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Abstract. We provide an estimator of the covariance matrix that achieves the optimal rate of
convergence (up to constant factors) in the operator norm under two standard notions of data con-
tamination. We allow the adversary to corrupt an n-fraction of the sample arbitrarily, while the
distribution of the remaining data points only satisfies that the Lp-marginal moment with some
p > 4 is equivalent to the corresponding Ly-marginal moment. Despite requiring the existence
of only a few moments of the distribution, our estimator achieves the same tail estimates as if
the underlying distribution were Gaussian. As a part of our analysis, we prove a non-asymptotic,
dimension-free Bai—Yin type theorem in the regime p > 4.
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1. Introduction

Estimation of the covariance matrix is a classic topic. In high-dimensional statistics, the
role of sample covariance matrices is central to principal component analysis (PCA)
and to linear least squares. Most of the existing work focuses on estimation of covari-
ance matrices under different structural assumptions allowing minimax estimation in the
high-dimensional setup. We refer to the line of work [6, 7, 10, 12,24, 40] and the recent
surveys [11,25].

A line of research on non-asymptotic guarantees for sample covariance matrices was
initiated by a question of Kannan, Lovdsz and Simonovits [34] on the computation of the
volume of a convex body. For the class of log-concave measures, the optimal % (d is
the dimension and N is the sample size) rate of convergence in the operator norm was first
obtained in the renowned work of Adamczak, Litvak, Pajor and Tomczak-Jaegermann [1].
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Since then several authors focused on making less assumptions on the underlying distribu-
tion [29,51,52,62]. The best known result in this direction is due to Tikhomirov [65], who
proved the optimal rate of convergence % for the sample covariance matrix assuming
only the existence of p > 4 moments.

However, as discussed by Chen, Gao and Ren [16], if there exists only one outlier
in the whole sample, the statistical performance of the sample covariance matrix can be
compromised. Thus, one is interested in estimators of the covariance matrix robust to
adversarial contamination of the data [17,55]. For a standard perspective on robustness,
building on the ideas of contaminated models, influence functions and breakdown points,
we refer to the monographs [30,33,61].

On the other hand, there is a growing interest in getting dimension-free guarantees
for estimating the covariance matrix. Given a covariance matrix X, the effective rank
(see [71]) of X is defined as

Tr(X)
r(2) = ,
IZ]
where, for the rest of the paper, ||-| denotes the operator norm of the matrix and the

Euclidean norm of the vector. Koltchinskii and Lounici [39] proved the optimal high
probability bound for the sample covariance matrix in the Gaussian case that depends on
the effective rank rather than the dimension. Since then, their result was recovered and
extended multiple times and via different techniques [38, 68,72, 73].

Finally, we mention the recent interest in getting the so-called sub-Gaussian estima-
tors when the data is heavy-tailed. This direction was initiated by Catoni in [13], where
the sub-Gaussian estimation of the mean of a random variable is considered. To explain
informally, one aims to construct statistical estimators performing as well as the sample
mean does for the Gaussian distribution, while making as weak assumptions on the dis-
tribution as possible. For a recent survey with focus on multivariate mean estimation, we
refer to [44]. The central ideas behind the robust mean estimation found their applications
in many related problems such as regression [9, 19,31, 46,49, 56], covariance estimation
[14,15,21,53,55,58], and clustering [36]. For related results in the context of covariance
estimation for heavy-tailed distributions, we refer to the recent survey [35].

Our goal is to provide an estimator that simultaneously achieves all the properties
described above:

e We allow the adversarial contamination and recover the optimal dependence on the
contamination level based on the number of moments of the underlying distribution.

e Our bounds do not contain unnecessary logarithmic factors and the convergence rates
coincide with the classical asymptotic result of Bai and Yin [4] provided that there are
at least four moments of the distribution.

e The convergence rates scale with the effective rank r(X) rather than the dimension d.

e We allow the distributions satisfying certain weak norm equivalence assumptions
instead of more restrictive Gaussian/log-concave assumptions appearing in the lit-

erature. At the same time, we provide the same high probability bounds as if the data
were Gaussian.
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We begin with the following definition. We say that the distribution of a zero mean
random vector X satisfies the L,—L, norm equivalence (hypercontractivity), if for all
veRdand2§q§p,

(ENX. v)|)Y < ik(g)ENX, v)[*)'2, (1)

where «(-) is a function of ¢ and (-, ) denotes the inner product. Without loss of general-
ity, we assume that « is a non-decreasing function. We say that the sample Xi..... Xn
is n-corrupted if it is obtained from the sample X1, ..., X of independent copies of X
by replacing at most n N points by arbitrary vectors that might depend on Xq,..., Xn.
This corruption model is described in detail [47] and captures the standard setups in
robust statistics such as the Huber contamination model [32]. This model is sometimes
called the model of n-corruption or the strong contamination model [22]. We discuss
this model in more detail in Section 3.1. We present a simplified version of our main
result.

Theorem 1.1 (Simplified). Assume that X is a zero mean random vector in R? with
covariance X satisfying L,—L, norm equivalence with p > 4. Fix the corruption level
n € [0, 1] and the confidence level § € (0, 1). Assume that X1, ..., Xn is an n-corrupted
sample. There is an estimator

i\:77,8 = iﬂ,s(flv"-vf]\’)

depending on 1, § such that if

N > c(p)(r(E) + log(é»,

then with probability at least 1 — &, it holds that

o ) + log(1/3
1,6 — =] < C||2||< r()+"g(/) +K(p)zn1_2/p>7

where C > 0 is an absolute constant that depends only on the value k(4), and c(p)
depends only on p and k(p). Moreover, under these assumptions, no estimator can per-
form better (up to multiplicative constant factors).

We show that the term «(p)2n'~2/? scales as /1 when p =4 and as n log(%) for
sub-Gaussian distributions. We also show that both rates cannot be improved. In partic-
ular, in the special case of variance estimation, which corresponds to d = 1, our bound
matches the recent rates of Comminges, Collier, Ndaoud, and Tsybakov [20, Table 1],
whose analysis covers a less general contamination model called the sparse vector model
and only in-expectation bounds. A detailed version of Theorem 1.1 with the correspond-
ing explicit estimators is stated in Theorem 3.2 in the regime p = 4 and in Theorem 4.3
in the regime p > 4, respectively. For a detailed discussion on the optimality of our result,
we refer to Section 5. Since our estimator is robust to both heavy tails and adversarial cor-
ruption, it should necessarily differ from the sample covariance matrix. However, it still
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has a relatively simple form. The estimator depends on a specifically tuned scalar A > 0,
which in turn depends on some parameters including § and 7 (the details are postponed to
Theorems 3.2 and 4.3). We define the truncation function

(x) = {x forx € [-1,1], )

sign(x) for |x| > 1.

Then, when p = 4, our estimator has the form

N
in’g = argmin  sup % Z Y (AKX, v)2) —vT S|, 3)
EeSi vesd—1 i=1
where Si is the set of d x d positive semi-definite matrices and S?~! denotes the unit
sphere in RY. A simple observation is that, if A — 0, our estimator coincides with the
sample covariance matrix % ZzN=1 X i ® X ;. For a fixed value of A, our estimator can be
seen as the second-order extension of the classical trimmed mean estimator [5,47,63,67].
We are aiming to remove a fraction of extreme observations and then average over the
remaining sample. The only difference is that, in the matrix case, we need to take into
account all possible directions in the unit sphere. The result of Theorem 1.1 has multiple
advantages over the best known results in the literature:

o Adversarial corruption: One of the well-known results in the adversarial corruption
setup is due to Chen, Gao and Ren [16]. They analyze a version of Tukey’s median
under the restrictive assumption of elliptical distributions satisfying certain growth
conditions. Moreover, their results are dimension-dependent. See [55] for some recent
extensions.

e Heavy tails: The best known result in the literature in the heavy-tailed setup (the only
assumption is L4—L, hypercontractivity) is due to Mendelson and the second-named
author of this paper [53]. However, their results can be further improved. Firstly,
there is an additional logarithmic factor log r(X) due to the application of the non-
commutative Bernstein inequality in the analysis.' Secondly, since their estimator is
based on median-of-means, it is currently not known how to significantly improve the
dependence on 71 beyond ,/7 in the bound of Theorem 1.1.

'We note that under the L4—L, norm equivalence the logarithmic factor log r(X) can be
removed as implicitly follows from previous arguments. In particular, without adversarial contam-
ination the technique of Catoni and Giulini [15, Proposition 4.1] can be adapted to recover the
desired rate (see also the discussion in [27] and the bounds in [28] where at least a loglog N term
appears); their estimator involves some explicit Gaussian integrals in the parameter space and will
depend on additional parameters of the distribution such as Tr(X) and || X||.

Shortly after the first version of this paper was made public, the authors were notified that Rico
and Oliveira achieved the same bound (only for p = 4) without the logarithmic factor in the setup
without any contamination. Their result appeared later in the Ph.D. thesis of Rico [60] and in the
preprint [57].



Covariance estimation: Optimal dimension-free guarantees for corruption and heavy tails 1813

The most involved step is to get the correct dependence on the corruption level  when
p > 4 in (1). One of the technical results used in this paper is a dimension-free version
of the classical Bai—Yin theorem [4]. In a nutshell, the result of Bai and Yin implies
that if X1, ..., X are independent copies of a zero mean random vector X in R? with
unit covariance and independent identically distributed coordinates having four bounded
moments, that is, p = 4, then almost surely as d, N — oo so that % — B €(0,1],

_)2/d+d
NN

Moreover, if the distribution only has p < 4 moments, no convergence at such a rate is
possible. Our result is non-asymptotic and is somewhat stronger, since we do not require
that the coordinates of X; are independent. Moreover, our focus is on the dimension-free
bound. At the same time, we require that p > 4 and the constant in the bound depends on
how well p — 4 is separated from zero.

