J. Eur. Math. Soc. 28, 925-1008 (2026) DOI 10.4171/JEMS/1491

© 2024 European Mathematical Society
Published by EMS Press and licensed under a CC BY 4.0 license

JEMS

Fan Gao - Nadya Gurevich - Edmund Karasiewicz

Genuine pro-p Iwahori-Hecke algebras, Gelfand-Graev
representations, and some applications

To Professor Gordan Savin on his 60th birthday
Received May 9, 2022; revised October 19, 2023

Abstract. We study the Iwahori component of the Gelfand—Graev representation of a central cover
of a split linear reductive group and utilize our results for three applications. In fact, it is advan-
tageous to begin at the pro-p level. Thus to begin we study the structure of a genuine pro-p
Iwahori—Hecke algebra, establishing a Bernstein presentation. With this structure theory we first
describe the pro- p part of the Gelfand—Graev representation and then the more subtle Iwahori part.
For the first application we relate the Gelfand—Graev representation to the metaplectic represen-
tation of Sahi—Stokman—Venkateswaran, which conceptually realizes the Chinta—Gunnells action
from the theory of Weyl group multiple Dirichlet series. For the second we compute the Whittaker
dimension of the constituents of regular unramified principal series representations; for the third we
do the same for unitary unramified principal series representations.
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1. Introduction

Let F be a p-adic local field with ring of integers Of and residue field . Let G be a
smooth reductive linear algebraic group scheme over OF. It is known that the generic
fiber of G is quasi-split and split over a finite unramified extension of F; for simplicity,
we assume that it is actually split over F. Write G := G(F) and G, := G(«).

It is a well-known result of Rodier, Gelfand—Kazhdan and Shalika that every irre-
ducible admissible representation 7 € Irr(G) has at most one Whittaker model, i.e.,

dim Homg (7, Ind%— y) < 1, (1.1)

where U™ is the unipotent radical of a Borel subgroup of G and ¥ is a nondegener-
ate character of U™. This is a p-adic analogue of the finite field case, where it was
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first shown by Gelfand—Graev that the finite field analogue Indgl’(‘_ Yy of Indgf ¥ has
similar multiplicity-one property. This multiplicity-one property for Indg:— Y follows
from the commutativity of its endomorphism algebra C(U_, ¥\G«/ U, , ¥,), which
can be proved by exhibiting a Chevalley—Steinberg involution (see [10, Section 8.1] or
[49, Chapter 14]). The proof for G essentially adapts this idea. The multiplicity-one prop-
erty (1.1) for Whittaker models is important for the theory of L-functions, especially the
Langlands—Shahidi method and some Rankin—Selberg integrals as well.

As a refinement of (1.1), it was shown in [7, Theorem 4.3] that for a simply generic
Bernstein class s with respect to i, there is a canonical isomorphism

3%(G) — Endg (ind$— ¥)%,

where 3%(G) is the Bernstein center of the subcategory of Irr(G) associated with s. Here
ind%_ v is the compact induction, whose dual is just Ind$_ ¥ ~'. If one concentrates
further on the unramified class s = [T, 1], then further investigation of the structure of
((ind&— ¥)*)! = (ind$_ ¥)! was given in several works, [2, 11,43] for example. Here
I C G is the Iwahori subgroup determined by the Borel subgroup B C G. In particular,
it was shown in [11] that if the conductor of i is pF, then

(ind$— ) ~ ew @, Hi, (1.2)

where

Hr = CPUNG/I)

is the Iwahori—-Hecke algebra and ey the sign character of the finite-dimensional subal-
gebra Ky deformed from C[W]. Such a result was also obtained from a more general
perspective by Brubaker—-Bump-Friedberg [4]. For general s = [T, x], the structure of
(indg_ ¥)® was determined recently by [40].

More generally, one may consider the above problems for central covers of G. Assume
that F* contains the full group j, of n-th roots of unity. There are natural n-fold central
covers

Un <> G — G,

of which we consider only the genuine representations, i.e., [, acts via a fixed embedding
€ : ity <> C*. With the unipotent subgroup U ~ splitting uniquely in G, one may consider
the genuine Gelfand—Graev representation

Vi=ind§ ;- (e ® ¥).

In this case, for fixed G we expect the right hand side of (1.1) to be replaced by
|T/Z(T)|'/2, where this upper bound is achieved (see [22]). In particular, multiplicity-
one fails.

This multi-dimensionality of Whittaker models for genuine representations was
observed decades ago. Though it gives obstacles to the classical theory of L-functions, it
nevertheless motivates the theory of Weyl group multiple Dirichlet series (WMDS), which
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dates back at least to the work of Kubota. These WMDS possess meromorphic continua-
tion and functional equation, but are not Eulerian. Conjecturally, they are equal to certain
Fourier coefficients of the Borel Eisenstein series of G. See [6] for an exposition on this
topic. There are various methods to construct such WMDS. One was given by Chinta—
Gunnells [12] by utilizing the so-called metaplectic W -representation afforded by C(Y),
where Y is the cocharacter lattice of G. Let #; = CZ5.(1 \G/I) be the Iwahori-Hecke
algebra of G. It was shown recently by Sahi—Stokman—Venkateswaran [45] that the meta-
plectic W -representation of Chinta—Gunnells arises naturally from a certain #;-module
afforded on the space C[Y], which we call the SSV representation of ;. In fact, the SSV
representation is afforded by the bigger space C[P], where P D Y is the coweight lattice.
In any case, it should be highlighted that the construction in [45] is algebraic and uniform
and does not involve computer-assisted checking of well-definedness of the Weyl group
action.

In this paper we continue the study of Whittaker spaces for tame covering groups (i.e.
gcd(p,n) = 1), focusing on the following problems:

(P1) Describe the Iwahori component of the Gelfand—Graev representation, that is, deter-
mine the J#;-module structure of V! = indgnU_ (e ® ¥)!. This will be a direct
generalization of [11] to covers.

(P2) Give a more natural and conceptual interpretation of the SSV representation in terms
of V! Relations between these two and also the metaplectic W -representation have
been hinted at in several works including [12, 13, 39] via the presence of the local
scattering matrices, which describe the intertwining operators between the Whit-
taker models of principal series representations /() and 1(*y).

(P3) Verity some speculative formulas regarding the Whittaker dimension of some Iwa-
hori spherical representations, especially those irreducible constituents of a regular
or unitary unramified principal series (see [19-21]).

A solution to (P1) would provide a valuable tool to investigate (P2) and (P3). Unfor-
tunately, naively adapting the strategy of [11] does not work. The fundamental obstacle is
that the “supports” of V! and #; do not match. More precisely, for a linear group G, the
Iwahori—Hecke algebra #; is an affine Hecke algebra deformed from the extended affine
Weyl group W x Y, and the support of (indgf ¥)! corresponds to Y. In this case, the
twisted Satake transform (see [25])

Sy 1 CR(ING/T) — (ind%_ y)!

of H-modules is surjective, and realizes (1.2). However, for G, the support of the gen-
uine Iwahori—Hecke algebra only corresponds to W x Yg ,,, where Yg , C Y is a certain
sublattice; yet the support of V! still corresponds to Y. This is the support mismatch
mentioned above. Consequently, Sy, is not surjective for general covering groups.

The support mismatch disappears if I is replaced by its maximal pro-p subgroup /1,
so we consider the algebra J¢ := C22(1; \G/I,). Our first goal is then the following:

(PO) Study the larger pro-p Hecke algebra J¢ instead of J;; explicate the structure
of V11 over #.
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We leverage these pro- p results to investigate the Iwahori level and ultimately solve prob-
lems (P1)—(P3). The road map of the above topics and results in our paper is as follows:

(PO) s (P1) s (P2)

N

(P3)

1.1. Main results

To elaborate on the above, we give a brief outline of the paper and state our main results.
In Section 2, we introduce algebraic groups, their central covers, and fix some nota-
tions.
In Section 3, we first study a Z-model #z of the pro- p Iwahori—Hecke algebra # and
establish the braid and quadratic relations. In Section 4, based on the universal principal
series (along the lines of Haines—Kottwitz—Prasad [26]) we prove the following theorem.

Theorem 1.1 (Theorem 4.18). The pro-p Hecke algebra # has an explicit Bernstein
presentation.

We note that for linear groups the pro-p Iwahori—-Hecke algebra was studied by
Vigneras [53] and Flicker [15].

The Bernstein presentation of J¢ gives rise to the corresponding one for J;, which
we explicate in Section 4.6. This presentation already appears in the earlier work [16,
38,46, 47]. However, by using the pro-p algebra we can easily prove Corollary 3.5 and
circumvent the technical complications faced by Savin [47, Proposition 6.5].

In Section 5, we first discuss the structure of

Ve = (Indg y) %,

the U, -fixed vectors in the Gelfand—Graev representation of G,. We show that there is a
decomposition
Ve = P Veo
o

into irreducible modules over #, = C(U,\G,/U,), where the sum is taken over all
W -orbits in Hom(7, C*). There is a W -stable sublattice Yp , C ¥ which controls the
noncommutativity of the covering torus 7. We write .2 o.n :=Y/Yp . The main result
pertaining to (PO) and (P1) is the following:

Theorem 1.2 (Theorem 5.13, Corollary 5.15, Theorem 5.21). There is a natural isomor-
phism
Y:Ve @, H — VI

of #-modules. It gives rise to a decomposition

vi= P v

OCZo.n
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over all W-orbits in Z g . Moreover, if O = Oy, C X p is splitting (see Definition 5.19),
then one has natural isomorphisms of Hy-modules

&y ®3€11y Hp — 'VK’@ R, JH o 1f l) 'Vé,

where g, is the sign character of the deformed subalgebra H1,, C Hw C H associated
with the parabolic Weyl subgroup W, = Stabwy (y) C W.

The trivial orbit of 0 and free orbits are always splitting, which immediately gives
Corollaries 5.22 and 5.23. In particular, if n = 1, then G = G is alinear group, Zon =
{0}, and in this case Corollary 5.22 implies (1.2).

From Theorem 1.2, it is thus an interesting question to determine which orbits
O C Zp,n are splitting, and even to determine the covering groups G for which every
orbit O is splitting. We give a detailed discussion of several (nested) subclasses of cover-
ing groups in Section 6. In particular, we show in Corollary 6.4 that for an oasitic cover of
an almost simple and simply-connected G, every orbit (@ is splitting. Other examples with
this splitting property include the Kazhdan—Patterson and Savin covers of GL,, which we
discuss in Example 6.5.

In the remainder of Section 6, we give a full account of the structure of "V({) for
covers SL, of SL,. This example is already instructive. Indeed, if the invariant n* =
n/ged(n,2Q (")) associated with SL, is odd, then every orbit @ C Zp , is splitting
and thus Theorem 1.2 applies. However, if n* is even, then there is one peculiar orbit
which is not splitting. This illustrates some subtleties in determining the structure of 'V(Ig
for general O.

In Section 7, we identify the #;-module V! as a submodule of the metaplectic rep-
resentation (77, C[P]) constructed by Sahi—Stokman—Venkateswaran [45]. As mentioned
above, there is a natural #;-module (7, C[P]) afforded by C[P]. The subspace C[Y] is
invariant under 7 and thus gives (%, C[Y]). Moreover, there is a decomposition

0 _ 0
= @D 7o

OCZo.n
where O is taken over all orbits in Z'g ,. We have the following answer to (P2) above:

Theorem 1.3 (Theorem 7.3). Let G be an n-fold cover of a semisimple group G. Assume
(=1, @), = L. Then for every W-orbit O C Zg pn, one has

0

as Jr-modules; hence, VI ~ 7% as well.

In fact, for each z € P, the space C[Y]-x* C C[P] is also Hj-invariant and
thus gives a representation (7%, C[Y] - x?) of H#;. We speculate that 7% is related to
(indgnU_ € ® y)!; see Conjecture 7.5.

In Section 8, we present a different approach to (P1), suggested by the referee
who also outlined the proof. This approach is based on studying the space W/ =
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Cee(y, Y¥)\G/I), which is isomorphic to V! as J;-module. One advantage of the
space W' is that one can use the theory of (B, N)-pairs to efficiently derive information
about how the action of J¢; affects the support. The main result of this section is Corol-
lary 8.7, which complements Theorem 1.3. Corollary 8.7 is stronger than Theorem 1.3 in
the sense that it removes the splitting orbits hypothesis; it is weaker in the sense that the
inducing character is not explicit. Making the character explicit will be part of a future
work.

We also want to mention that one step in the proof of Corollary 8.7 relies on a result
about the Iwahori—-Hecke algebra #; that is expected to hold, but does not seem to be
in the literature. (See the remark following Corollary 8.7 for more details.) We have a
strategy for proving this using the pro-p algebra #. The details will appear in a future
work.

The remaining part of the paper concerns (P3). We apply Theorem 1.2 to determine
certain Whittaker dimensions and verify several formulas conjectured in [19,20]. In fact,
for every orbit O C Zp,,, one can define the @-Whittaker subspace of any Iwahori-
spherical 7 € Irr(G) as

Why (1)@ := Homy, ('Vé, 7.

If m = I()) is an unramified principal series representation, we expect that Why, (/(x))o
is isomorphic to another naturally defined @-Whittaker space Why, ({( )())ﬂ@ discussed
more frequently in the literature; see Conjecture 9.7.

In any case, in the last part of Section 9, we consider regular unramified genuine
principal series representations /(y). We assume that the set ®(y) of reducibility of 7(y)
is a subset of simple roots. Then by Rodier’s result, the semisimplification of 7(y)* is
multiplicity free and there is a natural bijection

2(@(0) = JHU (). S = 7s.

determined by the Jacquet module of g. Here &2 (®(y)) is the power set of ®(y) and
JH(I(y)) is the Jordan—Holder set of I(y). Every orbit O C Zp , gives rise to a Weyl
group permutation

o@% : W — Perm(0), og’/(w)(y) = w(y).

We have 0% = Pyc o om 04 . which is the permutation representation of W realized
on Zgn.

Theorem 1.4 (Theorem 9.8). Keep the notation above and let S C ©(y). Then for every
splitting orbit O C Z'g n one has

dim Why (75)e = (05,05 )y

where s € Rep(W) is a sum of certain Kazhdan—Lusztig representations of W naturally
associated with S. Hence, for G such that every orbit O is splitting (for example, those
as in Corollary 6.4 and Example 6.5) one has

dim Why, (rs) = (05,07 ).
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The proof of Theorem 1.4 is essentially the same as that in [19] which con-
cerns Why, (7'[3)?9. However, the crucial difference is that we know that the functor

dim Why, (—) e is exact, whereas the exactness is not clear for Why, (—)§9. Thus, Theo-
rem 1.4 verifies the analogue of [19, Conjecture 1.1] for Why, (rs)e considered in the
present paper, and also for Why, (ns)ﬁg if we assume Conjecture 9.7.

In Section 10, we consider unitary unramified genuine principal series representa-
tions /(y) with a decomposition

I(y) = @ g,

o€lr(Ry)
where R, is the R-group of /().

Theorem 1.5 (Theorem 10.2). Let G be a very saturated cover of an almost simple
simply-connected G associated with Q(a) = 1 for any short simple coroot a”. Let
I(y) be a unitary (K, sg)-unramified genuine principal series representation of G. Let
O C Zo,n be a W-orbit satisfying the S-property (see Definition 5.24). Then

dim Why (75)0 = (0 ® é’ﬁ,o(;g)RX forevery o € Irr(Ry).

In the above theorem, {5 is a character of R, given in (10.1). The proof relies on
explicating the Kazhdan—Lusztig—Reeder parametrization of 7, in terms of a homology
space. If G is an oasitic cover of an almost simple simply-connected group, then every
W -orbit O satisfies the condition in Theorem 1.5, and this gives Corollary 10.3.

At the end of Section 10, we also prove a result regarding the variation of Whittaker
dimension with respect to changing the additive character from i of conductor pr to °yr
of conductor OF. This could be considered as a covering analogue of the linear case as
discussed in [29, Section 4] or [17, Section 9]. It in particular settles a special case of
[23, Conjecture 5.7]. See Corollary 10.4 for details.

In summary, Theorems 1.4, 1.5 and Corollary 10.3 constitute the main results for (P3)
above.

2. Preliminaries

2.1. Algebraic groups

Let p be a prime number. Let F be a finite extension of @, with ring of integers O = Of
and maximal ideal p = pr. Let @ € OF be a fixed uniformizer, and thus pr = @wOF.
Let g denote the size of the residue field xk = Of /pF.

Let G be a connected reductive linear algebraic group over Of. We assume that the
generic fiber at Spec(F'), which is still denoted by G, is split over F with maximal split
torus T. We write

X =Hom(T,G,) and Y = Hom(Gy,T)
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for the lattices of characters and cocharacters of T respectively. Here X and Y form a
perfect pairing

(—.=): X xY > Z givenby xoy(t)=:t%" fort € Gy.
Let ® and ®V denote the sets of roots and of coroots of (G, T), respectively. We write

Ys¢ C Y for the sublattice generated by the coroots.
Let N(T) C G be the normalizer of T in G. This gives the Weyl group

W = N(T)/T.

which we identify with the Weyl group of the coroot system. Given a¥ € ®V, we write
wy for the associated reflection of Y ® Q.

We fix a Borel subgroup B containing T with unipotent radical U. This choice of B
identifies the set ® of positive roots (resp. ®Y of positive coroots) and of simple roots
A C @ (resp. simple coroots AY C ®Y). The choice of simple roots induces a length
function

LW — Z;o.

Let B~ = TU™ denote the opposite Borel subgroup. We fix a Chevalley—Steinberg system
{eq : Gg = Uy }aeo of pinnings for (G, T). For each @ € ® we can define the map

Wy : Gn — N(T), wq(a) = eq(a)- e—a(_a_l) eq(a).

For a € ® we write hy(a) ;= aV (a) which satisfies hy(a) = wy(a) - we (—1).
For simplicity of notation, for a group H over «, we write

H, := H(x).

Consider the hyperspecial maximal compact subgroup K := G(Of). The reduction
mod p map
redy : K — G = G(k)

is surjective (see Tits [52, Section 3.4.4]). Let
I :=red;"(B,) C K
be the Iwahori subgroup. Inside / one has a unique maximal pro- p normal subgroup
I = red;l(UK).
We write G, B, T, U for the F-rational points of G, B, T, U. For any subgroup H C G let
Hy:=HnNI.

The group U decomposes as a product of the subgroups Uy, where o € & ; similarly
for the opposite unipotent radical U~ with respect to ®_. Each U, has a filtration by the
subgroups

Ul = {eau) 1 u €'}

indexed by [ € Z and satisfying U} D UL+, See [52] for details.
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2.2. Root system and affine root system

Consider
o =Y Q®R and FZ*=Y*QR.

The coroot system ®V C &7* decomposes into irreducible coroot systems dD}’ C A =
spang (®}) satisfying

d d
oV =[Jo/. o =P.
j=1 =1

This gives a partition of A into AY = AY N @, the sets of simple roots for the ®’s.

Each ®; has a unique highest root oz}L with respect to A;.
For any @ € ® and k € Z, consider the hyperplane

Hyr={ved: (av) =k}

Let wy x be the reflection of <7 fixing Hy g, i.e., Wo x (V) = v — ((&, v) — k)a¥. The set
{wa i : o € @, k € Z} of reflections generates the affine Weyl group Wz = W x Y*,
Our choice of @ identifies the alcove € that is contained in the positive Weyl chamber
such that 0 € €. The set of reflections associated to the walls of C,

Sar ={wg 1 € A} U{w s 1</ <d},
T,

is a minimal set of generators for W and realizes Wy as a Coxeter group. The group
W acts simply transitively on the set of alcoves, which are the connected components of

o - | ) Hax
a€d, keZ

Let Wx := W x Y be the extended affine Weyl group. One has
Wex = Wagr % €2,

where Q@ = {w € W : w(€) = €}.

A minimal expression of the element w € Wy with respect to S, is a factorization
W = Wy ... Wk With w;j € Sy such that there is no factorization of w using fewer elements
of Su. The (strong) Bruhat order w < w’ on the Coxeter group W, with respect to
S.er is defined as follows: w < w’ if there are minimal expressions w = wy ... wg and
w = wj... wé such that the sequence wy, . .., w is a subsequence of w1, ..., w,’{.

