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Torsion-free modules over commutative domains
of Krull dimension one

Román Álvarez, Dolors Herbera and Pavel Příhoda

Abstract. LetR be a domain of Krull dimension one. We study when the class F of
modules over R that are arbitrary direct sums of finitely generated torsion-free mod-
ules is closed under direct summands. If R is local, we show that F is closed under
direct summands if and only if any indecomposable, finitely generated, torsion-free
module has local endomorphism ring. If, in addition, R is noetherian, this is equival-
ent to saying that the normalization of R is a local ring. If R is an h-local domain
of Krull dimension 1 and FR is closed under direct summands, then the property
is inherited by the localizations of R at maximal ideals. Moreover, any localiza-
tion of R at a maximal ideal, except maybe one, satisfies that any finitely generated
ideal is 2-generated. The converse is true when the domain R is, in addition, integ-
rally closed, or noetherian semilocal, or noetherian with module-finite normalization.
Finally, over a commutative domain of finite character and with no restriction on the
Krull dimension, we show that the isomorphism classes of countably generated mod-
ules in F are determined by their genus.
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Introduction

Let R be a commutative domain, let ƒ be an R-algebra, and let Fƒ denote the class of
ƒ-modules that are direct sums of finitely generated ƒ-modules which are torsion-free
over R (we should write F if the ring is clear). The class Fƒ is closed under arbitrary dir-
ect sums, and we ask whether Fƒ is closed under direct summands. Whenƒ is noetherian,
this is equivalent to the question whether Fƒ coincides with the class of pure projective
ƒ-modules which are torsion-free over R.

If R is a semihereditary domain, then the modules in FR are projective modules. It is
well known that, in this case, all projective modules are direct sums of finitely generated
ideals of R. In particular, FR is the class of all projective modules, and then it is closed
under direct summands with no extra assumption on the Krull dimension of R.

The interest in these kinds of questions was awakened with the study of the so-called
generalized lattices. Let R be a Dedekind domain with field of fractions Q, and let ƒ be
an R-order in a separable Q-algebra (hence, ƒ is finitely generated and projective as R-
module). Classically, a right ƒ-module is a lattice if it is finitely generated and projective
as an R-module. Dropping the finitely generated condition from the definition of lattice,
we encounter the generalized ƒ-lattices. In this context, the class Fƒ coincides with the
(arbitrary) direct sums of ƒ-lattices. If ƒ is locally lattice-finite, the generalized lattices
are precisely the direct summands of modules in Fƒ. See Theorem 4 in [5] for the proof
in the lattice-finite case, and Corollary on p. 112 of [30] for its extension to the locally
lattice-finite case.

In Theorem 4 of [30], W. Rump proved that if generalizedƒ-lattices are direct sums of
lattices, then ƒ is locally lattice-finite. Moreover, he answered the question of when Fƒ
is closed under direct summands, finding that the answer depended on representation-
theoretical data of ƒ.

Příhoda, in the paper [28], translated the question toƒDR being a noetherian domain
of Krull dimension 1 with module-finite normalization. In the local case, he proved that FR
is closed under direct summands if and only if its normalization (which is assumed to be
finitely generated) is local. In the global case, and under the assumption that R is, in
addition, lattice-finite (i.e., there are only finitely many indecomposable finitely gener-
ated torsion-free R-modules up to an isomorphism) he characterized when FR is closed
under direct summands by certain ring-theoretical properties of R that will also appear in
Theorem B.

In the present paper, we consider the case ƒ D R being a commutative domain of
Krull dimension 1, and we also follow the strategy of studying first the case of a local
domain, and then extending to a suitable global situation. For the case of local domains,
we get quite a satisfactory characterization, that is summarized in the following theorem.

Theorem A. (Corollary 3.3, Corollary 3.9) Let R be a local domain of Krull dimen-
sion 1. The class F is closed under direct summands if and only if any finitely generated,
indecomposable, torsion-free module has local endomorphism ring. If R, in addition, is
noetherian, this is equivalent to having local integral closure.

Therefore, in this situation, any module M in F can be written as M D
L
i2I Ni ,

where each Ni is a finitely generated module with local endomorphism ring, and such
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decomposition is unique. In addition, any direct summand of M is isomorphic to a direct
sum of the modules ¹Niºi2I .

