
© 2024 European Mathematical Society
Published by EMS Press and licensed under a CC BY 4.0 license

J. Eur. Math. Soc. 28, 1147–1211 (2026) DOI 10.4171/JEMS/1576

Shengyuan Zhao

Birational Kleinian groups

Received May 19, 2022; revised March 1, 2024

Abstract. We study birational Kleinian groups, i.e. groups of birational transformations of complex
projective varieties acting in a free, properly discontinuous and cocompact way on an open subset
of the variety with respect to the usual topology. We obtain a classification in dimension 2.
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1. Introduction

1.1. Birational Kleinian groups

1.1.1. Definitions. According to Klein’s 1872 Erlangen program a geometry is a space
with a group of transformations. One of the implementations of this idea is Ehresmann’s
notion of geometric structures [31] which models a space locally on a geometry in the
sense of Klein. In his Erlangen program, Klein conceived a geometry modeled upon bira-
tional transformations:
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Of such a geometry of rational transformations as must result on the basis of the transform-
ations of the first kind, only a beginning has so far been made. . . ([46], [47, Section 8.1])

In this paper we study the group of birational transformations of a variety from Klein and
Ehresmann’s point of view.

Let Y be a smooth complex projective variety and U � Y a connected open set in
the usual topology of Y considered as a smooth manifold. Let � � Bir.Y / be an infinite
group of birational transformations. We impose the following conditions on �:

(1) the points of indeterminacy of � are not in U and � preserves U , in other words each
element of � induces a biholomorphism of U ;

(2) the action of � on U is free, properly discontinuous and cocompact.

ThereforeU is identified with an infinite Galois covering of the quotient compact complex
manifold X D U=� and � is identified with the group of deck transformations. We call
the data .Y; �; U;X/ a birational Kleinian group. When the context is clear, we will just
call � a birational Kleinian group.

We say that two birational Kleinian groups .Y; �; U;X/ and .Y 0; � 0; U 0; X 0/ are geo-
metrically conjugate if there exists a birational map ' W Y Ü Y 0 such that

(1) � is regular on U and sends U biholomorphically to U 0;

(2) � 0 D '�'�1.

The corresponding quotient manifolds X and X 0 are isomorphic. If .Y; �;U;X/ is a bira-
tional Kleinian group and if � 0 is a finite index subgroup of � , then .Y; � 0; U;X 0/ is also
a birational Kleinian group where X 0 is a finite unramified covering of X .

Two well known families of examples are given by complex tori and locally symmetric
varieties:

(1) Y D Pn, U D Cn, � is a lattice in Cn and X is a complex torus.

(2) U is a hermitian symmetric space of non-compact type, Y is the associated hermitian
symmetric space of compact type and � is a cocompact lattice in the corresponding
Lie group.

The problem of classification of birational Kleinian groups was posed by Shing-Tung
Yau, Fedor Bogomolov and Serge Cantat.

1.1.2. Comparison with classical Kleinian groups. Nowadays a Kleinian group means an
arbitrary discrete subgroup of PGL.2;C/. In this text we will call them classical Kleinian
groups to avoid confusion. If � � PGL.2;C/ is a classical Kleinian group, then there is a
unique maximal �-invariant open (not necessarily connected) subset �� � P1 on which
� acts discontinuously; it is called the domain of discontinuity of � . The complement
P1 n�� is called the limit set of � .

If � is a torsion-free finitely generated classical Kleinian group then Ahlfors’s finite-
ness theorem asserts that ��=� is a finite union of Riemann surfaces of finite type, i.e.
smooth quasi-projective curves (see [1, 71]). If � is a torsion-free finitely generated clas-
sical Kleinian group such that�� has an invariant connected component�0� , then�0�=�
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is a connected smooth quasi-projective curve. Our definition of birational Kleinian group
is a direct generalization of such classical Kleinian groups.

For more general spaces the notion of domain of discontinuity and that of limit set are
not well defined (see [56]). In dimension � 2 a group of automorphisms of a projective
variety may act in a free, properly discontinuous and cocompact way on different invariant
open subsets. For example, let a Fuchsian surface group act diagonally on P1 � P1; then
both D � P1 and P1 � D can serve as domains of discontinuity (see [12, 45] for more
examples). This is why we define a birational Kleinian group as a quadruple .Y;�;U;X/:
Y; �; U determine X , but U is not always uniquely determined by � .

1.1.3. Complex projective Kleinian groups and Anosov subgroups. If a birational Klein-
ian group .Y; �; U; X/ has Y D Pn and � � PGLnC1.C/, then we call it a complex
projective Kleinian group. Complex projective Kleinian groups have been classified in
dimension 2 by Kobayashi–Ochiai, Mok–Yeung, Klingler and Cano–Seade (see [13, 48,
51,65]). If the quotient manifold is projective then they have been almost classified in any
dimension � 2 (see [44]). A reference on the subject is the book [12] where the authors
use the terminology “complex Kleinian group”.

Another class of birational Kleinian groups that has been studied is the so-called
Anosov subgroups. Guichard–Wienhard [36] and Kapovich–Leeb–Porti [45] construc-
ted many birational Kleinian groups .Y; �; U; X/ such that Y is a flag variety G=P , the
quotient of a complex linear groupG by a parabolic subgroup P , and � is an Anosov sub-
group of G. Note that in many known examples of complex projective Kleinian groups
(see [12]) or Anosov subgroups (see [30]), the quotient compact complex manifolds are
not Kähler.

For complex projective Kleinian groups or Anosov subgroups, transformations in �
are in the connected component of the identity of the automorphism group of the vari-
ety (which is a Lie group). Such an automorphism acts trivially on the cohomology of
the variety. An automorphism acting non-trivially on cohomology has more complicated
dynamical properties (see [17]). In general a group of birational transformations acting on
a variety does not necessarily give rise to a corresponding action on the cohomology of
the variety. When n � 2 the group of birational transformations of Pn is much larger than
PGLn.C/ and has complicated topological structure (see [7]). In particular, one needs an
infinite number of parameters to describe it. We also emphasize that the action of a group
of birational transformations is not really a set-theoretic group action on the whole vari-
ety: a birational transformation could fail to be well defined at some points, or fail to be
locally a diffeomorphism at some points where it is defined. These are some of the reas-
ons why birational Kleinian groups seem to be much more complicated. Beyond complex
projective Kleinian groups and Anosov subgroups, even if we restrict to automorphisms,
there is essentially nothing known.

1.1.4. Uniformization and geometric structures. Every simply connected Riemann sur-
face is biholomorphic to P1, C or the unit disk D by Koebe–Poincaré’s uniformization
theorem which plays an omnipresent role in the study of classical Kleinian groups. Uni-
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versal covers of projective varieties of dimension � 2 can be very complicated, not to
mention non-projective manifolds. A reasonable way to study them is by adding addi-
tional hypotheses. The three elements of the uniformization are: the fundamental group,
the universal cover and the action of the fundamental group on it. There are various ways
to specify these data. From this point of view, our paper is similar in theme to Claudon–
Höring–Kollár’s work [24]. In [24] it is proved under the abundance conjecture that the
only projective varieties with quasi-projective universal covers are bundles over abelian
varieties or their finite quotients. Kollár–Pardon [55] investigated the situation where we
replace quasi-projective universal covers with semialgebraic universal covers, and abelian
varieties with quotients of non-compact hermitian symmetric spaces. A similar statement
was proved with additional assumptions. Recall that abelian varieties and locally symmet-
ric varieties are two basic examples of birational Kleinian groups.

The results of [24, 55] suggest that requiring universal covers to be in some sense
algebraic is very restrictive. Our study amounts to assuming in the problem of uniform-
ization an algebraic hypothesis on the action of deck transformations instead of on the
universal cover itself. We should think of it as uniformization with geometric models.
More precisely, it is a uniformization with Ehresmann’s geometric structures, i.e. the so-
called .G;X/-structures. A .G;X/-structure on a manifold is an atlas of charts with values
in X and locally constant changes of coordinates in G. Classically G is a Lie group act-
ing transitively on some model manifold X . Here we consider the more general notion of
.Bir.Y /; Y /-structures. For example, a .Bir.Pn/;Pn/-structure is an atlas of charts such
that the changes of coordinates can be written as rational fractions. Quotient manifolds of
birational Kleinian groups can be considered as the simplest .Bir.Y /; Y /-manifolds; they
have injective developing maps. We refer to [29,81] for .Bir.Y /; Y /-structures. A similar
notion called bi-algebraic structure has been introduced in [50].

There are very few known examples of domains in algebraic varieties of dimen-
sion > 1 that are infinite covers of projective varieties. We expect such domains to be
holomorphically convex (see [32]). Let m � 2. Wong [78] and Rosay [69] proved that
if a bounded domain in Cm covers a projective variety and has smooth boundary then
it is biholomorphic to the unit ball. Frankel [33] proved that the only convex bounded
domains in Cm that cover projective varieties are bounded symmetric domains. These
results suggest that domains covering projective varieties are hard to describe if they are
not bounded symmetric domains. The only other examples of domains that the author
knows are universal covers of Kodaira fibrations and their variants. A Kodaira fibration is
a projective surface with a submersive non-isotrivial fibration onto a hyperbolic Riemann
surface which is a differentiable fiber bundle (see [54]). It follows from Bers’ work on
Teichmüller theory that the universal cover of a Kodaira fibration is biholomorphic to a
bounded domain in C2. We will see that there is no birational Kleinian group .Y;�;U;X/
such thatX is a Kodaira fibration. We also mention that Griffths [35] proved, with an idea
similar to that of Kodaira surfaces, that any point in a projective manifold has a Zariski
neighborhood covered by a bounded domain.
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1.1.5. Non-compact quotients. In our definition of a birational Kleinian group
.Y; �; U; X/, we have assumed that the quotient X is compact. We are going to see that
the cocompactness assumption makes birational Kleinian groups quite rigid, at least in
dimension 2, in the sense that there are not many possible examples. If we impose that the
action of � on U is properly discontinuous without being cocompact, then there are some
examples with interesting dynamics related to Teichmüller theory, in dimension 2 and
also in higher dimensions (see [41,58,64,68]). However, I do not know of any interesting
example for which X is quasi-projective.

1.2. Main results

First we observe that birational Kleinian groups only exist on those varieties whose groups
of birational transformations are large enough.

Theorem A. There are no birational Kleinian groups acting on projective varieties of
Kodaira dimension � 0.

The core of our paper concerns only dimension 2. We obtain an almost complete
classification of birational Kleinian groups in dimension 2. Our result is new even for
groups of automorphisms.

Theorem B. Let .Y; U; �; X/ be a birational Kleinian group in dimension 2. Suppose
that if � is virtually cyclic or if X is a class VII surface then � contains no loxodromic
elements. Then up to geometric conjugation and up to taking a finite index subgroup, we
are in one of the cases in the table in Section 10.1.

Here we state a simplified version of our classification in the case of Kähler quo-
tients and simply connected domains. There are two hermitian symmetric spaces of non-
compact type in dimension 2: the Euclidean ball B2 in P2 and the bidisk D � D in
P1 � P1. Roughly speaking, our classification says that apart from these two cases, all
other birational Kleinian groups having Kähler quotients come from one-dimensional
classical Kleinian groups.

Theorem C. Let .Y; U; �;X/ be a birational Kleinian group in dimension 2 such that U
is simply connected and X is Kähler. Then up to geometric conjugation and up to taking
a finite index subgroup, we are in one of the following six situations:

(1) Y D P2, U D C2, � is a group of translations and X is a complex torus.

(2) Y D P1 � P1, U is the bidisk D � D and � is a torsion-free irreducible cocompact
lattice in PSL.2;R/ � PSL.2;R/ � Aut.P1/ � Aut.P1/.

(3) Y D P2, U is the Euclidean ball B2, and � is a torsion-free cocompact lattice in
PU.1; 2/ � PGL.3;C/ D Aut.P2/.

(4) � D �1 � �2 is a product of two classical Kleinian groups .one possibly trivial/, U is
a productD1 �D2 embedded in Y D P1 �P1, whereDi � P1 is a simply connected
invariant component of the domain of discontinuity of �i .
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(5) Y D P1 � P1 and U D D1 � C where D1 is a simply connected invariant compon-
ent of the domain of discontinuity of a classical Kleinian group �1. The projection
of P1 � P1 onto the first factor is equivariant under a surjective homomorphism
� ! �1. The quotient surface X is a principal elliptic bundle over D1=�1. Any ele-
ment of � has the form .x; y/ 7Ü .
1.x/; y C R.x// where 
1 2 �1 and R 2 C.x/
has no poles in D1.

(6) Y D P1 � P1 and U DD1 � P1 whereD1 is a simply connected invariant compon-
ent of the domain of discontinuity of a classical Kleinian group �1. The projection
of P1 � P1 onto the first factor is equivariant under an isomorphism � ! �1. The
quotient surface X is a geometrically ruled surface over D1=�1.

Classical Kleinian groups that appear in Theorem C have simply connected invariant
components in their domains of discontinuity. Examples are Fuchsian groups, quasi-
Fuchsian groups and their limits [4, 63]. Any such group is a limit of quasi-Fuchsian
groups (see [9]).

1.3. Strategy and plan

1.3.1. Strategy. Let .Y; U; �; X/ be a birational Kleinian group. For simplicity and to
explain the strategy in the most important case, we assume that Y is a rational surface,
X is Kähler and U is simply connected. Thus � can be identified with the fundamental
group �1.X/. We give here a sketch of the main steps of the proof of Theorem C, which
is a mixture of three topics: dynamics of birational transformations, fundamental groups
of compact Kähler manifolds (also-called Kähler groups) and holomorphic foliations.

Manin [59] introduced a faithful action of the group of birational transformations
Bir.Y / by isometries on an infinite-dimensional hyperbolic space HY (see [16]). Thus
we have an action of � D �1.X/ on HY . Very strong restrictions on isometric actions of
Kähler groups on finite-dimensional hyperbolic spaces are found by Carlson–Toledo [20]
and they are generalized by Delzant–Py [25] to infinite-dimensional hyperbolic spaces;
their works are based on the theory of harmonic mappings on Kähler manifolds. We com-
bine Delzant–Py’s results with the Kleinian property of � to prove that the action of �
on HY has fixed points in HY or on the boundary of HY . Cantat [16] proved that the
actions on Y of finitely generated groups of birational transformations with fixed points
in HY [ @HY have highly constrained geometric features. We deduce from Cantat’s res-
ult that either � is conjugate to a group of automorphisms, or to a group preserving a
rational fibration.

In the first case, it is possible to further reduce the situation to the case of complex
projective Kleinian groups. We can thus apply the classification obtained by Kobayashi–
Ochiai [51], Mok–Yeung [65], Klingler [48] and Cano–Seade [13].

Consider now the case where � preserves a rational fibration. We observe that the
rational fibration induces a regular holomorphic foliation on X . Brunella [10] gave an
almost complete classification of regular holomorphic foliations on compact complex
surfaces. The foliations appearing in our study have additional structures: they support
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foliated .PGL.2;C/;C/-structures along the leaves. Recently Deroin–Guillot [26] proved
a property of foliated .PGL.2;C/;C/-structures. Combining Deroin–Guillot’s theorem
with Brunella’s classification we have a detailed list of possible foliations appearing in
our study. Then we examine whether and how each foliation is realized, by using some
properties of birational transformations preserving rational fibrations, proved in our pre-
vious paper [80]. This analysis will occupy half of the paper.

1.3.2. Plan. In Section 2 we prove Theorem A. In the rest of the paper we only work
in dimension 2. In Section 3 we present the known classification of complex projective
Kleinian groups. Preliminaries on groups of birational transformations of projective sur-
faces are introduced in Section 4. In Section 5 we prove that birational Kleinian groups
have fixed points on HY [ @HY . Section 6 is a glossary of holomorphic foliations on sur-
faces. In Sections 7–9 we study birational Kleinian groups preserving a rational fibration.
At last, Section 10 contains our classification of birational Kleinian groups in dimension 2.
Results from previous sections are assembled. It contains the long version of Theorem C
and serves as an outline of the materials in previous sections.

2. Varieties of non-negative Kodaira dimension

2.1. Invariant measure

Let Y be a smooth projective variety of dimension n. A measure which is absolutely con-
tinuous with respect to the Lebesgue measure associated with some Riemannian metric
on Y does not charge algebraic sets of codimension � 1. Therefore the push-forward of
such a measure by a birational transformation of Y is well defined and it makes sense to
talk about �-invariant measure. More precisely, for such a measure �, a birational trans-
formation 
 2 Bir.Y / and a subset E � Y , we have 
��.E/ D �.
�1.E n Ind.
�1///
where Ind means the set of indeterminacy points. The objective of this section is to prove
the following.

Lemma 2.1.1. Let Y be a smooth projective variety of non-negative Kodaira dimension.
Thee is a Bir.Y /-invariant probability measure of support equal to Y which is absolutely
continuous with respect to the Lebesgue measure.

We show first that Theorem A follows from Lemma 2.1.1.

Proof of Theorem A. Let .Y;�;U;X/ be a birational Kleinian group such that Y has non-
negative Kodaira dimension. By discontinuity of the action there exists a non-empty open
subsetW of Y such that 
.W /\W D ; for all 
 ¤ e. Let � be a �-invariant probability
measure of total support which is absolutely continuous with respect to the Lebesgue
measure as in Lemma 2.1.1. Then �.U / �

P

2� �.
.W // D C1, a contradiction.

Corollary 2.1.2 below is another consequence of Lemma 2.1.1. In its statement,
f -invariant means that f and f �1 are regular on V and f .V / D V ; recurrent means
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that for any open subset W � V , for almost all x 2 W (with respect to the Lebesgue
measure associated with a Riemannian metric), there are infinitely many n 2 N such that
f n.x/ 2W . An open subset is wandering if its iterates by f are disjoint from each other.

Corollary 2.1.2. Let Y be a smooth projective variety of non-negative Kodaira dimen-
sion. Let f 2 Bir.Y / be a birational transformation of infinite order. Then for any non-
empty f -invariant Borel open subset V of Y , the action of f on V is recurrent. In
particular, there is no wandering open subset.

Proof. Let V be a non-empty f -invariant Borel subset. Let V 0DV n
S
nf
�n.Ind.f // be

the complement of indeterminacy points of all iterates of f in V . Let � be a �-invariant
probability measure of full support which is absolutely continuous with respect to the
Lebesgue measure. Then V 0 is f -invariant and �.V / D �.V 0/. Poincaré’s recurrence
theorem says that a measure preserving dynamical system on a space of finite measure is
always recurrent.

Let us explain the construction of the measure in Lemma 2.1.1. When Y is an abelian
variety or a Calabi–Yau variety, the canonical bundle is trivial and we can use the measure
associated with the natural non-vanishing volume form defined up to a multiplicative
scalar. In the general case we take a non-zero pluricanonical section ˛ 2 H0.Y; mKY /
which in local coordinates can be written as ˛.z1; : : : ; zn/.dz1 ^ � � � ^ dzn/m where n is
the dimension of Y . Then the differential 2n-form

in
2

.˛ ^ x̨/1=m D in
2

j˛.z/j2=mdz1 ^ � � � ^ dzn ^ dz1 ^ � � � ^ dzn (2.1)

is a singular volume form which is positive on the complement of the divisor ¹˛ D 0º.
The finite measure defined by this singular volume form has full support and is abso-
lutely continuous with respect to the Lebesgue measure associated with any Rieman-
nian metric on Y . Hence the existence of a Bir.Y /-invariant pluricanonical form implies
Lemma 2.1.1. This is an immediate consequence of a theorem of Nakamura–Ueno [75,
Chapter VI] saying that a linear representation of Bir.Y / on the space of pluricanon-
ical forms has finite image. We give here an elementary argument without using the full
strength of Nakamura–Ueno’s theorem.

For a pluricanonical form ˛ 2 H0.Y; mKY / and a birational transformation
f 2 Bir.Y /, we can pull ˛ back by f outside the indeterminacy locus of f and then
extend it in a unique way by Hartogs’ Principle. In this way we obtain a linear represent-
ation

� W Bir.Y /! GL.H0.Y;mKY //:

If we pull back the measure associated with a pluricanonical form, then we get the meas-
ure associated with the pulled-back pluricanonical form. Lemma 2.1.1 is a consequence
of the following statement:

Lemma 2.1.3. Let Y be a smooth projective variety of non-negative Kodaira dimension.
There is a non-identically-zero singular volume form „ such that for any 
 2 Bir.Y / we
have 
�„ D „.
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Proof. By the assumption on Kodaira dimension, there exists m 2 N� such that
H0.Y; KmY / is not trivial. Consider the following function k�k (similar to a norm) on the
vector space H0.Y;KmY /:

k˛k2 D

ˆ
Y

in
2

.˛ ^ x̨/1=m:

For f 2 Bir.Y /, a change of variables gives

k˛k2 D

ˆ
Y

in
2

.˛ ^ x̨/1=m D

ˆ
Y

in
2

.f �˛ ^ f �˛/1=m D kf �˛k2:

This means that the image of the representation � W Bir.Y /! GL.H0.Y; KmY // is con-
tained in the compact group preserving the function k�k. Denote by G the Zariski closure
of �.Bir.Y // in GL.H0.Y; KmY //. The group G is compact and admits a left and right
invariant Haar measure �. Let ˛ be a non-zero element of H0.Y;KmY /. Then

„ D

ˆ
G

g�.in
2

.˛ ^ x̨/1=m/ d�.g/

is the desired singular volume form.

2.2. Genus one fibrations

If Y is a surface with Kodaira dimension 1 then Y has a genus 1 fibration � W Y ! C

induced by a pluricanonical linear system (see [42]). Every birational transformation of Y
preserves � . Note that the induced action of Bir.Y / on C is finite, which is a particular
case of the Nakamura–Ueno theorem [75, Chapter VI] that we used above. In this concrete
case we present an elementary topological argument to illustrate Theorem A. We will also
need this argument later when dealing with Halphen twists on rational surfaces.

Lemma 2.2.1. Let ƒ be an infinite group of automorphisms of an elliptic curve E. Then
the closure of the orbit of a point x 2 E is a finite union of real subtori.