2.3. Covering groups

By abuse of notation, we still use G to denote the generic fiber of G at the point Spec(F).
Consider the K,-extension [5]

K2<—>(_;f»G
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over F which is incarnated by the pair (D, n = 1) (see [55] or [16, Section 2.6]). Here
D:YxY —>Z

is a (not necessarily symmetric) bilinear form such that the quadratic form

Q) :=D(y.y)

is Weyl-invariant. We have a Weyl-invariant symmetric bilinear form By given by

Bo(y.z) = D(y.z) + D(z.y).

The extension G splits canonically and G-equivariantly over any unipotent subgroup
of G. Thus, we write
eq .G, —> G

for the splitting of e, for any o € ®. With this, one gets
o (@) = 2 (@) &a(-a"") 2u(a) € N(T).  hq(a) := Ta(a) - Ta(~1) € T.

Also, there is a section s of the quotient map T —» T such that for any a i €Gn,yj €Y,
j = 1,2, one has

s(y1(a1)) -s(r2(az)) = {ar, a}P1¥2) sy (ay) - y2(a2)), 2.1

where {a1,a,} € K; asin [5, Section 0.N.5]. Furthermore, since we have assumed n = 1,
for @ € A one has
ho(a) = s(hg(a)) € T. (2.2)

Writing wy, for wy, (1) for every o € @, it then follows from [5, Proposition 11.3] that
Wy -$(y(@)) - Wy " = s(y(@)) - ha(a™"*) 2.3)

forall y € Y and a € Gy,.

Assume that F* contains the full group ju, of n-th roots of unity. By push-out via
the Hilbert symbol (—, —),, : K»(F) — jt,, one obtains from G(F) a topological central
extension

wn — G 6.

For any subset H C G, we may write H := o~ (H). Fixing an embedding € : jt,, < C*
we consider only e-genuine representations of G, i.e., when j,, acts via €.

All the properties in (2.1)—(2.3) specialize to corresponding relations on elements
in G. For example, from (2.1) we obtain

s(y1(a1)) - s(y2(az)) = (ar,az)P0v2) sy (ay) - y2(az)) 2.4)

forany y; € Y anda; € F*.Fory € Y denote

sy i=s(y(@)).
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The commutator on T factors through 7' and defines a map
[ =]:TxXT — uy.

We collect below some relations in G which we use in our computations. Let a € ®,
t,tje F*,ue F,y,y; €Y. Then

s(y(1)ea )s(y (1) ™" = 2a (117 u), (2.52)
W, (1) (U)W (—1) = yy-p(ct BNy, (2.5b)
s(1(1) - s(y2(t2)) = (11, 1) 2O - s(y1(t1) - y2(12)). (2.5¢)

B -8y (1)) - Wy " = $(y(1)) - he(7147), (2.5d)
1 (1), y2(2)] = (11, 1)02 02, (2.5¢)
W_g(t) = We(ct™h), (2.5)

Do (1) W (12) = (=11, =13 N2 g (—1125 ), (2.59)
hoo(t) = (t.0)2@7 g (17", (2.5h)

where ¢ = c(«, B) € {£1} is independent of # and u, and ¢ (¢, B) = c(a, —p).
We provide some references for the above relations.

e Relations (2.5a) and (2.5b) follow from the analogous Chevalley relations in G and the
canonical unipotent section of a BD extension (see Gan—Gao [16, Section 3.2]).

e Relation (2.5¢) follows from [5, Section 0.N.5], and relation (2.5d) follows from [5,
Proposition 11.3].

e For relation (2.5¢), see Gan—Gao [16, Sections 2.6, 3.3].

e Relation (2.5f) follows from considering g (—t"1)W_q(t)W(t™"), expanding
W—q (), and then applying (2.5b).

e Relation (2.5g) follows from writing wy (¢;) = e (tj )We (1) and applying (2.5d).

e Relation (2.5h) follows from writing 1_q (f) = W—g(f)W—o(—1) and applying (2.5f).

2.4. Dual group

Consider the sublattice
Yon: =Y NnY*

of Y, where Y* C Y ® Q is the lattice dual to Y with respect to Bg. The lattice Ygp
dictates the center Z(7') of T (see [54]). We write

Zon=Y/Yon

or just 2 for simplicity. For y € Y, we write j € Zp , for the coset of y, if there is a
risk of confusion.
We also write X¢ , := Homz (Y, Z). For every o € ® we set

v o \ _ -1
Ao, =neo’ and ag,=n, o,

where ng = n/ged(n, Q(a")). This gives the modified simple roots Ap , = {ag.n :
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a € A} and coroots Aé ,: similarly for ®g , and ®}, . Let Yéc ,, denote the coroot
lattice spanned by ASQC,n. One has Yéc,n CYpnCY.
The tuple
(Yo.n, @0 Xon Pon)
forms a root datum. Let (_}Z) ,, be the associated reductive group over Z with character
lattice YQL"' Write Gé,n or simply GV for its complex group, which is called the dual
group of G.

2.5. Tame covers and splittings

The commutator of T induces a bi-multiplicative map [—, =] : T x T — [4,,, given explic-
itly on generators in (2.5¢). Throughout this paper, we assume that G is a fame cover,
meaning p t n. Consider the map

¢ : T — Hom(T,.,C*), o(t)(s):=[t,s'],

where s € T(OF) is any lifting of s € T, with respect to the reduction map red,. Since
Ty = I, N T(OF), which is the kernel of red,, restricted to T(OF), lies in the center of T,
we see that the map ¢ is a well-defined group homomorphism.

One has Ker(¢) = Z(T) - T(OF), since p 4 n; as Zon > T/Z(T)T(OF), this gives
a well-defined injective homomorphism

¢ : Zon > Hom(T,C™),  @(P)(s) = [y(@).s']. (2.6)

The covering group G splits over a subgroup H C G if there is a group homomor-
phism s : H — G such that p o s = idg. If G splits over a subgroup H C G, then the
set of all such splittings is a torsor over Hom(H, i, ). For tame covers, the group G splits
over K = G(OF). In fact, since n = 1 by our assumption, the K,-extension G over F
arises from a K,-extension of G over Of (see [56, Theorem 4.3]), which also entails
the splitting of K. Note that for nontame covers the groups K and /I may not split. For
examples of double covers of G over 5, see [30].

Throughout, we fix a splitting

sK:K<—>G.

To simplify notation, we may write K instead of sg(K). The splitting sx gives rise to
splittings of I and I; by restriction. Since /; is a pro-p group and p 4 n, it follows that
Hom(/y, ;) = {1}. Thus I, has a unique splitting afforded by sk |7, . In contrast, for /
we have

Hom(7, un) >~ Hom(1 /Iy, n) = Hom(T, pn) =~ (ita)",

where r is the rank of the Z-lattice Y. The last isomorphism follows because T is split.

We remark that the above contrast between the uniqueness of the splitting for /; and
the nonuniqueness for / is partly responsible for the simpler descriptions and proofs of
our results at the pro-p Iwahori—-Hecke algebra level than at the usual Iwahori—-Hecke
level.
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3. Pro-p Iwahori-Hecke algebra #

In this section we establish some relations, following Vigneras [53], for the integral
e-genuine pro-p Hecke algebra

Hz = CSUIN\G /I, L)),

which consists of locally constant and compactly supported functions f : G — Z[un]
such that

f(r1grl) =€) f(g) forallg € G,y; € I, ¢ € pn.

Multiplication is given by convolution, i.e., for fi, f> € #z one has
S fae) = [ ARG LG ah= [ fiieh 0 dh,

where dh is the Haar measure on the unimodular group G such that /; I dh = 1. We define

H = Hz Qz[u,) C = Cf,oe(ll\é/ll,@).

3.1. Several groups

We begin by describing a Z[u,]-basis for #z. This basis is in bijection with the group
W(1) = N(T)/T1 = N(T)/unTr.
Recall that for the extended affine Weyl group one has
Wex = N(T)/T(OF).

where the affine reflection wy, x corresponds to the class of wy, (w™*) e N(T). This gives
the exact sequence

T — W(1) —f» Wex.

For more details, see [53, p. 696]. We have
2~ (Ne(I) N N(T))/T(OF) >~ Ne(I)/1.
Since Wy, Q C Wy, we define
Q) = 1), W) = /7 (Wan).

Consider W (1) := N(T)/ T with the natural quotient

o W(Q1)— w(Q).
From this we define

Q) = p QM) = (fop) (), Wur(l) 1= o~ Warr(1)) = (f © )™ (Wap)-



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 939

The various groups above are illustrated in the following diagram:

Q1) —L s @

N
Q(1) W(1) —» Wy

AT
w(1) Wage(1) ——> Wage
7

W s (1)

where Ker( /) = T, and Ker(g) = . Since Wex = Q x Wy, one has

Q1) x War(1)
w(1) ~ Q1 Wi (1) 1= ————,
(1) = Q) s Wan1) := =g
where V(t) = (¢,t™1) is the anti-diagonal embedding. Similarly, there is an isomorphism
W) = Q1) %, 1, War(1).
Note that the group W (1) is generated by the set

(unT(OF)/T1) UL ()Tt € A} U {wa;(w‘lm (1< <d}).

Lemma 3.1. The natural map W(1) — u,I1\G/1, is a bijection; similarly, one has a
natural bijection Wey — unI\G/I.

Proof. This follows immediately from [53, Proposition 3.35]. ]

For g € G let T, € Jz be the unique element such that supp(7;) = i, /3¢y and
T¢(g) = 1. Note that 7 is well-defined. To prove this it suffices to show that if

g = -sk(y1)gsk(r2)

with ¢ € u, and y; € I, then ¢ = 1. Since any open subgroup of /; is a pro-p group and
thus has a unique splitting into G, it follows that the two splittings

sg.Ssx LN (ghg™) — G
are equal. Therefore { = 1 and thus 7 is well-defined. By Lemma 3.1, any section o of

the map N(T') — W(1) yields a Z[u,]-basis {T5) : w € W(1)} of Hz.

3.2. Relations in #

In this subsection we prove some basic relations in #z. For any g € G we set

ag = [lp(g) 1 : 1]
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By definition q is constant on the double cosets of i, I inside G. By reduction to the
linear case as in [47, Proposition 6.2] and arguing as in [53, Section 4.1], we establish the
following:

Lemma 3.2 (Braid relations). Let g, g € G.If Gg - Qg = Ggg/, then Ty * Tgr = Tgqr.

Setting
N(1h) := Ng(I),
a direct calculation and comparison of measures gives
N(h)={geG:aqg =1}

It also follows that T(Of) C N (I1).

Let #z,0 C Hz be the subalgebra of functions supported on K. The splitting sg
relates Hz o to functions on the linear group K. The next lemma follows from a direct
calculation.

Lemma 3.3. The map s : #z,0 — C®(I1\K/I1, Z[iy)) defined by f +— f o sk isan
isomorphism of algebras.

Now we prove the quadratic relations. Suppose that A = {«;, ..., a;,} is the set of
simple roots and {oe;.r : 1 < j < d} are the highest roots of the irreducible root systems ®;.
Let

— T ;
Agr = AU{—a; : 1 < j <d}.

For o € ® and y € Hom(k™, uy,) we define ¢, () € J to be such that
@=1-caln) = Y 2T, € Hz.
uek>
For every o € ®, we write Ty := T, (1). We also write Tyt := T (1) for af e
{af, ... al} Lete := (0, @), = (—1, @), € {£1}.
Proposition 3.4 (Quadratic relations). Keep notation as above.

(1) Forevery a € A one has

T =q%,1 + @ — Dea(1)Te. 3.1)
(ii) Foreverya' e {otI, . ,ozjl} one has
lad T.\/ [ 1—'\/ (ad
72 = qe2@ M,;ﬂ(_l) + (g — ey (= @) 2@ N T 4. (3.2)

Proof. Both assertions can be verified directly. We give the details for (3.2); for (3.1) we
can reduce to the linear case by Lemma 3.3 and then apply [53, Theorem 2.2].

To begin we bound supp(fi:xzf). The computation reduces to the linear case, which
gives

supp(73) € pinhor (DI U | salihgr )iy (w11
u€0}y/(1+p)
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Now we evaluate 7:127‘ at the elements Ea']'(—l) and waf(w_l)};af(v) where v €

Or/(1+p).
A preliminary calculation gives

T2 (g) = /G Ty () - T (1 g) dh

= > Tt (gt (@ ) Tyt (Tt (@) "y g)

veunli/un hNw 3 (@ =D 1Hwy,5 (w1)~!

= > T (YDt (@) Tyt (Wt (@) 'yl g)

y611/11ﬂwa»t(wfl)llwa»;-(wfl)*l

=T (@t (@ )7+ D T (@t (@) gt (mu)g), (3.3)
u€0/(1+p)

where the last equality follows from 1/11 N Wyt (@ ™) [1Wat (w ™)™ = U! /U ..
It follows from (2.5¢) and (2.5d) that

_ 1 —17 t.ov _ _
Dot (@ ) gt (—1) = £2@) G (™)

and e_,(wu) € I; forallu € O. Thus from (3.3) we have

1‘.\/).

T2 (hyi(—1)) = 2@

Next, we consider the element w,+ (w_l)lzﬂ(v), where v € Of /(1 + p). For
u € OF, the left and right U_laj.—invariance of 7.+ and equations (2.5b)—(2.5d) imply

Tot (Wt (@ ™) 71Tt (@) Wyt (@™ g (1))
= (-, )2 T (1 (@ s (—u ).
Thus by (3.3) we obtain
T2 (@1 (@ gt (v) = (v, @) 2,
which completes the proof. ]

The braid relations and the quadratic relations imply the following.

Corollary 3.5. For every g € G, the element Te € K is invertible.

4. Universal pro- p principal series representations and #

In this section we prove that # = C.¢ (14 \G/I,,C) admits a Bernstein presentation. Our
proof is based on the universal principal series, following Haines—Kottwitz—Prasad [26].
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4.1. A first reduction

Consider the space
M = CX(TWU\G/I.C)

consisting of locally constant functions f : G — C such that

J@Ctugy) =€) f(g) forlepun,teTi,uel yel

and is also compactly supported on U\G. Let
R = C[T/T].

Here M is an (R’, J#)-bimodule, where the right action of J is given by convolution
of functions. More specifically, given F € M and f € # we define

F*ﬂ@:5éanw*mdw=éFQMﬂ%ﬂdh

where dh is the Haar measure of G normalized so that the measure of [ 1 is 1. There is
also a natural left action of 7 on M given by (fort € T and F € M)

(t-F)(g) :=86J* () F("g),

where §5 is the modular character of B. Since Ty is central in 7, a consequence of
gcd(p, n) = 1, this left action descends to 7'/ T} and can be extended C-linearly to an
action of &R’. Since the functions in M are e-genuine, it suffices to work with

R = Rec,

where ec = ) ¢, e 1(¢)¢ € C[uy] is the idempotent associated to €. Note that R has
a C-basis indexed by 7'/ T;.

Consider the natural map N(T') — T; U\ G/ I;. In view of the Iwasawa decomposition
G = UTK and the Bruhat decomposition for K with respect to /1, it induces a bijection

w(@1) = T/ \N(T) —» TyU\G/ 1.
For any g € G, define Vg € M to be the unique function such that supp(ve) =
wnT1Ugl and vg(g) = 1.
Lemma 4.1. The function vy € M is well-defined.

Proof. For g = k € sg(K) this follows from a direct computation. Now for k € sg(K)
andt € T we consider
Vig =1 Vg

The function v}, has support i, T1 Utk Iy and v}, (tk) # 0. Since the set Tsk (K) contains
a set of representatives for u, 71 U\ G/ I1, the functions v for any g € G are well-defined,
being nonzero scalar multiples of v/, for some 7 € T and k € sk (K). |
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Fix a section ¢ of the map N(T) — W(1) that sends the identity to the identity. For
each w € W(1) define
Vy = Vo) € M.

We see that the set {v,, : w € W(1)} constitutes a C-basis for M.

Lemma 4.2. The map
H —> M, hr— v *xh,

is an isomorphism of J-modules. Furthermore, this induces an isomorphism of rings
H — Endg (M), h— (vi*xh' = v xhx*xh).

Proof. Given a G x G-module A, we write i A for the space of left U-coinvariants and
T1A for the space of left T}-invariants.

The assertions follow from Haines—Kottwitz—Prasad [26, Lemma 1.6.1], since the
Bruhat ordering on W(1) is inflated from the underlying affine Weyl group (see [53,
p. 697]).

Nevertheless, we give another proof suggested by Gordan Savin based on Bushnell—
Kutzko theory. Consider C¢ (G) as a G x G-module with left and right translation. By
Lemma 3.5 the elements 77, t € T, are invertible. Thus by Bushnell-Kutzko theory [8],
we have an isomorphism of G-modules

CX(I\G) =~ [} CZ(B).

(We note that this goes back to a result of Borel and Casselman [3, Lemma 4.7].) Inte-
grating on the left over U gives g‘ e (G) ~ CUT \G). Thus we have

CO(I\G) ~ CX(UT\G)

as T x G-modules. Taking right /;-invariants, we get #¢ >~ M as right #/-modules. More-
over, integration on the left over U sends the identity element of # to vy € M. This
completes the proof. ]

Next we record three useful identities. An element ¢ € T is called dominant if for any
| € 7 we have
tULTt c Ul foralla € @
Lemma 4.3. We have the following:
(1) vi * Ty = vy foranyw € K N N(T),
(i) vy * Ty = vy foranyt € T/Tl andw € KN N(T);
(iii) vi * Ty = v, foranyt € T/Tl dominant.

Proof. We begin with two general calculations. First, for functions f; on the group G, we
have

supp(f1 * f2) € supp(f1) - supp(f2). 4.1
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Second, for 7z € # and v € M we have
v Te(g) = / v(gh )Ty (k) dh
G
o R AL
unligl

= Y w(E@hTHTeh)

unli\nnl1g11

= > v(g’h~tg™H T, (gh). (4.2)
he(I1nNg=1I g\

Now we prove (i). By (4.1) we have supp(vy * 73) € u, Ul wl;. We use the Iwahori
factorization and w1 (J; N U")w C I; to see that u, Ul wl; = p,Uwl;. Thus vy * Ty,
= ¢ - vy, for some ¢ € C. Using (4.2) we compute vy * Ty (w) = 1, thus vy * Ty = vy
Specifically,

1 % Ty (w) = > vi(wh ™ w™H T (wh) = 1.
(I Nnw=I{w)\I;

The last equality follows because (I; N w™ ' [yw)\/; = Hae<1>+nw—1<1>_ UNU? and the
factorization of U1y into U(T N I1)(U°P N I) is unique.
Item (ii) follows from item (i) and v; = 8%1 (t)(¢ - vq). For (iii), by (4.1) we have

supp(vy * 7) S un TWUIitly = u, IUU ™ (p)t1y S u, T1 UL,

where the last containment follows because ¢ is dominant. Thus it suffices to show that
vy % T3 (t) = 1. Using (4.2) we have

vi % T3 (1) = Yo vk Y Th) = 1
(Ilﬂt_lllt)\ll

The last equality follows since (I3 Nt~ )\ =~ [[yeq U;H""‘\Uo}, where
Kt,ot € Z;o. n

Lemma 4.4. The C-algebra map R — Endg (M) ~ H defined by r — (m +— r -m) is
an injection.

Proof. Lett € T. Then t - vy is a function supported on u, T1UtI,. Any two elements
of T give distinct supports unless they are in the same u, 77-coset. ]

Using Lemmas 4.2 and 4.4, we can associate to any ¢ € T/ T; the element
®; € J definedby t-v; =v;* 0.

Let
He = Hzo ®Z[1un] C = C::Z(II\E/II)

be the subalgebra of # consisting of functions with support contained in K. For any



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 945

x € Hom(T,, C*) = Hom(7, ptq—1) we define

() = ﬁ S 20T € He.

teTy

The next lemma contains some useful identities, which follow from the braid relations
in J¢z. Note that the Weyl group W acts on Hom(7}, C*) through its action on Tj.

Lemmad4.5. (i) As a C-algebra, #, is generated by the elements Ty, where o € A,
and c(y), where y € Hom(T,, C*).