LN
Hﬁzxi Q@ Xi—1q
i=1

Theorem 1.2 (A non-asymptotic, dimension-free Bai—Yin type theorem). Assume that Y
is a zero mean random vector in R¢ with covariance ¥ satisfying Ly—L> norm equiv-
alence with p > 4. Let Y1, ..., YN be a sample of independent copies of Y. Consider
the truncated vectors X; = Y; 1{||Y;|| < (N Te(Z)||Z|)V*} fori =1,...,N. If N >

c(p)r(X), then it holds that
r(X)
= consny 3

where c(-) and C(-) are non-increasing and both satisfy C(p),c(p) — oo as p — 4.

N
1
EHW ;(Xi ®X; —EX; ® X;)

A natural attempt to prove this bound would be to apply the matrix Bernstein inequal-
ity (see the survey [66] for more details on matrix concentration inequalities) as in [53].
However, in this case, we would get an additional multiplicative log r(X)-term that does
not allow us to recover the optimal Bai—Yin rate of convergence in Theorem 1.1 for p > 4.
Alternatively, one can try the generic chaining machinery. We refer to the monograph of
Talagrand [64] for a detailed exposition of this method. For example, the analysis based on
the generic chaining is known to recover the optimal dependence on the effective dimen-
sion in the sub-Gaussian case [39]. The problem with using the generic chaining in our
case, is that we only assume the existence of p > 4 moments, which does not allow to
control the increments of empirical processes with the required accuracy. The proof of
Theorem 1.2 is based on the combination of the (dimension-dependent) approach devel-
oped by Tikhomirov [65] with the variational approach applied by the second-named
author of this paper in [73].

Remark 1.3. Whether the bound of Theorem 1.2 holds for p = 4 is a well-known open
problem (see [70] and the survey [71]) even in the isotropic case where ¥ = I;. The
analysis of Theorem 1.1 bypasses the bound of Theorem 1.2 in the regime where p = 4.
This makes our analysis different from the approach used in [53].
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Remark 1.4. Theorem 1.2 can be used to remove the logarithm factor in the median-of-
means estimator proposed in [53] for p > 4.

On the breakdown point of our estimator. To explain informally, the breakdown point
of an estimator is defined as the largest proportion of outliers in the data for which the
estimator gives a non-vacuous result [30]. The form of the bounds we are interested in is
a high probability bound of the form || T-3 | <e|Z||, where S is our estimator and & > 0
is precision parameter. Since $ = 0 satisfies this inequality with ¢ = 1, in Theorem 1.1
we are focusing on 7 € [0, ¢], where ¢ is a small enough constant so that for large enough
sample size we guarantee ¢ < 1.

Practical considerations. Our main focus is on the statistical properties of the estimator.
In fact, we are aiming to achieve the best possible statistical performance and we left
computational questions aside. While there is some algorithmic progress in the case of
adversarial contamination (see the survey [22]), in a recent paper [18], the authors provide
evidence that achieving the same for heavy-tailed distributions is computationally hard at
least when median-of-means estimators are used. For some practical estimators in the
context of heavy-tailed covariance estimation, we refer to [35,55,59].

Technical overview. Our analysis connects three separate arguments in the literature.
First, we prove a dimension-free version of the Bai—Yin theorem (Theorem 1.2) that
allows us to eliminate unnecessary logarithmic factors in our bounds. The proof of this
result consists of two parts. The analysis of the so-called peaky part is based on the argu-
ments of Tikhomirov [65], which in itself improves the line of research [1,8,29,52]. The
dimension-free analysis of the spread part is based on the variational inequality tech-
niques applied by the second-named author of this paper in [73]. The latter approach
traces back to the works of Catoni and co-authors on robust mean estimation [3,14,15,28].
Extending the results in [73], we prove Theorem 1.1 in the case where p = 4. Proposi-
tion 3.4 provides an optimal estimator for the largest eigenvalue of the covariance matrix
and is based on Catoni’s estimator [ 13, 14]. Finally, the proof of Theorem 1.1 in the regime
p > 4is based on combining Theorem 1.2 with the second-order version of the multivari-
ate trimmed mean estimator of Lugosi and Mendelson [47]. Our lower bounds are based
on reducing to corresponding lower bounds in the multivariate mean estimation setup.

Structure of the paper. The rest of the paper is organized as follows. In Section 2, we
present a proof of Theorem 1.2. In Section 3, we provide a proof Theorem 1.1 in the
regime p = 4. In Section 3.3, we provide an auxiliary result on estimating the largest
eigenvalue of the covariance matrix. Then, using Theorem 1.2 in Section 4, we give
a proof Theorem 1.1 in the regime p > 4. We conclude with a detailed discussion of
the lower bounds, showing the optimality of our results in Section 5.

Notation. Throughout the proofs, C(p) and c(p) will denote the constants depending
only on p and (possibly) on «(p), where «(-) is given by (1). The exact values of C(p)
and c(p) may change from line to line. For an integer N, we set [N] = {1,..., N}.
Let 1{A} denote the indicator of an event A. The symbol R denotes the set of positive
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reals. For any two functions (or random variables) f, g defined in some common domain,
the notation f < g means that there is an absolute constant ¢ such that f < c¢g and
f ~ g means that / < g and g < f. For (x;)/2, € R™, the sequence (x;)’_, € R™
is a non-increasing rearrangement of (|x;|)/L,. For a set I C [N], let I¢ = [N]\ 1.
Let Sff_ denote the set of d x d positive-definite matrices. The symbol ||-|| denotes the
operator norm of a matrix or the Euclidean norm of the vector depending on the context.
The symbol |a||¢ corresponds to the number of non-zero components of the vector a.
For a random variable X, let || X | denote its essential supremum. Let KL (p, ) =
/ log(g—Z)dp denote the Kullback-Leibler divergence between a pair of measures p and .

2. Proof of Theorem 1.2

We start by proving the dimension-free version of the Bai—Yin theorem. Fix A > 0. In the
notation of Theorem 1.2, let us write the following decomposition:

N N

1 1
sup [— D (X v)2 —E(X.0)?| < sup — > (X, v)?T{A(X;. )% > 1)
vesSd—1 N i=1 veSd—1 N i=1
peakypart
+ su AXi,v 2)—E(X,v
s NAZW( i.v)?) — E(X,v)?

spread part

The terminology comes from [64, Chapter 9.4]. Our analysis will consist of two steps,
where we first analyze the peaky part and then analyze the spread part.

2.1. Dimension-free upper bound on the peaky part

To analyze this term, we follow the strategy of Tikhomirov in [65], which in itself im-
proves a line of research [1, 8,29, 52, 64]. Although this part of our proof follows their
steps, we need several modifications to avoid any explicit dependence on the dimension.
Following [65], given two sets C, I C [N] and a positive integer k, we define the quantities
fk,C), g(k,C,I)and W, ; as

N 2
fk,C)= sup |3 yiX;|
I¥ll2=1 i=1
yllo<k
supp yCC
gk,C,I)= sup sup Z vi Xi, Zij>,
Iyll2=11lzll2=1% c7nc jerenc

||y||o<k lzllo<k

vt—< lazvl > 4
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In particular, as in [64, (9.140) and (9.142)], we have
2 ok

We show below that, to control the peaky part, it is sufficient to upper bound the quantity
f(k,[N]). The role of g(K, C, I') goes as follows: Using a standard decoupling argument
(see the derivation in [65, p. 11]), we obtain that

sup  sup Z(U,X,‘)Z = sup  sup = f(k,[N]). (5)

veSd-1|I=k ;o7 <k y; ]a2<1

S, €)= max || X; |2 +272 3 g(k.C. D).
IC[N]

Since max; <y || X; [|> < (N Tr(Z)| Z|)/? by assumption, we limit our attention on bound-
ing g(k, C, I). We use the following auxiliary bound. Its application should be compared
with the application of [65, Lemma 2.6]. Due to the dimension-free nature of our bound,
we do not capture the best possible dependence on p in the bound below and only exploit
the case of p = 4. Despite that, this still allows us to prove the desired result.

Lemma 2.1. Let Y € R? be a zero mean random vector with covariance I satisfying the
Lp—L> norm equivalence for p > 4 with k(-) in (1). Denote X = Y 1{||Y | < R}, where
R > 0, and let k = k(4). It holds that

Tr(X)?
P(IX] 2 1) < ot 20
Proof. We have

d

2 d
]E||X||§=1E(Z(X,,e, ) ZXe, +EY (X.er)*(X.er)?.

i=1 Py
We use that, for all i € [d],
(E(X.e)))V* < (B(Y.e)H)* < k(B(Y.)?)"/? = kz}]>.

11

Now, by the above display and Holder’s inequality we have

d
K4Z(E(X,ei)2)2+K4ZE(X,€k)2E(X el = (ZE +szk2”)

i=1 k#l =1 k#l
= k* Tr(2)2.
The Markov inequality concludes the proof. ]
Following [65], the next step is to split the vectors Xy, ..., X in several groups so

that the vectors in each group are almost orthogonal. Fix H > 0. Consider the random
graph §y = ([N], E), where the set of edges is

E={GJj):1=i<j=N [(XiX;)|> Hkm<a§||Xk||}-
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If we color this graph so that no two adjacent vertices share the same color, we have that
the vertices of the same color correspond to a pair of vectors having a small inner prod-
uct. Let x(&y) denote the chromatic number of §g. We now induce the sets {€Z N _,
performing the partition of [N] such that € = @ for m > y(&g) and each € contains
the vertices of the same color. Following the proof of the dimension-dependent result,
we provide a dimension-free bound on the chromatic number of this random graph.

