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Abstract. We consider the semilinear heat equation with a superlinear power nonlinearity in the
Sobolev subcritical range. We construct a solution which blows up in finite time only at the origin,
with a completely new blow-up profile, which is cross-shaped. Our method is general and extends
to the construction of other solutions blowing up only at the origin, with a large variety of blow-up
profiles, degenerate or not.
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1. Introduction

We consider the following subcritical semilinear heat equation:

@tu D �uC juj
p�1u; (1.1)

where uW .x; t/ 2 RN � Œ0; T /! R, T > 0,

p > 1 and .N � 2/p < N C 2: (1.2)

We consider a solution u.x; t/ blowing up in finite time T > 0, in the sense that

ku.t/kL1 !1 as t ! T;

and a 2 RN , a blow-up point of u.x; t/, i.e., some a such that ju.a; t/j ! 1 as t ! T .
From Giga and Kohn [10] and Giga, Matsui and Sasayama [12], we know that all

blow-up solutions are Type 1 in the subcritical case, in the sense that

8t 2 Œ0; T /; ku.t/kL1 � C.T � t /
� 1
p�1 for some C > 0: (1.3)
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In order to simplify the exposition, we assume N D 2 and focus on the simplest case
of the new profiles we handle in this paper (see (1.14) below). Other examples for N D 2
and some extensions to the case N � 3 are given in Section 1.3.

Proceeding as Giga and Kohn did in [9], we introduce the so-called similarity vari-
ables

wa.y; s/ D .T � t /
1
p�1u.x; t/; where y D

x � a
p
T � t

and s D � log.T � t /: (1.4)

From Giga and Kohn [11], we know that up to replacing u by �u, we have

wa.y; s/! � � .p � 1/�
1
p�1 as s !1; (1.5)

uniformly on compact sets. According to Velázquez [26] (see also Filippas and Kohn [6]
together with Filippas and Liu [7]), unless wa � �, we may refine that convergence and
obtain the following “blow-up profile” Q.y/ such that

wa.y; s/ � � � Q.y; s/ as s !1; (1.6)

uniformly on compact sets, with either

Q.y; s/ D �
�

4ps

lX
iD1

h2.yl /; (1.7)

where l D 1 or 2, after a rotation of coordinates; keeping only the leading terms in the
polynomials involved in Q.y; s/ and removing the time factor, we obtain the following
quadratic form:

B.y/ D
�

4p

lX
iD1

y2i (1.8)

which is nonzero and nonnegative; or

Q.y; s/ D �e�.
m
2 �1/s

mX
jD0

Cm;jhm�j .y1/hj .y2/ (1.9)

for some even integer m D m.a/ � 4, where y D .y1; y2/, hj .�/ is the rescaled Hermite
polynomial defined by

hj .�/ D

Œ j2 �X
iD0

j Š

i Š.j � 2i/Š
.�1/i�j�2i ; (1.10)

and the homogeneous polynomial (obtained by keeping only the leading terms of the
polynomials of Q.y/ and removing the time factor)

B.y/ D

mX
jD0

Cm;jy
m�j
1 y

j
2 (1.11)
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is also nonzero and nonnegative. Such a function was first introduced by Velázquez in [26],
who called it a “homogeneous multilinear form”.

If the origin is the only zero for the homogeneous polynomial B.y/ defined in (1.8)
and (1.11), we are in the nondegenerate case. If not, we are in the degenerate case. Accord-
ingly, the corresponding blow-up profile Q.y/ given in (1.7) or (1.9) will be said to be
nondegenerate or degenerate.

With the classification in (1.6), (1.7) and (1.9) at hand, a natural question arises: is a
an isolated blow-up point or not?

In the nondegenerate case, we know from [25, p. 1570, Theorem 2] that a is isolated.
In particular, for any b in a small ball centered at a with b ¤ a, u.b; t/ has a finite limit
denoted by u.b; T /, as t ! T , with the following equivalences as b ! a:

u.b; T / �
h .p � 1/2

8p

jx � aj2

jlog jx � ajj

i� 1
p�1

if (1.7) holds with l D 2;

u.b; T / �
h .p � 1/2

�
B.x � a/

i� 1
p�1

if (1.9) holds with B.y/ > 0 for y ¤ 0:

In the degenerate case, the situation is less clear. In fact, the only known examples are
“artificial”, in the sense that the solution depends only on one space variable, say ! � x
where ! 2 S1. A radial solution blowing up outside the origin in 2 dimensions gives rise
to a degenerate situation too. In these two examples, the blow-up point is not isolated.
Apart from these trivial examples, no more solutions with a degenerate profile are known.

After this, we wonder whether there exists a solution obeying (1.6) such that (1.9)
holds for some m � 4 with a degenerate homogeneous polynomial in (1.11) and an iso-
lated blow-up point. In this paper, we provide such an example, which is the first ever in
the subcritical range (see Theorem 1 below). Note that in the supercritical case, Merle,
Raphaël and Szeftel have already provided in [18] an example of a single-point blow-up
solution with a degenerate anisotropic profile, strongly relying on the existence of a sta-
tionary solution to equation (1.12) given below, which decays to zero at infinity (such
a solution does not exist in the subcritical range).

1.1. The existence question: State of the art and difficulties in the degenerate case

We review here the question of the existence of blow-up solutions obeying (1.7) and (1.9).
Let us first mention that in the one-dimensional case, the question was positively answered
by Bricmont and Kupiainen in [2] (see also Herrero and Velázquez [14] for case (1.9) with
m D 4).

Let us go back to the two-dimensional case and first focus on the nondegenerate case.
The only examples we know concern case (1.7) with l D 2, thanks to Bricmont and
Kupiainen [2] together with Merle and Zaag [19]. Such a behavior is known to be sta-
ble with respect to perturbations in initial data from [19] together with Fermanian, Merle
and Zaag [4, 5]. Note that Herrero and Velázquez showed the genericity of such a behav-
ior in [13, 15] dedicated to the one-dimensional case, and in an unpublished preprint in
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higher space dimensions. We would like to mention also the solutions constructed by
Nguyen and Zaag in [24], showing a refinement of (1.7) with l D 2. As for case (1.9) with
a nondegenerate homogeneous polynomial in (1.11), it has been treated by Amadori [1].

Concerning the degenerate case in (1.9) with a degenerate homogeneous polynomial
in (1.11), the only cases we know are the one-dimensional trivial cases we have just men-
tioned above, showing a non-isolated blow-up point. Apart from these trivial examples,
no more solutions with a degenerate profile are known.

As stated earlier, the main goal of the paper is to provide an example of a blow-up
solution obeying (1.9) in the degenerate case with an isolated blow-up point.

Let us mention that the question of having nontrivial solutions with degenerate profiles
was mentioned by Hiroshi Matano, because of the failure of the formal computation. As
a matter of fact, the strategy used in the nondegenerate case is ineffective in the degenerate
case, as we will explain below.

Indeed, that strategy consists in working in the similarity variables setting (1.4), where
equation (1.1) is transformed into the following equation satisfied by wa (or w for short):
for all y 2 R2 and s � � logT ,

@sw D �w �
1

2
y � rw �

w

p � 1
C jwjp�1w: (1.12)

For example, the idea used by Bricmont and Kupiainen in [2] to construct their exam-
ple in one space dimension with (1.9), which holds with m D 4, consists in linearizing
equation (1.12) around the following profile:

.p � 1C e�sjyj4/�
1
p�1 : (1.13)

Accordingly, if we intend to construct a solution obeying the following degenerate esti-
mate:

w0.y; s/ � � � �e
�sh2.y1/h2.y2/ as s !1; (1.14)

uniformly on compact sets, a naive idea would be to linearize equation (1.12) around the
following profile: �

p � 1C
.p � 1/2

�
e�sy21y

2
2

�� 1
p�1

; (1.15)

which already has the same expansion (1.14) as the solution we intend to construct.
Unfortunately, a big problem arises with this profile, since it does not decay to 0 as

jyj ! 1, unlike the profile in (1.13). In fact, this smallness of profile (1.13) at infinity
combined with the stability of the zero solution of (1.12) is essential in the control of
the solution at infinity in space. In other words, with profile (1.15), we can not get such
a control, and the naive idea collapses, unless we can manage to get this decaying property.
Note that with the naive profile (1.15), the corresponding (approximate) solution is giv-
en by

u.x; t/ D .T � t /�
1
p�1

�
p � 1C

.p � 1/2

�

x21x
2
2

T � t

�� 1
p�1

;

which blows up everywhere on the axes x1 D 0 and x2 D 0.
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1.2. Main result of the paper

In order to construct a solution obeying (1.14), following the previous subsection, a nat-
ural idea would be to refine expansion (1.14) in order to get higher-order terms ensur-
ing some decaying along the axes yi D 0, which are the degenerate directions of the
naive profile (1.15). Such a refinement is given below in Lemma 2.1. It shows that the
term C6;0.h6.y1/ C h6.y2// may ensure that decaying property, provided that we take
C6;0 D �ı with large ı > 0 (note that the parameter C6;0 is free in the expansion of
Lemma 2.1). Keeping only the leading terms of the polynomials, this leads to the follow-
ing refinement of profile (1.15):

ˆ.y; s/ D
h
p � 1C

.p � 1/2

�
.e�sy21y

2
2 C ıe

�2s.y61 C y
6
2//
i� 1

p�1

; (1.16)

as we will explain more in detail in Section 2 below. This refined version clearly has the
decaying property at infinity in space, which enables us to rigorously prove the existence
of a solution obeying the degenerate profile (1.14) and blowing up only at the origin,
answering Matano’s question. Note that in our proof, it is no longer possible simply to
linearize around (1.16) since it contains higher-order terms in e�s which are crucial near
y1 D 0 and y2 D 0, as will be explained in more details in Section 2.

Theorem 1 (A blow-up solution for equation (1.1) with a cross-shaped blow-up profile).
When N D 2, there exists ı0 > 0 such that for any ı � ı0, there exists a solution u.x; t/
to equation (1.1) which blows up in finite time T only at the origin, with

(i) Inner profile: We have that

w0.y; s/ � � � �e
�sh2.y1/h2.y2/ as s !1; (1.17)

in L2�.R
2/ with

�.y/ D
e�
jyj2

4

4�
(1.18)

and uniformly on compact sets.

(ii) Intermediate profile: For any K > 0, it holds that

sup
e�sy2

1
y2
2
Cıe�2s.y6

1
Cy6

2
/<K

jw0.y; s/ �ˆ.y; s/j ! 0 as t ! T;

where ˆ.y; s/ is defined in (1.16).

(iii) Final profile: For any x ¤ 0, u.x; t/ converges to a finite limit u.x; T / uniformly
on compact sets of R2n¹0º as t ! T , with

u.x; T / �
h .p � 1/2

�
.x21x

2
2 C ı.x

6
1 C x

6
2//
i� 1

p�1

as x ! 0: (1.19)

Remark. One may convince himself that the profiles in (1.16) and (1.19) are cross-
shaped, which justifies the title of the theorem.
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Remark. This is the first example of a blow-up solution in the subcritical range show-
ing a degenerate homogeneous polynomial in (1.11) with m � 4 and an isolated blow-up
point. Note that in the literature, many examples of blow-up solutions with only one blow-
up point are available (see Weissler [27], Bricmont and Kupiainen [2], Amadori [1], Merle
and Zaag [19], Nguyen and Zaag [24]). Strikingly enough, almost all the known examples
are either radial or asymptotically radial, in the sense that they approach a radially sym-
metric blow-up profile, except in Amadori [1]. To our knowledge, the only exceptions
hold in the Sobolev supercritical case, with the Type 1 solution constructed by Merle,
Raphaël and Szeftel [18] (with a 1

s
rate in one direction and an exponentially decay-

ing rate in the other), and also the Type 2 (i.e., not Type 1, see (1.3)) blow-up solution
due to Collot, Merle and Raphaël [3], where the profile is anisotropic for both exam-
ples. No example is available in the subcritical range. In Theorem 1, we provide such an
example, with a non-radial solution blowing up only at the origin, obeying behavior (1.9)
with a degenerate homogeneous polynomial in (1.11), and an anisotropic blow-up pro-
file.

Remark. Note that thanks to our method, we can derive new solutions forN D 2 and also
N � 3, blowing up only at the origin, in the degenerate case, showing a not necessarily
radial profile in (1.9) and (1.11) (see below in Section 1.3).

Remark. TakingC6;0D�ı, where ı > 0 (and large) is crucial in our argument. As a mat-
ter of fact, using our analysis and the blow-up criterion that we proved in [20] for solutions
of equation (1.12), we show that the construction is impossible in the case C6;0 > 0. More
precisely, if u.x; t/ is a symmetric solution (with respect to the axes and the bisectrices)
of equation (1.1) blowing up at some time T > 0 such that u.0/ 2 L1.R2/ and esti-
mate (1.17) holds, then estimate (2.1) holds with C6;0 � 0 (note that a similar statement
holds without the symmetry assumption).

1.3. Extensions of the main result

After Theorem 1, we would like to mention that our strategy extends with no difficulty
to the construction of solutions to equation (1.1) blowing up only at the origin with other
types of profiles (as defined in (1.6), (1.7) and (1.9)) summarized in Tables 1 and 2, ded-
icated to the nondegenerate and the degenerate cases, respectively, where C0 D

.p�1/2

�

and ı0 > 0 is large.
Note that in the degenerate case, the idea behind the design of the profiles we are

presenting below is simple:

� First, considering the classification given in (1.6) (and its natural extension in higher
dimensions), we choose case (1.9) with some Q.y/ and a degenerate homogeneous
polynomial B.y/ in (1.11); in Theorem 1, we choose Q.y/ D e�sh2.y1/h2.y2/ and
B.y/ D y21y

2
2 .

� Then, we refine estimate (1.6) by exhibiting higher-order terms, and select among
them the polynomials which live on the degenerate directions of B.y/; in Theorem 1,



On degenerate blow-up profiles for the subcritical semilinear heat equation 1087

Q
.y

;
s
/

E
qu

iv
al

en
to

fu
.x

;
T

/
as

x
!

0
C

on
di

tio
ns

�
e
.1
�
k 2
/s

k X iD
0

C
k
;i
h
k
�
i
.y
1
/h
i
.y
2
/

ŒC
0
B
.x
/�
�

1
p
�
1

w
ith

N
D
2

,k
�
4

is
ev

en

B
.x
/
D

k X iD
0

C
k
;i
x
k
�
i

1
x
i 2

an
d
B
.x
/
>
0

fo
rx
¤
0

�
e
�
.
k 2
�
1
/s

X
j
1
C
��
�C
j
N
D
k

C
k
;j
2
;:
::
;j
N
h
j
1
.y
1
/
�
�
�
h
j
N
.y
N
/

ŒC
0
B
.x
/�
�

1
p
�
1

w
ith

N
�
3

,k
�
4

is
ev

en

B
.x
/
D

X
j
1
C
��
�C
j
N
D
k

C
k
;j
2
;:
::
;j
N
x
j
1

1
�
�
�
x
j
N

N
an

d
B
.x
/
>
0

fo
rx
¤
0

Ta
b.

1.
E

xt
en

si
on

s
in

th
e

no
nd

eg
en

er
at

e
ca

se
.

Q
.y

;
s
/

E
qu

iv
al

en
to

fu
.x

;
T

/
as

x
!

0
C

on
di

tio
ns

�
e
�
s
h
2
.y
1
/h
2
.y
2
C
a
0
y
1
/

ŒC
0
.x
2 1
.x
1
C
a
0
x
2
/2
C
ı.
x
6 1
C
x
6 2
//
��

1
p
�
1

N
D
2

,ı
�
ı 0

,a
0
2

R

�
e
.1
�
k 2
/s
h
k
1
.y
1
/
�
�
�
h
k
l
.a
l
y
1
C
b
l
y
2
/

ŒC
0
.x
k
1

1
�
�
�
.a
l
x
1
C
b
l
x
2
/k
l
C
ı.
x
k
C
2

1
C
x
k
C
2

2
//
��

1
p
�
1

N
D
2

,ı
�
ı 0

,k
D
k
1
C
�
�
�
C
k
l
,

k
i
�
2

is
ev

en
,.
a
i
;b
i
/
¤
.0
;0
/,

th
e

st
ra

ig
ht

lin
es
¹
y
1
D
0
º
,.

..
,

¹
a
l
y
1
C
b
l
y
2
D
0
º

ar
e

di
st

in
ct

�
e
.1
�
k 2
/s

m Y iD
1

� X j
2
I
i

h
2
�
i
.y
j
/�

h C
0

�m Y iD
1

� X j
2
I
i

jx
j
j2
�
i

� Cı
.x
k
C
2

1
C
�
�
�
C
x
k
C
2

N
/�i �

1
p
�
1

N
�
3

,ı
�
ı 0

,k
D

m X iD
1

2
�
i
,

an
d

th
e

se
tI
i

m
ak

e
a

pa
rt

iti
on

of
¹
1
;:
::
;N
º

Ta
b.

2.
E

xt
en

si
on

s
in

th
e

de
ge

ne
ra

te
ca

se
.



F. Merle, H. Zaag 1088

the degenerate directions are y1D 0 and y2D 0, the refinement of (1.6) is given below
in (2.1) and the polynomials we select in that refinement of (1.6) are e�2sh6.y1/ and
e�2sh6.y2/.

� Finally, we design a profile similar to (1.16), with two terms, one corresponding to
the degenerate homogeneous polynomialB.y/ defined in (1.11) (which is e�sy21y

2
2 in

Theorem 1), and the other to the polynomials we selected on the degenerate directions
of B.y/ (which is e�2s.y61 C y

6
2/ in Theorem 1). The key property of that profile is

that it is decaying to zero in all directions, though with different scales according to
whether we are in the degenerate or the nondegenerate directions of the homogeneous
polynomial B.y/.

Concerning these examples, we would like to make some comments:

� The first example in Table 1 was already given by Amadori [1] with a different proof.

� The first example in Table 2 shows that the degeneracy directions of the homogeneous
polynomialB.x/ need not be orthogonal, unlike one may assume from the constructed
example in Theorem 1.

1.4. Main ingredients of the proof

As we have just written before the statement of Theorem 1, our strategy relies on the
refinement of goal (1.14) given in Lemma 2.1 below, but not only. Indeed, that refinement
allows us to design a good candidate for the profile. Then, linearizing equation (1.12)
around that profile, a classical approach based on a (largely adapted) center manifold
theory will be used to construct a solution, provided that the following crucial uniformL1

bound is proved:
8s � s0; kw0.s/kL1.R2/ �M

for someM > 0. Introducing a new method for the proof of this bound is the key estimate
in the proof. That method makes our main novelty and contribution. Let us briefly explain
how we proceed.

Using the similarity variables’ definition (1.4), we remark that

wb.y; s/ D w0.y C be
s
2 ; s/: (1.20)

This way, we reduce the question to the control of wb.0; s/, for any b 2 R2 and s � s0.
Thanks to our Liouville theorem recalled in Proposition 5.1 below, we show that the gra-
dient is uniformly small in space and time, hence, we further reduce the question to the
control of kwb.s/kL2� , for any b 2 R2 and s � s0. This will be done through a careful
choice of initial data (at s D s0) for w0, which completely determines initial data for wb .
Then, starting from these initial data and integrating equation (1.12) for s � s0, coordinate
by coordinate, we will show that wb will decrease, providing the control on kwb.s/kL2� ,
hence on wb.0; s/ D w0.be

s
2 ; s/ (thanks to (1.20)), and finally, collecting all the infor-

mation, on kw0.s/kL1 . Note that our integration technique goes beyond the linear level
and uses the quadratic term of the equation. Note also that for small values of b, we are in
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the vicinity of � from (1.5), which is a stationary solution of (1.12) with both stable and
unstable directions. This makes the integration particularly delicate. See Section 5 for the
detailed proof, in particular the end of Section 5.2.

To our knowledge, this is the first time such a method is implemented for the control
of the L1 norm. We strongly believe it is applicable far beyond the case of the semilinear
heat equation (1.1).

According to the strategy we presented above, we proceed in several sections to prove
Theorem 1:

� first, in Section 2, we formally derive the profile in similarity variables;

� then, in Section 3, we give a setting of the problem;

� in Section 4, we explain the dynamics of the equation and suggest the general form of
initial data;

� in Section 5, we prove a crucial L1 bound on the solution in similarity variables;

� in Section 6, we conclude the proof of Theorem 1;

� finally, we prove the technical details in Section 7.