Our global setting will be that of h-local domains. Matlis introduced h-local domains
in the 60s in [22] as commutative domains satisfying that:
(i) they have finite character; that is, every non-zero ideal is contained only in finitely

many maximal ideals;
(ii) every non-zero prime ideal is contained only in one maximal ideal.

However, Jaffard appears to be the first author to give an equivalent definition of
h-local domains in [15], but under the name of domains of Dedekind type. For the story
and characterizations of h-local domains, the reader is referred to Fuchs and Salce’s mono-
graph (see Section 3 in Chapter IV of [8]) and to the paper by Olberding (see Theorem 2.1
in [25]).

A domain of Krull dimension 1 is h-local if and only if it has finite character, and
noetherian domains of Krull dimension 1 are always h-local (equivalently, always have
finite character).

If R is a domain such that FR is closed under direct summands then, in particular,
all projective modules are direct sums of finitely generated projective modules. Not so
much is known about projective modules over arbitrary domains. However, Hinohara [14]
proved that, over an h-local domain, an infinitely generated projective module, which is
not finitely generated, is always free.

The following theorem summarizes our results for this class of domains,

Theorem B. (Theorem 6.6, Corollary 7.3, Corollary 7.4, Proposition 9.6, Theorem 9.8)
Let R be an h-local domain of Krull dimension 1. If the class FR is closed under direct
summands, then R satisfies that

(1) FRm is closed under direct summands for any maximal ideal m of R;
(2) for any maximal ideal m of R, except maybe one, all finitely generated ideals of Rm

are at most two-generated;
(3) the integral closure R of R in its field of fractions satisfies that FR is closed under

direct summands.

Conversely, if R is an h-local domain of Krull dimension 1 satisfying .1/ and .2/,
then FR is closed under direct summands in the following situations:

(a) R is integrally closed, or

(b) R is semilocal noetherian, or

(c) R is noetherian and has module-finite normalization.

That the closure of F under direct summands implies conditions (1) and (2) was
already proven by Příhoda for noetherian domains of Krull dimension 1 with module-
finite normalization [28]. The fact that a condition like .2/ still holds in the generality we
are working has been an interesting surprise, and its proof is one of the more involved in
the paper.

A good description for torsion-free modules over a local ring with the 2-generated
property for finitely generated ideals is only available in the noetherian case: if R has
module-finite integral closure, then it is a Bass domain, and the theory goes back to Bass’
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fundamental paper [3]. The general case of noetherian domains with two-generated ideals
remained open for a long time and was finally settled by Rush in [31]. In both cases, it
is proven that finitely generated torsion-free modules are isomorphic to a direct sum of
(finitely generated) ideals. As far as we know, it is an open question whether such a result
could still hold outside the noetherian case.

We also study the isomorphism classes of modules in F . For finitely generated mod-
ules, the isomorphism class of a module M is usually determined by its genus and some
extra information on the class group. This is the case, for example, of Bass domains as it
was shown in Theorem 4.2 of [20] and for general noetherian domains with 2-generated
ideals [31]. For countable direct sums in F we show that the genus is enough to determ-
ine the isomorphism class. Now we state the precise result we prove, notice that it is for
finitely generated R-algebras and that there is no assumption on the Krull dimension of
the domain R.

Theorem C. (Theorem 8.4) Let R be a commutative domain of finite character with field
of fractionsQ. Letƒ be a module-finite R-algebra such thatƒ˝RQ is a simple artinian
ring. LetM D

L
i2N0

Ai andN D
L
i2N0

Bi be direct sums of non-zero finitely generated
rightƒ-modules which are torsion-free asR-modules. If M andN are in the same genus,
then there are decompositions

M D
L
i2N0

Mi and N D
L
i2N0

Ni

such that both Mi and Ni are finitely generated, and Mi Š Ni for every i 2N0. In par-
ticular, M and N are isomorphic.

Theorem C extends a result proven by Rump in [30] for ƒ an order in a separable
algebra over a Dedekind domain R.

Now we briefly describe the content of the different sections of the paper, taking the
chance to highlight some of the main ideas.

To work in a problem like the closure of F under direct summands, we need some
method to construct interesting and possibly infinitely generated direct summands. This
is the main topic of Section 1, in which we exploit that projective modules can be lifted
modulo the trace ideal of a projective module (cf. Theorem 1.9). This machinery for pro-
jective modules was developed in the noetherian setting in [26], extended to general rings
in [11] and the connection with the study of the category Add.M/, of direct summands
of direct sums of copies of a finitely generated module M , was developed in [12] (cf.
Theorem 1.11).