Proposition 2.2. Let Y € R? be a zero mean random vector with covariance X satisfy-
ing the L,—L, norm equivalence for p > 4 with k() as in (1). Define, for an arbitrary
positive R, X = YI{||Y|| < R}, and let k = k(4). Then, for any H > 0 and any integer
m > 1, with probability at least 1 — (k(p)? ||| P/2NH=P)" "Nk (p)* Tr(2)2H 4,

x(8n) <m.

Proof. We consider a greedy coloring process. Let Y(1), Y(2), ... be an auxiliary random
process such that Y(1) = 1 and

Y(i) = min{r € N : Vj < i with Y(j) = r we have |(X;, X;)| < H|| X;||}.

Note that, by definition, x(¥r) < max;e(n] Y (7). Next, for each i > 1 and m > 1, we
have

PYi)=m+1)< IP’(EIZ <i—1suchthat [{X;, X;)| > H||X;|| and Y (/) = m)
< ZP(I Xi. X;)| > H|X;| and Y(I) = m)

i—1
=Y PU(Xi, X)) > H|X;]| - Y(U) = m)P(Y() = m)
=1
I= ||P 12

< k(p)P T ZP(Y(I) = m)

=«(p )p ]EI{J SN :Y(j) =mjl.

where we used that since X; is independent of Y (/), and by Markov’s inequality
P((Xi, X;)| > HIX; |l : Y(I) = m)
= P((Xi, X;)| > H[|X; [l and [ X;]| # 0 : Y (1) = m)
_ ()57
=< r .

We obtain the following recursion:

1
E{j <N:Y(j)=m+1}| < K<p>P||2||P/2NmE|{j < N:Y(j) =m)|.
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Now we apply Lemma 2.1 and use the monotonicity of «(-) to obtain
E{j <N :Y(j) =2}l < NP(IX| > H) < Ne(p)* Te(2)*H ™.
Combining the estimates above, we get
E{j <N :Y(j) =m+ 1} < c(p)?|ZIP>NH?)" ' Nic(p)* Tri(Z)>H .
Finally, we obtain

P(x($g)>m+ 1) <P@j <N:Y()=m+1)
<E|{j <N:Y(j)=m+1}|
< ((p)PIZ|PPNH=PY" " Nic(p)* Tr(Z)> H ™. -

We need the following result. It can be seen as one of the main ingredients of the
proof and follows from the so-called sparsifying lemma [65, Lemma 4.1]. Our key obser-
vation here is that this lemma does not involve explicitly the dimension d. Recall that for
(x;)7, € R™, the sequence (x;")/_, € R™ is a non-increasing rearrangement of (|x; )7,
and v is an s-sparse vector if ||v ||0 < s. We remark that the statement below is determin-
istic and holds for any realization of X1, ..., Xy.

Proposition 2.3 ([65, Proposition 4.4]). There exists an absolute constant C > 0 such that
the followin holds FixI C [N] and let y € (0, 3) with k > }2/ and N > 128Cy~%k. Set
t = |log, 53 J andk; = L =1 for0 < j <t. There are subsets N}, JV for0<j<t—1
supported on I and I°, respectlvely, and consisting of unit yk; sparse vectors such that

CN \2vk;j

. / _
maX{M’NJ}S(yk;) ;
and for any € C [N],

C
gtk 1) < ﬁ(logk max |6 X,)

+ Z vk (Sup (A")L(k,+1)/16J - sup (Bv)L(k,+1)/16J))

j=0

where the random vectors A,, € R! and B, € R are given by Ay, = (|Wy.i|)iere and
By = (|Wa,il)ier, and Wy ;, Wy,; are given by (4).

The next result is a dimension-free analog of [65, Proposition 5.1] in the regime p > 4.

Proposition 2.4. There exists an absolute constant C > 0 such that if [ C [N]with |I| <s
is fixed and log % > C, then simultaneously for all € C [N], with probability at least
1-— % g(s, €, 1) is at most

N N N1/
¢ (tog? ~togs max 11, X)) + pe(p) |1 tog” = V5(5) VTG VD).

i#jet



Covariance estimation: Optimal dimension-free guarantees for corruption and heavy tails 1819

Proof. We provide the required changes of the original proof. First, we notice that if
s < Clog? ¥, then

N
g(s, €, I)<s 7émax |(Xi, X;)| < Clog? — ;nax [(Xi, X;).
je

and the claim trivially follows.

For the rest of the proof, we assume s > C log2 N We define y = 1og(11v 0 L=
llog, %&=* | and k; = L - |. We choose C > 24 to be able to apply Proposition 2.3 with
this choice of y, ¢ and k For a fixed 0 < j < ¢, consider u € N}, where N is given by
Proposition 2.3. By its definition, u is supported on /. Therefore, for any [ € 1€ recall-
ing (4), we have W, ; = (X;, ) ;<; ui X;). Observe that conditionally on the realization
of X;,i € I, we have that W,, ; are independent random variables for all / € /€. Therefore,
by the norm equivalence assumption (1), we have

N7 < kP11 £ (5. V)PP,

EllWil? : Xi.i € 1] < €(p)”| (172
i

For the same vector u and the same set /, consider the random vector

Ay = (|Wu,l |)l€I" .

We apply the standard bound [65, Lemma 2.5] to control the coordinates of 4, with

N
5 = (320) P2 (p) VG IND (-
J

)p—‘ (1+256y)

to obtain

KP||Z||P/2f(s [N])P/ZN)ij_H/lGJ (kj+1)4ykj
T Lk +1/16] N '

We union bound over the net N;, whose size is bounded in Proposition 2.3, to get for
some absolute constant C; > 0,

P( sup (AM)ij_H/16J 1) < (k]]-\_;1>4ykj|dvj| < (C;]]:, )zykj (l]cv_])yk/

ko \ vk 1
Sl L
N N#
where we assumed N > C2y~2k;. Repeating the same arguments for N/ / and summing
over all j in Proposition 2. 3 we obtain, with probability at least 1 —

]P)((Au)fijAQ > 1) < (

ms
-1

5,6, 1) <y ?(logs max |(Xi, X; TivJki ).

g(s.€. 1)<y ( gs max |(X, ;)|+l§ 7y 1)

The sum Z —o Ui /k; can be upper bounded exactly the same way as in the end of the
proof of [65, Proposmon 5.1]. Using p > 4, we conclude the proof. ]
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The next result applies Proposition 2.4 to upper bound £(s, ‘6,51 ), where ‘C’,ﬁ] is a class
of coloring of the sample.

Lemma 2.5. Let s < N be fixed and assume that log % > Cq, where Cy > 0 is a large
enough absolute constant. Let f’,ﬁl be the class from the coloring of the sample X1,..., XN
with threshold H > 0. Then there exists an absolute constant C > 0 such that, with prob-
ability at least 1 — ﬁ f (s, €8y is at most

N N\1l/p
max|| X; |2 + C log? — (H logs max|Xi|| + pe| =12 V5(=) " VFG.IND)-
i<N S i<N N

Proof. The proof follows exactly the same steps (an application of Proposition 2.4 in our
case) as the proof of [65, Lemma 5.2] by replacing d (their notation for the dimension
isn) by s. ]

Our final step is to upper bound the desired function f(s, [N]) using the upper bound
on f(s, €M) for different coloring classes. Our new observation is that since we are only
interested in the regime p > 4, we can worsen the dependence on some logarithmic factors
appearing in the corresponding result in [65]. This allows us to build our analysis on
a somewhat weaker Lemma 2.1 (compare it with a dimension-dependent result in [65,
Lemma 2.6]).

Lemma 2.6. Let s, N satisfy log % > Cyq, where C; > 0 is a large enough absolute
constant. Then there exists x = x(p) that depends only on p such that f(s,[N]) is at
most

N\2

N \4/(4+p) N N /p
) logt = 4 2 p(p)Tlslog* —(=)
N N N

72 max| X2 + k) S s ( =
i<N N

with probability at least

| — NG/ (P4 —(> G=D+4p) @2 +8) (g ) PU—DH42 (x) — X
N2’

Proof. We define y(9g) to be the chromatic number of the random graph induced by the
partition of the sample X1, ..., Xy into the classes f,f. Fix

i = z2(L)7T L
logs’

where k = k(p), and apply Lemma 2.5 together with union bound to obtain that, with
probability at least 1 — -5,

x| =

X
N
> fls. €M) < max|Xi|? + C log> = (H log s max| X, |
1 i<N S i<N

+ el () D).
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We now apply the dimension-free version of the coloring Proposition 2.2 to obtain that
the chromatic number y(§g) is at most y, with probability at least

1 — (P ||Z|PPNH )X ' Nk* Te(S)2 H ™.
Now, we estimate the latter probability. We have
«P||Z|PPNH PNk Te(2)2 H ™
= (N172P/(p+8) 2P/ (p+D)=p/2)x—1 N 18/ (4+P) 8/ (4+P)=2 (156 ) PU—D+4 2 (3)

— NG (x=2)/(p+4) —(p> (x=1)+4p)/2p+8) (log s)PX—D+4p2 (3,

Following exactly the lines of the proof of [65, Proposition 5.3], we obtain

x(8m)

G [ IND < 7N E) D S5 6

m=1

N \2/G4+p)
< max| X |* + Cr|[2)3()
i<N N

N NN/
+Cpelshiog = v5(5) " VIGIND,

with the probability in the statement. Now, we solve the inequality using

N
Vs log? — max| X||
S i<N

b2
2ab < ya2 + 7

fora, b,y > 0 twice and solving with respect to f(s, [N]). |
The following bound is the main result of this section.