(i1) Let o € A and y € Hom(T, C*). Then
Taxc(x) =c(®x) * Ta.
(iii) Lett € T and y € Hom(T}, C*). Then
O *c(y) = c(p@) - x) * O;.

We end this section with a Bernstein decomposition.

Proposition 4.6. Multiplication in # induces a vector space isomorphism
R Qrng, Hie = H, tec@h— O xh.

Furthermore, the same is true with the factors reversed.

Proof. The result follows from [26, Lemma 1.7.1]. Consider the composite of the above
map with the isomorphism # — M from Lemma 4.2:

R Qrnyt, Hie = H — M.

For t € T/Ty and w € N(T) N K, this map sends rec ® Ty, to vy * ©; % T;,. By
Lemma 4.3, v x ©; % T = C - vy, where C € C*. Thus the map is a C-isomor-
phism. ]

4.2. Decomposing H

In this subsection we describe the C-algebra structure of J# as a product of matrix rings:
see Proposition 4.13 below.

To begin, we decompose J¢ as a right #£-module using the idempotents ¢(y) € C[T}].
The decomposition C[T,] = « CQOC[T], where the direct sum is taken over y €
Hom(7}, C*), immediately gives the following:

Lemma 4.7. One has a decomposition

3= e,
X

where y is taken over elements in the set Hom(T}, C*).
We view H as a left Homg (#, #)-module. In particular, the map
H — Homyge (H,H), h (W — hxh),
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gives an isomorphism of rings. For y € Hom(7}, C*) we set

Hy 1= cQOHe(y).

Lemma 4.8. Let y, ' € Hom(T,, C>). Then the map

c(x)He(x) = Homg (c()H . c(X)H),  c(xDhe() = (f = c(Dhe(x) * f),

is an isomorphism of (Hy, Hy)-bimodules. Moreover, if y = x', then the map is an iso-
morphism of rings.

Proof. There is an embedding Homye (¢c(x) ¥, c(x')H) — Homye (H, H) >~ J. It is
easy to check that the image of this embedding is ¢ () c(x). |

There is an action of W on Hom(7}, C*) via the action of W on T}. There is also an
action of Zp » =Y /Yo » on Hom(T,, C*) via the embedding

¢ Zon — Hom(T}, up). 4.3)

These actions are compatible in the sense that they give rise to a well-defined action of
W x Zg,, on Hom(T,, C>).

Lemma 4.9. The space c(x')Hc(x) is nonzero if and only if y and y' are in the same
W x Zo n-orbit.

Proof. Letw € N(T) representw € W x Y. Lett € T(OF). The result follows from the
identity
T57: =T, 7%,

t = Jyrw-1

which is due to the fact that T(Ofr) C Ng (I1). Specifically, Tgc(x) = ¢(Yy) T - Here w
is acting on y through its image in W x Zp ,. ]

Corollary 4.10. The module c¢(y)H is isomorphic to c(y')JH if and only if y and y' are
in the same W x Zg -orbit.

Proof. By Corollary 3.5, every T, is invertible. Thus, if ¢(y")Tzc(y) # O, then

c(XNTge(p) = c(x)Tg = Tge(p), and in fact ()T, e(x) = c(T; ' = T 'e(x)
is its inverse. [

Givenaring S and k € Z>1, let M(k, S) denote the ring of k x k matrices with entries
inS.

Proposition 4.11. There is an isomorphism of rings

Jg~ I MOyl Hy).
0O CHom(T},C>)

The product is taken over the W x Zg ,-orbits.
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Proof. By Lemmas 4.7-4.9 and Corollary 4.10 we have
H ~ Homye (H, #)

~ Homy (@D c (0. @D c(x) )

x€0 x' €0

~ [ [Homge (c ¢!, ¢ () 319,
Ox

where the product is taken over the W x 2 ,-orbits in Hom(7}, C*). Finally, since
Homye (c(x) %%, ¢ () #19¢1) ~ M(|O], Homge (c () H, c (1) #)).

where Homge (c(y) K, c(x)H) ~ #, by Lemma 4.8, the result follows. |

4.3. The case of covering tori
The results of the preceding subsection can be refined in the case G = T.

Lemma 4.12. Let y, y' € Hom(T), C*).

(i) The center of R denoted Z(R) is equal to C[Z(T)/ Ti]ec.

(ii) Suppose that yo € Y satisfies y = ¢(yo) - x'. Then
c(DRe(X') = Z(R)c(%)Os,, (1)

In particular, if y = y', then c(x)Rc(x) = Z(R)c(x). Hence, c(y)Rc(x) =~
Z(R)c(y) as rings.

Proof. For (i), let { f} be a C-basis for C[T / T}]ec given by choosing a set of representa-
tives for the coset space 7'/, T1. Suppose that ) cr f lies in the center of C[T'/ T]e.
Then for any ¢ € T/ Ty we have

l‘(ZCff) = (ZCff)l.
On the other hand, we have t (3" ¢y f) = (3 cs[t, £1/)t. Thus for any ¢ € T /Ty one has
[t, f1=1 forany f withcy # 0.

Thus the center of C[T/ T} ]ec is equal to C[Z(T)/ T} ]ee.
Now we prove (ii). One has

c(X)Os,c(x') #0 ifandonlyif y—yo € Yon.
Thus the set
{c(0)Bs,,Os,c(X) 1y € You)
is a C-basis for c(y)Rc(x'). Since Z(T)T(OF)/unT(OF) ~ Yo, the elements in
{Os,c(x) 1y € Yo}

form a C-basis for Z(R)c(y) and the result follows. |
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Using Lemma 4.12 we refine Proposition 4.11 as follows.
Proposition 4.13. One has an isomorphism of rings
R~ [[M(Zonl, Z(R)e (1),
Oy
where the product is taken over the cosets in Hom(T,., C*)/Im(¢).
With the choice of a genuine character of Z(7') we can describe Z(R)c(y) as a ring.

Lemma 4.14. Let 0 € Irrgen(Z (T)). One has an injection of C-algebras
ClYonl = Z(R) y > 0(s))0s,.

Furthermore, for y € Hom(T,, C*) the composition of this map with the projection
Z(R) = Z(R)c(y) defined by right multiplication by c(y) gives an isomorphism

ClYg.nl = Z(R)e(x)
of C-algebras.

Proof. Since the set {®s, : y € Yg ,} is C-linearly independent in Z(<R), the map is an
injection of C-vector spaces. By relation (2.5¢) and the fact that o is genuine, we see that
the map is a C-algebra homomorphism. The composition of this map with the projection
Z(R) - Z(R)c(y) sends the C-linearly independent set

{Bs, 1y €Yo ut CZ(R)

to the C-basis
{Os,c(x) :y € You} CZ(R)c(y).

Thus the composition is an isomorphism of C-vector spaces. Again relation (2.5c) shows
that the map is a C-algebra homomorphism. ]

4.4. Intertwining operators

In this subsection we consider algebraic intertwining operators, following Haines—
Kottwitz—Prasad. The construction of these operators mostly involves minor modifica-
tions to [26, Section 1.10]. Thus we will be brief and focus primarily on the modifications
required in the context of covering groups.

To begin, we define a completion of M. Since T is in general noncommutative, it is
more convenient to define our completions using Z(R) instead of R. Let J be a subset of
modified coroots contained in some system of positive modified coroots, and let C[J] be
the subalgebra of C[Yg ,] generated by J. We write C[J]" for the completion of C[J]
with respect to the maximal ideal generated by the elements of J. We define the C-algebra

Ry =Cl]" ®cin R,
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where we view R as a C[J]-module via the isomorphism of Lemma 4.14. Set
My =R;Qf M and Hj:= Ry Qr H.

The rest of [26, Section 1.10] applies without essential change.
Since our objective is to derive the Bernstein relations, we consider only the inter-
twining operators associated to simple reflections. For o € A, let

Io = Sa * M{_aé,n} e M{aé,n}

be the intertwining operator given by

L5, (f)(g) =/U f(We(—1)ug) du.

The Bernstein relations follow from an analogue of Haines—Kottwitz—Prasad [26, Lemma
1.13.1(1)]. Wewrite U —(p) :=U"nN 1.

Lemma 4.15. Let o € A and Ty := o¥ (F*). Then
¢a(SL2(F)) NUI = Uy(Ty N 1)UL,
Proof. The result follows from the Bruhat decomposition. Specifically,
Pa(SL2(F)) = UaTowe (1) U Ug T U—q.
and Uy Towa NUU ™ (p) CUTw U NUTU™ =0. |

Lemma 4.16. Leto € A and b € O. Let j € Z>9 and u € F* be such that val(u) <
2j — 1. The following identity of double cosets holds in G :

Ui (—1)2a(u)he(w ! )ha(b)U™ (p)
=w . o)2C) w1 w! h)CC I Uh,(u @ b)U (p).

Proof. This follows from a direct calculation by using the relations (2.5c), (2.5f), (2.5b),
and (2.5d). [

Lemma 4.17. We have

L5, (1) = q_1Vwa(1) + Z g’! Z (e’ (. wj)n)Q(av)Vﬁa(w./)ﬁa(b)-

JE€Z= bek>

Proof. This reduces to a rank-one calculation, which we discuss in detail. First, we deter-
mine the support of the function 7y (v1)(g). It suffices to consider representatives of the
double cosets

/,LnTlU\G/[l = W(l)

In fact, we can work in G instead of G.
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Suppose that g € G and I, (v1)(g) # 0. Let g = p(g). We may assume that g =
wy(w)t,where y € Y,t € T(Of) and w € K N N(T) represents an element of the Weyl
group. We claim that w must represent 1 or wg. Since I,(v1)(g) # 0, it follows that
we(—1)Ug NUI, # @ and so we (—1)Uw N UT U™ # (. Thus

UTw,Uww,U NUTweU # Q.

Since
UTwaUwwyU CUTwqww,U UUTwweU,

the element w must represent 1 or w,, by the Bruhat decomposition. Thus we may assume
that w = 1 or w = wgy(1).
Now we determine y € Y and ¢t € T(OF). There are two cases to consider:

o If w = wy(1), then
wo(=DUwe (D y (@)t N UL # @

ifand only if U_q y(w)t NUIy # @, if andonly if y =0 and ¢ € T3.
e Suppose that w = 1. In this case, wy (—1)Uy(w)t N Ul # @, thus

U_qua(—1)y(@m) N UK # 0.
Let ts,.y = y(w)hg (w~*)). Then we have
U_qwey(w) = IsyyU_qWq,

andthus U_, N U ts_al(y) K # @. Since the elements in U_, admit an Iwasawa decompo-

sition in the SL, corresponding to « we see that y = jo¥ for some j € Z. Furthermore,
a computation in SL, shows that y = jaV, where j € Zs¢. Similarly, we see that
t = ho(b), where b € OF.

We have just shown that 7, (v1) is determined by its values on the elements g =
Wa(1), ho(w? )he(b), where j € Zzg and b € OF.
Now we compute I (v1)(wg(1)). A direct computation yields

Lo (1) (@a(1)) = /F 01 (@a () du = vol(p).

To compute Iy (v1)(he (@7 )he (b)) with j € Zsg and b € O, a calculation in SL, shows
that if this is nonzero, then j > 1. By definition,

Lo (1) (ha (@7 )ho (b)) = /F V1 (e (—1)2 () e (W e (b)) du.
We apply Lemmas 4.15 and 4.16 to get
| @1 (a5 d
F

- / (Y 7 b)) 2@
@/ b(1+p)

=g 7/vol(1 + p)(bw’, w’)2@"),
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Combining the above gives

Io(n1) = ¢ gy + Z g/ Z(bwj»wj)ng(“ )Vﬁa(wf)ﬂa(b)-

JE€Z> bek™

This completes the proof. ]

4.5. Bernstein presentation
Foro € A and j € Z define
1 .
7Y o — J -
)= 75 X 0O
bek>
The intertwining operator I, for any o € A is represented by the element

0 Toumy +@—Dg™" Y €005 L ica(jO@Y)) € Hiay -
J€Z=

Since for any ¢ € T the intertwining operator satisfies
Is, 00 = Oyy1)r © Isq.  Where wg(l) -1 = we()fwe(—1),
we get the following proposition.
Theorem 4.18 (Bernstein relations). Let @ € A, then

(Taey + @ =1 Y 2005 )yca(jOE@)) % O,
JE€Lz

= ®wa(1)‘8y * (Tiﬁa(l) +(@—1) Z EjQ(aV)®ﬁa(w_/)ca(jQ(av))) € *%{aé!n}

JELz)

Furthermore, this identity in %{aé J simplifies to an identity in ¥ as follows:

Ty * Os, + (g — 1) Y /@IUreg o el + (v,@)0(@"))
JE€Z=,

= Ouy (1)) * Tivg(1)

+(@-1) Z 8'iQ(aV)(l+(y’a))®sy}_;a(wf)ca((j + (y,oz))Q(av)). (4.4)

JEL> 1—(y.a)
Thus, in view of Proposition 4.6 this gives a Bernstein presentation for J.

For later, we record some formulas derived from Theorem 4.18. If we substitute
Wq(—1) - sy in place of sy, and apply the identities

Wy (—1) -5, = B0 (=)
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from (2.5¢)—(2.5¢), then formula (4.4) becomes

Tive (1) * Owg(=1)-sy

+(g—1) Y DG L i Cal( = (v, @) Q@)

J€Z=1

= @sy * Twa(l)

+@-1 Z /2 )(1_(y’a>)®(wa(_1).sy)ﬁa(wj)ca((j - (J’»a))Q(av))~

JE€ZL=14(y.)
This gives

Toa) * Ougciysy + @ =1 Y 720 1 ica(jO@Y)

JE€Lz1—(y.a)

=0y, *xTg,m + @ =1 Y /2“0 5 i ca(j0@)).

JE€Z=

Multiply (4.5) by 17 = ¢(1) on the right to get

H \4
T541) * Oy (-1)s, * 11 + (g —1) Z /0w )@syﬁa(wj) * 1p

jezzlf(y.oc)

Jj=0mod ngy
-~ : v
=®Sy *Jwa(l)*]ll+(q_l) Z g/Q )®syﬁa(w/)*]ll‘
JEZL=)

Jj=0mod ny

Henceforth, we set
A=1y xR *x1;.

Note that j = 0 mod n, implies T (w’) € Z(T) and thus
@Eu(wj) * ]11 € A.
Lemma 4.19. One has

@sy * Twa(l) x 17 € Twa(l) * ®wa(_1)‘s_y x 17 + @Sy * A.

Moreover, for any w € K representing an element w € W,

O, x Ty x 17 € Ty * @wfl.sy * 17 + Z Tgr * ®(w/)fl.sy * A.

w’ <w

Sy

Proof. The first claim is clear; the second follows by induction on the length of w.

4.6. Iwahori—Hecke algebra

Recall that 1
L=c(l)=— > Ty € He.
| T | ret.

(4.5)

(4.6)
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The Iwahori-Hecke algebra for G with respect to (I, sg|7) is
Hy =1 xJ x1;.

Our results for J can thus be projected onto #;. For g € G andt € T we write

TI

L=l kT 1y, O] =17 %0, %1;.

Set
Hw =1 x He x 1 C Hy.

Lemma 4.20. (i) The map
Hw — CZU\K/I), [+ flsx)

is a C-algebra isomorphism.

(ii) The element @tI is nonzero ifand only ift € Z(T). Moreover, the choice of a genuine
character 0 € Irtoeq (Z(T')) induces a map

I
ClYou]l = A,y o0(s))0y,,

which is an isomorphism of C-algebras.
(iii) The map
Hw Qc A — H;, h®ar— hx*a,
is an isomorphism of C-vector spaces.

(iv) (Bernstein relation) Leta € Aandy € Yo ,,. Then

a1 1 j v 1
Tuw) * Obucnys, +@—1 D &Vl

JE€Lz1—(y.a)
Jj=0modny

-~ ; v
= ®st * leau) +(@ -1 Z g/ )@slyha(wj). 4.7)
JE€Z=
J=0modngy

Proof. For (i) the proof is identical to that of Lemma 3.3. To prove (ii), one has
O x 17 =c([t,—]) * O

by Lemma 4.5. Thus we see that 1; * ®, % 1; # 0if and only if € Z(T)T(OF). Note
that the isomorphism is the same as in Lemma 4.14 when y = 1.
The map Hw ®c A — K is the restriction of the isomorphism

He Qap.nr R — H

from Proposition 4.6; thus it is injective. The map is also surjective since for any & € F#
we have 17 x h = h x 1. This gives (iii).
Assertion (iv) follows by multiplying equation (4.6) on the left by 1;. ]
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5. Gelfand—Graev representation

In this section we study the Gelfand—Graev representation
V.= indgnU_(e R V),

where ¥ : U~ — C* is a nondegenerate character of conductor p and G acts by right
translation on V. Our objective is to understand V! as an J#;-module.
It will also be convenient to consider the space

W= C(UT ¥)\G),

where I, is the maximal pro-p subgroup of I, the Iwahori subgroup opposite to /, and
¥ is interpreted as follows. Since ¥ has conductor p, its restriction to U™ N K factors
through U and thus can be pulled back to /{ under the mod-p reduction map K — G,.

First we introduce bases for V! and ‘W1 . For each w € W fix a reduced word w =
We;, - - - Wa;, Where o, € A. Define 0 := We, (1) ... Wy, (—1) € G. The image of
the map W x Y — G defined by (w, y) — (w, y) := ws_,, is a complete set of distinct
representatives for 1, U "\ G /I . This also gives a complete set of distinct representatives
for un Iy \G/I. The next lemma determines the support of V/1 and W11,

Lemma 5.1. (i) Let ¢ € V1. If ¢((w, y)) # 0, then (w, y) is the unique element of
minimal length in the coset Wy C W x Y.
(i) Let ¢ € Wh = C(yr, VNG/1). If p((w, y)) # 0, then (w, y) is the unique

€
element of minimal length in the coset Wy C W x Y.

Proof. Let¢ € V1. Letu € F and B € ®. Recall the following identity:
WS_yep(u) = ey.p(w PNuyiws_,.

Thus if ¢ (ws—,) # 0, then since ¥ has conductor p, the element (w, y) € W x ¥ must
satisfy
-1 ifped nuw AT,
(B.y) < . i ae
0 ifped Nw A"
These inequalities imply that (w, y) - € is an alcove in the A-dominant chamber. Thus
(w, y) is the unique element of minimal length in Wy. The proof for W/ is similar. m

Now we can construct bases for V/1 and W!i. Let y € Y and let w, € W be such
that (wy, y) is the unique element in Wy of minimal length. We have the representative
Wy, € G of wy. Let y € Hom(T, C*). Define f; to be the unique element of VI such
that

Supp(f1) = alU " Wys_y 1. fX(@ys_yt) = x(t) forallt € T(OF).

This element is well-defined because (wy, y) is the minimal length element in Wy. Sim-
ilarly, define ¢J’f to be the unique element of ‘W1 such that

supp(@F) = unly Wys—y 1, ¢F(wys—yt) = x(t) forallt € T(OF).



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 955

Lemma 5.2. (i) Theset {f;¥ 1y € Y, y € Hom(T,, C*)} is a basis for V1.
(i) The set{¢y :y € Y, y € Hom(Ty, C*)} is a basis for W11,

Proof. This is a direct consequence of Lemma 5.1. ]

Lemma 5.3. The map W't — VIt defined by ¢ > (g [;— dp(ug)¥ " (u)du) is an H-
module isomorphism. Moreover, for any y € Y and y € Hom(T,, C*) we have ¢5 + f¥
in the above map. In particular, this map restricts to an isomorphism of W! with V1.

Proof. This follows from a direct calculation. [ ]

In the coming sections we present two approaches to studying V. The first is based on
the Bernstein presentation of J; the second is based on the space W/ and was suggested
to us by the referee.

Next we turn to the finite Gelfand—Graev representation. Note that over a finite field
the analogues of the spaces V and ‘W are exactly equal.