Proof. The automorphism group of E is the extension of a finite group by E. Some finite
index subgroup ƒ0 � ƒ is thus a subgroup of the Lie group E. The closure ƒ0 in E
is a Lie group. It is thus a finite union of connected real subtori of positive dimension.
For any x 2 E the closure of the orbit ƒ0 � x is also a union of real subtori of positive
dimension.

Lemma 2.2.2. Let ' W Y ! C be a genus 1 fibration on a surface Y . Let U be an open set
of Y which is preserved by an infinite subgroup � of Bir.Y /. Suppose that � preserves '
and the induced action on C is finite. Then the action of � on U is not discontinuous.

Proof. By hypothesis, a finite index subgroup �0 of � preserves each fiber of '. Since
this group is infinite, it contains a countable infinite subgroup �1. We claim that there is
a fiber E D '�1.c/ of genus 1 which intersects U and on which �1 induces an infinite
group of automorphisms. Indeed, U is open, so '.U / is uncountable, and if 
 2 �1 is



S. Zhao 1156

not the identity there are at most countably many points z 2 C for which 
 j'�1.z/ is the
identity. Then the result follows from Lemma 2.2.1, applied to E and �1jE .

Note that Lemma 2.2.2 implies Theorem A for surfaces of Kodaira dimension 1.

3. Complex projective Kleinian groups

3.1. Classification

In this section we present the known classification of complex projective Kleinian groups
in dimension 2. We first give a list, then describe its items.

Theorem 3.1.1 (Kobayashi–Ochiai [51], Mok–Yeung [65], Klingler [48], Cano–Seade
[13]). If .P2; U; �; X/ is a birational Kleinian group such that � � PGL.3;C/, then up
to taking a finite index subgroup and up to geometric conjugation inside PGL.3;C/, we
are in one of the following situations:

(1) U D C � C;C � C� or C� � C� and X is a complex torus; here C � C;C � C�;
C� � C� are the standard Zariski open subsets of P2, and � is a lattice in U viewed
as a Lie group.

(2) U is the Euclidean ball B2 embedded in the standard way in P2, i.e. in an affine chart
C2 � P2, and X is a ball quotient.

(3) U D C2 n ¹0º where C2 is embedded in the standard way in P2 as a Zariski open set
and X is a Hopf surface.

(4) U is the standard Zariski open subset C2 � P2 and X is a primary Kodaira surface.

(5) U DH�C is embedded in the standard way in an affine chart C2, andX is an Inoue
surface.

(6) U is biholomorphic to H � C� and X is an affine-elliptic bundle.

Note that the cases of complex tori and ball quotients are the only cases where X is
Kähler. In higher dimensions, if we want X to be projective, then there is only one more
possibility: X can be the total space of a family of abelian varieties over a Shimura curve
(Jahnke–Radloff [44]).

The quotient surface is equipped with a .PGL.3;C/;P2/-structure. The proof of The-
orem 3.1.1 has two main steps. First one finds the surfaces that admit .PGL.3;C/;P2/-
structures and secondly one finds all such structures on those candidates. The first problem
was studied by Gunning [38] and Kobayashi–Ochiai [51], and the study was completed by
Klingler [48]. In [48], the second problem was also investigated and was almost settled,
except the case of ball quotients. The fact that the natural complex projective structure on
a ball quotient is the only one was proved by Mok–Yeung [65]; later Klingler [49] gave
a different proof. The version of the classification that we state here can be found in the
paper of Cano–Seade [13] which contains more precise information, in particular when
the group has torsion.
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Though not every .PGL.3;C/;P2/-structure arises from a complex projective Klein-
ian group, it was easier to study first the geometry of surfaces with complex projective
structures than to look directly at the dynamics of subgroups of PGL.3;C/. However, this
is not the strategy that we will use for general birational Kleinian groups: our method is
based on a good understanding of dynamics of groups of birational transformations while
general .Bir.Y /; Y /-structures seem to be more difficult to study.

3.2. Examples

Here we describe all cases in Theorem 3.1.1. Some of them exist in any dimension.

3.2.1. Complex tori. A complex torus is a quotient of the commutative Lie group C2 by
a lattice, thus is naturally realized as the quotient of a complex affine Kleinian group. The
affine varieties C � C;C � C�;C� � C� are also infinite covers of complex tori and the
corresponding groups of deck transformations are also birational.

3.2.2. Ball quotients. Let B2 be the unit ball ¹Œz0I � � � I z2�I jz0j2 � jz1j2 � jz2j2 > 0º

� P2. The group of biholomorphisms of B2 is PU.1; 2/. If � is a torsion-free cocompact
lattice of PU.1; 2/, then B2=� is a projective manifold of general type equipped with a
.PGL.3;C/;P2/-structure.

3.2.3. Hopf surfaces. Let 
 2 GL2.C/ be a contracting linear automorphism of C2 such
that 
n.x/! 0 for any x 2 C2 n ¹0º. Then the quotient of C2 n ¹0º by the action of 
 is
a compact surface with a complex affine structure. Such surfaces are among the so-called
Hopf surfaces and are not Kähler.

3.2.4. Primary Kodaira surfaces. Consider the subgroup G of the group Aff.2;C/ of
affine transformations generated by the following four elements:

z 7! z C

�
0

1

�
; z 7!

�
1 0

c 1

�
z C

�
1

0

�
;

z 7! z C

�
0

a

�
; z 7!

�
1 0

d 1

�
z C

�
b

0

�
;

where a; b … R and c; d are not both zero. The quotient C2=G is a primary Kodaira
surface, i.e. a non-Kähler principal bundle of elliptic curves over an elliptic curve; its
Kodaira dimension is zero (see [2]). Note that the groupG is not unique up to conjugation
for a fixed primary Kodaira surface, it has one free parameter (see [48]).

3.2.5. Inoue surfaces. Inoue surfaces were discovered in [43] where they were con-
structed as quotients of complex affine Kleinian groups. There are three types of Inoue
surfaces. Their universal covers are all H � C where H is the Poincaré upper half-plane.

An Inoue surface of type S0 is a quotient H � C=G where the group G is a subgroup
of Aff.2;C/ generated by (we refer to [43] for the precise conditions that the parameters
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in the formulas have to satisfy)

g0 W .x; y/ 7! .˛x; ˇy/;

gi W .x; y/ 7! .x C ai ; y C bi / for i D 1; 2; 3:

An Inoue surface of type SC is a quotient .H � C/=G where G is generated by

g0 W .x; y/ 7! .˛x; y C t /;

gi W .x; y/ 7! .x C ai ; y C bix C ci /; i D 1; 2;

g3 W .x; y/ 7!

�
x; y C

b1a2 � b2a1

n

�
:

An Inoue surface of type S� has a double cover which is an Inoue surface of type SC; in
the above formulas it suffices to replace g0 W .x;y/ 7! .˛x;yC t /with .x;y/ 7! .˛x;�y/.

3.2.6. Affine-elliptic bundles. This family of examples is constructed in [48]. Let S D
H=�1.S/ be a compact hyperbolic Riemann surface. Let N� W �1.S/! PGL.2;C/ and � W
H! P1 be the holonomy and developing map of some .PGL.2;C/;P1/-structure on S .
By [37], N� always lifts to a representation � W �1.S/! GL2.C/. Consider C2 n ¹0º as a
C�-bundle over P1 and denote it by W . Consider the C�-bundle ��W over H obtained
by pulling backW via �. The natural complex affine structure onW as an open set of C2

induces a complex affine structure on ��W . The group �1.S/ acts on ��W via its natural
action on H and the representation �. This action preserves the affine structure on ��W .
Multiplication in the fibers also preserves this affine structure. Hence the quotient of ��W
by the group generated by �1.S/ and multiplication in the fibers is a compact elliptic
surface with a complex affine structure. We call them affine-elliptic bundles as in [48].
If the .PGL.2;C/; P1/-structure on S is the quotient of the domain of discontinuity of
a classical Kleinian group then this construction gives rise to a complex affine Kleinian
group.

4. Preliminaries on groups of birational transformations of surfaces

This section is a glossary of notions and theorems on groups of birational transformations
of surfaces. Most of the material presented in this section can be found in the survey [18].
We refer to [2, 3] for background on birational geometry of surfaces.

4.1. Two subgroups of the Cremona group

The group Bir.P2/ is called the Cremona group. In homogeneous coordinates a Cremona
transformation can be written as

Œx0I x1I x2� 7Ü ŒP0IP1IP2�
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where P0; P1; P2 are homogeneous polynomials in x0; x1; x2 and it has an inverse map
of the same form. Here are two subgroups of Bir.P2/ that we will encounter several times
in this text:

4.1.1. The toric subgroup. Fix a system of homogeneous coordinates on the projective
plane P2. The complement of three coordinates axes is isomorphic to C� �C�. A matrix�
a b
c d

�
2GL.2;Z/ acts by automorphisms on C� �C� as follows: .x;y/ 7! .xayb; xcyd /.

The group C� � C� acts on itself by multiplication. In this way we obtain an embedding
of the semidirect product .C� � C�/ Ì GL.2;Z/ into the Cremona group Bir.P2/. We
call its image the toric subgroup of the Cremona group. The toric subgroup depends
on a choice of homogeneous coordinates in P2. Different choices of coordinates yield
conjugate subgroups of the Cremona group and the conjugation is realized by an element
of PGL.3;C/.

4.1.2. The Jonquières group. Fix an affine chart of P2 with coordinates .x; y/. The Jon-
quières group Jonq is the subgroup of the Cremona group of all transformations of the
form

.x; y/ 7!

�
ax C b

cx C d
;
A.x/y C B.x/

C.x/y CD.x/

�
;

where �
a b

c d

�
2 PGL.2;C/;

�
A B

C D

�
2 PGL.2;C.x//:

In other words, Jonq is the group of all birational transformations of P1 � P1 permuting
the fibers of the projection onto the first factor; it is isomorphic to the semidirect product
PGL.2;C/ Ë PGL.2;C.x//. The Jonquières group is defined only if a system of coordin-
ates is chosen; a different choice of the affine chart yields a conjugation by an element of
PGL.3;C/.

4.2. Hyperbolic geometry and birational transformations

Let Y be a smooth complex projective surface. Manin [59] constructed an infinite-dimen-
sional hyperbolic space HY and an injective homomorphism from Bir.Y / to the iso-
metry group Isom.HY /. For f 2 Bir.Y / we denote by f� the corresponding element
of Isom.HY /. There is a dictionary between the dynamics of f� on HY and the dynamics
of f on Y .

Let f 2Bir.Y /. Let � 2H1;1.Y;R/ be an ample class of self-intersection 1. The degree
of f with respect to �, denoted by deg�.f /, is the intersection number f�� � �. The trans-
lation length of f� on HY isL.f�/D infx2HY

d.x;f�.x//. The sequence .deg�.f
n//1=n

converges to a real number �.f /� 1, called the dynamical degree of f (see [28]). Its log-
arithm log.�.f // is the translation length L.f�/ (see [16]).

Elements of Bir.Y / are classified into four types (see [28] and previous works
[14, 15, 34]):
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(1) The sequence deg�.f
n/ is bounded, f is birationally conjugate to an automorphism

of a smooth projective surface birational to Y , and a positive iterate of f lies in the
connected component of the identity of the automorphism group of that surface. The
isometry f� is an elliptic isometry of HY . We call f an elliptic element.

(2) The sequence deg�.f
n/ grows linearly, f preserves a unique pencil of rational

curves, and f is not conjugate to an automorphism of any projective surface. The
isometry f� is a parabolic isometry of HY . We call f a Jonquières twist.

(3) The sequence deg�.f
n/ grows quadratically and f is conjugate to an automorphism

of a projective surface preserving a unique genus 1 fibration. The isometry f� is a
parabolic isometry of HY . We call f a Halphen twist.

(4) The sequence deg�.f
n/ grows exponentially, i.e. �.f / > 1, and the isometry f� is a

loxodromic isometry of HY . We call f a loxodromic element.

4.3. Tits alternative

A group G is said to satisfy the Tits alternative if any subgroup of G contains either a
solvable subgroup of finite index, or a non-abelian free subgroup. Tits [73] proved that any
linear algebraic group over a field of characteristic zero satisfies the Tits alternative. Lamy
[57] proved that the group Aut.C2/ of polynomial automorphisms of the affine plane C2

satisfies the Tits alternative. For Bir.P2/, the Tits alternative has been proved by Cantat
[16] for finitely generated subgroups and in general by Urech [76]. Furthermore, for
Bir.P2/ the Tits alternative has been improved to the following classification of infinite
subgroups; one proves the Tits alternative by proving it for each case in the classification.
The bulk of the classification was done by Cantat [16] and it was finished by Urech [76].
Besides [16] and [76], the works of Weil [77], Gizatullin [34], Blanc–Cantat [5] and
Déserti [27] are respectively the main input for case (1), (4), (5) and (6) in the classification.

Theorem 4.3.1 (Strong Tits alternative for Bir.Y /). Let Y be a smooth complex projective
surface birational to P2 and let � be an infinite subgroup of Bir.Y /. Then up to taking a
finite index subgroup, � fits in one of the following mutually exclusive situations:

(1) There is a projective surface Y 0 and a birational map � W Y Ü Y 0 such that � 0 D
����1 is contained in Aut0.Y 0/, the identity component of Aut.Y 0/.

(2) There is a projective surface Y 0 and a birational map � W Y Ü Y 0 such that � 0 D
����1 preserves a rational fibration on Y 0. All elements of � are elliptic but their
degrees are not uniformly bounded and the group � is not conjugate to a group of
automorphisms of any projective surface.

(3) There is a projective surface Y 0 and a birational map � W Y Ü Y 0 such that � 0 D
����1 preserves a rational fibration on Y 0. At least one element of � is a Jonquières
twist.

(4) There is a projective surface Y 0 and a birational map � W Y Ü Y 0 such that � 0 D
����1 acts by automorphisms and preserves a genus 1 fibration. The group � is a
virtually free abelian group of rank � 8 formed by Halphen twists.
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(5) � is a virtually cyclic group generated by a loxodromic element.

(6) � is solvable but not virtually abelian. There is a birational map � W Y Ü C� � C�

such that � 0 D ����1 is virtually contained in the toric subgroup Aut.C� � C�/ D
.C� � C�/ Ì GL2.Z/. The loxodromic elements of � form an infinite cyclic group.

(7) � contains a non-abelian free group all of whose non-trivial elements are loxodromic.

(8) � is a torsion group, is not finitely generated, and is not conjugate to a group of
automorphisms of any projective surface.

A subgroup is called elementary if it fixes a point in HY [ @HY or preserves a
geodesic in HY ; otherwise it is called non-elementary. In Theorem 4.3.1, � is non-ele-
mentary only in the seventh case.

In the first case of Theorem 4.3.1, � is called an elliptic subgroup of Bir.Y / because
it fixes a point in HY ; in the third and fourth cases, � is called a parabolic subgroup
because it fixes a point in @HY .

Remark 4.3.2. It turns out that all birational Kleinian groups of interest appear either in
case (1) or in case (3) (see Theorem D).

4.4. Centralizers of birational transformations preserving a rational fibration

Here we collect a series of technical results that we will use in various concrete situations.
They can all be found with proofs in [80]. Let Y be a smooth rational surface and let r W
Y ! P1 be a rational fibration. The subgroup of Bir.Y / that preserves the fibration r will
be identified with the Jonquières group. For an element f 2 Jonq (resp. a subgroup � �
Jonq) we denote by fB (resp. �B ) the element (resp. subgroup) of Aut.P1/ induced by
the action on the base of the fibration. The centralizer in Bir.Y / of an element f 2 Jonq is
denoted by Cent.f /. If f is a Jonquières twist then Cent.f / is necessarily a subgroup of
Jonq and we denote by Cent0.f / the normal subgroup of Cent.f / that fiberwise preserves
the fibration r . If f is a Jonquières twist then we have an exact sequence

¹1º ! Cent0.f /! Cent.f /! CentB.f /! ¹1º:

Theorem 4.4.1 (Blanc–Déserti [6]). Let f 2 Bir.P2/ be an elliptic element of infinite
order. There exists an affine chart with affine coordinates .x; y/ on which f acts as an
automorphism of the following form:

(1) .x; y/ 7! .˛x; ˇy/ where ˛; ˇ 2 C� are such that the kernel of the group homomor-
phism Z2 ! C�, .i; j / 7! ˛iˇj , is generated by .k; 0/ for some k 2 Z;

(2) .x; y/ 7! .˛x; y C 1/ where ˛ 2 C�.
The centralizer Cent.f / of f in Bir.Y / is respectively described as follows:

(1) Cent.f /D ¹.x;y/ 7Ü .�.x/;yR.xk// jR 2C.x/; � 2 PGL.2;C/; �.˛x/D ˛�.x/º.
If ˛ is not a root of unity, i.e. if k D 0, then R must be constant.
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(2) Cent.f /D¹.x;y/ 7Ü .�.x/;yCR.x// j �2 PGL.2;C/; �.˛x/D˛�.x/; R 2C.x/;
R.˛x/ D R.x/º. If ˛ is not a root of unity, then R is a constant and for some ˇ 2 C�

we have �.x/ D ˇx.

Theorem 4.4.2 ([80]). Let f 2 Jonq be a Jonquières twist such that fB has infinite order.
Then CentB.f / is isomorphic to the product of a finite cyclic group with Z. The infinite
cyclic subgroup generated by fB has finite index in CentB.f /.

We will also use the above two theorems in the following form:

Theorem 4.4.3 ([80]). Let � � Jonq. Suppose that � is isomorphic to Zn with n � 2
and that �B is infinite. Then there is a subgroup � 0 of finite index of � with generators

1; : : : ; 
n such that one of the following assertions holds up to conjugation in Jonq:

(1) For any i , 
i has the form .x; y/ 7! .aix; biy/ with ai ; bi 2 C�.
(2) For any i , 
i has the form .x; y/ 7! .x C ai ; biy/ with ai 2 C and bi 2 C�.
(3) For any i , 
i has the form .x; y/ 7! .aix; y C bi / with ai 2 C� and bi 2 C.

(4) For any i , 
i has the form .x; y/ 7! .x C ai ; y C bi / with ai ; bi 2 C.

(5) 
1 is a Jonquières twist of the form .x; y/ 7Ü .�.x/; yR.x// where � 2 PGL.2;C/
and R 2 C.x/�. For any i > 1, 
i has the form .x; y/ 7! .x; biy/ with bi 2 C�.

(6) 
1 is a Jonquières twist of the form .x;y/ 7Ü .�.x/;yCR.x// where � 2 PGL.2;C/
and R 2 C.x/. For any i > 1, 
i has the form .x; y/ 7! .x; y C bi / with bi 2 C.

5. Birational Kleinian groups are elementary

The goal of this section is to show the following.

Theorem 5.0.1. Let .Y; U; �; X/ be a birational Kleinian group in dimension 2. If X is
not a surface of class VII then � is an elementary subgroup of Bir.Y /.

Recall that a non-elementary subgroup of Bir.Y / is a subgroup that fixes a point or
preserves a geodesic in HY (see Section 4.3). A surface of class VII is a compact complex
surface with Kodaira dimension �1 and first Betti number 1; it is non-Kähler.

5.1. Isometric actions of Kähler groups on hyperbolic spaces

In the next two subsections we will deduce Theorem 5.0.1 from the following theorem of
Delzant–Py (the terminology factors through a fibration is explained below):

Theorem 5.1.1 (Delzant–Py [25]). Let Y be a rational surface and X be a compact
Kähler manifold. Let � W �1.X/! Bir.Y / be a non-elementary representation, then one
of the following two cases occurs:

(1) There is a birational map ' W Y Ü C� � C� such that '�'�1 is a representation
into the toric group .C� � C�/ Ì GL2.Z/.
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(2) There is a finite index subroup � 0 of � corresponding to a finite étale cover X 0 of
X such that the induced representation �1.X 0/! � 0 ! Bir.P2/ factors through a
fibration X 0 ! † onto a hyperbolic orbicurve †.

In this article a hyperbolic orbicurve † will be a Riemann surface with finitely many
marked points with multiplicities, obtained as a quotient of the Poincaré half-plane H by
the action of a cocompact lattice in PSL.2;R/; marked points are images of the fixed
points of the action and multiplicities are orders of the stabilizers (see [72] for orbi-
folds). The cocompact lattice is isomorphic to the orbifold fundamental group �orb

1 .†/

of †. A continuous map from a complex manifold X to † is holomorphic if it lifts to a
holomorphic map from the universal cover QX of X to the half-plane, i.e. there exists a
holomorphic map from QX to H such that the following diagram is commutative:

QX H

X †

A fibration of X onto † is a holomorphic surjective map f W X ! † with connected
fibers. A fibration f W X ! † induces a homomorphism f� W �1.X/! �orb

1 .†/. We say
that a group representation � W �1.X/! G factors through the fibration f if there exists
a homomorphism O� W �orb

1 .†/! G such that � D O� ı f�.
Non-elementary isometric actions of Kähler groups on hyperbolic spaces are known

to factor through fibrations since the work of Carlson–Toledo [20]. Delzant–Py’s theorem
is obtained by generalizing Carlson–Toledo’s work to infinite dimensions.

5.2. Conjugation

The goal of this subsection is to prove a lemma which will be used in the proof of Theorem
5.0.1 and also in the sequel of our paper. Roughly speaking, the lemma says that a con-
jugation of birational Kleinian groups is always a geometric conjugation. Let .Y;�;U;X/
be a birational Kleinian group.

Remark 5.2.1. Since � acts regularly on U , the indeterminacy points and contracted
curves of elements of � are disjoint from U .

Recall that the definition of “geometrically conjugate” is given in Section 1.1.1.

Lemma 5.2.2. Suppose that there exists a birational map � W Y Ü Y 0 to a second sur-
face Y 0 and a non-empty Zariski open setZ0 � Y 0 such that � 0D � ı� ı ��1 is contained
in Aut.Z0/. Then there exist a third surface Y 00, a non-empty Zariski open set Z00 � Y 00

and a birational Kleinian group .Y 00;� 00;U 00;X 00/ geometrically conjugate to .Y;�;U;X/
such that � 00 2 Aut.Z00/.