Theorem 2.7. Assume that for some large enough absolute constant ¢ > 0, it holds that

N > cx(E). For large enough sample size N, simultaneously for all integers s satisfying

() < s < & with probability at least 1 — %, it holds that

c’

2 N\#/G+p) . N
S IV) = ) (max| i+ 120s(5) T gt ). ©

where C(p) and c(p) depend only on p and k(p).

Proof. The proof is based on the application of Lemma 2.6. Let s > r(X) and fix y =
max (10, %). Consider two cases:

e Ifr(X) <100, we have
N G=P) =2/ (p+4) ((P? (=) +42)/ 2P F8) (100 ) PU=DFT4y2(5) < ¢(p)N 2.
e Otherwise, if r(¥) > 100, then we have s > 100 and log s < s1/3, Therefore,
N(4*p)(X*2)/(p+4)S*(pz(xf1)+417)/(2p+8)+(p(xf1)+4)/3r2(E)

<s2r’ ()N 2 < N2
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Therefore, for a fixed integer s satisfying r(X) < s < %, we have that log % is suffi-

ciently large so that, by Lemma 2.6 and the above calculations, with probability at least

1- <2
N \4/(4+p) N
S, IND = C(p) (maxlXi [P + [ Zls(=) 7 og* =),
i<N N N
By taking the union bound with respect to the value of s, we conclude the proof. ]

2.2. Analysis of the spread part

The main tool of this section is the following lemma sometimes called the PAC-Bayesian
inequality (see [15, Proposition 2.1] or [2] for a detailed proof taking care of measurability
questions). In our proofs, we adapt several computations appearing in [73]. We also refer
to [73] for a detailed exposition of related results.

Lemma 2.8. Assume that X;,i = 1,..., N, are i.i.d. random variables defined on some
measurable space. Assume also that © (called the parameter space) is a subset of R4
for some d > 1. Let i be a distribution (called prior) on © and let p be any distribution
(called posterior) on © such that p <K . Then, simultaneously for any such p we have,
with probability at least 1 — exp(—t),

KL(p, ) +1

N
DB, (X0, 6) < By log(Ex exp(£(X, 6))) + L

i=1

Here 0 is distributed according to p. Moreover,

N
E sup(Z E, /(X;,0) — NE, log(Ex exp(/(X. 6)) - K£(p, u)) <0,
P \i=1

Our analysis will also exploit the following elementary relation.

Lemma 2.9 ([73, Lemma 4]). Let the truncation function \ be given by (2) and let Z be
a square integrable random variable. We have
5 . EZ?
V(EZ) <Elog(1 + Z + Z2) + mm{l, T}
Moreover, for any a > 0, it holds that

ZZ
Elog(l + Z + Z%) + aE min{l, ?}

14 0 V6)(exp(a) — 1))22)

<Elog(1+ 27+ ( -

The main result of this section is the following.
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Proposition 2.10. Assume that Y is a zero mean random vector with covariance X satis-
fying the L,—L, norm equivalence with p > 4. Let Y1,...,Yn be a sample of independent
copies of Y. Consider the truncated vectors X; = Y;I{||Yi|| < R} fori =1,...,N and
some R > 0. For a fixed truncation level A > 0, it holds that

N
1 r(x)
E sup |— AX-,UZ—EX,v2§—+)L/c422,
sup ngw (X1, 0)%) —E(X,0)?| $ 5 1=l
where k = k(4). In particular, when A = pe ﬁE” r(;,:), we have
N
1 r(X)
E su — MX; . v)?) —E(X,v)? 5/{22 — .
2|7 o) — G| 5 1 g

Proof. Our aim is to choose the distributions z and p in Lemma 2.8. Let ® = (R%)2. We
choose 1 to be a product of two zero mean multivariate Gaussians with covariance 8~11,.
For v € 971, let p, be a product of two multivariate Gaussian distribution with mean v
and covariance ,B_l 1 ;. Because of this, if (8, v) is distributed according to p,, we have
E,,(68,v) = (v, v). By the additivity of K £-divergence for product measures and the
standard formula, we have

KL (pv, 1) = .
By the first part of Lemma 2.9, we have

V(X v)?) = Y (AEp, (X, 0)(X, 1))
< Ep, log(1 + A(X, 0)(X. v) + 22((X. 0)(X.v))?)
AEp, (X, 0)(X, V))z}
c :

+ min{l,
Observe that
Eo, (X.0)(X.1)? = (X.v)* + B7X|H)? <2(X.v)* + 2872 X|*. (D)

and we can write

AE,, (X, 0)(X,v))?
6

212(X,v)4}+min{1,2)tzﬁ‘2I|Xll4}'

min{l,
6 6

}Smin{l,

Conditionally on X the distribution of (X, #) is Gaussian with mean (X, v). Since it is
symmetric, we have that

’

Pr(((X, 0))2((X, v))? = (X, v)*) =

FNy

and this holds trivially when X = 0. Therefore,

minf1, 22X g i, 20X s D2
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By the second part of Lemma 2.9, we have for some absolute constant ¢ > 0,

A (X, 0)(X, v))z}
6

E,, log(1 + A(X,0)(X,v) + A2((X, 0)(X.v))?) + SE,, min{l,
E,, log(1 4+ A(X, 0)(X,v) + cA*((X, 0)(X,v))?).
Following the proof of Lemma 2.1, we get
E[X[* <E[Y|* <«*(Tr(2)* and E(X,v)*> <E(Y,v)*> < |3, ®)
where v € S~ Using log(1 4+ y) < y for y > —1 and Fubini’s theorem, we have
E,, log E(1 + A(X, 0)(X,v) + cA*((X, 0)(X, v))?)
< AE,, E(X,0)(X,v) + cA*EE,, (X, 0)*(X,v)?
< AE(X.)” + 2eA%(E(X. v)* + EB7?|X|I) (by (7))
< AE(X.)* + 2% (E(X. v)*)* + B2(Tr(2))%) (by (8))
< AE(X,v)2 4 2cA%*(| )% + B2(Tr(D))?).
We plug
S(X,60,v) = log(1 + A(X, 0)(X, v) + cA>((X, 6)(X,v))?)

in the second part of Lemma 2.8. Choosing 8 = r(X) and dividing both sides by N,
we have

E  sup ( ZEpvf(X,,Gv) AE(X, ))5%+4c12x4u2n2, 9)

veSd—1u{o}

where we added the 0 vector by considering p as a posterior distribution and observing
that 0 = K £(u, 1) < B. By adding the 0 vector, we guarantee that the supremum in (9)
is always non-negative. Adding the term

N
1 222N IX a2l
N]E E_ mln{l, o } <A —3

to inequality (9) and using the derivations at the beginning of the proof, we have

E  sup ( Zw(x (X,v)2) — AE(X, v) ) < % n <4c+ %)A%“HEHZ.

veS9—1u{o}

The same argument works for —A instead. This leads to

<f®)

1 4 2
N +2(4c+§))uc I1=]2.

sup ‘—Zw(AXv ) —E(X,v)?

UGSd 1

Our choice of A concludes the proof. ]
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2.3. Combining peaky and spread parts

We conclude the proof of Theorem 1.2.

Proof Theorem 1.2. Using our decomposition, we have

N N
1 1
E sup '—Z(Xi,v)z—E(X,v)z <E sup |— Y ¥(MX;i.v)>) —E(X.v)?
vesd—1 vesd—1 A i=1
| N
+E sup — > (Xiv)*H{A(X;.v)? > 1}
vesd—1 i=1
We choose A = m r(>: . By Proposition 2.10, we have
sup Zw X;.v)?) —E(X,v)?| S k(4)? ||2||\/
UESd 1

We proceed with the remaining term. Define the random set
I, ={i €[N]: (X;,v)? > 7171}
Let m = sup,cga—1 |I]. By (5), we have

N

m 1 1
NS Sy Z(X,-, U HAXs, v)? > 1} < = f0m, [N]). (10)

Observe that for any p > 4, there is C(p) > 0 such that for all x > 1,
x!TH @D 00* x < C(p)V/x.

We now want to apply Theorem 2.7 with the (random) value m. First, we assume that

r(X) <m< % In this case, by Theorem 2.7, with probability at least 1 — C(p ) , it holds

that
S/ = (5 masxil? + 121 () ).

By (10) and since || X;| < (N Tr(Z)||Z|)/4, we have on the same event

m < C(p)?k(l,m}\’;llXi||2 + VmN| X))
i<

<cip )m ") (NI + VTSI

Solving the inequality above with respect to m, we have on the same event

m = C(p)r(%).
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We consider the case where m does not satisfy r(X) < m < % If m < r(X), then we
recover the same upper bound as above. If m > %, then on the event of Theorem 2.7 for
k= L% — 1] by (10) and monotonicity, we have

k
7 = /K IND = C(p(VN Ti(Z) [ ]| + IZIEN)?).

For our choice of A, this bound leads to contradiction if N > c¢(p)r(X) for large
enough c¢(p). We are now ready to plug our bound

m < C(p)r(%)
in (10) to obtain that, with probability at least 1 — %,

r(X)

SICEIE.IND = iz

Finally, for any v € S d_l, we have

[(X;,0)] < 1X; ]| < (N Te(D)[IZ]) 4,

Therefore,
1 g rE)  cp)
E sup — Y (X;,v)21{A(X;,0)2 > 1} < C(p)|IZ|[\/ —= + N Tr(D)||=
S S LG0) > 1) < C@IBI T + S VT
r(X)
= (C(p) +c(P)IZIy N
The claim of Theorem 1.2 follows. [

3. Proof of Theorem 1.1 in the regime p = 4

First, we provide a high probability version of Proposition 2.10. In the definition of our
estimator, we assume that both || X|| and Tr(X) are known, so that our estimator depends
on such quantities. In Section 3.1, we provide optimal guarantees for estimating these
parameters. The following result can be seen as a special case of [73, Lemma 5]. We pro-
vide a detailed sketch of the proof for the sake of completeness.

