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Abstract. We consider the semilinear heat equation with a superlinear power nonlinearity in the
Sobolev subcritical range. We construct a solution which blows up in finite time only at the origin,
with a completely new blow-up profile, which is cross-shaped. Our method is general and extends
to the construction of other solutions blowing up only at the origin, with a large variety of blow-up
profiles, degenerate or not.
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1. Introduction

We consider the following subcritical semilinear heat equation:
du = Au+ |u|Pu, (1.1)
where u: (x,t) e RY x[0,T) - R, T > 0,
p>1 and (N—-2)p <N +2. (1.2)
We consider a solution u(x, ¢) blowing up in finite time 7" > 0, in the sense that
lu(@)||pee — 00 ast — T,

anda € RV, a blow-up point of u(x, t), i.e., some a such that |u(a,t)| > ccast — T.
From Giga and Kohn [10] and Giga, Matsui and Sasayama [12], we know that all
blow-up solutions are Type 1 in the subcritical case, in the sense that

Vi €[0,7), |lu(t)|ze < C(T — )" 771 for some C > 0. (1.3)
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In order to simplify the exposition, we assume N = 2 and focus on the simplest case
of the new profiles we handle in this paper (see (1.14) below). Other examples for N = 2
and some extensions to the case N > 3 are given in Section 1.3.

Proceeding as Giga and Kohn did in [9], we introduce the so-called similarity vari-
ables

X—a
VT —t

From Giga and Kohn [11], we know that up to replacing u by —u, we have

we(y,s) = (T — t)ﬁu(x,t), where y = ands = —log(T —t). (1.4)

We(y,8) >k =(p— 1)_ﬁ as s — o0, (1.5)

uniformly on compact sets. According to Veldzquez [26] (see also Filippas and Kohn [6]
together with Filippas and Liu [7]), unless w, = «, we may refine that convergence and
obtain the following “blow-up profile” Q(y) such that

wa(y,s)—k ~ Q(y,s) ass — o0, (1.6)

uniformly on compact sets, with either

[
K
O(y.s) = ~To ;hz(yz), (1.7)

where [ = 1 or 2, after a rotation of coordinates; keeping only the leading terms in the
polynomials involved in Q(y, s) and removing the time factor, we obtain the following
quadratic form:

[
B(y) = %Zy? (1.8)
i=1

which is nonzero and nonnegative; or

O(y.s) = —e (2715 Zcm jhm—j (YD (y2) (1.9)

j=0

for some even integer m = m(a) > 4, where y = (y1, y2), hj (§) is the rescaled Hermite
polynomial defined by

hj(§) = Z .2)‘ (—Die/ 2, (1.10)
0

and the homogeneous polynomial (obtained by keeping only the leading terms of the
polynomials of Q(y) and removing the time factor)

B(y) = Zcm]y’" 7y; (1.11)
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is also nonzero and nonnegative. Such a function was first introduced by Veldzquez in [26],
who called it a “homogeneous multilinear form”.

If the origin is the only zero for the homogeneous polynomial B(y) defined in (1.8)
and (1.11), we are in the nondegenerate case. If not, we are in the degenerate case. Accord-
ingly, the corresponding blow-up profile Q(y) given in (1.7) or (1.9) will be said to be
nondegenerate or degenerate.

With the classification in (1.6), (1.7) and (1.9) at hand, a natural question arises: is a
an isolated blow-up point or not?

In the nondegenerate case, we know from [25, p. 1570, Theorem 2] that a is isolated.
In particular, for any b in a small ball centered at a with b # a, u(b,t) has a finite limit
denoted by u(b, T'), as t — T, with the following equivalences as b — a:

12 x—aP b
u(h, T) ~ [(p )" _Ix—al ] 7T (1.7) holds with | = 2,
8p  |log|x —all
(p—1)? = . .
u(h, T ~ [TB(x - a)] i (1.9) holds with B(y) > 0 for y # 0.

In the degenerate case, the situation is less clear. In fact, the only known examples are
“artificial”, in the sense that the solution depends only on one space variable, say w - x
where w € S'. A radial solution blowing up outside the origin in 2 dimensions gives rise
to a degenerate situation too. In these two examples, the blow-up point is not isolated.
Apart from these trivial examples, no more solutions with a degenerate profile are known.

After this, we wonder whether there exists a solution obeying (1.6) such that (1.9)
holds for some m > 4 with a degenerate homogeneous polynomial in (1.11) and an iso-
lated blow-up point. In this paper, we provide such an example, which is the first ever in
the subcritical range (see Theorem 1 below). Note that in the supercritical case, Merle,
Raphaél and Szeftel have already provided in [18] an example of a single-point blow-up
solution with a degenerate anisotropic profile, strongly relying on the existence of a sta-
tionary solution to equation (1.12) given below, which decays to zero at infinity (such
a solution does not exist in the subcritical range).

1.1. The existence question: State of the art and difficulties in the degenerate case

We review here the question of the existence of blow-up solutions obeying (1.7) and (1.9).
Let us first mention that in the one-dimensional case, the question was positively answered
by Bricmont and Kupiainen in [2] (see also Herrero and Veldzquez [14] for case (1.9) with
m =4).

Let us go back to the two-dimensional case and first focus on the nondegenerate case.
The only examples we know concern case (1.7) with / = 2, thanks to Bricmont and
Kupiainen [2] together with Merle and Zaag [19]. Such a behavior is known to be sta-
ble with respect to perturbations in initial data from [19] together with Fermanian, Merle
and Zaag [4,5]. Note that Herrero and Veldzquez showed the genericity of such a behav-
ior in [13, 15] dedicated to the one-dimensional case, and in an unpublished preprint in
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higher space dimensions. We would like to mention also the solutions constructed by
Nguyen and Zaag in [24], showing a refinement of (1.7) with [ = 2. As for case (1.9) with
a nondegenerate homogeneous polynomial in (1.11), it has been treated by Amadori [1].

Concerning the degenerate case in (1.9) with a degenerate homogeneous polynomial
in (1.11), the only cases we know are the one-dimensional trivial cases we have just men-
tioned above, showing a non-isolated blow-up point. Apart from these trivial examples,
no more solutions with a degenerate profile are known.

As stated earlier, the main goal of the paper is to provide an example of a blow-up
solution obeying (1.9) in the degenerate case with an isolated blow-up point.

Let us mention that the question of having nontrivial solutions with degenerate profiles
was mentioned by Hiroshi Matano, because of the failure of the formal computation. As
a matter of fact, the strategy used in the nondegenerate case is ineffective in the degenerate
case, as we will explain below.

Indeed, that strategy consists in working in the similarity variables setting (1.4), where
equation (1.1) is transformed into the following equation satisfied by w, (or w for short):
forally € R?and s > —log T,

1
asszw——y~Vw—L+|w|p_lw. (1.12)
2 p—1

For example, the idea used by Bricmont and Kupiainen in [2] to construct their exam-
ple in one space dimension with (1.9), which holds with m = 4, consists in linearizing
equation (1.12) around the following profile:

(p—1+e |y 7, (1.13)

Accordingly, if we intend to construct a solution obeying the following degenerate esti-
mate:
wo(y,s) —k ~ —e “ha(y1)ha(y2) ass — oo, (1.14)

uniformly on compact sets, a naive idea would be to linearize equation (1.12) around the
following profile:

(P—1? o 5\t
(p-14+E£ ——ey3) T (L.15)

which already has the same expansion (1.14) as the solution we intend to construct.

Unfortunately, a big problem arises with this profile, since it does not decay to 0 as
|y| — oo, unlike the profile in (1.13). In fact, this smallness of profile (1.13) at infinity
combined with the stability of the zero solution of (1.12) is essential in the control of
the solution at infinity in space. In other words, with profile (1.15), we can not get such
a control, and the naive idea collapses, unless we can manage to get this decaying property.
Note that with the naive profile (1.15), the corresponding (approximate) solution is giv-
en by

(p— 1 xPx3 =5t

K ﬁ) '

which blows up everywhere on the axes x; = 0 and x, = 0.

u(x,1) = (T—t)—ﬁ(p— 1+
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1.2. Main result of the paper

In order to construct a solution obeying (1.14), following the previous subsection, a nat-
ural idea would be to refine expansion (1.14) in order to get higher-order terms ensur-
ing some decaying along the axes y; = 0, which are the degenerate directions of the
naive profile (1.15). Such a refinement is given below in Lemma 2.1. It shows that the
term Ce,0(h6(y1) + he(y2)) may ensure that decaying property, provided that we take
Cs,0 = —3 with large § > 0 (note that the parameter Ce o is free in the expansion of
Lemma 2.1). Keeping only the leading terms of the polynomials, this leads to the follow-
ing refinement of profile (1.15):

—1)? —s —2s — 5T
o5 = [p-1+ L ehi a0t 0] 7T e

as we will explain more in detail in Section 2 below. This refined version clearly has the
decaying property at infinity in space, which enables us to rigorously prove the existence
of a solution obeying the degenerate profile (1.14) and blowing up only at the origin,
answering Matano’s question. Note that in our proof, it is no longer possible simply to
linearize around (1.16) since it contains higher-order terms in e~ which are crucial near
y1 = 0 and y, = 0, as will be explained in more details in Section 2.

Theorem 1 (A blow-up solution for equation (1.1) with a cross-shaped blow-up profile).
When N = 2, there exists 8o > 0 such that for any § > 8, there exists a solution u(x,t)
to equation (1.1) which blows up in finite time T only at the origin, with

(1)  Inner profile: We have that

wo(y,s) —k ~ —e *ha(y1)ha(y2) ass — oo, (1.17)
in L%(Rz) with
e_#
p(y) = , (1.18)
T

and uniformly on compact sets.
(i) Intermediate profile: For any K > 0, it holds that
sup lwo(y,s) —®(y,s)] =0 ast > T,
ey y3+8e=25 (y0+y9) <K
where ©(y, s) is defined in (1.16).

(iii)  Final profile: For any x # 0, u(x, t) converges to a finite limit u(x, T') uniformly
on compact sets of R2\{0} as t — T, with

e[ -

2
(x3x3 +8(xF + xg))] as x — 0. (1.19)

Remark. One may convince himself that the profiles in (1.16) and (1.19) are cross-
shaped, which justifies the title of the theorem.
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Remark. This is the first example of a blow-up solution in the subcritical range show-
ing a degenerate homogeneous polynomial in (1.11) with m > 4 and an isolated blow-up
point. Note that in the literature, many examples of blow-up solutions with only one blow-
up point are available (see Weissler [27], Bricmont and Kupiainen [2], Amadori [1], Merle
and Zaag [19], Nguyen and Zaag [24]). Strikingly enough, almost all the known examples
are either radial or asymptotically radial, in the sense that they approach a radially sym-
metric blow-up profile, except in Amadori [1]. To our knowledge, the only exceptions
hold in the Sobolev supercritical case, with the Type 1 solution constructed by Merle,
Raphaél and Szeftel [18] (with a % rate in one direction and an exponentially decay-
ing rate in the other), and also the Type 2 (i.e., not Type 1, see (1.3)) blow-up solution
due to Collot, Merle and Raphaél [3], where the profile is anisotropic for both exam-
ples. No example is available in the subcritical range. In Theorem 1, we provide such an
example, with a non-radial solution blowing up only at the origin, obeying behavior (1.9)
with a degenerate homogeneous polynomial in (1.11), and an anisotropic blow-up pro-
file.

Remark. Note that thanks to our method, we can derive new solutions for N = 2 and also
N > 3, blowing up only at the origin, in the degenerate case, showing a not necessarily
radial profile in (1.9) and (1.11) (see below in Section 1.3).

Remark. Taking Ce0 = —8, where § > 0 (and large) is crucial in our argument. As a mat-
ter of fact, using our analysis and the blow-up criterion that we proved in [20] for solutions
of equation (1.12), we show that the construction is impossible in the case Cg o > 0. More
precisely, if u(x, ) is a symmetric solution (with respect to the axes and the bisectrices)
of equation (1.1) blowing up at some time 7 > 0 such that u(0) € L°°(R?) and esti-
mate (1.17) holds, then estimate (2.1) holds with Cs o < 0 (note that a similar statement
holds without the symmetry assumption).

1.3. Extensions of the main result

After Theorem 1, we would like to mention that our strategy extends with no difficulty
to the construction of solutions to equation (1.1) blowing up only at the origin with other
types of profiles (as defined in (1.6), (1.7) and (1.9)) summarized in Tables 1 and 2, ded-
icated to the nondegenerate and the degenerate cases, respectively, where Cy = #
and 8y > 0 is large.

Note that in the degenerate case, the idea behind the design of the profiles we are
presenting below is simple:

e First, considering the classification given in (1.6) (and its natural extension in higher
dimensions), we choose case (1.9) with some Q(y) and a degenerate homogeneous
polynomial B(y) in (1.11); in Theorem 1, we choose Q(y) = e *ha(y1)h2(y2) and
B(y) = y1y3.

e Then, we refine estimate (1.6) by exhibiting higher-order terms, and select among
them the polynomials which live on the degenerate directions of B(y); in Theorem 1,
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the degenerate directions are y; = 0 and y, = 0, the refinement of (1.6) is given below
in (2.1) and the polynomials we select in that refinement of (1.6) are e 2*h¢(y1) and

e > he(y2).

e Finally, we design a profile similar to (1.16), with two terms, one corresponding to
the degenerate homogeneous polynomial B(y) defined in (1.11) (whichis e yZyZ in
Theorem 1), and the other to the polynomials we selected on the degenerate directions
of B(y) (which is e725(y$ + y$) in Theorem 1). The key property of that profile is
that it is decaying to zero in all directions, though with different scales according to
whether we are in the degenerate or the nondegenerate directions of the homogeneous

polynomial B(y).
Concerning these examples, we would like to make some comments:
e The first example in Table | was already given by Amadori [1] with a different proof.

e The first example in Table 2 shows that the degeneracy directions of the homogeneous
polynomial B(x) need not be orthogonal, unlike one may assume from the constructed
example in Theorem 1.

1.4. Main ingredients of the proof

As we have just written before the statement of Theorem 1, our strategy relies on the
refinement of goal (1.14) given in Lemma 2.1 below, but not only. Indeed, that refinement
allows us to design a good candidate for the profile. Then, linearizing equation (1.12)
around that profile, a classical approach based on a (largely adapted) center manifold
theory will be used to construct a solution, provided that the following crucial uniform 1°°
bound is proved:

Vs >0, [lwo(s)llpeom2) =M

for some M > 0. Introducing a new method for the proof of this bound is the key estimate
in the proof. That method makes our main novelty and contribution. Let us briefly explain
how we proceed.

Using the similarity variables’ definition (1.4), we remark that

wp(y,5) = wo(y + be?,s). (1.20)

This way, we reduce the question to the control of wy (0, s), for any b € R2? and s > s0.
Thanks to our Liouville theorem recalled in Proposition 5.1 below, we show that the gra-
dient is uniformly small in space and time, hence, we further reduce the question to the
control of ||wp (s)||L%, for any b € R? and s > s¢. This will be done through a careful
choice of initial data (at s = s¢) for wg, which completely determines initial data for wp.
Then, starting from these initial data and integrating equation (1.12) for s > s, coordinate
by coordinate, we will show that wp will decrease, providing the control on ||wp ()| L2
hence on wy (0, s) = wo(beZ s) (thanks to (1.20)), and finally, collecting all the 1nf0r—
mation, on ||wg(s)| zee. Note that our integration technique goes beyond the linear level
and uses the quadratic term of the equation. Note also that for small values of b, we are in
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the vicinity of k from (1.5), which is a stationary solution of (1.12) with both stable and
unstable directions. This makes the integration particularly delicate. See Section 5 for the
detailed proof, in particular the end of Section 5.2.

To our knowledge, this is the first time such a method is implemented for the control
of the L°° norm. We strongly believe it is applicable far beyond the case of the semilinear
heat equation (1.1).

According to the strategy we presented above, we proceed in several sections to prove
Theorem 1:

e first, in Section 2, we formally derive the profile in similarity variables;

e then, in Section 3, we give a setting of the problem;

e in Section 4, we explain the dynamics of the equation and suggest the general form of
initial data;

e in Section 5, we prove a crucial L bound on the solution in similarity variables;

e in Section 6, we conclude the proof of Theorem 1;

o finally, we prove the technical details in Section 7.

2. Formal determination of the profile in similarity variables

In this paper, we ask whether we can have a solution u(x, ¢) to equation (1.1) which blows
up in finite time 7" > 0 at the origin, such that estimate (1.14) holds, namely with

wo(y,s) —k ~ —e " ha(y1)ha(y2) ass — oo,

uniformly on compact sets. In order to simplify the calculations, we will assume that
u(x,t) is symmetric with respect to the axes and the bisectrices, for any ¢ € [0, T').

As we have already discussed in Section 1.1, applying the strategy of Bricmont and
Kupiainen [2] is ineffective, because the naive profile given in (1.15) is not decaying to
zero along the axes y; = 0. Proceeding as we wrote in Section 1.2, the idea to refine the
naive guess in (1.15) goes through the refinement of the target behavior in (1.14), which
we give in the following.