The Zariski open setZ00 can be obtained by blowing upZ0. If Y 0DZ0, then Y 00DZ00.
We have � 00 � Aut0.Y 00/ if Y 0 D Z0 and � 0 � Aut0.Y 0/.
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We will use the following terminology in the proof of Lemma 5.2.2: if f is a birational
map and if x 2 Ind.f / is an indeterminacy point then the image f .q/ is

T
W f .W n ¹qº/

where W runs through all analytic neighborhoods of q, i.e. f .q/ is the connected curve
contracted by f �1 onto q.

Proof of Lemma 5.2.2. We first claim that the image of U \ Ind.�/ is disjoint from Z0.
Suppose by way of contradiction that u 2 U is an indeterminacy point of � and �.u/ \
Z0 ¤ ;. Pick a non-trivial element 
 2 � . Denote � ı 
 ı ��1 by 
 0. As 
 acts freely as
a diffeomorphism on U , 
.u/ is a point different from u. And as 
 0 is an automorphism
of Z0, the strict transform 
 0.f .u// is still a curve which intersects Z0. Thus 
 0.f .u//
is contracted by ��1 onto 
.u/. This implies that ¹
.u/ j 
 2 �º is an infinite set of
indeterminacy points of �, which is impossible.

Replacing Y with the blow-up at the indeterminacy points of � outside U , we can
assume that Ind.�/� U . By the previous paragraph the image of any indeterminacy point
of � is outside Z0. Again up to replacing Y with a blow-up, we can also assume that no
.�1/-curves contracted by � onto a point of Z0 lie outside U .

Consider now a point q 2 Z0 \ Ind.��1/. We assert that ��1.q/\ U ¤ ;. The proof
goes as follows. If ��1.q/ contains an indeterminacy point of � then this indeterminacy
point is in U by the assumption that we made in the previous paragraph. Assume that
��1.q/ \ Ind.�/ D ;. Then ��1.q/ is a connected chain of rational curves containing at
least one component which is a .�1/-curve. This .�1/-curve intersects U because of the
assumption in the previous paragraph.

Pick an indeterminacy point u0 2 Z0 of ��1. Let C be the connected set of curves
on Y contracted onto u0. Then C \ U ¤ ; and for 
 2 � the strict transform 
.C / D


.C n ¹ind points of 
º/ is still a set of curves intersecting U . As 
 0 acts as an auto-
morphism on Z0, the image 
 0.u0/ is still a point in Z0 and 
.C / is contracted onto it.
Therefore � 0 permutes the indeterminacy points of ��1 in Z0.

We blow up each point in Ind.��1/\Z0 once to obtain a surface Y1 and denote by �1
the contraction morphism Y1

�1
��! Y 0. Let Z1 be the preimage ��11 .Z0/ � Y1. Since � 0

permutes the indeterminacy points of ��1 in Z0, the group �1 D ��11 ı �
0 ı �1 acts by

automorphisms on Z1. Note that �1 � Aut0.Y1/ if Y 0 D Z0 and � 0 � Aut0.Y 0/. Then
we continue the process for Y1; Z1 and �1. After finitely many iterations, say m, we get
Ym;Zm;�m such that the birational map ' W YmÜ Y induced by ��1 has no indetermin-
acy points in Zm. Then our assumption in the second paragraph of the proof implies that
' restricted to Zm is an isomorphism onto its image. Hence � acts by automorphisms on
the Zariski open set '.Zm/ � Y . The proof is finished.

5.3. From Delzant–Py’s theorem to birational Kleinian groups

This subsection is devoted to the proof of Theorem 5.0.1. Throughout the section,
.Y; �; U; X/ will be a birational Kleinian group in dimension 2. We want to show that
� is elementary. By Theorem A the Kodaira dimension of Y is necessarily �1. If Y is
not rational, then it is a ruled surface (see [3]) and Bir.Y / preserves the unique ruling.
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This means that Bir.Y / does not have any non-elementary subgroup. Thus we can and
will assume that Y is a rational surface.

The open set U is an infinite intermediate Galois covering ofX , and � , being the deck
transformation group of the covering, is a quotient of �1.X/. Thus we have a representa-
tion � W �1.X/! Bir.Y /, the composition of the quotient homomorphism �1.X/� �

and the inclusion � ,! Bir.Y /.
The proof of Theorem 5.0.1 is divided into three parts. In the first part we will show

that � is not conjugate to any non-elementary subgroup of the toric group. In the second
part we show that the representation � does not factor through a curve. In the third part
we investigate the situation where the quotient X is neither Kähler nor class VII.

If X is Kähler then we can apply Theorem 5.1.1 to the representation �. If � is non-
elementary then two cases are possible: either � factors through an orbicurve or it is
conjugate to a subgroup of the toric subgroup. Thus for Kähler X the first and the second
part of this subsection will be sufficient for the proof of Theorem 5.0.1.

5.3.1. Toric subgroup. The function field C.Y / is isomorphic to C.x; y/ as Y is rational.
A valuation on C.Y / is a Z-valued function v on C.Y /� such that

(1) v.a/ D 0 for any a 2 C�;
(2) v.PQ/ D v.P /C v.Q/ and v.P CQ/ � min.v.P /; v.Q// for any P;Q 2 C.Y /�;
(3) v.C.Y /�/ D Z.

The elements of C.Y /� with valuations � 0 together with 0 form the valuation ring Av;
those with valuations > 0 form a maximal ideal Mv . If the residue field Av=Mv has tran-
scendence degree 1 over C, then v is called a divisorial valuation. The set of divisorial
valuations is in bijection with the set of irreducible hypersurfaces in all birational models
of Y (see [79]). If vE is the divisorial valuation associated with an irreducible hyper-
surface E in some birational model of Y , then for any P 2 C.Y /� the value vE .P / is
the vanishing order of P along E. We can identify Bir.Y / with the group of automor-
phisms of C.Y /. Thus Bir.Y / acts on the set of valuations by precomposition. This action
preserves the subset of divisorial valuations.

Lemma 5.3.1. Suppose that Y is a smooth compactification of C� �C�. Let 
 be a loxo-
dromic element in the toric subgroup. Then every irreducible component of Y n .C� �C�/
is contracted by a power of 
 .

Proof. The complement Y n .C� � C�/ has only finitely many irreducible components.
Let vE be a divisorial valuation with E outside of C� � C�. It is sufficient to prove that
vE has an infinite orbit under 
 . Let .x; y/ be the standard coordinates on C� � C�. As
E is outside C� � C�, at least one of x; y has non-zero valuation with respect to vE .

The transformation 
 can be written as .x;y/ 7! .˛xayb; ˇxcyd / with ˛;ˇ 2 C� and�
a b
c d

�
2 GL2.Z/. The matrix

�
a b
c d

�
is hyperbolic because 
 is loxodromic. For any n 2 Z

we have �
.
n � vE /.x/

.
n � vE /.y/

�
D

�
a b

c d

�n �
vE .x/

vE .y/

�
:
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Since
�
vE .x/
vE .y/

�
is a non-zero integer vector and

�
a b
c d

�
is a hyperbolic matrix, the orbit of�

vE .x/
vE .y/

�
under

�
a b
c d

�
is infinite. This implies that the orbit of vE under 
 is infinite.

Lemma 5.3.2. Suppose that there is a birational map � WYÜC� �C� such that ����1

is contained in the toric subgroup. Suppose that � is not a virtually cyclic group. Then
.Y; �; U; X/ is geometrically conjugate to a birational Kleinian group .Y 0; � 0; U 0; X 0/
such that Y 0 is a compactification of C� � C� and � 0 � Aut.C� � C�/.

Proof. By Lemma 5.2.2 we can and will assume that there exists a blow-upZ of C� �C�

such that Y is a compactification of Z and � � Aut.Z/. Consider the blow-down map
g W Z ! C� � C� which is equivariant under the action of � .

Suppose that C is a connected curve on Z such that g.C / is a point. Up to replacing
� by a finite index subgroup, we can and will assume that each irreducible component of
a curve contracted by g is invariant under � . Thus g.C / is a fixed point of � in C� �C�.
Without loss of generality we can assume that g.C / is the point .1; 1/. The stabilizer
of .1; 1/ in the toric group is GL.2; Z/. Thus � � GL.2; Z/. Let Z1 be the blow-up
of C� � C� at .1; 1/ and let E1 � Z1 be the exceptional curve. The induced action of
GL.2; Z/ on E1 is conjugate to the usual action of GL.2; Z/ on P1 by Möbius maps.
Note that g factors through Z1. If C ¤ E1 then � must have a fixed point in E1 to be
blown up further. However, any subgroup of GL.2;Z/ fixing a point in P1 is cyclic. This
would contradict our hypothesis. Therefore we deduce that C D E1.

If C D E1 does not intersect U , then the contraction of C would be a geometric
conjugation of our birational Kleinian group and the proof is finished. Suppose by way
of contradiction that U1 D U \ C is not empty. Then U1=� is a smooth compact curve
on X . In other words, U1 is an invariant union of components of the discontinuity domain
of a classical Kleinian group isomorphic to � . However, this classical Kleinian group
is contained in the Fuchsian group GL.2;Z/ which has a free subgroup of finite index
and its domain of discontinuity contains the upper and lower half-planes. If it is a non-
elementary Fuchsian subgroup of GL.2;Z/ then either it contains a parabolic element or
it has a purely loxodromic Schottky Fuchsian subgroup of finite index. In both cases the
quotient U1=� cannot be compact. Then it has to be an elementary subgroup of GL.2;Z/
which is necessarily cyclic, contrary to our hypothesis.

Proposition 5.3.3. Suppose that there is a birational map � W Y Ü C� � C� such that
����1 is contained in the toric subgroup. Suppose that any subgroup of � generated by
a loxodromic element has infinite index. Then � contains no loxodromic element.

Proof. By Lemma 5.3.2 we can suppose that Y is a compactification of C� � C� and
� � .C� �C�/ÌGL2.Z/. Suppose by way of contradiction that � contains a loxodromic
element �. Then by Lemma 5.3.1 any irreducible component of Y n .C� �C�/ is contrac-
ted by a power of �. This implies that the open set U on which � acts as a biholomorphism
is a subset of C� � C�.

Consider the exponential map � from C2 to C� �C�; it is a covering map. The expo-
nential also gives rise to a homomorphism � WAff.2;C/DC2ÌGL.2;C/!Aut.C��C�/
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D .C� � C�/ Ì GL.2;C/. Then � is �-equivariant. Consider a connected component NU
of ��1.U / and the subgroup N� of ��1.�/ that preserves NU . Then N� is a complex affine
Kleinian group. We can apply Theorem 3.1.1 to N� . There are five possibilities for X : it is
a torus, a Hopf surface, an Inoue surface, a primary Kodaira surface or an affine-elliptic
bundle. From the descriptions that we give in Section 3.2, we see that, for the linear part
of an element of N� to be a hyperbolic matrix, the only possibilities are Inoue surfaces and
affine-elliptic bundles. But in these two cases the group is not contained in GL.2;Z/. For
Inoue surfaces of type S0, the parameter ˇ (see Section 3.2.5) is not a real number, while
for Inoue surfaces of type S˙ the parameter ˛ is a degree 2 algebraic integer (see [43]).
For affine-elliptic bundles it is because the Fuchsian group GL.2; Z/ has no subgroup
with compact hyperbolic Riemann surface as quotient (see the argument at the end of the
proof of Lemma 5.3.2). Hence the assumption that � contains a loxodromic element is
absurd.

5.3.2. Factorization through curves

Lemma 5.3.4. If � contains a loxodromic element of Bir.Y /, then for any compact curve
C on X the image of the composition �1.C /! �1.X/� � is infinite.

Proof. By Theorem A we can assume that Y is a birationally ruled surface. All bira-
tional transformations of a non-rational ruled surface preserve the ruling, thus are not
loxodromic. We can and will further assume that Y is rational.

Suppose by way of contradiction thatC is a compact curve onX such that �1.C /!�

has finite image. Denote by D the normalization of C . Then there is a finite unramified
cover ND!D such that the composition �1. ND/! �1.D/! �1.X/� � is trivial. This
implies the existence of a map { W ND!U lifting the composition map ND!D!C !X .
Only a finite subgroup of � preserves {. ND/ because an infinite group can never act in a
discrete way on the compact space {. ND/. Therefore ¹
.{. ND//º
2� is an infinite family of
disjoint smooth compact curves in U � Y . Every element of � permutes these curves.
Denote by j̨ ; j 2 N�, the classes of these curves in the Néron–Severi group of Y . Note
that the Picard group is isomorphic to the Néron–Severi group because Y is rational.
The intersection number ˛i � j̨ is zero for i ¤ j since the corresponding curves are
disjoint. As the Néron–Severi group has finite rank, we can suppose that for some r 2 N�,
the classes ˛1; : : : ; ˛r are linearly independent and for any n > r the class ˛n is equal
to a linear combination of the j̨ ; j � r . Among the j̨ ; j � r , at most one has zero
self-intersection because otherwise there would exist a two-dimensional totally isotropic
subspace of the Néron–Severi group, which contradicts the Hodge index theorem. When
we write ˛n as a linear combination of the j̨ ; j � r , if the coefficient of j̨ is non-zero
then j̨ has zero self-intersection because ˛n � j̨ D 0. This implies that all but finitely
many of the j̨ are equal to a class ˇ of zero self-intersection. Thus the linear system
associated with ˇ has dimension � 1. Since the group � permutes the curves 
.{. ND//,
the class ˇ is �-invariant. Hence we obtain a pencil of curves invariant under � . However,
a loxodromic birational transformation preserves no pencils of curves (see [16]).
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Proposition 5.3.5. Suppose that � is a non-elementary subgroup. Then the representa-
tion � W �1.X/� � ,! Bir.Y / does not factor through a hyperbolic orbicurve.

Proof. Suppose by way of contradiction that � is non-elementary and factors through a
hyperbolic orbicurve †. Let F be a general fiber of the fibration X ! †. The image of
� W �1.F /! �1.X/ is in the kernel of �1.X/! �orb

1 .†/, thus in the kernel of �. This
contradicts Lemma 5.3.4.

5.3.3. Elliptic surfaces. According to Kodaira’s classification of surfaces, a non-Kähler
surface which is not of class VII fits in one of the two following possibilities: either
X is a primary or secondary Kodaira surface, or X is an elliptic surface with Kodaira
dimension 1. The fundamental group of a Kodaira surface is solvable and has no non-
elementary representations into Bir.Y /. To finish the proof of Theorem 5.0.1, it remains
to consider the case where X is an elliptic surface of Kodaira dimension 1.

Proposition 5.3.6. If X is an elliptic surface of Kodaira dimension 1, then � is an ele-
mentary subgroup of Bir.Y /.

Proof. Let X ! † be a genus 1 fibration and assume that X has Kodaira dimension 1.
We have an exact sequence

1! H ! �1.X/
'
�! �orb

1 .†/! 1

where H is the image of the fundamental group of a regular fiber in �1.X/ (see [39]
Theorem 1).

Suppose by way of contradiction that the representation � W �1.X/! � ,! Bir.Y / is
non-elementary. By Proposition 5.3.4, �.H/ is not finite. As a regular fiber is an elliptic
curve, its fundamental group is isomorphic to Z2. Therefore �.H/ is an infinite abelian
group. Since � is non-elementary, there exists a 2 �1.X/ such that '.a/ has infinite order
and �.a/ is a loxodromic element. Let h'.a/i be the infinite cyclic subgroup of �orb

1 .†/

generated by '.a/. Denote by G the subgroup '�1.h'.a/i/ of �1.X/. Then G is an
extension of h'.a/i by H ; in particular, it is solvable. The group �.G/ is solvable but not
virtually cyclic; it contains a loxodromic element �.a/. By Theorem 4.3.1 we infer that a
finite index subgroup of a conjugate of �.G/ is contained in the toric subgroup, and �.H/
is an infinite elliptic subgroup. The whole group � normalizes �.H/. By a theorem of
Cantat on normalizers (see [25, Appendix]) we infer that � is up to conjugation contained
in the toric subgroup. This contradicts Proposition 5.3.3.

5.4. Surfaces of class VII

It would be nice to drop the hypothesis that X is not a class VII surface in Theorem 5.0.1.
Note that no known surface of class VII has non-solvable fundamental group. Thus an
analogue of Theorem 5.0.1 for class VII surfaces could be a vacuous statement. On the
other hand, Carlson–Toledo [21] applied the method of [20] to study isometric actions
of fundamental groups of class VII surfaces on finite-dimensional hyperbolic spaces, by
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replacing harmonic mappings with hermitian harmonic mappings. So one could hope for
an analogue of Delzant–Py’s theorem for class VII surfaces.

6. Foliated surfaces

This section is a glossary of holomorphic foliations on surfaces. We first present
Brunella’s classification in Section 6.1. In Section 6.2 we state Deroin–Guillot’s theorem
on foliated .PGL.2;C/;P1/-structures. In this paper we only consider holomorphic foli-
ations without singularities, i.e. regular holomorphic foliations.

6.1. Brunella’s theorem

The vocabulary in the following theorem will be explained below.

Theorem 6.1.1 (Brunella [10]). Let X be a compact complex surface and F a regular
holomorphic foliation on X . Then one of the following situations holds:

(1) F comes from a fibration of X onto a curve;

(2) X is a complex torus and F is an irrational linear foliation;

(3) F is an obvious foliation on a non-elliptic Hopf surface;

(4) F is an obvious foliation on an Inoue surface;

(5) F is an infinite suspension of P1 or of an elliptic curve over a compact Riemann
surface;

(6) F is a turbulent foliation with at least one invariant fiber;

(7) F is a transversely hyperbolic foliation with dense leaves whose universal cover is a
fibration of disks over a disk.

The possible overlaps in the above list are: case (2) with case (5), case (3) with
case (6), case (5) with case (6). When a complex torus admits an elliptic fibration, it is
straightforward to see that an irrational linear foliation is also a suspension of an elliptic
curve. For overlaps between cases (3) and (6), or between (5) and (6), see Section 9.1.1.

6.1.1. Fibrations. Let X be compact complex surface and let f W X ! B be a fibration
whose singular fibers are all multiples of smooth curves. The fibration equips X with a
regular foliation whose leaves are the underlying manifolds of the fibers. Let mFb be a
fiber with multiplicity m lying over a point b 2 B . Let w be a local coordinate on B
which vanishes at b, let h be a local equation of Fb in X , then f �.dw/=hm�1 is a local
differential form defining the foliation.

6.1.2. Linear foliations on tori. Let ƒ be a lattice in C2. The quotient X D C2=ƒ is a
two-dimensional complex torus. Let .z; w/ be the natural coordinates on C2. A constant
holomorphic differential adz C bdw on C2 with a; b 2 C and ab ¤ 0 descends to X
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and defines a regular foliation F on X ; this is called a linear foliation on the torus X .
Choosing such a linear foliation amounts to choosing a one-dimensional C-linear sub-
space W D ker.adz C bdw/ of C2. If W \ƒ is a lattice in W , then the leaves of F are
elliptic curves and the foliation is a fibration. If W \ ƒ is non-empty but not a lattice,
then the leaves of F are biholomorphic to C�. If W \ƒ is empty, then the leaves of F

are biholomorphic to C and are dense in X . When the leaves of F are not compact, we
say the linear foliation F is irrational.

6.1.3. Obvious foliations on Hopf surfaces. A Hopf surface is a compact complex surface
covered by C2 n ¹0º. A primary Hopf surface is a surface biholomorphic to the quotient
of C2 n ¹0º by a transformation of the form

H.˛;ˇ;
;m/ W .z; w/ 7! .˛z C 
wm; ˇw/; ˛; ˇ; 
 2 C; m 2 N�; 0 < j˛j � jˇj < 1;

with ˛ D ˇm if 
 ¤ 0. We call the model .C2 n ¹0º/=hH.˛;ˇ;
;m/i a standard primary
Hopf surface. Any Hopf surface has a finite unramified cover which is a primary Hopf
surface. See [53] for the above assertion and the following:

(1) The standard primary Hopf surface has an elliptic fibration if and only if 
 D 0 and
˛k D ˇl for some k; l 2 N�.

(2) If 
 D 0 but ˛k ¤ ˇl for any k; l 2 N�, then the two smooth elliptic curves given by
z D 0 and w D 0 are the only curves on the primary Hopf surface.

(3) If 
 ¤ 0 then the smooth elliptic curve given by w D 0 is the only curve on the
primary Hopf surface.

Suppose that 
 D 0. The complex lines in C2 parallel to z D 0 and to w D 0 form
two regular foliations on C2 n ¹0º that descend to regular foliations on the Hopf surface.
A vector field of the form az @

@z
C bw @

@w
with a; b 2 C and ab ¤ 0 is invariant under

.z; w/ 7! .˛z; ˇw/, thus descends to the Hopf surface. It gives rise to a regular foliation
whose leaves in C2 n ¹0º which are different from the two axes are given by .eaz ; cebz/.
When a D b this is just the foliation by complex vector lines.

Suppose that 
 ¤ 0. The complex lines parallel to w D 0 give a regular foliation on
the Hopf surface. There also exist regular foliations associated with certain vector fields
on C2 n ¹0º of Poincaré–Dulac’s form .mz C awm/ @

@z
Cw @

@w
. When m D 1 the normal

form .z; w/ 7! .˛z C 
w; ˇw/ is a linear transformation and the foliation by complex
vector lines in C2 n ¹0º is one of these foliations.

All the foliations described above will be called obvious foliations on Hopf surfaces.

6.1.4. Obvious foliations on Inoue surfaces. See Section 3.2.5 for the formulas defining
Inoue surfaces. The vertical and horizontal foliations on H � C descend to two regular
foliations on an Inoue surface of type S0. Only the vertical foliation on H�C descends to
a regular foliation on an Inoue surface of type SC or S�. The foliations described above
will be called obvious foliations on Inoue surfaces.
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6.1.5. Suspensions. Let M be a Riemann surface. We denote by OM a Galois cover-
ing of M with deck transformation group G. Let N be another Riemann surface. Let
˛ W G ! Aut.N / be a homomorphism of groups. The group G acts on OM � N in the
following way: g � .m; n/ D .g �m;˛.g/ � n/. Then the quotient X D . OM �N/=G fibers
over M D OM=G via the first projection; the fibers are all isomorphic to N . The foli-
ation by ¹ OM � ¹nººn2N descends to a foliation on X which is everywhere transverse
to the fibration. We call such a foliation a suspension of N over M with monodromy
˛ W G ! Aut.N /. If M;N are compact, then X is compact; this is the only case we will
consider. If moreover ˛.G/ is a finite subgroup of Aut.N /, then the leaves of the foliation
are compact and the foliation is in fact a fibration. When ˛.G/ is infinite (sinceN is com-
pact this is only possible if N is P1 or an elliptic curve), the leaves are non-compact and
we call such a suspension infinite.