5.1. Finite Gelfand—Graev representation
Since ¥ has conductor p, it descends to a nondegenerate character (still denoted by)
¥ .U — C*.
Set
Ve 1= Indg ()%,

the U, -fixed vectors in the Gelfand—Graev representation for the finite group G,.
By Lemma 3.3, for the finite Hecke algebra one has

He =~ CX(I1\K/I1) =~ C[U\G/ Uyl

where the measure used to define convolution in C[U,\G, /U] is ¢~! times the counting
measure. Thus #, acts on V, by convolution and so does the subalgebra of functions
supported on U, T, U, = U, T, = T, U, which is isomorphic to C[T}].

Lemma 5.4. The map V. — C[T}] given by f +— f|r, is an isomorphism of C[T]-
modules.

Proof. The functions in 'V, have support contained in U, T, U. By the Bruhat decompo-
sition the map is an isomorphism of vector spaces. It is a C [T ]-module homomorphism
because U, Ty = T, U. [

Next we describe the structure of 'V, as an #,-module. For y € Hom(7}, C*), recall
that ¢ (x) € C[T] is the idempotent associated with y. We also write ¢() for the element
of Vi =~ C[T], under the isomorphism of Lemma 5.4. Let

© c Hom(T,,C>)
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be a W -orbit with respect to the action induced from that on 7. Let
Vie,0 := Spanc {c(y) : x € O} € V.
For y € Hom(x*,C*) and ¥ € Hom(x, C*), we set
g, 2) 1= ) W) x(w). (5.1)

uek>

For B € ®T and y € Hom(7, C*) write yg(u) := )((}7_5 (u)) and Yg(u) := Y (e_g(u)).

Proposition 5.5. The finite Gelfand—Graev representation 'V, = indg”j— Y)Y decom-

poses as
WQ = éia'x%,O,
o

where the direct sum is taken over the W -orbits in Hom(T,., C*). Moreover, each Vi @ is
an irreducible J,-module.

Proof. By Lemma 5.4 we know that indg:_ ()Y decomposes as a C|[T,]-module into a
direct sum over all of the characters of 7. For g € G, we write

(J‘:gk = ChUKgUK € (C[UK\GK/UK],

the characteristic function of U, gU,. For « € A, we also set

TE =T,

I3
a - wy (1)°

For y € Hom(T,,, C*) and o € A we view ¢(y) € V.. A direct computation gives
/ c()()(th_l)‘fu’fa(l)(h) dh
Uwe (1)U

D e (tea)we(—1))

uek>

(X ctnteatuyma(=1)) ()

uek>

= (X v e—al=u e hal))) “ex (1)

uek>

() * T ()

= (Z w(e_a(u))x(h—a(u))> Yoy (t)

uek>
= 8(Wa o) - "x(1)
This gives
() * T = 8Wa, xa) - (")) (5.2)
The algebra #, is generated by the elements 7. and 7%, where « € A and ¢ € T.

Thus
1% =:€£)1&30»
o

where the direct sum is taken over W -orbits in Hom(7}, C*).
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In fact, each V ¢ is irreducible. Let v € V, ¢ be a nonzero vector. By Lemma 5.4,
there is a character y € Hom(7},, C*) such that

vkce(y) =z-c(y)
for some z € C*. Finally, (5.2) implies v * #, = Vi . Thus Vy ¢ is irreducible. [ ]

Now we show that each V, ¢ is an induced representation. Let y € Hom(7,, C*).
Then consider the algebra

Hiex = OO Hec (X)-
Next we construct a C-basis for H, ,. Recall that for any w € W we fixed a reduced
expression w = We;, - - - W, - Define w := W, (=1)... W, (—=1) € G¢. Then the set

{c(NTxc(x): w e Wy := Stabw (x)}

is a C-basis for # ,. The action in line (5.2) shows that #, , acts on the one-dimensional
subspace C - ¢(y) C Vi. Henceforth, we write

T i=C-c(p)
for this one-dimensional representation of Hc ;.
Lemma 5.6. Let y € Hom(T,, C*) and let Oy be the W-orbit of x. Then the linear map
Ty ®dtey He = Vio,, c(X) @ hc()) *h,
is an H-module isomorphism.

Proof. It follows from (5.2) that the linear map v, — Vg defined by c(y) — c(x) is an
i, x-module map and induces an J,.-module homomorphism 7, Qg , H« — V0,
defined by c(y) ® h — c(x) * h. This map is surjective by (5.2). The map is an isomor-
phism because both spaces have dimension |W, \W|. |

Lemma 5.6 can be refined to an isomorphism
Ty Qg COHico = Vi 0,

o= Y e()

x' €0

where

is the central idempotent corresponding to the orbit (. In particular, for the trivial orbit
we have the following.

Corollary 5.7. Let O be the orbit of the trivial character 1 of Ty.. Then V. 9, = C - c(1)
and
Ve,0, = sign as C(B\G/By)-modules.
Proof. By definition V, 9, = C - ¢(1) and by a direct computation we see that
c(1) * 'J'u’fa(l) =c(1) * TS *x c(1) € C(Bc\Gy/By).

The result then follows from (5.2). ]
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5.2. The pro-p-fixed vectors

We follow the approach of Chan-Savin [11] to study V/!. For any U-module S, we
write Sy for the T-module of U -coinvariants.

Lemma 5.8. The natural map V — Vy induces an isomorphism of T -modules
Vit~ (V)T

Proof. This follows from the theory of Bushnell-Kutzko [8], which is applicable because
I possesses an Iwahori factorization and 7; € # is invertible for any t € T. ]

Lemma 5.9. Let Vy C 'V be the subspace consisting of functions supported on U™TU.
The inclusion Vo C 'V induces an isomorphism of T -modules (Vo)y ~ Vy.

Proof. The proof of Lemma 4.1 from Chan—Savin [11] adapts without change. |

Lemma 5.10. The map § : (Vo)u — C22 (T) defined by

S(H)(0) = Sy ()2 /U ) du

is an isomorphism of T-modules.
Proof. Again this adapts directly from Chan—Savin [11, Proposition 4.2]. ]

Letch, € C72 (T / Ty) be the unique function with support ¢4, Ty and ch,(¢) = 1. The
map
T/Ty — CX(T/Ty) = CT)™, 1+ chy,

5€

is a T /Ty -equivariant injection. This map extends linearly to an isomorphism of R-
modules R — C2° (T/Ty). Let

,€

ch}/’ e yh
1

be the function supported on p, U ~I; such that ch}p1 (1) = 1. Note that ch}”] € Vy. Since
the factorization
PLnU_Il = NnU_Tl(U N 11)

is unique, a direct calculation shows that
S(chf) =z-chy € CS(T/T) withz € C*
Combining Lemmas 5.8-5.10, we obtain the following:
Proposition 5.11. There is an isomorphism of T-modules
9V - R

induced by the isomorphisms of Lemmas 5.8-5.10. Under this isomorphism, the functions
in VU with support contained in 1, U~ K are mapped to C[u,, T¢] and thus generate R
as an R-module.
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We define a map
% Ve —» VI

by setting
€eQy)fitk) ifteTNK,
0

otherwise.

Va2 (f)Qutk) = {

Lemma 5.12. The map 9, is an embedding of H-modules. The image $,(V,) C V1
consists of the functions with support contained in u,U~ K.

Proof. A direct computation using the Iwasawa decomposition G = UT K shows that
the map is well-defined and is an embedding of #,-modules. The second claim follows
by the definition of 9, ( f). |

Theorem 5.13. The #-module map
Y Vi @, H — VI
induced by the embedding O : Vi — V11 from Lemma 5.12 is an isomorphism.

Proof. By Frobenius reciprocity and Lemma 5.12 there is a nonzero map Vi ®g,
— V11 of J¢-modules, which we also call ¥,. It suffices to show that

B100s: Ve @, H — R

is an isomorphism of R-modules.

The map ¢ o ¥, : Vi, — R is injective with image C[uy,, Tyx] = H#H N R C R by
Proposition 5.11 and Lemma 5.12. By Proposition 4.6 we have X ~ #H, @ rnzw, R as
C-vector spaces. It follows that

B0t

Ve ®J€KQR¢R ~ V, (2 H —= R

is an isomorphism. This completes the proof. ]

Remark 5.14. Although our arguments in this subsection require only minor modifica-
tion to those of Chan—Savin [11], the usage of the pro-p subgroup /; is essential. The
key point is that the pro- p Hecke algebra J¢ contains functions supported on all elements
of T, while the Iwahori—Hecke algebra H; does not, a fact which is closely related to the
failure of multiplicity one for Whittaker models. If one carries out the above discussion
using [ in place of Iy, then the analogue of Theorem 5.13 fails. This failure is a direct
consequence of the constraints on the support of functions in #;.

5.3. The Iwahori-fixed vectors

The main objective of this subsection is to describe V! as an #;-module. Our work from
the last subsection provides the foundation. Let 1; € #; be the identity element.
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Corollary 5.15. The J-module isomorphismy : Vi ®gp, H — VI from Theorem 5.13
induces an isomorphism of Hr-modules

ViV Qo Hx1p — VI,

Furthermore,

Vie g, H x 11 = @((VK’O ®gp, I * 1),
]

where the direct sum is taken over all the W -orbits in Hom(T,., C*).

By the above corollary, we can focus on the #;-module structure of each Vi ¢ ®z,
J * 17 individually. To begin, we first characterize the orbits () such that

Vie,o @, H *x 1 #0.

Recall that we have an injective map

¢ Zon — Hom(T,,C¥).  o(y)(-) = [sy. —llr0p)-
This map is W -equivariant.

Lemma 5.16. Ler O C Hom(T,, C*) be a W-orbit. Then V.0 ®ge, H * 11 # 0 if and
only if O C Im(p).

Proof. Let y € Hom(T,,, C*) and y € Y. Since 1; = ¢(1) and O, * c(l) =
c([sy,—]) * O, , we have

() ® O, x 1 = c(Pec(p(y)) ® O, * 17,

which is zero unless y = ¢(y). By Proposition 4.6, the elements of the form c(y) ®
O, * 1; generate Vo ® g, H * 11 as a C-vector space. Thus if Vi 0 @, K * 15 # 0,
then for every y € @ we must have y = ¢(y) forsome y € Y.

Conversely, for y € Y the element c(¢(y)) ® Og, * 1; # 0. Indeed, by Lemma 5.12
and Theorem 5.13, c¢([sy, —]) ® 1 € Vi ®, J is nonzero. Since B, is invertible, the
element c(¢(y)) ® Oy, = c(@(y)) ® O, * 1 is nonzero. |

Definition 5.17. For every W-orbit O C Zg 5, we call
Vy =¥ Veo ®g, H *11)
the ©-component of V.

We have the decomposition

vi= @ v

GC%Q',,

over all W-orbits in Zp .
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Next we describe Vi 0 ®g, #H * 17 (and thus also 'V(Ig) as an A-module. Note that
@sly # 0 if and only if y € Yp ,. Thus R * 17 is a free #A-module of rank |2 ,|. In
particular, if {y;},er C Y is a set of representatives for 2o ,, then {®Sy,- *17};er isan
#A-basis for R x 1;.

Lemma 5.18. Let O C Zp . be a W-orbitand let {y;}; C Y be a set of representatives
for Q. Then
'VK,@ K g, H ok ~ AEBIO\

as A-modules with an A-basis given by
{c(p(yj) ® O, 11 = 9(y)) € 0.
Also, Vi @z, H * 11 is a free A-module of rank | Z g |-
Proof. By Proposition 4.6 we have
Vo @z H 11 = Vo Qapengr R * 1y

as sA-modules. The result follows because R * 17 is a free s-module of rank |Zp ,|.
Indeed, for a choice of representatives {y;} for Zp », the set {@syj * 1} is an A-basis
for R * 17. However, for y € Hom(7}, i1,,) the element c(y) ® ®S,Vj * 1 is nonzero if

and only if y = ¢(y;). |

5.4. Further simplification

To obtain a unique and simple description of V5 ~ V, o ®, H * 11, we will consider @
with a special “splitting” property as follows.

For use later, we introduce a slight generalization of the W -orbits on Y and 2 .. Let
L C Y be a W-stable sublattice of the same rank as ¥ with respect to the usual reflection
action of W on Y. For every element z in the coweight lattice P, one considers the twisted
Weyl action on Y given by

wlyl; :=w(y +z)—z.
It is well-defined since z € P. This gives a group homomorphism

a[);]/L W — Perm(Y/L),
where Perm(Y /L) denotes the permutation group of Y /L. By abuse of notation and lan-
guage, we also call O[Z]/ L the permutation representation of W naturally realized on the
vector space CY/Z endowed with a basis indexed by Y /L.

An orbit @ C Y with respect to the action w[—], given above is called a (W, z)-orbit.
Clearly, the (W, 0)-orbits are just the W -orbits. The w[—], action is also well-defined
on Y/ L and the quotient map Y —» Y /L is (W, z)-equivariant. Specializing to the special
case L = Yg 5, we have
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Definition 5.19. A (W, z)-orbit O C Zp n = Y /Y n is called splitting if there exists a
section of the quotient map
Y > Zon

which is equivariant with respect to the w[], action on both Y and Zp .

The orbit of 0 € Z 0.0 is always (W, 0)-splitting. Also, the element y := p — pg,, if
it lies in Y, gives rise to a splitting (W, —p)-orbit O3 = {y}. This latter example plays a
crucial role as a base point for a special form of the covering Casselman—Shalika formula
(see [22, Section 5.3]). On the other hand, if O3 C Zp 5 is a free (W, z)-orbit, then it is
always splitting.

For the rest of this section, we only consider the splitting W -orbits. The next lemma

collects some basic consequences of a W-orbit 05 possessing a splitting. Given y € ¥
we write

Wy := Staby (y) and W := Staby ().
Lemma 5.20. Let O € Z¢ , be a splitting W-orbit. Let s : O < Y be such a splitting.
(i) Foreveryy € 5(0), one has Wy, = W, which is a parabolic subgroup of W.
(i) Ify € Y and a € @ such that wy € W), then (o, y) = 0.
(iii) Let W' € W be a parabolic subgroup such that w; € W are of minimal length in

Wwj, j =1,2. Ifw € Wwy and w < wy, then w1 < wy.

Proof. Here (i) follows from [27, Proposition 1.15], while (iii) follows from Proposi-
tion 1.10 of loc. cit. and the description of the Bruhat order in terms of subexpressions.
Statement (ii) is clear by the definition of reflection. [ ]

In general, we let

Wage := Ysc’n x W
be the modified affine Weyl group and also set Wy := Yo.n x W. This gives
I/f/ex = ~aff X QQ,na

where Qg , C Wex consists of the elements which fix the fundamental alcovein Yo , ® R
associated to W as in Section 2.2. Thus

Hr = Hy,  ®z L[ ),
where the algebra law for the right hand side is as in [28, p. 47]. Forany y € Y, let
Jf[,y = e}fﬁ,c” C Hy

be the subalgebra of J; associated with Wex,y := Staby, (), i.e., #1,y is generated by
the elements in {17 * T * 17 : w € Wex,y}. In particular, if Wex,y C W is actually a
parabolic subgroup of W, then #r , C Hw.
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Theorem 5.21. Let O C Zg , be a splitting W -orbit with a splitting givenby s : O — Y.
Let y € Y be in the closure of the positive Weyl chamber with respect to A and y € 0.

(i) The algebra ¥y, acts on the one-dimensional vector space C - c(¢(y)) ® Oy, * 1
via the sign character €.

(ii) The Hy y-module map &, — V0 Qg H * 11 induces isomorphisms of Hy-mod-
ules
14
ey ®ge, , Hi — Vo Qs H x 11 = V,

where the first map is given by 1 — c(¢(y)) ® O, * 1.

Proof. Since O is splitting, we see that Waff’y = W, is a standard parabolic Weyl sub-
group. Now the fact that #7,, acts on C - c(¢(y)) ® O, * 1 follows from Lemma 5.20,
the property (4.6) of the Bernstein relations, and the equality (5.2). It follows from (5.2)
and Lemma 5.20 (ii) that each simple reflection in # , acts by the sign character. Specif-
ically, for ¢ € A such that w, € Waff’ y we have

0(3) (ha(w)) = (w. ) =1,

where the last equality is due to the fact that Bo(y,a") = Q(a"){a, y) = 0.
Thus, we have an #;-module homomorphism

fiey @, Hi = Vo p, Hx1p, 1Q@h>c(p(y)) ® Og, *h.

We claim that this map is an isomorphism of Jf;-modules. To prove this, we show that
this map is upper triangular with respect to a natural choice of A-bases.

For each coset W, w we choose the element of minimal length. Let {w;}; be the
set of these minimal elements. Let w; € K N m represent w;. Then the Bernstein
decomposition implies that

{1@7,% 1< j < |WAW)

is an A-basis for ey Qg , Hr.
Writing y; := w7 - y, the set

(e ® Oy, *11:1<j < [W\W[)
is an A-basis for V. 9 @z, H * 17. Under the map
&y @z, Hr = Vo Qg H * 17

we have
1® T = c(@(y) ® O, Tg; * 1.

By Lemma 4.19, we have

c(p(y) ® O, T, * 11 € c(p(y)) ® (Tw, * O, * 1 + Z T * Ogry-1, 0“))’

7 .
w<w,;
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and applying (5.2) again gives

C((p(y)) ® (Tlﬁj * ®wf1'5y * 17 + Z Tz * @(w/)fl,sy A)

7 .
w<w,;

= (—l)e(w/)c((p(y])) ® ®Ej_l~s); x 17+ Z C(gD((w/)—l . y)) X ®(13’)_1~Sy . (53)

7 .
w<w,;

Now it follows from (5.3) and Lemma 5.20 (iii) that the map f is upper triangular. Fur-
thermore, Lemma 5.20 (iii) also implies that the diagonal entries are nonzero. Thus f is
an isomorphism of #y-modules. [

The trivial orbit Qg and any free orbit in Zp , are always splitting. In this case,
Theorem 5.21 gives the following.

Corollary 5.22. Let Oy be the orbit corresponding to the trivial character of Ty.. Then
we have the isomorphism

ew Qe Hir = V0, Qg H * 1 =~ Véo
of H1-modules.
Corollary 5.23. Let O C Z g, be a free W-orbit. Then
Hr =~ Veo Qp, H x11 =V}
as Jr-modules.

Definition 5.24. A W-orbit O C 2 , is said to have the S-property if there exists y € ¥
with § € O and a character j1, : #y, — C* such that

Véj = Wy ®=7€1‘y ‘%I'

Theorem 5.21 states that every splitting orbit of Zg , has the S-property. In fact, we
will show in Corollary 8.7 that every orbit of 2 , has the S-property.

6. Subclasses of covers and splitting W -orbits

In this section, we give some detailed discussion of the W-orbits in Z'p , which are
splitting. In particular, we determine some covers for which every W-orbit in Zp , is
splitting: such examples include the “oasitic” covers of semisimple simply-connected
groups and the Kazhdan—Patterson and Savin covers.

6.1. Saturated and oasitic covers

We briefly discuss several special subclasses of covering groups which exhibit better prop-
erties. For Q : Y — Z and the associated bilinear form By, we write

det(Bg) = det[Bg (vi, vj)|i<i,j<r € Z,
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where {v; : 1 <i <r} CY is any choice of Z-basis. Here det(Bg) € Z is well-defined
and if G is almost simple and simply-connected, then

det(Bg) = #a - [ | ("), (6.1)
a€A

where .7, is the index of the root system of G.

Definition 6.1. A covering group G of G is called

— saturated (cf. [19, Definition 2.1]) if Y** N Yg , = Y5, (note that the inclusion D
always holds);

— aligned if Yécn =n'-Y* for some n’ € N;

— very saturated if it is both saturated and aligned;

— oasitic if ged(n, cg) =1 =gcd(n.det(Bg)) for every & € A, where aﬁ’ =) sea clav
is the highest coroot.

If G is almost simple and simply-connected, then G is saturated if and only if its dual
group G is of adjoint type, since Z(G") = Hom(Yo /Y ,. C*) by definition.

Lemma 6.2. Let G™ be an n-fold cover of an almost simple simply-connected G with
Q(aV) = 1 forany short & . Then G™ is very saturated if and only if one of the following
holds:

(1) Gisoftype Ay, B,,Cy, Dy, Eg, E7 and ged(n, Sp) = 1;

(ii) G isof type F4 and 2 } n, or G is of type G, and 3 } n;
(iii) G is of type Eg (and n is arbitrary).
When G™ is very s_aturated, we have Yg ,, = Yéc,n = EY. Moreover, except for type Fy
and G, the group G™ is very saturated if and only if G¥ ~ G.