Proposition 3.1. Assume that X is a zero mean random vector with covariance X satis-
fying the L4—L, norm equivalence. Let X1, ..., Xy be a sample of independent copies
of X. For a fixed truncation level A > 0, with probability at least 1 — §, it holds that

2| < FE) Flog1/s)

Actz)”?
N [

vesd—1

N
up |23 Y X v)) ~ B(X.0)
i=1

where k = k(4).



Covariance estimation: Optimal dimension-free guarantees for corruption and heavy tails 1827

Proof. We repeat the lines of the proof of Proposition 2.10. However, instead we plug
F(X,0,v) =log(1 + A(X,0)(X,v) + cA2((X, 0)(X, v))?)

in the first part of Lemma 2.8. This implies that, with probability at least 1 — §,

- r(X) + log(1/4)

4cX2H2)?, (11
N +4eAZ |25, (1)

N
sup (% > Ep, f(Xi.0.v) = AE(X, v)2)

vesSd—1 i=1

where ¢ > 0 is the same constant as in the proof of Proposition 2.10. Furthermore, by the
Bernstein inequality we have

N — —
LS iy, SOOI gy 2N
i=1

2log(1/6 222(x(Z) 2| X |14
b0 ) PR TIRE
N 6
2log(1/6)
3N
where we used that each summand belongs to the interval [0, 1] and therefore the vari-

ance of each summand is bounded by its expectation. Following the proof of Lemma 2.1,
we have E|| X ||* < «*(Tr(X))?. This implies that, with probability at least 1 — 8,

)

N
1 2A2(r ()72 X; |14 2226212 3log(1/6
szm{l’ (X)X || }< KX n og(1/ )'

6 -3 N (12

i=1
Using this line and the union bound together with (11) and the derivations in the proof of
Proposition 2.10, we obtain the one-sided version of our claim. Repeating the same lines
by replacing A by —A and using the union bound again, we finish the proof. ]

Our next result concludes the proof of Theorem 1.1 when p = 4. Recall that « de-
notes k(4).

Theorem 3.2. There is an absolute constant C > 0 such that the following holds. Assume
that X is a zero mean random vector with covariance X satisfying the Li—L, norm
equivalence. Fix the corruption level n € [0, 1] and the confidence level § € (0, 1). Assume
that X Loeees X N is an n-corrupted sample. Then there exists an estimator f),,,g such that,
with probability at least 1 — 6,

5 T) + log(1/8
IIEn,a—Ellfcxznz”( %Jﬁ/ﬁ)_

We begin with presenting the estimator. As we mentioned, we assume the knowledge
of n, |Z|, Tr(X) and the constant k = k(4). In Section 3.1, we discuss how to esti-
mate ||X| and Tr(X) up to multiplicative constant factors. The dependence on « in our
estimator can also be ignored, though in this case we obtain a slightly weaker dependence
on this parameter in the final bound.



P. Abdalla, N. Zhivotovskiy 1828

The estimator in Theorem 3.2:

(1) Given §, Tr(X), || 2|, «, and an n-corrupted sample X1,..., Xn, we set

1 \/r(E)+log(1/8)+nN
P N '

(2) Define

N
r= m {AeSi: %ZW(A(&,U)Z)—UTAU <

vesd—1 i=1

Crct|Z)?
— [

(3) Let f)n,,g be any matrix in the set I'. If the set is empty, we output in,g = 0.

Proof of Theorem 3.2. Since the truncation function v (-) is bounded, we have

M, - 2
Uessufl NAZV/( v)?) —E(X,v)

sup
vesSd—1

vaa Xi,v)?) = E(X.v)?

n
T
i=1

N)t

Combining this with Proposition 3.1, we have for some C > 0, with probability at least
1-6,

< _(r(E) + log(1/8) + nN
4 AN

+ 2 3)1).

vesd—1

N
1 ~
sup mi§=1W(A(Xisv) )—vT v

Using the triangle inequality, the definition of in,g and the line above, we have on the
same event

N
- 1 ~ ~
1Z0s -2 < swp (|7 L WGEL 0~ Sy
i=1

vesd—1

N
~7 2 VK v)?) — v TS

i=1

< cez) ("D | g,

Our choice of A concludes the proof. ]

)

Remark 3.3. It is straightforward to verify that the matrix in,(s defined by (3) satisfies
the assumption of Theorem 3.2 and can be used as an estimator of the covariance matrix.

Finally, we show how to estimate the value of the truncation parameter A using the
corrupted observations.
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3.1. Estimating the truncation level A in the regime p = 4

We begin this section with a brief discussion of our contamination model. To simplify the
technical aspects of our analysis, we impose a slight restriction on the strong contami-
nation model described in the introduction. In our analysis, we require the estimation of
multiple parameters, which can be accomplished by dividing the sample into several equal
parts and estimating these parameters using independent sub-samples. This approach is
standard and has been analyzed, for example, in [53] in the same context. However, in the
strong contamination model, the adversary has the ability to replace some observations
within each sub-sample in a manner that depends on the entire sample. This can result in
dependent sub-samples and a more complicated stability type analysis appearing in the
literature (see [23, Section 6]). We therefore restrict the adversary from making the sub-
samples dependent on each other. We note that this assumption is standard and has been
made (implicitly) in some recent works [47,57]. Furthermore, it is automatically satisfied
in standard contamination models, including the Huber model.

An important aspect of the proof of Theorem 3.2 is that we only need to know || X||
and Tr(X) up to multiplicative constant factors. That is, we want to find two estimators @1
and @, such that for some ¢ > 1, with high probability with respect to the realization of
the corrupted sample X Ioeens X N>

1 1
~Tr(X) <@ <cTr(X) and —[|Z]| <@ =<c|X].
C C

If these estimators are available, we can assume, without the loss of generality, that our
initial sample is of size 3N. We use the first 2N elements to estimate Tr(X) and || X||
and then plug them into the truncation level A in Theorem 3.2. A similar sample splitting
strategy is used in [53]. Our contribution is that we provide estimators ¢; and @, such that
they take the adversarial corruption into account as well as do not contain an unnecessary
logarithmic factor. For the rest of the section, we fix k = «(4), where k() is defined
in (1).

3.2. Estimating Tr(X)

One can estimate Tr(X) using, for example, the trimmed mean estimator analyzed in [47].
Let ey, ..., e  denote the canonical basis in R4 . Observe that

d
(D) = ) E(X.e;)%.

i=1

Using the L4—L, norm equivalence and the proof of Lemma 2.1, we estimate the variance
Var(Zf':l (X,e;)?) < k*(Tr(%))2. Given an n-corrupted sample of size 2N, the trimmed
mean estimator ¢; applied to the random variable Zid=1 (X, e;)? implies that, for any
8 € (%;N), 1), with probability at least 1 — 4exp(—e{v—2),

|91 — Tr(Z)| < 104/ek> Tr(E), (13)
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where ¢ = 8n + 12%. This bound is presented in [47, Theorem 1]. For the sake of
brevity, we do not provide the details of the multivariate trimmed mean estimator. Observe
that for this choice of &, it holds that 1 — 4exp(—& 15 ) > 1 —§. Provided that 10/ex? < 1
in (13), we obtain that, with probability at least 1 — §,

1
5 Tr(X) < @1 < 2Tr(X).

It is only left to check that it is sufficient to have 7 € [0, ﬁ] and N > 12-40%k*log(3).

3.3. Estimating || Z||

A simple way of estimating ||X|| is to first estimate the full covariance matrix ¥ as in
Theorem 3.2 and then compute the operator norm of the estimator. However, the difficulty
of estimating || X|| is that we are not allowed to choose the truncation level A depending
on || X||. In particular, all previous results we are aware of lead to an additional logarithmic
factor in the assumption on the sample size (see [15,53]). Instead, we provide an adaptive
estimator similar in spirit to the original robust estimator of Catoni [13] for estimating
the mean of a random variable (see also [14] for related computations). To simplify the
proof, we assume that the distribution of X satisfies Pr(X = 0) = 0. This assumption is
mild and can always be satisfied if we add a small Gaussian perturbation to X without
changing the covariance matrix of X too much.

Proposition 3.4. Assume that X is a zero mean random vector with covariance X satis-
fying the L4—L, norm equivalence. Assume additionally that Pr(X = 0) =0.Letc > 1
be a large enough absolute constant. Fix the corruption level 1 € |0, 300 ———| and the con-
fidence level § € (0, 4) Assume that X1, ..., Xn isan n-corrupted sample Then there is
a unique value & > 0 satisfying

L ap Sv@Enh =

+1.
I 200kt

If N > 100ck*r(Z) + 400ck* 10g(§), then with probability at least 1 — 486, it holds that

I <= <45
— 24ckta? —

1

1 [pX
Proof. We begin with the analysis of an uncorrupted sample X1, ..., Xx. Our first aim
is to choose the distributions x and p in Lemma 2.8. Let ©® = (R%)2 and choose j to be
a product of two zero mean multivariate Gaussians with covariance ' I;. Forv € §4~1
and o > 0, let py,» be a product of two multivariate Gaussian distribution with mean av
and covariance 871 1;. Because of this, if (6, v) is distributed according to pg,y, We have
E,, (0,v) = (av, av). By the additivity of K £-divergence for product measures and the
standard formula, we have

KL (paws 1) = @B
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For the rest of the proof, we sometimes write p instead of py . By the first part of

Lemma 2.9, we have
Y (@?(X,0)%) = Y(E,(X,0)(X,v)) < E,log(l + (X, 0)(X,v) + ((X, 6)(X,v))?)
+ min{l, Ep((X, 96)<X’ U))Z}.