Lemma 2.1 (Second-order Taylor expansion). Assuming that (1.14) holds and that the
solution is symmetric with respect to the axes and bisectrices, it follows that

32 16
wo(y,s) =k — e Shyhy + e {—3—Kph0h0 - Tp(hzho + hohy)
4 32
- 71)(/14}10 + hohy) — Tphzhz + Cs,0(heho + hohe)
4
+ (—ps + c6,2)(h4h2 ¥ hahy) + ﬁh4h4} L o2 @)
K 2K

as s — 0o, uniformly on compact sets, for some constants Ce o and Cg 2, where the nota-
tion h;h; stands for h; (y1)h;j(y2).
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Proof. The proof is omitted since it is straightforward from the method we explained
in [23, Proposition 1]. [

From this expansion, we remark that the term Cs ge 2% (he(y1) + he(y2)) will ensure

the good decaying property, if Ce o < O, especially on the axes, where the main term
e~ y?y3 is 0. More precisely, taking Cg,o = —§ for some § > 0 to be fixed large enough
later in the proof, then, keeping only the leading term in the polynomials, we naturally

suggest the following modified version of (1.15):

1

Eqp=1
o(y.5) = [B] 1 2.2)
with
E=1+e¢"P(y)+e>0(y). (2.3)
_ (p—1)? —s.2.2 —2s
D—P_1+T(e y1Y3 +de (J’1 +J’2)) (24)

where P(y) and Q(y) are polynomials which will be chosen so that the numerator in (2.3)
is positive (hence, ¢ is well defined), and

0(y,5) = k — e hahy + e‘zs{—S(h6ho + hohg) + y(hahs + haha) + §h4h4}
+ 0(e™) (2.5)

as s — 0o, uniformly on compact sets, for some y that we fix later. Note that the aimed
expansion agrees with the prediction in Lemma 2.1 at the order e~* and most of the
order e 2%, Most importantly, we will also require that ¢(-, s) € L®(R?) and ¢(y,s) — 0
as |y| — oo, for any s > 0, and the choice of y will be crucial for that.

Let us specify the choices of §, y, P(y) and Q(y). Since (2.2) directly implies that

K
p(y.s) =k +e S(FP(J’) —)’12J’§)

P
+e2 (S 00+ 2 P2 - T2
—8y) —8y5 + i)ﬁh) + 0(e™) (2.6)

as s — oo, uniformly on compact sets, we see by identification with (2.5) that we must
have

P(y) = —(y1y§ — haha), 2.7
0t =21 (yiy%y§+%1>(y)2+8<yl ho(r1)

+ 808 — he(y2) + 2 (hahs = yiy3) + y(haha + hahs). 28)

Now, we claim the following.
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Lemma 2.2 (Good definition, boundedness and decaying at infinity of ¢(y, s) (2.2), (2.7)
and (2.8)). Take y = % and consider § > 819 and s > s10(8) for some large enough
810 = 1 and s19(8) > 0. Then

i E=> % hence ¢(y, s) is well defined and positive.
(i) |l@C. $)|lzee < & + Coe™3, for some Co > 0.
(ii)) |V 5)llLee < Coee.

(iv) @(y,s) > Oas |y| = oo.

Proof. Take y = 6p K_Z and consider § > 1 and s > 0 to be taken large enough.

(i) Itis enough to show that both P(y) and Q(y) are bounded from below. Since
ha(§) = §2 =2, ha(§) = £* — 128> + 12,  he(§) = §° —30&* + 180£% — 120

from (1.10), it follows from (2.7) and (2.8) that

2(p—1) 4(p—1)
PO === 0t 40—z = — 29)
and
p—1/2 4, 2.4 4 4 6p 4.2 2.4
o) = — (;[ylyz + 102l + 3080y + yal + - = [=yiy2 — yiy2]
+yiv: + ﬁﬁ]) + 0@+ [yP1+ [T+ [yI[1 + [y1*D
_p—=1/2 6p 4.2 2.4 4 4
= ((; T e + V)[ylyz + y1y2] +308[y7 + J’2]>
+ O+ 1yPT+ [+ [yNI1 + [y1*D.
Choosing y = (’”K—*z, we see that
306(p — 1)
o(y) = T[)’f + 351+ 0@+ yP1+ 1+ [y[*]) as|y| > oco. (2.10)

Taking § large enough, then taking |y| large enough, we get that

156(p — 1
o®y) = (+)[yi‘ + 3], (2.11)

which means that Q(y) is bounded from below. Since (2.9) implies that P(y) is bounded
from below too, taking s large enough, we see from (2.3) that £ > %, hence, ¢ defined
in (2.2) is well defined.

(i1) Using (2.9) and (2.10), we see from (2.2) that

(N1 + N2 + N3)

lp(y.)IP'<C 5 , (2.12)
where

Ni=1+e™, Ny=8e>|y|*, N3=e |y (2.13)
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and D is introduced in (2.4). Since D > p — 1, it follows that

N 1 =S
Mo _lte” (2.14)
D p—1
Introducing z = e_%y, we write
—s|, |4 —s|, |4 5,14
N _ Cée|z] < f‘ge |i| _ Coe 2|Z6| <C8e 2. (2.15)
D T 1+z2z22+e 2|z T e 2 e 2|z[6 1+ |z|
Denoting X = |z|2, we get
N Ce™2|z|?
=< e—lZ| = Cgq(X), (2.16)
D T 14 e 2|20
where ¥
s &
=e¢ 2, X =|z? d X)y=—"_. 2.17
e=e 2P and g(X) = 0 @17)

Since gL(X) = 8((11%;‘;(;2) which changes from negative to positive at X = X, = (28)_% ,
it follows that
2
2eX, (2¢)3
ge(X) < ge(Xe) = TE =3

Using (2.16) and (2.17), we see that

N .
33 < Ce 5. (2.18)

Collecting the estimates in (2.12), (2.14), (2.15) and (2.18), then recalling definition (1.5)
of k, we get the desired conclusion.

(iii) By definition (2.2) of ¢(y,s), we write for all s > 1 and y € R2,
(p—1logy =log E —log D,

where E and D are defined in (2.3) and (2.4) (note that D > 0 by definition, and that
E > 0 from item (i) of this lemma). Taking the gradient, we see that

VE VD
(p(E D)

Vo= ——
v=

Since
IVD| < C8e 25 |y° + Ce™*|y1]y2 + Ce*|yaly> = Dy + Dy + D3 (2.19)

from (2.9) and (2.10), we write from item (ii) of this lemma

|V|<C[@+& &4_&]
YI=%1"F "D "D "Dl
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Noting that

E
E > FO, where Eg = 1+ ¢ *(y] + y3) + ¢ (v + »3),
IVE| < Ce™*|y| + C8e™> (1 + |y[?),

from (2.9), (2.11) and (2.10), using definitions (2.4) and (2.19) of D and D;, then pro-
ceeding as for the proof of item (ii) of this lemma, we show that

VE VE s D s

IVE| < IVE| <C@)e 3 and —L <C(@S)e 3. (2.20)
E Ey D

By symmetry, it remains only to bound the term %, when y, # 0. Since § > 1, using

definitions (2.4) and (2.19) of D and D,, we write

Dy _ . e*|y1ly3

D = 14eSyiy2+e25yS

As a function of the variable |y |, the left-hand side realizes its maximum for

1+ e725y8
nl=—==
e "y
Therefore, it follows that
52
Do ed s
D 1 +e25y8
in particular
VDI _ -2 (2.21)
D — ’ ’

and the estimate on V¢ in item (iii) follows.

(iv) From (2.9), (2.8) and (2.10), we see that the numerator of the fraction in (2.2) is
a polynomial of degree 4, whereas the denominator is of degree 6. Thus, the conclusion
follows.

This concludes the proof of Lemma 2.2. ]

3. Setting of the problem

From Section 2, we recall that our goal is to construct u(x, ¢), a solution of equation (1.1)
defined for all (x,7) € R? x [0, T') for some small enough T > 0, such that

wo(y,s) —k ~ —e*ha(y1)ha(y2) ass — oo,

uniformly on compact sets, where wq(y, s) is the similarity variables’ version defined
in (1.4). We also recall our wish to construct a solution which is symmetric with respect
to the axes and the bisectrices.
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Consider ¢(y, s), our candidate for the profile, defined in (2.2), (2.7) and (2.8), with
y = % and § > 1 fixed large enough, so that Lemma 2.2 holds. From the target expan-
sion of wy given in Lemma 2.1 (with C¢,0 = —8 and Cg > = y) and the expansion of the
profile ¢ given in (2.5), we further specify our goal by requiring that ¢(y, s) is small in

some sense that will be shortly given in (3.20), where

q(y,s) = wo(y,s) —¢(y,s). (3.1

In order to achieve this goal, we need to write then understand the dynamics of the equa-
tion satisfied by ¢(y, s) near 0. This will be done in the following subsection.

3.1. Dynamics for q(y, s) defined in equation (3.1)

Roughly speaking, our first task is to perform local estimates for bounded y, through
a spectral analysis in Lf, near « from (1.5), the constant solution of equation (1.12),
assuming a uniform bound on the solution.

More precisely, from (1.12), we see that g(y, s) satisfies the following equation, for

all (y,s) € R? x [sg, 00), where 5o = —log T":
0sq = (L +V(y.5)q + B(y.s,q9) + R(y,s) (3.2)
with
_ 1 _ p—1 P
Lg=2q—2y-Va+q. V(y.s)=peQy.s)"" - FESE
B(y.s.q) = lo(y.s) +qI” " (@(r.s) + q) —o(y.9)’ — pp(y.5)?'q,  (3.3)
@(y,s)
R(y,s) = _as‘P(y’S) + ($ - 1)‘P(y,5) - F + @(y’s)g

Let us give in the following some useful properties of the terms involved in equation (3.2):

e The linear term: Note that & is a self-adjoint operator in L2, the L? space with respect
to the measure pdy defined in (1.18). The spectrum of £ consists only of eigenvalues

Specéﬂ:{l—%|meN} (3.4)
with the following set of eigenfunctions:

{hihj = hi(y1)hj(y2) | i.j € N}, 3.5)
which spans the space L2, where we use rescaled Hermite polynomials (1.10). Note
also that 1

L(hih;) = (1-1 zj)hl-hj. (3.6)

e The potential: It is bounded in L*° and small in L; for any r > 1, in the sense that
p _
V()L < 1 and V(. s)lLy, < C(r)e™, (3.7

for s large enough, thanks to Lemma 2.2 and a small Taylor expansion.



On degenerate blow-up profiles for the subcritical semilinear heat equation 1095

o The nonlinear term: Since ¢ is uniformly bounded in space and time, thanks to
item (iii) of Lemma 2.2, assuming the following a priori estimate,

191l oo R2x[50,00)) = M, (3.8)
we easily see that B(y, s, q) is superlinear, in the sense that
|B(y.5,9)] < C(M)|q|”, where p = min(p,2) > 1, (3.9)

forall y € R?, ¢ € R and large s.

o The remainder term: By comparing expression (3.3) of R(y, s) with the expression
of equation (1.12), we see that R(y, s) measures the quality of ¢(y, s) as an approx-
imate solution of (1.12). In fact, through a straightforward calculation (see below in
Section 7.1), one can show that

Vr=2, Vs >0, |[R)|cy < C(r)e™, (3.10)

which is consistent with our approach in Section 2 (particularly, Lemma 2.1 and esti-
mate (2.5)), where we constructed ¢ as an approximate solution to equation (1.12).

Bearing in mind these properties, the construction of a small solution ¢g(y, s) to equa-
tion (3.2) seems to be reasonable, except for a serious issue: the control of the nonlinear
term B(y, s, q), since the power function is not continuous in Lf,. The control of the
potential term Vg is delicate too. In the following subsection, we explain our idea to gain
those controls.

3.2. Control of the potential and the nonlinear terms in equation (3.2)

In this subsection, we explain how we will achieve the control of the potential V¢ and
the nonlinear term B in equation (3.2). For simplicity, we present the argument only for
the nonlinear term B, and restrict to the case when p > 2, hence p = 2 (the actual proof
for Vq and B will be done for any p > 1).

Assuming the a priori estimate (3.8), we may reduce equation (3.2) to the following
linear equation with a source term:

3sq = (£ + V)q + R(y,s), (3.11)

where

V(y.s) = |V(y.s) + <C+CM)g|P ' <C+C(M)MP!

B(y,s,q)
q
= C(M). (3.12)

Thanks to the regularizing effect of the operator £ (see Lemma 7.1 below), we may use
equation (3.11) together with (3.12) and (3.10) to control the L;‘, norm of the solution with
the L% norm of the solution, up to some time delay,

lg() s < " Nlg(s =52 + Ce™. (3.13)
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Clearly, this is equivalent to
lg()?ll2 < 22D g (s — 7 +2Ce™™,

which allows us to control the nonlinear term B(y, s, g) in L2, thanks to (3.9).
Note that this control is possible thanks to the a priori estimate (3.8), which needs to
be checked. We will explain that in the following subsection.

3.3. Proof of the a priori bound (3.8)

This is the key part of the argument, dedicated to the proof of the a priori bound (3.8),
under which the local estimates presented in the previous subsections hold. In fact, as
we will shortly see from the geometrical transform (3.14), we reduce the uniform bound
for wy to a local estimate for w,, where a is arbitrary. Later in Section 5, we will see that
the control of w, follows from the spectral analysis of equation (1.12), in particular the
stability of its zero solution and its heteroclinic orbit connecting « from (1.5) and 0 and
given below in (5.8).

More precisely, since ¢ is uniformly bounded by Lemma 2.2, using definition (3.1)
of g, it is enough to control wg(a, ), for any a € R? and s > s, in order to prove (3.8).
Using the similarity variables’ definition (1.4), we remark that

wp(y,5) = wo(y + be2,s). (3.14)

This way, we reduce the question to the control of wy (0, s), for any b € R2 and s > s0.
Since wy, satisfies equation (1.12), which is parabolic, we further reduce the question to
the control of ||wp (s)]| 2 for any b € R? and 5 > s¢. This will be done through a careful
choice of initial data (at s = s¢) for wg, which completely determines initial data for wy,.
Then, starting from these initial data and integrating equation (1.12) for s > 59, we will
show ttlat wp will decrease, providing the control on ||wp(s)|| L2 hence on wy (0, 5) =
wo(be 2, s) (thanks to (3.14)), and finally, collecting all the information, on ||wg(s)||zee.

For details, see Section 5, where we explain our new strategy to achieve this L*°
uniform control, in particular, Section 5.2.

3.4. Definition of a shrinking set to make q(s) — 0

From our formal analysis in Section 2, in particular the target expansion of wg in Lem-
ma 2.1 (with Cg 9 = —6 and Cg» = y) and the expansion of ¢ in (2.5), we may write the
following target for ¢(y, s) defined in (3.1):

g(y.s) = fe_zs{—32h0h0 —16(haho + hoha) — 4(haho + hohs) — 32hahs
+ 4s(hahs + hohs)} + O(s?e™3%) ass — oo. (3.15)

In fact, we will not require such a sharp expansion. We will instead require that the com-
ponents of g(y, s) are bounded by the same rate as the one in front of the corresponding
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eigenfunctions shown on the right-hand side of (3.15). More precisely, expanding any
function v € L% on the eigenfunctions of £ given in (3.5) as follows:

7 i
v=Y " wijhijhj +v_. (3.16)

i=0;=0
where

v = [ v ki (rDk; (72)p(r)dy (3.17)

is the coordinate of v along the eigenfunction /;_;h; (which corresponds to the eigen-
value A = 1 — £ by (3.6)), and
kn = h—nz, (3.18)
il
our target in this paper is to construct a solution to equation (3.2) defined on some interval
[S0, 00), where s = —log T such that

Vs >s0, q(s) € Va(s), (3.19)
where V4(s) is defined as follows.

Definition 3.1 (A shrinking set to trap the solution). Forany A > 0and s > 1, V4(s) is the
setof all v € L such that [|[v + ¢(-,5)||Lee < 2k, v;,; = 0ifi or j is odd, |v; ;| < Ae™?S
ifi <4, |veo| = |vesl < As?e™3, |vs2| = |ve.a| < Ase 2" and lo-ll2 < A%52e738,
where v is decomposed as in (3.16), and the profile ¢ is defined in (2.2) and Lemma 2.2.

Remark. The L°° bound in this definition is crucial to control the nonlinear term (see
(3.8) and Section 3.2).

Clearly, we see that
if v e Vals), then|lv], 5 = CAse " (3.20)

for s large enough, which shows that our goal in (3.19) implies indeed that ¢(s) — 0 as
s — oo in Lg(Rz). The next part of the paper is devoted to the rigorous proof of our goal
in (3.19), and to the fact that it implies our main result stated in Theorem 1.

4. Dynamics of the equation and general form of initial data

In this section, we study the dynamics of equation (3.2) and suggest a general form of
initial data, depending on some parameters, which will be fine-tuned in some further steps
to provide a suitable solution so that Theorem 1 holds.

We proceed in three steps, each presented in a subsection, starting by the projections
of equation (3.2) on the different components of decomposition (3.16), then we study the
behavior of the flow on the boundary of the shrinking set V4(s) defined in (3.1). Finally,
we suggest a general form for initial data. Note that technical details will be postponed to
Section 7 below, hoping to make our exposition clearer.
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4.1. Dynamics of equation (3.2) in the shrinking set V4(s)

Aiming at proving (3.19), we assume g(s) € V4(s) for all s € [sq, s1] for some 51 > 59
and derive differential equations satisfied by ¢; ; and g_ in this subsection. In fact, we
will first derive the size of the components of the remainder term R(y, s) from (3.3) in
the following.

Lemma 4.1 (Expansion of R(y, s) from (3.3)). For all r > 2, it follows that

pe—2s

R(y,s) = {32hoho + 32(haho + hoha) + 4(hsho + hohs)

+ 32h2h2 + 4(/’!4]’!2 + h2h4)} + 0(€_SS)
in L} (R?), as s — oo.
Proof. See Section 7.1 below. ]
Now, we project equation (3.2) in the following.

Proposition 4.2 (Dynamics of equation (3.2) in V4(s)). For any A > 1, there exists
$11(A) > 1 such that the following holds. Assume that

q(s0) € L=, Vq(so) € L* and ¥r =2, |[q(so)lr; < C(r)Asge™%0, (4.1)

and that q(s) € V4(s) satisfies equation (3.2), for all s € [sg, s1], for some 51 > 59 >
s11(A). Then for all s € [so, $1],

(i) foralli e Nand0<j <i,|q] ;(s)—(1— %)qi,j(s)| < CiAse 3 + R; j(s),

() -3 = =319-©l 3 + CAse™ + [R5, where g(-.5) and R(-.5)

are decomposed as in (3.16).