Section 2 is quite technical, but essential for the rest of the paper. In it, we survey
the results needed on finitely generated (torsion-free) and/or finite rank modules over a
domain R, as well as properties of their endomorphism rings. Given a domain R we also
need to treat the case of finitely generated modules over anR-algebraƒ that is torsion-free
as R-modules. We also introduce the concepts of domain of finite character and of h-local
domain, developing the first basic properties of endomorphism rings of finitely generated
modules over these classes of rings.

In Section 3, we characterize local domains of Krull dimension 1 satisfying that F is
closed under direct summands. The results in this section prove Theorem A.
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In Section 4, we develop tools to relate the property of being locally a direct summand
with being a direct summand in the setting of finitely generated torsion-free modules. IfR
is a domain of finite character, and N and M are finitely generated torsion-free modules
such thatN ˝RQ is a direct summand ofM ˝RQ, thenNm is a direct summand ofMm

for almost all maximal ideals m of R. This means that we only have a finite number of
“problematic maximal ideals”. In the remainder of the section, we prove several results
on how to proceed for these problematic maximal ideals. Analogous results were proven
in the one-dimensional noetherian setting in [10], and were inspired by the representation
theory of orders.

In Section 5, we study finitely generated modules over an algebra ƒ over an h-local
domainR. We prove the results that will serve as a bridge between the local and the global
case. A key observation is the following: if M and N are finitely generated ƒ-modules
that are torsion-free as R-modules and satisfy M ˝RQ Š N ˝RQ, where Q is the field
of fractions ofR, then the localizations ofM andN at maximal ideals ofR are isomorphic
for almost all maximal ideals of R.

Then the problem is, given ¹X.m/ j m 2 mSpecRº a family of right ƒm-modules,
when there is a right ƒ-module N such that Nm Š X.m/ for every maximal ideal m
of R. This question was already studied by Levy and Odenthal in [19] for R being a
noetherian domain of Krull dimension 1, and the answer is that mild compatible condi-
tions between the localizations are enough to warrant the existence of N . Here we give
a generalized version of Levy–Odenthal’s package deal theorem for localizations over h-
local domains (cf. Theorem 5.7), and give another one for localizations of trace ideals of
countably generated projective ƒ-modules (cf. Theorem 5.13).

The case ƒ D R is particularly neat. The localization at a maximal ideal of a finitely
generated torsion-free module is free for almost all maximal ideals (cf. Corollary 5.3).
Conversely, a family ¹X.m/ j m2mSpecRº of Rm-modules can be glued together in a
finitely generated torsion-free R-module N provided all the modules Xm have the same
rank and they are free for almost all maximal ideals m (cf. Corollary 5.8).

In Section 6, we exploit the theory developed in the previous sections, proving the first
part of Theorem B. An important intermediate result is Theorem 6.2, which shows that
if FR is closed under direct summands, then finitely generated indecomposable torsion-
free modules over different localizations at maximal ideals must have coprime rank. This
type of result was first spotted by Příhoda in [28], and our proof follows the same strategy
as the original result.

In Section 7, the remaining part of the characterization of integrally closed domains
with F closed under direct summands, contained in Theorem B, is proven.

In Section 8, we give the proof of Theorem C. This section also includes examples
showing that over a semilocal domain, being a direct summand of an infinite direct sum
of finitely generated torsion-free modules could be satisfied locally but not globally. This
contrasts with the case of finitely generated modules, cf. Corollary 4.5.

The noetherian part of Theorem B is proven in Section 9. We stress that Theorem 9.8
gives the converse of one of the main results in [28].

We close the paper in Section 10, with a family of examples of h-local domains of
Krull dimension 1 satisfying Theorem B. These examples are of the formRDKC xLŒx�,
where K � L is a field extension. If such an extension is finitely generated, then R is
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noetherian. If the extension is transcendental, then R is integrally closed in its field of
fractions (and it is not a Prüfer domain!). Moreover, under mild restrictions over the
dimension of the field extension, R has indecomposable finitely generated torsion-free
modules of all ranks.