Note that ifX is a compact complex surface with an infinite suspension foliation, then
X is Kähler. This is clear if it is a suspension of P1 because then X is ruled. Assume that
it is a suspension of an elliptic curve. We use the notations in the previous paragraph. Up
to replacing G by a subgroup of finite index we can assume that ˛.G/ � Aut.N / is an
abelian group of translations on the elliptic curve N . Thus there is an action of N on X
by translations in the fibers of the elliptic bundle X ! M . In other words, X ! M is
a principal elliptic bundle (see [2, Lemma V.5.1]). Furthermore, the suspension process
says exactly that the bundle X ! M is defined by a locally constant cocycle. By [2,
Lemmas V.5.1, V.5.3] the second Betti number ofX is even. This implies thatX is Kähler
(see [2, Section IV.3.1]).

6.1.6. Turbulent foliations. Let X be a compact complex surface and X ! B an elliptic
fibration with constant functional invariant (i.e. all regular fibers are isomorphic) whose
singular fibers are all multiples of smooth elliptic curves. Let F be a regular foliation
on X . If a finite number of fibers of the elliptic fibration are F -invariant and all other
fibers are transverse to F , then F is called a turbulent foliation. The underlying elliptic
fibration is locally trivial outside the invariant fibers of F ; the trivialization is given by the
foliation. The invariant fibers are regular or multiples of elliptic curves. Locally around an
invariant fiber, let .z; w/ be a system of local coordinates such that the fibration is given
by .z; w/ 7! zm where m is the multiplicity of the fiber. Then the foliation F is locally
defined by a local differential form dz � A.z/dw where A is a holomorphic function
vanishing at 0.

6.1.7. Transversely hyperbolic foliations with dense leaves. This is the most difficult
type of foliations. We refer to [10, 74] for the precise definition and descriptions of
transversely hyperbolic foliations. The only known example is as follows. Let � be a
torsion-free cocompact irreducible lattice in PSL.2;R/� PSL.2;R/. Then the bidisk quo-
tient .D � D/=� is a general type surface with two foliations induced by the product
structure of D � D. Each leaf is dense in .D � D/=� because the projection of an irre-
ducible lattice onto a factor PSL.2;R/ is dense. It is not known whether there exist other
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examples of regular foliations with dense leaves on general type surfaces. It is in this sense
that Brunella’s classification is still incomplete. Thanks to Deroin–Guillot’s work that we
will discuss shortly, these mysterious foliations will not appear in our study of birational
Kleinian groups.

6.2. Foliated complex projective structures

6.2.1. Deroin–Guillot’s theorem. Let F be a regular holomorphic foliation on a complex
manifold X . A foliated .PGL.2;C/;P1/-structure on F is an open covering ¹Uiº of X
and submersions �i W Ui ! P1, transverse to F , immersive on the leaves, such that the
restrictions to a leaf L satisfy �i jL ı �j j�1L 2 PGL.2;C/. Obvious foliations on Hopf
and Inoue surfaces, turbulent foliations and suspension foliations carry natural foliated
.PGL.2;C/;P1/-structures (see [26]).

Though every Riemann surface carries a .PGL.2;C/; P1/-structure, not every foli-
ation carries a foliated .PGL.2;C/; P1/-structure. The existence of the latter structure
imposes strong restrictions not only on the foliation but also on the topology of the mani-
fold. We state one of the results of [26] in the generality that we need:

Theorem 6.2.1 (Deroin–Guillot). If X is a compact complex surface having a regular
foliation with a foliated .PGL.2;C/; P1/-structure, then the Chern classes of X satisfy
c1.X/

2 D 2c2.X/.

The strict inequality c21 > 2c2 is satisfied by any Kodaira fibration (see [2, Sec-
tion V.14]) and by any general type surface equipped with a regular foliation with dense
leaves which is not a bidisk quotient (see [10, the last paragraph]). Therefore the following
statement is a consequence of Deroin–Guillot’s theorem:

Corollary 6.2.2. If X is a general type surface having a regular foliation with a foliated
.PGL.2;C/;P1/-structure, then the universal cover of X is the bidisk.

It is well known that all .PGL.2;C/;P1/-structures on a given Riemann surface form
an affine space directed by the vector space of quadratic differentials. For a foliation F , let
TF be the tangent bundle of F . Consider holomorphic sections of T �2

F
. They are quadratic

differentials along the leaves of F . If F admits at least one foliated .PGL.2;C/; P1/-
structure, then all foliated .PGL.2;C/;P1/-structures on F form an affine space directed
by the vector space of holomorphic sections of T �2

F
(see [26]).

Proposition 6.2.3. Let F be a regular foliation on a surface X defined by a fibra-
tion f W X ! C . If F has a foliated .PGL.2;C/; P1/-structure then all regular fibers
of f are isomorphic to each other. If moreover all fibers of f have genus � 2, then the
.PGL.2;C/;P1/-structures on the leaves are the same.

Proof. Since F is a foliation without singularities, the singular fibers of f can only be
multiples of smooth curves. Such a fibration is not isotrivial if and only if it is a Kodaira
fibration. However, we have just said that there is no foliated .PGL.2;C/;P1/-structure
on a Kodaira fibration.
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If all fibers of f have genus � 2, then there exists a finite unramified cover
OC of C such that the fibration Of W OX ! OC obtained by base change is a product.

Consider the induced foliated .PGL.2; C/; P1/-structure on OX as a family of
.PGL.2;C/;P1/-structures on a fiber parametrized by OC . The conclusion follows because
the .PGL.2;C/;P1/-structures on a given Riemann surface form an affine space and there
is no non-constant holomorphic map from OC to an affine space.

Let � be a torsion-free cocompact irreducible lattice in PSL.2;R/ � PSL.2;R/ and
consider the bidisk quotientX D .D �D/=� . Both foliations onX are naturally equipped
with a foliated .PGL.2;C/; P1/-structure. All leaves are biholomorphic to the disk and
have the same .PGL.2;C/;P1/-structure: the standard one of a round disk in P1.

Proposition 6.2.4. If F is one of the natural foliations on the quotient of the bidisk by
a torsion-free cocompact irreducible lattice, then the natural foliated .PGL.2;C/; P1/-
structure is the unique foliated .PGL.2;C/;P1/-structure on F .

Proof. It suffices to show that H0.X; T �2
F
/ D ¹0º. In fact, for any positive integer n the

line bundle T �n
F

has no non-zero sections because T �
F

has Kodaira dimension �1 by
[11, Chapter 9.5, Example 9.3].

7. Invariant rational fibration I

In this and the next two sections we suppose that .Y;�;U;X/ is a birational Kleinian group
and there is a �-invariant rational fibration r W Y ! B over a smooth projective curve
B . Note that when B is not a rational curve, any birational transformation group of Y
preserves r automatically because any curve transverse to the fibration is non-rational,
whereas � has to preserve rational curves. We have a group homomorphism �! Aut.B/
whose image will be denoted by �B . The ruling r is equivariant with respect to the action
of � on Y and that of �B on B . If �B is infinite, then B is P1 or an elliptic curve. In this
section we will study the case where �B is finite. The case where �B is infinite will be
considered in Sections 8 and 9.

By contracting all .�1/-curves which are contained in the fibers of r but are disjoint
fromU , we can and will assume, without loss of generality, that if a fiber of r intersectsU ,
then its irreducible components of self-intersection �1 all intersect U .

7.1. From invariant fibration to foliation

We recall a basic fact about non-relatively-minimal ruled surfaces:

Fact 7.1.1. Let F be a singular fiber of a rational fibration. Then F is a tree of rational
curves whose components are of self-intersection � �1.

Lemma 7.1.2. Let F be a fiber which intersects U . Then no element of � has an inde-
terminacy point on F and no component of F is contracted by an element of � .
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Proof. Let 
 2 � be a non-trivial birational transformation. Let us first show that 
 does
not contract any component of F . If F is a regular fiber, then it has only one irredu-
cible component which is itself, and this component intersects U by hypothesis. Since the
action of � on U is regular, F cannot be contracted.

Now assume that F is a singular fiber. Let Y
�
 � Z

ı
�! Y be the minimal resolution of

indeterminacy of 
 . Here Z is a smooth projective surface, �; ı are birational morphisms
and 
 D ı ı ��1. Suppose by way of contradiction that some component of F is contracted
by 
 . Then there exists a component C of F such that the strict transform of C in Z has
self-intersection�1 and is contracted by ı. By Fact 7.1.1 C has self-intersection��1. As
the self-intersection number decreases after a blow-up, the strict transform of C in Z has
self-intersection�1 if and only ifC has self-intersection�1 and no point inC is blown up
by �. But by the hypothesis of our initial setting the .�1/-components of F all intersect U
and cannot be contracted by 
 . This means ı does not contract C , a contradiction.

We remark that the total transform of F by 
 is also a fiber of r which intersects U .
The above reasoning, applied to 
�1, says that 
�1 does not contract anything onto F ,
i.e. 
 does not have any indeterminacy point on F .

We deduce immediately from Lemma 7.1.2 the following corollary:

Corollary 7.1.3. The group � acts by biholomorphisms on r�1.r.U //. In particular, if
r.U / D B then � � Aut.Y /.

The following proposition shows how holomorphic foliations arise in our study.

Proposition 7.1.4. Let .Y; �;U;X/ be a birational Kleinian group. Suppose � � Bir.Y /
preserves a fibration r W Y ! B . If a fiber F of the invariant fibration intersects U , then
F \ U contains no singular point of F . Therefore the fibration descends to a regular
holomorphic foliation on X .

Proof. Suppose by way of contradiction that F is a singular fiber and p 2 F \ U is a
singular point of F . If 
 2 � , then 
.p/ is a singular point of the singular fiber 
.F / since
� preserves the fibration and acts by biholomorphisms on U . However, a fibration has
only finitely many singular fibers and each singular fiber has only finitely many singular
points. Thus the infinite group � does not act freely on U , a contradiction.

From now on we will denote by F the foliation on X induced by the ruling r .

Proposition 7.1.5. In the setting of Proposition 7.1.4, if moreover r has no singular fibers
then the foliation F is equipped with a foliated .PGL.2; C/; P1/-structure along the
leaves.

Proof. The open set r�1.r.U // is a P1-bundle over r.U /. According to Corollary 7.1.3
an element of � sends the fiber over a point of r.U / to another fiber by a Möbius
transformation. Then the proposition follows directly from the definition of foliated
.PGL.2;C/;P1/-structure.
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7.2. Finite action on the base

Recall that a decomposable ruled surface is a relatively minimal ruled surface with two
disjoint sections.

Theorem 7.2.1. Let .Y; �; U;X/ be a birational Kleinian group on a surface Y which is
ruled over a curve B . Assume that � preserves the ruling, and � induces a finite action
on the base curve B . Then up to geometric conjugation and up to taking a finite index
subgroup, we are in one of the following situations:

(1) Y D B � P1, � � ¹Idº � PGL.2;C/ and U D B �D whereD � P1 is an invariant
component of the domain of discontinuity of � viewed as a classical Kleinian group.

(2) Y is P .E/ where E is an extension of OB by OB . The extension determines a section
s of the ruling. We have U D Y n s. The subgroup of AutB.Y / fixing s is isomorphic
to C in which � is a lattice. The group � is isomorphic to Z2 and the surface X is a
principal elliptic fiber bundle.

(3) Y is obtained by blowing up a decomposable ruled surface, and U is a Zariski open
subset of Y whose intersection with each fiber is biholomorphic to C�. The group �
is cyclic and is generated by an automorphism which acts by multiplication in each
fiber. The quotient surface X is an elliptic fibration over B with isomorphic regular
fibers and whose only singular fibers are multiples of smooth elliptic curves.

The rest of Section 7 is devoted to the proof of Theorem 7.2.1.

7.3. Fiberwise dynamics

We start the proof of Theorem 7.2.1 by making the following reduction: replacing � with
a finite index subgroup, we can and will assume that �B D ¹Idº.

Lemma 7.3.1. We have r.U / D B , � � Aut.Y /. The foliation F on X is a fibration.

Proof. The set V D r.U / is an open subset of B because a holomorphic submersion is
open. Since �B D ¹Idº the fibration r induces a commutative diagram

U X

V V

�

As X is compact, V should be compact too. This implies that V is the whole curve B . By
Corollary 7.1.3, we have � � Aut.Y /. The leaves of the foliation on X are the fibers of
the map X ! V ; they are compact. Thus the foliation is a fibration.

Since � � Aut.Y /, we can and will assume, up to replacing � by a finite index sub-
group, that any irreducible curve contained in a fiber is �-invariant. In particular, every
singular point of a singular fiber is fixed by � .
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Proposition 7.3.2. If F Š P1 is a regular fiber of r W Y ! B , then F \ U , as a subset
of P1, is a union of components of the domain of discontinuity of a classical Kleinian
group. If moreover r W Y !B has at least one singular fiber, then for any fiber F .singular
or not/, the intersection F \ U is biholomorphic to C� and � is cyclic.

Proof. Let Fb be the (possibly singular) fiber over a point b 2 B such that Fb \ U ¤ ;.
There is a homomorphism � ! Aut.Fb/ with image �b , and �b preserves U \ Fb . The
group �b is isomorphic to � because the action of � on U is free. We have a commutative
diagram

U X

B B

�

r f (7.1)

where f is a surjective proper holomorphic map. By [2, Section III.11] the sheaf f�OX
is locally free and the non-singular fibers of f all have the same number of connected
components. If Fb is a non-singular fiber then it is isomorphic to the projective line P1.
The quotient of U \ Fb by the action of �b is a general fiber of f , that is, a disjoint union
of smooth compact curves. This means that �b is a classical Kleinian group and U \ Fb
is a union of connected components of the discontinuity set of �b .

Suppose that the fiber Fb is singular. Every irreducible component of Fb contains
at least one singular point. If an irreducible component of Fb intersects U then it con-
tains at most two singular points because otherwise it would be pointwise fixed by �b .
In particular, �b restricted to each component of Fb is isomorphic to a solvable subgroup
of PGL.2; C/. So if there exists at least one singular fiber, then the group � is solv-
able. A solvable torsion-free classical Kleinian group is elementary, i.e. fixes a point in
H3 [ P1 or preserves a geodesic in H3, thus is isomorphic to Z or Z2, and its domain of
discontinuity is biholomorphic to C or C�. This implies that the intersection ofU with any
fiber is biholomorphic to C or C�. In particular, f W X ! B has connected fibers. Thus
for the singular fiber Fb the intersection Fb \ U is connected and so contained in one
componentCb ofFb . The componentCb is necessarily a .�1/-curve because by our hypo-
thesis made at the beginning of Section 7 every .�1/-curve in the fiber Fb intersects U .

Under the hypothesis that there is a singular fiber Fb , we need to rule out the situ-
ation where � is isomorphic to Z2 and the intersection of U with any fiber is biholo-
morphic to C. Suppose to the contrary that � is isomorphic to Z2. Then the fibration
f W X ! B is a genus 1 fibration whose singular fibers are multiples of smooth elliptic
curves. Non-singular fibers of such a genus 1 fibration are all isomorphic to each other
because otherwise the j -function would be a non-constant holomorphic function on B
(see [2, Section V.10]). Let � be a small disk in B centered at b and let .x; y/ be the
local coordinates around a point of the singular fiber Fb where r is given by x and
Fb is defined by x D 0. The isotriviality of f implies that, locally over � n ¹0º, up to
a holomorphic change of coordinates the action of � is generated by two transformations

j W .x; y/ 7! .x; y C aj /; j D 1; 2, where Za1 C Za2 is a lattice in C. In other words,
there is birational morphism r�1.�/!�� P1, a composition of blow-ups, which sends
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Fb to P1 and the action of � on r�1.�/ is the lift of the action of Z2 on��P1 generated
by 
j W .x; y/ 7! .x; y C aj /; j D 1; 2. Thus r�1.�/ is necessarily obtained from�� P1

by blowing up the common fixed points of 
j ; j D 1; 2 (and a priori other common fixed
infinitely near points). However, the action of 
j ; j D 1; 2, on the exceptional divisors
is always trivial. Thus there was no blow-up. So U does not intersect any exceptional
divisor. Since U must, by assumption, intersect any .�1/-curve in a fiber, there are no
exceptional curves. This contradicts Fb being a singular fiber.

7.4. Automorphism groups of geometrically ruled surfaces

Before continuing our study of birational Kleinian groups preserving a rational fibration,
we collect some preliminaries on automorphism groups of geometrically ruled surfaces,
following Maruyama’s paper [61]. Our notations are those of [40] but are different from
those of [61]. Let Y be a geometrically ruled surface (i.e. relatively minimal). The geo-
metrically ruled surface Y over B is isomorphic to the projective bundle P .E/ where E is
a rank 2 vector bundle (not unique) over B such that H0.B;E/ ¤ ¹0º and H0.B;E ˝L/

D ¹0º for every line bundle L with deg.L/ < 0. The opposite of the degree of
V2

E ,
denoted by e, is an invariant of Y ; the integer �e is the minimal self-intersection number
of a section of Y ! B . A section with self-intersection number �e is called minimal;
the line subbundle of E which corresponds to the minimal section is called a maximal line
bundle. The geometrically ruled surface Y is called decomposable if there exists a decom-
position E D L1 ˚L2 where L1;L2 are line bundles; otherwise Y is indecomposable.
There exist two sections of Y ! B which do not intersect each other if and only if Y is
decomposable.

The group of automorphisms of Y which fiberwise preserve the ruling is denoted by
AutB.Y /.

Theorem 7.4.1 (Maruyama [61]). (1) If e < 0, then AutB.Y / is a finite group.

(2) If e > 0 and if Y is indecomposable, then AutB.Y /Š Ck where L � E is the unique
maximal line bundle and k D dim H0.B; .det E/�1 ˝L2/.

(3) If Y Š P1 � B , then AutB.Y / Š PGL.2;C/.
(4) If Y Š P .E/ with E DL˚ .L˝N / and N 2 D OB , while N ¤ OB , then AutB.Y /

is an extension of C� by Z=2Z.

(5) If Y is decomposable and does not fit in the previous two cases, then AutB.Y / is
isomorphic to the following subgroup of GL.k C 1;C/:

Hk D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

0BBBBBB@
˛ t1 � � � � � � tk
0 1 0 � � � 0
:::

: : :
:::

:::
: : :

:::

0 � � � � � � 0 1

1CCCCCCA

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌ ˛ 2 C�; t1; : : : ; tk 2 C

9>>>>>>=>>>>>>;
where k D dim H0.B; .det E/�1 ˝L2/ and L is a maximal line bundle.
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In the second and last case, the action of an element of Hk on the fiber Fb over
b 2 B is basically x 7! ˛x C t1l1.b/ C � � � C tklk.b/ where l1; : : : ; lk form a base of
H0.B; .det E/�1 ˝L2/ (see [61] for the exact meaning of the formula).

From Maruyama’s theorem we immediately deduce the following.

Corollary 7.4.2. If AutB.Y / is infinite and not solvable, then Y D B � P1.

7.5. Proof of Theorem 7.2.1

We return to the proof of Theorem 7.2.1 without assuming that Y is geometrically ruled.
We still assume that �B D ¹Idº and that any component of any singular fiber of r is
fixed by � . By Proposition 7.3.2 we know that if Y is not geometrically ruled then the
intersection of U with a regular fiber is biholomorphic to C�.

7.5.1. Non-abelian case

Proposition 7.5.1. Suppose that � is not solvable. Then Y D P1 � B and U D W � B
where W � P1 is an invariant component of � , viewed as a non-elementary classical
Kleinian group. The quotient surface X is the product of B with a hyperbolic Riemann
surface.

Proof. In particular, � is not cyclic and Proposition 7.3.2 implies that Y is geometrically
ruled. By Corollary 7.4.2, Y D P1 � B . In this case AutB.Y / D PGL.2;C/ and the
intersection of U with each fiber is a union of components of some classical Kleinian
group. This classical Kleinian group does not depend on the fiber. Since U is connected,
the intersection of U with each fiber is the same component of the discontinuity set.

7.5.2. Translation in the fibers. As � is isomorphic to a classical Kleinian group by Pro-
position 7.3.2, if it is solvable then it is isomorphic to Z2 or Z, depending on whether the
intersection of U with a fiber is C or C�.

We first investigate the case where � D Z2; in this case � acts on each fiber by trans-
lations (translation means a parabolic automorphism of P1). In case (2) (resp. case (5)) of
Maruyama’s theorem, the action is given, in local coordinate z of the fiber, by

z 7! z C t1e1 C � � � C tkek .resp. z 7! ˛z C t1e1 C � � � C tkek/ (7.2)

where e1; : : : ; ek extend to a global base of H0.B; .det E/�1 ˝L2/. Since a line bundle
has a nowhere vanishing section if and only if it is trivial, an automorphism can act as
a non-trivial translation in every fiber only if the line bundle .det E/�1 ˝ L2 is trivial.
Writing 0! L! E ! L0 ! 0, we have .det E/�1 ˝L2 D L˝ .L0/�1. Therefore if
.det E/�1 ˝ L2 is trivial then L D L0 and L�1 ˝ E is an extension of two trivial line
bundles. Since P .E/ is isomorphic to P .L�1 ˝ E/, we obtain the following.

Proposition 7.5.2. Suppose that the intersection of U with a fiber is C. There is a rank 2
vector bundle E on B such that



Birational Kleinian groups 1179

(1) Y is isomorphic to P .E/;

(2) we can write E as an extension 0! OB ! E ! OB ! 0 such that U D Y n s.B/
where s W B ! Y is the section determined by this extension, i.e. s 7! s.b/ with
s.b/ D P .Ob/ 2 P .Eb/.