Proof. Assertion (i) follows from [57, Section 2.7]. For (ii), we note that Ff{’) (resp. G»)
is aligned if and only if 2 } n (resp. 3 t n). Statement (iii) is clear. The last assertion
follows from loc. cit. and the fact that Eén) is always aligned and EJ = Eg = E¢ always
holds. ]

Consider a cover G of G as in Lemma 6.2. It is easy to check whether G is
oasitic by using (6.1). For such G, we tabulate saturated, very saturated and oasitic covers
in Tables 1 and 2.

Ay B, Cy D,
saturated ged(n,r +1) =1 n odd, or nodd nodd
n € 47 + 2 for r odd
very saturated ged(n,r + 1) =1 n odd nodd nodd
oasitic ged(n,r +1) =1 n odd nodd nodd

Tab. 1. For classical G
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Eg E5 Eg Fy G
saturated 3tn 24n alln all n alln
very saturated 3tn 24n alln 24n 3tn
oasitic 2,34¢n 234n 2,3,54¢n 2,3tn 2,34%n

Tab. 2. For exceptional G

It is clear that if G is almost simple and simply-connected, we have the following
inclusions for covers of G with Q(aY) = 1:

{oasitic covers} C {very saturated covers} C {saturated covers}. (6.2)

6.2. Splitting W -orbits
To determine the splitting W -orbits, we start with the following:

Proposition 6.3. Let G be a cover of an almost simple simply-connected G with
Q(a) = 1 for any short a”. Assume ged(n, .#5) = 1. Then every W-orbit O3 C Zg n
such that the stabilizer Wy C W is a parabolic subgroup is splitting.

Proof. Let O3 C 2., be an orbit such that Wy = W, the Weyl group generated by a
certain subset J C A depending on y.
Taking an arbitrary representative y € Y of y, we have

we(y)—yeYopn=n-Y.

Let {wy : @ € A} be the set of coweights, which constitutes a Z-basis of the coweight
lattice P. If we write y = ), A Ya®q, then we have

n|yq foreverya e J.
We want to find a yg , € Yg , such that
Wo(y —yonu) =y —yon foreveryo € J, (6.3)

in which case we have Wy € Wy_,,,  C W; = W; and therefore Wy_y,, , = Wy as
desired.
If we write Yo n = ) yep da®Wa € Yo p, then (6.3) entails that

dy = yo foreverya € J.

Thus, it suffices to show that there exists d, € Z for a ¢ J such that

Z YaWq + Z dewa € Yo nu.

aeJ a¢J

Since ged(n, #A) = 1, there exist a, b € Z — {0} such that

na—9x-b=1.



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 967

Consider the sublattice

Py = {Zyaa)a 11| yq forevery a € J} C P.
o

Define a Z-homomorphism

we/n fora € J,
¢r: P —>PQZ/n), ¢rw) =1 °
a-w, foraé¢J.

Clearly, ¢s|p, : P; — P is well-defined. Moreover, since n and .#5 are coprime, it is
easy to see that ¢y (Py NY) C Y, i.e., the commutative diagram

P;yNY > Py < > P
Wl lw lW
Y ¢ > P < > P ® Z[1/n]

is well-defined. Now, if we take dy, = nay, for o ¢ J, then

yon =n- (Z(yot/”)wa + Zayaa)a) =n-gs(y)en-Y;

ael a¢J

this completes the proof. ]

It follows from Tables 1 and 2 that the covers of G in Proposition 6.3 satisfying
ged(n, #a) = 1 are exactly the saturated covers, except the only case of E,(”) with
n € 47 + 2 and r odd, for which ged(n, #p) = 2.

Corollary 6.4. Let G™ be an oasitic cover of an almost simple simply-connected G with
Q(a) = 1 for every short coroot o . Then every W -orbit O C Zg p is splitting.

Proof. For an oasitic cover G™ we have

ged(n, Fp) =1= gcd(n,cg)

for all cﬁ as in Definition 6.1, and thus by [48, Proposition 4.1] for every y € Zp , the

stabilizer subgroup W; is conjugate to a parabolic Weyl subgroup. The result then follows
from Proposition 6.3. u

Example 6.5. Consider GL, and its cocharacter lattice ¥ given with the standard Z-basis
{e; : 1 <i < r}. A Brylinski-Deligne cover @in) of GL, is associated to p, q € Z such
that

2p ifi =,

B(e,-,ej)={ e

q ifi # .
We have Q (") = 2p — q. Every BD cover GL, is saturated, i.e., YonNY* =Yy, =
ng - Y€ The Kazhdan—Patterson covers are those with Q(a") = —1, while Savin’s nice

cover is the one withp = —1,q = 0.
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Consider a BD cover GL, such that
ngY € Yon. (6.4)

We have the natural quotient maps

h
Y 5o Y/naY 2o ¥/ Yon = Zon.

For every y* € Y/n,Y, it is easy to see that Staby (y*) = Staby (h(y*)), since GL,
is always saturated. Thus, every W-orbit O C Zp,, has a W-equivariant section of /.
It is also clear that every W-orbit in Y /n,Y has a W-equivariant section of f. Hence,
for such GL,, every orbit of 2 0.n 1s splitting. The Kazhdan—Patterson covers and Savin
covers both satisfy (6.4) above.

We also note that if (6.4) fails, then it is possible that a certain @ C %, is not

splitting. The cover ﬁg‘) associated with p = 1, q = 2 is such an example.

Remark 6.6. If G is very saturated but not oasitic, then it is possible that certain O C
Z0.n is not splitting. For example, consider the double cover (_}52) of the exceptional G.
In the Bourbaki notations, the element @; € 2, of the coweight (also a coroot) w; € ¥
has stabilizer subgroup

W, = A1 Wey ) X {1, Wy, }

where the right hand side is a direct product. Since W, is not isomorphic to a parabolic
Weyl subgroup, we see that O, is not splitting.

6.3. Covers of SL,

In this subsection we focus on covers of SL(2) and determine the J#;-module structure of
Vh ~ Vi,0 ®g¢, H * 11 for any W-orbit O € 2 5.
Let SL;, be the n-fold cover with Q(«¥) = —1. In this case

n

Yon = 2leg,) = Zte) where n* = o

Moreover,
Zon=1{ja’ :je[-n*/2,n" /21N 1L}

Note that if n* is even, then n*/2 = —n*/2 € Zp ,. With these representatives we can
easily describe the W -orbits. We consider two cases according to the parity of n*.

If n* is odd, then the W -orbits of Z'g , consist of the trivial orbit {0} and |n*/2] free
orbits of the form

{jaV, —jaY}, je[l,n*/2]NZ.

In this case, by Propositions 5.22 and 5.23 we have a complete description of the J;-
module structure of 'Vé >~ Vo Q. H * 1 forany W-orbit O C Zo,».

Now assume n* is even. There are two trivial W-orbits in 2 ,:

{0} and {n*aV/2),
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while
{jaV,—jav}, je[l,n*/2—-1]N2Z,

constitute the free W-orbits in Zg ,. Again, Propositions 5.22 and 5.23 give a complete
description of the #;-module V. ~ Vie,0 g, H * 1 except for the orbit
Opxjp = {n*a’/2} C Zpn.

We will describe "VI ‘) > Vi, 0%, @, H x 1 directly. The result of our analysis
uncovers a new phenomenon that does not follow from our general results proved above.
Note that if n* is even, then necessarily 2n* = ng.

Lemma 6.7. The element h := T} ©! € H; satisfies h* = q.

S_pkgV

Proof. Lety = —n*a”. By (4.7) we have
I 1 g1 1
ol 7l =7lel ., —(@-10

sy a syfto,(wz”*)'

Thus
2 I oY
(T ) ®(wa( 1)'sy)sy (q - I)J ®s ho(@?27™)s),

The identity we (—1) -8, = syhg (w"") from (2.5d) implies that

radd 1 1
2 = [(Ja )2 ( 1)‘/ ]®S h (wzn )S = q®Sy}7a(‘lI7'2n*)Sy =dq,
where the last equality holds since s,, hy (wz”*)sy = 1€ T by (2.5¢). |

Let T/ :=gq~1/2. Tle! and consider the C-subalgebra

S_pt g
(H1)o :=(T") C H;
generated by 7. Lemma 6.7 implies (7/)? = 1 and thus
(H1)y ~ C[Z/27)].
Let o : (#7)y; — C be the character given by
o(T') = ¢~ g(a. (—n"a"/2)a) € {£1}.
Proposition 6.8. Let y = _T"*av. The C-vector space map

0= V0,0, Qs H ¥ 11, 1> c(@(y)) ® O, 17,

is a map of (#y)y-modules. Moreover, it induces an isomorphism

Y
o ®(3€1)6 Jf[ ad "V,C,@n*/z ®J{K I * ]1] — 'Vén*/z

of Hr-modules.
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Proof. Using the Bernstein relation in (4.5), we have

c(@(3) ® O, * 11 * T = g(Wa, 0(1)a) - ¢ (@(3)) ® Oy (—1)s, * L1
Thus

8V, 0(¥)a)
c(p(y) ® O, x 1 xT' = %C@()’)) ® O(wy (—1)sy)s_gqv * LI

Since wy (—1) s, = s,he(w™") by (2.5d) and he(w"") = s(a¥ (w"")), it follows that
(wa(—1) - sy)s(—n*a¥)(w) = s,. Hence,

@0, <1 7 = EVED ) 9 0, 11

This shows that the map 0 — Vi 0 ® g, H * 1; defined by 1 = c(¢(y)) ® Oy, * 1 is
a map of (H#7),-modules. The induced map of F7-modules is an isomorphism because it
takes the #A-basis {1 ® ®Slkn*av :k € 7} to the A-basis {c(¢(y)) ® Og, * 11 * ®slkn*av }.

[

The orbit O+, C Zp,» does not possess a W-equivariant splitting. Thus, Proposi-
tion 6.8 does not follow from Theorem 5.21. This suggests that splittings of other finite
subgroups of the modified extended Weyl group W = W x Y » should also be consid-
ered, besides W. We make a few remarks in this direction and further elaborate on the
example of Proposition 6.8.

Forany z € Y ® Q, we set Wex,z := Staby, (2). In particular, Wex,o = W. For any
y € Y we have

Wy = I/Vex,O N I/Vex,y-

Now we may consider
VVex,z,y = I/Vex,z N I/Vex,y~

Letn: W = W x Yo n — W be the projection map. The quotient map
Y > Zon

is equivariant with respect to 7 : Wex —> W. For every z € ¥ ® Q, the group Wex,z is
finite and 7 : Wex,z — n(I/f/ex,Z) is an isomorphism. Then an orbit @, C Zp , is said to
be Vf/'ex,z-splitting if

N(Wex,z.y) = 1(Wex,2) 5 (6.5)

As we vary z, there are more possibilities for the above equality to hold.

Consider for instance the case of n* € 27 and § = n*a /2 for SL, as in Proposi-
tion 6.8. If we take z = 0, then the two sides of (6.5) are {1} and W respectively. On the
other hand, if we take z = —n*a¥ /2, then Wex,z C Wex is of order 2, generated by the
reflection fixing —n*«¥' /2. In this case, the two sides of (6.5) are both equal to n(lff/ex,z,y),
and there is a Wex,z—splitting for the orbit Oy 5.
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Such a I/f@x,z—splitting is only implicitly used in the proof of Proposition 6.8. For a
general G, it is not easy to identify explicitly (with concrete relations among the genera-
tors) the finite subalgebra of #; associated to Wex,z. For SL,, we essentially realized this
by using Lemma 6.7. We hope to return to this problem in a future work.

7. Metaplectic representation of Sahi-Stokeman—Venkateswaran

In this section we show that the representation
Vi~ Ve @, H * 14

embeds naturally into the metaplectic representation constructed by Sahi—Stokeman—
Venkateswaran [45] for a particular choice of what they call representation parameters
(see [45, Definition 3.5]).

The proof of Lemma 5.18 shows that if {y; }; C Y is a set of representatives for Zg »,
then

{c(@(y)) ® Os,, * 11},

is an A-basis for Vi ®g, H * 1. Using the Bernstein relations for # we can compute
the action of #; on Vi ®g, J * 1 in terms of that basis. We begin with a description
of the action of .

Lemma7.1. Lety € Y andz € Yg . Then
clp(1) ® Oy, 1 % O % 1y = e De(p(1) - ® O, % 17.
Proof. This follows from the definition of ®s, in Section 4.1 and identity (2.5c). [ ]

Now we describe the action of Hy C J;. It suffices to consider the action of the
elements 7, = T3, (1), where @ € A. First we need some notation. For any 7 € T such
that (1) = y(w) we write 8; = c(¢p(y)) ® O; € Vi Qz, H.

Lemma 7.2. Lety € Y anda € A. Then

2

sy % L x Tg x 1

g(Va, 9(1)a)bwy(—1)s, * 11 + (g —1) Z SjQ(av)esyha(wj) x 1y

1—(y,@)<j<0 .
=0 mod e if(y,a) >0,

= 1 8(Wa: 9(¥)a) Owg (—1)s, * 11 if (y,a) =0,
g(l//av §0()’)a)9wa(—1)~sy * ]ll + (CI - 1) Z 8jQ(av)95yha(wj) * ]11

1sj<—(y, .
jEJOmo(dynz) lf<y,06) < 0.

Proof. This result follows from (4.6). ]
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7.1. The SSV representation

We briefly recall the construction of the metaplectic representation of J; in [45] using
notations in our paper.

For the rest of this section, we assume that G is semisimple and almost simple. Denote
by P the lattice of coweights with

PDYDY™

Fix an integral-valued Weyl-invariant quadratic form Q : Y — Z, and extend it uniquely
to a rational-valued form

0:P—Q.

One has a sublattice Pg,, C P given in [45, Section 2.2]. The relations among these
sublattices are as in
Poy —— P

;o]

YQ,n — Y

In particular,
Yon S PonNY,

where equality holds if Y = Y*¢, i.e., if G is simply-connected. Furthermore, if ¥ = Y*¢,
we have an embedding
Y/Yon < P/Pgn.

One has the extended affine Hecke algebra #(Pg ) associated with Pg ,, and as a
C-isomorphism we get
‘%(PQ,n) ~ Hw Qc (C[PQ,n]s

where 'y is the finite Hecke algebra. One has an inclusion of algebras
Hr C H(Po.n).

There is a natural action of J#(Pg ) on C[Pg ] via transporting the J(Pg ,)-action
from the left hand side of the C[Pg ,]-module isomorphism

Jg(PQ,n) [ C~ C[PQ,n]~

It is shown in [45, Theorem 3.7] that this action of #(Pg ) can be extended to the
bigger space C[P] D C[Pg n]. We let (r, C[P]) denote this # (Pg ,)-module. In brief,
it is constructed as follows:

(1) Choose a W -stable subset C C P such that 0 € C and the quotient
P — P/Po,

is surjective when restricted to C. In [45], an explicit C is given.



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 973

(ii) Consider the #(Pg ,)-module
NC = %(PQ,n) ®]€W VC»

where V¢ is the |C|-dimensional space affording the #y -action “deformed” from
the Weyl action (see [45, Section 3.1]). Depending on certain parameters c, there is
a natural C[P]-module surjection

WS : Ne — C[P].

(iii) By choosing ¢ properly, it is shown that Ker(¥¢,) is actually J(Pg ,)-stable, and
thus one has an # (Pg ,)-module structure on C[P] by transporting that from Nc;
this is the representation 7.

In the notation of [45], the action of the generators of #(Pg ,) on C[P] are given as

follows: B -
7.[(Tut)-xA = (ka - k;l)Va(xA) + pa(k)xsau),

A+tv (7.1)

r(x")xt = x

foro. € A,A € Pandv € Pg,.
By restricting the action of #(Pg ) to the subalgebra 7, we get an #;-module still
denoted by (7r, C[P]). For every z € P, it follows from (7.1) that the subspace

C[Y]-x* Cc C[P]
is stable under the #-action and thus gives an #j-submodule (7%, C[Y]- x?). Moreover,

one has a decomposition
T = @ 7’

zZeEP]Y

as Jfr-modules.
The representation 7° has a further decomposition. For each W -orbit O C 2 0.n»
consider the vector space

ClYlo := @) ClYgal-x.

yeO

which is ¢ -stable by (7.1). We let (ng, C[Y]o) denote this, which gives a decomposition

0 _ 0
= @

(9C3(QW

Theorem 7.3. Let G be an n-fold cover of a semisimple group G. Assume ¢ = (—1, @),
= 1. Then we have an isomorphism

of Hr-modules for every orbit O C Zg n.
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Proof. In view of Lemmas 7.1 and 7.2, checking the result essentially amounts to match-
ing the notations used in our paper and those in [45, Theorem 3.7], i.e., (7.1) above. More
precisely, the correspondence is given as follows:

o 17 x Ty x 17 < Kk;Ty for a simple root «,

o 17 %@, 1y <> x” where Yy oveYonu,

o c(p(y) ® O, < x* where y <> A €Y.

Note that the assumption ¢ = 1 is a technical assumption, enforced by the relation that

the parameters k,, (essentially the Gauss sums) need to satisfy. [

One of the applications of the SSV representation 5 is to provide a more natural proof
of the Chinta—Gunnells action [12]. This latter work assumes that @, C F*, which in
particular implies that ¢ = 1. Using our formulas in Lemmas 7.1 and 7.2, the method
of Sahi—Stokman—Venkateswaran can be easily adjusted to incorporate the slightly more
general case without the assumption o, C F*.

Remark 7.4. It is possible to prove Theorem 5.21 by using Theorem 7.3 and refining
several steps in the construction of 7 in [45], as outlined in (i)—(iii) above. Indeed, if O :=
Oy C Zo,n is a splitting W-orbit, then one may take its splitting Co C Y. Examining
the argument in [45] will give ng ~ ey Qu, H1, where H; , C Hw is the subalgebra
associated with the parabolic Weyl subgroup W; C W.

7.2. A speculation

It is natural to ask what role % plays for general z € P. We give a speculation as follows.
Consider the vector space isomorphism

shy, : C[Y] - C[Y]-x*, [+ f-x%.
By transport of structure, one obtains a representation
(shZ (%), C[Y])

of Jf[.
Forz € P,let w? = z(w) be the element of the adjoint torus.

Conjecture 7.5. Forevery z € P, consider the character (> )(u) = Y (w *uw?). Then
we have an isomorphism

(indS ;- e ® Zy)! = sh¥(x?)
of Hr-modules.

The above holds for z = 0. For z = p it was also motivated from the following con-
sideration. If z = p, then Py has conductor OF. In this case, work from [20] suggests
that (for oasitic covers of simply-connected G for example) one has a decomposition

(indgnU_ e® )l = EB £o ®y; 0 Hi = (ew '0[‘5) ey, Hr.
OCZ0o.n
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where O is taken over the (W, z)-orbits in Zp . Also, ew -o[‘g is an Jfp-module
deformed from the corresponding representation of W. This seems to be compatible with
sh} (7?) in view of (7.1), and gives another motivation for Conjecture 7.5.

8. Structure of V! via W1

The objective of this section is to present another approach to determining the #;-module
structure of V! based on studying the isomorphic module W/ . (Recall Lemma 5.3.) This
approach was suggested to us by the referee, who also generously outlined a proof and
brought to our attention the related works [9,37].

We assume in this section that G is semisimple and almost simple. The main result
of this section is Corollary 8.7, which complements our Theorem 5.21. The corollary
shows that the splitting hypothesis is not necessary, but the character o is not explicit.
The problem of making o explicit will be taken up in a future work.

Throughout this section it is convenient to use the following left and right actions of
W =WxYonY.Lety €Y and (w,y) € W x Y. Then W x Y acts on Y on the left
via (w, y) -y = w-(y + y’). We also require the right action defined by y’ - (w, y) =
(w,—y)~! - y’. (This is the action that naturally arises from the right action of W x Y on
WA\W x Y ~ Y, where the identification with ¥ comes from the map W(1, y) > y.)