Throughout the paper, rings are associative with 1, and morphisms are unital. In each
section we try to be very precise about the setting we are working with. Our main topic is
(torsion-free) modules over commutative domains, so most of the timeR is a commutative
domain with field of fractions Q. We reserve ƒ to denote an algebra over a domain R.
If M is a ƒ-module (usually finitely generated and torsion-free as an R-module), we
denote by S its endomorphism ring.

1. Lifting direct summands modulo the stable category

Definition 1.1. Let R be a ring and letM be a right R-module. Then the trace ofM in R
is the two-sided ideal of R defined as

TrR.M/ D
X

f 2HomR.M;R/

f .M/:

To simplify the notation, we will just use Tr.M/ to denote the trace in R of the mod-
ule M when the ring R is clear. Our main interest will be in traces of projective modules.
Recall that the trace of a projective module is always an idempotent ideal.

The following fact will be used throughout the paper.

Remark 1.2. Let R be a ring and M a right R-module. Let L be a two-sided ideal of R.
Then I D ¹f 2 EndR.M/ j f .M/ �MLº is a two-sided ideal of EndR.M/.

In addition, the R-R bimodule structure of R gives a structure of left R-module to
HomR.M; R/ where r � !, for r 2R and ! 2HomR.M; R/, is defined as the module
homomorphism r � !WM ! R such that r � !.x/ D r!.x/ for any x 2M . This gives a
canonical morphism

' WM ˝R HomR.M;R/! EndR.M/

where, for m2M and ! 2HomR.M;R/, '.m˝ !/ is the endomorphism of M defined
by '.m˝ !/.x/ D m!.x/, for any x 2M . It is not difficult to show that

'.M ˝R HomR.M;R// D ¹f 2S j f factors through Rn for some n � 1º:

Throughout the paper, we will use the notation

'.M ˝R HomR.M;R// DM HomR.M;R/:

Lemma 1.3. Let R be a ring. Let M be a right R-module with endomorphism ring S D
EndR.M/. Let I D TrR.M/, and J D ¹f 2S j f .M/�MI º (which is a two-sided ideal
of S by Remark 1.2). Then M HomR.M;R/ � J .

Proof. In the notation of Remark 1.2, and because of the definition of ', it follows that
'.m˝ !/.M/ �MI . So that, also '.

Pn
iD1mi ˝ !i /.M/ �MI for mi 2M and !i 2

HomR.M;R/.
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Lemma 1.4. Let R be a ring and let P be a right R-module. Then, for any two-sided
ideal I of R,

(i) .TrR.P /C I /=I � TrR=I .P=PI/;
(ii) if, in addition, P is projective, then TrR=I .P=PI/ D .TrR.P /C I /=I .

Proof. (i) Let x 2TrR.P /. Then there exist f1; : : : ;fn 2HomR.P;R/ and p1; : : : ;pn 2P
such that x D

Pn
iD1 fi .pi /. Then, for each i D 1; : : : ; n, there is an induced homo-

morphism f i WP=PI ! R=I given by f i .p C PI/ D f .p/C I . Since f i .P=PI/ �
TrR=I .P=PI/, in particular, fi .pi /C I 2 TrR=I .P=PI/. Since x D

Pn
iD1 fi .pi /, it fol-

lows that x C I 2 TrR=I .P=PI/.
Statement (ii) follows from the lifting property of projective modules, since every

R=I -module homomorphism f W P=PI ! R=I lifts to an R-module homomorphism
f WP ! R.

Remark 1.5. In this section, we will make repeated use of the so-called Eilenberg trick,
which implies, for example, that if P is a countably generated projective module and X is
a direct summand of P , then P .!/ ˚X Š P .!/.

We recall the definition of the class of modules generated by a projective module.

Definition 1.6. Let R be a ring. LetM be a right R-module. We define the class Gen.M/

of modules generated byM as the class of rightR-modules that are a homomorphic image
of a direct sum of copies of M .

For further quoting, we recall the following characterization of the class Gen.P /,
when P is a projective module.

Lemma 1.7 (Lemma 2.10 in [12]). Let R be a ring, and let P be a projective right
R-module with trace ideal I . Then Gen.P / coincides with the class of rightR-modulesM
such that MI DM .

For further use, we note the following property of direct sums of finitely generated
modules.