Observe that

Ep((X.00(X.v))* = (@*(X,v)> + BT X[*)? < 228(X. v)* + 27| X%,

and we can write

min{l, Ep(1X. 96)<X’ v))Z} < min{l, &)6(’1))4} + min{l, —2'3_26”X||4 }

Repeating the lines of the proof of Proposition 2.10, we get

E,log E(1 + (X, 0)(X,v) + c((X,0)(X,v))?)
< a®v v 4 2ec* (@ Z)? + B3(TH(D))?),

where ¢ > 1 is an absolute constant. Using the first part of Lemma 2.8, we obtain that
with probability at least 1 — &, simultaneously for all v € S~ and a > 0,

—}jwm (Xi.v)?) < @®v T Zv + 2ek* (@) + B2(TH(D))?)

i=1
@2 +log(1/8) 1 & 2672 X; 4
e’p+oel/o) | 1 ~L____}

+ N + N ;mm{ 6

Using the Bernstein inequality as in (12), we have, with probability at least 1 — 4,

WA B2(Tr(E))?  3log(1/8)
3 TN

e g 287X
N ; mln{l, 6 } <
We choose B = 10ck* Tr(Z) and using the union bound, we obtain that, with probability
at least 1 — 26, simultaneously for all v € S 4=l and o > 0,
L i V@ (Xi,0)?) < 20T T + 2ekad [ S|P + — 10cxte” Tr(x)
" 75cK* N
4log(1/8
n g}ff /9

Since N > 100ck*r(X) + 400ck*log(3), we have on the same event
al 1 11
— § Y (@? (X v)?) <’y Dy + 75 2||z|| + 2cktat||Z)? + -
1—1 300ck
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Returning to the n-corrupted sample Xi...., Xy and since v <1,
Y 11
~ Zw(a (X1, 0)) < 0?0 TS0 + 2||z|| + 2ektat| D)7 + +1. (14)
300ck*

l—l

Observe that the function ¢: R — R given by

o) =5 suw wa (Xi.0)?

vesd— ]i 1

is continuous (it is easy to check that ¢(-) is a supremum over equi-Lipschitz functions)
and non-decreasing. Furthermore, there is w € S¢~! such that (X;, w) # 0 foralli € [N].
Indeed, to construct such a vector, we pick a random vector U distributed as a zero
mean multivariate Gaussian random vector with unit covariance. Since X; # 0 almost
surely for all i € [N], we have that (U, X;) is a zero mean Gaussian (conditionally on X;)
with non-zero covariance. Thus, taking w = ﬁ we have almost surely (X;, w) # 0
for all i € [N]. We have ¢(0) = 0 and go(m) > 1 — 7y since at most nN

vectors X; can be orthogonal to w. Therefore, since k,¢ > 1 and n < 3001m<4’ there is
@ > 0 such that !
a) = +n.
@ 20c1t T
Using (14), we get on the same event
GAIZI? + 1,
2ek*@H|2)? + —@%|IZ|| - >

Solving this as a quadratic equation (only the positive root plays a role) with respect

to @2||X||, we get
—11/10 + /(11/10)2 4 8/75
dekta?
This provides a lower bound on || X | in terms of &2.
We proceed with an upper bound. For v € S9! and a > 0, let Pa,—a,v be a product
of two multivariate Gaussian distributions with means av and —av, respectively, and the
same covariance matrix 8”1 1;. Repeating the proof, we obtain the following analog of
inequality (14). With probability at least 1 — 28, forall v € S4~! and a > 0,

<=l

N
1 2/v 2 2. T 1 2 4 4 2
—NZW((X (Xi,0)) = —?0T S0 + 702 |Z] + 2ek*at| 3|

i=1

11
+— 0 15
300ck* (1)
Let v; be a maximizer of v v in S4~!. We have vIEvl = ||X||. Furthermore, we

have

— sup Zw(a (Xi.v) <——Zwm (Xi vi)?).

vesd—1
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Since —¢(-) is non-increasing, this implies that simultaneously for all « € [0, &] on the
event where (15) holds, we have

9
—US—EaZHEH + 2ck*a?||Z)? + + 7.

" 20ckt 300ck4

Since n < we reduce this equation to

_1
300ck?’

2cktat|Z|? — —=a?

7
b)) > 0. 16
10 1=+ T5ck* — (16)

As a function of a?|| ||, this quadratic equation has two non-negative roots:

9/10 — /(9/10)2 = 56/75 o _ 910+ V(9710 —56/75
= 2 =

4eict 4eict

We show that since (16) holds for all & € [0, &], we should have that @2 || Z|| < x;. Indeed,
assume that instead @2||Z|| > x». In this case 0 < x‘;” < @?||Z| and thus (16) should
be satisfied for o?||Z| = xlzﬂ The obtained contradiction proves that @2||Z| < x;.
Finally, by union bound we have, with probability at least 1 — 44,

—11/10 + V(1/10)> + 8/75 _ -y 9/10 - \/(9/10)* —56/75

4okt 4ck*a?

Algebraic computations conclude the proof. ]

We end up by observing that the estimator proposed in this section admits a straight-
forward generalization for (uncontaminated) higher-order tensors. In this setup, one is
aiming to estimate E (X, v)* uniformly over v € S?~! for some integer s > 2, as in
the recent work of Mendelson [50]. In order to provide this extension, we apply [73,
Lemma 5] together with the estimators of the trace and the operator norm provided above.
We note that getting the optimal dependence on the contamination level 1 seems more
subtle when s > 2.

4. Proof of Theorem 1.1 in the regime p > 4

In this section, we prove Theorem 1.1 in the regime p > 4. We begin with the following
symmetrized version of Theorem 1.2.

Corollary 4.1. Assume thatY is a zero mean random vector with covariance % satisfying
the L,—L, norm equivalence with p > 4. Let Y1, ..., YN be a sample of independent
copies of Y. Consider the truncated vectors X; = Y; 1{||Y;|| < (N Tr(2)|Z])/*} for
i=1,...,N.Letey,...,en beindependent Rademacher random signs. If N > c(p)r(%),
then it holds that

< oy,

sup '—ZS, X,,v

veSd 1
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where c(p) and C(p) depend only on p and k(p) and the expectation is taken with respect
to both X; and e;, i = 1,...,N.

Remark 4.2. We highlight that the results of Theorem 1.2 and Corollary 4.1 admit exten-
sions to higher-order power in the spirit of [69]. For the related derivations in the light-
tailed case, see the proof of [73, Theorem 2].

Proof of Corollary 4.1. We use the standard desymmetrization argument [37, Section 2.1].
Assume that X{, ..., X, are independent copies of X, and let E’ denote the expectation
with respect to these random vectors. Using the triangle inequality, Jensen’s inequality
and the contraction principle [41, Theorem 4.4], we get

N
Esw'i}ﬂ%wf
vesd—1 i=1
N N
<E sup Zsi((Xi,v)z—IE’(Xi’,v)z) +E sup 'Z&'E(Xi,v)z
vesSd—1 i=1 veSd—1 i=1
N
<EE’ sup 'Z(Xi,v)z — (X, 02|+ |ZIVN
vesd—1 i=1
N
<2E sup |3 (Xi.v)® —E(X;.0)?| + [ S|VN.
vesd—1 i=1
The bound of Theorem 1.2 concludes the proof. |

In the regime p > 4, we show how to adapt the proposed estimator to obtain the
optimal dependence on the contamination level 1. The main insight is to interpret our
estimator as a second-order version of the trimmed mean estimator of Lugosi and Mendel-
son [47]. Our proof mainly follows their steps, however two important modifications are
required. First, we need to exploit Theorem 1.2 when controlling the expected supremum
of quadratic processes, while in [47] the control of the corresponding process follows
from a simple application of the Cauchy—Schwarz inequality. To do so, we also need to
truncate the norms of our observations as explained after Proposition 4.5. Second, since
the quadratic forms of interest are non-negative, we consider only a one-sided truncation.
The main result of this section is the following.

Theorem 4.3. Assume that X is a zero mean random vector with covariance % satisfying
the L,—L, norm equivalence with p > 4. Fix the corruption level n € [0, 1] and the
confidence level § € (0, 1). Then there exists an estimator X, s such that, with probability
at least 1 — 6,

3 1 )
1805~ 31 = il ("B g2,

Here C(p) is a non-increasing function of p that satisfies C(p) — oo as p — 4.
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Let us first recall the form of our estimator in the case where p = 4. For some specif-
ically chosen A > 0, the estimator in Theorem 3.2 is defined by the following set:

4 2
r= ) {AeSi~ Zw( (X;,v)? A' M}

2
vesd—1

where ¥ () is the truncation function given by (2). We defined f],,,g to be any matrix
in I'. In the regime p > 4, we introduce a more involved estimator that uses a direction-
dependent value of the one-sided threshold. For simplicity, we assume that we observe
a sample of size 2N . For a set of positive semi-definite matrices I', we define its diameter
as A(I') = supy perl4 — B

The estimator in Theorem 4.3:

(1) Given the confidence level §, the corruption level 1 and the n-corrupted sample
Y1,...,Yan, we split the sample in two parts of equal size: Truncate each vector Z; =
Y;{||Y;|| < R} fori €{l,...,N}and X; = Y;1{||Y;| < R} fori e {N +1,...,2N},
where R = (N Tr(Z)|| X |)"/4.