8.1. The main computation

The objective of this subsection is to compute the action of the pro-p Hecke algebra on
the standard basis elements of ‘W11,

Lemma 8.1. Letax € A,, y € Y, and x € Hom(Ty, jtn). Then
supp(@) * 7o) S pn Iy Wys—yWol U pnly Wys—_y1.

Proof. By definition, supp(¢y * To) € finl{ Wys—,IwWel. But since wy is a simple
reflection and I = wy¢l w; we have

Mndy Wys_y Twel C ppl{ WyS_yWol U iyl Wys_y 1,
which concludes the proof. ]
In this section we will write
Watt = Wyt 1, Jaff ' = Toi = Twa-;-(w—l)-

We compute ¢y * T in detail; the cases of simple linear reflections are similar and will
be omitted. By the previous lemma, to compute ¢ff * To(g) it suffices to compute at the
two points g = Wys_y, and WyS_, W, (w ~!). The next lemma contains several identities
used in the computation of @5 * T(g).
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Lemma 8.2. Lety € Y andu € Op. Let ¢ € {1} be such that (2.5f) holds for o = o
Then

(1) WS-y 2y (1) = 8, o (w1 =@M uyiys s
(2) WyS—yZyt (@ U) = Ty o (Fw @ wys (@ Dbyt (cu™)
ce_yt (wu ) (w, —cu),?(“tv);
(3) WyS—y@_ ot (— 1) = Ty, gt (Fw I HE D) TS0
) Wys_ye_yt (—mu)Wei (")
= Ewy.a-r(:tw_l_("‘ty)u_l)w_ys_yha-s- w He_y+(mu)(w, u)nQ("‘T‘V).

Proof. Ttems (1) and (3) follow from (2.5a) and (2.5b). We prove (2); item (4) is similar.
We apply the identities

e_gt(—mu e (mw e, (—oul) = oy (—out)

and W_g+ (—wu~') = Wy (—cw ~lu) (relation (2.5f)), and (3) to get

WyS_y eyt (w ) = VS_ye_gt (wu_l)zﬁ_oﬁ (—wu_l)e?_a+ (wu™h)

_ Ty e - 1 _
:e_wy_a-;-(:l:w”(“ Yy Ywys_y iyt (—cw  u)e_y i (wu™).

Now the result (2) follows from (2.5g):
Wyt (— iy (—cm ™ u) = hyt(cu™ ") (w, —cu);?("‘-r'v). [
Now we come to the main computation.

Proposition 8.3. Lety € Y, y € Hom(Ty, uy,) and y' := x o wagr. Let ¢ € {%1} be such
that Wy e+ (u)u)_y_l = €y, at (cu) for all u € F. There exists ¢ € C* such that the fol-
lowing hold:
() If (—aT,y) <0, then
¢y * Tatt = Py

(i) If (—af,y) = 1, thenwy -af € A~ and

-~ v _ _ TV /
Xk T = 2o (Q)e((c. @) 2@ N)g(Wry, ot Xt - €((— @), 2@ ))pE .

(i) If (—af,y) =2, then

8% % Tar = €00y + (2 100 @00, )2 - g7

uek>™

Proof. The initial steps of the computation do not depend on the value of (—a', y). By
definition

8 Tal) = [ 93k~ T . 8.1)
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In the variable A, the function qu)f (gh™ ) Tasz(h) is left pu, I -invariant. Since Of /w OF ~
Un I\ Dy (™) viau > w, Iy (w~1)e_y+ (wu), we have

| Tt = Y el el . 82

uGOF/‘lD'OF

By Lemma 8.1, it is enough to compute ¢)’f * Tur(g), where g = wys_, or
WyS_y Wyt (w_l).
First let us consider g = W,s_, W+ (w™!). Then from (8.1) and (8.2) we have

¢F * Tar(Wys—y Wt (@)

= ) BB (@ g (U B (—T )

uEOF/‘lD'OF

= ) dl@ys_ye (@ ). (8.3)

uGOF/‘w'OF

Now the computation breaks up according to the value of (—a, y).
If (—af, y) <0, then wy -af € &% because (wy, y) is of minimal length in Wy. From
Lemma 8.2 (2), if u ¢ wOF then Wys_ye,+ (' u) ¢ supp(¢y). Thus

Y s (@) =1,
ueOr/wOF

If (—af, y) = 1, then wy, - ¥ € ®~ because (wy, y) is of minimal length in Wy. So we
can apply Lemma 8.2 (1) to get

Yo s @) = Y Y@y, e (Em T ),

uEOF/w'OF uGOF/ZUOF

Furthermore, if (—oﬂ, y) = 2, then

Y Y@t Em @) = ¢,

uEOF/ZUOF

If (—at, y) =1, then wy -t e A~ and so

> Y@yt T =0,

ue@ /w0

This concludes the calculation of @5 * Togr(Wys—y Wyt (w1)).
Now let g = wys_y. The argument is similar to the previous case. By (8.1) and (8.2)
we have

¢f * Tur(Wys—y) = Y pF (WSl gt (—mu)ilyi (—m)).

MGOF/woF

Again the computation breaks into cases depending on the value of (—a, y).
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If (—af, y) = 1, then wy - af € ®. We apply Lemma 8.2 (4) to get

Y e (Cmu)ig (—m)

ueOr/wOF

= Y Y@yt O (s (@) 2@T). (8.4

uE(OF/‘lD'OF)><

Note that if (—aT, y) = 1, then wy, ot € A™. In this case, the expression simplifies to

f.v _ — v
Kt (©e((e. )2 g, gt a1 - e((— @) 2",
If (—af, y) <0, then Wy, -af € . By Lemma 8.2 (3), for any u € @ we have
WyS—ye_gi (—mU)Wyi (—w 1) ¢ supp(¢y). Thus

Y rWys_ye_ g (—mu) iy (- ) = 0.

ueOF/wOF
This concludes our computation of ¢>§f * T [

We remark that the constant & should be a root of unity. It encodes the difference
between the elements WyS_, Wy (1) and Wy, + S—y-w,,- For this paper it suffices to
know that £ is nonzero.

Next we state the analogous results in the case of a simple linear reflection.
Lemma8.4. Lety € Y, u € Of, and o € A. Then the following equalities hold:

(1) WyS—ye—a(U) = e—w,o(Ew TS u)wys_y;
(2) wys_ye_o(u) = Ewy«x(iw_(a’y)u_l)w_ys—ywa(_l)ha(u)ax(u_l);
(3) WyS—ya(—U) = ey, (T~ @U)wys_y;

(4) WyS—y e (—) g (—1) = Eryy o (FT U Y5y 1o (—u)ea (u™").
Proof. This is similar to the proof of Lemma 8.2. ]

Proposition 8.5. Let y € Y and o € A. Let y € Hom(Ty, j1,) and let y' = y o wgy. Let
¢ € {£1} be such that wye_, (u)w_y_1 = e_y,o(cu) forallu € F. There exists § € C*
such that the following hold:

() If (a,y) < —1, then
¢ * To = EPLy,-
(ii) If {a,y) =0, then wy - € A and
¢ * T = Yo (—O8(W—wya- X)L -
(i) If (@, y) = 1, then
O+ Ta = 640, + (D 1))

Proof. This is similar to the proof of Proposition 8.3. ]
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8.2. Structure of W!

Theorem 8.6. Let yg € Y be such that —yq € 'EQ,,,, the closure of the modified funda-
mental alcove associated with Wy. Let (w,y) € W x Yo . Then

1 a1 _ 1
Pyo * Tuy@—1) = € Prow.y) (8.5)
for some C € C*.

. . 1
Proof. To begin, we view Jwy(w—l)
r'wly (1) = Tso - - - T5» where T, is an element of # of length 0 and s; are simple
reflections for i # 0.

We claim that for every 0 < j < k one has

as an element of the pro-p algebra J¢. Factor

1 & T o Xj
By Tso -+ Ts; = Cibygesg.s»

where C; € C* and y; = ¢(—(0-s¢...s;)). We induct on j. Note that ;10?}0 T, #0
because every Ty, is invertible.
When j = 0, the element s € W x Y is of length 0 so 5o € Ng (/). Thus

supp(y, Tso) S 17 Wyo Vo(w "N IS0l = 17 Wy yo(w ™ )50l

and the result follows for j = 0.
Suppose the result holds for j — 1. We prove that it holds for ;. It suffices to compute

Xji—1 I
¢yo~s0...sj_1 * Sy

Let (w',y’) =s0...55-1 € Wx Y and y; = yo- (w',y") = (w')~' - yo + y'. Note that
since s; is a simple reflection in W x Y, we have

supp(¢3y " % Ts;) € pn I Wy, 31 (@ ™) U pun [T Wy 31 (@ e (1)1, (8.6)

There are two cases: s; = wy, Where o € A, or s; = w,r. We handle the latter case;
the case of linear simple reflections is similar.

Suppose §; = wys. By Proposition 8.3, the result holds if (—af, y1) < 1. So
assume (—a', y;) = 2. By Proposition 8.3, the result holds unless y;_; o o™V =
€((—, w)_Q("‘T’V)) as elements of Hom(OF, it,). We claim that

_ v
Xm0 #e((— @) ),
Since g . .. $j—1 Wt is a reduced word in W x Y, we know that
(f. =y + @) ") <1 (8.7)

forall ¢ € €. Since —yg € ‘éQ,n - naT‘E we may let ¢ approach ;—y_'(_’ to get

<OlT, '+ @)t (;_yo)> <1 (3.8)

at
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We add the inequalities (of, y;) < —2 and (8.8) to get (w’ - a, yo) < —1. Consequently,
w ot e dF.
Now the inequalities (T, y;) < —2and (8.8), w’- 2— ¢ CD‘Q" . and —yo € €g , imply

ngr — 1= (W -af,—ye) —1=14 (af,y) > <w’-oﬂ, _y°> > 0. (8.9)

nyt

Since we are assuming that o(—y’) o™V = y;_; oo™V = €((—, w), C T

follows that
B(y'.a™) = -0(") mod n.

This implies that n,,+ divides 1 + (o, y’). So, 1 + (a, y’) = 0, by the inequalities (8.9).
Finally, the conditions 1 + («, ") = 0and w’ - ot € ®* contradict inequality (8.7).
Therefore, yj—1 o ™Y # €((—, w)—Q(Oc"*V)), and so ¢>J)f(§ .. s ¥ T, = Cj - ¢>y0 500028
for some C; € C*.
This completes the induction step. ]

Let O C Y be an orbit of W,y under the right action. (Recall that y’ - (w, y) =
(w,—y)~t-y") Let 'W({) be the subspace of ‘W! spanned by the elements of the form
¢3 where y € @. By Theorem 8.6, ”Wé is an #7-submodule. Our next objective is to
describe the #;-module structure of "WI We begin with some preliminaries.

Let —yo be an element of O N E’Q n. Let Wex Y0 be the stabilizer subgroup of Yo in
Wex W x Yo, withrespect to the right action of Wex on Y. One has Wex ~Qp, n X Waff
Note that since ‘€Q n 1s a fundamental domain with respect to Waff, it follows that Wex o ==
(R0.1)yo X Watt,yo» Where (20.1)yo = Q0.1 N Wex,yo and Wagr,yy = Wagr N Wex, -

Let #1,y, C #; be the subalgebra of #; generated by the elements Tz, where w €
Wex.yo- By Theorem 8.6, J; 5, stabilizes the line C - ¢)1}0. Thus there is a character o =

o © H1,yo — C such that ¢J],10 * Ty =0(Tp) - ¢)],10, where w € Wex,yo.

We note that the set {75 : w € Wi y,} is a basis for #j ,,. This follows because
Wt yo 18 generated by the simple reflections contained in it. (We will make an important
remark about this after Corollary 8.7.) Furthermore, if we fix a set {w; : j € W yo\WeX}
of minimal representatives of the cosets Wy yO\WeX with respect to the length function
on W,y, then it follows that {Jw 1 j € Wex,yO\WeX} is a left #; y,-basis of Hj.

Corollary 8.7. Let —yo € '€Q,n- We use the notation from the previous four paragraphs
where O = O,,, is the orbit containing yo.

The Hj y,-module map o — ‘W defined by ¢ — cgb}}o induces an Hy-module iso-
morphism o ®g; Hy — 'Wéy defined by ¢ ® h — cgb;LO x h. Combining this with

g 0
Lemma 5.3 yields an H-module isomorphism o ® g, o Hr — 'Véy defined by ¢ @ h +—
: 0

c yI(l) * h. In particular, the orbit Oy, C Zp.n has the S-property as in Definition 5.24.

Proof. The first assertion follows directly from Theorem 8.6 and using the fact that {7y, :
J € Wexyo \Wex} is aleft H; ,,-basis of #;. The rest is clear. ]



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 981

Remark 8.8. Our justification of the claim that {75 : w € Wiy y,} is a basis for H; , is
based on knowing that the element of J; corresponding to the simple affine reflection in
Wiy is of a particular form. For example, when G is simply laced the element should be
C-T5 F (@) for some C € C*. This is expected, but we are not aware of any proof in
the literature. We have a strategy for proving this using the pro-p algebra J¢. The details

will appear in a future work.

9. Explicit Whittaker dimensions

The goal of this section and the next one is to apply Theorem 5.21 to compute explicit
Whittaker dimensions of some Iwahori-spherical representations. We will eventually
focus on irreducible constituents of regular unramified principal series representations
in this section and those of unitary unramified principal series representations in the next.

For every lattice L C o7 closed under the action of W, one has the canonical surjection

n:iLxW — W. ©.1)

Though we might use the same 7, for different L, there is no risk of confusion from the
context. If L is a root lattice and W the associated Weyl group, then we write

Waff:LXlW

for the affine Weyl group. We also denote

W = L' x W,
where L’ C L is a modified root lattice (i.e., generated by {kq : o a simple root of L}
for some k, € N) giving rise to the same Weyl group as L does. Again, the context makes
it clear what L’ refers to.

9.1. Some permutation representations

Recall from Section 5.4 that for z € P and any Weyl-invariant sublattice L C Y of the
same rank as Y, we have the well-defined action w[y], := w(y +z) —zfory € Y/L.
Recall that this gives a finite-dimensional permutation representation

0[};]/L : W — Perm(Y/L).

It is easy to see thatif z — z € P NY, then

Y/L _ Y/L
%L1 =%k -

Thus, there is a well-defined shifting action of P /(P N Y') on the set {U[)ZI//]L :z' € P} given

Y/L._ Y/L
byz- O =042

orbit of 0[}(;]/ L under this action of P /(P NY) and also the associated stabilizer subgroup.
A special case is given as follows:

forevery z € P/(P NY). For later purpose, we are interested in the
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Lemma 9.1. Assume Y = Y is the root lattice of a root system R with simple roots
A=A{o;:1<i<r} Let S CY be a sublattice associated to a root system R’ with
simple roots A" = {kja; : a; € A’} for some k; € N. Then for the above action of P/Y

on o[Y/ §

o] »One has

cP/Y,

PN(P(S)+7Y)
Stabpy (o)) = —

where P(S) C Y ® Q denotes the weight lattice of S.
Proof. Write o[;] for U[Z]/ 5 for simplicity. Consider its character yo;_; which is integer-
valued and satisfies Yo, (w) = 0 for every w € W. We observe that if o, (w) # 0,

then
Xoiz (w) = Xoqo] (w).

Indeed, yo.,(w) is counting the size of the set of fixed points of ¥/S under the o
action. This set of fixed points, if nonempty, is always a torsor over the set of fixed points
of Y/§ under the ojg) action. This gives the above equality.

Thus, the following are equivalent:

(i) Xop,(w) # 0 forevery w € W;
(1) Yopy (W) = Yoy (w) # 0 forevery w € W;
(ii1) O[z] = O[0]-
One has z € Stabp,y (o1g)) if and only if
we U nStabsaw(y +2),
y+zeY+z

where n : S x W — W is the natural surjection as in (9.1). However, since the right hand
side is a union of reflection subgroups of W, and the Coxeter element of W does not lie
in any proper reflection subgroup (see [50, Section 5]), the above inclusion holds if and
only if Y + z has a special point of the affine Weyl group S x W, i.e., if and only if

ze P(S)+Y.
This completes the proof. u
Specializing to L = Yg ,, we have a permutation representation
a[‘g : W — Perm(Zg,n).

Proposition 9.2. Let GV be a very saturated cover of an almost simple simply-connected
group G with Q(a") = 1 for any short coroot a” . Then
X X
O1z1 = 910]

for every z € P/Y. In fact, for every z € P, there exists y, € Y such that the bijective
map
my o %Q,nﬁ%Q,ns y=y+yz,
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is equivariant with respect to w[—|o = w(—) and w[—]; on the domain and codomain
respectively. In particular, w; induces a bijection between the W -orbits and (W, z)-orbits

in %Q,n-

Proof. For G = Fy4, Eg, G, one has P/Y = {0} and thus it suffices to consider G of other
types. Since G is very saturated, Lemma 6.2 gives

YQ,,, = YQ,n =n-Y

and also ged(n, #A) = 1. Note Ip = |P/Y|. Now P(Yg’n) = nP and it follows from
Lemma 9.1 that
Stabp,y (op0)) = (P NP +Y))/Y = P/Y, (9.2)

where the last equality follows from the fact that ged(n, .#A) = 1. This shows that
o ~ o
Now for the second assertion, nt, (depending on y;) is equivariant if and only if
wly +yzlz = yz +w(y) € Zon
forallw € W and y € Zp,,. This equality is equivalent to
w(y; +z) =y, +zmod Yy, =nY,

e, y; +z € P(Yy,) = nP. However, it follows from (9.2) that for every z € P there
always exists y; € Y such that y, + z € P(Yg,n). This proves the equivariance of m,
from which the last assertion is clear. ]

9.2. z-persistent orbits and covers

We also recall the notion of a persistent cover as follows (see [19, Definition 2.3]). In fact,
we introduce a slightly more general version of z-persistency for any element z € P in
the coweight lattice. These z-persistent covers will give a refinement of the chain in (6.2)
since they always contain the saturated covers; see (9.3) below. It is expected that z-
persistent covers exhibit better behavior if we consider ?v-Whittaker space of Iwahori-
spherical representations.

Consider the sublattices Yg 5, Yéc,n C Y and

%sin = Y/ Yéc,n, <%fQ,n = Y/ YQ,n,

on which the action w[—];,z € P/(P NY), is well-defined. For any y € Y, let yT and
¥ denote its image in % o and Zo,n respectively. With respect to the action w[—];, we
have the (W, z)-orbits (9y+ c Z écn and O3 C 2@, which are the images of @, in the
respective quotient spaces.
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Definition 9.3. A (W, z)-orbit O, C Y is called z-persistent if
Staby (v 25,,) = Stabyw (5: Zg.n)-
A covering group G is called z-persistent if every (W, z)-orbit Oy is z-persistent.

If O3 = Oz C Zo.u, then O, C Y is persistent if and only if @, C Y is. The proof
of this is identical to that of [19, Corollary 2.5]. Thus, checking if a covering group G is
z-persistent amounts to checking for a finite set of representative orbits of those in Zp .

While persistency is a slightly technical condition, we note that a saturated cover is
always z-persistent for any z € P. Indeed, if w[y], = 7, then

wlyl: —y €Yo, NY™;

but if G is saturated, then w[y], — y € Y5 o ie, w fixes yte %écn This shows O,
is z-persistent. Thus, if G is almost simple and simply-connected, then the chain (6.2) is
refined to be

{oasitic covers} C {very saturated covers} C {saturated covers} C {z-persistent covers}.
(9.3)

We note that the last three inclusions actually hold for arbitrary G.

Example 9.4. Every Brylinski-Deligne cover of GL, is saturated and thus z-persistent.

On the other hand, the cover ﬁ;n) associated with Q (o) = —1 is saturated if and only if

n is odd. For n € 4Z + 2, the cover i(zn) is O-persistent but not p-persistent. On the other

hand, if 4 | n, then S_Lgn) is p-persistent but not O-persistent.

We expect that saturated and z-persistent covers form subclasses of covers whose
representation theory is more accessible, especially the part pertaining to Whittaker

models. For instance, the 1/ -Whittaker dimension of a theta representation of ﬁ;n) (for
n € 4Z + 2) depends sensitively on the choice of central characters of Z(T), since it
is not (W, p)-persistent. For odd-fold covers of SL;,, such subtle dependence disappears.
For simply-connected G, exhibiting even better properties are the very saturated covers
or even the oasitic covers.