Lemma 1.8. Let R be a ring, and assume there is a direct sum decomposition of right R-
modules M 0 ˚M D X ˚ Y , with M finitely generated and X , Y direct sums of finitely
generated modules. Then there exist A and B , direct summands of X and Y , respectively,
such that M ˚Z D A˚ B , with Z a finitely generated direct summand of M 0.

Proof. SinceM is finitely generated, by the hypothesis,M �A˚B , withA andB being
finitely generated direct summands of X and Y , respectively. Therefore, by the modular
law, A˚ B DM ˚Z, where Z DM 0 \ .A˚ B/.

Theorem 1.9. Let R be a ring, and let I be an ideal of R that is the trace of a countably
generated projective right R-module Q.

(i) (Theorem 3.1 in [11]) Let P 0 be a countably generated projective right module
over R=I . Then there exists a countably generated projective right R-module P
such that P=PI Š P 0.
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(ii) Let P1 and P2 be countably generated projective modules such that P1=P1I Š
P2=P2I . Then Q.!/ ˚ P1 Š Q

.!/ ˚ P2.

(iii) LetQ0 be a countably generated projectiveR-module such that TrR.Q0/D I . Then
Q.!/ Š .Q0/.!/.

Proof. Statement (ii) follows from the proof of Lemma 2.5 in [26]. We give a self-
contained proof for the reader’s convenience. For each i D 1; 2, let �i W Pi ! Pi=PiI

denote the canonical projection. Let f W P1=P1I ! P2=P2I be an isomorphism. Then
there exists g1WP1 ! P2 such that the diagram

P1

P2 P2=P2I

g1
f ı�1

�2

is commutative. Hence, P2 D g1.P1/C P2I .
Since I is the trace ideal of the countably generated projective module Q, it is idem-

potent and, by Lemma 1.7, there exists an onto module homomorphism g2WQ
.�/ !

P2I , where � is an infinite cardinal. Let hWQ.�/ ˚ P1 ! P2=P2I be the module homo-
morphism defined by h.q; p/ D f ı �1.p/ for any .q; p/ 2 Q.�/ ˚ P1. Then there is a
commutative diagram

Q.�/ ˚ P1

P2 P2=P2I;

g
h

�2

where g is the onto module homomorphism defined by g.q; p/ D g2.q/ C g1.p/ for
any .q; p/ 2 Q.�/ ˚ P1. Since P2 is countably generated, there exists C � � countably
infinite such that P2 D g.Q.C/ ˚ P1/. Let g0WQ.C/ ˚ P1! P2 be the restriction of g to
Q.C/ ˚ P1. Since P2 is projective, Q.C/ ˚ P1 D P

0
2 ˚ Ker g0 where P 02 is a submodule

of Q.C/ ˚ P1 isomorphic to P2.
As Kerg0 � Kerh D Q.�/ ˚ P1I , we deduce that

Q.C/
˚ P1I D Kerg0 ˚ .P 02 \ .Q

.C/
˚ P1I //:

By Lemma 1.7, P1I 2Gen.Q/. Hence, the countably generated module Kerg0 is a homo-
morphic image of Q.!/. Since it is also projective, it is a direct summand of Q.!/. By the
Eilenberg trick (cf. Remark 1.5), Q.!/ ˚ Kerg0 Š Q.!/. Therefore,

Q.!/
˚ P1 Š Q

.!/
˚ P2 ˚ Kerg0 Š Q.!/

˚ P2;

as we wanted to prove.
Statement (iii) is a consequence of (ii). Taking P1 D Q.!/ and P2 D .Q0/.!/, we

deduce from (ii) that

Q.!/
Š Q.!/

˚Q.!/
Š Q.!/

˚ .Q0/.!/:
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Exchanging the roles of Q and Q0, we deduce from (ii) that .Q0/.!/ Š .Q0/.!/ ˚Q.!/,
which yields the claimed isomorphism.

As a corollary of Theorem 1.9, we show that direct sums of projective modules can be
lifted modulo a trace ideal. This result is implicit in [12].

Corollary 1.10. Let R be a ring, and let P be a countably generated projective right
R-module. Let I be the trace of a countably generated projective right R-module Q.
Assume that P=PI D X 0 ˚ Y 0. Then there exist countably generated projective right
R-modules X and Y such that Q.!/ ˚ P Š X ˚ Y and X=XI Š X 0, Y=YI Š Y 0 as
R=I -modules.