2. Formal determination of the profile in similarity variables

In this paper, we ask whether we can have a solution u.x; t/ to equation (1.1) which blows
up in finite time T > 0 at the origin, such that estimate (1.14) holds, namely with

w0.y; s/ � � � �e
�sh2.y1/h2.y2/ as s !1;

uniformly on compact sets. In order to simplify the calculations, we will assume that
u.x; t/ is symmetric with respect to the axes and the bisectrices, for any t 2 Œ0; T /.

As we have already discussed in Section 1.1, applying the strategy of Bricmont and
Kupiainen [2] is ineffective, because the naive profile given in (1.15) is not decaying to
zero along the axes yi D 0. Proceeding as we wrote in Section 1.2, the idea to refine the
naive guess in (1.15) goes through the refinement of the target behavior in (1.14), which
we give in the following.

Lemma 2.1 (Second-order Taylor expansion). Assuming that (1.14) holds and that the
solution is symmetric with respect to the axes and bisectrices, it follows that

w0.y; s/ D � � e
�sh2h2 C e

�2s
°
�
32p

3�
h0h0 �

16p

�
.h2h0 C h0h2/

�
4p

�
.h4h0 C h0h4/ �

32p

�
h2h2 C C6;0.h6h0 C h0h6/

C

�4p
�
s C C6;2

�
.h4h2 C h2h4/C

p

2�
h4h4

±
CO.s2e�3s/ (2.1)

as s!1, uniformly on compact sets, for some constants C6;0 and C6;2, where the nota-
tion hihj stands for hi .y1/hj .y2/.
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Proof. The proof is omitted since it is straightforward from the method we explained
in [23, Proposition 1].

From this expansion, we remark that the term C6;0e
�2s.h6.y1/C h6.y2// will ensure

the good decaying property, if C6;0 < 0, especially on the axes, where the main term
e�sy21y

2
2 is 0. More precisely, taking C6;0 D �ı for some ı > 0 to be fixed large enough

later in the proof, then, keeping only the leading term in the polynomials, we naturally
suggest the following modified version of (1.15):

'.y; s/ D
hE
D

i 1
p�1

(2.2)

with

E D 1C e�sP.y/C e�2sQ.y/; (2.3)

D D p � 1C
.p � 1/2

�
.e�sy21y

2
2 C ıe

�2s.y61 C y
6
2//; (2.4)

whereP.y/ andQ.y/ are polynomials which will be chosen so that the numerator in (2.3)
is positive (hence, ' is well defined), and

'.y; s/ D � � e�sh2h2 C e
�2s

°
�ı.h6h0 C h0h6/C 
.h4h2 C h2h4/C

p

2�
h4h4

±
CO.e�3s/ (2.5)

as s !1, uniformly on compact sets, for some 
 that we fix later. Note that the aimed
expansion agrees with the prediction in Lemma 2.1 at the order e�s and most of the
order e�2s . Most importantly, we will also require that '.�; s/ 2 L1.R2/ and '.y; s/! 0

as jyj ! 1, for any s � 0, and the choice of 
 will be crucial for that.
Let us specify the choices of ı, 
 , P.y/ and Q.y/. Since (2.2) directly implies that

'.y; s/ D � C e�s
� �

p � 1
P.y/ � y21y

2
2

�
C e�2s

� �

p � 1
Q.y/C

�.2 � p/

2.p � 1/2
P.y/2 �

P.y/

p � 1
y21y

2
2

� ıy61 � ıy
6
2 C

p

2�
y41y

4
2

�
CO.e�3s/ (2.6)

as s !1, uniformly on compact sets, we see by identification with (2.5) that we must
have

P.y/ D
p � 1

�
.y21y

2
2 � h2h2/; (2.7)

Q.y/ D
p � 1

�

� P.y/
p � 1

y21y
2
2 C

�.p � 2/

2.p � 1/2
P.y/2 C ı.y61 � h6.y1//

C ı.y62 � h6.y2//C
p

2�
.h4h4 � y

4
1y

4
2/C 
.h4h2 C h2h4/

�
: (2.8)

Now, we claim the following.
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Lemma 2.2 (Good definition, boundedness and decaying at infinity of '.y; s/ (2.2), (2.7)
and (2.8)). Take 
 D 6p�2

�
and consider ı � ı10 and s � s10.ı/ for some large enough

ı10 � 1 and s10.ı/ � 0. Then

(i) E � 1
2

, hence '.y; s/ is well defined and positive.

(ii) k'.�; s/kL1 � � C C0e
� s3 , for some C0 > 0.

(iii) kr'.�; s/kL1 � C0e�
s
6 .

(iv) '.y; s/! 0 as jyj ! 1.

Proof. Take 
 D 6p�2
�

and consider ı � 1 and s � 0 to be taken large enough.

(i) It is enough to show that both P.y/ and Q.y/ are bounded from below. Since

h2.�/ D �
2
� 2; h4.�/ D �

4
� 12�2 C 12; h6.�/ D �

6
� 30�4 C 180�2 � 120

from (1.10), it follows from (2.7) and (2.8) that

P.y/ D
2.p � 1/

�
.y21 C y

2
2 � 2/ � �

4.p � 1/

�
(2.9)

and

Q.y/ D
p � 1

�

�2
�
Œy41y

2
2 C y

2
1y

4
2 �C 30ıŒy

4
1 C y

4
2 �C

6p

�
Œ�y41y

2
2 � y

2
1y

4
2 �

C 
Œy41y
2
2 C y

2
1y

2
4 �
�
CO.ıŒ1C jyj2�C Œ1C j
 j�Œ1C jyj4�/

D
p � 1

�

��2
�
�
6p

�
C 


�
Œy41y

2
2 C y

2
1y

4
2 �C 30ıŒy

4
1 C y

4
2 �
�

CO.ıŒ1C jyj2�C Œ1C j
 j�Œ1C jyj4�/:

Choosing 
 D 6p�2
�

, we see that

Q.y/ D
30ı.p � 1/

�
Œy41 C y

4
2 �CO.ıŒ1C jyj

2�C Œ1C jyj4�/ as jyj ! 1: (2.10)

Taking ı large enough, then taking jyj large enough, we get that

Q.y/ �
15ı.p � 1/

�
Œy41 C y

4
2 �; (2.11)

which means thatQ.y/ is bounded from below. Since (2.9) implies that P.y/ is bounded
from below too, taking s large enough, we see from (2.3) that E � 1

2
, hence, ' defined

in (2.2) is well defined.

(ii) Using (2.9) and (2.10), we see from (2.2) that

j'.y; s/jp�1 � C
.N1 CN2 CN3/

D
; (2.12)

where

N1 D 1C e
�s; N2 D ıe

�2s
jyj4; N3 D e

�s
jyj2 (2.13)
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and D is introduced in (2.4). Since D � p � 1, it follows that

N1

D
�
1C e�s

p � 1
: (2.14)

Introducing z D e�
s
4 y, we write

N2

D
�

Cıe�sjzj4

1C z21z
2
2 C e

� s2 jzj6
�

Cıe�sjzj4

e�
s
2 C e�

s
2 jzj6

D
Cıe�

s
2 jzj4

1C jzj6
� Cıe�

s
2 : (2.15)

Denoting X D jzj2, we get

N3

D
�

Ce�
s
2 jzj2

1C e�
s
2 jzj6

D Cg".X/; (2.16)

where
" D e�

s
2 ; X D jzj2 and g".X/ D

"X

1C "X3
: (2.17)

Since g0".X/D
".1�2"X3/

.1C"X3/2
which changes from negative to positive at X D X" � .2"/�

1
3 ,

it follows that

g".X/ � g".X"/ D
2"X"

3
D
.2"/

2
3

3
:

Using (2.16) and (2.17), we see that

N3

D
� Ce�

s
3 : (2.18)

Collecting the estimates in (2.12), (2.14), (2.15) and (2.18), then recalling definition (1.5)
of �, we get the desired conclusion.

(iii) By definition (2.2) of '.y; s/, we write for all s � 1 and y 2 R2,

.p � 1/ log' D logE � logD;

where E and D are defined in (2.3) and (2.4) (note that D > 0 by definition, and that
E > 0 from item (i) of this lemma). Taking the gradient, we see that

r' D
'

p � 1

�
rE

E
�
rD

D

�
:

Since

jrDj � Cıe�2sjyj5 C Ce�sjy1jy
2
2 C Ce

�s
jy2jy

2
1 � D1 CD2 CD3 (2.19)

from (2.9) and (2.10), we write from item (ii) of this lemma

jr'j � C
h
jrEj

E
C
D1

D
C
D2

D
C
D3

D

i
:
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Noting that

E �
E0

C
; where E0 D 1C e�s.y21 C y

2
2/C e

�2s.y41 C y
4
2/;

jrEj � Ce�sjyj C Cıe�2s.1C jyj3/;

from (2.9), (2.11) and (2.10), using definitions (2.4) and (2.19) of D and D1, then pro-
ceeding as for the proof of item (ii) of this lemma, we show that

jrEj

E
�
jrEj

E0
� C.ı/e�

s
3 and

D1

D
� C.ı/e�

s
3 : (2.20)

By symmetry, it remains only to bound the term D2
D

, when y2 ¤ 0. Since ı � 1, using
definitions (2.4) and (2.19) of D and D2, we write

D2

D
� C

e�sjy1jy
2
2

1C e�sy21y
2
2 C e

�2sy62
:

As a function of the variable jy1j, the left-hand side realizes its maximum for

jy1j D

s
1C e�2sy62
e�sy22

:

Therefore, it follows that

D2

D
� C

s
e�sy22

1C e�2sy62
� Ce�

s
6 ;

in particular
jrDj

D
� Ce�

s
6 ; (2.21)

and the estimate on r' in item (iii) follows.

(iv) From (2.9), (2.8) and (2.10), we see that the numerator of the fraction in (2.2) is
a polynomial of degree 4, whereas the denominator is of degree 6. Thus, the conclusion
follows.

This concludes the proof of Lemma 2.2.

3. Setting of the problem

From Section 2, we recall that our goal is to construct u.x; t/, a solution of equation (1.1)
defined for all .x; t/ 2 R2 � Œ0; T / for some small enough T > 0, such that

w0.y; s/ � � � �e
�sh2.y1/h2.y2/ as s !1;

uniformly on compact sets, where w0.y; s/ is the similarity variables’ version defined
in (1.4). We also recall our wish to construct a solution which is symmetric with respect
to the axes and the bisectrices.
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Consider '.y; s/, our candidate for the profile, defined in (2.2), (2.7) and (2.8), with

 D 6p�2

�
and ı � 1 fixed large enough, so that Lemma 2.2 holds. From the target expan-

sion of w0 given in Lemma 2.1 (with C6;0 D �ı and C6;2 D 
 ) and the expansion of the
profile ' given in (2.5), we further specify our goal by requiring that q.y; s/ is small in
some sense that will be shortly given in (3.20), where

q.y; s/ D w0.y; s/ � '.y; s/: (3.1)

In order to achieve this goal, we need to write then understand the dynamics of the equa-
tion satisfied by q.y; s/ near 0. This will be done in the following subsection.

3.1. Dynamics for q.y; s/ defined in equation (3.1)

Roughly speaking, our first task is to perform local estimates for bounded y, through
a spectral analysis in L2� near � from (1.5), the constant solution of equation (1.12),
assuming a uniform bound on the solution.

More precisely, from (1.12), we see that q.y; s/ satisfies the following equation, for
all .y; s/ 2 R2 � Œs0;1/, where s0 D � logT :

@sq D .LC V.y; s//q C B.y; s; q/CR.y; s/ (3.2)

with

Lq D �q �
1

2
y � rq C q; V .y; s/ D p'.y; s/p�1 �

p

p � 1
;

B.y; s; q/ D j'.y; s/C qjp�1.'.y; s/C q/ � '.y; s/p � p'.y; s/p�1q;

R.y; s/ D �@s'.y; s/C .L � 1/'.y; s/ �
'.y; s/

p � 1
C '.y; s/p:

(3.3)

Let us give in the following some useful properties of the terms involved in equation (3.2):

� The linear term: Note that L is a self-adjoint operator inL2�, theL2 space with respect
to the measure �dy defined in (1.18). The spectrum of L consists only of eigenvalues

Spec L D
°
1 �

m

2

ˇ̌
m 2 N

±
(3.4)

with the following set of eigenfunctions:

¹hihj � hi .y1/hj .y2/ j i; j 2 Nº; (3.5)

which spans the space L2�, where we use rescaled Hermite polynomials (1.10). Note
also that

L.hihj / D
�
1 �

i C j

2

�
hihj : (3.6)

� The potential: It is bounded in L1 and small in Lr� for any r � 1, in the sense that

kV.�; s/kL1 �
p

p � 1
and kV.�; s/kLr� � C.r/e

�s; (3.7)

for s large enough, thanks to Lemma 2.2 and a small Taylor expansion.
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� The nonlinear term: Since ' is uniformly bounded in space and time, thanks to
item (iii) of Lemma 2.2, assuming the following a priori estimate,

kqkL1.R2�Œs0;1// �M; (3.8)

we easily see that B.y; s; q/ is superlinear, in the sense that

jB.y; s; q/j � C.M/jqj xp; where xp D min.p; 2/ > 1; (3.9)

for all y 2 R2, q 2 R and large s.

� The remainder term: By comparing expression (3.3) of R.y; s/ with the expression
of equation (1.12), we see that R.y; s/ measures the quality of '.y; s/ as an approx-
imate solution of (1.12). In fact, through a straightforward calculation (see below in
Section 7.1), one can show that

8r � 2; 8s � 0; kR.s/kLr� � C.r/e
�2s; (3.10)

which is consistent with our approach in Section 2 (particularly, Lemma 2.1 and esti-
mate (2.5)), where we constructed ' as an approximate solution to equation (1.12).

Bearing in mind these properties, the construction of a small solution q.y; s/ to equa-
tion (3.2) seems to be reasonable, except for a serious issue: the control of the nonlinear
term B.y; s; q/, since the power function is not continuous in L2�. The control of the
potential term Vq is delicate too. In the following subsection, we explain our idea to gain
those controls.

3.2. Control of the potential and the nonlinear terms in equation (3.2)

In this subsection, we explain how we will achieve the control of the potential Vq and
the nonlinear term B in equation (3.2). For simplicity, we present the argument only for
the nonlinear term B , and restrict to the case when p � 2, hence xp D 2 (the actual proof
for Vq and B will be done for any p > 1).

Assuming the a priori estimate (3.8), we may reduce equation (3.2) to the following
linear equation with a source term:

@sq D .LC xV /q CR.y; s/; (3.11)

where

j xV .y; s/j D
ˇ̌̌
V.y; s/C

B.y; s; q/

q

ˇ̌̌
� C C C.M/jqj xp�1 � C C C.M/M xp�1

� xC.M/: (3.12)

Thanks to the regularizing effect of the operator L (see Lemma 7.1 below), we may use
equation (3.11) together with (3.12) and (3.10) to control theL4� norm of the solution with
the L2� norm of the solution, up to some time delay,

kq.s/kL4� � e
.1C xC/s�

kq.s � s�/kL2� C Ce
�2s : (3.13)
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Clearly, this is equivalent to

kq.s/2kL2� � 2e
2.1C xC/s�

kq.s � s�/k2
L2�
C 2Ce�4s;

which allows us to control the nonlinear term B.y; s; q/ in L2�, thanks to (3.9).
Note that this control is possible thanks to the a priori estimate (3.8), which needs to

be checked. We will explain that in the following subsection.

3.3. Proof of the a priori bound (3.8)

This is the key part of the argument, dedicated to the proof of the a priori bound (3.8),
under which the local estimates presented in the previous subsections hold. In fact, as
we will shortly see from the geometrical transform (3.14), we reduce the uniform bound
for w0 to a local estimate for wa, where a is arbitrary. Later in Section 5, we will see that
the control of wa follows from the spectral analysis of equation (1.12), in particular the
stability of its zero solution and its heteroclinic orbit connecting � from (1.5) and 0 and
given below in (5.8).

More precisely, since ' is uniformly bounded by Lemma 2.2, using definition (3.1)
of q, it is enough to control w0.a; s/, for any a 2 R2 and s � s0, in order to prove (3.8).
Using the similarity variables’ definition (1.4), we remark that

wb.y; s/ D w0.y C be
s
2 ; s/: (3.14)

This way, we reduce the question to the control of wb.0; s/, for any b 2 R2 and s � s0.
Since wb satisfies equation (1.12), which is parabolic, we further reduce the question to
the control of kwb.s/kL2� , for any b 2 R2 and s � s0. This will be done through a careful
choice of initial data (at s D s0) for w0, which completely determines initial data for wb .
Then, starting from these initial data and integrating equation (1.12) for s � s0, we will
show that wb will decrease, providing the control on kwb.s/kL2� , hence on wb.0; s/ D
w0.be

s
2 ; s/ (thanks to (3.14)), and finally, collecting all the information, on kw0.s/kL1 .

For details, see Section 5, where we explain our new strategy to achieve this L1

uniform control, in particular, Section 5.2.

3.4. Definition of a shrinking set to make q.s/! 0

From our formal analysis in Section 2, in particular the target expansion of w0 in Lem-
ma 2.1 (with C6;0 D �ı and C6;2 D 
 ) and the expansion of ' in (2.5), we may write the
following target for q.y; s/ defined in (3.1):

q.y; s/ D
p

�
e�2s

®
�32h0h0 � 16.h2h0 C h0h2/ � 4.h4h0 C h0h4/ � 32h2h2

C 4s.h4h2 C h2h4/
¯
CO.s2e�3s/ as s !1: (3.15)

In fact, we will not require such a sharp expansion. We will instead require that the com-
ponents of q.y; s/ are bounded by the same rate as the one in front of the corresponding
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eigenfunctions shown on the right-hand side of (3.15). More precisely, expanding any
function v 2 L2� on the eigenfunctions of L given in (3.5) as follows:

v D

7X
iD0

iX
jD0

vi;jhi�jhj C v�; (3.16)

where
vi;j D

Z
v.y/ki�j .y1/kj .y2/�.y/dy (3.17)

is the coordinate of v along the eigenfunction hi�jhj (which corresponds to the eigen-
value � D 1 � i

2
by (3.6)), and

kn D
hn

khnk
2

L2�

; (3.18)

our target in this paper is to construct a solution to equation (3.2) defined on some interval
Œs0;1/, where s0 D � logT such that

8s � s0; q.s/ 2 VA.s/; (3.19)

where VA.s/ is defined as follows.

Definition 3.1 (A shrinking set to trap the solution). For anyA> 0 and s � 1, VA.s/ is the
set of all v 2L1 such that kvC '.�; s/kL1 � 2�, vi;j D 0 if i or j is odd, jvi;j j �Ae�2s

if i � 4, jv6;0j D jv6;6j � As2e�3s , jv6;2j D jv6;4j � Ase�2s and kv�kL2� � A
2s2e�3s ,

where v is decomposed as in (3.16), and the profile ' is defined in (2.2) and Lemma 2.2.

Remark. The L1 bound in this definition is crucial to control the nonlinear term (see
(3.8) and Section 3.2).

Clearly, we see that

if v 2 VA.s/; then kvkL2� � CAse
�2s (3.20)

for s large enough, which shows that our goal in (3.19) implies indeed that q.s/! 0 as
s!1 in L2�.R

2/. The next part of the paper is devoted to the rigorous proof of our goal
in (3.19), and to the fact that it implies our main result stated in Theorem 1.

4. Dynamics of the equation and general form of initial data

In this section, we study the dynamics of equation (3.2) and suggest a general form of
initial data, depending on some parameters, which will be fine-tuned in some further steps
to provide a suitable solution so that Theorem 1 holds.

We proceed in three steps, each presented in a subsection, starting by the projections
of equation (3.2) on the different components of decomposition (3.16), then we study the
behavior of the flow on the boundary of the shrinking set VA.s/ defined in (3.1). Finally,
we suggest a general form for initial data. Note that technical details will be postponed to
Section 7 below, hoping to make our exposition clearer.
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4.1. Dynamics of equation (3.2) in the shrinking set VA.s/

Aiming at proving (3.19), we assume q.s/ 2 VA.s/ for all s 2 Œs0; s1� for some s1 � s0
and derive differential equations satisfied by qi;j and q� in this subsection. In fact, we
will first derive the size of the components of the remainder term R.y; s/ from (3.3) in
the following.

