipschitz bounds à la Caffarelli. When V , W , and their derivatives satisfy suitable
power-like growth conditions (which imply that the assumptions of Theorem 1.1 are sat-
isfied, as will be explained in Section 3.4), we can bound the Lipschitz constant of the
monotone transport. More precisely, let

hxi ´
p
1C jxj2; 8x 2 Rd :

Then we have the following theorem.

Theorem 1.2. Assume that there exist exponents p � q > 1 and constants � > 0 and
ƒ � 0 such that

D2W � �h � ip�2Id and D2V � ƒh � iq�2Id; a.e. on Rd ; (1.4)

and that

h � i
1�p
jrW j; h � i1�qjrV j;

h � iq

V
; and

h � iq�1

1C jrV j
belong to L1.Rd /. (1.5)

Then the monotone transport T from V �d to W �d is K-Lipschitz for some explicit con-
stant K.

Note that the previous result covers the case of heavy-tailed densities (which do not
necessarily have finite second moments) like

f .x/ D
af

hMf xi f̨
d
; g.y/ D

ag

hMgyi
˛gd

; x 2 Rd ; y 2 Rd

where ˛g � f̨ > 1, af , ag are positive normalizing constants, and Mf , Mg nonsingular
matrices.

In Section 2, we prove Theorem 1.1 and explore several of its variants. Note that
(possibly nonlinear) growth estimates were obtained by Colombo and Fathi [6], using
alternative methods based on concentration inequalities. Section 3 is devoted to estab-
lishing limits on the Lipschitz constant of the monotone transport map. This discussion
includes a range of relevant assumptions that cover Theorem 1.2 as a special case.

2. Pointwise bounds on T

2.1. Proof of Theorem 1.1

For R � 1, let us replace W by WR:

WR.y/ D

´
CRW.y/ if jyj � R;

C1 otherwise;
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whereCR´ .
R
BR
W �d /

1
d is the normalizing constant makingW �dR a probability density,

so that CR! 1 as R!1. Then the optimal transport map sending f D V �d toW �dR is
globally bounded. Our aim is to prove a linear estimate on such a map, independent of R.

To simplify the notation, we shall still denote by T D r' the optimal transport map
sending f D V �d to W �dR . Also, we remove the subscript R from WR, which therefore
will be denoted by W .

Normalize ' so that min ' D 1. Since '.x/!1 as jxj ! 1 and jr'j is bounded
by R, the positive function jr'j

2

2'
tends to 0 as jxj ! 1, hence achieves its maximum1 at

some Nx. Setting

u´
jr'j2

2
; M D max

u

'
;

then, at a maximum point Nx, we have

ru DMr' and D2u �MD2': (2.1)

Writing the Monge–Ampère equation (1.1) in log form, namely

log detD2' D d logW ı r' � d logV;

we differentiate it in the direction ek (note that it follows from [8, Theorem 1.1] that
' 2 C

3;˛
loc ). Then, with the convention of summation over repeated indices, we get

B ij'ijk D d
Wi

W
ı r''ik � d

Vk

V
; B ´ .D2'/�1: (2.2)

Now we multiply (2.2) by 'k and sum over k D 1; : : : ; d . Using

'ijk'k D uij � 'ik'jk ; B ij'ik'jk D trD2' D �';

and noting that, at Nx, thanks to (2.1), we have

'ik'k DM'i ; B ijuij �MB
ij'ij DM tr Id DMd;

we deduce the following inequality:

Md ��' � d
�
M
rW

W
ı r' � r' �

rV

V
� r'

�
:

We now remark that, by the arithmetic-geometric mean inequality and again using the
Monge–Ampère equation (1.1), we have

�' � d.detD2'/
1
d D d

W ı r'

V
:

1This is the only reason in the proof to approximateW withWR, so that the densityW �dR is supported
inside BR.
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Thus, we arrive at

M �
W ı r'

V
�M

rW

W
ı r' � r' �

rV

V
� r';

i.e.,

M

�
rW.r'/

W.r'/
� r' � 1

�
�
rV � r' �W.r'/

V
�
jrV j

V
jr'j: (2.3)

Now our assumption (1.2) implies that there exist positive constants R0, ı0 > 0, and C0
such that whenever jyj � R0, one has

rW.y/ � y

W.y/
� 1C ı0; W.y/ � C0jyj

p: (2.4)