As .det E/�1 ˝ L2 D OB , the subgroup of AutB.Y / fixing s.B/ is isomorphic to C by
Theorem 7.4.1. We can identify � as a lattice in this subgroup. The surfaceX is an elliptic
fiber bundle over B with fibers isomorphic to C=� .

The action of C on U descends to an action of C=� on X ; this implies that X is a
principal elliptic bundle by [2, Lemma V.5.1]. A principal elliptic bundle is topologically
a product of the circle S1 with an S1-bundle [2, Proposition V.5.2]. We claim that in our
case the corresponding S1-bundle is a product. The reason is that the rank 2 vector bundle
E is topologically trivial because an extension of a trivial bundle by a trivial bundle always
splits in the topological category. If B D P1 and X is Kähler, then the only possibility is
X D .C=�/ � P1; if B is an elliptic curve and X is Kähler, then X is a complex torus or
a hyperelliptic surface (see [2, Chapter V]).

7.5.3. Multiplication in the fibers. We now investigate the case where � D Z. Let us see
first that it is indeed possible that Y is not geometrically ruled (cf. Proposition 7.3.2).

Given a decomposable geometrically ruled surface Y0 D P .E/ overB , up to tensoring
E with a line bundle, we can suppose that it decomposes as E D OB ˚L. The decom-
position determines two sections S1; S2 on Y0 without intersection. Pick a finite family
of fibers F1; : : : ; Fn over b1; : : : ; bn 2 B . Choose a positive integer m 6 n. Denote by
p1; : : : ; pm the intersection points of F1; : : : ; Fm with S1 and by pmC1; : : : ; pn the inter-
section points of FmC1; : : : ; Fn with S2. Construct a birationally ruled surface Y over B
as follows: Y is obtained from Y0 by successive blow-ups at p1; : : : ; pn and some infin-
itely near points. For i �m (resp. i > m) the successive blow-ups on the fiber over pi are
executed either at the intersection point of two irreducible components of the fiber or at
the intersection point of the fiber with (the strict transform of) S1 (resp. S2). We denote

by � W Y ! Y0 the contraction map. The singular fibers of Y
�
�! B are chains of smooth

rational curves, i.e. the singular fiber corresponding to Fi is

QFi D

l.i/X
kD0

di;kFi;k I

here Fi;0 is the strict transform of Fi and the Fi;k are all smooth rational curves among
which the only non-vanishing intersection pairings are Fi;k �Fi;kC1D 1. We have di;0D 1
and di;1; : : : ; di;l.i/ 2 NC. Each Fi;k has two distinguished points ¹0i;k ;1i;kº which are
the two intersection points of Fi;k with other components of the fiber or with (the strict
transforms of) the two sections S1; S2. Let us say that the one which is closer to S1
is 0i;k .
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S1

S2

Fi2

Fi1 D blow-up of Fi0 \ Fi2

Fi0

�� ��2

��

��

��

0i2

1i2 D 0i1

1i1 D 0i0

1i0

By Theorem 7.4.1, the subgroup of AutB.Y0/ fixing S1;S2 is isomorphic to C�; it acts
by multiplication in the fibers. The C�-action lifts to an action on Y by automorphisms
because the blow-ups which we did to obtain Y are all at the fixed points of the C�-action.
An element � 2 C� acts on a component Fi;k of the singular fiber QFi by multiplication
by �di;k with fixed points ¹0i;k ;1i;kº.

Now for each QFi , choose a component Fi;k0.i/ and consider the open set

U D Y n
�
S1 [ S2 [

[
i

[
k¤k0.i/

Fi;k

�
:

We remark that U is Zariski open in Y . The ruling � restricted to U is a surjective holo-
morphic map onto B with fibers biholomorphic to C�. The quotient of U by � 2 C�,
j�j ¤ 1, is a compact complex surface X which admits an elliptic fibration over B . If a
fiber of X ! B comes from a non-singular fiber of � W Y ! B , i.e. the fiber over a point
that is not one of the p1; : : : ; pn, then it is isomorphic to the elliptic curve C�=h�i. If a
fiber ofX!B comes from Fi , then it is the quotient of C�DFi;k0.i/ n ¹0i;k0.i/;1i;k0.i/º

by h�di;k0.i/i. Hence the only singular fibers of the elliptic fibration X ! B are multiples
of smooth elliptic curves, the multiplicities being the coefficient di;k0.i/.

Actually, the above construction exhausts all possibilities:

Proposition 7.5.3. If the intersection of U with a fiber is C�, i.e. � D Z, then X is
obtained from the above process. In particular, the surface X is an elliptic fibration over
B whose singular fibers are all multiples of smooth elliptic curves.

Proof. Recall that by Lemma 7.3.1, � � Aut.Y /. We have also assumed that � preserves
any component of any fiber. Therefore the action of � descends to an action by automor-
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phisms, after contracting some exceptional curves in a fiber. Continuing the contraction
until we get a geometrically ruled surface, we infer that the action of � on Y comes from a
C�-action on a geometrically ruled surface Y0; and that Y is obtained from Y0 by blowing
up fixed points (or infinitely near fixed points) of the C�-action. This is exactly how the
above process works.

We denote by X0 the quotient of Y0 n .S1 [ S2/ by h�i. It is a principal elliptic fiber
bundle over B because the C�-action descends to X0 [2, Proposition V.5.2]. The sur-
face X is obtained from X0 by logarithmic transformations which replace the fibers over
b1; : : : ; bn 2 B with d1;k0.1/E1; : : : ; dn;k0.n/En where Ei D C�=h�di;k0.i/i (see [52] for
logarithmic transformations).

8. Invariant rational fibration II: Elliptic base

The base curve B is assumed to be an elliptic curve in this section.
We continue to use the notations of Section 7.4. It is well known that, up to iso-

morphisms, there are only two indecomposable geometrically ruled surfaces over an
elliptic curve B: R0 with e D 0 and R1 with e D 1 (see [40, Chapter 5]). Now we
describe the whole automorphism group of a geometrically ruled surface Y according
to Maruyama [61]:

(1) If Y D P1 � B , then Aut.Y / D PGL.2;C/ � Aut.B/.

(2) If Y is decomposable and e ¤ 0, then we have an exact sequence of algebraic groups

0! AutB.Y /! Aut.Y /! G ! 0

where G is a finite subgroup of Aut.B/.

(3) If Y is decomposable with e D 0 and Y ¤ P1 � B , then we have an exact sequence
of algebraic groups

0! AutB.Y /! Aut.Y /! G ! 0

where AutB.Y / is isomorphic to C� or an extension of C� by Z=2Z, and G is a
subgroup of Aut.B/ containing Aut0.B/. If s1, s2 are the minimal sections, then
Y n .s1 [ s2/ is a principal C�-bundle over B which has the structure of a commut-
ative algebraic group. The algebraic group Y n .s1 [ s2/ is isomorphic to the identity
component Aut0.Y /.

(4) If Y D R0, then we have an exact sequence of algebraic groups

0! C! Aut.Y /! Aut.B/! 0:

If s is the minimal section, then Y n s is a principal C-bundle over B which has the
structure of a commutative algebraic group. The algebraic group Y n s is isomorphic
to Aut0.Y /.
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(5) If Y D R1, then we have an exact sequence

0! AutB.Y /! Aut.Y /! Aut.B/! 0

where AutB.Y / is isomorphic to Z=2Z � Z=2Z.

We prove the following statement which encapsulates both the case where �B is finite
and the case where it is infinite:

Theorem 8.0.1. Let .Y; �; U;X/ be a birational Kleinian group on a surface Y which is
ruled over an elliptic curve B . Then up to geometric conjugation and up to taking a finite
index subgroup, we are in one of the following situations:

(1) Y D P1 � B and U D D � B where D � P1 is an invariant component of the
domain of discontinuity of a classical Kleinian group. X is a fiber bundle over B or
a suspension of B .

(2) Y D R0, U D Y n s and U has the structure of an algebraic group. As a complex
analytic Lie group, U is isomorphic to C� � C�, and the group � is isomorphic to a
lattice in U . The quotient X is a complex torus.

(3) Y is a decomposable geometrically ruled surface with e D 0, U D Y n .s1 [ s2/ and
X is a complex torus.

(4) As in case .3/ of Theorem 7.2.1.

In any case of the above theorem, the open set U is not simply connected. Except in
the first case, U is a Zariski open set.

In the rest of this section, .Y; �; U; X/ will be a birational Kleinian group satisfying
the hypothesis of the theorem.

Lemma 8.0.2. Suppose that �B is an infinite group. Up to geometric conjugation of bira-
tional Kleinian groups, Y is a P1-fiber bundle, r.U / D B and � � Aut.Y /.

Proof. The open set r.U / is invariant under the infinite group �B . Suppose by way of
contradiction that r.U / ¤ B . Then according to Lemma 2.2.1, it is a connected compon-
ent of the complement of a finite union of real subtori, thus a band-like region. The action
of �B on r.U / is by translations along the direction of the band. Such an action on a band
is never cocompact, i.e. the union of the images under � of a compact subset of the band
never covers the band. This contradicts the cocompactness of the action of � on U .

By Corollary 7.1.3, the fact that r.U / D B implies � � Aut.Y /. Since �B is infinite
and B is an elliptic curve, every point of B has an infinite �B -orbit. If there existed a
singular fiber of r , then its translations by elements of � would give rise to an infinite
number of singular fibers. Therefore Y is geometrically ruled.

The ruling r W Y ! B is identified with the Albanese morphism and is preserved by
each element of � . We have an exact sequence

0! �r ! � ! �B ! 0

where �r is the subgroup fiberwise preserving the fibration.
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Proposition 8.0.3. Suppose that �B is infinite. Then the foliation F is a linear irrational
foliation or a suspension of B .

Proof. We apply Theorem 6.1.1 to the foliation F on X induced by the rational fibration
Y ! B . The orbit of a point on B under �B is not discrete and its closure contains a real
subtorus (see Lemma 2.2.1). This implies that no leaf of F is a submanifold of X . Thus
the foliation is neither a fibration, nor a turbulent foliation, nor an obvious foliation on a
Hopf surface. Here the base curve B is elliptic so that F is transversely Euclidean. This
rules out obvious foliations on Inoue surfaces (see [81]). The foliation F cannot be a sus-
pension of P1 because the only rational curves in Y are the fibers of the rational fibration.
There are only two possibilities left: either X is a complex torus with an irrational linear
foliation, or X is an infinite suspension of a hyperbolic curve over an elliptic curve.

Proof of Theorem 8.0.1. We already treated the case where �B is finite in Theorem 7.2.1.
This is covered by cases (1), (2), (4) of Theorem 8.0.1. From now on we assume that �B
is infinite. We analyse the situation case by case according to the above description of the
automorphism group. Since AutB.Y / is infinite we infer that Y is not decomposable with
e ¤ 0. The surface Y is not R1 because Aut.R1/ is compact and does not contain infinite
discrete subgroups.

Assume that Y is decomposable with e D 0. The two minimal sections s1 and s2
are disjoint from U because they are invariant under Aut.Y /. The universal cover of the
complex analytic Lie group Y n .s1 [ s2/ is C2 because it is commutative. Hence we see
immediately that U D Y n .s1 [ s2/ and X is a complex torus. If Y D R0, then the same
reasoning tells us that U D Y n s and X is a complex torus.

Assume that Y D P1 �B . By Proposition 8.0.3 the foliation onX induced by Y !B

is a linear foliation on a torus or a suspension of B over a hyperbolic curve. If X is a
torus then the intersection of U with any fiber of Y ! B is biholomorphic to C or C�

because the intersections with fibers cover leaves of the foliation. The conclusion follows
immediately in this case. Assume that X is a suspension over a hyperbolic curve. The
projection Y ! P1 induces a second regular foliation on X which is transverse to the
first one; this second foliation must be the elliptic fibration underlying the suspension.
Therefore we are in the first case of Theorem 8.0.1.

9. Invariant rational fibration III: Rational base

In this section we work under the assumption that B D P1 and �B is infinite. We will
investigate the foliation F case by case according to Theorem 6.1.1 and Corollary 6.2.2.

The situation where F is an obvious foliation on an Inoue surface is treated in our
previous paper [81] where results stronger than what we need here are proved. We see
from the description of Inoue surfaces in Section 3.2.5 that their standard realizations by
complex affine Kleinian groups fit in our setting of this section. The main result of [81]
implies the following.
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Theorem 9.0.1 ([81]). Let S be an Inoue surface. Then up to geometric conjugation there
is only one birational Kleinian group .Y; �;U;X/ such that X D S . It corresponds to the
standard construction of the Inoue surface by taking the quotient of H � C by a group of
affine transformations.

9.1. Turbulent foliations, Hopf surfaces, suspensions of P1

The following lemma will be repeatedly used in this section.

Lemma 9.1.1. Let E � X be an elliptic curve which is transverse to the foliaiton F . Let
� W C! U be the lift ofE to its universal cover. LetG � � be the subgroup that preserves
�.C/ and let GB be its induced action on B . Then:

(1) The submanifold �.C/ � U is biholomorphic to C or C�.
(2) The projection r.�.C// � B is biholomorphic to C, C� or P1.

(3) The group GB is an infinite abelian subgroup of PGL.2;C/.
Assume now that r.�.C//¤ P1. Then r j�.C/ is a covering map and we have the following:

(a) IfGB has rank 1 then it is a lattice in C� and r.�.C//D C�. In this case r ı � induces
an isomorphism of elliptic curves E ! C�=GB .

(b) If GB is a group of translations then it is a lattice in C and r.�.C// D C. In this case
r ı � induces an isomorphism of elliptic curves E ! C=GB .

(c) If GB is a group of multiplications of rank 2 then r.�.C// D C� and r ı � is an
exponential map of the form z 7! c exp.�z/, c; � 2 C�.

Proof. SinceE is transverse to F , the image �.C/ is transverse to r . Therefore r restricted
to �.C/ is locally a biholomorphism. An elliptic curve cannot be mapped locally biholo-
morphically onto an open subset of P1. Thus as a covering space of E, the submanifold
�.C/ is biholomorphic to C or C�.

We denote the composition r ı � by h and consider it as a meromorphic function
on C. By the Little Picard Theorem it omits at most two values in P1. Therefore h.C/ is
biholomorphic to C;C� or P1.

Assume by way of contradiction that GB is finite. Up to replacing G with the kernel
of G ! GB we can assume that GB is trivial. Then r induces a holomorphic surjection,
which is locally biholomorphic, from the elliptic curve E D �.C/=G to h.C/. This is
impossible.

Assume from now that r.�.C// ¤ P1. We identify �1.E/ with a lattice in C. Denote
by � the composition �1.E/! G ! GB . Up to replacing G with a subgroup of finite
index, we can assume that GB is free abelian of rank 1 or 2. LetK � �1.E/ be the kernel
of �. It is trivial or cyclic. For a suitable affine coordinate x onB D P1, either all elements
of GB are translations, or all have the form x 7! �x; � 2 C�. As r.�.C// ¤ P1 we will
think of h D r ı � as a �-equivariant holomorphic map on C.

Assume by way of contradiction that GB is generated by x 7! bx with jbj D 1. Then
the kernel K of � is cyclic, and a generator of GB D �1.X/=K acts on C=K D C� by
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z 7! az for some a 2 C� with jaj > 1. Hence h induces a holomorphic map Nh W C�! C�

such that Nh.az/ D b Nh.z/ for any z 2 C�. Consider the closed annulus A D ¹z 2 C j 1 �
jzj � jajº. By the maximum modulus principle, h.A/ is bounded. Since the iterates of A
under �1.E/ cover C� and since jbj D 1, the equation Nh.az/ D b Nh.z/ implies that h is
bounded, thus constant. This contradicts h being locally biholomorphic.

Assume by way of contradiction that GB has rank 2 and is generated by two trans-
lations f1 W x 7! x C b1 and f2 W x 7! x C b2 such that b1; b2 2 C are R-colinear. Let
F1 W z 7! zC a1;F2 W z 7! zC a2 be two elements of �1.E/ such that �.Fi /D fi , i D 1;2.
Then the �-equivariance of h can be written as h.zC ai /D h.z/C bi , i D 1;2. LetP �C
be the closed parallelogram corresponding to a1; a2. By the maximum modulus principle,
h.P / is bounded. Since the iterates of P under �1.E/ cover C and since b1; b2 are on
the same real vector line, the equations h.z C ai / D h.z/C bi , i D 1; 2, imply that h has
values in a strip. Thus h is constant by the Little Picard Theorem, a contradiction.

Assume by way of contradiction that GB has rank 1 and is generated by x 7! x C b.
Then K is cyclic and a generator of GB D �1.X/=K acts on C=K D C� by z 7! az

for some a 2 C� with jaj > 1. Hence h induces a holomorphic map Nh on C� such that
Nh.az/ D Nh.z/C b for any z 2 C�. Considering A D ¹z 2 C j 1 � jzj � jajº, a similar
argument to those in the previous two paragraphs shows that Nh has values in a strip. Thus
h is constant by the Little Picard Theorem, a contradiction.

The previous three paragraphs together show that GB is a lattice in C�, a lattice in C2

or a group of multiplications of rank 2. If GB is a lattice in C then h induces an isomor-
phism from E to C=GB . In particular, we have h.C/ D C.

Assume that GB is a group of multiplications generated by gi W x 7! aix, i D 1; 2.
Here we allow a2 to be 1 ifGB has rank 1. Assume that fi W z 7! zC bi , i D 1; 2, are two
elements of �1.X/ such that �.fi /D gi ; i D 1;2. Denote byƒ the lattice hb1; b2i. Then h
satisfies h.zC bi /D aih.z/, i D 1;2, and the zeros of h form aƒ-invariant set. We denote
by Z � C the set of zeros of h. Up to precomposing h with a translation, we can assume
that 0 … Z. Note that h has only finitely many zeros in a fundamental parallelogram ofƒ.
Since

P
w2ƒn¹0º

1
w3 is convergent while

P
w2ƒn¹0º

1
w2 is not, we find that

P
w2Z

1
w3 is

convergent while
P
w2Z

1
w2 is divergent. By the Weierstrass Factorization Theorem, the

entire function h can be written as

h.z/ D exp.h_.z//
Y
w2Z

�
1 �

z

w

�
exp

�
z

w
C

z2

2w2

�
where h_ is another entire function. Note thatY

w2Z

w � z � bi

w � z
D 1; i D 1; 2:

because Z is ƒ-invariant. The equations h.z C bi / D aih.z/, i D 1; 2, then imply that

1

ai
exp.h_.z C bi / � h_.z// D

Y
w2Z

exp
�
biz

w2

� Y
w2Z

exp
�
bi

w
C

b2i
2w2

�
; i D 1; 2:
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The right hand side would not converge if Z ¤ ;. Therefore we conclude that h has no
zeros, i.e. r.�.C// D C�. And we have h.z/ D exp.h_.z//. Then there are two complex
numbers c1; c2 such that exp.ci /D ai ; i D 1;2, and h_.zC bi /D h_.z/C ci ; i D 1;2. The
arguments in the previous paragraphs show that hc1; c2i is a lattice. Then h.z/D c exp.�z/
with c; � 2 C� and exp.�bi / D ai ; i D 1; 2. In particular, if GB has rank 1, i.e. if a2 D 1,
then ja1j ¤ 1 and ha1i is a lattice in C�.

9.1.1. Examples. The Hirzebruch surface Hn is the projectivization of the rank 2 vector
bundle O ˚O.n/ on P1. The subbundles O and O.n/ determine two sections. The com-
plement of these two sections, denoted by Wn, is isomorphic to the principal C�-bundle
over P1 associated with the line bundle O.n/. The quasi-projective varietyW0 is a product
C� � P1. The quasi-projective variety W1 is isomorphic to C2 n ¹0º. For n � 1, W1 is an
unramified cover of degree n of Wn; the cover is given in each fiber by w 7! wn.

The automorphism group of Hn fits in the exact sequence (see [61])

1! HnC1 ! Aut.Hn/! Aut.P1/! 1

where HnC1 is the group defined in Theorem 7.4.1. The rational fibration HnC1 ! P1

can be trivialized over P1 n ¹0º and over P1 n ¹1º. The change of coordinates is .x;y/ 7!
. 1
x
; y
xn / where x is the affine coordinate on the base of the fibration while y is an affine

coordinate on the fibers. Using coordinates we have

Aut.Hn/ D

²
.x; y/ 7!

�
ax C b

cx C d
;
y C t0 C t1x C � � � C tnx

n

.cx C d/n

� ˇ̌̌̌
�
a b

c d

�
2 GL.2;C/; t0; : : : ; tn 2 C

³
:

The action around the fiber at x D 1 can be computed by the change of coordinates. In
particular, for the automorphism .x; y/ 7! .ax; by/ with a; b 2 C�, the action on the fiber
at infinity is multiplication by b=an; for the automorphism .x; y/ 7! .x C c; by/ with
a; b 2 C�, the action on the fiber at infinity is multiplication by b.

Example 9.1.2. Take a; b 2 C� such that 0 < jbj < 1 and jbj < jajn. The automorphism
fn;a;b W .x; y/ 7! .ax; by/ of Hn preserves Wn and acts freely properly discontinuously
and cocompactly on Wn. The action of f1;a;b on W1 is conjugate to the linear contraction
.z; w/ 7! .bz; b

a
w/ on C2 n ¹0º. Let X be the quotient surface D Wn=hfn;a;bi and F be

the foliation on X induced by the C�-bundle structure of Wn.
Assume that a is not a root of unity. When n D 0, the quotient is a ruled surface over

the elliptic curve C�=hbi; the foliation F is a suspension of P1. When n > 0 the surface
X is a Hopf surface with two elliptic curves isomorphic to C�=hbi and C�=hb=ani; the
leaves of F come from vector lines on the universal cover C2 n ¹0º. IfX is equipped with
an elliptic fibration then F is a turbulent foliation with respect to that fibration.