Lemma 4.1 (Expansion of R.y; s/ from (3.3)). For all r � 2, it follows that

R.y; s/ D
pe�2s

�

®
32h0h0 C 32.h2h0 C h0h2/C 4.h4h0 C h0h4/

C 32h2h2 C 4.h4h2 C h2h4/
¯
CO.e�3s/

in Lr�.R
2/, as s !1.

Proof. See Section 7.1 below.

Now, we project equation (3.2) in the following.

Proposition 4.2 (Dynamics of equation (3.2) in VA.s/). For any A � 1, there exists
s11.A/ � 1 such that the following holds. Assume that

q.s0/ 2 L
1; rq.s0/ 2 L

1 and 8r � 2; kq.s0/kLr� � C.r/As0e
�2s0 ; (4.1)

and that q.s/ 2 VA.s/ satisfies equation (3.2), for all s 2 Œs0; s1�, for some s1 � s0 �
s11.A/. Then for all s 2 Œs0; s1�,

(i) for all i 2 N and 0 � j � i , jq0i;j .s/ � .1 �
i
2
/qi;j .s/j � CiAse

�3s CRi;j .s/,

(ii) d
ds
kq�.s/kL2� � �3kq�.s/kL2� C CAse

�3s C kR�.s/kL2� , where q.�; s/ and R.�; s/
are decomposed as in (3.16).

Proof. The proof is straightforward, except for the control of the potential term Vq and
the superlinear term B in equation (3.2), which both need a regularizing delay estimate,
already mentioned informally in (3.13). For that reason, we only state that delay estimate
here, and postpone the proof to Section 7.2 below.

Remark. The fact that q satisfies PDE (3.2) on the interval Œs0; s� and not just at a partic-
ular time s is important for the delay estimate (3.13).

As we have just mentioned, let us precisely state that delay estimate, which is crucial
for the proof of Proposition 4.2.

Proposition 4.3 (A delay regularizing estimate for equation (3.2)). Under the hypothesis
of Proposition 4.2 and for any r � 2 and s 2 Œs0; s1�, it holds that

kq.s/kLr� � C.r/Ase
�2s :

Proof. See below in Section 7.3.
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4.2. Behavior of the flow on the boundary of VA.s/

Recall that our aim is to suitably choose q.s0/ so that q.s/ 2 VA.s/ for all s � s0.
As in the previous subsection, we assume that q.s/ 2 VA.s/ for all s 2 Œs0; s1� for some

s1 � s0. This time, we will assume in addition that at s D s1, one component of q.s1/ (as
defined in (3.16)) “touches” the corresponding part of the boundary of its bound defined
in Definition 3.1. We will then derive the position of the flow of that component with
respect to the boundary, and see whether it is inward (which leads to a contradiction) or
outward. This way, only the components with an outward flow may touch. Hopefully,
those components will be in a finite-dimensional space, leading the way to the application
of a consequence of Brouwer’s lemma linked to some fine-tuning of the initial data, in
order to guarantee that the solution will stay in VA.s/ for all s � s0. More precisely, this
is our statement.

Proposition 4.4 (Position of the flow on the boundary of VA.s/). There exists A12 � 1
such that for any A � A12, there exists s12.A/ � 1 such that if the hypotheses of Propo-
sition 4.2 hold with s0 � s12, then

(i) If qi;j .s1/ D �Ae�2s1 with i � 4, i and j even, and � D ˙1, then

�q0i;j .s1/ >
d

ds
Ae�2s

ˇ̌
sDs1

:

(ii) If q6;j .s1/ D �As2e�3s with j D 0 or j D 6, and � D ˙1, then

�q0i;j .s1/ >
d

ds
As2e�3s

ˇ̌
sDs1

:

(iii) If q6;j.s1/ D �Ase
�2s with j D 2 or j D 4, and � D ˙1, then

�q0i;j .s1/ <
d

ds
Ase�2s

ˇ̌
sDs1

:

(iv) If kq�.s1/kL2� D A
2s21e

�3s1 , then

d

ds
kq�.s1/kL2� <

d

ds
A2s2e�3s

ˇ̌
sDs1

:

Remark. The flow in items (i) and (ii) is outward, while in items (iii) and (iv), it is
inward.

Proof of Proposition 4.4. See Section 7.4 below.

Thanks to this statement, we immediately see that the constraints on q6;0 D q6;6
and q� in Definition 3.1 of VA.s/ can never achieve equality.

Corollary 4.5 (q6;2 D q6;4 and q� never quit). Under the settings of Proposition 4.4,
assuming that s1 > s0, it holds that jq6;2.s1/j D jq6;4.s1/j<As1e�2s1 and kq�.s1/kL2� <
A2s21e

�3s1 .
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Proof. We will only prove the estimate on q�, since the other follows in the same way.
Proceeding by contradiction, we assume that kq�.s1/kL2� � A

2s21e
�3s1 . Since q.s/ 2

VA.s/ for all s 2 Œs0; s1� by hypothesis, it follows that

8s 2 .s0; s1�; kq�.s/kL2� � A
2s2e�3s and kq�.s1/kL2� D A

2s21e
�3s1 :

In particular, this translates into the following estimate between the derivatives of both
curves:

d

ds
kq�.s1/kL2� �

d

ds
A2s2e�3s;

which is a contradiction by item (iv) of Proposition 4.4.

4.3. Choice of initial data

Thanks to Corollary 4.5, we see that the control of q.s/ in VA.s/ reduces to the control
of five components: q0;0, q2;0, q4;0, q4;2 and q6;0 (together with the control of kq.s/C
'.s/kL1 , which is a major novelty of our paper). It happens that item (i) in Proposition 4.4
indicates that the flow of those components is “transverse outgoing” on the boundary of
the constraint introduced in Definition 3.1. As in our various papers where we construct
solutions to PDEs with a prescribed behavior (see, for example, [19]), the control of this
finite-dimensional part will be done through a Brouwer-type lemma, involving some fine-
tuning of parameters in initial data. Namely, the idea would be to introduce the following
family of initial data (for w0.y; s0/ linked to q.y; s0/ by definition (3.1)) depending on
parameters d0;0, d2;0, d4;0, d4;2 and d6;0:

w0.y; s0/ D '.y; s0/C ŒAe
�2s0S.y/C As2e�3s xS.y/��.y/;

where

S.y/ D d0;0 C d2;0Œh2.y1/C h2.y2/�C d4;0Œh4.y1/C h4.y2/�

C d4;2h2.y1/h2.y2/;

xS.y/ D d6;0.h6.y1/C h6.y2//

(4.2)

for some sufficiently decaying function �. In fact, in order to stick to the shape of the
profile ' from (2.2), we will take the following initial data for equation (1.12):

w0.y; s0/ D
hE
D
C
p � 1

�D2
.Ae�2s0S.y/C As2e�3s xS.y//

i 1
p�1

; (4.3)

where E, D, S and xS are introduced in (2.3), (2.4) and (4.2), which yields the following
initial data for equation (3.2):

q.y; s0/ D w0.y; s0/ � '.y; s0/: (4.4)

In the following, we exhibit a set of the parameters such that q.s0/ is well defined, q.s0/ 2
VA.s0/with other smallness and decay properties, inherited from the profile '.y;s0/ given
in (2.2). More precisely, this is our statement.
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Proposition 4.6 (Initialization). For any A � 1, there exists s13.A/ � 1 such that for all
s0 � s13.A/, there exists a set D.A; s0/ � Œ�2; 2�

5 such that for all parameters d �
.d0;0; d2;0; d4;0; d4;2; d6;0/ 2 D , we have the following two properties:

(i) EC p�1
�D
.Ae�2s0S.y/CAs2e�3s xS.y//� 1

4
, hencew0.y;s0/ and q.y;s0/ from (4.3)

and (4.4), respectively, are well defined.

(ii) the function q.s0/ 2 VA.s0/ introduced in Definition 3.1, estimate (4.1) holds true,
jq6;2.s0/j D jq6;4.s0/j �CAe

�3s0<As0e
�2s0 , kq�.s0/kL2��CAe

�3s0<A2s20e
�3s0 ,

kw0.s0/kL1 � � C Ce
�
s0
3 and krw0.s0/kL1 � Ce�

s0
6 .

Moreover, the function

D ! Œ�Ae�2s0 ; Ae�2s0 �4 � Œ�As20e
�3s0 ; As20e

�3s0 �;

d 7! .q0;0.s0/; q2;0.s0/; q4;0.s0/; q4;2.s0/; q6;0.s0//
(4.5)

is one-to-one.

Proof. See Section 7.5.

5. Control of wa.y; s/ for any a

Starting from this section, our goal is to show that the L1 bound on q.y; s/C '.y; s/ in
Definition 3.1 of VA.s/ never satisfies an equality case. In other words, if q.s0/ is given
by (4.4) for some parameters .d0;0; d2;0; d4;0; d4;2; d6;0/ 2 D defined in Proposition 4.6
and q.y; s/ satisfies equation (3.2) with q.s/ 2 VA.s/ given in Definition 3.1, for all s 2
Œs0; s1�, for some s1 � s0, with s0 large enough, then

8s 2 Œs0; s1�; 8y 2 R2; jq.y; s/C '.y; s/j D jw0.y; s/j < 2�; (5.1)

where we have used definition (3.1) of q.y; s/. Using relation (3.14), this is equivalent to
showing that

8a 2 R2; 8s 2 Œs0; s1�; jwa.0; s/j < 2�: (5.2)

We will proceed in several steps in order to control wa.y; s/ for any a 2 R2. We first
give a uniform control of the gradient, then we explain our strategy, depending on the
region where a belongs to. The next three subsections are dedicated to the proof of the
estimate in each region. Finally, we give in the last subsection a concluding statement for
the whole section.

5.1. Control of the gradient

In this subsection, we use the Liouville theorem we proved in [20, 22] for equation (1.1)
in order to show that krq.s/kL1 is small, provided that s0 is large enough. Let us first
recall our version of the Liouville theorem, stated for equation (1.12).
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Proposition 5.1 (A Liouville theorem for equation (1.12)). Under condition (1.2), con-
sider a solutionW.y; s/ of equation (1.12) defined and uniformly bounded for all .y; s/ 2
RN � .�1; xs/ for some xs � C1. Then either W � 0, or W � ˙� or W.y; s/ D
˙�.1˙ es�s

�

/�
1
p�1 for all .y; s/ 2 RN � .�1; xs � and for some s� 2 R. In all cases,

it holds that rW � 0.

Remark. If xsDC1, then the unbounded solutionW.y; s/D˙�.1� es�s
�

/�
1
p�1 never

occurs. If xs < C1, then that solution may occur with some s� satisfying exs�s
�

< 1.

Proof of Proposition 5.1. If xs D C1, see [20, p. 143, Theorem 1.4] for the nonnegative
case and [22, p. 106, Theorem 1] for the unsigned case.

If xs < C1, then the statement follows from a small adaptation of the previous case.
See [20, p. 144, Corollary 1.5], where a similar adaptation is carried out.

Let us now state our result for the gradient.

Proposition 5.2 (Smallness of the gradient). For all A � 1 and ı0 > 0, there exists
s14.A; ı0/ � 1 such that for all s0 � s14.A; ı0/, if q.s0/ is given by (4.4) for some
.d0;0; d2;0; d4;0; d4;2; d6;0/ 2 D defined in Proposition 4.6, and q.s/ 2 VA.s/ for all
s 2 Œs0; s1� for some s1 � s0 satisfies equation (3.2), then for all s 2 Œs0; s1�,

krq.s/Cr'.s/kL1 � ı0:

Proof. See Section 7.6.

5.2. Strategy for the control of wa.y; s/

With this estimate, we can make a reduction of our goal (5.2) in the following.

Claim 5.3 (Reduction). Under the hypotheses of Proposition 5.2, assuming that

ı0 �
�

4
and s0 � s14.A; ı0/; (5.3)

we see that estimate (5.2) follows from the following:

8a 2 R2; 8s 2 Œs0; s1�; kwa.s/kL2� �
3

2
�: (5.4)

Proof. Under the hypotheses of Proposition 5.2, assume that (5.4) holds. Noting that
krwa.s/kL1 � ı0 from Proposition 5.2 together with relations (3.1) and (3.14), we use
a Taylor expansion to write

jwa.y; s/ � wa.0; s/j � jyj � krwa.s/kL1 � ı0jyj: (5.5)

Therefore, since Z
�.y/dy D 1 and

Z
jyj�.y/dy D 1 (5.6)
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by definition (1.18) of �, it follows that

jwa.0; s/j �

Z
jwa.y; s/j�.y/dy C ı0 � kwa.s/kL2� C ı0 �

3

2
� C

�

4
< 2�;

and the claim follows.

In the following subsections, assuming that (5.3) holds, we will prove either (5.1),
(5.2) or (5.4), according to the context. Using the sharper gradient estimate at initial
time s0 given in item (ii) of Proposition 4.6, let us remark that at s D s0, wa.y; s0/ is
“flat” in L2�, in the sense that it is close to some constant independent from space, as we
prove in the following.

Lemma 5.4 (Flatness of wa.y; s0/). For any A � 1, s0 � s13.A/ and parameters d D
.d0;0; d2;0; d4;0; d4;2; d6;0/ 2 D.A; s0/, for any a 2 R2,

kwa.�; s0/ � w0.ae
s0
2 ; s0/kL2� � Ce

�
s0
6 ; (5.7)

where s13.A/ and D.A; s0/ are defined in Proposition 4.6.

Proof. The proof of the lemma follows by the same argument as in Claim 5.3, in particu-
lar, estimate (5.5).

From Lemma 5.4, let us remark that equation (1.12) satisfied by wa.y; s/ has three
bounded and nonnegative explicit “flat” solutions: 0, �, and

 .s/ D �.1C es/�
1
p�1 (5.8)

(note that  is a heteroclinic orbit connecting � to 0, and that all its time shifts are
also solutions). In fact, it happens that wa.0; s0/ D w0.ae

s0
2 ; s0/ belongs to the inter-

val Œ0; � C Ce�
s0
3 �, from (3.14) and Proposition 4.6. In other words, from Lemma 5.4,

we are in the vicinity of one of those three explicit solutions, whose stability properties
are known! Indeed, if 0 and  are stable, as we will show below (see Propositions 5.6
and 5.8), � has both stable and unstable directions, as one may see from the linearization
of equation (1.12) around � (see below in (7.25)), where the linearized operator appears
to be L introduced in (3.3), whose spectrum is given in (3.4). In particular, the exis-
tence of the heteroclinic orbit  from (5.8) shows the instability of �. In other words,
if w0.ae

s0
2 ; s0/ is close to �, we need to refine estimate (5.7) in order to better understand

the dynamics of wa.y; s/ for s � s0.
Accordingly, we will decompose the space into three regions, where wa.y; s0/ will

be in the vicinity of one of the three above-mentioned explicit solutions, leading to three
different scenarios for the behavior of wa.y; s/ for s � s0. More precisely, givenm <M ,
we introduce three regions Ri .m;M; s0/ for i D 1; 2; 3 as follows:

R1 D ¹a 2 R2 jMe�s0 � G0.a/º;

R2 D ¹a 2 R2 j me�s0 � G0.a/ �Me
�s0º;

R3 D ¹a 2 R2 j G0.a/ � me
�s0º;

(5.9)
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where
G0.a/ D

p � 1

�
Œa21a

2
2 C ı.a

6
1 C a

6
2/�: (5.10)

In the following lemma, we will see thatG0.a/ is a kind of norm which measures the size
of wa.0; s0/ D w0.ae�

s0
2 ; s0/.

Lemma 5.5 (Size of initial data in the three regions). For any M � 1, there exists such
C15.M/ > 0 that for any A � 1, there exists s15.A;M/ such that for any s0 � s15.A;M/

and d 2 D.A; s0/ defined in Proposition 4.6, for any m 2 .0; 1/, the following holds:

� If a 2 R1, then 0 � w0.ae
s0
2 ; s0/ � �.1CM/�

1
p�1 C C15.M/e�

s0
3 .

� If a 2R2, then �.1CM/�
1
p�1 � C15.M/e�

s0
3 � w0.ae

s0
2 ; s0/ � �.1Cm/

� 1
p�1 C

Ce�
s0
3 .

� If a 2 R3, then �.1Cm/�
1
p�1 � Ce�

s0
3 � w0.ae

s0
2 ; s0/ � � C Ce

�
s0
3 .

Proof. See Section 7.7.

Thanks to the two previous lemmas and what we have mentioned concerning the sta-
bility of the three explicit solutions of equation (1.12) mentioned in (5.8) and the line
before, three scenarios become clear for the proof of estimate (5.4).

Scenario 1: If a 2R1, provided thatM is large enough, we are in the vicinity of the zero
solution. Thanks to its stability, wa.s/ will remain small and (5.4) will follow.

Scenario 2: If a 2 R2, we are in the vicinity of  .s/ from (5.8). Thanks to its stability,
wa.s/ will remain close to  .s/. Since  .s/ � �, estimate (5.4) holds.

Scenario 3: If a 2 R3, we are in the vicinity of �, which has both stable and unstable
directions as mentioned earlier. For that reason, the bounds on wa.0; s0/ D w0.ae

s0
2 ; s0/

given in Lemma 5.5 are not enough, and we need a more refined expansion of wa.y; s0/,
followed by an integration of PDE (1.12) satisfied by wa. This step is the key point of
our argument. It is inspired by our techniques in [23] for the control of wa, where a is
a blow-up point located near some given non-isolated blow-up point. In fact, from our
careful design of initial data in (4.3), the integration of the PDE will show that for a not
“very small” (in a sense that will naturally appear in the proof), wa.s/ will be attracted
to the vicinity of the heteroclinic orbit  from (5.8), leading us to Scenario 2, where the
stability of  will imply estimate (5.4). If a is “very small”, then, thanks to the gradient
estimate of Proposition 5.2, the boundedness of kwa.s/kL2� will follow from the bound-
edness of kw0.s/kL2� , a consequence of the fact that q.s/ 2 VA.s/ given in Definition 3.1
(see (3.20)).

The integration of the PDE when a is not “very small” is in fact the most original
part of our paper. In our proof, we make the integration coordinate by coordinate and
do not limit ourselves to the linear approximation of the PDE around � (talking about
a nonlinear integration is perhaps more appropriate). Indeed, we do take into account
the quadratic terms. As we have pointed out in the paragraph after (5.8), the linearized
operator around � has both stable and unstable directions, which makes the integration
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even more delicate. For details, see Section 5.5 below, in particular Lemma 5.11 and its
proof given in Section 7.8.

In the following, we give details for those three scenarios in three subsections.

5.3. Control of wa.y; s/ in region R1

The stability of the zero solution to equation (1.12) (under some L1 a priori bound)
is crucial for the argument, as we wrote above in Scenario 1. Let us state it in the fol-
lowing.

Proposition 5.6 (Stability of the zero solution to equation (1.12) under an L1 a pri-
ori bound). There exist "0 > 0 and M0 � 1 such that if w solves equation (1.12) with
jw.y; s/j � 2� for all .y; s/ 2 R2 � Œ0; �1� for some �1 � 0, with kw.0/kL2� � "0 and
rw.0/.1C jyj/�k 2 L1 for some k 2 N, then

8s 2 Œ0; �1�; kw.s/kL2� �M0kw.0/kL2�e
� s
p�1 :

Proof. The proof is somehow classical, apart from a delay estimate to control the nonlin-
ear estimate we have already presented in Section 3.2. In order to focus only on the main
arguments, we postpone the proof to Appendix B.

Fixing M � 1 such that

�.1CM/�
1
p�1 � max

�"0
2
;
�

2M0

�
; (5.11)

where M0 and "0 are given in Proposition 5.6, then taking s0 large enough, we see from
Proposition 4.6 that rw.s0/ 2 L1, and from Lemmas 5.5 and 5.4 that the smallness
condition required in Proposition 5.6 holds in region R1, leading to the trapping of wa
near 0, proving bound (5.4). More precisely, this is our statement.

Corollary 5.7 (Exponential decay of wa.s/ in region R1). For all A � 1, there exists
s16.A/ � 1 such that if s0 � s16.A/, d 2 D.A; s0/ and a 2 R1 defined in (5.9), then
rw.s0/ 2 L

1 and kwa.s0/kL2� � 2�.1CM/�
1
p�1 � "0 introduced in Proposition 5.6.