9.3. O-Whittaker space
Recall that we have a decomposition
vi= P v
OCZon
where for every splitting W-orbit O3 C 29, one has
v{% ~ &y Qg , Hi, (9.4)

where the stabilizer subgroup W = W, C W is a parabolic subgroup for a certain repre-
sentative y of j.
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For an irreducible admissible Iwahori-spherical representation x, we define
Why, () := Homg (V, 7) = Homg, (V!, 77)

and
Why () := Homg, (!, (Ind$— y~1H)T),

where 7 denotes the contragredient representation of 7. Since the smooth dual of indgf v
is just Indg_ ¥, we get a canonical isomorphism

ty : Why (1) — Why, ()"
of finite-dimensional vector spaces.

Definition 9.5. For every admissible Iwahori-spherical representation 7z and every orbit
O C Zg,n, the subspace

Why, (1)@ := Homy, (V}, 7!) € Why ()
is called the O-Whittaker subspace of .

One has a decomposition

Why () = € Why(m)o.
OCZo.n

If T € Homg (71, 2) is an intertwining operator, then it induces a well-defined C-homo-
morphism
Ty,0 : Why (m2)0 — Why (71)0.

Lemma 9.6. For every orbit O C X, the Hr-module "Vé is projective, and hence
Why, (—)e is an exact functor from the category of admissible Iwahori-spherical repre-
sentations of G to the category of finite-dimensional vector spaces.

Proof. Since the functor Hom(—, Indg_ ) of taking the Whittaker model is exact, we
find that V! is a projective #;-module. Any of its direct summands "V(ID is thus also
projective. ]

9.4. A concrete realization

Let w = I(y) be an unramified genuine principal series representation (see [19, Section
3.1] for definition). Then we expect to have a more concrete description of Why, (1(x))e
which arises essentially from composing the Jacquet integral with functionals of i ()
(see [22,33]). We denote by (1) the conductor of .

Let Ftn(i ())) be the vector space of functions ¢ on T satisfying

c(f-Z)=c(f)-x(Z), feTandz e A= Z(T)T(OF).
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The support of ¢ € Ftn(i(x)) is a disjoint union of cosets in T/ A. For every y € T, let
¢, € Ftn(i())) be the unique element satisfying
supp(cy) =y - A and c,(y)=1

Clearly, ¢,., = x(a)~! - ¢, for every a € A. If {y;} C T is a set of representatives of
T/ A, then {c,, } forms a basis for Ftn(i(x)). Let i ()" be the vector space of functionals
of i (), which affords the contragredient representation of i (). The set {y;} gives rise
to linear functionals /,; € i(y)" such that [, (¢y;) = ;;, where ¢, € i(y) is the unique
element such that

supp(¢y;) = A-y;' and ¢, (y;') = 1.

It is easy to see that for every y € T and a € A, one has

bya = x@) - $y. lya = X(a)_l <Ly
Moreover, there is a natural isomorphism of vector spaces
Fin(i () ~ i)Y, elei= Y e(yi)-ly,.
vieT/A

It can be checked easily that this isomorphism does not depend on the choice of represen-
tatives for 7'/ A.
For any z € Y,q = P, consider again

Y (x) = y(z o).

There is an isomorphism between i(y)V and the space Wh, v (I(0)* of (U™, Cy)™)-
Whittaker functionals on /() given by

I Al

with
M) > C, floJi(f) where J§(f) = /U— Fa)W ) du €i(y).

Here f € I(y) is an i(y)-valued function on G. For any ¢ € Ftn(i())), write )tg €
thw (I(x))* for the (U™, (°y)~!)-Whittaker functional of I(y) associated to /.. There-

fore, ¢ — )tg gives an isomorphism between Ftn(i (y)) and thw (I(x))*. Fory € T, we
will write
Ab =2k
Let wg be the long element in the Weyl group W. To describe the above Wh, " I()*
further, we relate it to the (U, (*G?y)~!)-Whittaker model of I(y) which we denote by
Why,,; - v (I(x))*¢ and which appeared more frequently in the literature. More precisely,

for
wg(zw) — wgzw(_;l(w(;w) U — CX
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we consider the (U, (YGZv)~!)-functional
S, 1 =i, I () = [ @ghn e e du i,
U
We define 39 := 1o J$4  and also
Gy

Whygz, TGO)™ = {4111 €i(n™)

It is clear that
# __ gstd
() = B (Rug (). ©.5)

where R, means the right translation action of /(y) by g € G.
Consider the standard intertwining map

T(w,x): 1(x) = 1("y)

given as in McNamara [38, Section 13.7]. The map T (w, y) has meromorphic continua-
tion to all y. One has a commutative diagram

1) —2— 1(")

RwGl lRwG

I() —22 s ey

which induces the diagram

4 T(w,x)zw 4
Wh.  (I(0)* —————— Wh. (I(*)))
R:%GT
T (w, )3

waGz w

thGzllf (I(X))qd thsz (I(wX))Std

Now for every (W, wg(z))-orbit O C £, consider
Ftn(i (x))o = {c € Ftn(i(y)) : supp(c) C U Sy -/T}.
yel

This gives via the above natural isomorphisms of vector spaces

Fin(i () = i(0" — Wh., (1))
a natural subspace
Wh. (1)) € Whe, (1(0)F.
Similarly, one has
Whygo, (T(0)g' © Whygo, (100)™
with
dim Wh, w(l(;())'g = dimWhy,,., (1G0)S' = [0, (9.6)
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As a consequence of (9.5), the restriction
Ry - Whg-, (IGO)S — Whe (1(x) 9.7)

is a well-defined vector space isomorphism.
We want to show that

T(w, p)*

29,0 :thw(l(w)f))g - thv,(l()())?g 9.8)

is well-defined for every @ C Zp . In view of (9.7), it suffices to prove that by restricting
T(w, x)*9 _  the map

wGZw

TW. Xy Whigzy, (0P = Whag, (1(0)™ 9.9)

is well-defined.
For notational convenience, we write

¥ :=wg(z) and yY* ="G7yY = Z*(wGl/f) :U - C*.

If we choose bases {)L:,X}y,ef/g and {AJ)E};/ET//T for Why = (1(*x))%" and Why (1(x))3’,
then T'(w, y f;j* is naturally represented by the so-called scattering matrix

[ty (W, x. V' V) yeT/ 2

satisfying
T(w, 3R, = Y (w17 7) - AL (9.10)
yeT /A
Furthermore, if one chooses a set :t C Y of representatives of the set 2 ,, it gives

a natural basis for the domain and codomain of T'(w, )()f;d*, which is then represented

by [ty (w, x.8y7, Sy)]y.yen. In any case, Ty (w, x,y’, y) satisfies the cocycle relation
reflecting the decomposition of the intertwining operator 7' (w, y) into rank-one intertwin-
ing operators. Thus, it suffices to determine 7y (wq, x, ¥, ¥) for a simple reflection wy,
which is given as follows:

= Ty (Wa, X, V' ¥) = Ty Was £, 7' ¥) + T (Was 1. ¥’ y) With
e (Wa. 2. ¥ -d' v - a) = (") @) - e (Wa 1.V, ¥) - x(0)
foralla,a’ € Aand 1 <i <2:

— 7:1/1/*(11)017 X:Sy’,Sy) = Ounless y’ = y mod Ygp 5, and

K (ha (@ "))z
1= y(ho(w"e))

Ty (W, 1.8y, 8) = (1—¢q ")

1+(Y+Z*=0t)'|.

no

- 13,* (wa, X,Sy7,Sy) = O unless y' = we[y],* mod Yy , and

where k; o = [

Tge Wa XeSughle Sy) = (L@ HE PO g, (3 + 2%, 0) 0(aY)).



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 989

In the above, the Gauss sum g, k) is given as in [22, Section 3.6], and is essentiall
8wy g y

ey, (—, zzr)ﬁ) in (5.1). We see that in particular if z € P NY, then

Ty (Was X5 Sy75 Sy) = Tyw (Wars Yo Syrgz*, Sy42%)

for 1 <i < 2. We also remark that for z = p and thus { (¥ *) = OF, the scattering matrix
was given in [18,33,39]. For z = 0, the formula for rf/,* (wq, .8y, 8y) is given in [23,
Section 5.3.3].

From (9.10) and the above description of the r-functions, we see that 7'(w, y f;d*,(g in
(9.9) is indeed well-defined, and so is (9.8). In fact, this is the raison d’étre for considering
the (W, z*)-orbits in Zp 5.

When specialized to z = 0 and thus for W-orbits (), one has the natural embedding

L()v,0 : Why (I())e = Why (I(x)*.

Conjecture 9.7. Keep notations as above. Then (), 0 gives an isomorphism

{(y.0 - Why (I(0)o =~ Why (I(0)E

for every W-orbit O C Zg n. Moreover, L())y,0 is equivariant with respect to the two
homomorphisms on Whittaker spaces induced from T (w, ), i.e.,

(.0 0 TW. Nyo = Tw. 1), o 0 t(Ny.0.

The remainder of this paper is devoted to determining dim Why, (7))@ for constituents
of a regular unramified principal series representation /() or a unitary unramified prin-
cipal series representation. We prove analogues of certain conjectural formulas for such
genuine Whittaker dimensions in [19,20] — we deal with the case f(y) = p in this paper
while loc. cit. assumes T () = Op. In fact, for unitary unramified /() we also partially
investigate the relation between the two cases for different conductors; see Corollary 10.4.

9.5. Regular unramified 1(y)

Consider an unramified y satisfying the following:
— x is regular, that is, its stabilizer subgroup of W is trivial,
— the set ®(y) := {a € ®: y(ho(-)"®) = |- |} is a subset of A.

Such an exceptional y (following [33]) gives a regular unramified genuine principal series
representation /(y) for which there is a decomposition

I(n*= @ ns. 9.11)

SCP(x)

where the left hand side denotes the semisimplification of /() and g € Irrgen(é). The
decomposition is multiplicity-free and the irreducible constituent g is characterized
by its Jacquet module (see [44] and [19, Section 3]). For example, if ®(y) = A, then
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A = O(y) is a theta representation and g is a covering analogue of the Steinberg rep-
resentation.

Recall that for each § € ®(y) € A, there is a representation oy (possibly reducible)
of the Weyl group. More precisely, for the Jacquet module one has

() = @D 857-i( n.

weWg

where Wg C W is a union of Kazhdan-Lusztig right cells of W. The representation og is
then the direct sum of the cell representations associated to Wg. In a more concrete form
(see [19, Corollary 6.5]), one has

os= Y. (DTS mdl o ewes), (9.12)
S/:SCS'CP(x)

where W(S’) C W is the Weyl subgroup generated by S’.
Also recall the permutation representation

0y W — Perm(0), oy (w)(y) = w(y),
foreach O C Zp,x.

Theorem 9.8. Let I(y) be a regular unramified genuine principal series representation
such that ®(y) C A. Let S € ®(x). Then for every splitting orbit O C Z ¢, one has

dim Why (75)o = (05,05 )y -

Hence, for G such that every orbit O is splitting (for example, those as in Corollary 6.4
and Example 6.5) one has

dim Why, (s) = (05,07 ).

Proof. The idea is the same as in [19] where f(¥) = OF.Let O = O; be a splitting orbit
with W; C W a parabolic subgroup.

First, we consider the case when S = ®(y) = A, and thus 7p = O(y) is a theta
representation of G. Here y is an exceptional character and thus ©(y) is the Langlands
quotient of I(y), and is also the image of the intertwining operator T (wg, x), where
wg € W is the longest Weyl element. Its contragredient 77 is the irreducible subrep-
resentation of /(y~!), and is also the theta representation associated to the exceptional
genuine character ¥S (1) of Z(T). In any case, 5 is the unique unramified represen-
tation of /(6 (y~1)), and we find that

T
(Ta)" ey, .

is the trivial representation. That is, assuming W is generated by {agrufa) 1<i<r},
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then each T&iv € H7,0 <i <r,actson (77a)! by ¢. This gives
dim Why, () = dim Homg, (V4 (7a)")
= dim Homye, (¢ ®gtyy,, Hr, (%a)") by (94)
= dimHomye,,. (¢, (74)" |, )

{1 if Wy = {1},

0 otherwise.

This shows that
. P 1 if O is a free W -orbit,
dimWhy (ma)o = (ew.0p )y = ) (9.13)
0 otherwise.

Second, assume in general S € ®(y) € A. Denote by

w(w, x) C I(w, )

the image of the intertwining operator T (w, y). We have

TS = Z (=D =Sl r(wsr, ) € Z(Ittgen(G)),
§:SCS’'C@(x)

where ws’ means the longest element in the Weyl subgroup W(S’) generated by S’. Since
Why, (—)e is an exact functor, we have

dimWhy (rs)e = Y (=DISSl.dimWhy (x(ws'. x))e.
§7:SCS'CP(x)

However, since w(wgs’, x) is equal to the full representation parabolically induced from
. Mg, .
the theta representation g, of the Levi subgroup M, we have

Why (r(ws', 0)o = (ew(sn) 06 dwisy = (Idiyesr ewsn> 96 )y
where the first equality follows from (9.13). In view of (9.12), we get
Why (75)e = (05,05 )y
for every splitting orbit @ C Zg . This completes the proof. ]
We can verify for () = p an analogue of [19, Conjecture 6.9 (i)].

Corollary 9.9. Let O(y) = mwa be an unramified theta representation associated to x
with ®(y) = A. For every splitting orbit O C Zg », one has

dim Why, (1)@ = dim Why, (©(x))e

for every irreducible Iwahori-spherical representation 7 of G. In particular, if every orbit
O C Zo,n is splitting, then dim Why, (r) = dim Why, (O (y)) for every such  as well.
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Proof. Let m be any Iwahori-spherical representation of G. From (9.13), we see that
dim Why, (®(y))e = lifand only if O C Zp , is a free W -orbit. In this case,
'VCI, ~ J
as Jr-modules. This gives
dim Why, ()@ = dim Homg, (¥, ') > 1
and thus the result follows. ]

Corollary 9.9 in particular applies to Kazhdan—Patterson covers and Savin covers by
Example 6.5. In fact, for G = GL,, we expect the inequality in Corollary 9.9 holds for
every irreducible 7w € Irrgen (G) (not necessarily Iwahori-spherical), which however may
fail for general G. For more discussion, see [19, p. 339].

Remark 9.10. First, retaining the notation w(w, y) C 1(*x) as in the proof of The-
orem 9.8, we can define the space Why, (7(w, )())59 as the image of T'(w, )()?/,(9. If

we assume Conjecture 9.7, then Why, (r(w, x))o =~ Why (r(w, )())”0 for every orbit
O C Zou; in particular [19, Conjecture 4.7] holds. In this case, we have

dim Why, (rs5)e = dimth(ns)n@ = (05,0(9‘%)”,,

where the second equality follows from [19, Theorem 6.6]. We note that the proof in [19]
actually applies to all O-persistent covers, and thus we expect that Theorem 9.8 holds for
all orbits @ C Zp,, as long as G is a O-persistent cover.

Second, if we consider an orbit () with the S-property (see Definition 5.24) and assume
further that w5 |J€Wuff,y is nontrivial, then the proof of Theorem 9.8 applies in the same
way for such @. In view of the first remark above, it is plausible that for O-persistent
covers every orbit satisfies these two assumptions, i.e., the S-property and nontriviality

of Mﬁbﬁ’wﬁy .

10. Unitary unramified genuine principal series representations

In this section, we assume that G is almost simple and simply-connected. Let G be the
n-fold cover of G associated with

Q") =1

for any short coroot «V. The general case of Q (") imposes no extra difficulties, except
for notational complications.

10.1. R-group and decomposition of 1(x)

Consider a unitary unramified principal series representation /(). Let R, C W, be the
R-group associated to /() satisfying

C[Ry] =~ End(I(y)).
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One has a natural correspondence between Irr(R,) and the constituents I1(x) of /(x):
Irr(Ry) < II(x), o0 < 7g,

which is normalized so that 7y is the unique unramified constituent of 7(x). It is known
that R, is abelian (see [35]), and therefore the decomposition of /() is multiplicity-free.
The nontrivial R, is given in Table 3.

Ay By Cy Dy, r even D, ,r odd Eg E5
Ry Z/dZ.,d|(r+1) Z/27 7]/27 Z/ZZor(Z/ZZ)2 Z/2Z or Z)47 Z/3Z Z]27

Tab. 3. Nontrivial R,

For every w € Ry, we have a well-defined isomorphism

g(w, x) =y, )T, x): 1(x) = 1)),

where y(w, x) is the gamma-factor associated with w and y, i.e.,

yw. 0™ =]

aedy

l—q7" X"
l—xa
Here @, := {& : o > 0, w(x) < 0}, and for every @ € ® we write

Xo = X(Ea(wna))-

(Note that this usage of y,, is similar to but not the same as in Section 5.1. For the remain-
der of the paper this new usage is in effect.) More explicitly, one has

AW, ry = 0o(w)-id
for every irreducible constituent 7, C (). It induces an isomorphism

A (w, )y : Why (I(x)) = Why (1(y)),

where dim Why, (/(y)) = |£0,x|. This gives an | Zg ,|-dimensional representation

oWVhv . Ry, — GL(Why(1(x))). oV (w) == o (w, Dy

std

Wh
Indeed, the proof in [20] for o “¢“¥ afforded by Wh,,,, e 1))%¢ relies only on the
fact that R, is abelian, thus it applies to Why, (I()) here.
For every W-orbit O C % ., we have from restriction

A (w, Ny,0 : Why (1(“x))e — Why (I(x)e

This gives rise to the following:
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e a subrepresentation
Wh Why,
09 ' Ry = GL(Why (I(1))e). 04 (W)= (W. Y)y.0.

such that

Wh
= @ o

QC%Q',,

e for every ny C I() the decomposition

Why(75) = @) Why ()0
OCZo.n

where Why, (775)@ is isomorphic to the subspace of Why (/(x))e consisting of
Whittaker functionals of I(y) restricted to 7.

It follows from Fourier inversion (see [20, Theorem 5.6]) that for every o € Irr(R,) we
have

dim Why (75)0, = (0,0, )

im Why (775)0, = (0.0, R,

for every orbit O, C Zp . We thus get
dim Why, (75) = (o, UWh‘”)RX
for every s C I(y). The representation o W' is in general difficult to compute. Indeed,
o, () = y(w, )" Te(T(w, Y)y,0),

and T'(w, x)y,0 is not easily computable.
If G is a very saturated cover of G, then it was speculated (see [20,21]) that

oWhit“dG” v 0 [%0],
where the right hand side is more accessible for computation. The goal of this section is to
prove an analogue of that equality for ¥ (see Theorem 10.2 below). Moreover, as a conse-
quence of our discussion, we also prove a result on the variation of Whittaker dimensions
of representations inside the same L-packet for a unitary unramified representation; see
Corollary 10.4. This last result was also conjectured in [23, Conjecture 5.7].

10.2. Explicit Whittaker dimension of my

Henceforth, we assume that G is almost simple and simply-connected, and that G™ is a
very saturated cover of G with Q(aY) = 1 for any short simple coroot aV. In this case
we have

Yon=Y5,=n-Y* and G'~G".

The modified affine Weyl group is

Waff = Y&C’n xW = (i’lY) X W,



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 995

which actson Y C Y ® R naturally. For any y € Y, we have
Waff,y C Waffv

the stabilizer subgroup of y.
For every root « and k € Z, we have

Wo k = (ka\/’ We) € War =Y x W,
where wy (y) = y — (¥, a)a the usual reflection. Similarly, we write
Wk = (kaé’n, wy) = (k- no, We) € Waff =YonxW.

We have
Wg = We,0 = We,0 foralla € &.

Leta® € ®% be the highest root of ®. Then & = af/n € &g, = ®/n is the highest
root of the modified root system. Recall the set

Satt = {Wyi 1} U{wy, 1 1 <i <1}

of generators of Waff. For every y € Y there exists a proper subset Sy, & Safr such that

Watt,y = W(Satt,y).

where the right hand side denotes the subgroup of Wt generated by Sy, . The surjective
map 7 : Wy — W restricts to give an isomorphism

Waff,y = W(Waff,y)~
If we set ag := —at and define as usual
Agir = {ao} U A,
then it is clear that 5
N(Watr,y) = (o & € Agsry) CW

for a subset Ay y & Agsr.
The following result will play an important role in the proof of Theorem 10.2 below.