If, in addition, P is finitely generated, and X and Y are direct sums of finitely gen-
erated modules, then there exist A and B , isomorphic to direct summands of X and Y ,
respectively, such that P ˚ Z D A ˚ B , with Z a finitely generated direct summand
of Q.!/, and satisfying that A=AI Š X 0, B=BI Š Y 0.

Proof. By Theorem 1.9, there exist countably generated projective right R-modules X1
and Y1 such that X1=X1I Š X 0, Y1=Y1I Š Y 0. Hence, P=PI Š X1=X1I ˚ Y1=Y1I .

Set X D Q.!/ ˚X1 and Y D Q.!/ ˚ Y1. By Theorem 1.9, Q.!/ ˚ P Š X ˚ Y .
To prove the final part of the statement, assume for simplicity thatQ.!/˚P DX ˚Y .

Notice that the existence of A, B and Z follows from Lemma 1.8. Therefore, there are
direct sum decompositions X D A˚ A0 and Y D B ˚ B 0. Now

Q.!/
˚ P D A˚ A0 ˚ B ˚ B 0 D P ˚ .Z ˚ A0 ˚ B 0/;

so that the canonical projection � WQ.!/ ˚ P ! Z ˚ A0 ˚ B 0 induces an isomorphism
Q.!/ ! Z ˚ A0 ˚ B 0. Therefore Z, A0 and B 0 are modules in Gen.Q/. By Lemma 1.7,
we deduce thatX 0ŠX=XI ŠA=AI and Y 0Š Y=YI ŠB=BI . This concludes the proof
of the statement.

Proposition 1.11 (Theorem 4.7 in [6]). Let R be a ring. Let M be a right R-module. Let
S D EndR.M/. Then the functor HomR.M;�/ induces a category equivalence between
add.M/ and the category of finitely generated projective right S -modules. The inverse of
this equivalence is given by the functor �˝S M .

Assume, in addition, that MR is finitely generated. Then the functor HomR.M;�/

induces a category equivalence between Add.M/ and the category of projective right
S -modules.

Lemma 1.12 (Theorem 2.11(i) in [12]). Let R be a ring. Let M be a finitely gener-
ated right R-module. Let S D EndR.M/.. Let X be an object of Add.M/, and let PS D
HomR.M;X/. Set I D TrS .P /. Then,

(i) I D ¹f 2 S j f factors through Xn for some n 2 Nº; that is,

I D HomR.X;M/HomR.M;X/:

(ii) For any Y 2Add.M/,

HomR.M; Y /I D ¹f 2 HomR.M; Y / j f factors through Xn for some n2Nº:
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Remark 1.13. Let M and M 0 be two right modules over a ring R, and with endomorph-
ism rings S and S 0, respectively. Let

T WD EndR.M 0 ˚M/ D

�
S 0 HomR.M;M

0/

HomR.M
0;M/ S

�
:

Consider the finitely generated projective right T -module

P D

�
1 0

0 0

�
T Š HomR.M

0
˚M;M 0/:

Its trace ideal is

I D T

�
1 0

0 0

�
T D

�
S 0 HomR.M;M

0/

HomR.M
0;M/ HomR.M

0;M/HomR.M;M
0/

�
:

Then T=I Š S=HomR.M
0;M/HomR.M;M

0/.
We will use the case M 0 D R, so that T=I Š S=M HomR.M; R/. That is, it is the

endomorphism ring of MR in the stable category.

Corollary 1.14. Let R be a ring. Let M be a finitely generated right R-module with
endomorphism ring S . Let

I D ¹f 2S j f factors through Rn for some n 2 Nº DM HomR.M;R/:

Let e be an idempotent of S=I . Then there is a direct sum decomposition R.!/ ˚M D
X ˚ Y , such that

HomR.M;X/=HomR.M;X/I Š e.S=I /

and
HomR.M; Y /=HomR.M; Y /I Š .1 � e/.S=I /:

If, in addition, X and Y are direct sums of finitely generated modules, then there
exist A and B , direct summands of X and Y , respectively, such that M ˚ P D A˚ B
with P a finitely generated projective right R-module and satisfying that

HomR.M;A/=HomR.M;A/I Š e.S=I /

and
HomR.M;B/=HomR.M;B/I Š .1 � e/.S=I /:

Proof. Let T D EndR.R˚M/. Considering Remark 1.13, S=I Š T=J with J the trace
ideal of the projective right T -module Q D HomR.R˚M;R/.