We can modify the above examples by adapting the construction of Section 7.5.3. We
blow up Hn at points in the fibers over x D 0 or x D 1 to obtain a new surface Y ; the
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points we blow up are intersection points of irreducible components with other irreducible
components or with the strict transforms of the two sections of Hn. The points we blew up
are fixed points of the fn;a;b . Thus fn;a;b acts also as an automorphism on Y ; its action on
an irreducible component of a fiber is by multiplication. Let U � Y be a C�-fibration over
P1 which is the complement in Y of the union of the strict transforms of the two sections
and some components of the singular fibers, as in Section 7.5.3. Then for suitable choices
of a; b, the action of fn;a;b on U is free, properly discontinuous and cocompact. The
quotient is either a Hopf surface or a ruled surface over an elliptic curve. If the quotient is
a ruled surface then U is foliated by rational curves of self-intersection 0; this forces U to
be isomorphic to the product P1 � C�. Hence the quotient is a ruled surface if and only
if the birational Kleinian group is geometrically conjugate to hf0;a;bi on H0 D P1 � P1.

Example 9.1.3. Take 0 < jbj < 1 and c 2 C�. The automorphism gn;b;c W .x; y/ 7!

.xC c; by/ of Hn preservesWn; its action on the fiber at infinity is multiplication by b. If
n D 0 then the quotient of W0 by g0;b;c is a ruled surface over an elliptic curve equipped
with a suspension foliation. The action of g1;b;c on W1 is conjugate to the contraction
.z; w/ 7! .bz C bcw; bw/ on C2 n ¹0º. For n � 1 the quotient of Wn by gn;b;c is a Hopf
surface with only one elliptic curve. It has an unramified cover which is a primary Hopf
surface corresponding to the normal form .z; w/ 7! .bz C 
w; bw/ where 
 is some
number depending on n; b; c. Note that this construction does not give all primary Hopf
surfaces with only one elliptic curve, but only those with linear normal form. The foliation
induced by the rational fibration corresponds to the foliation by lines in C2 n ¹0º. As in
Example 9.1.2, we can modify the above construction by blowing up the invariant fiber.

Example 9.1.4. Consider two automorphisms fi W .x; y/ 7! .x C ai ; y C bi /, i D 1; 2,
of P1 � P1. Suppose that Zb1 C Zb2 is a lattice in C and that a1; a2 are not both zero.
Then f1 and f2 preserve U D P1 �C� P1 � P1. The data .P1 � P1; hf1; f2i;U / give a
birational Kleinian group. The quotientX DU=hf1; f2i is a ruled surface over the elliptic
curve C=.Zb1 C Zb2/. The foliation F is a suspension. We observe the following.

Lemma 9.1.5. There is a genus 1 fibration on X with respect to which F is turbulent if
and only if there exists � 2 C� such that �ai D bi , i D 1; 2.

Proof. If there exists � 2 C� such that �ai D bi , i D 1; 2, then the curves ¹.x; �x C c/ j
x 2 Cº � U; c 2 C, are hf1; f2i-invariant and are fibers of the map .x; y/ 7! �x � y.
Hence X is isomorphic to P1 � .C=.Zb1 C Zb2//. The quotient of ¹1º � C � U is an
elliptic curve, both a leaf of F and a fiber of the trivial genus 1 fibration.

Conversely, assume that � W X ! P1 is a genus 1 fibration with respect to which F

is turbulent. Consider the holomorphic map � W C! U obtained by lifting a generic fiber
of �. By Lemma 9.1.1, �.C/ is biholomorphic to C or C�. Let G be the infinite subgroup
of hf1; f2iwhich preserves �.C/. Denote by q the projection U D P1 �C!C. The open
set q.�.C// is invariant under a subgroupGq � hb1;b2i induced byG. The argument in the
proof of Lemma 9.1.1 shows that Gq is a lattice and q.�.C// D C. In particular, G ! Gq
is an isomorphism and G has finite index in hf1; f2i. Also �.C/ D C and qj�.C/ is a
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biholomorphism. Thus we can think of �.C/ as the graph of a meromorphic function h,
i.e. �.C/ D ¹.h.y/; y/ j y 2 Cº. As ¹1º � C is G-invariant, the function h is actually
holomorphic. Assume from now that G is generated by fi W .x; y/ 7! .x C ai ; y C bi /,
i D 3; 4. The fact that �.C/ is G-invariant can be translated into h.y C bi / D h.y/C ai ,
i D 3; 4. As in the proof of Lemma 9.1.1 we find that ha3; a4i is a lattice. Then h induces
an isomorphism h_ between the two elliptic curves C=.Zb3 C Zb4/ and C=.Za3 C Za4/
and has the form x 7! �xC c for some � 2C� and c 2C. In particular, �ai D bi , i D 3;4.
Writing f3 D m1f1 Cm2f2 and f4 D n1f1 C n2f2 with mi ; ni 2 Z, we obtain�

a3 b3
a4 b4

�
D

�
m1 m2
n1 n2

��
a1 b1
a2 b2

�
:

Since hf3; f4i is isomorphic to Z2, the matrix
�
m1 m2
n1 n2

�
is invertible. We conclude that

.a1; a2/ and .b1; b2/ are colinear.

Example 9.1.6. Consider two automorphisms g1;g2 of P1 �P1 defined by g1 W .x;y/ 7!
.a1x; y C b1/ and g2 W .x; y/ 7! .a2x; y C b2/ where a1; a2 are not both 1. Suppose that
Zb1 C Zb2 is a lattice in C. Then g1 and g2 preserve U D P1 � C � P1 � P1. The data
.P1 � P1; hg1; g2i; U / give a birational Kleinian group. The quotient X D U=hg1; g2i is
a ruled surface over the elliptic curve C=.Zb1 C Zb2/. The foliation F is a suspension.
We observe the following.

Lemma 9.1.7. There is a genus 1 fibration on X with respect to which F is turbulent if
and only if there exists � 2 C� such that exp.�bi / D ai , i D 1; 2.

Proof. Assume that exp.�bi / D ai , i D 1; 2, for some � 2 C�. Then the curves
¹.c exp.�y/; y/ j y 2 Cº � U; c 2 C�, areG-invariant and are fibers of the map .x; y/ 7!
exp.�y/=x. HenceX is isomorphic to P1 � .C=.Zb1CZb2//. The quotients of ¹1º �C
and ¹0º � C are both leaves of F and fibers of the trivial genus 1 fibration.

Conversely, assume that � W X ! P1 is a genus 1 fibration with respect to which F

is turbulent. Note that the quotients of both ¹1º � C and ¹0º � C are necessarily fibers
of � because otherwise they would be transverse to � and be coverings of P1. A generic
fiber of � gives rise to a holomorphic map � W C ! U . Denote by G the subgroup of
hg1; g2i that preserves �.C/. The same arguments as in the proof of Lemma 9.1.5 show
that �.C/D ¹.h.x/; x/ j x 2 Cº is the graph of a holomorphic function with values in C�,
and G is isomorphic to Z2. Suppose that G is generated by gi W .x; y/ 7! .aix; y C bi /,
i D 3; 4. The same arguments as in the proof (last paragraph) of Lemma 9.1.1 show
that there are complex numbers c3; c4 such that exp.ci / D ai , i D 3; 4, and hc3; c4i is a
lattice. Moreover, h.y/D c exp.�y/ with c; � 2 C� and exp.�bi /D ai , i D 3; 4. Writing
f3 D m1f1 C m2f2 and f4 D n1f1 C n2f2 with mi ; ni 2 Z, we find, similarly to the
proof of Lemma 9.1.5, that there exists �0 2 C� such that exp.�0bi / D ai , i D 1; 2.

Remark 9.1.8. There are no analogues of Example 9.1.4 for Hn with n � 1. For n � 1
the action of .x; y/ 7! .x C a; y C b/ on the fiber at infinity is trivial, and .x; y/ 7!
.ax; y C b/ acts as multiplication by 1=an on that fiber.
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We can also see in another way that there are no such analogues when n � 1. Let
Un be the complement of the minimal section in Hn; it is a fibration over P1 with fibers
biholomorphic to C. If the quotient of Un by a Z2-action was a compact surface then
this compact surface would be Kähler because it has even second Betti number (see [2,
Theorem IV.3.1]). However, Un is not the universal cover of any compact Kähler surface:
if the universal cover of a compact Kähler surface is non-compact and quasi-projective
then it is C2 or C � P1 (see [23, 24]).

9.1.2. Characterizations

Lemma 9.1.9. Suppose that F is a linear foliation on a torus. Then r.U / is biholo-
morphic to C or C�.

Proof. In the universal cover C2 of X we take a vector line which is transverse to the
foliation. This vector line intersects every leaf. It induces � W C ! U , a covering map
onto its image, which is everywhere transverse to the rational fibration r W U ! B . The
composition r ı � can be thought of as a non-constant meromorphic function. It omits at
most two values in P1 by the Little Picard Theorem. Note that r ı �.C/ D r.U / because
�.C/ intersects every leaf. It remains to prove that r.U / ¤ P1.

A connected component of the preimage in U of a leaf of F is contained in a fiber
of r . Such a component is a quotient of C, thus biholomorphic to C or C�. In any covering
space of X , the leaves of the foliation are isomorphic to each other. Therefore U is topo-
logically a C-bundle or C�-bundle over r.U /. As U is a covering space of the torus X ,
the base r.U / cannot be P1.

Lemma 9.1.10. Suppose thatX is a bidisk quotient and F is one of the natural foliations.
Then U is biholomorphic to the bidisk and r.U / is a round disk in P1, i.e. .up to a Möbius
transformation/ the upper half-plane.

Proof. The composition �1.X/! � ! �B � PGL.2;C/ is a representation of �1.X/,
an irreducible lattice in the rank 2 semisimple Lie group PSL.2;R/ � PSL.2;R/, into
PGL.2; C/. Margulis superrigidity [60] says that such a representation, if not trivial,
extends to a morphism of Lie groups PSL.2;R/� PSL.2;R/! PGL.2;C/. This implies
that, up to conjugation in PGL.2;C/ and up to taking a Galois conjugate, �B is exactly
the projection of the lattice �1.X/ � PSL.2; R/ � PSL.2; R/ into one of the factors
PSL.2;R/. In particular, �B is a dense subgroup of PSL.2;R/ (up to conjugation). The
open set r.U / is �B -invariant, thus PSL.2;R/-invariant. It has to be one of the half-planes.
Since the three groups �1.X/; � and �B are isomorphic, the open set U is the universal
cover of X , thus biholomorphic to the bidisk.

Proposition 9.1.11. Suppose that r.U /DB D P1. Then F is either a turbulent foliation,
an obvious foliation on a Hopf surface, or a suspension of P1.

Proof. Inoue surfaces are excluded by Theorem 9.0.1 because in the standard construction
of Inoue surfaces, r.U / is the upper half-plane. Linear foliations on tori are excluded by
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Lemma 9.1.9 and bidisk quotients are excluded by Lemma 9.1.10. Suspensions of elliptic
curves over elliptic curves are up to finite covering also linear foliations on tori. Fibrations
and suspensions of elliptic curves over hyperbolic curves are excluded by Lemmas 9.3.1
and 9.2.5 (the proofs can be read right away and are written there for the sake of notations).

By Corollary 7.1.3 and Proposition 7.1.5, F has a foliated projective structure. By
looking at the list of possible foliations from Theorem 6.1.1 and Corollary 6.2.2 we see
that the remaining possibilities are those listed in the proposition.

Proposition 9.1.12. Suppose that F is a turbulent foliation. Then up to a geometric
conjugation preserving the rational fibration and up to replacing � with a finite index
subgroup, either we have the normal form of a Hopf surface as in Section 6.1.3, or we are
in one of the cases described in Examples 9.1.2, 9.1.4 and 9.1.6.

Proof. Let f WX ! C be the genus 1 fibration underlying the turbulent foliation. At least
one fiber of f is a leaf of F . LetE be such a fiber. Denote by � the covering map from U

toX . We have an exact sequence 1!H ! �1.X/! �orb
1 .C /! 1whereH is the image

of the fundamental group of a regular fiber (see [39, Theorem 1]). IfEm is a multiple fiber
of f then the image of �1.Em/ in �1.X/ contains H as a subgroup of finite index. Let
G � � be the image of the compositionH ! �1.X/! � . Then G is a normal subgroup
of � because H is the kernel of �1.X/! �orb

1 .C / and �1.X/! � is surjective. It is
the image of �1.E/ in � if E is a non-multiple fiber and is a finite index subgroup of it
if E is multiple. Let E 0 be a fiber of f , let � be a connected component of ��1.E 0/ and
let G0 be the subgroup of � that preserves �. Then under the identification of � as the
deck transformation group and as a quotient of �1.X/, the group G0 is conjugate to the
image of �1.E 0/! �1.X/. Since G is normal, we have G0 D G if E 0 is a smooth fiber
and G � G0 has finite index if E 0 is a multiple fiber. Hence any connected component of
��1.E 0/ is G-invariant. Thus the intermediate Galois cover U=G is a genus 1 fibration
over a possibly non-compact base. Note that G is an infinite quotient of Z2 because if it
was finite then E, a leaf of F , would lift to an elliptic curve contained in the intersection
of U and one fiber of the rational fibration r , which is impossible.

Denote by GB the image of G in �B . By Lemma 9.1.1, GB is infinite. We claim that
G is a subgroup of � of finite index. Let 
 2 � be an arbitrary element. Let FE be a
connected component of ��1.E/. By the previous paragraph, FE is G-invariant. It is a
copy of C or C� contained in a G-invariant fiber F of r . The image 
.FE / is also a
connected component of ��1.E/ which is preserved by G. This implies in particular that

.F / is aG-invariant fiber. AsGB is infinite, there are at most twoG-invariant fibers of r .
Up to replacing � with a subgroup of index 2, we can assume that F is �-invariant. The
possibly singular fiber F has finitely many irreducible components. Exactly one of them
contains FE . Since FE is biholomorphic to C or C�, it is the only connected component
of the corresponding irreducible component of F . Again up to taking a subgroup of finite
index, we can assume that FE is �-invariant. However, by the previous paragraph G is a
subgroup of finite index of the subgroup of � that preserves FE . We conclude that �=G
is finite.
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Up to replacing � with a subgroup of finite index, we can assume that G D � and
that �; �B are free abelian groups of rank 1 or 2. Note that G D � implies that ��1.E/
is connected and that f is a genus 1 fiber bundle. We choose coordinates in B D P1 so
that the fiber F containing ��1.E/ is over1 2 B . Denote by R the set of fixed points
ofGB in B \ r.U /. It contains1 and has at most two elements. We let the other element
be 0 if it exists. The complement r.U / n R is C or C�, on which �B acts respectively
by translations or multiplications. Any point in r.U / n R has an infinite �B -orbit. Thus
by Corollary 7.1.3, r has no singular fibers over r.U / n R. The fibers over points of R
descend to fibers of f in X .

Denote by S the set of points in C over which the fibers of f are leaves of F . It
has the same cardinality as R. The foliation F restricted to f �1.C n S/ is everywhere
transverse to the genus 1 bundle f . We have

��1.f �1.C n S// D r�1.r.U / nR/ \ U I

denote this open set by M .
Let E 0 be a fiber of f over C n S . Let � be its preimage in M . It is biholomorphic

to C if � has rank 2 and to C� if � has rank 1. It is everywhere transverse to the rational
fibration r . The projection r.�/ is not P1 because it omits R which contains at least1.
Applying Lemma 9.1.1, we deduce that �! r.U / n R is a covering map and we are in
one of the following situations:

(A) � is cyclic and �B is a lattice in C� D r.U / nR.

(B) � has rank 2 and �B is a lattice in C D r.U / nR.

(C) � has rank 2 and �B is a lattice in C� D r.U / nR.

(D) � and �B have rank 2 and �B is a group of multiplications in C� D r.U / nR.

Assume that we are in case (D). By Theorem 4.4.3, the group � is conjugate in Jonq
to a subgroup of Aut.P1 � P1/. By Lemma 5.2.2 and Corollary 7.1.3, we can assume
without conjugation that � is generated by gi W .x; y/ 7! .aix; ˛i .y//, i D 1; 2, where
ai 2C� and ˛1;˛2 are Möbius transformations. Since r�1.1/\U is biholomorphic to C
and descends to an elliptic curve, we have, up to a change of coordinate, ˛i .y/ D y C bi ,
i D 1; 2, where b1; b2 generate a lattice in C. Thus we are in the setting of Example 9.1.6.

Assume that we are in case (A) or (B). Then the covering map r j� is a biholomor-
phism. Thus a leaf of F transverse to f intersects a fixed fiber of f only once. Thus such a
leaf is biholomorphic to C n S and we have f �1.C n S/D �.M/D .C n S/�E 0. Recall
that � D G is the image of �1.E 0/! �1.X/! � . Therefore any leaf of F in �.M/ is
bihilomorphic to its preimage in M . In other words, for any x 2 r.U / n R, r�1.x/ \ U
is biholomorphic to C n S , a Riemann surface of finite type. As r�1.x/ is P1, this is only
possible if C D P1. Hence X is a genus 1 bundle over P1. Assume that #S D 2. Then
#R D 2, r.U / D P1 and we are in case (A). In this case U is a C�-bundle over P1. The
fact that r.U /D B allows us to suppose that � � Aut.Y / by Corollary 7.1.3. We are thus
in the setting of Example 9.1.2.

Assume that #S D #R D 1 and that we are in case (A). Then C n S is biholo-
morphic to C and r.U /D P1 n ¹0º. The fiber r�1.1/\U is biholomorphic to C� while
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M DC� �C. ThereforeU is biholomorphic to C2 n ¹0º andX is a Hopf surface. A gener-
ator of � has the form .x;y/ 7! .ax;by/ because it acts by multiplication on r�1.1/\U
and preserves both the horizontal and the vertical foliations onM . Therefore this situation
corresponds to the normal form of a Hopf surface as in Section 6.1.3.

Assume that #S D #R D 1 and that we are in case (B). Then C n S is biholomorphic
to C and r.U / D P1. We can suppose that � � Aut.Y / by Corollary 7.1.3. The fiber
r�1.1/ \ U is biholomorphic to C while M D C � C. Therefore U is a C-bundle
over P1, the complement of a section in a ruled surface. Then Remark 9.1.8 allows us
to conclude that U D P1 � C and that we are in the setting of Example 9.1.4.

Finally, let us consider case (C). In this case � and r�1.1/ \ U are biholomorphic
to C. Since � D G is the image of �1.E 0/! �1.X/! � , the set M has the structure of
a C-bundle over C n S . Denote by Nf WM ! C n S the fibration map. Consider the map
� W M ! .C n S/ � C� defined by �.z/ D . Nf .z/; r.z// where we identified r.U / n R
with C�. The preimage � of any fiber of f is a fiber of Nf . The projection r W �! C� is
an exponential map by Lemma 9.1.1, i.e. an infinite cyclic covering. This implies that � is
a cyclic covering map. In particular, the C-bundle structure of M is the pull-back of the
C�-bundle structure on .C n S/�C�, thus trivial. In other words,M is biholomorphic to
.C nS/�C. Let x 2C�. We have r�1.x/\M D ��1 ..C n S/ � ¹xº/. Thus r�1.x/\M
is an infinite cyclic covering (possibly disconnected) of C n S . However, a punctured
hyperbolic curve does not admit cyclic coverings contained in P1 (see [62]), so C is P1

or an elliptic curve.
Suppose by way of contradiction that C is an elliptic curve. Let �r be the kernel of

the projection �! �B with generator 
1. For x 2C�, as r�1.x/\M is a cyclic covering
of C n S where �r acts by deck transformations, r�1.x/ \M is contained in a copy of
C� where 
1 acts by y 7! ay with a 2 C�. Let 
2 be an element of � whose image in �B
generates �B . Then � D Z2 is generated by 
1 and 
2. By Theorem 4.4.3 (the information
we are using here is due to [22]), up to conjugation 
1; 
2 can be written respectively as
.x; y/ 7! .x; ay/ and .x; y/ 7! .bx;R.x/y/ with a; b 2 C� and R 2 C.x/�. By Lemma
5.2.2 and Corollary 7.1.3, we can assume these formulas without conjugation at least
over C� D r.U / n R. Recall that r�1.1/ \ U has a component biholomorphic to C on
which � acts as a lattice. This gives a contradiction because 
1 acts on any irreducible
component of F by multiplication. Therefore C D P1.

Since C n S D P1 n S has an infinite cyclic covering, we have necessarily #S D
#R D 2, C n S � C�, and r�1.x/ \ U is biholomorphic to C for any x … R. We have
R D ¹0;1º and r.U / D B . Then U is a C-bundle over P1. The fact that r.U / D B

implies that � � Aut.Y / by Corollary 7.1.3. And since U is the complement of a section
of the Hirzebruch surface Y , Remark 9.1.8 implies that U D P1 � C and Y D P1 � P1.
Hence we are in the setting of Example 9.1.6.

Proposition 9.1.13. Suppose that F is an obvious foliation on a non-elliptic Hopf sur-
face. Then up to a geometric conjugation preserving the rational fibration and up to
replacing � with a finite index subgroup we are in one of the following situations:

(1) X contains two elliptic curves and we are in the setting of Example 9.1.2.
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(2) X contains one elliptic curve and we are in the setting of Example 9.1.3.

(3) U is the standard open set C2 n ¹0º of Y D P1 � P1 and � is generated by the
normal form .x; y/ 7! .˛x C 
ym; ˇy/.

Proof. Since the fundamental group of a Hopf surface is virtually cyclic, the open setU is
a finite quotient of C2 n ¹0º. There always exists an immersion C!U which is transverse
to the foliation and intersects each leaf at most once. Consequently, r.U / is P1 or C.

Assume that r.U / D P1. Then U is a C�-bundle over r.U /. By Corollary 7.1.3 we
have � � Aut.Y /. The complement of U in Y is �-invariant, so it is necessarily the union
of two sections of r . Hence we are in the setting of Example 9.1.2 or 9.1.3.