Note that, if jr'. Nx/j � R0, using ' � 1, we have M � R20
2

.
If, on the contrary, jr'. Nx/j �R0, the first inequality in (2.4) implies that the left-hand

side of (2.3) is positive. In particular, the second term in (2.3) must be positive, namely
W.r'. Nx// < rV. Nx/ � r'. Nx/. This, combined with the second inequality in (2.4), yields

C0jr'. Nx/j
p
� W.r'. Nx// � jrV. Nx/j jr'. Nx/j;

hence

jr'. Nx/j �
jrV. Nx/j

1
p�1

C
1
p�1

0

:

Combining all these bounds with (2.3), we finally obtain

ı0M �
jrV. Nx/j

p
p�1

C
1
p�1

0 V. Nx/

:

Finally, since V 1=p is Lipschitz,

jrV. Nx/j
p
p�1

V. Nx/
� .p LipV 1=p/

p
p�1 :

In conclusion, we have found a universal bound on M :

M �M0´ max
²
R20
2
;
.p LipV 1=p/

p
p�1

ı0C
1
p�1

0

³
:

Now, using

jr
p
'j D

jr'j

2
p
'
D

r
u

2'
;
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we deduce that
p
' is

q
M0

2
Lipschitz. Hence, denoting by x� the point where ' is mini-

mal (i.e., with our convention, '.x�/ D 1), for all x 2 Rd we havep
'.x/ � 1C

r
M0

2
jx � x�j � 1C

r
M0

2
.jxj C jx�j/;

therefore, since u
'
�M0,

jr'.x/j �
p
2M0 CM0jx

�
j CM0jxj: (2.5)

The proof will therefore be complete once we find a universal bound on x�, which can
be done as in [4, 7] by a simple mass balance argument that we recall for the sake of
completeness.

Given ˛ 2 Sd�1, define the cone K˛ ´ ¹y 2 Rd W ˛ � y � 1
2
jyjº. Since T .x�/ D 0,

the monotonicity of T implies the inequality T .x/ � .x � x�/� 0 for every x. In particular,
if T .x/ 2 Kx�=jx�j we have

T .x/ � x � T .x/ � x� �
1

2
jx�j jT .x/j;

which implies jxj � 1
2
jx�j. Hence, we obtain T �1.Kx�=jx�j n ¹0º/ � Rd n B jx�j

2

. Thanks
to T#f D g, this yields

a.g/´ inf
˛2Sd�1

Z
K˛

g �

Z
Rd nB jx�j

2

f:

Since
R

Rd nBr
f ! 0 as r !C1, we get a bound on jx�j that only depends on f and g:

jx�j � 2 sup
²
r > 0 W

Z
Rd nBr

f � a.g/

³
:

Using this bound2 in (2.5) completes the proof of Theorem 1.1.

Remark 2.1. Another way to bound M from above is to come back to (2.3) and bound
its right-hand side in terms of W �, the Legendre transform of W :

M
h
rW.r'/

W.r'/
� r' � 1

i
�
rV � r' �W.r'/

V
�
W �.rV /

V
:

Under our assumption, it is possible to prove the existence of a constant C > 0 such that
W �.rV /�CV . Then, combining this bound with the second condition in (1.2), we reach
the same conclusion as in Theorem 1.1.

While in this case both arguments give the same result, the method presented in the
proof of Theorem 1.1 seems more flexible than the one discussed here. In particular, we
shall use a variation of it in the proofs of Theorems 2.2 and 2.4.

2Note that, since 1=g 2 L1loc, one can bound a.g/ from below, regardless of the radius R � 1 we used
in the beginning to truncate g.
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2.2. Variants

We want to stress the fact that a similar proof to that of Theorem 1.1 can lead to sublinear
estimates on the optimal transport map. The idea is to consider a maximum point of jr'j

2

2H.'/

for some well-chosen positive, increasing, and smooth functionH such thatH.t/!C1
as t ! C1. Up to replacing W by WR as we did above (and normalizing ' again by
fixing its minimum to 1), one can assume the maximum is achieved at some point Nx and
the goal is to estimate

M ´ max
jr'j2

2H.'/
D
jr'. Nx/j2

2H.'. Nx//
:

At Nx, one has

D2'r' DMH 0.'/r'; 'ijk'k C 'ik'jk �MŒH 0.'/'ij CH
00.'/'i'j �:

Hence, as in the proof of Theorem 1.1, multiplying (2.2) by 'k , and summing over k gives
(recall the relation B D D2'�1)

d
�
MH 0.'/

rW.r'/ � r'

W.r'/
�
rV

V
� r'

�
D B ij'ijk'k

� B ij .MŒH 0.'/'ij CH
00.'/'i'j � � 'ik'jk/

D dMH 0.'/CMH 00.'/Br' � r' ��'

� dMH 0.'/C
H 00.'/

H 0.'/
jr'j2 � d

W.r'/

V
;

where, in the last line, we have used the arithmetic-geometric mean inequality and that, at
Nx, one has M.D2'/�1r' D r'

H 0.'/
. Since jr'j2 D 2MH.'/ at the point Nx, we arrive at

the inequality

M
h
rW.r'/ � r'

W.r'/
� 1 �

2H 00.'/H.'/

dH 0.'/2

i
�
rV � r' �W.r'/

H 0.'/V
: (2.6)

An easy consequence of (2.6) is the following.

Theorem 2.2. Assume that for some p; q > 1 such that

d.q � 1/.p � 1/ > q � p (2.7)

one has

lim inf
jyj!1

W.y/

jyjp
> 0; lim inf

jyj!1

rW.y/ � y

W.y/
� p; (2.8)

and, for some A > 0,

jrV.x/j

V.x/
�

A

1C jxj
; jrV.x/j � A.1C jxj/q�1; 8x 2 Rd : (2.9)

Then the monotone transport T from V �d to W �d satisfies

jT .x/j � C.1C jxj/
q�1
p�1 8x 2 Rd ;

for some explicit constant C > 0.
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Proof. Let

˛ D
q � 1

p � 1
; � D

2˛

1C ˛
D

2q � 2

p C q � 2
< 2:

Our aim is to bound

M ´ max
jr'j2

2'�
:

For this, we choose the function H.'/ D '� in (2.6) so that, at the maximum point Nx, we
get

M
h
�
�
rW.r'/

W.r'/
� r' � 1

�
C
2 � 2�

d

i
� '1��

rV � r' �W.r'/

V
: (2.10)

As in the proof of Theorem 1.1, it suffices to consider the case when jr'. Nx/j is large.
In particular, by (2.8) and (2.7), the postfactor after M in the left-hand side of (2.10) is
strictly positive. This implies the nonnegativity of the right-hand side, which combined
with (2.8) and (2.9) gives

jr'. Nx/j . jrV. Nx/j
1
p�1 . .1C j Nxj/˛; (2.11)

(here, the symbol . is just hiding a positive multiplicative constant). Then, using (2.10),
(2.9), and the definition of M , we have

M .
1

1C j Nxj

jr'. Nx/j

'
�
2 . Nx/

'1�
�
2 . Nx/ .

M
1
2

1C j Nxj

jr'. Nx/j
2��
�

M
1
�
� 12

. M 1� 1
�
.1C j Nxj/

˛.2��/
�

1C j Nxj
. M 1� 1

� ;

where, in the second line, we used (2.11) and 2��
�
D

1
˛

. This gives a universal bound on

M , and therefore on the Lipschitz constant of '1�
�
2 . So, arguing as at the end of the proof

of Theorem 1.1 (using a bound on the norm of the minimum point of '), we obtain

jT j D jr'j . '
�
2 . .1C j � j/

�
2�� D .1C j � j/˛;

as desired.

Remark 2.3. It is unclear to us whether the condition (2.7) (that is automatically satisfied
when p � q or when d is large) is really necessary to obtain a superlinear bound on jT j
when p < q.

Using the same method, a similar sublinear estimate can be obtained when the target
is Gaussian.

Theorem 2.4. Assume that g is a Gaussian and that there exists A > 0 such that

jrV.x/j

V.x/
�

A

1C jxj
8x 2 Rd : (2.12)
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Then the monotone transport T from V �d to g satisfies

jT .x/j � C
p
1C log.1C jxj/ 8x 2 Rd ;

for some explicit constant C > 0.