§

(2) Set e = max(207, 560°22/2))

(3) For the first half of the sample, define ¢, = ((Z;, v>2)*Ne/2’

(4) For the second half of the sample X Lo evns X N, we proceed as follows: For every
0 > 0,v e S9!, define the trimming level 1, (Q) = (¢, + Q)" and set

rQ = ) {AeSd"

vesd—1

Zw(x (O)(X;,v)*) — v 4v

WON & = 48Q}'

(5) Let 5, 5 be any matrix in the set I'(2'"), where i * minimizes the diameter A(T"(2))
over all integers i subject to be non-empty.

Remark 4.4. Due to the bounds in Section 3.1, we explicitly assume the knowledge of
the operator norm || X|| and the effective rank r(X) up to multiplicative constant factors.

Our first technical observation is that, by truncating the norms of the vectors at the
level R = (N Tr(2)||Z|))!/*, the covariance matrix does not change too much. At the
same time, the truncation allows us to apply Theorem 1.2 in our analysis.

Proposition 4.5. Assume that Y is a zero mean random vector with covariance ¥ sat-
isfying the L,—L, norm equivalence with p > 4. Consider the truncated vector X =
YI{|Y | < (N Te(D)||Z|) "4} and define £ = EX ® X. It holds that

~ z
BRSO RINAS

Moreover, ||§|| < |IZ|| and Tr(fl) < Tr(X).
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Proof. The proof follows from the proof of [53, Lemma 2.1]. For the second part of the
proof, we observe that ¥ — X is positive semi-definite. ]

The result of Proposition 4.5 allows us to focus on estimating the matrix of second
moments X. Indeed, by the triangle inequality, the estimator X, s satisfies

N a = r(X)
1£05 = 21 = 1805 — SN+ @12 5

and the last term only affects the multiplicative constant factors in our bound. We proceed
by defining the following quantity:

00 = Coymax{ Lzl "EELECE 2ty .

Here Cp, = Cgp,(p) > 0 is to be chosen later, depends only on p and is non-increasing
with respect to p. The first term in the definition above is responsible for the rate in
the uncontaminated case, and the second term captures the rate of n according to the
value of p. We start with an important lemma that is the second-order analog of [47,
Lemma 1]. For the rest of this section, S is the matrix of second moments of the truncated
vector

X =YL{|Y]| = (N T(D)[SH*)

and

log(2/8
&= max(ZOn,56O %)

’

Lemma 4.6. Let Y € R? be a mean zero random vector satisfying the Lp—Lo norm
equivalence assumption with p > 4. Let Y1, ..., Yn be i.i.d. copies of Y and set

Zi = Y 1{||Y;]| < (N Te(Z)| 2[4}

for everyi € [N], then, with probability at least 1 — g

sup [{i € [N]: (Zi.v)2 = v Ev = Qo}| = TN.

vesSd—1
Proof. For simplicity of notation, we write
Zi(w) = (Z;,v)? — v S,

The proof is a standard application of a small ball argument in empirical process theory.
Consider a function £: R — R defined by

0, x < &,
2
=1 2x Qo
S(x) @—1, X € <T,Q0j|,

1, X > Q().
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It is clear that 1{Z;(v) > Qo} < £(Z;(v)) < 1{Z;(v) > 20} and £ is a Lipschitz
function with constant & By symmetrization [26] and the contraction lemma for Rade-
macher processes [41, Theorem 4.4], we have

N
E sup Zﬂ{z (v) = Qo} <E sup Zs(zi(v»

vesd—1 ,_1 vesd i—l

<2E sup st(z @)l + sup BE(Zi(v))

vesSd—1 veSd—

1 _
N Z & Zi(v)| +
i=1

Now, we define Cpy = Cpy (p) > 0 to be the constant in the conclusion of Corollary 4.1.
We remark that Cpy is at most an absolute constant for any p > ¢ > 4, where c is another
absolute constant. We now apply Corollary 4.1 and the same arguments as in its proof and
obtain

sup E£(Z(v)).

vesd—1

4
<—FE sup

0 yesd—1

N
b
E sup Zlel (Zi,0)2 =0 S0)| <E sup Zel v || g e
UESd 1 1—1 UGSd 1 =1 N P
r(%) _ Qo
< 2Cpy || Z|| N = 128"

The last steps follow from the fact that r(E) >1and | s | < ||Z]|- By the definition of Qy,
we conclude that the first term is at most 55 if we choose a sufficiently large constant
Co, > 0. We now proceed to bound the second term. We use Markov’s inequality together
with the L,—L, norm equivalence to obtain

E£(Z, ) — 0T Sv) < IP’((Z, v)? > % + vTiv)
<(p)? spre - (2(PPIE]\P/2
- (Q/2+vT§)v)P/2(E(Z’U> s ( 0 ) '

Again, by the deﬁnition of Qp, we can choose Cg,, > 0 such that the right-hand side
above is at most 5. By Talagrand’s concentration inequality for supremum of empirical
process (Massart s version [48]), with probability at least 1 — exp(—x),

N
1 = & 8x /e
sup — 1{Zi(v) > StV oo Tt
G LWAW 2 0 =g
We choose x = 560 to conclude the proof. ]

We now describe the first part of the estimation procedure. First, we assume with-
out loss of generality that ¢ < 1. When the conclusion of the previous lemma holds, we
immediately obtain that, for every v € S 4=1and Q € (200.40),

qv—vTiv—i— Q0 <5Qp and qv—vTiv—i— 0 > Q.
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To see why the latter condition holds, suppose by contradiction that g, —v " Sv+ 0 <0y,
then g, < vT £v — Qy. Since ¢ < 1, by the choice of Qg, we have Q¢ > ||Z| and then we
get0<g, <v' Sv— Qo < 0, the latter is clearly a contradiction. Moreover, both inequal-
ities above still hold for an n-corrupted sample, since € > 2075 and by the definition of s,
we have that the fraction of points greater than Qo is at most 7 + 7 < 8(20 4) <z
Thus, we canuse Z1, ..., Zy to estimate ¢y, and since they are 1ndependent from the sec-
ond half of the sample, from now on we work conditionally on the event of Lemma 4.6.

The second part of the analysis consists in proving that I'(v, Q) is non-empty. The
formal statement is the proposition below.

Proposition 4.7. Under the notation of Theorem 4.3, fix Q € [2Q¢, 4Q¢] and assume
that the event of Lemma 4.6 holds. There exists an absolute constant C > 0 such that if
Co, = C, then, with probability at least 1 — 5

sup
vesd—1

Zw (0)(X:,v)?) — v  Sv| < 420.

L (Q)N (Q)N

It will be convenient to work with two-sided function in the analysis. We define the
following function for arbitrary positive 11 > A;:

1 1
, X >,
A Ao

1 1
WAI,AZ(X) = X, X € I:Al A2]
1
no A_l
Clearly, if Ay = A, = A, our definition agrees with (2). That is,
1
XW(M) = Y. (x).

Proof of Proposition 4.7. First, for every v € S4~1, due to the assumption that the event
of Lemma 4.6 holds, the uncorrupted observations satisfy

eQ
2 2
'A O Zw HOUEi ) = o (Q)NZW W(0)(X:.0)?)| =200 = ZE.
We centralize the empirical process to obtain that

Zw (DX v)?) —v Ev =~ Zw(AC(Q)«X,,v) —v'Zv)).

QN (Q)N £ A"(Q)N

i=1

where A$(Q) = (qv + Q — v Zv) 1. To see why this identity holds, observe that both
sides are equal except when (X, v)2 -3y < —qy — Q + vT Sv. In this case, 0 <
(Xi,v)% < —qy — Q +2v T Zv. However, since Q > 2||X|| if Co, >2and e < 1, the latter
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inequality cannot be satisfied. Now, on the event of Lemma 4.6, Q¢ < g, — v S 4+ 0 =<
50 and therefore

1

N _ | N i
A%(Q)N ;W(Af}(Q)((Xz, 0)2 _ UTEU)) < N ;w—l/Qo,l/(SQO)((Xi,v)z _ UTEv).

We define U o (v) to be the right-hand side in the inequality above. We first study how the
empirical process of interest concentrates around the mean. To simplify the analysis, we
consider a simpler quantity, Wp (v) = % vazl V_1,60).1/60)((Xi, v)? — vT ). Our
starting point 1s

sup (Ug(v) —EUp(v)) < sup (Ug(v) —Wo(v)) + sup (Wo(v) —EWp(v))

vesSd—1 vesSd—1 vesSd—1
+ sup (EWp(v) —EUg(v))
veSd—1

= (a) + (b) + (¢).