Proof. The proof is straightforward, except for the control of the potential term V¢ and
the superlinear term B in equation (3.2), which both need a regularizing delay estimate,
already mentioned informally in (3.13). For that reason, we only state that delay estimate
here, and postpone the proof to Section 7.2 below. ]

Remark. The fact that g satisfies PDE (3.2) on the interval [sg, s] and not just at a partic-
ular time s is important for the delay estimate (3.13).

As we have just mentioned, let us precisely state that delay estimate, which is crucial
for the proof of Proposition 4.2.

Proposition 4.3 (A delay regularizing estimate for equation (3.2)). Under the hypothesis
of Proposition 4.2 and for any r > 2 and s € [so, S1], it holds that

lg(s)llz; < C(r)Ase™".

Proof. See below in Section 7.3. ]
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4.2. Behavior of the flow on the boundary of V4(s)

Recall that our aim is to suitably choose ¢(sg) so that ¢(s) € V4(s) for all s > 5.

As in the previous subsection, we assume that ¢ (s) € V4(s) for all s € [sg, 51] for some
S1 > §o. This time, we will assume in addition that at s = s1, one component of g(s1) (as
defined in (3.16)) “touches” the corresponding part of the boundary of its bound defined
in Definition 3.1. We will then derive the position of the flow of that component with
respect to the boundary, and see whether it is inward (which leads to a contradiction) or
outward. This way, only the components with an outward flow may touch. Hopefully,
those components will be in a finite-dimensional space, leading the way to the application
of a consequence of Brouwer’s lemma linked to some fine-tuning of the initial data, in
order to guarantee that the solution will stay in V4 (s) for all s > s9. More precisely, this
is our statement.

Proposition 4.4 (Position of the flow on the boundary of Vj4(s)). There exists A1, > 1
such that for any A > Aq,, there exists s12(A) > 1 such that if the hypotheses of Propo-
sition 4.2 hold with sy > $12, then

@ Ifqi;j(s1) = O0Ae 251 withi <4, and j even, and 0 = +1, then

/ d , _
0q; ;(s1) > %Ae 25\

s=s1"
(i)  Ifge,j(s1) = 0As?e™3S with j = 0or j = 6, and 0 = %1, then

d 2 3
0q; ;(s1) > %As e

s=s1"
(iil) Ifqe,j(s;) = OAse™ with j =2o0r j =4, and 0 = £1, then

d _
0q; ;(s1) < $Ase >

s=s1"

@) Fllg-(s0)llpz = A*sie™", then

28_3S .
s=s1

d d ,

%”qf(sl)”]d% < aA S
Remark. The flow in items (i) and (ii) is outward, while in items (iii) and (iv), it is
inward.

Proof of Proposition 4.4. See Section 7.4 below. ]

Thanks to this statement, we immediately see that the constraints on g¢0 = ¢e,6
and ¢_ in Definition 3.1 of V4(s) can never achieve equality.

Corollary 4.5 (g2 = g6,4 and g— never quit). Under the settings of Proposition 4.4,
assuming that s1 > S, it holds that |qe 2(s1)| = |q6.4(s1)| < As1e™>*! and ||q_(s1)||L% <

Azsfe_'”l.
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Proof. We will only prove the estimate on g_, since the other follows in the same way.
Proceeding by contradiction, we assume that ||g—(s1)]| 22 A?s2e7351, Since ¢(s) €
V4(s) for all s € [sg, s1] by hypothesis, it follows that

VseGosil -0y = A%% and flg-(s1)ll, = A2Te .
In particular, this translates into the following estimate between the derivatives of both
curves:

d d 2.2,-3s
T la-G6Dlz = - A%s7e

)

which is a contradiction by item (iv) of Proposition 4.4. ]

4.3. Choice of initial data

Thanks to Corollary 4.5, we see that the control of g(s) in V4(s) reduces to the control
of five components: ¢o,0, 42,0, 94,0, 94,2 and ge,0 (together with the control of | g(s) +
©(s) || o<, which is a major novelty of our paper). It happens that item (i) in Proposition 4.4
indicates that the flow of those components is “transverse outgoing” on the boundary of
the constraint introduced in Definition 3.1. As in our various papers where we construct
solutions to PDEs with a prescribed behavior (see, for example, [19]), the control of this
finite-dimensional part will be done through a Brouwer-type lemma, involving some fine-
tuning of parameters in initial data. Namely, the idea would be to introduce the following
family of initial data (for wo(y, s¢) linked to g(y, so) by definition (3.1)) depending on
parameters do .o, d2,0, d4,0, d4,2 and de o:

wo(y. 50) = @(.50) + [Ae>0S(y) + As*e™>* S (M)A ().
where
S(y) = do,o + d2,0[h2(y1) + h2a(¥2)] + dao[ha(y1) + ha(y2)]
+ dapha(y1)h2(y2). (4.2)
S(y) = de,o(he(y1) + he(y2))

for some sufficiently decaying function y. In fact, in order to stick to the shape of the
profile ¢ from (2.2), we will take the following initial data for equation (1.12):

~1 _ it
II’( S5 (4e7208(y) + Asze—3SS(y))]” " 4.3)

E
wo(y, s0) = [B +

where E, D, S and S are introduced in (2.3), (2.4) and (4.2), which yields the following
initial data for equation (3.2):
q(y,50) = wo(y,s0) — (¥, s0)- (4.4)

In the following, we exhibit a set of the parameters such that ¢ (s¢) is well defined, g(s¢) €
V4 (so) with other smallness and decay properties, inherited from the profile ¢(y, s¢) given
in (2.2). More precisely, this is our statement.
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Proposition 4.6 (Initialization). For any A > 1, there exists s13(A) > 1 such that for all

so > s13(A), there exists a set D(A, so) C [-2, 2]5 such that for all parameters d =

(do,0,d2,0,d4,0,da2,deo) € D, we have the following two properties:

(i) E+ 25 (Ae20S(y) + As2e™38(y)) > 1, hence wo(y.s0) and q(y. so) from (4.3)
and (4.4), respectively, are well defined.

(i) the function q(so) € V4(so) introduced in Definition 3.1, estimate (4.1) holds true,

6.2(50)| = |g6.4(50)| < CAe™350 < Asge 2%, ||g_(s0)||;2 < CAe™3% < A%g2¢ 350,
de, ge, 4q L2 0

lwo(so)|Lee < k + Ce™3 and |Vwo(so) Lo < Ce™ .

Moreover, the function
D — [—Ae 20, A7 0]* x [~ Asge 30, Aste 0],

4.5
d > (90,0(50), 42,0(50), 44,0(50), ¢4,2(50), 46,0(50)) “>

is one-to-one.

Proof. See Section 7.5. ]

5. Control of w,(y, s) for any a

Starting from this section, our goal is to show that the L°° bound on g(y,s) + ¢(y,s) in
Definition 3.1 of V4(s) never satisfies an equality case. In other words, if g(sg) is given
by (4.4) for some parameters (do,0, d2,0. d4,0, da 2, de,0) € D defined in Proposition 4.6
and g (y, s) satisfies equation (3.2) with g(s) € V4(s) given in Definition 3.1, for all s €
[s0,s1], for some s1 > 59, with s large enough, then

Vs € [so,51], Yy € RZ?, lg(y,s) + o(y,s)| = |we(y,s)| < 2k, 5.1

where we have used definition (3.1) of ¢(y, s). Using relation (3.14), this is equivalent to
showing that
Va € R%, Vs € [so.51],  |wa(0,s)| < 2. (5.2)

We will proceed in several steps in order to control w,(y, s) for any a € R2. We first
give a uniform control of the gradient, then we explain our strategy, depending on the
region where a belongs to. The next three subsections are dedicated to the proof of the
estimate in each region. Finally, we give in the last subsection a concluding statement for
the whole section.

5.1. Control of the gradient

In this subsection, we use the Liouville theorem we proved in [20, 22] for equation (1.1)
in order to show that ||Vg(s)||zo is small, provided that s¢ is large enough. Let us first
recall our version of the Liouville theorem, stated for equation (1.12).
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Proposition 5.1 (A Liouville theorem for equation (1.12)). Under condition (1.2), con-
sider a solution W(y, s) of equation (1.12) defined and uniformly bounded for all (y,s) €
RN x (—00,5) for some s < +oo. Then either W =0, or W = £« or W(y,s) =
+x(1 £+ es_s*)_ﬁ for all (y,s) € RN x (—o0,5] and for some s* € R. In all cases,
it holds that VW = 0.

Remark. If’s = +o0, then the unbounded solution W(y,s) = +«(1 — es_s*)_ﬁ never
occurs. If § < 400, then that solution may occur with some s* satisfying e*~* <l

Proof of Proposition 5.1. If 5 = 400, see [20, p. 143, Theorem 1.4] for the nonnegative
case and [22, p. 106, Theorem 1] for the unsigned case.

If 5 < 400, then the statement follows from a small adaptation of the previous case.
See [20, p. 144, Corollary 1.5], where a similar adaptation is carried out. [

Let us now state our result for the gradient.

Proposition 5.2 (Smallness of the gradient). For all A > 1 and 8y > O, there exists
s14(A4, 80) = 1 such that for all sy > s14(A, o), if q(so) is given by (4.4) for some
(do,0, d2,0, da,0. da2, de,0) € D defined in Proposition 4.6, and q(s) € Va(s) for all
s € [s0, S1] for some s1 > s satisfies equation (3.2), then for all s € [sg, $1],

IVg(s) + Vo(s)lLee < do.

Proof. See Section 7.6. ]

5.2. Strategy for the control of wq(y, s)
With this estimate, we can make a reduction of our goal (5.2) in the following.

Claim 5.3 (Reduction). Under the hypotheses of Proposition 5.2, assuming that

8o < and 5o > s14(A, o). (5.3)

K
4
we see that estimate (5.2) follows from the following:

3
VYa € R?, Vs € [so,51]. ||wa(s)||L% < Eic. 5.4)

Proof. Under the hypotheses of Proposition 5.2, assume that (5.4) holds. Noting that
IVwg(s)||Loe < 8¢ from Proposition 5.2 together with relations (3.1) and (3.14), we use
a Taylor expansion to write

[wa (. 5) = wa(0,5)] < |y]- [IVwa(s)|Lee < Soly]. (5.5)

Therefore, since

f p()dy =1 and / IOy = 1 (5.6)
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by definition (1.18) of p, it follows that

3 K
02091 = [ 1000 1p0)dy +80 = [wa®l,3 + 8o = 36+ 5 < 2%
and the claim follows. [

In the following subsections, assuming that (5.3) holds, we will prove either (5.1),
(5.2) or (5.4), according to the context. Using the sharper gradient estimate at initial
time so given in item (ii) of Proposition 4.6, let us remark that at s = sg, ws(y, So) is
“flat” in L%, in the sense that it is close to some constant independent from space, as we
prove in the following.

Lemma 5.4 (Flatness of w,(y, s9)). For any A > 1, so > s13(A) and parameters d =
(do,0.d2,0.d4,0.ds2.de ) € D(A, o), for any a € R?,

lwa(,s0) — wo(ae%o,so)HL‘z) < Ce_%o, 5.7
where s13(A) and D (A, s¢) are defined in Proposition 4.6.

Proof. The proof of the lemma follows by the same argument as in Claim 5.3, in particu-
lar, estimate (5.5). [

From Lemma 5.4, let us remark that equation (1.12) satisfied by w,(y, s) has three
bounded and nonnegative explicit “flat” solutions: 0, «, and

Y(s) = k(1 + e%) 7T (5.8)

(note that v is a heteroclinic orbit connecting « to 0, and that all its time shifts are
also solutions). In fact, it happens that w, (0, s9) = wo(ae%o, so) belongs to the inter-
val [0,k + C e_sTo], from (3.14) and Proposition 4.6. In other words, from Lemma 5.4,
we are in the vicinity of one of those three explicit solutions, whose stability properties
are known! Indeed, if 0 and i are stable, as we will show below (see Propositions 5.6
and 5.8), k has both stable and unstable directions, as one may see from the linearization
of equation (1.12) around « (see below in (7.25)), where the linearized operator appears
to be &£ introduced in (3.3), whose spectrum is given in (3.4). In particular, the exis-
tence of the heteroclinic orbit ¥ from (5.8) shows the instability of «. In other words,
if wo(ae ) ,80) is close to k, we need to refine estimate (5.7) in order to better understand
the dynamics of w, (y, s) for s > sp.

Accordingly, we will decompose the space into three regions, where w,(y, so) will
be in the vicinity of one of the three above-mentioned explicit solutions, leading to three
different scenarios for the behavior of w,(y, s) for s > so. More precisely, givenm < M,
we introduce three regions R; (m, M, sg) fori = 1,2, 3 as follows:

Ri={a e R? | Me™° < Gy(a)},
Ry ={a € R? | me™° < Gy(a) < Me ™50}, (5.9)
Rz = {a € R? | Gy(a) < me™*0},
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where

Gola) = =— ! [a2a? + §(aS + a9)]. (5.10)

In the following lemma,vwe will see that Gg(a) is a kind of norm which measures the size
of wa (0, 50) = wo(ae™ 7, 5o).

Lemma 5.5 (Size of initial data in the three regions). For any M > 1, there exists such
C15(M) > 0 that for any A > 1, there exists s15(A, M) such that for any so > s15(A, M)
and d € D(A, so) defined in Proposition 4.6, for any m € (0, 1), the following holds:

o Ifae Ry, then0 =< wo(ae‘%" 50) < k(14 M)"7T + Cys(M)e= %

o [fae Ry thenk(1+M) 7T = Cis(M)e™ <wolae? s0) < (1 +m) 7T +
Ce’T.

1 S| 5 N
o Ifa e Ri, thenk(l +m) »—1 — Ce™ < wo(aeTO,so) <K+ Ce 5.
Proof. See Section 7.7. ]

Thanks to the two previous lemmas and what we have mentioned concerning the sta-
bility of the three explicit solutions of equation (1.12) mentioned in (5.8) and the line
before, three scenarios become clear for the proof of estimate (5.4).

Scenario 1: If a € R, provided that M is large enough, we are in the vicinity of the zero
solution. Thanks to its stability, w, (s) will remain small and (5.4) will follow.

Scenario 2: If a € R,, we are in the vicinity of ¥ (s) from (5.8). Thanks to its stability,
W (s) will remain close to ¥ (s). Since ¥ (s) < k, estimate (5.4) holds.

Scenario 3: If a € R3, we are in the vicinity of «, which has both stable and unstable
directions as mentioned earlier. For that reason, the bounds on w, (0, sg) = wo(ae 2 £ ,50)
given in Lemma 5.5 are not enough, and we need a more refined expansion of w,(y, so),
followed by an integration of PDE (1.12) satisfied by w,. This step is the key point of
our argument. It is inspired by our techniques in [23] for the control of w,, where a is
a blow-up point located near some given non-isolated blow-up point. In fact, from our
careful design of initial data in (4.3), the integration of the PDE will show that for a not
“very small” (in a sense that will naturally appear in the proof), w,(s) will be attracted
to the vicinity of the heteroclinic orbit ¥ from (5.8), leading us to Scenario 2, where the
stability of ¥ will imply estimate (5.4). If a is “very small”, then, thanks to the gradient
estimate of Proposition 5.2, the boundedness of ||wg, (s)]| L2 will follow from the bound-
edness of ||wo(s)]| 12 @ consequence of the fact that ¢(s) € V4(s) given in Definition 3.1
(see (3.20)).

The integration of the PDE when a is not “very small” is in fact the most original
part of our paper. In our proof, we make the integration coordinate by coordinate and
do not limit ourselves to the linear approximation of the PDE around « (talking about
a nonlinear integration is perhaps more appropriate). Indeed, we do take into account
the quadratic terms. As we have pointed out in the paragraph after (5.8), the linearized
operator around « has both stable and unstable directions, which makes the integration
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even more delicate. For details, see Section 5.5 below, in particular Lemma 5.11 and its
proof given in Section 7.8.
In the following, we give details for those three scenarios in three subsections.

5.3. Control of wa(y, s) in region R,

The stability of the zero solution to equation (1.12) (under some L°° a priori bound)
is crucial for the argument, as we wrote above in Scenario 1. Let us state it in the fol-
lowing.

Proposition 5.6 (Stability of the zero solution to equation (1.12) under an L a pri-
ori bound). There exist g > 0 and My > 1 such that if w solves equation (1.12) with
lw(y, s)| < 2« for all (v,s) € R? x [0, o1] for some o1 > 0, with ||w(0)||L% < ¢&o and
Vw(0)(1 + |y])~* € L™ for some k € N, then

__5
Vs €[0,01].  [lws)lzz = Mol[w(0)[[ 2 »=T.
Proof. The proof is somehow classical, apart from a delay estimate to control the nonlin-
ear estimate we have already presented in Section 3.2. In order to focus only on the main
arguments, we postpone the proof to Appendix B. ]

Fixing M > 1 such that

k(1 + M)™7=T < max (8—°L) (5.11)
2 2M,

where My and ¢ are given in Proposition 5.6, then taking s¢ large enough, we see from

Proposition 4.6 that Vw(sg) € L*°, and from Lemmas 5.5 and 5.4 that the smallness

condition required in Proposition 5.6 holds in region R, leading to the trapping of w,

near 0, proving bound (5.4). More precisely, this is our statement.

Corollary 5.7 (Exponential decay of w,(s) in region R;). For all A > 1, there exists
s16(A) > 1 such that if so > s16(A), d € °T)(A,fo) and a € R defined in (5.9), then
Vw(sg) € L™ and ||wa(s0)||L% <2k(1+ M)~ 7T < gg introduced in Proposition 5.6.
If in addition we have |w,(y, s)| < 2k, for all (y,s) € R2 x [s0, 2], for some s, > s,
then

s—s 1 s—s
Vs € [s0,52], ||wa(s)||Lg < M0||wa(So)||L%e_ — < 2K (1 + M)_ﬁMoe_T—(‘) <k,

where My is also introduced in Proposition 5.6. In particular, (5.4) holds.