Proof. Performing a translation and a suitable change of coordinates if necessary, we may

assume that W is of the form W.y/ D cde
jyj2

2d (so that g D W �d is a standard Gaussian).
This time, we take H.'/´ log.e C '/ and consider

M ´ max
jr'j2

2 log.e C '/
:

Note that the function H is concave, so that (2.6) implies in this case

M
h
rW.r'/ � r'

W.r'/
� 1

i
�
rV � r' �W.r'/

H 0.'/V
: (2.13)

At a maximum point Nx (again such a point exists provided we replace W by WR as in
the proof of Theorem 1.1), (2.13) becomes

M
h2M
d

log.e C '/ � 1
i
DM

h 1
d
jr'j2 � 1

i
� .e C '/

rV � r' �W.r'/

V
:

Again, we look for an explicit bound onM . IfM � d there is nothing to prove. IfM > d ,
the left-hand side is larger than M log.e C '. Nx// (remember ' � 1 > 0) and therefore, at
the point Nx, we have

M �
.e C '/

log.e C '/
rV � r' �W.r'/

V
: (2.14)

As in the proof of Theorem 1.1, the positivity of the right-hand side implies

cde
jr'. Nx/j2

2d � jrV.x/j jr'. Nx/j:

Thus, assuming without loss of generality that jr'. Nx/j is large (because if not, we auto-
matically get a bound on M ), the left-hand side is larger than jr'. Nx/je

jr'. Nx/j2

4d and we
get

jr'. Nx/j � 2d
p

log.jrV. Nx/j/ .
p
1C log.1C j Nxj/

where, in the second inequality, we used the fact that (2.12) implies a power growth con-
dition on rV .

Denoting by x� the minimum point of ' and arguing as in the last step of the proof of
Theorem 1.1 in order to bound jx�j, we get

'. Nx/ � 1C jr'. Nx/j.j Nxj C jx�j/ � C.1C j Nxj/
p
1C log.1C j Nxj/: (2.15)
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Also, by (2.14), the definition of M , and (2.12), we have

M �
A.e C '. Nx//

log.e C '. Nx//.1C j Nxj/
jr'. Nx/j D

A
p
2M

.1C j Nxj/

.e C '. Nx//p
log.e C '. Nx//

:

Hence, combining this bound with (2.15) and the fact that t 2 Œ1;C1/ 7! eCtp
log.eCt/

is
increasing, we get

p
M �

A
p
2

.1C j Nxj/

.e C '. Nx//p
log.e C '. Nx//

.
p
1C log.1C j Nxj/q

1C log..1C j Nxj/
p
1C log.1C j Nxj//

. 1;

which gives the desired bound on M .
Now defining

ˆ.t/´

Z t

1

1p
log.e C s/

ds; t � 1;

we see that the function ˆ ı ' is
p
2M Lipschitz. Hence

ˆ.'.x// �
p
2M.jxj C jx�j/ � C.1C jxj/; 8x 2 Rd ;

which implies

jr'.x/j �
p
2M

q
log
�
e Cˆ�1.C.1C jxj//

�
: (2.16)

Noticing that ˆ�1.0/ D 1 and .ˆ�1/0 D
p

log.e Cˆ�1/ �
p
ˆ�1, one easily gets the

subquadratic bound ˆ�1.t/ � .1 C 1
2
t /2, which together with (2.16) gives the desired

estimate on jT j.

3. Bounding the Lipschitz constant of T

3.1. A formal argument

Assume that the optimal transport T D r' from V �d to W �d has at most linear growth,
i.e., it satisfies (1.3) for some constant C (as is the case for instance under the assumptions
of Theorem 1.1). Also assume that there are constants A, B , � > 0, and ƒ � 0 such that
for every x and y in Rd ,

1C jrV.x/j2

V.x/2
�

A2

hxi2
;

W.y/2

1C jrW.y/j2
� B2hyi2; (3.1)

and, for a.e. x 2 Rd , y 2 Rd ,

D2V.x/ �
ƒ.1C jrV.x/j2/Id

V.x/
; D2W.y/ �

�.1C jrW.y/j2/Id
W.y/

: (3.2)
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Remark 3.1. Since we have

D2
�
�
1

V

�
D
D2V

V 2
� 2
rV ˝rV

V 3
;

we obtain
D2V

V 2
� D2

�
�
1

V

�
�
D2V

V 2
� 2
jrV j2

V 3
Id:

Thus, the first condition in (3.2) amounts to a semiconcavity condition on � 1
V

bounding
from above its Hessian by a multiple of 1CjrV j

2

V 3
Id. This explains the first condition that

will appear in the sequel in (3.15), which may look strange at first glance but is simply an
incremental ratio version of this semiconcavity assumption.