If in addition we have jwa.y; s/j � 2�, for all .y; s/ 2 R2 � Œs0; s2�, for some s2 � s0,
then

8s 2 Œs0; s2�; kwa.s/kL2� �M0kwa.s0/kL2�e
�
s�s0
p�1 � 2�.1CM/�

1
p�1M0e

�
s�s0
p�1 � �;

where M0 is also introduced in Proposition 5.6. In particular, (5.4) holds.

5.4. Control of wa.y; s/ in region R2

As we explained above in Scenario 2, the stability of the solution  from (5.8) is the key
argument. Let us first state that stability result.
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Proposition 5.8 (Stability of the heteroclinic orbit for equation (1.12) under an L1 a pri-
ori bound). There existsM1 � 1 such that if w solves equation (1.12) with jw.y; s/j � 2�
for all .y; s/ 2 R2 � Œ0; �1� for some �1 � 0, and

rw.0/.1C jyj/�k 2 L1; kw.0/ �  .��/kL2� �
j 0.��/j

M1

(5.12)

for some k 2 N and �� 2 R, where  is defined in (5.8), then

8s 2 Œ0; �1�; kw.s/ �  .s C �
�/kL2� �M1kw.0/ �  .�

�/kL2�
j 0.s C ��/j

j 0.��/j
: (5.13)

Remark. By definition (5.8) of  , we have exponential decay in (5.13). Moreover, since
� and  .s/ are both solutions to equation (1.12), � should never satisfy condition (5.12).
This is clear, except when �� ! �1, since in that case  .��/ ! �. More precisely,
we see from (5.8) that � �  .��/ � �e�

�

p�1
� j 0.��/j, which shows that (5.12) is indeed

sharp, up to a multiplying (small) factor, 1
M1

.

Proof of Proposition 5.8. The proof is much more involved than the proof of Proposi-
tion 5.6, since by definition (5.8),  .��/ may be close to �, the unstable equilibrium
of (1.12). As for the previous proposition, we postpone the proof to Appendix B.

In the following corollary, using Proposition 4.6, Lemmas 5.4 and 5.5, we show
that wa.s/ is trapped near the heteroclinic orbit  from (5.8) whenever a is in region R2

from (5.9). More precisely, this is our statement.

Corollary 5.9 (Trapping of wa.s/ near  in region R2). There exists x� 2 R such that for
all m 2 .0; 1/, there exists �.m/ � x� such that for all A � 1, there exists s17.A;m/ � 1
such that for all s0 � s17.A; m/, d 2 D.A; s0/ and a 2 R2 defined in (5.9) (with M
defined in (5.11)), rwa.s0/ 2 L1 and kwa.s0/ �  .��/kL2� � Ce

�
s0
6 �

j 0.��/j
M1

for
some �� 2 Œ�.m/; x��, whereM1 was introduced in Proposition 5.8. If in addition we have
jwa.y; s/j � 2�, for all .y; s/ 2 R2 � Œs0; s2�, for some s2 � s0, then

8s 2 Œs0; s2�; kwa.s/kL2� �  .s C �
�
� s0/C

CM1

C.m/
e�

s0
6 � � C

�

4
�
3

2
�:

In particular, (5.4) holds.

Proof. The proof is omitted, since it is a direct consequence of Proposition 5.8, thanks to
Proposition 4.6, Lemmas 5.4 and 5.5.

5.5. Control of wa.y; s/ in region R3

Given an initial time s0, some m 2 .0; 1/ and a 2 R3 defined in (5.9), we write a as
follows:

a D .Ke�
s0
2 ; Le�

s0
2 / (5.14)

for some real numbers K and L.
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Since w0.�; s0/ is symmetric with respect to the axes and the bisectrices (see (4.3)), so
is w0.�; s/ for any later time s. For that reason, we only consider the case where

0 � K � L:

Since
wa.y; s0/ D w0.y C ae

s0
2 ; s0/ D w0.y1 CK; y2 C L; s0/ (5.15)

from (3.14), we will use the explicit expression (4.3) of w0 in order to estimate the com-
ponents of wa.s0/ in L2�. Taking this as initial data, we will integrate equation (1.12)
(which is satisfied by wa) in order to estimate wa.s/ for later times s � s0.

It happens that the outcome of the integration depends on the size of a, which can be
measured in terms of the position of K C L and A. For that reason, we distinguish two
cases in the following.

5.5.1. Case where K C L � A. From decomposition (5.14) of a D .a1; a2/, this is the
case of “large” a, where a1 C a2 � Ae�

s0
2 . Let us first estimate wa.s0/. In order to be

consistent with definition (2.2) of our profile ' and the decomposition in regions we sug-
gest in (5.9), we will give the expansion of wa.s0/ in L2�, uniformly with respect to the
small variable

� D e�s0K2L2 C ıe�2s0 ŒK6 C L6� (5.16)

and the large parameter A. This is our statement.

Lemma 5.10 (Initial value ofwa.y; s/ for large a). For anyA� 1, there exists s18.A/� 1
such that for any s0 � s18.A/ and any parameters .d0;0;d2;0;d4;0;d4;2;d6;0/ 2D defined
in Proposition 4.6, if w0.y; s0/ is given by (4.3), then for any m 2 .0; 1/ and a 2 R3

defined in (5.9) with a decomposed as in (5.14) for some L � K � 0, with K C L � A,
the following expansion holds in Lr�.R

2/ for any r � 2:

wa.y; s0/ D � � � � e
�s0
®
2KL2h1h0C 2K

2Lh1h0C L
2h2h0C 4KLh1h1CK

2h0h2

C 2Lh2h1 C 2Kh1h2 C h2h2
¯
CO

� �
A

�
CO.�2/;

where � is defined in (5.16).

Proof. See Section 7.8.

Noting that
� �

m�

p � 1
�

�

p � 1
(5.17)

from (5.16) and (5.9), it follows from this lemma that kwa.s0/� �kL2� �C�CCJ , where

J � e�s0.K2 C L2/ � 2e�s0.K6 C L6/
1
3 � 2e�s0

�e2s0 �
ı

� 1
3

D 2e�
s0
3

� �
ı

� 1
3

� 2�
1
3 (5.18)
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from (5.16) and the fact that s0 � 0 and ı � 1 (see the beginning of Section 3). Using
again (5.17), it follows that wa � � is small at s D s0, whenever m is small. It is natural
then to make a linear approximation for equation (1.12) around � in order to obtain the
expansion of wa.y; s/ for later times, as long as wa.s/� � remains small. In fact, we will
see that the projection on h0h0 D 1will dominate inwa.y; s/. For that reason, given some
small �� such that

�� �
m�

p � 1
; (5.19)

where m 2 .0; 1/ is the constant appearing in definition (5.9) of R3, our integration will
be valid only on the interval Œs0; s��, where s� D s�.s0; a; ��/ is defined by

es
��s0 � D �� (5.20)

and � is given in (5.16). Note that s� is well defined since LCK � A > 0, hence � > 0.
Note also that s� � s0 thanks to condition (5.19), as we will see in item (i) of Lemma 5.11
below. More precisely, this is our statement.

Lemma 5.11 (Decreasing from � to � � �� for “large” a under some a priori L1 bound).
There exist M19 > 0, A19 � 1 and �19 > 0 such that for all A � A19, there exists s19.A/
such that for any s0 � s19.A/ and any parameters .d0;0;d2;0;d4;0;d4;2;d6;0/ 2D defined
in Proposition 4.6, if w0.y; s0/ is given by (4.3), then for any �� 2 .0; �19� and m 2
.0;min.1; �

�.p�1/
�

//, for any a 2R3 defined in (5.9), where a is given by (5.14) for some
L � K � 0, with K C L � A, the following holds:

(i) s� � s0, where s� is introduced in (5.20).

(ii) If we assume in addition that

kwa.s/kL1 � 2�

for all s 2 Œs0; s1� for some s1 � s0, then for all s 2 Œs0;min.s�; s1/�,

kwa.�; s/ � .� � e
s�s0 �/kL2� �M19.�

�
C A�1/es�s0 �CM19e

�
s0
3 :

Proof. See Section 7.8.

With this result, we are able to prove estimate (5.4).

Corollary 5.12 (Proof of the L2� bound when a 2 R3 is “large” under some L1 a priori
bound). There exist A20 > 0, �20 > 0 and s20.��/ � 1, such that under the hypotheses of
Lemma 5.11, if in addition A � A20, �� � �20 and s0 � s20.��/, then for all s 2 Œs0; s1�,

kwa.s/kL2� �
3

2
�:

Proof. Using Lemma 5.11, we further assume that s0 � s14.A; 1/ defined in Proposi-
tion 5.2, so we can apply that proposition. Consider then s 2 Œs0; s1�. We distinguish two
cases.



On degenerate blow-up profiles for the subcritical semilinear heat equation 1109

Case 1: s � s�. We write from Lemma 5.11 and (5.6), together with definitions (5.16)
and (5.20) of � and s�,

kwa.s/kL2� � � C e
s��s0 �CM19.�

�
C A�1/es

��s0 �CM19e
�
s0
3

� � C �� CM19.�
�
C A�1/�� CM19e

�
s0
3 :

Since A � 1, by taking �� small enough and s0 large enough, we get the result.

Case 2: s � s�. In this case, we have s0 � s� � s � s1. We will show that starting at
time s�, w will be trapped near the heteroclinic orbit  from (5.8), thanks to Proposi-
tion 5.8. In particular, its L2� norm will remain bounded by 3

2
�. More precisely, from

item (ii) of Lemma 5.11 and (5.20), we see that

kwa.s
�/ � .� � ��/kL2� �M19.�

�
C A�1/�� CM19e

�
s0
3 :

Assuming that �� < �, we may introduce �� 2 R such that  .��/ D � � ��, where  is
defined in (5.8). Noting that

j 0.��/j �
�e�

�

p � 1
� � �  .��/ D �� as �� ! 0; (5.21)

we see that taking �� small enough, then A and s0 large enough, we have

kwa.s
�/ �  .��/kL2� �

j 0.��/j

M1Œ1C
2
�
k 0kL1 �

;

where M1 is introduced in Proposition 5.8. Since rwa.s�/ 2 L1, thanks to Proposi-
tion 5.2, together with definition (3.1) of q and transformation (3.14), Proposition 5.8
applies, and we see that at time s, we have

kwa.s/ �  .s C �
�
� s�/kL2� �M1kwa.s

�/ �  .��/kL2�
j 0.s C ��/j

j 0.��/j

�
j 0.s C �� � s�/j

1C 2
�
k 0kL1

�
�

2
:

Since  � � by definition (5.8), using (5.6) we obtain

kwa.s/kL2� �  .s C �
�
� s�/C

�

2
�
3

2
�:

This concludes the proof of Corollary 5.12.

5.5.2. Case where K CL � A. Given m 2 .0; 1/ and a 2 R3 from (5.9), we aim in this
section to handle the case where a is “small”, namely when it belongs to the triangle T0
defined by

T0 D ¹.Ke
�
s0
2 ; Le�

s0
2 / j 0 � K � L and K C L � Aº:
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Let us recall from the beginning of Section 5 that q.s/ 2 VA.s/ given in Definition 3.1,
for all s 2 Œs0; s1� for some s1 � s0, hence,

8s 2 Œs0; s1�; kw0.s/kL1 � 2�:

Introducing the segment

G� D ¹.K
0e�

�
2 ; L0e�

�
2 / j 0 � K 0 � L0 and K 0 C L0 D Aº (5.22)

and the triangle

T1 D ¹.K
0e�

s1
2 ; L0e�

s1
2 / j 0 � K 0 � L0 and K 0 C L0 � Aº;

we see that
T0 D

[
s0��<s1

G� [ T1:

We then proceed in two steps:

� In Step 1, we handle the case of “small” s, namely when a 2 G� with s0 � s � � � s1,
and also the case where a 2 T1 with s0 � s � s1.

� In Step 2, we handle the case of “large” s, namely when a 2 G� with s0 � � � s � s1.

Step 1: Case of “small” a and “small” s. Consider a 2 G� with s0 � s � � < s1, or
a 2 T1 with s0 � s � s1. The conclusion will follow from the L2� estimate on w0 together
with the gradient estimate of Proposition 5.2. Indeed, using a Taylor expansion together
with (5.15) and (5.6), we write

wa.0; s/ D w0.ae
s
2 ; s/ D w0.0; s/CO.ae

s
2 krw0.s/kL1/;Z

w0.z; s/�.z/dz D w0.0; s/CO.krw0.s/kL1/

on the one hand. On the other hand, since w0 D ' C q by definition (3.1), recalling that
q.s/ 2 VA.s/, we write by definitions (2.2) and (3.17) of ' and q0;0.s/, together with
Definition 3.1 of VA.s/,Z

w0.z; s/�.z/dz D

Z
'.z; s/�.z/dz C

Z
q.z; s/�.z/dz

D

Z
'.z; s/�.z/dz C q0;0.s/

D � CO.e�s/CO.Ae�2s/:

Introducing .K 0; L0/ such that

a D .K 0e�
�
2 ; L0e�

�
2 / (5.23)

with � D s1 if a 2 T1, we see that

0 � K 0 � L0 and K 0 C L0 � A:
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Recalling that s � � , we write

jae
s
2 j D

p
K 02 C L02e

s��
2 �

p
2A:

Taking A � 1 and recalling that krw0.s/kL1 � ı0 from Proposition 5.2 provided that
s0 � s14.A; ı0/, we write from the previous estimates that

jwa.0; s/j � � C Cı0 C CAı0 C Ce
�s
C CAe�2s �

3

2
�;

whenever ı0 � ı21.A/ and s0 � s21.A; ı0/ for some s21.A; ı0/ � 1 and ı21.A/ > 0.
In particular, estimate (5.2) holds.

Step 2: Case of “small” a and “large” s. Now, we consider a 2 G� with s0 � � � s � s1.
As we will shortly see, the conclusion follows here from the case K C L � A treated in
Section 5.5.1, if one replaces there K, L and s0 by K 0, L0 and � , respectively. Indeed,
by definition (5.22) of G� , we have

K 0 C L0 D A; (5.24)

where K 0 and L0 are defined in (5.23). Proceeding as in Section 5.5.1, we first start by
expanding wa.y; �/ as in Lemma 5.10.

Lemma 5.13 (Expansion of wa.y; �/). For any A � 1, there exists s22.A/ � 1 such that
for any s0 � s22.A/, the following holds: Assume that q.s/2 VA.s/ satisfies equation (3.2)
for any s 2 Œs0; �� for some � � s0, such that (4.1) holds and rq.s0/ 2 L1.R2/. Assume
in addition that

a D .K 0; L0/e�
�
2

such that (5.24) holds. Then

wa.y; �/ D � � �
0
CO

� �0
A

�
CO.�0

2
/

� e��
®
2K 0L0

2
h1h0 C 2K

02L0h1h0 C L
02h2h0 C 4K

0L0h1h1

CK 0
2
h0h2 C 2L

0h2h1 C 2K
0h1h2 C h2h2

¯
C q6;2.�/

®
L0
4
h2h0 CK

04h0h2 C 4L
03h2h1 C 4K

03h1h2

C 6.K 0
2
C L0

2
/h2h2 C 4K

0h3h2 C 4L
0h2h3

C h4h2 C h2h4
¯

(5.25)

in Lr� for any r � 2, with jq6;2.�/j � A�e�2� , where

�0 D e��K 0
2
L0
2
C ıe�2� ŒK 0

6
C L0

6
�: (5.26)

Proof. See Section 7.8.

Now, arguing as for Lemma 5.11, we see wa.�/ as initial data, then integrate equa-
tion (1.12) to get an expansion of wa.s/ for later times.
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Lemma 5.14 (Decreasing wa.�/ from � to � � ��). There exist M23 > 0, A23 � 1 and
�23 > 0 such that for all A � A23 and �� 2 .0; �23�, there exists s23.A; ��/ such that for
any � � s23 and s1 � � , if q.s/ 2 VA.s/ given in Definition 3.1 satisfies equation (3.2) on
Œ�; s1� and rq.�/ 2 L1, if a D .K 0e�

�
2 ; L0e�

�
2 / with K 0 C L0 D A, then

(i) s� � � , where s� is such that es
��� �0 D ��, where �0 is defined in (5.26).

(ii) For all s 2 Œ�;min.s�; s1/�,

kwa.s/ � .� � e
s�� �0/kL2� �M23.�

�
C A�1/es�� �0 CM23e

��3 :

Proof. The proof follows from a straightforward adaptation of the proof of Lemma 5.11,
given in Section 7.8. For that reason, the proof is omitted.

As in the case K C L � A, we derive from this result the following corollary, where
we prove estimate (5.4).

Corollary 5.15 (Proof of the L2� bound when a 2 R3 is “small” and s is “large”). There
exist A24 > 0, �24 > 0 and s24.��/ � 1, such that under the hypotheses of Lemma 5.14, if
in additionA�A24, �� � �24 and s0 � s24.��/, then for all s 2 Œ�; s1�, kwa.s/kL2� �

3
2
�.

Proof. The proof is omitted since this statement follows from Lemma 5.14 exactly in the
same way Corollary 5.12 follows from Lemma 5.11.

5.5.3. Concluding statement for the control of wa.s/ when a 2 R3. Combining the pre-
vious statements given when a 2 R3 defined in (5.9), we obtain the following lemma.

Lemma 5.16 (Control ofwa.s/when a 2R3 ifw.s0/ is given by (4.3) and q.s/ 2 VA.s/).
There exist A25 � 1 and m25 2 .0; 1/ such that for all A � A25, there exists ı25.A/ > 0
such that for all ı0 2 .0; ı25.A//, there exists s25.A; ı0/ � 1 such that for all s0 �
s25.A; ı0/, d 2 D.A; s0/ defined in Proposition 4.6 and s1 � s0, the following holds:
Assume thatw is the solution of equation (1.12) with initial dataw0.y;s0/ defined in (4.3),
such that for all s 2 Œs0; s1�, q.s/ 2 VA.s/ given in Definition 3.1, where q.s/ is defined
in (3.1). Then for all s 2 Œs0; s1�,

(i) krw.s/kL1 � ı0.

(ii) For all m 2 .0;m25� and a 2 R3 defined in (5.9), jwa.0; s/j < 2�.

Proof. The proof is omitted since it is straightforward from Claim 5.3, Corollary 5.12,
Step 1 given in Section 5.5.2 and Corollary 5.15.

5.6. Concluding statement for the control of wa.s/ for any a 2 R2

Fixing M as in (5.11) and taking m D m25 as introduced in Lemma 5.16, we see that the
three regions in (3.3) are properly defined. Then, combining the previous statements given
for the different regions (namely, Corollaries 5.7 and 5.9, together with Lemma 5.16),
we derive the following.
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Proposition 5.17 (Control of kw.s/kL1 if w.s0/ is given by (4.3) and q.s/ 2 VA.s/).
There exists A26 � 1 such that for all A � A26, there exists s26.A/ � 1 such that for
all s0 � s26.A/, d 2 D.A; s0/ defined in Proposition 4.6 and s1 � s0, the following
holds: Assume thatw0 is the solution of equation (1.12) with initial dataw0.y; s0/ defined
in (4.3), such that for all s 2 Œs0; s1�, q.s/ 2 VA.s/ given in Definition 3.1, where q.s/ is
defined in (3.1). Then

(i) For all s 2 Œs0; s1�, kw0.s/kL1 < 2�.

(ii) For all a 2 R2 such that
ja1j C ja2j � Ae

�
s1
2 ; (5.27)

there exist xs.a/ � s0 and xM.a/ � 0 such that if xs.a/ � s1, then for all s 2 Œxs.a/; s1�,
kwa.s/kL2� �

xM.a/e�
s

p�1 .

Proof. (i) The proof is omitted since it is straightforward from the above-mentioned
statements.

(ii) Take a 2 R2 such that (5.27) holds. The conclusion follows according to the position
of a in the three regions Ri defined in (5.9), with the constants M and m fixed in the
beginning of the current subsection.

If a 2 R1, then the conclusion follows from Corollary 5.7.
If a 2 R2, then we see from Corollary 5.9 and its proof that Proposition 5.8 applies.

In particular,wa.s/ is trapped near the heteroclinic orbit from (5.8), and the exponential
bound follows from (5.13) and (5.8).

Finally, if a 2 R3, then, following Section 5.5, we write

a D .K;L/e�
s0
2 (5.28)

as in (5.14) and reduce to the case where 0 � K � L thanks to the symmetries of initial
data w0.�; s0/ defined in (4.3).