5.4. Control of wq(y, s) in region R,

As we explained above in Scenario 2, the stability of the solution ¥ from (5.8) is the key
argument. Let us first state that stability result.
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Proposition 5.8 (Stability of the heteroclinic orbit for equation (1.12) under an L*° a pri-
ori bound). There exists My > 1 such that if w solves equation (1.12) with |w(y, s)| < 2k
forall (y,s) € R2 x [0, 01] for some o1 > 0, and

Vo +h* e L% w0 -yl < LT s
for some k € N and 0* € R, where  is defined in (5.8), then
vl o)~ v+ )iz = M) - vl S s

Remark. By definition (5.8) of ¥, we have exponential decay in (5.13). Moreover, since
k and ¥ (s) are both solutions to equation (1.12), ¥ should never satisfy condition (5.12).
This is clear, except when o* — —o0, Eince in that case ¥ (0*) — k. More precisely,
we see from (5.8) that k — ¥ (c™*) ~ ’;fjl ~ |¥'(c*)|, which shows that (5.12) is indeed
sharp, up to a multiplying (small) factor, MLI

Proof of Proposition 5.8. The proof is much more involved than the proof of Proposi-
tion 5.6, since by definition (5.8), ¥ (c*) may be close to k, the unstable equilibrium
of (1.12). As for the previous proposition, we postpone the proof to Appendix B. ]

In the following corollary, using Proposition 4.6, Lemmas 5.4 and 5.5, we show
that w, (s) is trapped near the heteroclinic orbit i from (5.8) whenever a is in region R,
from (5.9). More precisely, this is our statement.

Corollary 5.9 (Trapping of w, (s) near ¥ in region R,). There exists & € R such that for
all m € (0, 1), there exists a(m) < @ such that for all A > 1, there exists s17(A, m) > 1
such that for all so > s17(A, m), d € D(A, sg) and a € R, defined in (5.9) (with M
defined in (5.11)), Vwg(sg) € L and ||wg(so) — w(o*)HL% < Ce= ¢ < W for
some c* € [0(m), ], where My was introduced in Proposition 5.8. If in addition we have
lwa (¥, 8)| < 2k, for all (y,s) € R? x [so, $2], for some 55 > so, then

CM; _so

6 <k +

Vs € lsos2l Iwal)lg S VG +0" —s0) + Go ke <

< k.

N W

In particular, (5.4) holds.

Proof. The proof is omitted, since it is a direct consequence of Proposition 5.8, thanks to
Proposition 4.6, Lemmas 5.4 and 5.5. ]

5.5. Control of wa(y, s) in region R3

Given an initial time 5o, some m € (0, 1) and a € R3 defined in (5.9), we write a as
follows:
S0

a=(Ke 3, Le=?) (5.14)

for some real numbers K and L.
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Since wy (-, So) is symmetric with respect to the axes and the bisectrices (see (4.3)), so
is wo (-, s) for any later time s. For that reason, we only consider the case where

0<K<L.

Since ©
Wa(y,80) = wo(y +ae?2,s0) = wo(y1 + K, y2 + L, s0) (5.15)

from (3.14), we will use the explicit expression (4.3) of wy in order to estimate the com-
ponents of wg,(sg) in L%. Taking this as initial data, we will integrate equation (1.12)
(which is satisfied by w,) in order to estimate w, (s) for later times s > 5.

It happens that the outcome of the integration depends on the size of a, which can be
measured in terms of the position of K + L and A. For that reason, we distinguish two
cases in the following.

5.5.1. Case where K + L > A. From decomposition (5.14) of a = (ay, a»), this is the
case of “large” a, where a; + a > Ae=% . Let us first estimate Wq (o). In order to be
consistent with definition (2.2) of our profile ¢ and the decomposition in regions we sug-
gest in (5.9), we will give the expansion of w,(sg) in L%, uniformly with respect to the
small variable

L =eOK2L? 4 §e?0[K® 4 L] (5.16)

and the large parameter A. This is our statement.

Lemma 5.10 (Initial value of w, (y, s) for large a). Forany A > 1, there exists s13(A) > 1
such that for any sy > s13(A) and any parameters (do,o.d2,0.da,0,da 2, de,0) € D defined
in Proposition 4.6, if wo(y, So) is given by (4.3), then for any m € (0,1) and a € R3
defined in (5.9) with a decomposed as in (5.14) for some L > K > 0, with K + L > A,
the following expansion holds in L;(Rz) foranyr > 2:

Wa(y,50) = k —t— e *{2KL>*h1ho+ 2K*Lhiho+ L*hyho+ 4KLhihy+ K*hoh»
+2Lhyhy + 2Khihy + hoho ) + 0(%) + o),

where ( is defined in (5.16).

Proof. See Section 7.8. ]

Noting that

mk K
< <

“p-17p-l
from (5.16) and (5.9), it follows from this lemma that ||wg, (s¢) — K||L% <Cut+ CJ, where

(5.17)

250, L
J = eT0(K? + L?) < 2e70(KS + L85 < 2[”(8 8 [)3

1
= 2e_70 (é) ’ <2

W=

(5.18)
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from (5.16) and the fact that 59 > 0 and § > 1 (see the beginning of Section 3). Using
again (5.17), it follows that w, — « is small at s = 59, whenever m is small. It is natural
then to make a linear approximation for equation (1.12) around « in order to obtain the
expansion of w, (y, s) for later times, as long as w, (s) — k remains small. In fact, we will
see that the projection on hgho = 1 will dominate in w,(y, s). For that reason, given some

small n* such that
mk

n* > —, (5.19)
p—1
where m € (0, 1) is the constant appearing in definition (5.9) of 3, our integration will
be valid only on the interval [sg, s*], where s* = s*(s¢, @, n*) is defined by

e T80 = p* (5.20)

and ¢ is given in (5.16). Note that s* is well defined since L + K > A > 0, hence ¢ > 0.
Note also that s* > so thanks to condition (5.19), as we will see in item (i) of Lemma 5.11
below. More precisely, this is our statement.

Lemma 5.11 (Decreasing from « to k — n™* for “large” a under some a priori L bound).
There exist M19 > 0, A19 > 1 and n19 > 0 such that for all A > A9, there exists s19(A)
such that for any so > $19(A) and any parameters (do,0,d2,0,d4,0,d4,2,de,0) € D defined
in Proposition 4.6, if wo(y, o) is given by (4.3), then for any n* € (0, n19] and m €
(0, min(1, 2= for any a € R5 defined in (5.9), where a is given by (5.14) for some

K

L > K >0, with K 4+ L > A, the following holds:

(1) s* > sg, where s* is introduced in (5.20).

(i1) If we assume in addition that
lwa($)llzee < 26

forall s € [sg, s1] for some s1 > sg, then for all s € [so, min(s*, s1)],

S

lwa (-, s) — (k — esfsol)HL% < Mio(n* + A7 Hes ™50, + Myge™ % .
Proof. See Section 7.8. .

With this result, we are able to prove estimate (5.4).

Corollary 5.12 (Proof of the le) bound when a € R3 is “large” under some L°° a priori
bound). There exist Ayg > 0, 129 > 0 and s20(n*) > 1, such that under the hypotheses of
Lemma 5.11, if in addition A > Asg, n* < 120 and sg > s20(n™), then for all s € [so, s1],

3
lwa)lz < 5x.

Proof. Using Lemma 5.11, we further assume that so > s14(A4, 1) defined in Proposi-
tion 5.2, so we can apply that proposition. Consider then s € [sg, s1]. We distinguish two
cases.
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Case 1: s < s*. We write from Lemma 5.11 and (5.6), together with definitions (5.16)
and (5.20) of ¢ and s*,

lwa($)llz =+ ¢S TS0 Myg(n* + A7H)es 0, 4 Myge™

< K40+ Mis(n* + A7n* + Mige™ 3.
Since A > 1, by taking n* small enough and s large enough, we get the result.

Case 2: s > s*. In this case, we have so < s* < s < s7. We will show that starting at
time s*, w will be trapped near the heteroclinic orbit ¥ from (5.8), thanks to Proposi-
tion 5.8. In particular, its Lf, norm will remain bounded by %K. More precisely, from
item (ii) of Lemma 5.11 and (5.20), we see that

_ _so
lwa(s™) = (c =)l 2 < Mio(n™ + A Y0t + Mige™ 3.

Assuming that n* < k, we may introduce 0* € R such that ¥ (6*) = «k — n*, where ¥ is
defined in (5.8). Noting that

.
Ke®

4

WO~ S ~ k=) = 7" asy 0, (521)

we see that taking n* small enough, then 4 and s large enough, we have

[/ (0"
ML+ 2197 llzee]’

lwa(s™) = ¥ (692 =

where M is introduced in Proposition 5.8. Since Vw,(s*) € L, thanks to Proposi-
tion 5.2, together with definition (3.1) of ¢ and transformation (3.14), Proposition 5.8
applies, and we see that at time s, we have

* . [Y'(s +0™)]
lwa(s) =¥ (s + 0" = sl 2 < Millwa(s™) =Y (02—
[y (o)
! * _ *
< IW(SJ;G )l s
L+ 2y llzee 2
Since ¥ < « by definition (5.8), using (5.6) we obtain
()3 < Yls + 0% —s) + 5 < 2
a¥lLy = 2= 2"
This concludes the proof of Corollary 5.12. |

5.5.2. Case where K + L < A. Givenm € (0, 1) and a € R3 from (5.9), we aim in this
section to handle the case where a is “small”, namely when it belongs to the triangle 7,
defined by

To={(Ke™? . Le~?)|0< K <LandK + L < A},
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Let us recall from the beginning of Section 5 that g(s) € V4(s) given in Definition 3.1,
for all s € [s9, s1] for some s; > s¢, hence,

Vs € [s0,51],  [wo(s)||pee < 2k.
Introducing the segment
Gy ={(K'e 3, L'e”3)|0<K <L andK'+ L' = A} (5.22)
and the triangle
Ti={(K'e 7, L'e?)|0<K <L and K' + L' < A},

we see that
o= |J %UuUm.

S0<0<s1
We then proceed in two steps:

e In Step 1, we handle the case of “small” s, namely when a € g, withsg <s <o <s1,
and also the case where a € 77 with s < s < s571.

e In Step 2, we handle the case of “large” s, namely when a € §, withsg <o <s < 7.

Step 1: Case of “small” a and “small” s. Consider a € §, with 59 < s <0 < 1, Or
a € 71 with sg < s < s1. The conclusion will follow from the Lf) estimate on wy together
with the gradient estimate of Proposition 5.2. Indeed, using a Taylor expansion together
with (5.15) and (5.6), we write

wo(ae2,s) = wo(0, s) + O(ae? || Vwo(s)|Loe),

/wo(z,s)p(z)dz = wp(0,5) + O(||Vwo(s)| L)

wq (0, 5)

on the one hand. On the other hand, since wy = ¢ + ¢ by definition (3.1), recalling that
q(s) € Va(s), we write by definitions (2.2) and (3.17) of ¢ and gg0(s), together with
Definition 3.1 of Vy4(s),

[ wcsrdz = [ oz + [ ez
— [ 6961z + q0os)
=Kk + 0(e™) + 0(4e™2%).
Introducing (K’, L’) such that
a=(K'e % Le %) (5.23)
with o = s1 if a € 77, we see that

0<K' <L and K +L <A.
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Recalling that s < o, we write

lae?| = VK + L% 2° < V2A4.

Taking A > 1 and recalling that ||[Vwg(s)| Lo < 8¢ from Proposition 5.2 provided that
S0 > s14(A, 8¢), we write from the previous estimates that

3
|wa(0,5)] < k + C8y + CASy + Ce™ + CAe ™ < 25
whenever 8y < 621(A) and sg > s21(4, §p) for some s21(A4, §p) > 1 and §21(A4) > 0.

In particular, estimate (5.2) holds.

Step 2: Case of “small” a and “large” s. Now, we consider a € §, withsg <o <s <s].
As we will shortly see, the conclusion follows here from the case K + L > A treated in
Section 5.5.1, if one replaces there K, L and so by K’, L’ and o, respectively. Indeed,
by definition (5.22) of §,, we have

K +L =4, (5.24)

where K’ and L’ are defined in (5.23). Proceeding as in Section 5.5.1, we first start by
expanding w, (y, o) as in Lemma 5.10.

Lemma 5.13 (Expansion of w,(y,0)). Forany A > 1, there exists s2(A) > 1 such that
for any so > s22(A), the following holds: Assume that q(s) € V4(s) satisfies equation (3.2)
for any s € [so, 0] for some o > sq, such that (4.1) holds and Vq(so) € L>®°(R?). Assume
in addition that

a= (K L) %

such that (5.24) holds. Then

I

wa(y,0) = Kk — 1 + 0(‘2) + 00
— ™ {2K'L*hyho + 2K">L'hyho + L' haho + 4K'L'hihy
+ K"?hoha 4 2L hahy + 2K hihy + hahs)
+ g6 ()L *haho + K"*hohy + 4L hyhy + 4K hih,
+ 6(K"* + L'*Yhyhy + 4K h3hy + 4L hohs

+ hahy + haha) (5.25)

in LY, for any r > 2, with |qs 2(0)| < Aoe™>%, where
/=e "KL + 872K + L. (5.26)
Proof. See Section 7.8. ]

Now, arguing as for Lemma 5.11, we see w,(0) as initial data, then integrate equa-
tion (1.12) to get an expansion of w, (s) for later times.
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Lemma 5.14 (Decreasing w, (o) from « to k — ™). There exist M3 > 0, A3 > 1 and
N23 > 0 such that for all A > Az and n* € (0, n23], there exists s23(A, n*) such that for
any o > sp3 and s1 > 0, if q(s) € V4(s) given in Definition 3.1 satisfies equation (3.2) on
[0,51] and Vq(o) € L*, ifa = (K'e=3,L'e3) with K' + L' = A, then

(i) s* > o, where s* is such that e*" =% = n*, where !’ is defined in (5.26).

(ii) Forall s € [0, min(s*, s1)],

wQ

lwa(s) — (k — esfal,)”L%, < Mp3(n* + A7He ™ + Maze™

Proof. The proof follows from a straightforward adaptation of the proof of Lemma 5.11,
given in Section 7.8. For that reason, the proof is omitted. [

As in the case K + L > A, we derive from this result the following corollary, where
we prove estimate (5.4).

Corollary 5.15 (Proof of the LIZ) bound when a € R3 is “small” and s is “large”). There
exist Arg > 0, n24 > 0 and s24(n*) > 1, such that under the hypotheses of Lemma 5.14, if
in addition A > Azq, 1™ < Naq and so > $24(n*), then for all s € [0, 51], ||wq (s)||L% < %K.

Proof. The proof is omitted since this statement follows from Lemma 5.14 exactly in the
same way Corollary 5.12 follows from Lemma 5.11. ]

5.5.3. Concluding statement for the control of w,(s) when a € R3. Combining the pre-
vious statements given when a € R3 defined in (5.9), we obtain the following lemma.

Lemma 5.16 (Control of w, (s) when a € R3 if w(sg) is given by (4.3) and g (s) € V4(s)).
There exist Ays > 1 and mys € (0, 1) such that for all A > Ajs, there exists 85(A) > 0
such that for all 89 € (0, 625(A)), there exists s25(A,80) > 1 such that for all so >
$25(A, 80), d € D(A, sg) defined in Proposition 4.6 and s, > so, the following holds:
Assume that w is the solution of equation (1.12) with initial data wo(y, So) defined in (4.3),
such that for all s € [sg, 51], q(s) € V4(s) given in Definition 3.1, where q(s) is defined

in (3.1). Then for all s € [sg, s1],
@) ||Vw(S)||Loo < .
(ii)) Forallm € (0,mys] and a € R3 defined in (5.9), |w, (0, 5)| < 2k.

Proof. The proof is omitted since it is straightforward from Claim 5.3, Corollary 5.12,
Step 1 given in Section 5.5.2 and Corollary 5.15. ]

5.6. Concluding statement for the control of wy(s) for any a € R?

Fixing M as in (5.11) and taking m = m»5 as introduced in Lemma 5.16, we see that the
three regions in (3.3) are properly defined. Then, combining the previous statements given
for the different regions (namely, Corollaries 5.7 and 5.9, together with Lemma 5.16),
we derive the following.
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Proposition 5.17 (Control of |[w(s)| Lo if w(se) is given by (4.3) and ¢(s) € V4(s)).
There exists Aze > 1 such that for all A > Aje, there exists s26(A) > 1 such that for
all s > s26(A), d € D(A, so) defined in Proposition 4.6 and s1 > s¢, the following
holds: Assume that wy is the solution of equation (1.12) with initial data wo(y, s¢) defined
in (4.3), such that for all s € [sg, s1], ¢(s) € V4(s) given in Definition 3.1, where q(s) is
defined in (3.1). Then

(i) Foralls € [sg,s1], [|wo(s)||Lee < 2k.

(i) Forall a € R? such that
lai| + las| > Ae™ 7, (5.27)

there exist 5(a) > sg and}\Z(a) > 0 such that if s(a) > s1, then for all s € [s(a), s1],
lwa(®)ll,2 < M(@)e” 7.

Proof. (i) The proof is omitted since it is straightforward from the above-mentioned
statements.

(i) Take a € R? such that (5.27) holds. The conclusion follows according to the position
of a in the three regions R; defined in (5.9), with the constants M and m fixed in the
beginning of the current subsection.

If a € R, then the conclusion follows from Corollary 5.7.

If a € R;, then we see from Corollary 5.9 and its proof that Proposition 5.8 applies.
In particular, w, (s) is trapped near the heteroclinic orbit ¥ from (5.8), and the exponential
bound follows from (5.13) and (5.8).

Finally, if a € R3, then, following Section 5.5, we write

a=(K,Le ? (5.28)
as in (5.14) and reduce to the case where 0 < K < L thanks to the symmetries of initial
data wq (-, s¢) defined in (4.3).

If K + L > A, then we see from Corollary 5.12 and its proof that w,(s) is trapped
near the heteroclinic orbit ¥ (s) from (5.8), and the exponential bound follows from esti-
mate (5.13) given in Proposition 5.8.