We now show how, under assumptions (3.1)–(3.2), one can (at least formally) derive a
bound on the Lipschitz constant of T , i.e., the largest eigenvalue ofD2' by an argument à
la Caffarelli. Then, in the next section, we shall show how to make the argument rigorous.

Let . Nx; Ne/ maximize the function Rd � Sd�1 3 .x; e/ 7! hD2'.x/e; ei, and assume,
without loss of generality, Ne D e1. Then

r'11 D 0; D2'11 � 0; 'i1 D 0 for i ¤ 1; (3.3)

where the last condition follows from the fact that e1 has to be an eigenvector of D2'. Nx/.
Writing the Monge–Ampère equation in the form

F.D2'/ D
W ı r'

V
; where F D

1
d

det; (3.4)

and differentiating it first once and then twice with respect to the x1 variable, we get

F 0.D2'/D2'1 D
Wi'i1

V
�
V1W

V 2
;

and

hF 00.D2'/D2'1;D
2'1i C F

0.D2'/D2'11

D
Wik'i1'k1

V
C
Wi'i11

V
� 2

Wi'i1V1

V 2
�
V11W

V 2
C 2

V 21 W

V 3
; (3.5)

where W and its derivatives are evaluated at r'. Since F is concave on the space of
symmetric definite positive matrices, the first term in the left-hand side is nonpositive.
Since, at the point Nx, D2'11 � 0 and F is nondecreasing (in the sense of matrices) on the
space of symmetric semidefinite positive matrices, the second term on the left-hand side
of (3.5) is nonpositive at the point Nx. Thanks to (3.3), at the point Nx the right-hand side of
(3.5) simplifies to

W11'
2
11

V
� 2

W1V1'11

V 2
�
V11W

V 2
C 2

V 21 W

V 3
:
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Thus, setting Ny ´ r'. Nx/, we deduce

W11. Ny/'11. Nx/
2
�
V11. Nx/W. Ny/

V. Nx/
C
2V1. Nx/W1. Ny/'11. Nx/

V . Nx/
�
2V1. Nx/

2W. Ny/

V. Nx/2

�
V11. Nx/W. Ny/

V. Nx/
C
W11. Ny/'11. Nx/

2

2
C
2V1. Nx/

2W1. Ny/
2

V. Nx/2W11. Ny/
; (3.6)

where we have used Young’s inequality in the last line and discarded the last (negative)
term of the previous one. Therefore, we arrive at

W11. Ny/'11. Nx/
2

2
�
V11. Nx/W. Ny/

V. Nx/
C
2V1. Nx/

2W1. Ny/
2

V. Nx/2W11. Ny/

which, thanks to (3.2), yields

'11. Nx/
2
�

�2ƒ
�
C

4

�2

�1C jrV. Nx/j2
V. Nx/2

W. Ny/2

1C jrW. Ny/j2
:

Thus, (3.1) and (1.3) imply that, denoting by M DM.A;B; �;ƒ/ the explicit constant

M D

r
2ƒ

�
C

4

�2
AB;

one has

max
x;e
hD2'.x/e; ei D '11. Nx/ �M

1C j Nyj

1C j Nxj
DM

1C jr'. Nx/j

1C j Nxj
�M.1C C/;

where C is the constant in (1.3).
This shows that T D r' is M.1C C/ Lipschitz, as desired. Unfortunately, this argu-

ment is only formal not only because it assumes ' to be four times differentiable (which
anyhow could be assumed by approximation) but, more importantly, because maximizing
sequences for the second derivatives of ' need not be bounded. Hence, to give rigorous
statements and proofs, we shall use incremental ratios (similarly to [7]) as explained in
the next section.