If K C L � A, then we see from Corollary 5.12 and its proof that wa.s/ is trapped
near the heteroclinic orbit  .s/ from (5.8), and the exponential bound follows from esti-
mate (5.13) given in Proposition 5.8.

If K C L � A, using (5.27) and (5.28), we may write a D .K 0; L0/e�
�
2 for some

� 2 Œs0; s1� with K 0 C L0 D A, as we did in (5.23) and (5.24). Using Corollary 5.15, we
see thatwa.s/ is trapped near the heteroclinic orbit  .s/, and the conclusion follows from
estimate (5.13) again. This concludes the proof of Proposition 5.17.

6. Proof of the main result

In this section, we collect all the arguments to derive Theorem 1. We proceed in three
subsections:

� We first prove the existence of a solution of equation (3.2) trapped in the set VA.s/
given in Definition 3.1.
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� Then, we derive a better description on larger sets, yielding the so-called intermediate
profile.

� Finally, we prove that the origin is the only blow-up point and derive the final profile
given in (1.19).

6.1. Existence of a solution to equation (3.2) trapped in the set VA.s/

This is our statement in this subsection.

Proposition 6.1 (Existence of a solution q.y; s/ in the shrinking set VA.s/).

(i) There exist C27 > 0,A� 1, s0 � 1 and a parameter d D .d0;0; d2;0; d4;0; d4;2; d6;0/ 2
D.A; s0/ defined in Proposition 4.6 such that the solution w0.y; s/ of equation (1.12)
with initial data at sD s0 given by (4.3) satisfies q.s/ 2 VA.s/ and krq.s/kL1 �C27
for any s � s0, where q is defined in (3.1) and the set VA.s/ is given in Definition 3.1.

(ii) If u.x; t/D .T � t /�
1
p�1w0.

xp
T�t

;� log.T � t // with T D e�s0 , then u is a solution
of equation (1.1) which blows up only at the origin.

Remark. Since initial data in (4.3) is symmetric with respect to the axes and the bisec-
trices, the same holds for w0.y; s/.

Before proving Proposition 6.1, let us recall the following consequence of the Liou-
ville theorem stated in Proposition 5.1.

Corollary 6.2 (Behavior of the gradient). In addition to Proposition 6.1, it holds that
krw0.s/kL1 ! 0 as s !1.

Proof. This is a classical consequence of the Liouville theorem stated in Proposition 5.1,
which follows similarly to Proposition 5.2. For a statement and a proof, see Merle and
Zaag [20, p. 141, Theorem 1.1].

Let us now prove Proposition 6.1.

Proof of Proposition 6.1. (i) This is a classical combination of our previous analysis,
namely Lemma 2.2 and Propositions 4.4, 4.6, 5.2 and 5.17. The argument relies on
a reduction of the problem in finite dimensions, then the proof of the reduced problem
thanks to the degree theory. We give the argument only for the sake of completeness.
Expert readers may skip this proof.

In order to apply the above-mentioned statements, let us fixADmax.A12; 1;A26/ and
s0 D max.s10.ı/; s12.A/; s13.A/; s14.A; 1/; s26.A//, where ı is the constant appearing in
the definition of the profile '.y; s/ and fixed at the beginning of Section 3.

We proceed by contradiction and assume that for all d D .d0;0; d2;0; d4;0; d4;2; d6;0/ 2
D.A; s0/ defined in Proposition 4.6, q.d; y; s/ does not remain in the set VA.s/ for all
s � s0, where q.d; y; s/ D w0.d; y; s/ � '.y; s/, '.y; s/ is defined in (2.2), where the
constants 
 and ı are fixed in Lemma 2.2 and the beginning of Section 3, and w0.d; y; s/
is the solution of equation (1.12) with initial data at s D s0 given by (4.3).
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Since the function given in (4.5) is one-to-one from item (ii) in Proposition 4.6,
we may take xd D . xd0;0; xd2;0; xd4;0; xd4;2; xd6;0/ 2 Œ�1; 1�5 as a new parameter, where

xdi;j D
e2s0

A
qi;j .d; s0/ if .i; j / 2 I0; xd6;0 D

e3s0

As20
q6;0.d; s0/ (6.1)

and I0 � ¹.0; 0/; .2; 0/; .4; 0/; .4; 2/º. Accordingly, we introduce the notation

xq. xd; y; s/ D q.d; y; s/; xw0. xd; y; s/ D w0.d; y; s/

and so on. Since q.d; y; s0/ 2 VA.s0/ by Proposition 4.6, from continuity, we may intro-
duce s�.d/ D xs �. xd/ as the minimal time such that q.d; y; s/ 2 VA.s/ for all s 2 Œs0; s��
and an equality case occurs at time s D s� in one of the � defining VA.s�/ in Defini-
tion 3.1.

According to Proposition 5.17, no equality case occurs for kw0.d; s�/kL1 . We claim
that no equality case occurs for jq6;2.d; s�/jDjq6;4.d; s�/j neither kq�.d; s0/kL2� . Indeed,
if s�.d/ D s0, this follows from Proposition 4.6. If s�.d/ > s0, then this follows from
Corollary 4.5, which can be applied thanks to Proposition 4.6. In other words, it holds that

either jqi;j .d; s�/j D Ae�2s
�

for some .i; j / 2 I0 or jq6;0.d; s�/j D As�
2
e�3s

�

:

This way, the following rescaled flow is well defined:

ˆW Œ�1; 1�5 ! @Œ�1; 1�5; xd 7!
e2s
�

A

�
q0;0; q2;0; q4;0; q4;2;

es
�

s�2
q6;0

�
.d; s�.d//:

We claim that

(a) ˆ is continuous;

(b) ˆjŒ�1;1�5 D Id, which will imply a contradiction, by the degree theory and finish the
proof.

Let us prove (a) and (b).

(a) Using items (i) and (ii) in Proposition 4.4, we see that the flow of the five components
jqi;j j with .i; j / 2 I0 [ ¹.6; 0/º is transverse outgoing on the corresponding boundary
(i.e., Ae�2s if .i; j / 2 I0 or As2e�3s if .i; j / D .6; 0/). This implies the continuity of ˆ.

(b) If xd 2 @Œ�1; 1�5 and d is the corresponding original parameter in D , then we see by
definition (6.1) that

either jqi;j .d; s0/j DAe�2s0 for some .i; j /2 I0 or jq6;0.d; s0/j DAs02e�3s0 : (6.2)

Since q.d; s0/ 2 VA.s0/ by Definition 3.1, this implies that xs �. xd/ D s�.d/ D s0. From
(6.2) and (6.1), we see that ˆ. xd/ D xd and (b) holds.

Since we know from the degree theory that there is no continuous function from
Œ�1; 1�5 to its boundary which is equal to the identity on the boundary, a contradiction fol-
lows. Thus, there exists a parameter d D .d0;0; d2;0; d4;0; d4;2; d6;0/ 2 D.A; s0/ defined
in Proposition 4.6 such that q.d; y; s/ 2 VA.s/ for all s � s0. Applying Proposition 5.2
and Lemma 2.2, we see that krq.d; s/kL1 � 1C C0, for all s � s0.
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(ii) From the similarity variables definition (1.4), u is indeed a solution of equation (1.1)
defined for all .x; t/ 2 R2 � Œ0; T /. From the classical theory by Giga and Kohn [11],
we know that when s!1, wb.s/! � when b is a blow-up point, and wb.s/! 0 if not,
in L2�. Therefore, it is enough to prove that w0.s/! � and wa.s/! 0 as s!1 in order
to conclude.

First, since q.s/ 2 VA.s/ for all s � s0 from item (i), we see from (3.20), relation (3.1)
and definition (2.2) of ' that w0.s/! � as s !1.

Second, if a ¤ 0, we see that for any s1 � 2 log A
ja1jCja2j

, (5.27) holds. Since Proposi-
tion 5.17 holds here, applying its item (ii), we see that for some xs.a/ � s0 and xM.a/ � 0,
for any s1 � max.2 log A

ja1jCja2j
;xs.a//, for any s 2 Œxs.a/; s1�, kwa.s/kL2� �

xM.a/e�
s

p�1 .
Making s1 !1, we see that wa.s/! 0.

This concludes the proof of Proposition 6.1.

6.2. Intermediate profile

From the construction given in Proposition 6.1 together with (3.20) and expansion (2.5)
of the profile ' defined in (2.2), we have a solution w0.y; s/ of equation (1.12) such that
our goal in (1.14) holds, namely

w0.y; s/ D � � e
�sh2.y1/h2.y2/C o.e

�s/ as s !1;

in L2� and uniformly on compact sets, by parabolic regularity.
For large s, the second term of this expansion will be small with respect to the con-

stant �, which means that we only see a flat shape for w0. Extending the convergence
beyond compact sets, say, for jyj � e

s
4 , would allow us to see w escapes that constant.

This is indeed what Velázquez did in [25, p. 1570, Theorem 1], proving that w0 has the
degenerate profile (1.15), in the sense that

sup
jyj<Ke

s
4

ˇ̌̌
w0.y; s/ �

�
p � 1C

.p � 1/2

�
e�sy21y

2
2

�� 1
p�1

ˇ̌̌
! 0 as s !1

for any K > 0.
If we see in this expansion that w0 departs from the constant � from (1.5) for y1 D

K1e
s
4 and y2 D K2e

s
4 for some K1 > 0 and K2 > 0, this is not the case on the axes,

namely when y1 D 0 or y2 D 0. In accordance with our idea in deriving the profile '
in (2.2), our techniques in this paper provide us with the following sharper profile, valid
on a larger region.

Proposition 6.3 (Intermediate profile). Consider the solution w0.y; s/ of (1.12) con-
structed in Proposition 6.1. For any K > 0, it holds that

sup
e�sy2

1
y2
2
Cıe�2s.y6

1
Cy6

2
/<K

jw0.y; s/ �ˆ.y; s/j ! 0 as t ! T;

where ˆ.y; s/ is defined in (1.16).
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Remark. ˆ.y; s/ is referred to as the “intermediate profile”, since it holds in the region
¹s � s0 D� logT º, which corresponds to the region ¹0 � t < T º in the original variables
defined by (1.4). Later in Proposition 6.5, we will define the “final profile” as a limit of
u.a; t/ as t! T when a¤ 0, which holds in some sense for t D T , justifying its character
as “final”.

Proof of Proposition 6.3. Consider w0 the solution of equation (1.12) constructed in Pro-
position 6.1 and defined for all .y; s/ 2 R2 � Œs0;1/. Given K0 > 0 and " > 0, we look
for S0 D S0.K0; "/ such that for any S � S0 and Y 2 R2 such that

e�SY 21 Y
2
2 C ıe

�2S .Y 61 C Y
6
2 / < K0; (6.3)

it holds that
jw0.Y; s/ �ˆ.Y; s/j � C" (6.4)

for some universal C > 0, where ˆ.y; s/ is defined in (1.16). Consider then S � s0 and
Y 2 R2 such that (6.3) holds. Since w0.y; s/ is symmetric with respect to the axes and
the bisectrices (see the remark following Proposition 6.1), we may assume that

0 � Y1 � Y2:

Proceeding as in Section 5.5.1, we introduce a D a.Y; S/ such that

ae
S
2 D Y: (6.5)

Since
w0.Y; S/ D wa.0; S/ (6.6)

by (3.14), our conclusion will follow from the study ofwa.y; s/ for s 2 Œs0; S�. From (6.3)
and (6.5), we see that

G0.a/ �
K0.p � 1/

�
e�S ;

where G0 is defined in (5.10). In particular,

0 � a1 � a2 �
�K0.p � 1/

�ı

� 1
6

e�
S
6 : (6.7)

Consider xA > 0 to be fixed large enough later. Taking S � S1 for some S1.K0; xA/ � s0,
we see that

a1 C a2 � xAe
�
s0
2 :

Therefore, we may introduce � � s0, K 0 and L0 such that

a D .K 0; L0/e�
�
2 with 0 � K 0 � L0 and K 0 C L0 D xA: (6.8)

The conclusion will follow from applying Lemma 5.14 and Proposition 5.8, exactly as
we did in Corollaries 5.15 and 5.12. In order to apply those two statements, let us assume
that xA � max.A;A23/ and consider �� 2 .0; �23�, where A is fixed in Proposition 6.1 and
A23 together with �23 are introduced in Lemma 5.14.
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From (6.7) and (6.8), we see that whenever S � S2 for some S2.K0; xA; x��/ � s0,
it follows that � � s23. xA; ��/ defined in Lemma 5.14. Let us then assume that S � S2.

Since xA � A, we see from Proposition 6.1 and Definition 3.1 that q.s/ 2 VA.s/ �
V xA.s/ and rq.s/ 2 L1 for all s � s0.

Using (6.8), we see that Lemma 5.14 applies with any s1 � � . In particular, if we
introduce s� such that

es
��� �0 D ��; (6.9)

where �0 is defined in (5.26), then we see that s� � � and for all s 2 Œ�; s��,

kwa.s/ � .� � e
s�� �0/kL2� �M23

�
�� C

1

xA

�
�� CM23e

��3 ; (6.10)

where the constant M23 is defined in Lemma 5.14.
Assuming that �� < �, we may introduce �� 2 R such that

 .��/ D � � ��; (6.11)

where  is defined in (5.8). Using (5.21), (6.8) and (6.7), we see that whenever xA � A3,
�� � �3 and S � S3 for some A3 � 1, �3 > 0 and S3.K0; xA; ��/, we have

kwa.s
�/ �  .��/kL2� �M23

�
�� C

1

xA

�
�� CM23e

��3 �
j 0.��/j

M1

; (6.12)

where M1 is introduced in Proposition 5.8. Since rwa.s�/ 2 L1 and kwa.s/kL1 � 2�
for any s � s�, thanks to Proposition 6.1, together with definition (3.1) of q and trans-
formation (3.14), Proposition 5.8 applies to the shifted function wa.y; s C s�/ (with any
�1 � 0), and we see that for all s � s�, we have

kwa.s/ �  .s C �
�
� s�/kL2� �M1kwa.s

�/ �  .��/kL2�
j 0.s C ��/j

j 0.��/j
:

Since  0 2 L1 by definition (5.8) of  , using again (6.12) and (5.21), we see that for all
s � s�,

kwa.s/ �  .s C �
�
� s�/kL2� � 2M1M23k 

0
kL1

�
�� C

1

xA
C
e�

�
3

��

�
; (6.13)

whenever �� � �4, for some �4 > 0.
Now, if s 2 Œ�; s��, using (5.6), we write

kwa.s/ �  .s C �
�
� s�/kL2� � kwa.s/ � .� � e

s�� �0/kL2�

C j .s C �� � s�/ � �j C es�� �0: (6.14)

Since s � s�, hence s C �� � s� � �� and  is decreasing by definition (5.8), we obtain
from (6.11) and (6.9) that

j .s C �� � s�/ � �j � j .��/ � �j D �� and es�� �0 � es
��� �0 D ��: (6.15)
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Therefore, using (6.14) together with (6.10), we see that for all s 2 Œ�; s��,

kwa.s/ �  .s C �
�
� s�/kL2� �M23

�
�� C

1

xA

�
�� CM23e

��3 C 2��: (6.16)

Finally, if s 2 Œs0; ��, noting again that s C �� � s� � � C �� � s� � ��, we may
use (6.15) and write similarly

kwa.s/ �  .s C �
�
� s�/kL2� � kwa.s/ � �kL2� C �

�:

Recalling thatrw.s/ 2L1 from the construction in Proposition 6.1, we may use a Taylor
expansion as in the proof of Claim 5.3 and get

kwa.s/ � �kL2� � C jwa.0; s/ � �j C Ckrw0.s/kL
1 : (6.17)

Since wa.0; s/ D w0.ae
s
2 ; s/ by (3.14) and

jae
s
2 j D j.K 0; L0/je

s��
2 �

p
K 02 C L02e

s��
2 � xA

p
2

by (6.8) and the fact that s � � , we may use again a Taylor expansion for w0 and write

jwa.0; s/ � �j D jw0.ae
s
2 ; s/ � �j � Ckw0.s/ � �kL2� C C.1C

xA/krw0.s/kL1 :

Furthermore, using the construction in Proposition 6.1, together with definitions (3.1)
and (2.2) of q.y; s/ and '.y; s/, and estimate (3.20), we have

kw0.s/ � �kL2� � kq.s/kL2� C k'.s/ � �kL2� � CAse
�2s
C Ce�s;

where A is given in Proposition 6.1. Collecting the previous estimates, we write for all
s 2 Œs0; ��,

kwa.s/ �  .s C �
�
� s�/kL2� � CAse

�2s
C Ce�s

C C.1C xA/krw.s/kL1 C �
�: (6.18)

Using (6.8), (6.7) and the gradient estimate in Corollary 6.2, we see from (6.13), (6.16)
and (6.18) that taking xA � A5, �� � �5 and S � S5 for some A5."/ � 1, �5."/ > 0 and
S5."; �

�; K0; xA/ � s0, we get for all s � s0,

kwa.s/ �  .s C �
�
� s�/kL2� � 4":

Taking s D S , using (6.5) and (6.6), then proceeding as with (6.17), we write

jw0.Y; S/ �  .S C �
�
� s�/j D jwa.0; S/ �  .S C �

�
� s�/j

� Ckwa.S/ �  .S C �
�
� s�/kL2� C Ckrw0.S/kL

1

� C"C Ckrw0.S/kL1 :

Taking S larger and using again the gradient estimate of Corollary 6.2, we see that

jw0.Y; S/ �  .S C �
�
� s�/j � 2C": (6.19)
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Since es
��� �0 D �� from (6.9), e�

�

� �� .p�1/
�

as �� ! 0 from (5.21), and eS�� �0 D
e�SY 21 Y

2
2 C ıe

�2S .Y 61 C Y
6
2 / by definitions (6.5), (6.8) and (5.26) of a, .K 0; L0/ and �0,

we write

eSC�
��s�

D e�
�

e�.s
���/eS�� D

�p � 1
�
C x�

�
��e�.s

���/eS��

D

�p � 1
�
C x�

�
�0eS�� D

�p � 1
�
C x�

�
Œe�SY 21 Y

2
2 C ıe

�2S .Y 61 C Y
6
2 /�;

where x�! 0 as ��! 0. Recalling condition (6.3), then making an expansion of defined
in (5.8), we see that for �� � �6 for some �6.K0; "/ > 0, we haveˇ̌̌

 .S C �� � s�/

�

h
p � 1C

.p � 1/2

�
.e�sY 21 Y

2
2 C ıe

�2s.Y 61 C Y
6
2 //

i� 1
p�1

ˇ̌̌
� ": (6.20)

Combining (6.19) and (6.20) yields (6.4). This concludes the proof of Proposition 6.3.

6.3. Derivation of the final profile

Throughout this subsection, we consider the solution u.x; t/ of equation (1.1) constructed
in Proposition 6.1 which blows up at time T > 0 only at the origin.

Using Propositions 6.1 and 6.3, together with the similarity variables’ transforma-
tion (1.4), we derive the following.

Corollary 6.4 (Intermediate profile for u.x; t/). For any K > 0, it holds that

sup
x2
1
x2
2
Cı.x6

1
Cx6

2
/

�K.T�t/

ˇ̌̌
.T � t /

1
p�1u.x; t/ �

h
p � 1C

.p � 1/2

�

Œx21x
2
2 C ı.x

6
1 C x

6
2/�

T � t

i� 1
p�1

ˇ̌̌
goes to 0 as t ! T .

Using this result, we derive the following estimate for the final profile.

Proposition 6.5 (Final profile). For any a ¤ 0, u.a; t/ has a limit as t ! T , denoted by
u.a; T /. Moreover,

u.a; T / � u�.a/ as a! 0; (6.21)

where

u�.a/ D
h .p � 1/2

�
.a21a

2
2 C ı.a

6
1 C a

6
2//
i� 1

p�1

:

Remark. Similarly to our remark given after Proposition 6.3, we justify the name of u�

as “final profile”.

This result is in fact a consequence of the following ODE localization property of the
PDE, proved in our earlier paper [20], and which is a direct consequence of the Liouville
theorem stated in Proposition 5.1.
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Proposition 6.6 (ODE localization for u.x; t/). For any " > 0, there exists C" > 0 such
that for all .x; t/ 2 R2 � Œ0; T /,

.1 � "/u.x; t/p � C" � @tu.x; t/ � .1C "/u.x; t/
p
C C":

Remark. Since initial data given in (4.3) are nonnegative, the same holds for w0.y; s/,
solution of equation (1.12), and u.x; t/, solution of equation (1.1), both constructed in
Proposition 6.1. This justifies the notation u.x; t/p without absolute value.