If K+ L < A, using (5.27) and (5.28), we may write a = (K’, L/)e_% for some
o € [s9,s1] with K’ + L’ = A, as we did in (5.23) and (5.24). Using Corollary 5.15, we
see that wg (s) is trapped near the heteroclinic orbit v (s), and the conclusion follows from
estimate (5.13) again. This concludes the proof of Proposition 5.17. ]

6. Proof of the main result

In this section, we collect all the arguments to derive Theorem 1. We proceed in three
subsections:

e We first prove the existence of a solution of equation (3.2) trapped in the set V4 (s)
given in Definition 3.1.
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e Then, we derive a better description on larger sets, yielding the so-called intermediate
profile.

e Finally, we prove that the origin is the only blow-up point and derive the final profile
given in (1.19).

6.1. Existence of a solution to equation (3.2) trapped in the set V4(s)
This is our statement in this subsection.

Proposition 6.1 (Existence of a solution ¢(y, s) in the shrinking set V4(s)).

(i) There exist Ca7 >0, A > 1, 50 > 1 and a parameter d = (do,0,d2,0,d4,0,da2,ds,0) €
D(A, so) defined in Proposition 4.6 such that the solution wo(y, s) of equation (1.12)
with initial data at s = sg given by (4.3) satisfies q(s) € V4(s) and |Vq(s)| Lo < Cay
for any s > sg, where q is defined in (3.1) and the set V4(s) is given in Definition 3.1.

(i) Ifu(x,t)=(T — t)_ﬁ wo(%_t, —log(T —t)) with T = %0, then u is a solution
of equation (1.1) which blows up only at the origin.

Remark. Since initial data in (4.3) is symmetric with respect to the axes and the bisec-
trices, the same holds for wo(y, $).

Before proving Proposition 6.1, let us recall the following consequence of the Liou-
ville theorem stated in Proposition 5.1.

Corollary 6.2 (Behavior of the gradient). In addition to Proposition 6.1, it holds that
IVwe(s)||Lee — 0 as s — oo.

Proof. This is a classical consequence of the Liouville theorem stated in Proposition 5.1,
which follows similarly to Proposition 5.2. For a statement and a proof, see Merle and
Zaag [20, p. 141, Theorem 1.1]. ]

Let us now prove Proposition 6.1.

Proof of Proposition 6.1. (i) This is a classical combination of our previous analysis,
namely Lemma 2.2 and Propositions 4.4, 4.6, 5.2 and 5.17. The argument relies on
a reduction of the problem in finite dimensions, then the proof of the reduced problem
thanks to the degree theory. We give the argument only for the sake of completeness.
Expert readers may skip this proof.

In order to apply the above-mentioned statements, let us fix A = max(A12, 1, A2¢) and
so = max(s10(8), 512(A4), s13(A), s14(A4, 1), 526(A)), where § is the constant appearing in
the definition of the profile ¢(y, s) and fixed at the beginning of Section 3.

We proceed by contradiction and assume that for all d = (do,0,d2,0.d4,0.d4,2,de,0) €
D(A, so) defined in Proposition 4.6, ¢(d, y, s) does not remain in the set V4 (s) for all
s > sg, where q(d, y,s) = wo(d, y,s) — @(y, ), ¢(y,s) is defined in (2.2), where the
constants y and § are fixed in Lemma 2.2 and the beginning of Section 3, and wg(d, y, 5)
is the solution of equation (1.12) with initial data at s = s¢ given by (4.3).
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Since the function given in (4.5) is one-to-one from item (ii) in Proposition 4.6,
we may take d = (do,0,d2,0,ds,0.ds2,ds,0) € [—1, 1]° as a new parameter, where

_ eZS() 350

e - e
di,joQi,j(d»SO) if (i, ) € lo, dé’OZAsg

gs,0(d, So) (6.1)

and Iy = {(0,0), (2,0), (4,0), (4,2)}. Accordingly, we introduce the notation

q(d,y.s) =q(d,y,s), Wo(d,y,s)=wo(d,y,s)

and so on. Since ¢(d, v, So) € Va(so) by Proposition 4.6, from continuity, we may intro-
duce s*(d) = 5*(d) as the minimal time such that ¢(d, y, s) € V4(s) for all s € [so, s*]
and an equality case occurs at time s = s* in one of the < defining V4(s*) in Defini-
tion 3.1.

According to Proposition 5.17, no equality case occurs for ||wo(d, s*)||Loo. We claim
that no equality case occurs for |¢e.2(d,5*)|=|g6,4(d,s*)| neither ||g—(d, s0) ||L%. Indeed,
if s*(d) = s, this follows from Proposition 4.6. If s*(d) > s, then this follows from
Corollary 4.5, which can be applied thanks to Proposition 4.6. In other words, it holds that

either |g; ;(d,s™)| = Ae™" forsome (i, j) € Iy or |geo(d.s*)| = As*?e™",

This way, the following rescaled flow is well defined:

zs* *

es
1 (f]O,o, q2,0.94,0, 94,2, s*_2q6’0> (d,s*(d)).

®: [-1,1]° = 3[-1,1°, d+—

We claim that
(a) @ is continuous;

(b) @|[_y,135 = Id, which will imply a contradiction, by the degree theory and finish the
proof.

Let us prove (a) and (b).
(a) Using items (i) and (ii) in Proposition 4.4, we see that the flow of the five components
lg;, 7| with (i, j) € Io U {(6,0)} is transverse outgoing on the corresponding boundary
(e, Ae 25 if (i, j) € Iy or As?e™35 if (i, j) = (6,0)). This implies the continuity of .
(b) Ifd € 3[—1, 1]° and d is the corresponding original parameter in D, then we see by
definition (6.1) that

either |g; ;(d,s0)| = Ae™2% for some (i, j) € Ip or |geo(d,s0)| = Aso?e . (6.2)

Since ¢(d, so) € V4(so) by Definition 3.1, this implies that 5*(d) = s*(d) = so. From
(6.2) and (6.1), we see that ®(d) = d and (b) holds.

Since we know from the degree theory that there is no continuous function from
[~1,1]° to its boundary which is equal to the identity on the boundary, a contradiction fol-
lows. Thus, there exists a parameter d = (do,0, 42,0, d4,0,d4,2,de,0) € D(A, so) defined
in Proposition 4.6 such that g(d, y, s) € V4(s) for all s > s59. Applying Proposition 5.2
and Lemma 2.2, we see that |Vg(d, s)||Le < 1 4 Cy, for all s > 5.
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(i1) From the similarity variables definition (1.4), u is indeed a solution of equation (1.1)
defined for all (x,?) € R? x [0, T'). From the classical theory by Giga and Kohn [11],
we know that when s — 00, wp (s) — k when b is a blow-up point, and w (s) — 0 if not,
in le). Therefore, it is enough to prove that wo(s) — « and w,(s) — 0 as s — oo in order
to conclude.

First, since ¢ (s) € V4(s) for all s > s5¢ from item (i), we see from (3.20), relation (3.1)
and definition (2.2) of ¢ that wo(s) — « as s — oo.

Second, if @ # 0, we see that for any s; > 2log |a1|+\a L , (6.27) holds. Since Proposi-
tion 5.17 holds here, applying its item (ii), we see that for some 5(a) > 5o and M (a) > > 0,
for any s; > max(2log m’s(a» for any s € [s(a), s1], ||wa(s)||L2 < M(a)e~ =
Making 51 — oo, we see that w,(s) — 0.

This concludes the proof of Proposition 6.1. ]

6.2. Intermediate profile

From the construction given in Proposition 6.1 together with (3.20) and expansion (2.5)
of the profile ¢ defined in (2.2), we have a solution wg(y, s) of equation (1.12) such that
our goal in (1.14) holds, namely

wo(y,s) =k —eha(y1)ha(y2) +o(e™) ass — oo,

in L,zJ and uniformly on compact sets, by parabolic regularity.

For large s, the second term of this expansion will be small with respect to the con-
stant x, which means that we only see a flat shape for wy. Extending the convergence
beyond compact sets, say, for |y| ~ e, would allow us to see w escapes that constant.
This is indeed what Veldzquez did in [25, p. 1570, Theorem 1], proving that wq has the
degenerate profile (1.15), in the sense that

(p_1)2 —s5..2.2 _ﬁ
sup ‘wo(y,s)—(p—l—i——e ylyz) )—>0 as s — 00
ly|<Ke¥ «
for any K > 0.

If we see in this expansion that wg departs from the constant « from (1.5) for y; =
Kle% and y, = Kze% for some K; > 0 and K, > 0, this is not the case on the axes,
namely when y; = 0 or y, = 0. In accordance with our idea in deriving the profile ¢
in (2.2), our techniques in this paper provide us with the following sharper profile, valid
on a larger region.

Proposition 6.3 (Intermediate profile). Consider the solution wg(y, s) of (1.12) con-
structed in Proposition 6.1. For any K > 0, it holds that

sup lwo(y,s) — P(y,s)] >0 ast —> T,
e yy y2+8e—25(y1+y2)<K

where O(y, s) is defined in (1.16).
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Remark. ®(y,s) is referred to as the “intermediate profile”, since it holds in the region
{s > 59 = —log T'}, which corresponds to the region {0 < ¢ < T'} in the original variables
defined by (1.4). Later in Proposition 6.5, we will define the “final profile” as a limit of
u(a,t)ast — T when a # 0, which holds in some sense for t = T, justifying its character
as “final”.

Proof of Proposition 6.3. Consider wq the solution of equation (1.12) constructed in Pro-
position 6.1 and defined for all (y, s) € R? x [sq, 00). Given K¢ > 0 and & > 0, we look
for So = So(Ko, €) such that for any S > Sy and Y € R? such that

e SYRYZ + 8725 (Y 4+ YP) < Ko, (6.3)

it holds that
lwo(Y,s) — P(Y,s)| < Ce (6.4)

for some universal C > 0, where ®(y, s) is defined in (1.16). Consider then S > s and
Y € R? such that (6.3) holds. Since wq(y, s) is symmetric with respect to the axes and
the bisectrices (see the remark following Proposition 6.1), we may assume that

0<Y <Y,

Proceeding as in Section 5.5.1, we introduce a = a(Y, S) such that

[N]%)

aez =Y. (6.5)

Since
wo (Y, S) = wy(0,S) (6.6)

by (3.14), our conclusion will follow from the study of w,(y, s) for s € [s¢, S]. From (6.3)
and (6.5), we see that

Gola) < —KO(I;C_ D-s.

where Gy is defined in (5.10). In particular,

Ko(p—l))% _s
_— e 6.

050156125( 3
K

(6.7)
Consider A > 0 to be fixed large enough later. Taking S > S; for some S; (Ko, A) > 5o,
we see that
— _s0
a; +ax < Ae” 2.

Therefore, we may introduce o > sg, K’ and L’ such that
a=(K' Le 5 with0<K <L andK'+L = 4. (6.8)

The conclusion will follow from applying Lemma 5.14 and Proposition 5.8, exactly as
we did in Corollaries 5.15 and 5.12. In order to apply those two statements, let us assume
that A > max (A4, A,3) and consider n* € (0, 23], where A is fixed in Proposition 6.1 and
A3 together with 7,3 are introduced in Lemma 5.14.
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From (6.7) and (6.8), we see that whenever S > S, for some S, (K, A, n*) > so,
it follows that o > s53 (ILT, n*) defined in Lemma 5.14. Let us then assume that S > 5.
Since A > A, we see from Proposition 6.1 and Definition 3.1 that g(s) € Vy(s) C
Vz(s) and Vg(s) € L™ for all s > so.
Using (6.8), we see that Lemma 5.14 applies with any s; > o. In particular, if we
introduce s* such that
S T =, (6.9)

where ¢’ is defined in (5.26), then we see that s* > ¢ and for all s € [0, s*],
1 o
lwa(s) = (e =)l < Mas(n” + )" + Maze™ 5. (610)

where the constant M3 is defined in Lemma 5.14.
Assuming that n* < k, we may introduce 6* € R such that

Y(o™) =Kk —n", 6.11)

where 1V is defined in (5.8). Using (5.21), (6.8) and (6.7), we see that whenever A> As,
n* <nsand S > S for some A3z > 1, 73 > 0 and S3(Kj, 4, n*), we have

[y (™)
M;

W[

1 _
lwa(s*) — w(g*)”L% < M>; (77* + Z—)n* + Mjyze 3 < (6.12)
where M is introduced in Proposition 5.8. Since Vw, (s*) € L™ and ||wg(s)||Le < 2k
for any s > s*, thanks to Proposition 6.1, together with definition (3.1) of ¢ and trans-
formation (3.14), Proposition 5.8 applies to the shifted function wy(y, s + s*) (with any

o1 > 0), and we see that for all s > s*, we have
[y'(s + 0l
ZCa]

Since ¥’ € L by definition (5.8) of v, using again (6.12) and (5.21), we see that for all
s> 5%,

lwals) = ¥(s + 0™ =592 < Millwa(s™) — ¥ ()2

1 e 3
lwa(s) = (s + 0% =)z < 2Mi M |9l (07 + =+ =), (613)
whenever n* < 74, for some n4 > 0.
Now, if s € [o, s*], using (5.6), we write
lwa(s) =¥ (s + 0% =512 < wa(s) = (k =€) 2
+ (s +o0*—s5%)—k|+e7%. (6.14)

Since s < s*, hence s + 0* — s* < ¢* and ¥ is decreasing by definition (5.8), we obtain
from (6.11) and (6.9) that

[W(s+0*—s*)—k| <Y (@) —k|=n* and €/ <e "/ =n*. (6.15)
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Therefore, using (6.14) together with (6.10), we see that for all s € [0, s*],
1 o
lwals) =Y s + 0% = 5" l3 = Mas(n" + )" + Maze™ +20°. (6.16)

Finally, if s € [s¢, 0], noting again that s + 0* — s* < 0 + ¢* — s* < o™, we may
use (6.15) and write similarly

lwa(s) — (s +0* _S*)”L% < lwa(s) _K”L% + 77*-

Recalling that Vw(s) € L from the construction in Proposition 6.1, we may use a Taylor
expansion as in the proof of Claim 5.3 and get

lwa(s) =l 2 = Clwa(0,5) — k| + C[Vwo(s)l| oo (6.17)
Since w,(0,5) = wo(ae%,s) by (3.14) and
jae?| = (K", L))|e*2" < VK? + 123" < 4V2
by (6.8) and the fact that s < o, we may use again a Taylor expansion for wg and write
wa(0,5) — k| = |wo(ae?,5) — k| < Cllwo(s) =kl 2 + C(1+ A Vawo(s) | oo

Furthermore, using the construction in Proposition 6.1, together with definitions (3.1)
and (2.2) of g(y,s) and ¢(y, 5), and estimate (3.20), we have

lwo(s) — llz < g2 + lg(s) — ll 2 < CAse™ + Ce™,

where A is given in Proposition 6.1. Collecting the previous estimates, we write for all
s € [so,0],

lwa(s) —v(s +0* — s*)||L% < CAse ™ +Ce™*
+ C(1L+ D[ Vw(s)lze +n". (6.18)

Using (6.8), (6.7) and the gradient estimate in Corollary 6.2, we see from (6.13), (6.16)
and (6.18) that taking A > A5, n* < ns and S > S5 for some A5(g) > 1, ns5(¢) > 0 and
Ss(e, n*, Ko, A) > 59, we get for all s > s,

lwa(s) =¥ (s + 0% =57l 2 < 4e.
Taking s = S, using (6.5) and (6.6), then proceeding as with (6.17), we write

[wo(Y,S) =Y (S + 0" —5%)| = [wa(0,S) =y (S + 0" —5%)|
< Cllwa(S) =¥ (S + 0" =)l 2 + CVwo(S) oo
< Ce+ Cl[Vwo(S)|lLee.

Taking S larger and using again the gradient estimate of Corollary 6.2, we see that

[wo(Y,S) — ¢ (S +0*—s5%)] <2Cs. (6.19)
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Since ¥~/ = p* from (6.9), €° Nn*(p ) as n* — 0 from (5.21), and ¢35~/ =

e SY2YZ + 8e725(Y? + Y£) by definitions (6.5), (6.8) and (5.26) of a, (K’, L') and ¢/,
we write

eS+U*—s* — eo*e—(s*—a)eS—o — (p—l + 77)77 e —(s* —a)eS—o
K
1 —1
= (pT + T])L/ES (S (pK + 77)[ _SY12Y22 +8€_2S(Y16 + Y26)],

where 7 — 0 as n* — 0. Recalling condition (6.3), then making an expansion of i defined
in (5.8), we see that for n* < ne for some 16(Ko, &) > 0, we have

IW(S +0o*—5%)

(p—1)? —sy2vy2 —25,v6 6 —peT
—[p—l—f—T(e Y2Y2 + Se (Y1+Y2))] <& (6.20)

Combining (6.19) and (6.20) yields (6.4). This concludes the proof of Proposition 6.3. =

6.3. Derivation of the final profile

Throughout this subsection, we consider the solution u(x, ¢) of equation (1.1) constructed
in Proposition 6.1 which blows up at time 7" > 0 only at the origin.

Using Propositions 6.1 and 6.3, together with the similarity variables’ transforma-
tion (1.4), we derive the following.

Corollary 6.4 (Intermediate profile for u(x,t)). For any K > 0, it holds that

L - 1)? [x7x3 + 8(x§ + XS)]]—ﬁ’

sup (T—t)ﬁu(x,t)—[p Ty

x2 1%5 -‘,-S(xl +xg)
<K(T-t)

goestoOast — T.
Using this result, we derive the following estimate for the final profile.

Proposition 6.5 (Final profile). For any a # 0, u(a,t) has a limit ast — T, denoted by
u(a, T). Moreover,
u(a, T) ~u*(a) asa — 0, (6.21)

where .

u*(a) = a3a3 +8(a§ +a$)| 7

Remark. Similarly to our remark given after Proposition 6.3, we justify the name of u*
as “final profile”.