3.2. Using incremental ratios

Given a function hWRd ! R, a small constant " > 0, and .x; e/ 2 Rd � Sd�1, set

h".x; e/´ h.x C "e/C h.x � "e/ � 2h.x/: (3.7)

For R > 0 (chosen large in a way that will be specified later), we replace W by WR as we
did in the beginning of the proof of Theorem 1.1. Then, by an abuse of notation, we denote
the monotone transport map from V to WR by T D r'. To obtain a Lipschitz bound on
T , our goal is to find an upper bound that does not depend on R on the quantity

lim sup
"!0C

"�2 sup
Rd�Sd�1

'":
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Indeed, this will enable us to conclude thanks to the stability of the monotone transport
map as R!1. Thanks to [7, Lemma 3.1], denoting Ox´ x

jxj
for x 2 Rd n ¹0º, one has

T .x/ �R Ox ! 0 as jxj ! C1: (3.8)

This implies in particular that, for any fixed " > 0, the positive function '".x; e/ DR "
0
.T .x C te/ � T .x � te// � e dt tends to 0 as jxj ! 1, uniformly in e 2 Sd�1. In par-

ticular, it achieves its maximum at some point . Nx; Ne/ (for the moment, we do not explicitly
write the dependence of . Nx; Ne/ in terms of "). Setting Ny ´ r'. Nx/, the fact that . Nx; Ne/
maximizes '" over Rd � Sd�1 yields

r'. Nx C " Ne/Cr'. Nx � " Ne/ D 2 Ny; D2'. Nx C " Ne/CD2'. Nx � " Ne/ � 2D2'. Nx/ (3.9)

and that, for some ı 2 R, one has

r'. Nx C " Ne/ � r'. Nx � " Ne/ D 2ı Ne: (3.10)

Thus, using the notation @ Ne' D r' � Ne, we have

r'. Nx ˙ " Ne/ D Ny ˙ ı Ne; ı D
1

2
.@ Ne'. Nx C " Ne/ � @ Ne'. Nx � " Ne//: (3.11)

In particular, it follows from (3.11) that we have

sup
Rd�Sd�1

'" D '". Nx; Ne/ D

Z "

0

.@ Ne'. Nx C t Ne/ � @ Ne'. Nx � t Ne// dt

�

Z "

0

.@ Ne'. Nx C " Ne/ � @ Ne'. Nx � " Ne// dt D 2"ı; (3.12)

where we have used the convexity of ' to obtain

@ Ne'. Nx C t Ne/ � @ Ne'. Nx C " Ne/; @ Ne'. Nx � t Ne/ � @ Ne'. Nx � " Ne/; 8t 2 .0; "/:

Hence, to prove '". Nx; Ne/ � K"2 for some universal constant K, it will be sufficient to
show ı � K" for some universal constant K.

Denoting as before F D det
1
d , the second condition in (3.9) yields

F.D2'. Nx// � F
�1
2
D2'. Nx C " Ne/C

1

2
D2'. Nx � " Ne/

�
�
1

2
F
�
D2'. Nx C " Ne/

�
C
1

2
F
�
D2'. Nx � " Ne/

�
;

where we used again the concavity of F . Using the Monge–Ampère equation (3.4) at the
points Nx, Nx ˙ " Ne, and recalling (3.11), we obtain

0 �
W. Ny C ı Ne/

V . Nx C " Ne/
C
W. Ny � ı Ne/

V . Nx � " Ne/
� 2

W. Ny/

V. Nx/

D
W. Ny C ı Ne/CW. Ny � ı Ne/ � 2W. Ny/

V. Nx/

C

�
W. Ny C ı Ne/ �W. Ny/

�� 1

V. Nx C " Ne/
�

1

V. Nx/

�
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C

�
W. Ny � ı Ne/ �W. Ny/

�� 1

V. Nx � " Ne/
�

1

V. Nx/

�
CW. Ny/

� 1

V. Nx C " Ne/
C

1

V. Nx � " Ne/
�

2

V. Nx/

�
:

Thus, multiplying by V. Nx/ and using the notation in (3.7), we obtain a discrete analog of
(3.6):

W ı. Ny; Ne/ � �C C �� C V. Nx/W. Ny/
�
�
1

V

�"
. Nx; Ne/; (3.13)

where

�˙´ .W. Ny ˙ ı Ne/ �W. Ny//
V . Nx ˙ " Ne/ � V. Nx/

V . Nx ˙ " Ne/
:

The goal now is to find suitable assumptions ensuring that (3.13) implies ı � K". This is
the purpose of the next section.