Proof of Proposition 6.6. See [20, p. 144, Theorem 1.7]. The fact that initial data given
in (4.3) are inW 2;1.R2/ is necessary to have the estimate in R2 � Œ0;T /, otherwise, if ini-
tial data are only in L1.R2/, we will have u.t0/ 2W 2;1.R2/ for any t0 > 0 by parabolic
regularity, and the statement will hold uniformly in R2 � Œt0; T / from any t0 2 .0; T /.

Now, we are ready to prove Proposition 6.5, thanks to Corollary 6.4 and Proposi-
tion 6.6.

Proof of Proposition 6.5. The existence of the limiting profile u.a; T / follows by com-
pactness, exactly as in [17, p. 269, Proposition 2.2]. It remains to prove (6.21).

Consider any K0 > 0. Given any small enough a ¤ 0, we introduce the time t�.a/ 2
Œ0; T / such that

a21a
2
2 C ı.a

6
1 C a

6
2/ D K0

�

p � 1
.T � t�.a//: (6.22)

Note that t�.a/! T as a! 0. The conclusion will follow from the study of u.a; t/ on
the time interval Œt�.a/; T /. Consider first some arbitrary " > 0.

Step 1: Initialization. From Corollary 6.4, we get that

j.T � t�.a//
1
p�1u.a; t�.a// � �.1CK0/

� 1
p�1 j � "�.1CK0/

� 1
p�1 ; (6.23)

provided that a is small enough.

Step 2: Dynamics for t 2 Œt�.a/; T /. From Proposition 6.6, we see that

8t 2 Œt�.a/; T /; .1 � "/u.a; t/p � C" � @tu.x; t/ � .1C "/u.a; t/
p
C C" (6.24)

for some C" > 0. Using (6.23) and (6.24), one easily shows that for a small enough,

8t 2 Œt�.a/; T /; C" � "u.a; t/
p:

Therefore, we see from (6.24) that

8t 2 Œt�.a/; T /; .1 � 2"/u.a; t/p � @tu.x; t/ � .1C 2"/u.a; t/
p:

Using again (6.23), we may explicitly integrate the two differential inequalities we have
just derived and write for all t 2 Œt�.a/; T /,

�Œ.T � t�.a//.1CK0/.1 � "/
1�p
� .1 � 2"/.t � t�.a//��

1
p�1 � u.a; t/

� �Œ.T � t�.a//.1CK0/.1C "/
1�p
� .1C 2"/.t � t�.a//��

1
p�1 :
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Making t ! T , we see that

�.T � t�.a//�
1
p�1 Œ.1CK0/.1 � "/

1�p
� .1 � 2"/��

1
p�1 � u.a; T /

� �.T � t�.a//�
1
p�1 Œ.1CK0/.1C "/

1�p
� .1C 2"/��

1
p�1 :

Taking " small enough, we obtain that

ju.a; T / � �.T � t�.a//�
1
p�1K

� 1
p�1

0 j � C.K0/".T � t
�.a//�

1
p�1 :

Using definitions (6.22) and (6.21) of t�.a/ and u�.a/, we see that

ju.a; T / � u�.a/j � C 0.K0/"u
�.a/:

Since " > 0 was arbitrarily chosen, this concludes the proof of Proposition 6.5.

6.4. Conclusion of the proof of the main statement

In this subsection, we gather the previous statements to derive Theorem 1.

Proof of Theorem 1. Let us first note that ı > 0 was chosen large enough in the beginning
of Section 3. In fact, as one can easily see from the proof, our analysis holds for any ı� ı0,
for some ı0 large enough.

Using Proposition 6.1, we have the existence of a solution u.x; t/ of equation (1.1)
blowing up at some time T > 0 only at the origin, such that q.s/ 2 VA.s/ given in Defini-
tion 3.1 for any s � s0 D � log T , where q is defined in (3.1). In particular, kq.s/kL2� �
Ase�2s for all s � s0, by (3.20). From expansion (2.5) of the profile ' defined in (2.2),
we see that item (i) of Theorem 1 holds in L2�.R

2/. Using parabolic regularity, the con-
vergence holds also uniformly in any compact set of R2.

As for items (ii) and (iii) of Theorem 1, they directly follow from Propositions 6.3
and 6.5. This concludes the proof of Theorem 1.

7. Proof of the technical details

In this section, we proceed in several subsections to justify all the technical ingredients,
which were stated without proofs in the previous sections.

7.1. Estimates of the remainder term R.y; s/ defined in formula (3.3)

In this subsection, we prove estimate (3.10) and Lemma 4.1. Since the former is a direct
consequence of the latter, thanks to decomposition (3.16), we only prove the lemma.

Proof of Lemma 4.1. Take r � 2. In the following, all the expansions are valid in Lr�
for s ! 1. This is the case in particular for (2.5). As one may convince himself by
differentiating expression (2.2), then making an expansion as s !1, we will find the
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same result as if we have directly differentiated expression (2.5). Using (3.6), it fol-
lows that

@s'.y; s/ D e
�sh2h2 � 2e

�2s
°
�ı.h6h0 C h0h6/C 
.h4h2 C h2h4/C

p

2�
h4h4

±
CO.e�3s/;

.L�1/'.y; s/ D 2e�sh2h2 C e
�2s

°
3ı.h6h0 C h0h6/ � 3
.h4h2 C h2h4/ �

2p

�
h4h4

±
CO.e�3s/:

Since k'.�; s/kL1 � � C C0 for all s � 0 (see item (ii) of Lemma 2.2), using a Taylor
expansion, we write

'p D �p C p�p�1.' � �/C
p.p � 1/

2
�p�2.' � �/2 CO..' � �/3/:

Since

' � � D O.e�s/ and .' � �/2 D e�2sh2.y1/
2h2.y2/

2
CO.e�3s/

from (2.5), noting that

h2.�/
2
D h4.�/C 8h2.�/C 8h0.�/

by definition (1.10), the result follows from the above estimates, thanks to definitions (3.3)
and (1.5) of R.y; s/ and �. This concludes the proof of Lemma 4.1.

7.2. Dynamics of equation (3.2)

We prove Proposition 4.2 in this subsection.

Proof of Proposition 4.2. Consider a solution q.s/2VA.s/ of equation (3.2) on some time
interval Œs0; s1� for some A > 0. Note that kq.s/kL1 is uniformly bounded, hence, (3.9)
holds. Assume that the initial condition (4.1) holds. Consider then s 2 Œs0; s1�.

(i) Consider i 2N and 0� j � i . If we multiply equation (3.2) by ki�j .y1/kj .y2/, where
the polynomial kn is introduced in (3.18), we get the conclusion, by definition (3.17)
of qi;j together with (3.6), (3.7), (3.20), (3.9) and Hölder’s inequality.

(ii) If P� is the L2� projector on

E� � span¹hi�jhj j i � 8 and 0 � j � iº; (7.1)

then q�.s/DP�.q.s// andR�.s/DP�.R.s//. Applying this projector to equation (3.2),
we get

@sq� D Lq� C P�.Vq C B/CR�:

Multiplying by q�� and then integrating in space, we write

1

2

d

ds
kq�k

2

L2�
D

Z
R2
q�Lq��dy C

Z
R2
q�ŒP�.Vq C B/CR���dy:
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Since the highest eigenvalue of L on E� is � D �3 (see (3.6)), it follows thatZ
R2
q�Lq��dy � �3kq�k

2

L2�
:

Recalling that jBj � C jqj xp , where xp D min.p; 2/ > 1 thanks to (3.9), then using the
Cauchy–Schwarz inequality, we writeˇ̌̌ Z

R2
q�ŒP�.Vq C B/CR���dy

ˇ̌̌
� kq�kL2� ŒkP�.Vq C B/kL2� C kR�kL2� �

� kq�kL2� ŒkVqkL2� C CkBkL2� C kR�kL2� �

� kq�kL2� ŒkV kL4�kqkL4� C Ckqk
xp

L
2xp
�

C kR�kL2� �:

Using the delay regularizing estimate given in Proposition 4.3, together with estimate (3.7)
satisfied by V , we conclude the proof of Proposition 4.2.

7.3. Parabolic regularity

In this subsection, we prove Proposition 4.3, which gives a parabolic regularity estimate
for equation (3.2). Through a Duhamel formulation for equation (3.2), we reduce the
question to the linear level, where the estimate was already proved by Herrero and Veláz-
quez [16], as we recall in the following, along with another classical regularity estimate.

Lemma 7.1 (Regularizing effect of the operator L). We have

(i) (Herrero and Velázquez [16]) For any r > 1, xr > 1, s > max.0;� log. r�1
xr�1

// and
v0 2 L

r
�.R

N / it holds that

kesLv0kLxr�.RN / �
C.r; xr/es

.1 � e�s/
N
2r .r � 1 � e�s.xr � 1//

N
2xr

kv0kLr�.RN /:

(ii) Consider r � 2 and v0 2 Lr�.R
N / such that jv0.y/j C jrv0.y/j � C.1C jyjk/ for

some k 2 N. Then for all s � 0, we have kesLv0kLr�.RN / � Ce
skv0kLr�.RN /.

(iii) For any v0 2 L1.RN / and s � 0, it holds that esLv0 2 L1 with kesLv0kL1 �
Ceskv0kL1 .

(iv) For any v02W 1;1.RN / and s>0, it holds that esLrv02L1 with kesLrv0kL1�
Cesp
1�e�s

kv0kL1 .

Remark. When r D xr in item (i), then constant in the right-hand side blows up as s! 0,
which may seem surprising, since one expects some continuity of the norm in Lr�. In fact,
such a continuity is obtained in item (ii), thanks to an additional growth control of the
gradient.

Proof of Lemma 7.1. (i) See [16, Section 2, p. 139] where the one-dimensional case is
proved. The adaptation to higher dimensions is straightforward.

(ii) See [23, Lemma 2.1].
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(iii) and (iv) These estimates are straightforward from the definition of the kernel,

esL.y; x/ D
es

Œ4�.1 � e�s/�N=2
exp

h
�
jye�

s
2 � xj2

4.1 � e�s/

i
: (7.2)

We conclude the proof of Lemma 7.1.

Let us now give the proof of Proposition 4.3.

Proof of Proposition 4.3. Let us consider A > 0 and s1 � s0 � 0, and assume that q.y; s/
satisfies equation (3.2) for all .y; s/ 2 R2 � Œs0; s1�, with q.s/ 2 VA.s/ defined in (3.1).
Assume also that the initial condition (4.1) holds. Note in particular that kq.s/kL1 is
uniformly bounded. Using (3.11) together with (3.12), we see that for some universal
constant C � > 0 and for almost every .y; s/ 2 R2 � Œs0; s1�, we have

@sjqj � .LC C
�/jqj C jRj: (7.3)

Consider now some r � 2 and

s� D � log
�2 � 1
r � 1

�
� 0;

which is involved in the statement of Lemma 7.1. Consider then some s 2 Œs0; s1� and
introduce

s0 D maxŒs0; s � s��: (7.4)

We then introduce the following Duhamel formulation of (7.3) on the interval Œs0; s�:

jq.s/j � e.LCC
�/.s�s0/

jq.s0/j C

Z s

s0
e.LCC

�/.s��/
jR.�/jd�;

which implies that
kq.s/kLr�.R2/ � I C J; (7.5)

where

I D ke.LCC
�/.s�s0/

jq.s0/jkLr�.R2/ and J D

Z s

s0
ke.LCC

�/.s��/
jR.�/jkLr�.R2/d�:

Let us first bound J , and then I .
Since R.y; s/ and rR.y; s/ are clearly bounded by a polynomial in y by defini-

tion (3.3), we write from item (ii) of Lemma 7.1 and bound (3.10) on R,

J � C

Z s

s0
e.1CC

�/.s��/
kR.�/kLr�.R2/d�

� C

Z s

s0
e.1CC

�/.s��/e�2�d� � e.1CC
�/.s�s0/.s � s0/e�2s

0

d�:

Since s0 � s � s� from (7.4), it follows that s � s0 � s� and e�2s
0

� e2s
��2s , hence

J � Cs�e.3CC
�/s�e�2s : (7.6)



F. Merle, H. Zaag 1126

In order to bound I , we consider two cases:

� If s � s� � s0, then s0 D s � s� and s � s0 D s�. Using item (i) in Lemma 7.1, we
write

I � C.r/kq.s � s�/kL2� :

Since q.s � s�/ 2 VA.s � s�/ by hypothesis, it follows from (3.20) that

kq.s � s�/kL2� � CA.s � s
�/e�2.s�s

�/
� Ce2s

�

Ase�2s :

Therefore, we conclude that
I � C.r/Ase�2s : (7.7)

� If s � s� < s0, then s0 D s0. This time, from hypothesis (4.1), we see that we can apply
item (ii) of Lemma 7.1 to write

I � Ce.1CC
�/.s�s0/kq.s0/kLr� � C.r/e

.1CC�/s�As0e
�2s0 :

Since s0 � s < s0 C s�, it follows that

I � C.r/Ase�2s : (7.8)

Combining (7.5), (7.6), (7.7) and (7.8) concludes the proof of Proposition 4.3.

7.4. Position of the flow of equation (3.2) on the boundary of VA.s/

We prove Proposition 4.4 in this subsection.

Proof of Proposition 4.4. Consider a solution q.s/2VA.s/ of equation (3.2) on some time
interval Œs0; s1� for some A > 0, where s0 � s11.A/ is large enough so that both Propo-
sition 4.2 and Lemma 4.1 apply. Assume that the initial condition (4.1) holds. We only
prove items (i) and (iv), since items (ii) and (iii) follow in the same way.

(i) Consider i � 4, with i and j both even, and assume that

qi;j .s1/ D �Ae
�2s1 ;

for some � D ˙1. Since Lemma 4.1 implies that jRi;j .s/j � Ce�2s , by definition (3.17),
we write from item (i) of Proposition 4.2,

�q0i;j .s1/ �
�
1 �

i

2

�
Ae�2s1 � CiAs1e

�3s1 � Ce�2s1 �
1 � i

2
Ae�2s1 ;

on the one hand, taking A large enough, then s0 large enough. On the other hand, we have

d

ds
Ae�2s

ˇ̌
sDs1
D �2Ae�2s1 :

Since 1�i
2
�

1�4
2
D �

3
2
� �2, the conclusion follows.
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(iv) Let us assume that kq�.s1/kL2� D A
2s21e

�3s1 . Using Lemma 4.1, we see that

kR�.s/kL2� � Ce
�3s;

by definition (3.16). Using item (ii) in Proposition 4.2, it follows that

d

ds
kq�.s1/kL2� � �3A

2s21e
�3s1 C CAs1e

�3s1 C Ce�3s1 � �3A2s21e
�3s1 C A2s1e

�3s1

on the one hand, takingA large enough, then s0 large enough. On the other hand, we com-
pute

d

ds
A2s2e�3s

ˇ̌
sDs1
D A2e�3s1.2s1 � 3s

2
1/;

and the conclusion follows. This concludes the proof of Proposition 4.4.

7.5. Details for the initialization

We prove Proposition 4.6 here.

Proof of Proposition 4.6. We will be using the notation d D .d0;0; d2;0; d4;0; d4;2; d6;0/
for simplicity. Let us consider A � 1 and s0 � 1. The first item (i) will be proved for any
d 2 Œ�2; 2�5. The set D will be introduced while proving item (ii). Since the set D we
intend to construct will be in Œ�2; 2�5, there will be no need to revisit the proof of item (i)
afterward. Note that all the expansions given below are valid in Lr� for any r � 2.

(i) By definition (4.2) of S.y/ and xS.y/ and definition (2.4) of D, together with (2.13)
and (2.15), we write for s0 large enough,

Ae�2s0 jS.y/j

D
�
CAe�2s0.1C jyj4/

D
� CAe�

s0
2 ;

As20e
�3s0 j xS.y/j

D
� CAs20e

�3s0
1C jyj6

e�2s0 C e�2s0 jyj6
� CAs20e

�s0 :

(7.9)

Using item (i) of Lemma 2.2, the conclusion follows for s0 large enough.

(ii) Since D � p � 1 > 0 by definition (2.4) of D, using expressions (4.3) and (2.2) of
w0.y; s0/ and ', together with item (ii) of Lemma 2.2 and (7.9), we write

jw0.y; s0/j
p�1
� j'.y; s0/j

p�1
C
p � 1

�D
.Ae�2s0S.y/C As20e

�3s0 xS.y//

�
1

p � 1
C Ce�

s0
3 ; (7.10)

for s0 large enough, and the bound on kw0.s0/kL1 follows.
Taking the logarithm and then the gradient of w0.y; s0/ in (4.3), we write

jrw0.y; s0/j �
jw0.y; s0/j

p � 1

h
jr xEj

xE
C
jrDj

D

i
; (7.11)
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where
xE D E C

p � 1

�D
.Ae�2s0S.y/C As20e

�3s0 xS.y//:

Using (7.9), (2.3), (2.9) and (2.11), we write

xE �
E0

C
; where E0 D 1C e�s0.y21 C y

2
2/C e

�2s0.y41 C y
4
2/: (7.12)

Then, we write

r

hS.y/
D

i
D
rS.y/

D
�
S.y/rD

D2
;

hence, by definition (4.2) of S.y/, we have

Ae�2s0
ˇ̌̌
r

hS.y/
D

iˇ̌̌
� CAe�2s0

.1C jyj3/

D
C Ae�2s0

jS.y/j

D

jrDj

D
� CAe�

2
3 s0 ;

thanks to (7.9) and (2.21), together with the technique we used for (2.15). Similarly,
we derive that

As20e
�3s0

ˇ̌̌
r

h xS.y/
D

iˇ̌̌
� As20e

� 76 s0 :

Therefore, using (7.11), (7.12) together with (2.20), we write

jr xEj

xE
� C
jrEj

E0
C CAe�

2
3 s0 C CAs20e

� 76 s0 � Ce�
s0
3 : (7.13)

Using (7.11), (7.10), (7.13) together with (2.21), we obtain the following bound:

jrw0.y; s0/j � Ce
�
s0
6 :

Arguing as for (2.6), we show the following:

w0.y; s0/ D � C e
�s0
� �

p � 1
P.y/ � y21y

2
2

�
C e�2s0

� �

p � 1
Q.y/C AS.y/

C
�.2 � p/

2.p � 1/2
P.y/2 �

P.y/

p � 1
y21y

2
2 � ıy

6
1 � ıy

6
2 C

p

2�
y41y

4
2

�
C As20e

�3s0 xS.y/CO.Ae�3s0/;

uniformly for d 2 Œ�2;2�5. Using again expansion (2.6) of ' together with definition (4.4)
of q.y; s0/, we derive that

q.y; s0/ D Ae
�2s0S.y/C As20e

�3s0 xS.y/CO.Ae�3s0/ as s0 !1:

By definition (4.2) of S.y/ and xS.y/, together with definition (3.17) of the projections,
we clearly see that for all d 2 Œ�2; 2�4 and .i; j / 2 I0 � ¹.0; 0/; .2; 0/; .4; 0/; .4; 2/º,

qi;j .s0/ D Ae
�2s0di;j CO.Ae

�3s0/ and q6;0.s0/ D As
2
0e
�3s0d6;0 CO.Ae

�3s0/

(please note that this identity holds after differentiation in d ). We also have kq�.s0/kL2� D
O.Ae�3s0/ and

qi;j .s0/ D O.Ae
�3s0/ whenever .i; j / and .i; i � j / are not in I0 [ ¹.6; 0/º:
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Recalling estimate (7.10) and definition (4.4) of q.y; s0/, we see that this clearly gives
the existence of D � Œ�2; 2�5 such that q.s0/ 2 VA.s0/, (4.1) holds and jq6;2.s0/j C
kq�.s0/kL2� � CAe

�3s0 , whenever d 2 D , with the function defined in (4.5) being one-
to-one, provided that s0 is large enough. This concludes the proof of Proposition 4.6.

7.6. Gradient estimate in the shrinking set

This subsection is devoted to the proof of Proposition 5.2, thanks to the Liouville theorem
recalled in Proposition 5.1.