[(p )(

This result is in fact a consequence of the following ODE localization property of the
PDE, proved in our earlier paper [20], and which is a direct consequence of the Liouville
theorem stated in Proposition 5.1.
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Proposition 6.6 (ODE localization for u(x, t)). For any & > 0, there exists C; > 0 such
that for all (x,t) € R? x [0, T),

(I —eu(x,1)? = Ce < du(x,1) < (1 + u(x, )" + Ce.

Remark. Since initial data given in (4.3) are nonnegative, the same holds for wq(y, 5),
solution of equation (1.12), and u(x, t), solution of equation (1.1), both constructed in
Proposition 6.1. This justifies the notation u(x, ¢)? without absolute value.

Proof of Proposition 6.6. See [20, p. 144, Theorem 1.7]. The fact that initial data given
in (4.3) are in W2 (R?) is necessary to have the estimate in R2 x [0,T), otherwise, if ini-
tial data are only in L>°(R?), we will have u(ty) € W2-*°(R?) for any o > 0 by parabolic
regularity, and the statement will hold uniformly in R? x [tg, T) from any to € (0,7). =

Now, we are ready to prove Proposition 6.5, thanks to Corollary 6.4 and Proposi-
tion 6.6.

Proof of Proposition 6.5. The existence of the limiting profile u(a, T') follows by com-
pactness, exactly as in [17, p. 269, Proposition 2.2]. It remains to prove (6.21).
Consider any K¢ > 0. Given any small enough a # 0, we introduce the time *(a) €

[0, T") such that
K

p—1
Note that t*(a) — T as a — 0. The conclusion will follow from the study of u(a, ) on
the time interval [t*(a), T'). Consider first some arbitrary & > 0.

(T —t*(a)). (6.22)

ata? +§(as +ab) = Ko

Step 1: Initialization. From Corollary 6.4, we get that
(T = (@) P T u(a, (@) = k(1 + Ko) 71| < ek(1 4 Ko) 71, (623)

provided that a is small enough.
Step 2: Dynamics for t € [t*(a), T). From Proposition 6.6, we see that

Vi €[t*(a).T), (1—eu(a,t)?—Ce <du(x,t) < (1 +2eua,)? +C, (6.24)
for some C, > 0. Using (6.23) and (6.24), one easily shows that for @ small enough,

Vi€ [t*(a), T), C;<ecul(a,i)’.
Therefore, we see from (6.24) that
vVt €t*(a),T), (1—2&)u(a,t)? <du(x,t) <+ 2e)u(a,t)”.

Using again (6.23), we may explicitly integrate the two differential inequalities we have
just derived and write for all ¢ € [t*(a), T),

Kl(T = * @) (1 + Ko)(1 = #)!™7 = (1 = 26)(t = *(@)] 77 < u(a,1)
< «[(T = 1*(@)(1 + Ko)(1 + &) 77 — (1 + 26)(t — 1*(a))] 77
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Making t — T, we see that

€T =" (@) 7 [(1+ Ko)(1 =)™ —(1 =26)] 77 <u(a. T)
< (T = 1*@) 7T [(1+ Ko) (1 + )™ = (1 +26)] 77

Taking ¢ small enough, we obtain that

1

U@ T) = (T = 1*(@) 7T Ky 77| < C(Ko)e(T = 1* (@) 7.
Using definitions (6.22) and (6.21) of t*(a) and u*(a), we see that
lu(a, T) —u*(a)| < C'(Ko)eu*(a).

Since ¢ > 0 was arbitrarily chosen, this concludes the proof of Proposition 6.5. ]

6.4. Conclusion of the proof of the main statement

In this subsection, we gather the previous statements to derive Theorem 1.

Proof of Theorem 1. Let us first note that § > 0 was chosen large enough in the beginning
of Section 3. In fact, as one can easily see from the proof, our analysis holds for any § > §,
for some §¢ large enough.

Using Proposition 6.1, we have the existence of a solution u(x, t) of equation (1.1)
blowing up at some time 7 > 0 only at the origin, such that g(s) € V4(s) given in Defini-
tion 3.1 for any s > 59 = —log T, where ¢ is defined in (3.1). In particular, ||g(s) ||sz) <
Ase™2 for all s > s¢, by (3.20). From expansion (2.5) of the profile ¢ defined in (2.2),
we see that item (i) of Theorem 1 holds in L%(Rz). Using parabolic regularity, the con-
vergence holds also uniformly in any compact set of R2.

As for items (ii) and (iii) of Theorem 1, they directly follow from Propositions 6.3
and 6.5. This concludes the proof of Theorem 1. ]

7. Proof of the technical details

In this section, we proceed in several subsections to justify all the technical ingredients,
which were stated without proofs in the previous sections.

7.1. Estimates of the remainder term R(y, s) defined in formula (3.3)

In this subsection, we prove estimate (3.10) and Lemma 4.1. Since the former is a direct
consequence of the latter, thanks to decomposition (3.16), we only prove the lemma.

Proof of Lemma 4.1. Take r > 2. In the following, all the expansions are valid in L;
for s — oo. This is the case in particular for (2.5). As one may convince himself by
differentiating expression (2.2), then making an expansion as s — oo, we will find the
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same result as if we have directly differentiated expression (2.5). Using (3.6), it fol-
lows that

350(y,5) = e hahy — 2e—2S{—3(h6h0 + hohe) + y(haha + hahs) + §h4h4}
+ 0™,

(L—1)p(y,5) = 2¢Shahs + e—zf{sa(%ho + hohg) — 3y (hahs + hahs) — 27ph4h4}
+ 0(e™).

Since ||@(-, $)||Lee < & + Cp for all s > 0 (see item (ii) of Lemma 2.2), using a Taylor
expansion, we write

p(p—1)
2

0P = kP + pkP V(o —k) + K? (@ —1)> + O((¢ — k)°).

Since
g—k=0("") and (p—«)* =e P ha(y1)*h2(y2)* + O(e™)
from (2.5), noting that

ha (€)% = ha(§) + 8ha(€) + 8ho(§)

by definition (1.10), the result follows from the above estimates, thanks to definitions (3.3)
and (1.5) of R(y,s) and k. This concludes the proof of Lemma 4.1. |

7.2. Dynamics of equation (3.2)
We prove Proposition 4.2 in this subsection.

Proof of Proposition 4.2. Consider a solution ¢ (s) € V4 (s) of equation (3.2) on some time
interval [sg, s1] for some A > 0. Note that ||g(s)||ze is uniformly bounded, hence, (3.9)
holds. Assume that the initial condition (4.1) holds. Consider then s € [sg, 51].

(i) Consideri € N and 0 < j <i.If we multiply equation (3.2) by k;—; (y1)k; (y2), where
the polynomial &, is introduced in (3.18), we get the conclusion, by definition (3.17)
of g; ; together with (3.6), (3.7), (3.20), (3.9) and Holder’s inequality.

(i) If P_ is the L7 projector on
E_ =span{h;—jhj |i > 8and0 < j <i}, (7.1)

then g_(s) = P—_(q(s)) and R_(s) = P_(R(s)). Applying this projector to equation (3.2),
we get

0sq— = £9- + P_(Vg + B) + R_.
Multiplying by g—p and then integrating in space, we write

1d
=—llg-12> =[ q-£q-pdy +/ q-IP-(Vq + B) + R-]pdy.
2dS o R2 R2
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Since the highest eigenvalue of &£ on E_ is A = —3 (see (3.6)), it follows that
/ q-£q-pdy < =3lq-3.
R2 o

Recalling that |B| < C|q|?, where p = min(p,2) > 1 thanks to (3.9), then using the
Cauchy—Schwarz inequality, we write
| /D; _a-1P-(Vq + B) + R-lpdy| < gl ;3 [1P-(Vq + B)ll 3 + I R-I| ]
< llg-llz[IVallz + ClIBlz + IR-ll2)

< la=l3 0V gl + ClalZa + 1 R=1 3]

Using the delay regularizing estimate given in Proposition 4.3, together with estimate (3.7)
satisfied by V', we conclude the proof of Proposition 4.2. ]

7.3. Parabolic regularity

In this subsection, we prove Proposition 4.3, which gives a parabolic regularity estimate
for equation (3.2). Through a Duhamel formulation for equation (3.2), we reduce the
question to the linear level, where the estimate was already proved by Herrero and Vel4z-
quez [16], as we recall in the following, along with another classical regularity estimate.

Lemma 7.1 (Regularizing effect of the operator £). We have

(i)  (Herrero and Velazquez [16]) For any r > 1, 7 > 1, s > max(0, — log(%)) and
vo € LL(RN) it holds that

C(r,7)e’
v lvollLr @)y

le**voll L7 @ay <
DED = (e —1-esF-1)>

(i) Consider r > 2 and vgy € L;(RN) such that |vo(y)| + [Voo(»)| < C(1 + |y|¥) for
some k € N. Then for all s > 0, we have ||est0||LZ(]RN) < Ces”U()”LZ(]RN).

(iii) For any vg € L¥(RN) and s > 0, it holds that e$%£vy € L™ with ||e*Lvg| oo <
Ce?|lvol|Loe.

(iv) Foranyvoe W *(RN) and s >0, it holds that e"* Vo € L® with ||e*£ Vvo || oo <
J% l[lvolloe.

Remark. When r = 7 in item (i), then constant in the right-hand side blows up as s — 0,

which may seem surprising, since one expects some continuity of the norm in Lj,. In fact,

such a continuity is obtained in item (ii), thanks to an additional growth control of the

gradient.

Proof of Lemma 7.1. (i) See [16, Section 2, p. 139] where the one-dimensional case is
proved. The adaptation to higher dimensions is straightforward.

(i1) See [23, Lemma 2.1].
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(iii) and (iv) These estimates are straightforward from the definition of the kernel,

s

L (y.x) =

‘ re2 - xf? _x|2] (7.2)

e

[4r(1 —e—s)]N/2 p[ 4(1 —e™5)

We conclude the proof of Lemma 7.1. ]
Let us now give the proof of Proposition 4.3.

Proof of Proposition 4.3. Let us consider A > 0 and s; > 59 > 0, and assume that g (y, 5)
satisfies equation (3.2) for all (y, s) € R? x [so, s1], with g(s) € V4(s) defined in (3.1).
Assume also that the initial condition (4.1) holds. Note in particular that ||g(s)||zeo is
uniformly bounded. Using (3.11) together with (3.12), we see that for some universal
constant C* > 0 and for almost every (v, s) € R? x [so, 51], we have

dslgl < (£ + CHlql + |R|. (7.3)
Consider now some r > 2 and

s* =—10g(2_1) >0,

which is involved in the statement of Lemma 7.1. Consider then some s € [sg, 51] and
introduce

s’ = max[sg,s — s*]. (7.4)

We then introduce the following Duhamel formulation of (7.3) on the interval [s’, s]:

S
14(s)] < e+ 4] + / EFCINED | R()|d.

N

which implies that
lg)llzr@2y =1+ J, (7.5)

where
N
£ * o £ * _
I =e*+EC ()|l p@ey and T =/ leEHEIC=D R(@)| |y @2y d .
S/

Let us first bound J, and then /.
Since R(y,s) and VR(y, s) are clearly bounded by a polynomial in y by defini-
tion (3.3), we write from item (ii) of Lemma 7.1 and bound (3.10) on R,

S
J < C/ NI R(T) ||y m2yd T
S/

s
< C/ e(1HCHG—1) =27 7 o < e(l+C*)(s—s/)(s —S/)e_zs/d‘[,
s

/
. . ¢/ *__
Since s’ > s — s* from (7.4), it follows that s — s’ < s* and e™2% < ¢25" 25 hence

J < Cs*eBtCNs™ p2s (7.6)
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In order to bound 7, we consider two cases:

o Ifs—s*>s0,thens’ =5 —s* and s — s’ = s*. Using item (i) in Lemma 7.1, we
write

1< C)llgls — sz
Since g(s — s*) € V4(s — s*) by hypothesis, it follows from (3.20) that
lg(s — s*)||L% < CA(s — s*)e_z(s_s*) < Ce®™ Ase s,

Therefore, we conclude that
I < C(r)Ase 5. (7.7)

e Ifs—s* <, thens’ = so. This time, from hypothesis (4.1), we see that we can apply
item (ii) of Lemma 7.1 to write

1< Ce(H_C*)(s_sO)||CI(S0)||L£ < C(r)e(l"'c*)s*Asoe_zso.
Since sg < s < 59 + 5%, it follows that
I < C(r)Ase 5. (7.8)

Combining (7.5), (7.6), (7.7) and (7.8) concludes the proof of Proposition 4.3. [ ]

7.4. Position of the flow of equation (3.2) on the boundary of V4(s)

We prove Proposition 4.4 in this subsection.

Proof of Proposition 4.4. Consider a solution ¢ (s) € V4 (s) of equation (3.2) on some time
interval [sg, s1] for some A > 0, where so > s11(A) is large enough so that both Propo-
sition 4.2 and Lemma 4.1 apply. Assume that the initial condition (4.1) holds. We only
prove items (i) and (iv), since items (ii) and (iii) follow in the same way.

(i) Consideri < 4, with i and j both even, and assume that
qi,j(s1) = 6Ae™>"1,

for some 6 = £1. Since Lemma 4.1 implies that | R; ;(s)| < Ce™2%, by definition (3.17),
we write from item (i) of Proposition 4.2,

i 1—i
0q; ;(s1) > (1 - E)Ae—%1 = Cidsie™™ = Ce™ = ——Ae™™,

on the one hand, taking A large enough, then sy large enough. On the other hand, we have

d

d_Ae_zsis—Sl = —2A€_2sl .
B =

Since 12;’ > % = —% > —2, the conclusion follows.
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(iv) Let us assume that ||q_(s1)||L% = A%s?e7351, Using Lemma 4.1, we see that
—3s
IR-()l2 < Ce™,
by definition (3.16). Using item (ii) in Proposition 4.2, it follows that
d
gllq_(sl)HL% < —3Azsfe_3s1 + CAsje ™3 4+ Ce™31 < —3A2sfe_3s‘ + A%51e730

on the one hand, taking A large enough, then s large enough. On the other hand, we com-
pute

d _ -
gAzsze 3s =gy = A%e™351(25) — 35%),
and the conclusion follows. This concludes the proof of Proposition 4.4. ]

7.5. Details for the initialization

We prove Proposition 4.6 here.

Proof of Proposition 4.6. We will be using the notation d = (do,0, d2,0,d4,0, da,2, de,0)
for simplicity. Let us consider A > 1 and s¢ > 1. The first item (i) will be proved for any
d € [-2,2]°. The set O will be introduced while proving item (ii). Since the set D we
intend to construct will be in [—2, 2]°, there will be no need to revisit the proof of item (i)
afterward. Note that all the expansions given below are valid in L}, for any r > 2.

(i) By definition (4.2) of S(y) and S(y) and definition (2.4) of D, together with (2.13)
and (2.15), we write for s large enough,

—250 —250 4 K
Ae D|S(y)| - CAe g + [y1%) <CAeY
b (7.9
2 ,—3s0 6
ASOe |S(y)| < CAS02€_3S0 - 1 + |y| < CAS(Z)e_SO.
D e—25 4 e—2s0|y|6

Using item (i) of Lemma 2.2, the conclusion follows for s¢ large enough.

(i) Since D > p — 1 > 0 by definition (2.4) of D, using expressions (4.3) and (2.2) of
wo(y, So) and ¢, together with item (ii) of Lemma 2.2 and (7.9), we write

_ 1, p—1
lwo(y,50)[77" < |@(y, 50)|” 1+K—

- (AeT20S(y) + Asge ™0 S(y))
1 _s0
< ﬁ + Ce 3 s (710)

for s¢ large enough, and the bound on ||wg(sg)||Loo follows.
Taking the logarithm and then the gradient of wg(y, s¢) in (4.3), we write

|w0(y,so)|[|VE| |VD|]
—1 E D I

[Vwo(y,s0)| < (7.11)
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where )
E=E+ 222 em05() + Asge05(7).

Using (7.9), (2.3), (2.9) and (2.11), we write
- FE
E> FO where Eg = 1 4+ 70 (y2 + y2) + 7250 (y# 4y, (7.12)

Then, we write

V[S(y)] _VSk) _SO)VD
D D Dz
hence, by definition (4.2) of S(y), we have

3
V[S(y)]‘ < CAe_2SOM 4 Ae_ZSOM@ < CAe_%SO,

thanks to (7.9) and (2.21), together with the technique we used for (2.15). Similarly,
we derive that

Ae—ZSO

T 2wt

Therefore, using (7.11), (7.12) together with (2.20), we write

2 —3s0
Asge

|IVE| |IVE|
—=<C
E Eo

Using (7.11), (7.10), (7.13) together with (2.21), we obtain the following bound:

2 7 3

+ CAe 3% 4 CAs2e 6% < Ce™ 3. (7.13)

[Vwo(y, so)| < Ce e

Arguing as for (2.6), we show the following:

—s K —2s K
wo(y.50) = k¢ + 70— P(y) = y}12) + €20 (= 0() + AS()
p—1 p—1
K(2—-p) 2 PO 5, 6 6 , P 4 4
—— L P(y)? - —8y0 —8yS + —
+ 212 (») s 112 T oY + 2Ky1yz)

+ Asge 08 (y) + O(Ae™ ),
uniformly for d € [-2,2]°
of ¢(y, so), we derive that

. Using again expansion (2.6) of ¢ together with definition (4.4)

q(y.50) = Ae >0S(y) + Asge 0S8 (y) + O(Ade ) assg — oo.