Assume that r.U / D C. Then the intersection of U with a fiber of r is C except for
one fiber where it is C�. By Corollary 7.1.3, � acts by automorphisms on C � P1. The
complement of U in C � P1 is �-invariant, so it is necessarily the union of a point with
an algebraic curve isomorphic to C. Consequently, U D C2 n ¹0º � C2 � C � P1 and
r is the projection onto the first coordinate. As � preserves U , a generator of � has the
form .x; y/ 7! .ax;B.x/y CR.x// where a 2 C� and B;R 2 C.x/. As � acts regularly
on U , the rational function B has no poles or zeros, while R has no poles. This means
that B is a non-zero constant and R is a polynomial. Using conjugations of the form
.x; y/ 7! .x; y C xn/, n 2 N, we can reduce the situation to the normal form of a Hopf
surface as in Section 6.1.3.

Proposition 9.1.14. Suppose that F is a suspension of P1. Up to a geometric conjugation
preserving the rational fibration and up to replacing � with a finite index subgroup, we
have Y D P1 �P1 and � � PGL.2;C/� PGL.2;C/. The projection of � onto the second
factor is a classical Kleinian group; we have U D P1 �D whereD � P1 is an invariant
component of that classical Kleinian group.

Proof. As F is a suspension of P1, any covering space ofX has a P1-bundle structure. In
particular, U is covered by rational curves with self-intersection zero which are transverse
to r . This implies that up to geometric conjugation Y D P1 � P1, the first projection
is r , and the rational curves in U are fibers of the second projection. The conclusion
follows.

9.2. Infinite suspensions of elliptic curves

We denote the covering map U ! X by � . We now consider the case where there exists
a compact Riemann surface M and an elliptic curve N such that the foliation F on X is
an infinite suspension of N over M . Recall that X is Kähler when F is a suspension. If
M is an elliptic curve then by Enriques–Kodaira’s classification the Kähler surface X is
a finite quotient of a torus, and by taking a finite index subgroup of � , we can reduce to
the case of linear foliations on tori which will be studied later. We assume in this section
that the Riemann surface M is hyperbolic.

Recall the construction of a suspension. There exists an infinite Galois covering NM
of M with deck transformation group G and a representation ˛ W G ! Aut.N / with
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infinite image such that X is the quotient of NM � N by the action of G defined by
g � .m; n/ D .g �m; ˛.g/ � n/. We have a fibration f W X ! C whose fibers are all iso-
morphic to N . The fibration f is everywhere transverse to F . Up to replacing NM with a
quotient, we can assume that ˛ is injective. Denote by QM the universal cover of M . The
universal cover of X is QM � C. The fundamental group of NM � N is �1. NM/ � �1.N /

and the fundamental group of X fits in the exact sequence

1! �1. NM/ � �1.N /! �1.X/! G ! 1: (9.1)

We will think of �1. NM/ and �1.N / as subgroups of �1.X/. Note that the birational
Kleinian group � can be identified with a quotient of �1.X/. Thus up to replacing � and
�1.X/ with subgroups of finite index, we can assume that G is an abelian group, i.e. ˛
sends G injectively to a group of translations on N .

Lemma 9.2.1. The subgroup �1.N / is contained in the center of �1.X/.

Proof. The action of an element of �1.X/ on the universal cover QM � C has the form
.x; y/ 7! .ˇ.x/; y C b/ with ˇ 2 �1.M/ and b 2 C, whereas an element of �1.N / has
the form .x; y/ 7! .x; y C c/, c 2 C.

Denote respectively by �1 and �2 the images of �1.N / and �1. NM/ in � . As images
of normal subgroups under a surjective homomorphism, �1 and �2 are normal subgroups
of � . Up to replacing � with a subgroup of finite index, we can assume that �1 is a free
abelian group of rank 1 or 2. The center of � contains �1 by Lemma 9.2.1. Denote by �3
the quotient �=.�1�2/. Then (9.1) implies that �3 is isomorphic to a quotient of G, thus
is abelian. For the subgroups �i � � , i D 1; 2, we denote by �iB the induced subgroup
of PGL.2;C/. By Lemma 9.1.1, �1B is infinite. By construction of the suspension, �2
preserves each leaf of ��F in U . In particular, �2 preserves each fiber of the rational
fibration r . We summarize the above assertions as follows:

Lemma 9.2.2. The center of � contains �1. The subgroup �2 is normal and satisfies
�2B D ¹Idº whereas �1B is infinite. The quotient �3 D �=.�1�2/ is an abelian group.

Lemma 9.2.3. At least one of �2; �3 is infinite. In other words, �1 is not a subgroup of
finite index of � .

Proof. Assume that �1 has finite index in � . Then U would be foliated by finite coverings
of M . These coverings of M induce a pencil of hyperbolic curves on Y preserved by � .
This is not possible for an infinite subgroup of Bir.Y / (see Theorem 4.3.1).

Corollary 9.2.4. There is a subgroup of � containing �1 and isomorphic to Zn for some
n � 2.

Proof. Let ı 2 � be an element of infinite order of �2 or the preimage of an element
of infinite order of �3. Then ı and �1 generate an infinite abelian subgroup of rank at
least 2.

By Lemma 9.1.1, the projection r.U / is C;C� or P1. We can actually rule out P1:
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Lemma 9.2.5. We have r.U / ¤ P1.

Proof. Assume by way of contradiction that r.U / D P1. By Corollary 7.1.3 we have
� � Aut.Y /. Therefore all elements of � are elliptic birational transformations. Let �4
be a subgroup isomorphic to Zn, n � 2, as in Corollary 9.2.4. Note that �4B is infinite
because it contains �1B . We can conjugate �4B in Jonq to a group of one of the first
four forms in Theorem 4.4.3. Then we apply Theorem 4.4.1 to � . Note that when we use
the descriptions of centralizers in Theorem 4.4.1, we take only those elements preserving
the rational fibration r . We then deduce that the whole group � is conjugate in Jonq to
a subgroup of PGL.2;C/ � PGL.2;C/ D Aut0.P1 � P1/. A priori the conjugation may
not be geometric.

Assume by way of contradiction that all elements of �1, after the above conjugation,
have the form .x; y/ 7! .A.x/; y/ where A.x/ D x C 1 or A.x/ D ax; a 2 C�. Then the
fibers of the genus 1 fibration f WX!C come from the horizontal foliation onU induced
by a pencil of rational curves on Y transverse to r . But then leaves of this horizontal
foliation onU , which are either all biholomorphic to C or all biholomorphic to C�, project
via r onto the same open subset r.U /. In particular, r.U / ¤ P1.

Therefore there exists an element of �1 which after conjugation has the form .x;y/ 7!

.A.x/; B.y// where both A; B 2 PGL.2; C/ have infinite order. Then Theorem 4.4.1
implies that the whole group � is conjugate to a group having one of the first four forms
of Theorem 4.4.3. In particular, � is abelian.

If the rank of � was � 3, then the action of � would not be discrete on the invariant
fiber r�1.1/ (or r�1.0/). Therefore � has rank 2 and its action on an invariant fiber
can be identified with a lattice in C. This means that (1) � is generated by two elements
gi W .Ai .x/;yC bi /, i D 1;2, whereAi 2 PGL.2;C/ and hb1; b2i is a lattice in C; (2)U D
P1 � C � Y D P1 � P1. We are thus in the situation of Example 9.1.4 or 9.1.6 and X is
a ruled surface, contrary to the assumption that M is hyperbolic.

Lemma 9.2.6. The group �B is not virtually cyclic.

Proof. Suppose by way of contradiction that �B is virtually cyclic. We know by Lemma
9.2.2 that �1B is infinite. Thus �1B is a subgroup of finite index of �B . Up to taking
a subgroup of finite index we can assume that �B D �1B . By Lemmas 9.1.1 and 9.2.5,
�1B is a lattice in C� D r.U /. Therefore r.U /=�B is an elliptic curve and r induces
a surjective holomorphic map from X to r.U /=�B whose fibers are (unions of) leaves
of F . This contradicts F being an infinite suspension.

Lemma 9.2.6 allows us to apply Theorem 4.4.3:

Lemma 9.2.7. Up to geometric conjugation realized by elementary transformations, we
have Y D P1 �P1 .where r is the projection onto the first factor/ and �1 is a subgroup of
one of the following four groups: ¹.x;y/ 7! .ax;by/ j a;b 2C�º; ¹.x;y/ 7! .ax;yC b/ j

a 2 C�; b 2 Cº, ¹.x; y/ 7! .x C a; by/ j a 2 C; b 2 C�º or ¹.x; y/ 7! .x C a; y C b/ j

a; b 2 Cº. In the first two cases, r.U / D C�; in the last two, r.U / D C.
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Proof. Recall that �1 is contained in the center of � . The image in Aut.B/ of the cent-
ralizer of a Jonquières twist is virtually cyclic by Theorem 4.4.2. Thus from Lemma 9.2.6
we deduce that �1 contains no Jonquières twists and is an elliptic free abelian group. Then
there exists a birational map � W Y Ü P1 � P1, a composition of elementary transform-
ations, such that ��1��1 has one of the first four forms in Theorem 4.4.3. It remains to
show that the conjugation � can be chosen to be geometric. The reason is as follows. Up
to a coordinate change on P1 D B , the elementary transformations in � can be made over
any point in B . As r.U / is a proper subset of B by Lemma 9.2.5, we can do elementary
transformations on a fiber over a point outside r.U /. Such an elementary transformation
has no effect on U or on the dynamics of � on U . In other words, elementary transform-
ations outside U realize a geometric conjugation of � .

Now we study cases (a)–(c) of Lemma 9.1.1 one by one.

Lemma 9.2.8. The group �1B is not a group of multiplications of rank 2.

Proof. Assume by way of contradiction that �1B is a group of multiplications of rank 2.
We have r.U / D C� by Lemma 9.1.1. By Lemma 9.2.7, �1 is a group generated by
two elements gi W .x; y/ 7! .aix;Ai .y//, i D 1; 2, where ai 2 C� and Ai 2 PGL.2;C/.
At least one of the Ai has infinite order because otherwise the action of �1 would be
nowhere discrete. Then by Theorem 4.4.1 we deduce that � is a subgroup of ¹.x; y/ 7!
.ax; y C b/ j a 2 C�; b 2 Cº or ¹.x; y/ 7! .ax; by/ j a 2 C�; b 2 C�º. Observing that
the action is not discrete in any neighborhood of the invariant fiber r�1.1/ (or r�1.0/),
we deduce that U is necessarily the Zariski open set C� � C or C� � C�. This implies
that X is a torus, contradicting our hypothesis that M is hyperbolic.

Lemma 9.2.9. If �1B is a lattice in C, then U DC�� where� is an invariant compon-
ent of a classical Kleinian group and � � PGL.2;C/� PGL.2;C/. The genus 1 fibration
on X is induced by the second projection P1 � P1 ! P1.

Proof. Suppose that �1B is a lattice in C. We have r.U /DC by Lemma 9.1.1. By Lemma
9.2.7, �1 is a group generated by two elements gi W .x; y/ 7! .ai C x; Ai .y//, i D 1; 2,
where ai 2 C� and Ai 2 PGL.2;C/.

Assume by way of contradiction that one of theAi has infinite order. Then by Theorem
4.4.1 we deduce that � is a subgroup of ¹.x; y/ 7! .x C a; y C b/ j a 2 C; b 2 Cº or
¹.x; y/ 7! .x C a; by/ j a 2 C; b 2 C�º. Then similar arguments to the proof of Lemma
9.2.8 rule this situation out.

Assume that Ai D Id, i D 1; 2. Then the genus 1 fibration on X is simply induced
by the second projection P1 � P1 ! P1. This implies that U is a product C �� where
� is an open subset of P1. By Theorem 4.4.1, any element of � has the form .x; y/ 7!

.x C R.y/; B.y//; R 2 C.y/; B 2 PGL.2;C/. Since � preserves the rational fibration
r W .x; y/ 7! x, the rational function R in the above formula is always constant. In other
words, � is a subgroup of PGL.2;C/ � PGL.2;C/. Then � induces via the second pro-
jection a classical Kleinian group that preserves �.
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Lemma 9.2.10. If �1B is a lattice in C�, then U D C� � � where � is an invariant
component of a classical Kleinian group and � � PGL.2;C/ � PGL.2;C/. The genus 1
fibration on X is induced by the second projection P1 � P1 ! P1.

Proof. Suppose that �1B is a lattice in C�. We have r.U / D C� by Lemma 9.1.1. By
Lemma 9.2.7, �1 is a subgroup of ¹.x; y/ 7! .ax;A.y// j a 2 C�; A 2 PGL.2;C/º.

Let g W .x; y/ 7! .ax; A.y// be the preimage in �1 of a generator of �1B . Similar
arguments to the proof of Lemma 9.2.9 show that A has finite order.

From now on we assume that A D Id. We distinguish two cases: either �1 is cyclic
generated by g, or �1 has rank 2.

If �1 is cyclic, then the genus 1 fibration on X is simply induced by the second pro-
jection P1 � P1 ! P1 and we conclude as in the proof of Lemma 9.2.9.

Assume now that �1 has rank 2. Then it is generated by g and another element h of
the form g W .x; y/ 7! .x; B.y// where B.y/ D y C 1 or B.y/ D by, b 2 C�. Applying
Theorem 4.4.1 to both g and h, we see that � is a subgroup of ¹.x; y/ 7! .cx; y C d/ j

c 2C�; d 2Cº or ¹.x;y/ 7! .cx;dy/ j a 2C�; d 2C�º. Again this is a torus situation.

Finally, the results in this section can be summarized as follows:

Proposition 9.2.11. Suppose that F is an infinite suspension of an elliptic curve over a
hyperbolic curve. Then up to geometric conjugation and up to taking a subgroup of finite
index, � is a subgroup of PGL.2;C/ � PGL.2;C/ acting on Y D P1 � P1. The open
subset U � Y is �1 ��2 where �1 is C or C�, and �2 is an invariant component of a
classical Kleinian group. The genus 1 fibration on X is induced by the second projection
P1 � P1 ! P1.

9.3. Fibrations

In this subsection we consider the case where the induced foliation F on X is a fibration
f W X ! C . We still denote the covering map U ! X by � , and by �r the kernel of the
homomorphism � ! �B . By Corollary 7.1.3, � acts by biholomorphisms on r�1.r.U //.
Up to replacing � with a finite index subgroup, we can assume that � fixes any singular
point of any fiber in r�1.r.U //. For a point x 2 r.U / we denote by �x the subgroup of �
that preserves the fiber r�1.x/. The group �x acts by biholomorphisms on r�1.x/. The
group �r is a normal subgroup of �x for all x. Recall that we assume that �B is infinite
throughout Section 9.

Lemma 9.3.1. (1) For any x 2 r.U /, the intersection of U with r�1.x/ has finitely many
connected components.

(2) If� is a connected component of U \ r�1.x/, then the subgroup �� of � preserving
� satisfies �� � �r � �x and is a finite index subgroup of �x .

(3) For any x 2 r.U /, the fiber r�1.x/ is non-singular, i.e. r�1.x/ D P1.

(4) r.U / is a proper subset of B D P1.
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Proof. Let � be a connected component of U \ r�1.x/ for some x 2 r.U /. It is a leaf
of the foliation ��F on U , i.e. �.�/ is a fiber of f W X ! C . We assume that it is not a
multiple fiber. The group �� is the subgroup of � that preserves�; it is a subgroup of �x .
The quotient of� by �� is the fiber �.�/. The group �� is the image of the composition
�1.�.�//!�1.X/!� . Therefore �� is a normal subgroup of � and it does not depend
on the leaf� as long as �.�/ is a regular fiber of f W X ! C . In particular, �� fiberwise
preserves the rational fibration, i.e. �� � �r . For a leaf �0 such that �.�0/ is a multiple
fiber, �� is a subgroup of ��0 of finite index.

Let x 2 r.U /. Suppose that r�1.x/ is a singular fiber of the rational fibration. By our
hypothesis at the beginning of the section, �� fixes all singular points of r�1.x/. Thus it is
solvable. Consequently,� is biholomorphic to C or C� and fibers of f are elliptic curves.
This implies that the intersection of U with an irreducible component of r�1.x/ is either
empty or biholomorphic to C or C�. Thus the first assertion of our lemma is true if r�1.x/
is a singular fiber. Let us assume now that r�1.x/ is not singular, i.e. is isomorphic to P1.
Then we can think of �� as a classical Kleinian group with an invariant component �.
The intersection of U with r�1.x/ is a union of connected components of ��. By the
above discussion all of them are ��-invariant. Ahlfors’s finiteness theorem (see [1, 71])
says that .U \ r�1.x//=�� is a finite union of compact Riemann surfaces. This implies
that r�1.x/ \ U has only finitely many connected components.

In the first paragraph of the proof we have inferred �� ��r ; we also have an inclusion
�r � �x . The finiteness of connected components implies that �� has finite index in �x .
From this and the infiniteness of �B we deduce that any point x 2 r.U / has an infinite
orbit under �B . As � acts by biholomorphisms on r�1.r.U // by Corollary 7.1.3, we
conclude that r has no singular fibers over r.U /.

Any element of �B has a fixed point in B D P1. If r.U / D B then a fixed point x
of some element of infinite order of �B would give rise to a �x such that �r has infinite
index in �x , contradicting the second point of the lemma.

Up to making elemantary transformations on a fiber over a point outside r.U / we can
and will assume that Y D P1 � P1 and that r is the projection onto the first factor. As a
finitely generated subgroup of PGL.2;C/, �B has a torsion-free subgroup of finite index
by Selberg’s lemma (see [70]). Up to replacing � with the preimage of such a subgroup
of �B , we can and will assume that �B is torsion-free. Since �r has finite index in �x by
Lemma 9.3.1, this is equivalent to saying that for any x 2 B , we have �x D �r .

By Proposition 7.1.5, F is equipped with a foliated .PGL.2;C/;P1/-structure. Note
that regular fibers of f are isomorphic to each other and have the same .PGL.2;C/;P1/-
structure. This is clear if the fibers are P1. If a fiber of f is an elliptic curve, then its
.PGL.2;C/;P1/-structure is induced by one of its infinite covers C or C�, depending on
whether �r has rank 1 or 2. If all fibers of f have genus � 2, then the claim follows from
Proposition 6.2.3.

We will think of �r as a family of classical Kleinian groups parametrized by r.U /.
Denote still by � a connected component of the preimage of a regular fiber of f . The
pair .�; ��/ gives the developing map and holonomy group of the .PGL.2;C/; P1/-
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structure on the corresponding fiber of f . Therefore up to conjugation they do not depend
on the fiber containing �. More precisely, there exists a holomorphic map H W r.U /!
PGL.2; C/ such that H��H�1 is a constant family of classical Kleinian groups. In
other words, denoting the field of meromorphic functions on r.U / by C¹xº, there are
H 2 PGL.2;C¹xº/ and a subgroup �c � PGL.2;C/� PGL.2;C¹xº/ such thatH�1�cH
is ��, a subgroup of PGL.2;C.x// � PGL.2;C¹xº/. Therefore the conjugation H is
actually algebraic, i.e. it is an element of PGL.2;C.x//. In other words,H realizes a geo-
metric conjugation of our birational Kleinian group so that �� becomes contained in the
subgroup ¹Idº � PGL.2;C/ of Aut.P1 � P1/. Moreover, U D r.U / �� by connected-
ness of U . Thus �r D ��. Consequently, f W X ! C is a locally trivial fibration without
multiple fibers and r.U /=�B D C . In summary, we have the following.

Proposition 9.3.2. Up to geometric conjugation and up to taking finite index subgroup,
Y D P1 � P1, U D r.U / �� and �r D �� is a subgroup of ¹Idº � PGL.2;C/.

Finally, we distinguish three situations according to whether the fibers of f are P1,
elliptic curves or hyperbolic Riemann surfaces. If the fibers of f are P1, then U is neces-
sarily r.U / � P1.

Example 9.3.3. Consider the cyclic group � generated by

.x; y/ 7Ü .bx; cxky/; b; c 2 C�; k 2 Z�; jbj ¤ 1:

The quotient .C� � P1/=� is a geometrically ruled surface over an elliptic curve; it is a
decomposable ruled surface because of the two disjoint sections ¹y D 0º; ¹y D1º.

Proposition 9.3.4. Suppose that all fibers of f have genus 1. Then up to geometric con-
jugation and up to taking a finite index subgroup we are in one of the following two
situations:

(1) Y D P1 � P1, U D D1 � C� and D1 is an invariant component of the classical
Kleinian group �B ; � is a subgroup of JC WD ¹.x; y/Ü .�.x/; R.x/y/ j � 2

PGL.2;C/; R 2 C.x/�º D C.x/� Ì PGL.2;C/; �r � ¹Idº � PGL.2;C/ is a cyc-
lic central subgroup of � .

(2) Y D P1 � P1, U D D1 � C and D1 is an invariant component of the classical
Kleinian group �B ; � is a subgroup of J � WD ¹.x; y/Ü .�.x/; y C R.x// j � 2

PGL.2;C/; R 2 C.x/º D C.x/ Ì PGL.2;C/; �r � ¹Idº � PGL.2;C/ is a central
subgroup of � isomorphic to Z2.

Proof. By the exact sequence 1! �r ! � ! �B ! 1 the group � acts by outer auto-
morphisms on the abelian group �r . Any such outer automorphism is induced by an
automorphism of an elliptic curve fixing the origin. Therefore up to replacing � with
a finite index subgroup, we can assume that �r is central in � . This is equivalent to saying
that we replace X with a finite unramified cover which is a principal elliptic bundle (cf.
[2, Section V.5]).

It remains to show that � is contained in JC or J �. This is because the centralizer
of �r is respectively JC or J � by Theorem 4.4.1.
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Let us now describe two examples where the group � is not conjugate to a subgroup
of PGL.2;C/ � PGL.2;C/. The first is given by the standard construction of primary
Kodaira surfaces (see Section 3.2.4). In the second example, � is not conjugate to a group
of automorphisms of a projective surface:

Example 9.3.5. Consider the group � generated by the following two elements:

.x; y/ 7! .x; ay/;

.x; y/ 7Ü .bx; cxky/; a; b; c 2 C�; k 2 Z�; jaj; jbj ¤ 1:

By lifting the deck transformations to C2 we see that the quotient .C� � C�/=� is a
primary Kodaira surface. Note � is included in the toric subgroup. The birational trans-
formation .x; y/ 7! .bx; cxky/ has linear degree growth and is not birationally conjugate
to an automorphism of a projective surface.