Proposition 10.1. Ler G™ be a very saturated cover of an almost simple simply-con-
nected group G such that Q(«"') = 1 for any short simple coroot a”. Let y € Y. Assume
g € Aaﬂ»‘,y. Then

N(Watt,y) N Ry = {1}

for any unitary unramified genuine character y of Z(T).

Proof. We verify this by a case by case checking. We will use the explicit representatives
of the R-group elements given by C. Keys in [34, Section 3].
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First, for type A,,i.e., G = SL; 41, the cover S_Ly::l is very saturated if and only if
ged(n,r +1) = 1.
Identifying W =~ S, 41, we know that R is W -conjugate to Z/d Z generated by
w:=(1,2,....d)d+1.d+2,....2d)..(k—1)d +1,....r + 1)

for some d with r + 1 = dk (see [34, Section 3]). Note that w is the Coxeter element of
the parabolic Weyl subgroup ]_[f;l S4 C W. Since a conjugate of w lies in W(Ag,y),
it follows that the set A,y contains k connected components of the extended Dynkin
diagram, each of which is of size at least d — 1 and one of which contains ag. Writing
y = erill yie; with y; € Z and ) ; y; = 0, together with the two equalities

r+1
(v.&"y =01 —y41)/n=1 and ZJ’i =0,

i=1

this shows that there exist distinct 1 <i; < r + 1 with 1 < j < k such that

d- <jéyij> =n.

Since ged(r 4+ 1,n) = 1 and d|(r + 1), it follows that d = 1 and thus w = 1.
Second, for type B;, the cover Sping;) 41 1s very saturated if and only if n is odd. Write

,
y = Zyie,- €Y withy, € Z and?2| Zy,-.
i=1 i
Depending on the parity of r, we have the following two cases of R:

— If r is even, then R, ~ Z /27 is W-conjugate to the group generated by
w=>12)34)...(r —1,7) = W, Wq; - .. Wg,_,

(see [34, Section 3]). Suppose w € U(Waff’y) with g € Aysr,y. Now if a1 € Aygy, then
the equalities

(y.a'y =1, (y.a1)=0

give y1 = y, = n/2, which is a contradiction since n is odd. Thus, we see that
o1 ¢ Au,y and this gives

{ag, a3, 05, ..., 0tr—1} C Ayt y.
(In fact, the above inclusion also follows from [41].) It then follows that
vi+y2=n and y; = yj4 foralloddi € [3,r —1].

However, this contradicts the fact that Zi y; is even.



Genuine pro- p Iwahori—-Hecke algebras and Gelfand—Graev representations 997

— If r is odd, then R, >~ Z /27 and R, is W-conjugate to the group generated by
W = Wy, Wes - - - Wa,_p Way -
The argument is similar to the case above and we have w ¢ T](Waff, ).

Third, covers of G of type C, are in fact simpler. More precisely, the cover S_pgi) is
very saturated if and only if # is odd. We claim that there isno y € ¥ such that cg € A,y .
Indeed, in the standard coordinates, one has

a' =2e/n.

Thus, the equality (y,&') = 1 has no solution for y € Y. Hence, the desired equality
holds vacuously.

Fourth, for type D;, the cover Sping;) is very saturated if and only if » is odd. Using
the Bourbaki notations, we could write every y € Y as

.
y:Zy,-e,- WithinZand2|Zyi.
i=1 i

We have ag = —af = —(e; + e5). Now according to the parity of r and the possible R,
we have the following cases:

— risodd and R, ~ Z/2Z is generated by w := Wy, _, We, . If w is W-conjugate to an
element in (W, ), then it is easy to see (cf. [14] as well) that

o] € Aaff’y.

Note that &g € A, by assumption. These two imply that y; = y, = n/2, whichis a
contradiction.

— risoddand R, ~ Z/4Z is generated by
W i= We, Was - - - Wa,_p * Wy Way -
If w is W-conjugate to an element in T’(Waff’y), then we get (see [14])
{ao, a1, 00,04, 06, ..., 0r—5,0r—3,0r—1} C Ayt

or {ep, 01,02, 04,0, ..., 0r—5,0r—3,0r—1} C Ay, y. In either case, we have {ag, ot1 }
C Ay, which gives again y; = y, = n/2 and is a contradiction.

— r is even and any nontrivial R, is isomorphic to either Z/27Z or Z /27 x Z/27Z. If
Ry ~ Z /27, then R, is generated either by wgy, _, We, or by

W = Wq, Wy Was - - - Way_3 Wy -
If Ry ~ 7Z/27 x Z/27Z, then
Ry ~ (W, Wq,_, Wa, ).

In either case, the argument is similar to the case when r is odd, and there exists no
y €Y satisfying both —ag € Ay, and n(War,,) N Ry # {1}.
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Fifth, a cover of E, é") is very saturated if and only if 3 { n. The nontrivial R, ~ Z/37Z
is generated by
W = Wiws3 - WgWs

in the notations of Bourbaki. If H(Wdff’y) N R, # {1}, then (see [14, Theorem 3.4]) we
have either

{og, an, 05,06} C Aggr,y  or  {otg, 0,01, 03) C Ay, y.
In the first case, one has
(y,a¥y=n and (y,a;) =0fori =2,5,6.

In terms of the coordinates e;, we can write y = Zf.g:l yie; with y; € Z/2 and yg =
y7 = —ys. Then the above conditions give

3(y3 +yg) =2n

and in particular 3 | n, which is a contradiction. The second case is similar, and thus
U(Waff,y) N RX = {1}

Lastly, we consider the cover Eg") of the simply-connected E-, which is very satu-
rated if and only if 7 is odd. Again, in the Bourbaki notations, the nontrivial R, >~ Z /27
is generated by

W i= We, Wes Way-

It then follows from [14] (see also [41]) that if w is W-conjugate to an element in
1n(Wast,y), then necessarily
{og, 02, 3} C Aggry.

If we write y = Y°/_, kjer with k; € Z, then this gives
k1=n, k2=0, k3=n/2,

which is a contradiction since » is odd.
All the above completes the proof. ]

For such G, the unique distinguished genuine character of Z(T) is used to construct
a natural algebra isomorphism (see [16, Section 15.4])

H(G,I)~ H(G,I).

We continue to write J¢; when there is no chance of confusion. Also, #; can be iden-
tified with the affine Hecke algebra Jfﬁ,aff associated with the affine Weyl group Wy =
Yg’n x W of the dual group G". By Borel’s theorem, every Iwahori-spherical represen-
tation 7r of G corresponds uniquely to a finite-dimensional irreducible J;-module.

If a linear G has connected center, then a Langlands correspondence was estab-
lished by Kazhdan and Lusztig [32] between the ireducible F;-modules and certain
Kazhdan-Lusztig parameters of triples (z, u, £). Such a correspondence was extended
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by Reeder [43] to include the case when the center of G may not be connected. In fact,
the work in loc. cit. also includes ramified /(y) when G is assumed to have connected
center. In recent works by Aubert-Baum-Plymen—Solleveld (for example [1]), a Lang-
lands correspondence for irreducible constituents of general /() was investigated and a
link to the geometric side of the parameter space in terms of “extended quotients” was
established.

Thus one has a local Langlands correspondence

£ Irré(é)l — Irr(Hy) — {(r,u, &)}, 7 !l (t,u,§),

from the Iwahori-spherical representations to the set of Kazhdan—Lusztig-Reeder (KLR)
parameters. Every KLR parameter that arises in the correspondence above satisfies the
following:

—teTVisa semisimple element in the dual torus inside GV:

1 1

— u € GV is anilpotent element such that tut ™' = ¢~ - u;

-fe€ Irrgeom(no(éx »)) is a certain irreducible representation of the connected compo-
nent group of the mutual centralizer subgroup G/, C GV that appears in the homology

U
H.(BZ.C).

Here ?Bgi denotes the variety of Borel subgroups of GV containing both v and u. In
particular, the irreducible constituent 7, C /() has a KLR parameter

(T=SX’u =0»S=O)a

where s, € GV is the Satake parameter associated to 7(y).
Before stating our main result on the y-Whittaker dimension of 7, we first recall a
homomorphism (depending on the half sum p := np of positive roots of G")

Cﬁ : RX — C*
given as follows. Consider the simply-connected cover Gsvc of GV as in
Z— Gl —>G".

Attached to /() is the Satake parameter s, € GV.Forany w € R y C W, and any lifting
s), € Gyl of s, one has
w(sh)/s, € Z,

which is independent of the particular lifting s;( chosen. Since
Z =Hom(Pg,n/Yon, C*) with Pg, =nP,
this gives a natural pairing
w(s’,)

¢ (Pon/Yon) xRy = C*, ¢(z,w):= (s—,)(z) = (w(z) —z)(sy) € C*.

X
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Now we just set
{5(=) = (P, —). (10.1)
Since 2p € Y55, C Yg n, we see that

=1, (10.2)
that is, {5 is a (possibly trivial) quadratic character.

Theorem 10.2. Let G be a very saturated cover of an almost simple simply-connected
G associated with Q(aY) = 1 for any short simple coroot a”. Let I(y) be a unitary
(K, sg)-unramified genuine principal series representation of G. Let O C Zon bea
W -orbit satisfying the S-property (see Definition 5.24). Then, as representations of Ry,

Why o o—1 Z .
Op —§5 ®0p

equivalently,
dim Why (775)0 = (0 ® é'[,,()'@%)RX forevery o € Irr(Ry).

Proof. Let O = Oy, C Zp,» be a W-orbit with the S-property. It suffices to prove the
second equality.

Since Yo, = Yécn = nY for very saturated covers, it follows from Definition 5.24
that

).

dim Why, (775)e = dimHomy, (1, ®J€Wafﬂv Hy, 7?;) = dimHom,;rgWaff ) (y, ﬁ; |;gWaff )

Here #; C H; is the associated/deformed subalgebra of the group Waff , and we
Watt.y T .y
have the ¢ — 1 operation of sending #y, - y-modules to War,y-modules. Moreover, since

Waff, y 1s a finite Weyl subgroup of I/f/aff, this operation is an isometry (see [10, Proposition
10.11.4]). That is, we have

~ 1 ~ 1
Hom%Wafﬂy (Myv Ty |J€Wa({,y) = HomWafﬂy (lLy, (770 |J€Wamy )q—)l),

where we view p, as a character of Waff’y as well. For J¢;-modules, one also has the
operation ¢ — 1 by Lusztig’s theory (see [36], [42, Section 6] or [1, Section 12]), which
commutes with restriction, and thus

~ 1 ~
(5 |J€Waff,y Vg1 = (T3 )g—1 |Waﬁ_’y.

Consider the homology H (?BSGXV, C) of the variety of Borel subgroups of GV con-
taining s,. It is naturally a Wit X 10(Z Gv (5y))-module. Identifying

Ry = mo(Zgv (sy)),

we can view H, (%SGJV, C)asa Waff X Ry-module. It follows from [31, Proposition 6.2]

that .
WagrX Ry

Sx —
H.(8g..C) = Ind(YQ,nXWPX)xRx

2 Ha(Bgy0.C). (10.3)

where
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- Ws, = Wy C W is the stabilizer subgroup of s, with Wy, = Ws()’( X Ry;

- GSVX C GV is the stabilizer subgroup of s i its connected component is denoted by GSVX’O
whose Weyl group is WS()’(;

— the inclusion (Yo, x W) x Ry <> Wagr X Ry is given by
y.w.r) = ((y.w,r).r),
where we note the canonical (Yg,, % Ws())() XRy=YguxW,C W
— the action of Yo , % (Ws‘i X Ry) on Hx(Bzv.0,C)is given by (sy ® pspr) ® 1, where
Sx
sy is viewed as a character of Yg ,, and WS?( acts on Hx(Bzv.0, C) by the Springer
Sx

correspondence pspr, and Ry acts trivially (see [31, p. 199]).

It follows from [1, Theorem 9.1] and its proof that as Waff = Yo, ¥ W-modules,

(74 )g—1 = Homg, (0, Hi(BY,,C))". (10.4)

It is a classical result of Borel that
H.(Bgy0,C) ~ CWe] (10.5)

as WS?( -representations. Now (10.3)—(10.5) together give

V7 _ Yo nxW —1\\V _ Yo nxW -1
(75 )g—>1 = (IndYQ’anX(sX xo ) = IndYQ,,,xRX (s, »0).

It follows that
v I _ R Yo nxW —1
(77 |J(Waﬂ~y )g—>1 = ResWafﬂy IndYQ‘anX sy X 0).

Since we need to consider the restriction to Waff, y,» which may not be a parabolic subgroup,
we “pull back” all the representations to be those of subgroups W as in [42, p. 54].
For any w € W and ¢ := "y, we have the following diagram:

8 -1 .
N(Wasry) ——————— Wagry

] ] »

~ —1 ~ K
Re N p(Wagry) e (Yo ¥ R) N Wagr.y —— (You @ Re) ——3 CX

g
Define
Sg =sc 0 r;_l t Re N (Wage,y) — c.

For simplicity of notation we write, for the rest of the proof,

WI = n(Wiy) and Wy, = W,

aff,y ary 1 R
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Mackey’s formula shows that, as representations of wh

aff,y>
VI W, _
a5 5, g—1) = @ N+ (Indeiyi . Yy ® o)
weWL \W/Ry x
— Wa?f,y y w,
= @ Indy, ™ (wa ® “o).
weW, i ,\W/Ry
This gives
dim Homvf,aﬁvy 1y, (ﬁé |;¢7Waﬁ‘y )g—>1) = (U*(My), Nx ((JVTC{ |=7€Waff ) )q—>1)>W,7
) . .
Wd:]f y w,
= D ).Idy ) ®v0)
weW,h ,\W/Ry oty
_ y w
= D  wsl e Do
weW,i ,\W/Ry )
On the other hand, since a(‘;{ = Indgn 1, one has
aff,y
X
(0@;5,00 )RX = @ (]l,{ﬁ@U)Rme(Wd?ﬂy)
weR\W/W,i ,
= @ (]l’wé‘ﬁ ® wO—)Wy!wX'
weW,i ,\W/Ry
We will verify the equality
ne(pty) ' ® S'ﬁx = "l5; on Wy w, forevery w € Wa'f’f,y\W/RX, (10.6)

which clearly suffices to give the desired result. We discuss the two cases according to
whether g € Ay, or not.
First, if g € Ay, y, then it follows from Proposition 10.1 that

Wy wy = {1} forevery w,

and thus equality (10.6) holds trivially.
Second, we assume ag ¢ Au,, and thus Wy, C W is isomorphic to a parabolic
subgroup. Hence the orbit O, C Zp , is splitting. In this case, we simply write W), :=

Wi,y . It follows that iy, = ew, and 7 is the identity map on W),,. Also, in this case sl)’ix is

trivial on W), w, for all w, and (10.6) is equivalent to
<9Wy = wé'[, on Wy,wx. (10.7)

Now we take “wy € W, w, = Wy, N wa = W, N ¥R, with w; € R, being the standard
representative as in [34]. We have

ew, ("w1) = ew ("w1) = ew (w1).
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On the other hand,
Ye5("w1) = Ca(wr) = sy(wi(p) — p).

Let wy = ]_[5-;1 Wy, and set Ay, = {a;; : 1 < j < k}. We divide the computation
, .

of the above into two situations according to whether A, is totally disconnected in the
Dynkin diagram of G or not. Recall that for every o € ®, we denote

Na = X(Ea(wna))~

First, if Ay, is totally disconnected, then by [34, Section 3] or [21], we see that
l(w1) = |Aw,| =k and Xy, = —1 for every j. Since in this case

0~ = = Y o
J
it is clear that
Y (Ywr) = ew, (Ywy) = (=1)lwn,

This applies to the cases when R, ~ Z /27 or Z/2Z x Z/27Z, in particular, to all covers
of type B,, C,, E7 and some covers of type A, and D,..

Second, we deal with the remaining cases. Again, we use the standard notations and
coordinates from Bourbaki. We discuss case by case.

e For A, with Ry ~ Z/dZ,r + 1 = dk we have
wy={1,...,d)d+1,...,2d)...(dk—d + 1,...,dk),
where yo;, = &, a primitive d-th root of unity. We see that
sp(wi(p) = p) = £V = ()P = e (wy).
e For D, with R, >~ Z/4Z, we find that r is odd, and a generator for R, is
W1 = Wy, Wes -+ Way_y * Way_p Way—; Way s
and
Yo =—lfori €{1,3.5....r—4r=2}, xi  =-1 Xa = xa -
A straightforward computation gives
sywi(p) — p) = (=2,

which is equal to ey (wy) = (—1)T3/2,

o The last case is for E¢ with R, ~ 7Z /37 with a generator
W1 = Wey Way * WegWas,

and
Xew = Xas = Xae = Xap =&
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where £ is a primitive third root of unity. A direct computation gives

sy(wi(p) —p) = 1 = ew(wy),
where the first equality already follows from (10.2).

This completes the proof of the equality (10.7) and of the theorem. ]

For O with the S-property as in Theorem 10.2, we have

Why o w—1 X X
0(9‘”_;5 ®oy ={Q0y .

Corollary 10.3. Let G be an oasitic cover of a simply-connected semisimple group G
associated with Q(a“) = 1 for any short simple coroot a” . Then

dim Why (76)0 = (0 ® {;.05 g, = (0 ® {505 )

for every W-orbit O C Zo . and o € Irr(R,). Hence,

dim Why, (75) = (o ®§'5,U‘%)RX = (o ®§7170‘%>RX-

10.3. Conductor of ¥ varied

Note that for any z one clearly has a decomposition

B #
Wh. (I())f = @ Wh., (w)F.
o€lir(Ry)

We want to compare dim Why, (75)* with dim Wh,, v (75)* when §(°y) = O, and verify
some speculations given in [23, Conjecture 5.7].

Corollary 10.4. Let G be an oasitic cover of an almost simple simply-connected G with
O(aY) = 1. As in Proposition 9.2, let y_, € Y be such that

m_p: ZLon—> ZLon, Y=Y+ Yo,

induces a bijective correspondence between W -orbits and (W, —p)-orbits of the
domain and codomain of wm_, respectively. Let I(x) be a unitary unramified principal
series representation. Assume that Conjecture 9.7 holds. Also assume Ry, >~ 7 /27 or
Z/27Z x Z/2Z. Then for every ny C I1(x) and every W-orbit O C Z g n, one has

dim Why (75)f, = dim Wh,, ’ (nomﬁ_l)fnfp(@);

hence also
dim Why, (77, )* = dim Wh, w(nmgl)ﬂ.

Proof. Assuming Conjecture 9.7, one has

dim Why (15)f) = dim Why (75)e = (0 ® &5, o,
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where the second equality follows from Corollary 10.3. (Here we use the notation o[cgl

for 0(‘9% to highlight the twisting parameter.)
On the other hand, from (9.7) we have

: B g std
dim Wh,, | (7o) = dimWh_j, g (o)
for every (W, —p)-orbit O’ C Zp.». Note that every O’ is m_,(O9) for a unique W-
orbit @ C Zp . Since f(TP(YG)) = OF, for R, ~ (Z/27)',i = 1,2, it is shown in
[21, Theorem 1.4] that

. —0(0) —
dimWh_, g, (nmggl)ig{pw) = (o P o0 t; I)RX_ (10.8)

However, it follows from Proposition 9.2 that for such covers G, one has

m—p(0) 0O
=1 = o1
The desired first equality then follows from comparing all the above. The second equality
is clear from this. u

Remark 10.5. The equality (10.8) is expected to hold for general R, (see [20,21]) and
if proven will give a stronger version of Corollary 10.4 for all R,. Moreover, for very
saturated covers, one can compute directly the two sides of the equality in Corollary 10.4
as in [21]. Indeed, the result in loc. cit. was obtained by considering the scattering matrix
Ty in Section 9.4 with y* = Z* (WG ) and z* = —p, while the method equally applies
to 7, . In fact, even if x is ramified, similar results are expected to hold following the
work [24,51] on the local coefficient matrices and scattering matrices.
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