By definition (4.2) of S(y) and S(»), together with definition (3.17) of the projections,
we clearly see that for all d € [-2,2]* and (i, j) € Iy = {(0,0), (2,0), (4,0), (4,2)},

qi,j (o) = Ae_zsodi,j + O(Ae™3°) and d6,0(s50) = Asge_3sod6,o + O0(Ae %)

(please note that this identity holds after differentiation in ). We also have ||g—(so)|| 2=
O(Ae™3%) and

qi,;j (S0) = O(Ae™3%)  whenever (i, j) and (i,i — j) are not in Iy U {(6,0)}.
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Recalling estimate (7.10) and definition (4.4) of ¢(y, so), we see that this clearly gives
the existence of O C [-2,2]° such that g(s¢) € Va(so), (4.1) holds and |gs2(s0)| +
llg— (5"())||le7 < CAe™3%, whenever d € D, with the function defined in (4.5) being one-
to-one, provided that s¢ is large enough. This concludes the proof of Proposition 4.6. =

7.6. Gradient estimate in the shrinking set

This subsection is devoted to the proof of Proposition 5.2, thanks to the Liouville theorem
recalled in Proposition 5.1.

Proof of Proposition 5.2. Consider A > 1 and &y > 0. Proceeding by contradiction, we
may exhibit a sequence g, of solutions to equation (3.2) defined for all (y, s) € R? x
(50,1, S1,,] for some 51, > o, > n such that g, (so,,) is given by (4.4) for some param-
eters (do,0,n, d2,0n- d4,0,n> a2, deon) € Dp, Where D, = D(A, s¢,,) is defined in
Proposition 4.6, with g, (s) € V4(s) for all s € [so,4.51,,]), and

IV@n(s2,n) + Vo(s2,n)||lLe > 80 for some 53 5 € [S0,n,51,1]- (7.14)
Note that s, , — 00 as n — oo. We claim that it is enough to prove that
Son —Son —> OO asnm — 00 (7.15)
in order to conclude. Indeed, if (7.15) holds, then, introducing

Wr(¥,8) = gn(y,s + 52,0) + 0y, 5 + 52.1), (7.16)

we see from (3.1) that w,, is a solution of equation (1.12) defined for all (y,s) € R? x

[S0,n — S2.1, 0]. Since g, (s) € Va(s) for all s € [so.n,52,,], it follows by Definition 3.1 that

llgn(s) + @(s)||Lo < 2«. Using this together with (7.14), we see that for n large enough,
we have

Vs € [Son —52,1.0],  [wa(s)||Le < 2k, (7.17)

IVwa (0)[[Loo = So. (7.18)

Applying a classical parabolic regularity technique to equation (1.12), we obtain the fol-
lowing estimate.

Lemma 7.2 (Parabolic regularity for equation (1.12)). For all n € N, it holds that

lwnllc2.1.0®2x(s0 =520 +1,0) = Co (7.19)

for some Cy > 0, where C%% stands for the set of functions of space and time, with
two space derivatives and one time derivative which are a-Holder continuous in both
variables.

Proof. Since this estimate is classical, we leave its justification to Appendix A. ]
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Recalling that 59, — $2,, — —oo from (7.15), we may use the compactness provided
by this lemma, combined to a diagonal process, in order to extract a subsequence (still
denoted by w,) such that w, — w in C?! of any compact subset of R? x (—o0, 0].
Since w, is a solution of equation (1.12), the same holds for w. From properties (7.17)
and (7.18), it follows that

Vs <0, JJw(s)|re <2k,

[Vw(0)|[Le = do.

Using Proposition 5.1, we see that this is a contradiction. Thus, it remains to prove (7.15)
in order to conclude.

Now we prove (7.15). Since w, satisfies equation (1.12), by differentiating this equa-
tion in space, we obtain the following vector-valued equation on Vw,, for all (y, s) €
R? x [s0.n — $2.1,0]:

3 1 —
BSan = (cf — 5 — F)an + prn|p Ian,

where the operator £ is defined in (3.3).
Using a Duhamel formulation based on the kernel (7.2), together with the L° bound
in (7.17), we see that for all s € [s9,, — 52,1, 0],

(Ll 1 _
[V, (s)||poe < e” @ F o= 6Fs20750.0) G, (50, — 52.) || 100
0
4 p(2u)P! / IV (5" | owds.

S0.n—52.n

Since kP71 = ﬁ by definition (1.5) using Gronwall’s lemma, we see that

P U
[ Vwy, (0)|| 00 < e("ip_l —7)(Sz.n—so,n)||an(S0’n —s2.) Lo (7.20)

on the one hand. On the other hand, recalling that by hypothesis, ¢, (so,») is given by (4.4)
for some parameters (do,o,n, d2,0,n, d4,0n,da,2,n, d6,0,n) € Dp, Wwhere D, = D(A, So,n)
is defined in Proposition 4.6, we see from that proposition and definition (7.16) of w, that

_S0.n
[Vwn (son — s2,0)llLoe = [IVgn(s0,n) + Ve(son)|Lee < Ce™ 76 .

Using this together with (7.18) and (7.20), we write

(LI—I_L)(_Y2 n—50.n)
0 <80 < [Vwn(0)||pee < et p=T 727520720V, (50,0 — S2,n) | Loo
p—1_ Y
< Ce(pzp_l 1_%)(52.}1_50.}1)6_306'”
. p2P—1-1 1 1 :
Since sp,, > n and T 2173 > 0, it follows that 53 ,, — 59,, — 00, and (7.15)

holds. Since we have already shown that (7.15) yields a contradiction, this concludes the
proof of Proposition 5.2. ]
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7.7. Size of the solution in the three regions

In this subsection, we prove Lemma 5.5.

Proof of Lemma 5.5. Consider A > 1, 59 > 513(14) andd = (d() 0, d2 (),d4 (),d4 2, d6 0) €
D(A, s¢), where s13(A) and JD(A so) are defined in Proposition 4.6. Consider then
a € R? and introduce y = ae e By definitions (4.3) and (2.2) of initial data wq(y, o)
and the profile ¢, arguing as for (2.12), we may improve that estimate and write

N> + N3 n Ae 2SOS(y)
D D2
<Ce ¥, (721)

1
wo(y, 50)? 1 — B‘ < C{e_so + + As(z,e_3S0S(y)D2}

where D, N>, N3, S(y) and S(y) are defined in (2.4), (2.13) and (4.2), and where we
have used the bounds (2.15), (2.18) and (7.9).
By definitions (2.4) and (5.10) of D and Gg(a), we see that

—1)?
D= p—14 Lo em0y202 452008 4 18) = (p — DI+ ¢*Gofa)].

Consider now two nonnegative numbers m and M suchthat0 <m <1 < M.Ifa € R,
(resp. R3, resp. R3) defined in (5.9), then by definition (5.9), (p — 1)(1 + M) < D
(resp. (p— 1)1 +m) <D <(p—1)A+ M), resp. D < (p — 1)(1 + m)). Since 0 <
wo(y, s0) <k + Ce™ P by Proposition 4.6, combining this with (7.21) concludes the
proof of Lemma 5.5. u

7.8. Details for the control of wy(y, s) for a in region R

In this subsection, we prove Lemmas 5.10, 5.11 and 5.13.

Proof of Lemma 5.10. Consider A > 1 and s > s13(A), together with the parameter d =
(do,0,d2,0,d4,0.da2,ds0) € D(A, so), where s13 and D are defined in Proposition 4.6.
Consider also wo(y, so) defined in (4.3). Recalling that D C [2,2]°, we may write the
following Taylor expansion:

e Sop
p—1 p-1

]‘ SCU+ T+, 7T} (122

= _
P e SOY%J’%"‘S‘? 2S0(J’1 +J’2)]

X(¥1.y2.5) =
and

I =Xe P +e010|(1+X)+ X>(1+e*°|P| 4+ e >°|Q))
+ Ae7Z0(1 4 |y[*) + As2e350(1 + |y]°),
J=X+eP|+1,
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the polynomials P and Q (of degrees 2 and 4, respectively) are given in (2.7) and (2.8)
(see (2.9) and (2.10)), and the constant § > 1 was already fixed large enough at the begin-
ning of Section 3.

Consider now some m € (0, 1) and a € R3 defined in (5.9), with a decomposed as
in (5.14), for some L > K > 0, with L + K > A. Given some r > 2, we may use rela-
tion (5.15) together with (7.22) to derive an expansion for w,(y, o), showing error terms
bounded by small terms in scales of ﬁ and e™%. In particular, the following expan-
sions are useful:

2(p—1
P(y1+K,y2+L)= M[K2 + L* 4+ 2+ 2Khy(y1) + 2Lh1(y2)

‘ + ha(y1) + h2(y2)].
X(y1+ K.y2+ L.so) = e~ [y7y3 +2Lyiy2 + 2Ky1y3 + L2y{ + 4KLy1y2
+ K?y3 +2KL?y; +2K? Ly, + K*L?]
+8e>0(K® + L% + O((K® + L%)e™%)

in L;(Rz). This latter estimate can be easily written in the Hermite polynomials ba-
sis (1.10). Since by definition (5.16) of ¢ and (5.17), it follows that

i< M o F Ky L<2te? and KL< Vie?,
p—1 " p-1
one can easily bound all the error terms by O(+) and O(1?), as required by the statement
of the lemma. This concludes the proof of Lemma 5.10. ]

Proof of Lemma 5.11. Take A > 1 and s¢9 > max[s;3(A4), s18(A)], where s13 and s;g are
defined in Proposition 4.6 and Lemma 5.10. Consider (do,0, d2,0, da,0, da,2, d6,0) € D
defined in Proposition 4.6 and initial data w(y, s¢) defined in (4.3). Consider also some
n* < pfl, 0<m< @ <1 and a € R3 from (5.9) given by (5.14) for some
L > K >0 such that L + K > A. In this case, Proposition 4.6 applies, and so does
Lemma 5.10. In particular, the expansion given there holds for w, (y, so)-

(i) Note that condition (5.19) holds from the choice of n* and m. Therefore, using (5.17),
we see that 1 < % < n*. By definition (5.20) of s*, it follows that s* = s¢ + log "T > 50.

(i) Assume now that
Vs € [so.s1].  llwa(s)l|Lee = 2k, (7.23)

for some 51 > s¢. Introducing

Vg =wg —k and 3 = min(s*,sq), (7.24)
we work in the following in the interval [s¢, 5], and proceed in three steps in order to give
the proof:

e In Step 1, we write an equation satisfied by v, and project it on the various components
Vg,i,j defined in (3.17).

e In Step 2, we integrate those equations.

e In Step 3, we collect the previous information to conclude the proof.
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Step 1: Dynamics for v,. Since w, satisfies equation (1.12), by definition (7.24), it fol-
lows that v, satisfies the following equation:

Vs € [50.5], 0sva = Lvg + B(va), (7.25)
where the linear operator £ is introduced in (3.3) and
B(vg) = |k + va|P7 (K + vg) — kP — preP oy, (7.26)

In this step, we project equation (7.25) in order to write differential inequalities satisfied
by the various components v, ;,; defined in (3.17) as well as P (v,), where P is the L%
orthogonal projector on

E = span{h;h; | (i, j) € {(0,0), (1,0), (0, 1), (2,0), (1, 1), (0, 2),
(1,2),(2,1), (2,2)}}, (1.27)

the orthogonal supplement of the directions appearing in the expansion of Lemma 5.10.
This is our statement.

Lemma 7.3 (Projections of equation (7.25)). Under the hypotheses of Lemma 5.11, for
all s € [sg,5), foralli e Nand j =0, ...,1i, it holds that

Vi ) = (1= 3)vass )] = COlva(o)I2;: (7128)

In addition,

d - 1 -
1P a2 = =S I1P@a@))llpz + Liso=s=so+2yCasllvalso) |74
+ Lisot+2<s<5) Caslvals — 2)||2% (7.29)

for some universal constant Cpg, where s is defined in (7.24) and the projector P is
defined right before (7.27).

Proof. Note first from (7.23), (7.24) and (7.26) that
Vs € [50.5], |B(va)l = Clual. (7.30)

This way, the proof follows as for Proposition 4.2 proved in Section 7.2. More precisely,
identity (7.28) follows from equation (7.25) and the quadratic estimate (7.30) exactly
as for item (i) of that proposition. As for (7.29), arguing as for item (ii) of the same
proposition, we write

d - 1 —
NP a3 < =51 P@alDl 3 + Cllva(s)?1l2,

since A = —% is the largest eigenvalue of £ corresponding to the components spanning E
(see (7.27)), the image of the projector P (see (3.6)). Note that A = —% corresponds to
the eigenfunctions h3hg and hohs.
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The question then reduces to the control of [Jvg(s)?|| 2= lva (s)||2 Arguing as
in Section 7.3 for the proof of Proposition 4.3, we can apply here 1tems (1) and (ii)
of Lemma 7.1 (with a delay time equal to 2). Indeed, v,4(s), v4(so) and Vuv,(sg) are
in L°°(R?), thanks to (7.23) and Proposition 4.6, through the transformations (7.24)
and (5.15). This concludes the proof of Lemma 7.3. [ ]

Step 2: Integration of the equations of Lemma 7.3. We claim the following.

Lemma 7.4 (Integration of equation (7.25)). There exist M9, Az9 > 1 and 129 > 0 such
that under the hypotheses of Lemma 5.11, if A > A9 and n* < 19, then for all s € [sg,5],
it holds that foralli = 0,...,4and j =0,...,i,

[a,,j (5) = e 7 ug1 5 (s0)] < Mag(n* + A7)et,
1P a@)llzz < e 3P valso))ll 2 + Mao(n* + A7)

provided that A and sy are large enough and n* is small enough, where's, t and P are
defined in (7.24), (5.16) and right before (7.27), with t = s — $o.

Proof. This integration is at the heart of our argument, as it was already the case in our
previous work [23] dedicated to the classification of the possible behaviors near non-
isolated blow-up points for equation (1.1) (see in particular Section 4.4 in that paper).
Looking in that paper is certainly convincing for the expert reader. To be nice to all read-
ers, we summarize the integration argument below.

Consider M»9 > 0 to be fixed later. For s¢ large enough, we note that both identities
in Lemma 7.4 are true at s = §¢. Therefore, we may proceed by contradiction and assume
that one of these identities does not hold at some time in the interval [sq, 5 |, where 5 is
defined in (7.24). If 559 is the infimum of such times, then we see from continuity that both
identities hold on the interval [sg, s29] and that one of them has an equality case at s = $59.
In the following, we will prove that no equality case occurs, yielding a contradiction.

Since both identities hold for all s € [sg, $29], using the estimates at initial time s = s¢
given in Lemma 5.10 and using definition (7.24) of v,, we derive the following bounds
for s¢ large enough and for all s € [sg, $29] and r € {2, 4}:

va(so)llLy < Mag(t + J),
lva(®)llz2 < Myg(e™t+ J) + Mg Mao(n* + A7),

where
J =e (K> + L?) (7.31)

for some universal constant M,y > 0, where T = s — 5¢ hereafter. Taking n* > 0 small
enough and A large enough, we write for all s € [sq, 529],

lva (s)||L% <2Mj4(e"t+ J). (7.32)
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Using Lemma 7.3 together with (7.32), we write for s¢ large enough, foralli =0,...,4,
j=0,...,iands € [so,529],

i
v‘/”’j (s) = (1 - E)va,i,j (5)) < C29M2/92(62r 24 7%,

d - 1, -
a”P(va(S))HL% < —§||P(va(s))||L% + Cao ML 2272 + J),

for some universal constant Co9 > 0.
Integrating the first equation, we see that for all s € [sg, $29],

Vg (5) — €7D0, i (50)] < CaoMjo (€272 + 267 J2). (7.33)
Integrating the second inequality, we see that for all s € [s¢, $29],
— = 2
”P(va(s))”L% <e 2 ”P(Ua(so))”[,% + C29Mé92(5 e +2J ) (7.34)
Recalling that T = 5 — 59 < 529 — 5o <5 — 59 < s* — 59, we see by definition (5.20) that
e’ < n*. (7.35)

Moreover, recalling that K + L > A and § > 1 (see the beginning of Section 3), we write
by definitions (7.31) and (5.16) of J and ¢,

o (K4 L)? _ 160 _ 160
J2 < 2S0 K2 L2 2 < 2S0 K6 L6
se s (Kt L) =e ( tL)=50= 5o
Using this together with (7.35), (7.33) and (7.34), we see that for so large enough, we
have for all s € [sg, $29], foralli =0,...,4and j =0,...,1,

Vayi,; () — €17 2Tva; 5 (s0)| < 32C20M3e° (1 + A72)e",
1P @a()ll2 < € 2P walso)l 2 +32C29Mze> (1" + A2)ee.
Fixing
M29 = 33C29M29 .

we see that no equality case occurs in both identities shown in Lemma 7.4. A contradiction
follows from the beginning of the proof. This concludes the proof of Lemma 7.4. ]

Step 3: Conclusion of the proof of Lemma 5.11. Recalling transformation (7.24), then
using Lemma 7.4 together with Lemma 5.10 and the Cauchy—Schwarz inequality, we see
that for all s € [sg, 5],

lwa (. 5) = (k — el 2 < Mz”g{Mzg(n*JrA—z)en + er(% +L2) + (L2+K2)g—so},

for some universal constant M3, > 0. Using bounds (5.18) and (5.17), then recalling that
8 > 1 from the beginning of Section 3, we see that

1
e—SO(L2+K2)52e—%( hd )g
P

This concludes the proof of Lemma 5.11. ]
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Proof of Lemma 5.13. Since wo(y,0) = ¢(y,0) 4+ q(y,0) by relation (3.1), proceeding
as in (5.15), we may introduce

0a(y,0) = @(y +ae?,0) = p(y1 + K',y» + L', 0),

o (7.36)
ga(y.0) =q(y +ae?2,0) =q(y1 + K.y + L', 0)

(use (5.23)). This way, we write w,(y,0) = ¢4(y,0) + q4(y, 0), and the proof of (5.25)
follows by adding the expansions of ¢, (y,0) and g, (y, o), performed in two steps.