For the first term, observe that it is non-zero if and only if the argument of the function
is above 5Q or below — Q. The latter cannot happen because of the same contradiction
argument as above. The magnitude of the difference is at most 3Q. By Lemma 4.6, there
are at most % points in the range (5Q¢, 00), therefore, we obtain that the first term (a) is
at most %. Similarly, we apply the Markov inequality together with the L,—L, norm
equivalence assumption to obtain that
sup ]E(WQ(U) - UQ(U)) <30P((X,v)* — v S0 > 500)
veSd—1
2 2
< 3p(K@IELy 360
- 500 - 32

This concludes the bound for (c). The second term (b) is handled via Talagrand’s concen-
tration inequality for empirical processes (Massart’s version [48]). Observe that, for every
veSi1,
V-1/60).1/6o) (X, v)> —vT Sv)| < 30,

and

ElY_1/60).1/6o) (X, 1)) < E(X,v)* < k(4)*|Z|.
Moreover, for every Q > 0, ¥/(-)—1/0,1/¢ is a 1-Lipschitz function that passes through
the origin. By the same symmetrization and contraction arguments as in the proof of
Lemma 4.6, we obtain that
r(%)

= 2Cy [ Zlly ——-

E sup |Wo(v) —EWp(v)| <2E sup N

veSd—l1 vesd—1

N
ZS,‘(X,’, v)2

i=1

Therefore, by Talagrand’s concentration inequality for empirical processes, with proba-
bility at least 1 — 2e™*, it holds that

r(X) 8x by
sup |Wo (v) ~EWo(v)] < 4Cay [T\ =~ + k@7 Z]y 5 + 1050 1.
vesd—1
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We choose x = 210g( ) to obtain that the right-hand side above is less than £%. Now, the
problem boils down to control uniformly the typical magnitude of UQ (v). For simplicity,
we define X; (v) = (X;,v)? — v Zv and write

sup E(7Q(v)= sup E[l/f,l/Qo,l/(SQO)((X,v)z—vTiv)
veSd—1 vesd—1

x (1{X; (v) <500} + 1{X; (1) > 500))]
< sup SQUEL(X(v) = 500} <50 .

vesd—1
The final bound for the first part becomes

Q(1+3+3+5+1><28Q
104732 "6 " 2) =%

For the other side bound, observe that

T3 c T35
v Xv— Av (Xi,v)7) = A v ' Xv—{(X;,v
T (Q)N;/f( (0)(Xi.v)?) AC(Q)N;W H(Q) (Xi.v)?)
| X
— T J—
= N;V’—Qo b 00— (X5, 0)?).
The same analysis follows and concludes the proof. ]

Proof of Theorem 4.3. The proof of Theorem 4.3 follows directly from Lemma 4.6 and
Proposition 4.7. Indeed, consider the event & where the events of both Lemma 4.6 and
Proposition 4.7 hold. It occurs with probability at least 1 — § as desired. Our next argu-
ment is standard in the literature [47] and is similar to Lepskii’s method [42]. Let iy be the
smallest integer satisfying 20 € (2Q¢,4Q¢). By Lemma 4.6, we know that at most %
samples are outside of the range ¢, + 2. We conclude that the difference between
Ug(v) and Usg(v) is at most £2. By induction, this implies that T'(20) ¢ T'(270+1)
for every i > ip. This implies that corresponding sets are nested. The diameter of the set
Nisi* I'(2%) is at most 8£Q and the matrix of second moments % belongs to an even
smaller set. Thus, || T-= | < 8¢Q. We conclude by applying Proposition 4.5. L]

5. Optimality

It is natural to ask about the optimality of our statistical guarantees of Theorem 1.1.
It is well known that the term C | X]|| % appears in the minimax lower bound for
covariance estimation [43, Theorem 2] as well as in the lower bound for the perfor-
mance of the sample covariance matrix in the Gaussian case [39, Theorem 4]. Clearly,
this term is necessary because the adversary can always leave the sample uncorrupted
and the multivariate Gaussian distribution satisfies the norm equivalence assumption (1).
Further, we show that the term C || X|| ,/ M cannot be improved in general. As shown
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in [53] (following the lower bound in [45]), the term scaling as R ,/ W appears in the
lower bound for any estimator of the covariance matrix. Here R“ is the so-called weak
variance defined by
R’= sup E@QT(X®X —EX ® X)v)2.
vesd—1

In the multivariate Gaussian case, using the standard relation between moments, we get

R*z sup E(u.X)*—|Z|> =3 sup (E(v.X))*>~|Z|? =2|Z|>

veSd—1 vesd—1

W in Theorem 1.1.

This shows the necessity of the term C || X||

Finally, we can restrict the discussion to the convergence rate with respect to the frac-
tion of corrupted samples 7. Some closely related lower bounds with matching rates of
convergence appear in the analysis of the sparse vector model [20, Theorems 5 and 6].
Their model can be seen as a special case of our setup when d = 1. Instead of exploiting
their techniques for the lower bounds, we provide a separate analysis using explicit exam-
ples. Our key argument to derive the minimax optimality with respect to 7 is to reduce our
problem to a mean estimation problem. For the mean estimation, a simple computation
shows a lower bound with respect to 1. To describe this result, we first consider a basic
definition.

Definition 5.1. For a random variable X, we define the quantile
Qq(X) =sup{M e R:P(X = M) >1—¢q}.
Formally, the following simple lower bound holds.

Proposition 5.2 ([47, (2.3)]). Let X be a random variable with mean [, variance ox, and
with an absolutely continuous distribution. Suppose that X1, ..., Xy is an n-corrupted
sample that sampled according to the distribution of X. Let X = X — EX and define
€(X,n) as follows:
e(X. 1) = max{E[X — Qy2(X)|I{X = Qypa(X)},
E|X — Q120X = Q1y2(X)}}.

Then, no estimator [i = ﬁ()? e o X N) of the mean | can perform better than
|-l < e(X,n).

To obtain the minimax rates with respect to 7, it is enough to restrict our attention to
the one-dimensional case. Assume that the distribution of a zero mean random variable X
satisfies the L4—L, norm equivalence (1). That is, for some « > 1, it holds that

(]EX4)1/4 < K(EXZ)I/Z.

Denote Y = X2 and observe that Y is non-negative. In this case, the estimation of the
variance of X can be seen as the estimation of the mean of Y. The norm equivalence
assumption can be rewritten as (EY2)/2 < ¢2EY.
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Example 5.3 (Optimality of the ,/n-term when p = 4). First, a few intermediate random
variables are considered before the definition of Y. Define

1
———  with probability Q,
Vi 2

1—
—1 with probability _7)
Yy 2

1—
1 with probability Tn

1 n
— with probability —.
Vi 2
Clearly, EY; = 0. Let oy, denote the standard deviation of Y;. It holds that

oy, = EY2)'? = 2 < V2.

Assume that n < %. We have that Q,/>(Y1) = —1. Indeed, P(¥Y; > —1) =1 — % and
P(Y; > 1) = 4 <1— L. We conclude that

€Yy = BIYy + 1Y) = -1} = (

We now consider the random variable

o2

Y, = Y1,
2 2_nl

where o > 0 is a positive real number. It still holds that EY, = 0, but now, (E Y22) 172 = 52,
By homogeneity, we have

2 2
eWpmy > 2N o N0

421" 42
Finally, observe that Y = Y, + || Y2||co is @ non-negative random variable and €(Y, n) =
€(Y>, ) since the difference between Y and Y5 is a constant. We conclude by observing
that EY = ||Y2]lec and EY? = EY} + || Y23, < 2||Y2||%. Thus, the norm equivalence
assumption (EY 2)1/2 < x2EY holds with k2 = /2.

‘We now present an example that attains the sub-exponential minimax rate in the mean
estimation and therefore confirms the optimality of our covariance estimation results in
the sub-Gaussian case. Indeed, observe that if X is a sub-Gaussian random variable, then
Y = X? is a sub-exponential random variable (see [72, Lemma 2.7.6]). Therefore, when
making a reduction from covariance estimation to a mean estimation problem as in Exam-
ple 5.3, we have to analyze the mean estimation problem in the sub-exponential regime.
We note that a similar sub-Gaussian construction appears in [47, Remark before Sec-
tion 2.1].2

2To make their construction work in the Gaussian case, we changed the definition of Q, so that
it becomes an %—quantile instead of an %—quantile claimed in [47].
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Example 5.4 (Optimality of n log(%)-term in sub-Gaussian covariance estimation). Let

Y =min{l, |g]*}1{|g|> < O} + |gI*1{|g|* = O},

where g is a standard Gaussian random variable and Q is such that P(|g|?> > Q) = %.
Consequently, we have P(|g| > /0) = %. It is easy to see that for 7 sufficiently small,
it holds that QO > 1. Let us now prove that Q;_5/2(Y) = 1. Indeed, since Pr(Y > 1) =
Pr(lg|>1) > % for small enough 7, then Q_,/2(Y) > 1. Itisclear thatif Q1_p/2(Y) > 1,
then Q1_y/2(Y) > Q, which contradicts P(|g|* > Q) = % < L. Thus, we have

e(Y.n) > ElY — Q1_p2(N)|{Y > 0152(Y)} = E(Y = DI{Y > 1}.
This leads to
EY —DI{Y > 1} =EY1{1<Y < Q}+EYL{Y > Q}—Pr(Y > 1)

=Pr(l <|g* < Q) +E|g]*L{|g|* = O} —Pr(lg|* = 1)
=E|g|*1{|g|* = 0} — Pr(lg|* = Q).

Using the standard computation (see [72, Exercise 2.1.4]), we obtain

2 0
E|g|®1{|g|* > = — ex (——)+Pr > .
gL = 0} = ——=v/Qexp(=7) +Prlle] = VO)
Therefore, since 7 = P(|g| > +/Q), and by the standard Gaussian integration [72, Propo-
sition 2.1.2], we have

- 2 Y On
o7z ——V0ew(-7) z OPrllgl = VO = £

Using the same Gaussian integration formula, we conclude that, in order to obtain
Pr(|g| > +/O) = I, we need to choose O ~ log(%). This implies that

On 1
=1 >l —).
g~ og(,,

We claim that the rate n log(%) is sharp. To do so, we compute the upper bound with
respect to n in Theorem 1.1. If the original random variable X is a sub-Gaussian, then
k(p)? ~ p for every p > 1 (see [72, Proposition 2.5.2]) and the upper bound scales

as ngﬁ’ —. We choose p ~ log(%) to optimize the fraction and obtain the claimed rate.

e(¥.n) =

Finally, we note that for the Gaussian case, it is possible to achieve a slightly improved
dependence on 7 by eliminating the logarithmic factor log(%) (as shown in the follow-up
work of Minasyan and the second-named author of this paper [54]), owing to the rotational
invariance property of the Gaussian distribution. As discussed in [54], the estimator needs
to be tailored to the Gaussian distribution and therefore it cannot be applied to the more
general setup considered in our Theorem 1.1.
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