Proof of Proposition 5.2. Consider A � 1 and ı0 > 0. Proceeding by contradiction, we
may exhibit a sequence qn of solutions to equation (3.2) defined for all .y; s/ 2 R2 �
Œs0;n; s1;n� for some s1;n � s0;n � n such that qn.s0;n/ is given by (4.4) for some param-
eters .d0;0;n; d2;0;n; d4;0;n; d4;2;n; d6;0;n/ 2 Dn, where Dn D D.A; s0;n/ is defined in
Proposition 4.6, with qn.s/ 2 VA.s/ for all s 2 Œs0;n; s1;n�, and

krqn.s2;n/Cr'.s2;n/kL1 > ı0 for some s2;n 2 Œs0;n; s1;n�: (7.14)

Note that s2;n !1 as n!1. We claim that it is enough to prove that

s2;n � s0;n !1 as n!1 (7.15)

in order to conclude. Indeed, if (7.15) holds, then, introducing

wn.y; s/ D qn.y; s C s2;n/C '.y; s C s2;n/; (7.16)

we see from (3.1) that wn is a solution of equation (1.12) defined for all .y; s/ 2 R2 �
Œs0;n � s2;n; 0�. Since qn.s/ 2 VA.s/ for all s 2 Œs0;n; s2;n�, it follows by Definition 3.1 that
kqn.s/C '.s/kL1 � 2�. Using this together with (7.14), we see that for n large enough,
we have

8s 2 Œs0;n � s2;n; 0�; kwn.s/kL1 � 2�; (7.17)

krwn.0/kL1 � ı0: (7.18)

Applying a classical parabolic regularity technique to equation (1.12), we obtain the fol-
lowing estimate.

Lemma 7.2 (Parabolic regularity for equation (1.12)). For all n 2 N, it holds that

kwnkC2;1;˛.R2�.s0;n�s2;nC1;0// � C0 (7.19)

for some C0 > 0, where C 2;1;˛ stands for the set of functions of space and time, with
two space derivatives and one time derivative which are ˛-Hölder continuous in both
variables.

Proof. Since this estimate is classical, we leave its justification to Appendix A.
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Recalling that s0;n � s2;n ! �1 from (7.15), we may use the compactness provided
by this lemma, combined to a diagonal process, in order to extract a subsequence (still
denoted by wn) such that wn ! w in C 2;1 of any compact subset of R2 � .�1; 0�.
Since wn is a solution of equation (1.12), the same holds for w. From properties (7.17)
and (7.18), it follows that

8s � 0; kw.s/kL1 � 2�;

krw.0/kL1 � ı0:

Using Proposition 5.1, we see that this is a contradiction. Thus, it remains to prove (7.15)
in order to conclude.

Now we prove (7.15). Since wn satisfies equation (1.12), by differentiating this equa-
tion in space, we obtain the following vector-valued equation on rwn, for all .y; s/ 2
R2 � Œs0;n � s2;n; 0�:

@srwn D
�
L �

3

2
�

1

p � 1

�
rwn C pjwnj

p�1
rwn;

where the operator L is defined in (3.3).
Using a Duhamel formulation based on the kernel (7.2), together with the L1 bound

in (7.17), we see that for all s 2 Œs0;n � s2;n; 0�,

krwn.s/kL1 � e
�. 12C

1
p�1 /.sCs2;n�s0;n/krwn.s0;n � s2;n/kL1

C p.2�/p�1
Z 0

s0;n�s2;n

krwn.s
0/kL1ds

0:

Since �p�1 D 1
p�1

by definition (1.5) using Gronwall’s lemma, we see that

krwn.0/kL1 � e
.p2

p�1�1
p�1 � 12 /.s2;n�s0;n/krwn.s0;n � s2;n/kL1 (7.20)

on the one hand. On the other hand, recalling that by hypothesis, qn.s0;n/ is given by (4.4)
for some parameters .d0;0;n; d2;0;n; d4;0;n; d4;2;n; d6;0;n/ 2 Dn, where Dn D D.A; s0;n/

is defined in Proposition 4.6, we see from that proposition and definition (7.16) of wn that

krwn.s0;n � s2;n/kL1 D krqn.s0;n/Cr'.s0;n/kL1 � Ce
�
s0;n
6 :

Using this together with (7.18) and (7.20), we write

0 < ı0 � krwn.0/kL1 � e
.p2

p�1�1
p�1 � 12 /.s2;n�s0;n/krwn.s0;n � s2;n/kL1

� Ce.
p2p�1�1
p�1 � 12 /.s2;n�s0;n/e�

s0;n
6 :

Since s0;n � n and p2p�1�1
p�1

�
1
2
> 1

2
> 0, it follows that s2;n � s0;n !1, and (7.15)

holds. Since we have already shown that (7.15) yields a contradiction, this concludes the
proof of Proposition 5.2.
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7.7. Size of the solution in the three regions

In this subsection, we prove Lemma 5.5.

Proof of Lemma 5.5. ConsiderA� 1, s0 � s13.A/ and d D .d0;0; d2;0; d4;0; d4;2; d6;0/ 2
D.A; s0/, where s13.A/ and D.A; s0/ are defined in Proposition 4.6. Consider then
a 2 R2 and introduce y D ae

s0
2 . By definitions (4.3) and (2.2) of initial data w0.y; s0/

and the profile ', arguing as for (2.12), we may improve that estimate and writeˇ̌̌
w0.y; s0/

p�1
�
1

D

ˇ̌̌
� C

°
e�s0 C

N2 CN3

D
C
Ae�2s0S.y/

D2
C As20e

�3s0 xS.y/D2
±

� Ce�
s0
3 ; (7.21)

where D, N2, N3, S.y/ and xS.y/ are defined in (2.4), (2.13) and (4.2), and where we
have used the bounds (2.15), (2.18) and (7.9).

By definitions (2.4) and (5.10) of D and G0.a/, we see that

D D p � 1C
.p � 1/2

�
.e�s0y21y

2
2 C ıe

�2s0.y61 C y
6
2// D .p � 1/Œ1C e

s0G0.a/�:

Consider now two nonnegative numbers m and M such that 0 < m � 1 �M . If a 2 R1

(resp. R2, resp. R3) defined in (5.9), then by definition (5.9), .p � 1/.1 CM/ � D

(resp. .p � 1/.1Cm/ � D � .p � 1/.1CM/, resp. D � .p � 1/.1Cm/). Since 0 �
w0.y; s0/ � � C Ce

�
s0
3 by Proposition 4.6, combining this with (7.21) concludes the

proof of Lemma 5.5.

7.8. Details for the control of wa.y; s/ for a in region R3

In this subsection, we prove Lemmas 5.10, 5.11 and 5.13.

Proof of Lemma 5.10. Consider A � 1 and s0 � s13.A/, together with the parameter d D
.d0;0; d2;0; d4;0; d4;2; d6;0/ 2 D.A; s0/, where s13 and D are defined in Proposition 4.6.
Consider also w0.y; s0/ defined in (4.3). Recalling that D � Œ�2; 2�5, we may write the
following Taylor expansion:ˇ̌̌

w0.y; s/ � �
h
1 �

X

p � 1
�
e�s0P

p � 1

iˇ̌̌
� C ¹I C J 2 C 1

¹1<p< 32 º
J

1
p�1 º; (7.22)

where

X.y1; y2; s0/ D
p � 1

�
Œe�s0y21y

2
2 C ıe

�2s0.y61 C y
6
2/�;

and

I D Xe�s0 jP j C e�2s0 jQj.1CX/CX2.1C e�s0 jP j C e�2s0 jQj/

C Ae�2s0.1C jyj4/C As20e
�3s0.1C jyj6/;

J D X C e�s0 jP j C I;
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the polynomials P and Q (of degrees 2 and 4, respectively) are given in (2.7) and (2.8)
(see (2.9) and (2.10)), and the constant ı � 1 was already fixed large enough at the begin-
ning of Section 3.

Consider now some m 2 .0; 1/ and a 2 R3 defined in (5.9), with a decomposed as
in (5.14), for some L � K � 0, with LCK � A. Given some r � 2, we may use rela-
tion (5.15) together with (7.22) to derive an expansion for wa.y; s0/, showing error terms
bounded by small terms in scales of 1

LCK
and e�s0 . In particular, the following expan-

sions are useful:

P.y1 CK; y2 C L/ D
2.p � 1/

�

�
K2 C L2 C 2C 2Kh1.y1/C 2Lh1.y2/

C h2.y1/C h2.y2/
�
;

X.y1 CK; y2 C L; s0/ D e
�s0
�
y21y

2
2 C 2Ly

2
1y2 C 2Ky1y

2
2 C L

2y21 C 4KLy1y2

CK2y22 C 2KL
2y1 C 2K

2Ly2 CK
2L2

�
C ıe�2s0.K6 C L6/CO..K5 C L5/e�2s0/

in Lr�.R
2/. This latter estimate can be easily written in the Hermite polynomials ba-

sis (1.10). Since by definition (5.16) of � and (5.17), it follows that

� �
m�

p � 1
�

�

p � 1
; K C L � 2�

1
6 e

s0
3 and KL �

p
�e
s0
2 ;

one can easily bound all the error terms by O. �
A
/ and O.�2/, as required by the statement

of the lemma. This concludes the proof of Lemma 5.10.

Proof of Lemma 5.11. Take A � 1 and s0 � maxŒs13.A/; s18.A/�, where s13 and s18 are
defined in Proposition 4.6 and Lemma 5.10. Consider .d0;0; d2;0; d4;0; d4;2; d6;0/ 2 D

defined in Proposition 4.6 and initial data w.y; s0/ defined in (4.3). Consider also some
�� � �

p�1
, 0 < m < ��.p�1/

�
� 1 and a 2 R3 from (5.9) given by (5.14) for some

L � K � 0 such that L C K � A. In this case, Proposition 4.6 applies, and so does
Lemma 5.10. In particular, the expansion given there holds for wa.y; s0/.

(i) Note that condition (5.19) holds from the choice of �� andm. Therefore, using (5.17),
we see that �� m�

p�1
� ��. By definition (5.20) of s�, it follows that s�D s0C log �

�

�
� s0.

(ii) Assume now that
8s 2 Œs0; s1�; kwa.s/kL1 � 2�; (7.23)

for some s1 � s0. Introducing

va D wa � � and xs D min.s�; s1/; (7.24)

we work in the following in the interval Œs0;xs �, and proceed in three steps in order to give
the proof:

� In Step 1, we write an equation satisfied by va and project it on the various components
va;i;j defined in (3.17).

� In Step 2, we integrate those equations.

� In Step 3, we collect the previous information to conclude the proof.
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Step 1: Dynamics for va. Since wa satisfies equation (1.12), by definition (7.24), it fol-
lows that va satisfies the following equation:

8s 2 Œs0;xs �; @sva D Lva C xB.va/; (7.25)

where the linear operator L is introduced in (3.3) and

xB.va/ D j� C vaj
p�1.� C va/ � �

p
� p�p�1va: (7.26)

In this step, we project equation (7.25) in order to write differential inequalities satisfied
by the various components va;i;j defined in (3.17) as well as xP .va/, where xP is the L2�
orthogonal projector on

xE D span
®
hihj j .i; j / 62 ¹.0; 0/; .1; 0/; .0; 1/; .2; 0/; .1; 1/; .0; 2/;

.1; 2/; .2; 1/; .2; 2/º
¯
; (7.27)

the orthogonal supplement of the directions appearing in the expansion of Lemma 5.10.
This is our statement.

Lemma 7.3 (Projections of equation (7.25)). Under the hypotheses of Lemma 5.11, for
all s 2 Œs0;xs �, for all i 2 N and j D 0; : : : ; i , it holds thatˇ̌̌

v0a;i;j .s/ �
�
1 �

i

2

�
va;i;j .s/

ˇ̌̌
� C.i/kva.s/k

2

L2�
: (7.28)

In addition,

d

ds
k xP .va.s//kL2� � �

1

2
k xP .va.s//kL2� C 1¹s0�s�s0C2ºC28kva.s0/k

2

L4�

C 1¹s0C2�s�xsºC28kva.s � 2/k
2

L2�
(7.29)

for some universal constant C28, where xs is defined in (7.24) and the projector xP is
defined right before (7.27).

Proof. Note first from (7.23), (7.24) and (7.26) that

8s 2 Œs0;xs �; j xB.va/j � C jvaj
2: (7.30)

This way, the proof follows as for Proposition 4.2 proved in Section 7.2. More precisely,
identity (7.28) follows from equation (7.25) and the quadratic estimate (7.30) exactly
as for item (i) of that proposition. As for (7.29), arguing as for item (ii) of the same
proposition, we write

d

ds
k xP .va.s//kL2� � �

1

2
k xP .va.s//kL2� C Ckva.s/

2
kL2�

;

since �D�1
2

is the largest eigenvalue of L corresponding to the components spanning xE
(see (7.27)), the image of the projector xP (see (3.6)). Note that � D �1

2
corresponds to

the eigenfunctions h3h0 and h0h3.
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The question then reduces to the control of kva.s/2kL2� D kva.s/k
2

L4�
. Arguing as

in Section 7.3 for the proof of Proposition 4.3, we can apply here items (i) and (ii)
of Lemma 7.1 (with a delay time equal to 2). Indeed, va.s/, va.s0/ and rva.s0/ are
in L1.R2/, thanks to (7.23) and Proposition 4.6, through the transformations (7.24)
and (5.15). This concludes the proof of Lemma 7.3.

Step 2: Integration of the equations of Lemma 7.3. We claim the following.

Lemma 7.4 (Integration of equation (7.25)). There existM29, A29 � 1 and �29 > 0 such
that under the hypotheses of Lemma 5.11, ifA�A29 and �� � �29, then for all s 2 Œs0;xs �,
it holds that for all i D 0; : : : ; 4 and j D 0; : : : ; i ,

jva;i;j .s/ � e
.1� i2 /�va;i;j .s0/j �M29.�

�
C A�2/e� �;

k xP .va.s//kL2� � e
� �2 k xP .va.s0//kL2� CM29.�

�
C A�2/e� �

provided that A and s0 are large enough and �� is small enough, where xs, � and xP are
defined in (7.24), (5.16) and right before (7.27), with � D s � s0.

Proof. This integration is at the heart of our argument, as it was already the case in our
previous work [23] dedicated to the classification of the possible behaviors near non-
isolated blow-up points for equation (1.1) (see in particular Section 4.4 in that paper).
Looking in that paper is certainly convincing for the expert reader. To be nice to all read-
ers, we summarize the integration argument below.

Consider M29 > 0 to be fixed later. For s0 large enough, we note that both identities
in Lemma 7.4 are true at s D s0. Therefore, we may proceed by contradiction and assume
that one of these identities does not hold at some time in the interval Œs0; xs �, where xs is
defined in (7.24). If s29 is the infimum of such times, then we see from continuity that both
identities hold on the interval Œs0; s29� and that one of them has an equality case at s D s29.
In the following, we will prove that no equality case occurs, yielding a contradiction.

Since both identities hold for all s 2 Œs0; s29�, using the estimates at initial time s D s0
given in Lemma 5.10 and using definition (7.24) of va, we derive the following bounds
for s0 large enough and for all s 2 Œs0; s29� and r 2 ¹2; 4º:

kva.s0/kLr� �M
0
29.�C J /;

kva.s/kL2� �M
0
29.e

� �C J /CM 029M29.�
�
C A�2/e� �;

where

J D e�s0.K2 C L2/ (7.31)

for some universal constant M 029 > 0, where � D s � s0 hereafter. Taking �� > 0 small
enough and A large enough, we write for all s 2 Œs0; s29�,

kva.s/kL2� � 2M
0
29.e

� �C J /: (7.32)
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Using Lemma 7.3 together with (7.32), we write for s0 large enough, for all i D 0; : : : ; 4,
j D 0; : : : ; i and s 2 Œs0; s29�,ˇ̌̌

v0a;i;j .s/ �
�
1 �

i

2

�
va;i;j .s/

ˇ̌̌
� C29M

0
29
2
.e2� �2 C J 2/;

d

ds
k xP .va.s//kL2� � �

1

2
k xP .va.s//kL2� C C29M

0
29
2
.e2� �2 C J 2/;

for some universal constant C29 > 0.
Integrating the first equation, we see that for all s 2 Œs0; s29�,

jva;i;j .s/ � e
.1� i2 /�va;i;j .s0/j � C29M

0
29
2
.e2� �2 C 2e�J 2/: (7.33)

Integrating the second inequality, we see that for all s 2 Œs0; s29�,

k xP .va.s//kL2� � e
� �2 k xP .va.s0//kL2� C C29M

0
29
2
�2
5
e2� �2 C 2J 2

�
: (7.34)

Recalling that � D s � s0 � s29 � s0 � xs � s0 � s� � s0, we see by definition (5.20) that

e� � � ��: (7.35)

Moreover, recalling thatK CL � A and ı � 1 (see the beginning of Section 3), we write
by definitions (7.31) and (5.16) of J and �,

J 2 � e�2s0
.K C L/2

A2
.K2 C L2/2 � e�2s0

16

A2
.K6 C L6/ �

16�

ıA2
�
16�

A2
:

Using this together with (7.35), (7.33) and (7.34), we see that for s0 large enough, we
have for all s 2 Œs0; s29�, for all i D 0; : : : ; 4 and j D 0; : : : ; i ,

jva;i;j .s/ � e
.1� i2 /�va;i;j .s0/j � 32C29M

0
29
2
.�� C A�2/e� �;

k xP .va.s//kL2� � e
� �2 k xP .va.s0//kL2� C 32C29M

0
29
2
.�� C A�2/e� �:

Fixing
M29 D 33C29M

0
29
2
;

we see that no equality case occurs in both identities shown in Lemma 7.4. A contradiction
follows from the beginning of the proof. This concludes the proof of Lemma 7.4.

Step 3: Conclusion of the proof of Lemma 5.11. Recalling transformation (7.24), then
using Lemma 7.4 together with Lemma 5.10 and the Cauchy–Schwarz inequality, we see
that for all s 2 Œs0;xs �,

kwa.�; s/ � .� � e
� �/kL2� �M

00
29

°
M29.�

�
CA�2/e� �C e�

� �
A
C�2

�
C .L2CK2/e�s0

±
;

for some universal constant M 0029 > 0. Using bounds (5.18) and (5.17), then recalling that
ı � 1 from the beginning of Section 3, we see that

e�s0.L2 CK2/ � 2e�
s0
3

� �

p � 1

� 1
3

:

This concludes the proof of Lemma 5.11.
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Proof of Lemma 5.13. Since w0.y; �/ D '.y; �/C q.y; �/ by relation (3.1), proceeding
as in (5.15), we may introduce

'a.y; �/ D '.y C ae
�
2 ; �/ D '.y1 CK

0; y2 C L
0; �/;

qa.y; �/ D q.y C ae
�
2 ; �/ D q.y1 CK

0; y2 C L
0; �/

(7.36)

(use (5.23)). This way, we write wa.y; �/ D 'a.y; �/C qa.y; �/, and the proof of (5.25)
follows by adding the expansions of 'a.y; �/ and qa.y; �/, performed in two steps.

Step 1: The expansion of 'a.y; �/. We claim that the expansion of 'a.y; �/ follows from
Lemma 5.10. Indeed, the input in that lemma is initial data w0.y; s0/ in (4.3), and if one
takes the parameters .d0;0; d2;0; d4;0; d4;2; d6;0/ D .0; 0; 0; 0; 0/ and formally replaces s0
by � in definition (4.3) of initial data w0.y; s0/, then we recover '.y; �/ defined in (2.2).
In addition, the point a we consider is given by (5.23) withK 0CL0DA, which falls in the
framework considered in Section 5.5.1. Therefore, Lemma 5.10 applies and we see that

'a.y; �/ D � � �
0
� e��

®
2K 0L0

2
h1h0 C 2K

02L0h1h2 C L
02h2h0 C 4K

0L0h1h1

CK 0
2
h0h2 C 2L

0h2h1 C 2K
0h1h2 C h2h2

¯
CO

� �0
A

�
CO.�0

2
/ (7.37)

in Lr� for any r � 2, where �0 is given in (5.26).