Step 1: The expansion of p,(y, ). We claim that the expansion of ¢, (y, o) follows from
Lemma 5.10. Indeed, the input in that lemma is initial data wq(y, s¢) in (4.3), and if one
takes the parameters (do,o, d2,0, d4,0, d42,ds,0) = (0,0,0,0,0) and formally replaces s
by o in definition (4.3) of initial data wg(y, o), then we recover ¢(y, o) defined in (2.2).
In addition, the point a we consider is given by (5.23) with K’ + L’ = A, which falls in the
framework considered in Section 5.5.1. Therefore, Lemma 5.10 applies and we see that

0a(y,0) =k = —e " {2K' L’ hyho + 2K">L'hihy + L'?haho + 4K'L'hyhy
+ K/zh()/’lz + 2L/]’l2/’ll + 2K/h1/’12 + hzhz}

/
+0(5)+ 0w (7.37)
in L}, for any r > 2, where (' is given in (5.26).
Step 2: The expansion of q,(y,0). Take r > 2. Using decomposition (3.16) for ¢(y, o),
we obtain from (7.36) that

9a(y.0) = qa(y.0) +4,(y,0), (7.38)

where

7 i
Ga(y.0) =YY qij(©)hi_j(y1 + K)hj(y2 + L.
== (7.39)

q,(.0)=q-(n+K'.y2+L",0).

Concerning ¢, (y, o), recalling that g (o) € V4(o) defined in Definition 3.1, then proceed-
ing as for the proof of Lemma 5.10 given at the beginning of this subsection, we derive that

Ta(7,0) = q6,2(0){L  haho+ K *hohy +4L > hahy + 4K hiha +6(K"> +L'"*)hahs

l/

+ 4K hshs + 4L hohs + hahz + hohal + (5) (7.40)

in L},. As for g _(y,0), we can bound it thanks to the following parabolic regularity esti-
mate on g_(0).

Lemma 7.5 (Parabolic regularity for g_(0)). Under the hypotheses of Lemma 5.13, it
holds that for all v’ > 2,

Vse ool lla-()ly < COAPs%e™.
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Indeed, using (7.39), we write

/ lg,(v.0)|" p(y)dy = / lg—(z.0)"p(z1 — K', 25 — L')dz. (7.41)

Then, by definition (1.18), we write

K'zy+L'zy g/241/?
e 4

p(z1 —K',zp = L") = p(z)e 2

Using the Cauchy—Schwarz inequality together with Lemma 7.5, we write
[ la-cowee - Kz - Lz

72 72 1 , ,
< e (/ |q_(z,0)|2r/o(z)alz)2 (/eK atl Z2,o(z)dz)
1

< A ( / 40N pl)dz)”

< Ced(KPHL) (g252,=30)r (7.42)

(Sl

Using (5.24) and recalling definition (5.26) of ¢/, then taking s¢ large enough (remember
that 0 > s¢), we see that
edr (K24 4252 ,30 e—zaA_6 — 20 (K’ ZL')6
26 ) 6 6 26L/
< —e (K" +L7)< —-. 7.43
< SRS+ L) = T (7.43)
Using (7.40), (7.41), (7.42) and (7.43), we obtain an expansion for ¢, (z, ), by (7.38).
Adding expansion (7.37), we obtain the desired expansion (5.25) in Lemma 5.13. It re-
mains to justify Lemma 7.5.

Proof of Lemma 7.5. Assume here that sg > s11(A) defined in Proposition 4.2, so that
Proposition 4.3 applies. Consider then some r’ > 2. Proceeding as for item (ii) of Propo-
sition 4.2, we project equation (3.2) for all s € [so, o] as follows:

0sq— = £9- + G, whereG = P_(Vg+ B+ R)

and P_ is the Lf, projector on the subspace E_ from (7.1). Given some ¢ € [sg, 0], we
may write a Duhamel formulation based on the kernel given in (7.2),

g
g—(0) = %4 (g0) +/ LG )do'.

00

Taking the L;/ norm, we write

a
la—(©@)ll <T+1= [~ %g(00)] v + / le@ %G (a")|do’.  (7.44)
00
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We start by bounding II. We claim that for any ¢’ € [sg, 0], G(0”) and its gradient have
polynomial growth in y, allowing the application of item (ii) of Lemma 7.1. Indeed, by
definition (3.3), together with the L°° bound on ¢(s) from Definition 3.1 and the gradient
estimate of Proposition 5.2, we see that Vg + B(g) + R and its gradient have polynomial
growth in y. By definition of the P_ operator (see (7.1) and (3.16)), so does G. Applying
item (ii) of Lemma 7.1, we see that

o
< [ 166 do (7.45)
lof

0

Since
1P = COliglyy foranyg e L]
(see again (7.1) and (3.16)), we write
1G@),y < IVa@)lyy + 1B Dy, + IR,
Using Proposition 4.3 and proceeding as for item (ii) of Proposition 4.2, we see that

IG@")]l,; < C)As"e". (7.46)

As for the term I, introducing o *(r’) > 0 and C*(r’) > 0 such that the following delay
regularizing effect holds for any v € le) (see item (i) of Lemma 7.1):

le E W) < €Iz, (7:47)
we distinguish two cases.

Case 1: 0 > so + o*. Fixing 09 = 0 — ¢*, we see that 69 > s¢9. Using (7.47), we see by
definition (7.44) of I and Definition 3.1 of V4 (s) that

= €*@Dlg-(0 =07l < C* ()40 = 0")%e 7.
Using (7.44), (7.45) and (7.46), we see that
lg—()l; = C*(r')A%02e 309" L o*C(r") A(o — 0*)e 3@
< C(r')A?c%e™%,
and the conclusion of Lemma 7.5 follows.

Case?2: 59 <0 <59+ ¢*. Fixing 69 = s, and noting that ¢ (s¢) and V¢ (so) are bounded
(see the hypotheses of Lemma 5.13 and Definition 3.1 of V4(s¢)), we can apply item (ii)
of Lemma 7.1 and write by definition (7.44) of I and Definition 3.1:

1] < Ce®*0llg—(s0)l| 2 < Ce" 0 APs5e™>0 < Ce” A202e 77,
and the conclusion follows as in Case 1. This concludes the proof of Lemma 7.5. ]

This concludes the proof of Lemma 5.13 too. ]
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Appendix A. A classical parabolic regularity estimate for equation (1.12)
We prove Lemma 7.2 here. Since the argument was extensively used in our earlier papers,

we would not give details.

Proof of Lemma 7.2. We proceed in two steps: we first justify the estimate locally in
space, then we extend it to the whole space.

Step 1: Proof of a local version, where R? is replaced by B(0, 1), the unit ball of R2.
When restricting to B(0, 1), one can use the similarity variables’ transformation to trans-
late the problem into a regularity question for equation (1.1). Using the technique of [21,
p- 1060, Step 2], which relies on [8, p. 406, Theorem 3], we get the result.

Step 2: Extension to the whole space R?. Introducing for any a € R2,
Wa,n(y,s) = wy(y —}—ae%,s), (A.1)

we see from the similarity variables transformation (1.4) that w,, is also a solution
of (1.12) defined for all s € [s¢,,, $2,,] and satisfying the uniform bound (7.17). Applying
the same local regularity technique on w, , as in Step 1, we show that (7.19) holds also
for w, , with R? replaced by B(0, 1), uniformly in @ € R?. Using (A.1) and varying @ in
the whole space R?, we recover the full estimate (7.19) (on R?) for w,. This concludes
the proof of Lemma 7.2. ]

Appendix B. Stability results for equation 1.12

This appendix is devoted to the proof of Propositions 5.6 and 5.8.

Proof of Proposition 5.6. Consider a solution w of equation (1.12) defined for all (y, s) €
R2 x [0, 51] for some o, > 0, with

lw(y,s)| <2« and Vw(0)(1+ |y))* e L*® (B.1)
for some k € N. We aim to prove that
Vse[.on]. w@)llz < MollwOllze 7. (B.2)
provided that
[w(0)].2 < €0, (B.3)

for some large My > 1 and small g9 > 0.
We will assume that

[w©)2 > 0, (B.4)

otherwise w = 0 and (B.2) is trivial.
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Since Aw — —y Vw = 1V (pVw) by definition (1.18) of p, multiplying equa-
tion (1.12) by wp, integrating 1n space, then using an integration by parts, we write for all
s €[0,01],

375 | wOn9)e()dy <——/w(y $)*p(y)dy +/Iw(y NP p(y)dy. (B.S)
Note that the fact that w(0) € L> and Vw(0)(1 + |y|)™* € L for some k € N (see
formula (B.1)) is important to justify this integration by parts, as it is the case in item (ii)
of Lemma 7.1. The conclusion will follow from two arguments: a rough estimate for
general data, then a delicate estimate for small data. In the final step, we combine both
arguments to conclude.

Step 1: A rough estimate for general data. Using (B.5) together with (B.1) and defini-
tion (1.5) of x, we write for all s € [0, 1],

p—1

[ wsrem.

w(y,s)>p(y)dy < .

2ds
hence,

@ —1)
lw)lz < e 7 w3 (B.6)

Step 2: A delicate estimate for small data and large o1. Using again equation (1.12),
together with (B.1) and definitions (1.5) and (3.3) of x and &£, we write for almost every
(v,s) e R2 x[0,01],

2071 — |
dyhwl < (£-1+ (pT))m.

Using the regularizing effect of Lemma 7.1, we derive the existence of s, > 0and C* > 0
such that if oy > sy, then for all s € [s«, 01], we have

lw)lpp+1 < CHllwls = si)ll2- (B.7)

Now, if s € [0, min(s«, 071)], we use the L°° bound (B.1) and definition (1.5) of x to derive
the following rough control of the nonlinear term:

p—l
IIw(S)II”p+1 = )P~ 1IIw(s)IILz = _lllw(S)Ili%

Using (B.5) with these two controls of the nonlinear term, we write for all s € [0, 0], the
following delay differential inequality:

1 d 1 2r-1
|| (s )||L2 = - p—||w(s)||L2 + 1{0<s<s*}p ||w(s)||L2

+ L5y <5203 (CHP T w(s — s*)||”“. (B.8)
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Step 3: Conclusion of the proof. Fixing My > 0 and ¢¢ such that

r—1 Sk
Mo =2max(1,e 7 T%) and 4(C*Mo)?*1el™ s T = M2, (B.9)

we are ready to finish the proof of (B.2) if (B.3) and (B.4) hold. By continuity of the
L% norm' of w(s) and noting that My > 1, if we proceed by contradiction and assume
that identity (B.2) fails, then we may introduce s € (0, 01] such that

Vs €[0.5], ws)lz < Molw(O)[l 3¢~ 77T, (B.10)
lw@® 2 = Mollw(©) 27T (B.11)
We will reach a contradiction in each of the two cases we consider in the following.

Case 1: 5 < s«. In this case, using (B.6), assumption (B.4) and the choice of M in (B.9),
we write

Pl Q@? —1
lw®lz < e 7 TlwOlz <e 7= wO),2

My sk __5_
= IOz < Molw (O 3¢,

and a contradiction follows by (B.11).

Case2: s+« <5 < 07.In this case, identity (B.8) holds for any s € [0,5]. Using (B.6) when
0 < s < 54 and (B.10) when s, < s <5, we write for all s € [0,5]:

op—1 2(2 —1

1
——||w<s>||L2 < o WO + oz = ()2,

(D (s—s%)
+ l{s*ssss}(C*MoIIW(O)IILg)”“e [

Integrating this equation, we see that

2271

W@l < e 7w O, +e 2, +2(C* Mol w(0)]3)7+ e 771}
25 Mo\2
Se_”T{( ) l[w (O)IIi%+(7°) lw O, +—||w(0)|| }

3 _25
< gMie T w7

4
thanks to definition (B.9) of M and &, together with (B.4). Thus, a contradiction follows
from (B.11). This concludes the proof of Proposition 5.6. ]

Now, we give the proof of Proposition 5.8.

IThis is a consequence of the continuity in L for equation (1.1), through transformation (1.4)
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Proof of Proposition 5.8. Consider a solution w of equation (1.12) defined for all (y, s) €
2 x [0, o] for some o1 > 0, with

Vw(O)(1+ [y)* e L® and |w(y,s)| <2, (B.12)

for some k € N. We will prove that for some universal constant M; > 1, if

lw(©) =y (0™l 2 = &1 =< W;\(lﬂ (B.13)

1

for some 0* € R, where ¥ is defined in (5.8), then it holds that for all s € [0, oq],

06) = s + 03 = Millw® -yl pe TEEZL man

We may assume that
g1 >0, (B.15)

otherwise w(y,s) = ¥ (s + o*) for any s > 0, from the uniqueness of solutions to equa-
tion (1.12), and (B.14) is trivial.
Since w and v are both solutions of (1.12), introducing

Y(s) =y +0") and v(y.s) =wy.s) = ¥(s), (B.16)

we write the following PDE satisfied by v, for all (y, s) € R? x [0, 04]:
1 v ~p—1
0sv =Av—=y-Vvo— —— + p|w|’" v, (B.17)
2 p—1

where B
w(y,s) € [w(y,s), ¥(s)]. (B.18)

Arguing as for (B.5), we derive the following identity from (B.17), for all s € [0, 01]:

276) < —p— +p / 1B )17 0 (v 5)*p()dy. (B.19)

where

2(s) = / v(y.5Y2p(y)dy.

The fact that Vw(0)(1 + | y|) =% € L is useful to justify the integration by parts in (B.19)
and elsewhere. We proceed in two steps, first deriving a differential inequality for z(s),
then using a Gronwall argument to conclude.

Step 1: A differential inequality on z(s). Since @ and ¥ are bounded by (5.8), (B.18)
and (B.12), using definitions (B.18) and (B.16) of @ and v, we write by continuity

1B (. )P~ = 9P~ < Col@(y,s) = ¥(5)IP~" < Colu(y, )77
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for some Cy > 0, where p = min(p, 2). Plugging this in (B.19), we write
1 1 - _
370 = [+ 0T 20+ € [0 P ey, 20
Let us now bound [[v(s) ||, +1. Using equation (B.17), bound (B.12), definitions (B.18)
0

and (5.8) of w and ¥, together with definitions (1.5) and (3.3) of x¥ and £, we write for
almost every (y,s) € R? x [0, 01],

2Py
95|v] < ($—1+¢)|v|. (B.21)
p—1
Arguing as for (B.7), we see that if o1 > s, then we have for all s € [s4, 01],
_ — 1
o)l 741 = Cllots = sz = C2(s —54)2, (B.22)

for some possibly different s.(p) > 0 and C > 0. Now, if 5 € [0, min(s«, 01)], using
(B.12) and definition (5.8) of ¥, we see by definition (B.16) of v that |v| < 3k and
Vu(0)(1 + |y])~* € L. Therefore,

/ (. )P p()dy < (3)P! / v(3.5)2p()dy. (B.23)

In addition, using (B.21), we see that we can apply item (ii) of Lemma 7.1 and get
from (B.13)

Vs € [0.min(se.0o0)]. [v()ll3 < CHvO)] 3 = C*er.

Using this together with (B.23), (B.20) and (B.22), we see that for all s € [0, 01],

1 1 —
EZ/(S) = [_ﬁ + PW(S)IJ_I]Z(S) + Cil{oss <5367
o+l
+ Ci1lyg, <s<o32(5 —54) 2 (B.24)
for some Cq; > 0.

Step 2: A Gronwall estimate. Let us define
2s
- * e p1 p— 1 / 2
Zp(s) = zp(s +07), where z,(s) = 0 S)zipl = [ p ) (s)] ., (B.25)
e~5)r—

and ¥ is defined in (5.8). Since ¥ (s) satisfies equation (1.12), it follows that Z,(s) is
a solution of the linear part of (B.24), namely

Z(s) = 2(—ﬁ n plZ(s)I’_l)Ep(s). (B.26)

Then, we introduce the following barrier:

/o2
Miey _

z(s) = Zp(a*)zp(s), (B.27)
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where M/ > 1 will be fixed large enough later. With this definition and recalling defini-
tion (B.19) of z(s), we suggest to prove that

Vs €[0,01], z(s) <Zz(s), (B.28)

if &1 defined in (B.13) is small enough, which clearly implies (B.14), by definition (B.25)
of z,. We proceed by contradiction and assume that identity (B.28) fails. Since

0 < z(0) = &2 < M{e? =Z(0), (B.29)

by (B.19), (B.16), (B.13), (B.15), (B.27) and (B.25), using the continuity in time of the Lf,
norm of v(s) solution of equation (B.17) (which is a consequence of the continuity in L*°
for equation (1.1), through transformations (1.4) and (B.16)), we see that (B.28) holds at
least on a small interval to the right of 0. Hence, we may introduce 5 € (0, o1] such that

Vs € [0,5], z(s) <Z(s), (B.30)
z(5) = z(s). (B.31)

Using the differential inequality (B.24) together with the auxiliary function Z, which
satisfies equation (B.26), (B.29) and (B.30), we write the following Gronwall estimate:

B &2 M! &2 o+l
z(s) < Zp(ﬂ{z (10) + Cie1J; +C1(Z (16,:)> : Jz},
P P

where

S« s = — Sy ol
Ji =[ — d and J, =/ Mu’o.
o Zp(o) s Zp(0)

By definition (B.25), we see that for all s” € [0, s«], we have

_» W+
ZP(O_* +S/) ZZP(O'*)E 2 p—1 S*,

hence * (4D

or  Zp(0’) zp(0™)
We also have

h=/ﬁ”@E:&£Edaf/w@Eiﬁxiddsaww
o*+5x zp(0”) —00 zp(0”)
Imposing that
&2 < zp(0*) . (B.32)
M{(C1Ca(s4) 7T

we see that 5

+1
2() < — 2,1 + Cusne® 7T 4 1],
zp(0*)
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Fixing
(p+1)

M =3+ Cysye? P15

we see that a contradiction follows from (B.31), (B.30) and (B.27) (note that Z(s) > 0
by definition (B.27), together with (B.25) and (B.15)). Thus, (B.28) holds. Since z,(s) =
C|¥'(s)|? from (B.25), using definitions (B.19) and (B.27) of z(s) and Z(s), together with
condition (B.32), we conclude the proof of Proposition 5.8. ]
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