3.3. Assumptions ensuring that T is globally Lipschitz

We aim to find assumptions guaranteeing that (3.13) implies a universal bound ı � K".
Indeed, thanks to (3.12), this will imply a uniform bound on the eigenvalues of D2'.

We shall assume that V and W satisfy assumptions (3.1) and (3.2) that naturally
appeared in the formal discussion in Section 3.1. However, to address the case where
the maximizer Nx D Nx."/ escapes to1 as "! 0, we shall need extra hypotheses that are,
to some extent, asymptotic incremental ratio versions of (3.1) and (3.2) (recall Remark
3.1). Still, as we shall see, the constants from these extra assumptions do not appear in the
final Lipschitz bound.

These extra assumptions are as follows: There exist A0; B0; �0; ƒ0; R0; ˛0 > 0 such
that, for every z 2 Rd n BR0 , e 2 Sd�1, and ˛ 2 .0; ˛0/, the following holds:

jV.z C ˛e/ � V.z/j

˛V.z C ˛e/
�

A0

1C jzj
;
jW.z C ˛e/ �W.z/jW.z/

˛.1C jrW.z/j2/
� B0.1C jzj/; (3.14)

˛�2
�
�
1

V

�˛
.z; e/ �

ƒ0.1C jrV.z/j
2/

V .z/3
;

W ˛.z; e/

˛2
�
�0.1C jrW.z/j

2/

W.z/
: (3.15)

We are now in position to prove the following theorem.

Theorem 3.2. In addition to the assumptions of Theorem 1.1, let V and W satisfy (3.1)–
(3.2)–(3.15)–(3.14) for some constants A;B;�;ƒ > 0, and A0, B0, �0,ƒ0, R0, ˛0. Then
the monotone transport map T D r' from V �d to W �d satisfies

DT.x/ D D2'.x/ � KId; 8x 2 Rd ; (3.16)

with K ´
q
2ƒ
�
C

4
�2
AB.1C C/, where C is the constant in (1.3) obtained in the proof

of Theorem 1.1.
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Proof. Recall that we have truncated the target measure g by replacing W with WR. This
slightly affects the value of constants � and B in the assumptions concerningW , but these
values will converge to those forW when in the end one letsR!1. Note also that, since
W �d is supported inside BR, the arguments of W and its derivatives will also belong to
BR. In addition, as in the proof of Theorem 1.1, we have a linear bound on T D TR, with
a constant which converges to the value C in (1.3) as R!1. Hence, to prove (3.16), it
is enough to show the same inequality for TR with these modified constants depending on
R, and then to let R!C1. For this reason and to simplify the notation, in what follows
we omit the dependence on R. On the contrary, we shall from now on explicitly write the
dependence of Nx, Ne, Ny Dr'. Nx/, and ı with respect to "; denoting them, respectively, Nx."/,
Ne."/, Ny."/, and ı."/. We shall need to consider two cases.

• First case: Nx."/ has a limit point as " ! 0C. In this case, up to regularizing V and
W (which only slightly changes that value of the constants in the assumptions, and that
anyhow will converge to the original values as the regularizing parameter goes to zero),
we can assume that V and W are both of class C 2;˛loc for some ˛ > 0. This guarantees, in
particular, that the function ' is at least of class C 4.

Now, up to a suitable extraction, we may assume that Nx."/ converges to some Nx and
that Ne."/ converges to a unit vector, say e1. Then it is easy to check that

'11. Nx/ D max
.x;e/2Rd�Sd�1

hD2'.x/e; ei:

Thus, in this case, the formal argument described in Section 3.1 can be applied verbatim
to deduce that

'11. Nx/ �

r
2ƒ

�
C

4

�2
AB.1C C/;

proving the desired estimate.