By Corollary 1.10, there is a direct sum decomposition Q.!/ ˚ Hom.R˚M;M/ D

X 0 ˚ Y 0 with X 0=X 0J Š e.S=I / and Y 0=Y 0J Š .1 � e/.S=I /.
Set X D X 0 ˝T .R˚M/ and Y D Y 0 ˝T .R˚M/. By Proposition 1.11, we have

that R.!/ ˚M Š X ˚ Y , R.!/ ˚ X Š X , R.!/ ˚ Y Š Y , and X and Y are uniquely
determined up to isomomorphism.

The final part of the statement follows from Lemma 1.8 and Proposition 1.11.
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Lemma 1.15. Let R be a ring. Let M be a right R-module with semiperfect endo-
morphism ring. If X is a right R-module such that M ˚ X D Y1 ˚ Y2 for suitable
right R-modules Y1 and Y2, then for i D 1; 2, Yi Š Ni ˚ Y

0
i , where N1 ˚ N2 Š M

and Y 01 ˚ Y
0
2 Š X .

Proof. This is an easy consequence of the fact that modules with a semiperfect endo-
morphism ring are a finite direct sum of modules with local endomorphism ring, and that
modules with local endomorphism ring satisfy the exchange property (cf. Lemma 2.7 and
Theorem 2.8 in [6]). Namely, ifM ˚X D Y1˚ Y2, andM has local endomorphism ring,
then we may assume thatM is isomorphic to a direct summand of Y1 so that Y1ŠM ˚ Y 01
and, moreover, X Š Y 01 ˚ Y2. Now if M D M1 ˚ � � � ˚Mn, with each Mi having local
endomorphism ring, the statement follows by induction on n.

Lemma 1.16. Let R be a semiperfect ring. Let M be a right R-module. Then TrR.M/ �

J.R/ if and only if M has no non-zero projective direct summands.

Proof. Assume that TrR.M/ 6� J.R/. Hence, there exists f WM ! R and e2 D e 2 R,
with eR=eJ.R/ simple, such that ef .M/ ¤ eJ.R/. Therefore eR D ef .M/ C eJ.R/.
By Nakayama’s lemma, eR D ef .M/, so eR is a projective direct summand of M .

The converse statement is clear because the trace of a non-zero projective module is
never contained in J.R/.

Lemma 1.17. Let R be a semiperfect ring. Then:

(i) If M is a finitely generated module, M D P ˚M 0, with P a finitely generated
projective module andM 0 with no non-zero projective direct summands. In addition,
this decomposition is unique up to isomorphism.

(ii) If M1 and M2 are R-modules with no non-zero projective direct summand, then
M1 ˚M2 has the same property.

Proof. Statement (i) is Theorem 3.15 in [6].
To prove statement (ii), notice that if P is an indecomposable projective R-module,

then its endomorphism ring is local because R is semiperfect. Therefore, if such P is a
direct summand of M1 ˚M2, then it is a direct summand either of M1 or of M2, which
is not possible by our assumptions.

Proposition 1.18. Let R be a semiperfect ring, and let M be a finitely generated right
R-module with endomorphism ring S . Set J DM HomR.M;R/. If every direct summand
of R.!/ ˚M is a direct sum of finitely generated modules, then the following statements
hold:

(i) Let e 2 S=J be an idempotent. Then there exists f 2 D f 2S such that .f CJ /S=J
Š eS=J and .1 � f C J /S=J Š .1 � e/S=J .

(ii) If M is indecomposable, then so is the right S -module S=J .

(iii) Every direct summand of R.!/ ˚M is of the form P ˚ X , where X is a direct
summand of M and P is a direct summand of R.!/ (that is, a countably generated
projective module).
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Proof. (i) We consider the setting of Remark 1.13 withM 0 DM , and follow the notation
on that remark.