Proposition 9.3.6. Suppose that all fibers of f have genus � 2. Then up to geometric
conjugation and up to taking a finite index subgroup we have Y D P1 �P1, � D �B ��r
and U D D1 � D2 where D1; D2 are invariant components of the classical Kleinian
groups �B ; �r respectively.

Proof. For x 2 r.U /, we denote by P1x the fiber of r over x and by Gx the restriction
of �r on P1x . Since �r � ¹Idº � PGL.2;C/ by Proposition 9.3.2, the classical Kleinian
groups Gx are the same if we identify the different P1x .

Let 
 be an element of � . We write it as 
 W .x; y/ 7Ü .
B.x/; �.x/.y// where 
B is
the image of 
 in �B and � is a rational map from B to PGL.2;C/. Since �r is a normal
subgroup, we have 
�r
�1 D �r . Then

�.x/Gx�.x/
�1
D G
B .x/ D Gx :

This means that �.x/ is in the normalizer ofGx in PGL.2;C/. As the fibers of f are hyper-
bolic, Gx is a non-elementary Kleinian group and its normalizer is a discrete subgroup of
PGL.2;C/ (see [63, Chapter V.E.10]). Being a holomorphic map into this normalizer, the
map � is constant and consequently 
 2 PGL.2;C/ � PGL.2;C/

Therefore � is a subgroup of PGL.2;C/ � PGL.2;C/. Let �2 be its projection onto
the second factor. Since the fibers of the locally trivial fibration f W X ! C have genus
� 2, there exists a finite unramifed cover NC of C such that the pull-back fibration over NC
is simply a product (see [2, Section V.6]). In particular, a finite unramified cover of X is a
product of two curves. This implies that �2=�r is a finite group. Hence up to replacing �
with a finite index subgroup, we have �2 D �r and � is isomorphic to �B � �r .

9.4. Complex tori

Proposition 9.4.1. Assume that X is a complex torus. Then up to geometric conjugation
the birational Kleinian group .Y; �; U;X/ satisfies

� Y D P1 � P1 and U is one of the three Zariski open sets: C2, C � C� or C� � C�.
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� � can be identified with a lattice in U with its natural structure of algebraic group,
i.e. the elements of � have respectively the form .x; y/ 7! .x C a; y C b/, .x; y/ 7!
.x C a; by/ or .x; y/ 7! .ax; by/.

Proof. The fundamental group of a complex torus is isomorphic to Z4. After replacing �
with a subgroup of finite index we can and will assume that � and �B are free abelian
groups. Note that the only regular foliations on complex tori are turbulent foliations and
linear foliations (which can be considered as suspensions in some cases). We know by
Proposition 9.1.12 that F is linear. We also know by Lemma 9.1.9 that r.U / is C or C�.

A linear foliation on the torus X is induced by a linear map from C2 to C equivariant
under �1.X/, the action on C being by translations. The image of �1.X/ in Aut.C/ is
a free abelian group of rank 2; 3 or 4, depending on whether the leaves of F are elliptic
curves, C� or C. The open setU being a quotient of C2 with r induced by the above linear
map, is a C or C� bundle over C or C�. It is biholomorphic to C2, C � C� or C� � C�.
In other words, the complement r�1.r.U // n U is one or two holomorphic sections of r
over r.U /. To conclude we need to prove that these sections are algebraic.

We assume first that �B is free of rank � 2. In this case the descriptions of � and U
given in the statement follow from Theorem 4.4.3. We only need to observe that the con-
jugation that we need in Theorem 4.4.3 is a geometric conjugation of birational Kleinian
groups. This is because the conjugation is a sequence of elementary transformations. If
we let the elementary transformations be done outside U , then the conjugation is geo-
metric. Note that the hypothesis that the rank of �B is � 2 is always satisfied when F is
irrational, because then the action of �B on r.U / is not discrete.

Consider now the case where �B is cyclic. Then r.U / is necessarily C�, F is an
elliptic fibration and �r , the subgroup of � fiberwise preserving the rational fibration, is a
free abelian group of rank 1 or 2. If �r has rank 1 then r�1.x/\U DC� for any x 2 r.U /
and �r acts by multiplications in the fibers; if �r has rank 2 then r�1.x/ \ U D C for
any x 2 r.U / and �r acts by translations in the fibers.

First consider the case where �r has rank 1. By Theorem 4.4.3, up to conjugation,
�r is generated by an element 
1 W .x; y/ 7! .x; ay/ and � is generated by 
1 and

2 W .x; y/ 7! .bx; R.x/y/ with R 2 C.x/�; being a sequence of elementary transform-
ations the conjugation can be done outside U so that it is a geometric conjugation of
birational Kleinian groups. Therefore U is the standard Zariski open set C� � C�. As

2 acts regularly over r.U / D C�, the rational function R has neither zeros nor poles
over C�. Thus R.x/ D xk for some k 2 Z. If k ¤ 0 then the quotient C� � C� would be
a primary Kodaira surface (cf. Example 9.3.5). Hence the conclusion.

Finally, consider case where �r has rank 2. By Theorem 4.4.3, up to conjugation, �r
is generated by two elements 
j W .x; y/ 7! .x; y C aj /, j D 1; 2, and � is generated
by 
1; 
2 and 
3 W .x; y/ 7! .bx; y C R.x// with R 2 C.x/. Again the conjugation can
be chosen to be geometric. Therefore U is the standard Zariski open set C� � C. As 
3
acts in a regular way over r.U / D C�, the rational function R has no poles over C�.
Thus R.x/ D Q.x/=xk for some k 2 Z and Q 2 CŒx�. The iterates of 
3 can be written
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as


n3 W .x; y/ 7! .bnx; y C S.x// where S.x/ D
1

xk

n�1X
jD0

Q.bx/

bk
:

Thus 
3 has bounded degree growth and is an elliptic element. By conjugating � with ele-
ments of the form .x; y/ 7! .x; y C P.x/=xk/ with P 2 CŒx�, we can, without changing

1; 
2, put 
3 in the form .x; y/ 7! .bx; y/. Hence the conclusion.

9.5. Bidisk quotients

Finally, we consider the case where F is a transversely hyperbolic foliation with dense
leaves. By Proposition 9.1.11, r.U / is a proper subset of P1. Since every leaf of F

is dense in X , any �B -orbit in r.U / is infinite. This implies by Corollary 7.1.3 that
r�1.r.U // is biholomorphic to r.U / � P1. Then by Proposition 7.1.5, F is equipped
with a foliated .PGL.2;C/;P1/-structure. By Corollary 6.2.2, X is a bidisk quotient.

Consider the composition �1.X/ ! � ! �B � PGL.2;C/. As in Lemma 9.1.10,
Margulis superrigidity [60] implies that �1.X/! �B is, up to conjugation in PGL.2;C/
and up to taking a Galois conjugate, the projection of the lattice into one of the factors
PSL.2;R/. Moreover, r.U / is a round disk and U is biholomorphic to the bidisk.

By Proposition 6.2.4 the foliated .PGL.2;C/; P1/-structure on F is constant along
the foliation. Every leaf of F can be identified with the unit disk as a .PGL.2;C/;P1/-
manifold. Consequently, r�1.x/ \ U is a round disk for any x 2 r.U /, and there exists
a holomorphic map h W D ! PGL.2;C/ and a �1.X/-equivariant biholomorphism H W

D � P1!D � P1 defined by .x;y/ 7! .x;h.x/.y//which sends U to D �D. It remains
to show that h is in fact an algebraic map.

Proposition 9.5.1. If F is a transversely hyperbolic foliation with dense leaves, then up
to geometric conjugation we are in the setting of the standard example of bidisk quotient.

Proof. We would like to show that H is the restriction of a birational transformation
preserving the rational fibration, i.e. an element of the Jonquières group. Then it realizes
the desired geometric conjugation of birational Kleinian groups.

Our group � is isomorphic to a cocompact irreducible lattice in PSL.2; R/ �
PSL.2;R/. We will use two properties of irreducible lattices:

(1) � has subgroups isomorphic to Z2 because PSL.2;R/ � PSL.2;R/ has real rank 2
(see [67]).

(2) Elements of �B are either elliptic or loxodromic elements of PSL.2;R/ because every
element of a cocompact lattice is semisimple (see [8, 66]).

Let 
1; 
2 2 � be such that h
1; 
2i is a subgroup isomorphic to Z2. Theorem 4.4.3
together with the second property above allows us to write 
1; 
2, up to conjugation in
Jonq, as 
i W .x; y/ 7! .aix; biy/, i D 1; 2, or 
i W .x; y/ 7! .aix; bi C y/, i D 1; 2.
Here the latter case is impossible because the holomorphic conjugation H is supposed
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to make 
i , i D 1; 2 also loxodromic in the y coordinate. Hence we can write them as

i W .x; y/ 7! .aix; biy/, i D 1; 2.

Denote by @U the boundary of U in P1 � P1 and by @h.U / the boundary of U in
D � P1. The two horizontal disks S1 D ¹y D 0; x 2 Dº, S2 D ¹y D 1; x 2 Dº are
invariant under 
i , i D 1; 2. We want to show that they are contained in @h.U /. Since
�B is isomorphic to � , the subgroup of C� generated by a1; a2 is isomorphic to Z2,
thus dense. Therefore there is a non-trivial sequence of birational transformations .ın/ in
h
1; 
2i such that ınB tends to the identity in PGL.2;C/. Up to extracting a subsequence,
ınjU converges to a holomorphic map from U to U \ @U . By discontinuity of the action
of � on U , the limit map has values in @U ; as ınB tends to the identity, the image of the
limit map is in @h.U /. Since each ın has the form .x; y/ 7! .cnx; dny/, the limit disk
is either S1 or S2. By considering the sequence .ı�1n /, we infer that S1 and S2 are both
contained in @h.U /.

Consider the conjugates H ı ın ıH�1. The sequence H ı ın ıH�1jD�D converges
to a horizontal disk as well. Therefore we can assume that H.Si / D Si , i D 1; 2. In other
words, the holomorphic conjugation map H has the form .x; y/ 7! .x; A.x/y/ where A
is a holomorphic function D ! C�. To conclude we need to show that A is algebraic. It
suffices to exhibit other disks in @h.U / defined by algebraic functions. We can conjugate
the 
1; 
2 in � to obtain 
3; 
4 2 � such that h
3; 
4i is isomorphic to Z2 but 
3; 
4 do not
commute with 
1; 
2. We apply the above discussion to 
3; 
4 and obtain other algebraic
disks in @h.U /. The proof is finished.

10. Classification and proof

10.1. Classification

Theorem D. Let .Y; U; �; X/ be a birational Kleinian group in dimension 2. Suppose
that if � is virtually cyclic or if X is a class VII surface then � contains no loxodromic
elements. Then up to geometric conjugation and up to taking a finite index subgroup, we
are in one of the cases in the following table:

Birational Kleinian groups in dimension 2

Y U � X

1 B � P1 where B is a
compact Riemann
surface

B �D1 where D1 is
an invariant component
of a classical Kleinian
group �1

¹Idº � �1 �
Aut.B/ � Aut.P1/

B �

.D1=�1/

2 P .E/ where E is an
extension of OB by OB
and B is a compact
Riemann surface

the complement of a
section of the ruling

isomorphic to Z2 a principal
elliptic
bundle
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Y U � X

3 a blow-up of a
decomposable ruled
surface

a Zariski open subset
whose intersection with
each fiber of the ruling
is C�

isomorphic to Z an elliptic
fibration
with only
type mI0
singular
fibers

4 B � P1 where B is an
elliptic curve

B �D1 where D1 is
an invariant component
of a classical Kleinian
group �1

9� W �1 ! Aut.B/;
8
 2 �; 9
1 2 �1;


 D .�.
1/; 
1/ 2

Aut.B/ � Aut.P1/

B-bundle
over
D1=�1

5 an indecomposable
geometrically ruled
surface over an elliptic
curve with a section of
zero self-intersection

the complement of the
section of zero
self-intersection

isomorphic to Z2 complex
torus

6 a decomposable
geometrically ruled
surface over an elliptic
curve

the complement of two
disjoint sections

isomorphic to Z complex
torus

7 P2 C2 isomorphic to Z4 complex
torus

8 P2 C � C� isomorphic to Z3 complex
torus

9 P2 C� � C� isomorphic to Z2 complex
torus

10 P2 C2 a group of affine
transformations,
an extension of Z2
by Z2

primary
Kodaira
surface

11 P2 C2 n ¹0º isomorphic to Z Hopf
surface

12 P2 H � C a solvable group of
affine
transformations

Inoue
surface

13 P2 B2 a cocompact lattice
in PU.1; 2/

ball
quotient

14 P1 � P1 D1 �D1 an irreducible
cocompact lattice
in PSL.2;R/ �
PSL.2;R/

bidisk
quotient

15 a Hirzebruch surface
blown up at two fibers
at most

a Zariski open subset
whose intersection with
each fiber of the ruling
is C�

a cyclic group
generated by
.x; y/ 7! .ax; by/

Hopf
surface
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Y U � X

16 a Hirzebruch surface
blown up at one fiber
at most

a Zariski open subset
whose intersection with
each fiber of the ruling
is C�

a cyclic group
generated by
.x; y/ 7!

.x C a; by/

Hopf
surface

17 P1 � P1 D1 �D2 where Di is
an invariant component
of a classical Kleinian
group �i

�1 � �2 �

PGL.2;C/ �
PGL.2;C/

.D1=�1/ �

.D2=�2/

18 P1 � P1 D1 � C� where D1 is
an invariant component
of a classical Kleinian
group �1

isomorphic to a
central extension of
�1 by Z, any
element has the
form .x; y/Ü
.
1.x/; R.x/y/

where 
1 2 �1 and
R 2 C.x/�

principal
elliptic
bundle over
D1=�1

19 P1 � P1 D1 � C where D1 is
an invariant component
of a classical Kleinian
group �1

isomorphic to a
central extension of
�1 by Z2, any
element has the
form .x; y/Ü
.
1.x/; y CR.x//

where 
1 2 �1 and
R 2 C.x/

principal
elliptic
bundle over
D1=�1

20 P1 � P1 D1 � P1 where D1 is
an invariant component
of a classical Kleinian
group �1

isomorphic to �1,
preserves the
projection of
P1 � P1 onto the
first factor

geometric-
ally ruled
surface
over
D1=�1

The surface Y is rational except in the first six cases. The group � is a group of
automorphisms except in the last three cases. In cases 18, 19, 20, � may or may not be
conjugate to a group of automorphisms of some projective surface.

We explain how Theorem D implies Theorem C. Under the hypothesis that U is
simply connected and X is Kähler, the group � is isomorphic to the Kähler group �1.X/.
By the Hodge Theorem the abelianization of a Kähler group has even rank, thus is not
cyclic. Hence the hypothesis of Theorem C implies the hypothesis of Theorem D. It thus
suffices to remark that in the list given by Theorem D the only cases where U is simply
connected and X is Kähler are the seven cases listed in Theorem C.

When X is an Inoue surface, we proved in our previous paper [81] that there is no
cyclic birational Kleinian group having quotient surface X ; in other words, the two hypo-
theses in Theorem D can be dropped. The proof uses particular geometric features of
Inoue surfaces as well as ergodic properties of loxodromic birational transformations.
Known class VII surfaces have rather small fundamental groups, typically cyclic.



S. Zhao 1206

10.2. Proof

Let .Y; �; U; X/ be a birational Kleinian group in dimension 2. By Theorem A, Y has
Kodaira dimension �1. Thus it is either rational, or birational to a ruled surface over a
non-rational curve.

Suppose that Y is not rational. Then there is a rational fibration r W Y ! B onto a
curve B of genus � 1. Every birational transformation of Y preserves the fibration r .
If �B is a finite group then all possibilities are classified by Theorem 7.2.1. This gives
the first three cases in Theorem D. If �B is infinite then B is an elliptic curve and all
possibilities are classified by Theorem 8.0.1. This gives cases 1, 4, 5 and 6 in Theorem D.

From now on we assume that Y is a rational surface. We apply Theorem 4.3.1 to � . We
will first deal with the cases where a rational fibration is preserved by � up to conjugation,
then deal with the other cases of Theorem 4.3.1.

10.2.1. Rational surfaces I: invariant rational fibrations. Assume that up to conjugation
the group � preserves a rational fibration, i.e. � preserves a pencil of rational curves. This
hypothesis always holds in cases (2), (3) of Theorem 4.3.1 and can hold for some groups
in case (1). Since the action of � on U is free, the set of base points of the invariant pencil
does not intersect U . We can blow up the base points to get an invariant fibration. Thus
we have the following result.

Lemma 10.2.1. If � � Bir.Y / is conjugate in Bir.Y / to a group preserving a fibration,
then the conjugation can be chosen to be geometric.

Therefore we can and will assume that � preserves a rational fibration r W Y ! B

where B D P1. As before we denote by �B the image of � in Aut.B/. By Proposi-
tion 10.2.1, r induces on X a regular holomorphic foliation F . If �B is a finite group
then all possibilities are classified by Theorem 7.2.1. This gives the first three cases in
Theorem D. In this case F is a fibration.

Assume now that �B is infinite. We distinguish two cases according to whether r.U /
D B or r.U / is a proper subset of B .

First case. Suppose that r.U / D B . Then by Proposition 9.1.11 the foliation F is a
turbulent foliation, an obvious foliation on a Hopf surface or a suspension of P1.

Assume that F is a turbulent foliation. Then by Proposition 9.1.12, up to taking a
subgroup of finite index of � , we are in the setting of Examples 9.1.2, 9.1.4 and 9.1.6. In
these three examples, X is a Hopf surface or a geometrically ruled surface over an elliptic
curve. If X is a Hopf surface then this is case 15 of Theorem D. If X is a geometrically
ruled surface over an elliptic curve, then the situations described in Examples 9.1.2, 9.1.4
and 9.1.6 are subcases of case 20 of Theorem D.

Assume that F is an obvious foliation on a non-elliptic Hopf surface. Then Proposi-
tion 9.1.13 classifies all possibilities. There are three cases in Proposition 9.1.13. The last
case does not satisfy r.U /DB . The first two cases satisfy r.U /DB and they correspond
to cases 15 and 16 of Theorem D.
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Assume that F is a suspension of P1. Then Proposition 9.1.14 says that we are in
case 20 of Theorem D.

Second case. Assume now that r.U / ¤ B . If X is a Hopf surface then F is a turbulent
foliation, an elliptic fibration or an obvious foliation. All possibilities are classified in
Propositions 9.1.12, 9.1.13 and 9.3.4. Apart from the normal form of a Hopf surface, only
the last case of Proposition 9.1.13 satisfies r.U / ¤ B and it corresponds to case 11 of
Theorem D.

If F is an obvious foliation on an Inoue surface then Theorem 9.0.1 says that we are
in case 12 of Theorem D.

If F is an irrational linear foliation on a complex torus, then Proposition 9.4.1 says
that we are in case 7, 8 or 9. If F is a transversely hyperbolic foliation with dense leaves,
then we are in case 14 by Proposition 9.5.1.

If F is a suspension of an elliptic curve over an elliptic curve then a finite covering
of X is a torus where F becomes linear. If F is an infinite suspension of an elliptic curve
over a hyperbolic curve then Proposition 9.2.11 says that we are in some refined subcases
of case 18 or 19.

Assume that F is a fibration. If the genus of a fiber is � 2 then Proposition 9.3.6 says
that we are in case 17 of Theorem D. If the fibers are elliptic curves then Proposition 9.3.4
says that we are in case 18 or 19. If the fibers are P1 then Proposition 9.3.2 says that we
are in case 20.

10.2.2. Rational surfaces II: other cases in strong Tits alternative. Now we consider
cases (1), (4), (6) and (7) of Theorem 4.3.1 for � . Case (5) of Theorem 4.3.1 is excluded
by our hypothesis in Theorem D. Note that we do not need to consider case (8) of Theorem
4.3.1 because being a quotient of the fundamental group of a compact manifold, � is
finitely generated.

Genus 1 fibration. Let us consider the fourth case of Theorem 4.3.1. The elements of �
are Halphen twists. There is a rational surface Y 0 and a birational map � W Y ! Y 0 such
that � 0 D ����1 acts by automorphisms and preserves a genus 1 fibration ' W Y 0 ! C .
By Lemma 5.2.2 or Lemma 10.2.1 we can choose Y 0 and � so that the conjugation �
is a geometric conjugation of birational Kleinian groups. For any Halphen twist f pre-
serving ', the induced action of f on C has finite order (see [19, Proposition 3.6]). This
is impossible by Lemma 2.2.2.

Elliptic group. Let us consider the first case of Theorem 4.3.1. In this case there is a
projective surface Y 0 and a birational map � W Y ! Y 0 such that � 0 D ����1 is a group
of automorphisms of Y 0 and a finite index subgroup of � 0 is in Aut0.Y 0/. By Lemma 5.2.2
we can choose Y 0 and � so that the conjugation � is a geometric conjugation of birational
Kleinian groups. Thus we can and will assume that � � Aut0.Y /.

Assume that Y is not P2. Then there is a birational morphism ' W Y ! Y 0 to a
Hirzebruch surface Y 0 and we have ' ı Aut0.Y / ı '�1 � Aut0.Y 0/. Since the Aut0 of
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a Hirzebruch surface preserves a rational fibration, � preserves a rational fibration on Y .
Then all possibilities are already classified in Section 10.2.1.

In the remaining case Y D P2 and � � PGL3.C/D Aut.P2/. This is exactly the case
of complex projective Kleinian groups. The complete classification is given by Theorem
3.1.1. It corresponds to cases 7–13 in Theorem D.

Toric subgroup. Proposition 5.3.3 says that, under the hypothesis that � is not cyclic, if
� is conjugate in Bir.Y / to a subgroup of the toric subgroup then it contains no loxo-
dromic elements. Thus case 6 of Theorem 4.3.1 is impossible.

Non-elementary subgroup. Theorem 5.0.1 says that � is an elementary subgroup of
Bir.Y / under the hypothesis that X is not of class VII. Thus case (7) of Theorem 4.3.1 is
ruled out.
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