Step 2: The expansion of qa.y; �/. Take r � 2. Using decomposition (3.16) for q.y; �/,
we obtain from (7.36) that

qa.y; �/ D xqa.y; �/C qa.y; �/; (7.38)

where

xqa.y; �/ D

7X
iD0

iX
jD0

qi;j .�/hi�j .y1 CK
0/hj .y2 C L

0/;

q
a
.y; �/ D q�.y1 CK

0; y2 C L
0; �/:

(7.39)

Concerning xqa.y; �/, recalling that q.�/ 2 VA.�/ defined in Definition 3.1, then proceed-
ing as for the proof of Lemma 5.10 given at the beginning of this subsection, we derive that

xqa.y; �/ D q6;2.�/
®
L0
4
h2h0CK

04h0h2C4L
03h2h1C4K

03h1h2C6.K
02
CL0

2
/h2h2

C 4K 0h3h2 C 4L
0h2h3 C h4h2 C h2h4

¯
C

� �0
A

�
(7.40)

in Lr�. As for q
a
.y; �/, we can bound it thanks to the following parabolic regularity esti-

mate on q�.�/.

Lemma 7.5 (Parabolic regularity for q�.�/). Under the hypotheses of Lemma 5.13, it
holds that for all r 0 � 2,

8s 2 Œs0; ��; kq�.s/kLr0�
� C.r 0/A2s2e�3s :
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Indeed, using (7.39), we writeZ
jq
a
.y; �/jr�.y/dy D

Z
jq�.z; �/j

r�.z1 �K
0; z2 � L

0/dz: (7.41)

Then, by definition (1.18), we write

�.z1 �K
0; z2 � L

0/ D �.z/e
K0z1CL

0z2
2 e

K0
2
CL0

2

4 :

Using the Cauchy–Schwarz inequality together with Lemma 7.5, we writeZ
jq�.z; �/j

r�.z1 �K
0; z2 � L

0/dz

� e
K0
2
CL0

2

4

� Z
jq�.z; �/j

2r�.z/dz
� 1
2
� Z

eK
0z1CL

0z2�.z/dz
� 1
2

� e
3
4 .K
02CL0

2
/
� Z
jq�.z; �/j

2r�.z/dz
� 1
2

� Ce
3
4 .K
02CL0

2
/.A2�2e�3� /r : (7.42)

Using (5.24) and recalling definition (5.26) of �0, then taking s0 large enough (remember
that � � s0), we see that

e
3
4r .K

02CL0
2
/A2�2e�3� � e�2�

A6

A
D e�2�

.K 0 C L0/6

A

�
26

A
e�2� .K 0

6
C L0

6
/ �

26�0

Aı
: (7.43)

Using (7.40), (7.41), (7.42) and (7.43), we obtain an expansion for qa.z; �/, by (7.38).
Adding expansion (7.37), we obtain the desired expansion (5.25) in Lemma 5.13. It re-
mains to justify Lemma 7.5.

Proof of Lemma 7.5. Assume here that s0 � s11.A/ defined in Proposition 4.2, so that
Proposition 4.3 applies. Consider then some r 0 � 2. Proceeding as for item (ii) of Propo-
sition 4.2, we project equation (3.2) for all s 2 Œs0; �� as follows:

@sq� D Lq� CG; where G D P�.Vq C B CR/

and P� is the L2� projector on the subspace E� from (7.1). Given some �0 2 Œs0; ��, we
may write a Duhamel formulation based on the kernel given in (7.2),

q�.�/ D e
.���0/Lq.�0/C

Z �

�0

e.���
0/LG.� 0/d� 0:

Taking the Lr
0

� norm, we write

kq�.�/kLr0�
� IC II � ke.���0/Lq.�0/kLr0� C

Z �

�0

ke.���
0/LG.� 0/k

Lr
0
�
d� 0: (7.44)
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We start by bounding II. We claim that for any � 0 2 Œs0; ��, G.� 0/ and its gradient have
polynomial growth in y, allowing the application of item (ii) of Lemma 7.1. Indeed, by
definition (3.3), together with the L1 bound on q.s/ from Definition 3.1 and the gradient
estimate of Proposition 5.2, we see that VqCB.q/CR and its gradient have polynomial
growth in y. By definition of the P� operator (see (7.1) and (3.16)), so does G. Applying
item (ii) of Lemma 7.1, we see that

jIIj �
Z �

�0

kG.� 0/k
Lr
0
�
d� 0: (7.45)

Since
kP�.g/kLr0�

� C.r 0/kgk
Lr
0
�

for any g 2 Lr
0

�

(see again (7.1) and (3.16)), we write

kG.� 0/k
Lr
0
�
� kVq.� 0/k

Lr
0
�
C kB.q.� 0//k

Lr
0
�
C kR�.�

0/k
Lr
0
�
:

Using Proposition 4.3 and proceeding as for item (ii) of Proposition 4.2, we see that

kG.� 0/k
Lr
0
�
� C.r 0/A� 0e�3�

0

: (7.46)

As for the term I, introducing ��.r 0/ > 0 and C �.r 0/ > 0 such that the following delay
regularizing effect holds for any v 2 L2� (see item (i) of Lemma 7.1):

ke�
�.r 0/L.v/k

Lr
0
�
� C �.r 0/kvkL2� ; (7.47)

we distinguish two cases.

Case 1: � � s0 C ��. Fixing �0 D � � ��, we see that �0 � s0. Using (7.47), we see by
definition (7.44) of I and Definition 3.1 of VA.s/ that

jIj � C �.r 0/kq�.� � ��/kL2� � C
�.r 0/A2.� � ��/2e�3.���

�/:

Using (7.44), (7.45) and (7.46), we see that

kq�.�/kLr0�
� C �.r 0/A2�2e�3.���

�/
C ��C.r 0/A.� � ��/e�3.���

�/

� xC.r 0/A2�2e�3� ;

and the conclusion of Lemma 7.5 follows.

Case 2: s0 � � � s0C ��. Fixing �0 D s0, and noting that q.s0/ and rq.s0/ are bounded
(see the hypotheses of Lemma 5.13 and Definition 3.1 of VA.s0/), we can apply item (ii)
of Lemma 7.1 and write by definition (7.44) of I and Definition 3.1:

jIj � Ce��s0kq�.s0/kL2� � Ce
��s0A2s20e

�3s0 � Ce�
�

A2�2e�3.���
�/;

and the conclusion follows as in Case 1. This concludes the proof of Lemma 7.5.

This concludes the proof of Lemma 5.13 too.
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Appendix A. A classical parabolic regularity estimate for equation (1.12)

We prove Lemma 7.2 here. Since the argument was extensively used in our earlier papers,
we would not give details.

Proof of Lemma 7.2. We proceed in two steps: we first justify the estimate locally in
space, then we extend it to the whole space.

Step 1: Proof of a local version, where R2 is replaced by B.0; 1/, the unit ball of R2.
When restricting to B.0; 1/, one can use the similarity variables’ transformation to trans-
late the problem into a regularity question for equation (1.1). Using the technique of [21,
p. 1060, Step 2], which relies on [8, p. 406, Theorem 3], we get the result.

Step 2: Extension to the whole space R2. Introducing for any a 2 R2,

wa;n.y; s/ D wn.y C ae
s
2 ; s/; (A.1)

we see from the similarity variables transformation (1.4) that wa;n is also a solution
of (1.12) defined for all s 2 Œs0;n; s2;n� and satisfying the uniform bound (7.17). Applying
the same local regularity technique on wa;n as in Step 1, we show that (7.19) holds also
for wa;n with R2 replaced by B.0; 1/, uniformly in a 2 R2. Using (A.1) and varying a in
the whole space R2, we recover the full estimate (7.19) (on R2) for wn. This concludes
the proof of Lemma 7.2.

Appendix B. Stability results for equation 1.12

This appendix is devoted to the proof of Propositions 5.6 and 5.8.

Proof of Proposition 5.6. Consider a solution w of equation (1.12) defined for all .y; s/ 2
R2 � Œ0; �1� for some �1 � 0, with

jw.y; s/j � 2� and rw.0/.1C jyj/�k 2 L1 (B.1)

for some k 2 N. We aim to prove that

8s 2 Œ0; �1�; kw.s/kL2� �M0kw.0/kL2�e
� s
p�1 ; (B.2)

provided that

kw.0/kL2� � "0; (B.3)

for some large M0 � 1 and small "0 > 0.
We will assume that

kw.0/kL2� > 0; (B.4)

otherwise w � 0 and (B.2) is trivial.
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Since �w � 1
2
y � rw D 1

�
r � .�rw/ by definition (1.18) of �, multiplying equa-

tion (1.12) by w�, integrating in space, then using an integration by parts, we write for all
s 2 Œ0; �1�,

1

2

d

ds

Z
w.y;s/2�.y/dy ��

1

p � 1

Z
w.y;s/2�.y/dyC

Z
jw.y;s/jpC1�.y/dy: (B.5)

Note that the fact that w.0/ 2 L1 and rw.0/.1 C jyj/�k 2 L1 for some k 2 N (see
formula (B.1)) is important to justify this integration by parts, as it is the case in item (ii)
of Lemma 7.1. The conclusion will follow from two arguments: a rough estimate for
general data, then a delicate estimate for small data. In the final step, we combine both
arguments to conclude.

Step 1: A rough estimate for general data. Using (B.5) together with (B.1) and defini-
tion (1.5) of �, we write for all s 2 Œ0; �1�,

1

2

d

ds

Z
w.y; s/2�.y/dy �

2p�1 � 1

p � 1

Z
w.y; s/2�.y/dy;

hence,

kw.s/kL2� � e
.2p�1�1/
p�1 s

kw.0/kL2� : (B.6)

Step 2: A delicate estimate for small data and large �1. Using again equation (1.12),
together with (B.1) and definitions (1.5) and (3.3) of � and L, we write for almost every
.y; s/ 2 R2 � Œ0; �1�,

@sjwj �
�
L � 1C

.2p�1 � 1/

p � 1

�
jwj:

Using the regularizing effect of Lemma 7.1, we derive the existence of s� > 0 and C � > 0
such that if �1 � s�, then for all s 2 Œs�; �1�, we have

kw.s/k
L
pC1
�
� C �kw.s � s�/kL2� : (B.7)

Now, if s 2 Œ0;min.s�; �1/�, we use the L1 bound (B.1) and definition (1.5) of � to derive
the following rough control of the nonlinear term:

kw.s/k
pC1

L
pC1
�

� .2�/p�1kw.s/k2
L2�
D
2p�1

p � 1
kw.s/k2

L2�
:

Using (B.5) with these two controls of the nonlinear term, we write for all s 2 Œ0; �1�, the
following delay differential inequality:

1

2

d

ds
kw.s/k2

L2�
� �

1

p � 1
kw.s/k2

L2�
C 1¹0�s�s�º

2p�1

p � 1
kw.s/k2

L2�

C 1¹s��s��1º.C
�/pC1kw.s � s�/k

pC1

L2�
: (B.8)
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Step 3: Conclusion of the proof. Fixing M0 > 0 and "0 such that

M0 D 2max.1; e
2p�1

p�1 s�/ and 4.C �M0/
pC1"

p�1
0 e

2s�
p�1 DM 2

0 ; (B.9)

we are ready to finish the proof of (B.2) if (B.3) and (B.4) hold. By continuity of the
L2� norm1 of w.s/ and noting that M0 > 1, if we proceed by contradiction and assume
that identity (B.2) fails, then we may introduce xs 2 .0; �1� such that

8s 2 Œ0;xs �; kw.s/kL2� �M0kw.0/kL2�e
� s
p�1 ; (B.10)

kw.xs/kL2� DM0kw.0/kL2�e
� xs
p�1 : (B.11)

We will reach a contradiction in each of the two cases we consider in the following.

Case 1: xs � s�. In this case, using (B.6), assumption (B.4) and the choice ofM0 in (B.9),
we write

kw.xs/kL2� � e
.2p�1�1/
p�1 xs

kw.0/kL2� � e
.2p�1�1/
p�1 s�kw.0/kL2�

�
M0

2
kw.0/kL2�e

�
s�
p�1 < M0kw.0/kL2�e

� xs
p�1 ;

and a contradiction follows by (B.11).

Case 2: s� �xs � �1. In this case, identity (B.8) holds for any s 2 Œ0;xs �. Using (B.6) when
0 � s � s� and (B.10) when s� � s � xs, we write for all s 2 Œ0;xs �:

1

2

d

ds
kw.s/k2

L2�
� �

1

p � 1
kw.s/k2

L2�
C 1¹0�s�s�º

2p�1

p � 1
e
2.2p�1�1/

p�1 s
kw.0/k2

L2�

C 1¹s��s�xsº.C
�M0kw.0/kL2�/

pC1e�
.pC1/.s�s�/

p�1 :

Integrating this equation, we see that

kw.xs/k2
L2�
� e�

2xs
p�1 ¹kw.0/k2

L2�
C e

2�2p�1s�
p�1 kw.0/k2

L2�
C 2.C �M0kw.0/kL2�/

pC1e
2s�
p�1 º

� e�
2xs
p�1

°�M0

2

�2
kw.0/k2

L2�
C

�M0

2

�2
kw.0/k2

L2�
C
M 2
0

2
kw.0/k2

L2�

±
<
3

4
M 2
0 e
� 2xs
p�1 kw.0/k2

L2�

thanks to definition (B.9) ofM0 and "0, together with (B.4). Thus, a contradiction follows
from (B.11). This concludes the proof of Proposition 5.6.

Now, we give the proof of Proposition 5.8.

1This is a consequence of the continuity in L1 for equation (1.1), through transformation (1.4)
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Proof of Proposition 5.8. Consider a solution w of equation (1.12) defined for all .y; s/ 2
R2 � Œ0; �1� for some �1 � 0, with

rw.0/.1C jyj/�k 2 L1 and jw.y; s/j � 2�; (B.12)

for some k 2 N. We will prove that for some universal constant M1 � 1, if

kw.0/ �  .��/kL2� � "1 �
j 0.��/j

M1

(B.13)

for some �� 2 R, where  is defined in (5.8), then it holds that for all s 2 Œ0; �1�,

kw.s/ �  .s C ��/kL2� �M1kw.0/ �  .�
�/k

L
xpC1
�

j 0.s C ��/j

j 0.��/j
: (B.14)

We may assume that
"1 > 0; (B.15)

otherwise w.y; s/ D  .s C ��/ for any s � 0, from the uniqueness of solutions to equa-
tion (1.12), and (B.14) is trivial.

Since w and  are both solutions of (1.12), introducing

x .s/ D  .s C ��/ and v.y; s/ D w.y; s/ � x .s/; (B.16)

we write the following PDE satisfied by v, for all .y; s/ 2 R2 � Œ0; �1�:

@sv D �v �
1

2
y � rv �

v

p � 1
C pj zwjp�1v; (B.17)

where
zw.y; s/ 2 Œw.y; s/; x .s/�: (B.18)

Arguing as for (B.5), we derive the following identity from (B.17), for all s 2 Œ0; �1�:

1

2
z0.s/ � �

z.s/

p � 1
C p

Z
j zw.y; s/jp�1v.y; s/2�.y/dy; (B.19)

where
z.s/ D

Z
v.y; s/2�.y/dy:

The fact thatrw.0/.1C jyj/�k 2L1 is useful to justify the integration by parts in (B.19)
and elsewhere. We proceed in two steps, first deriving a differential inequality for z.s/,
then using a Gronwall argument to conclude.

Step 1: A differential inequality on z.s/. Since zw and x are bounded by (5.8), (B.18)
and (B.12), using definitions (B.18) and (B.16) of zw and v, we write by continuity

jj zw.y; s/jp�1 � x p�1j � C0j zw.y; s/ � x .s/j
xp�1
� C0jv.y; s/j

xp�1
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for some C0 > 0, where xp D min.p; 2/. Plugging this in (B.19), we write

1

2
z0.s/ �

h
�

1

p � 1
C p x .s/p�1

i
z.s/C C0

Z
jv.y; s/j xpC1�.y/dy: (B.20)

Let us now bound kv.s/k
L
xpC1
�

. Using equation (B.17), bound (B.12), definitions (B.18)
and (5.8) of zw and  , together with definitions (1.5) and (3.3) of � and L, we write for
almost every .y; s/ 2 R2 � Œ0; �1�,

@sjvj �
�
L � 1C

.2p�1p � 1/

p � 1

�
jvj: (B.21)

Arguing as for (B.7), we see that if �1 � s�, then we have for all s 2 Œs�; �1�,

kv.s/k
L
xpC1
�
� xCkv.s � s�/kL2� D

xCz.s � s�/
1
2 ; (B.22)

for some possibly different s�.p/ > 0 and xC > 0. Now, if s 2 Œ0;min.s�; �1/�, using
(B.12) and definition (5.8) of  , we see by definition (B.16) of v that jvj � 3� and
rv.0/.1C jyj/�k 2 L1. Therefore,Z

jv.y; s/j xpC1�.y/dy � .3�/ xp�1
Z
v.y; s/2�.y/dy: (B.23)

In addition, using (B.21), we see that we can apply item (ii) of Lemma 7.1 and get
from (B.13)

8s 2 Œ0;min.s�; �1/�; kv.s/kL2� � C
�
kv.0/kL2� D C

�"1:

Using this together with (B.23), (B.20) and (B.22), we see that for all s 2 Œ0; �1�,

1

2
z0.s/ �

h
�

1

p � 1
C p x .s/p�1

i
z.s/C C11¹0�s�s�º"

2
1

C C11¹s��s��1ºz.s � s�/
xpC1
2 (B.24)

for some C1 > 0.

Step 2: A Gronwall estimate. Let us define

xzp.s/ D zp.s C �
�/; where zp.s/ D

e�
2s
p�1

.1C e�s/
2p
p�1

D

hp � 1
�

 0.s/
i2
; (B.25)

and  is defined in (5.8). Since  .s/ satisfies equation (1.12), it follows that xzp.s/ is
a solution of the linear part of (B.24), namely

xz0p.s/ D 2
�
�

1

p � 1
C p x .s/p�1

�
xzp.s/: (B.26)

Then, we introduce the following barrier:

xz.s/ D
M 01"

2
1

zp.��/
xzp.s/; (B.27)
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where M 01 > 1 will be fixed large enough later. With this definition and recalling defini-
tion (B.19) of z.s/, we suggest to prove that

8s 2 Œ0; �1�; z.s/ � xz.s/; (B.28)

if "1 defined in (B.13) is small enough, which clearly implies (B.14), by definition (B.25)
of zp . We proceed by contradiction and assume that identity (B.28) fails. Since

0 < z.0/ D "21 < M
0
1"
2
1 D xz.0/; (B.29)

by (B.19), (B.16), (B.13), (B.15), (B.27) and (B.25), using the continuity in time of theL2�
norm of v.s/ solution of equation (B.17) (which is a consequence of the continuity in L1

for equation (1.1), through transformations (1.4) and (B.16)), we see that (B.28) holds at
least on a small interval to the right of 0. Hence, we may introduce xs 2 .0; �1� such that

8s 2 Œ0;xs �; z.s/ � xz.s/; (B.30)

z.xs/ D xz.xs/: (B.31)

Using the differential inequality (B.24) together with the auxiliary function xzp which
satisfies equation (B.26), (B.29) and (B.30), we write the following Gronwall estimate:

z.xs/ � xzp.xs/
° "21
xzp.0/

C C1"
2
1J1 C C1

� M 01"21
zp.��/

� xpC1
2

J2

±
;

where

J1 D

Z s�

0

d�

xzp.�/
and J2 D

Z xs
s�

xzp.� � s�/
xpC1
2

xzp.�/
d�:

By definition (B.25), we see that for all s0 2 Œ0; s��, we have

zp.�
�
C s0/ � zp.�

�/e�2
.pC1/
p�1 s� ;

hence

J1 D

Z ��Cs�

��

d� 0

zp.� 0/
�
s�e

2 .pC1/p�1 s�

zp.��/
:

We also have

J2 D

Z ��Cxs

��Cs�

zp.�
0 � s�/

xpC1
2

zp.� 0/
d� 0 �

Z 1
�1

zp.�
0 � s�/

xpC1
2

zp.� 0/
d� 0 � C2.s

�/:

Imposing that

"21 �
zp.�

�/

M 01.C1C2.s�//
2
xp�1

; (B.32)

we see that

z.xs/ �
"21

zp.��/
xzp.xs/Œ1C C1s�e

2 .pC1/p�1 s� C 1�:
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Fixing

M 01 D 3C C1s�e
2 .pC1/p�1 s� ;

we see that a contradiction follows from (B.31), (B.30) and (B.27) (note that xz.xs/ > 0
by definition (B.27), together with (B.25) and (B.15)). Thus, (B.28) holds. Since zp.s/ D
C j 0.s/j2 from (B.25), using definitions (B.19) and (B.27) of z.s/ and xz.s/, together with
condition (B.32), we conclude the proof of Proposition 5.8.
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