• Second case: j Nx."/j ! 1 as "! 0C. Note first that, thanks to (3.8) and (3.10),

ı."/ D
1

2
jT . Nx."/C " Ne."// � T . Nx."/ � " Ne."//j ! 0 as "! 0C:

Also, again by (3.8),

j Ny."/j D jT . Nx."//j ! R as "! 0C:

Hence, up to choosing R large enough, we may assume that for " small enough one
can use the asymptotic assumptions (3.14)–(3.15) concerning W (resp. V ) at .z; ˛; e/ D
. Ny."/; ı."/;˙Ne."// (resp. . Nx."/; ";˙Ne."//). Thus, for " > 0 small, it follows from (3.13),
(3.14), and (3.15), that

�0ı."/
2
� 2A0B0

1C j Ny."/j

1C j Nx."/j
"ı."/Cƒ0

1C jrV. Nx."//j2

V. Nx."//2
W. Ny."//2

1C jrW. Ny."/j2
"2:
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Combining this bound with (3.1), we obtain

�0ı."/
2
� 2A0B0

1C j Ny."/j

1C j Nx."/j
"ı."/Cƒ0A

2B2
1C j Ny."/j2

1C j Nx."/j2
"2:

Since j Nx."/j ! 1 and j Ny."/j ! R as "! 0C, this implies

ı."/ D o."/:

Recalling (3.12), this implies thatD2'� 0, which would prove that the map T is constant,
and is a contradiction (since g is not a Dirac mass). Hence, this second case cannot happen,
which concludes the proof.

3.4. Proof of Theorem 1.2.

It suffices to check that the assumptions of Theorem 1.2 imply those of Theorem 3.2 (and
in particular those of Theorem 1.1).

We start from some preliminary considerations. First, note that, by (1.4),W is convex.
Thus, combining (1.4) and the assumption jrW j . h � ip�1, it follows that W h � i�p is
bounded both from above and away from 0 (which we shall simply denote as W � h � ip).

Using Taylor’s formula with an integral remainder, (1.4) yields

hyijrW.y/j � rW.y/ � y D W.y/ �W.0/C

Z 1

0

shD2W.sy/y; yi ds

� W.y/ �W.0/C
�jyjp

p
(3.17)

from which we deduce .1C jrW j/ � h � ip�1.
We list here below the different assumptions that we need to prove, and explain how

to obtain them:

• Lipschitz condition on V 1=p (an assumption in Theorem 1.1): The fact that V
1
q (hence

also V
1
p , since p� q and V is bounded away from 0) is Lipschitz directly follows from

the second and third conditions in (1.5).

• First condition in (1.2) (an assumption of Theorem 1.1): We have already pointed out
that we have W � h � ip; in particular, W satisfies the first condition in (1.2).

• Second condition in (1.2) (an assumption in Theorem 1.1): This is a consequence of
(3.17), dividing it by W.y/.

• Upper bound on W 2

1CjrW j2
(from (3.1)): We saw that from (3.17) we obtain .1 C

jrW j/ � h � ip�1; this, together with W � h � ip , provides the desired bound.

• Upper bound on 1CjrV j2

V 2
(from (3.1)): This is a consequence of the second and third

conditions in (1.5).

• Upper bound onD2V (first condition in (3.2)): One deduces from (1.5) that V � h � iq ;
therefore, thanks to the last condition in (1.5), we have h � iq�2 . 1CjrV j2

V
. The result

then follows by assumption (1.4).
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• Lower bound on D2W (second condition in (3.2)): This is a consequence of the
assumption (1.4), together with .1C jrW j/ � h � ip�1 and W � h � ip .

• Upper bound on the second-order incremental ratio of�1=V (first condition in (3.15)):
Let e 2 Sd�1, ˛ 2 Œ�1; 1�, and z 2 Rd with jzj large. Since �D2. 1

V
/ � D2V

V 2
, using

(1.4) and V � h � iq , we get�
�
1

V

�˛
.z; e/ � ƒ

Z ˛

0

Z s

�s

hz C �eiq�2

V 2.z C �e/
d� ds . hzi�q�2˛2;

which implies the first condition in (3.15) since h � i�q�2 . 1CjrV j2

V 3
.

• Lower bound on the second-order incremental ratio ofW (second condition in (3.15)):
This is essentially the same argument as the previous one (note, however, that the
constants ƒ and � in (3.15) may differ from those in (1.4)).

• Upper bounds on the incremental ratios of V and W (the two conditions in (3.14)):
For large jzj, these two conditions can be deduced from upper bounds on jrV j=V
and jrW jW=.1C jrW j2/, respectively, and these two quantities are bounded thanks
to the assumptions (1.5) (in what concerns V ) and to the fact that (3.17) provides
.1C jrW j/ � h � ip�1 and W � h � ip .
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