By Corollary 1.14, there is a decomposition P ˚M D A˚ B with P finitely gener-
ated projective and A and B finitely generated such that

HomR.M;A/=HomR.M;A/J Š e.S=J /

and
HomR.M;B/=HomR.M;B/J Š .1 � e/.S=J /:

By Lemma 1.15,ADA1˚A2 andB DB1˚B2, withM ŠA1˚B1 andA2 andB2
projective R-modules. Therefore, HomR.M;A1/ Š fS and HomR.M;B1/ Š .1 � f /S

for f 2 D f 2S .
By Lemma 1.12,

e.S=J / Š HomR.M;A/=HomR.M;A/J

Š HomR.M;A1/=HomR.M;A1/J Š .f C J /S=J:

Similarly, .1 � e/S=J Š .1 � f C J /S=J .
Statement (ii) is a consequence of (i).
(iii) Since R is semiperfect, M D P ˚M 0, where P is finitely generated projective

and M 0 has no non-zero projective direct summands (cf. Lemma 1.17). Since R.!/ ˚ P
Š R.!/, to prove our statement, we may assume thatM DM 0 has no non-zero projective
direct summands.

Let N be a finitely generated direct summand of R.!/ ˚M . Then, there exists n � 0
such that N is a direct summand of Rn ˚M . By Lemma 1.15, we can deduce that N is
of the required form.

Assume now thatN is a direct summand ofR.!/˚M that is not finitely generated. By
hypothesis,N D

L
i2ANi , whereNi are finitely generated modules. By the previous step,

for each i 2A,Ni D Pi ˚Mi , with Pi finitely generated projective andMi isomorphic to
a direct summand ofM . Notice that eachMi has no non-zero projective direct summands,
by our assumptions.

Since the ring R is semiperfect, then M=MJ.R/ is a semisimple module of length `.
Then the maximal number of non-zero direct summands in a direct sum decomposition
of M is `. We claim that this implies that only ` of the direct summands Mi are different
from zero.

Indeed, take i1; : : : ; i`C1 to be ` C 1 different elements of the index set A. Then
N 0 D

L`C1
jD1Mij is a direct summand of R.!/ ˚M . By Lemma 1.17, N 0 has no non-

zero projective direct summands. By the first step, N 0 is a direct summand of M . Hence,
there is some Mij D ¹0º.

Since only finitely manyMi ’s are different from zero, as before, we can deduce that its
direct sum is a direct summand of M . Since

L
i2A Pi is a countably generated projective

module, it is a direct summand of R.!/. This finishes the proof of the claim.

Now we want to interpret these results in terms of lifting of idempotents modulo an
ideal. The following fact characterizing when two idempotents are conjugated by a unit
will be useful.
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Lemma 1.19 (Exercise 21.15 in [17]). Let S be a ring, and let e and g be idempotents
of S . Then there exists a unit u 2 S such that ueu�1 D g if and only if eS Š gS and
.1 � e/S Š .1 � g/S .

Lemma 1.20. Let S be a ring, and let J be an ideal of S contained in J.S/. Let e D e2 2
S=J . Assume that SS ŠX1˚X2 andX1=X1J Š e.S=J / andX2=X2J Š .1� e/.S=J /.

Then there exists f 2D f 2S such that f C J D e and fS ŠX1 and .1� f /S ŠX2.

Proof. Let g2 D g 2 S be such that there exist two isomorphisms f1W gS ! X1 and
f2W .1 � g/S ! X2. Then the restriction of f1 and f2 give isomorphisms gJ Š X1J and
.1 � g/J Š X2J , so that

.g C J /S=J Š gS=gJ Š X1=X1J;

.1 � g C J /S=J Š .1 � g/S=.1 � g/J Š X2=X2J:

By Lemma 1.19, there exists v a unit of S=J such that v.g C J /v�1 D e. Since J is
contained in J.S/, any u 2 S such that u C J D v is also a unit of S . Pick such an
invertible element u, and set f D ugu�1. Then f is an idempotent element of S with
f C J D v.gC J /v�1D e. Moreover, as f is conjugated of g, we can apply Lemma 1.19
to deduce that fS Š X1 and .1 � f /S Š X2.

Corollary 1.21. LetR be a semiperfect ring. LetM be a finitely generated rightR-module
with endomorphism ring S . Assume that onto endomorphisms of M are bijective and
that M has no non-zero projective direct summands. Then:

(i) S is semilocal and the ideal J DM HomR.M;R/ is contained in J.S/.

(ii) If the direct summands of R.!/ ˚M are direct sum of finitely generated modules,
then idempotents of S=J can be lifted to idempotents of S . If, in addition, J.S/=J
is a nil-ideal, then S is semiperfect.

Proof. (i) By hypothesis and Lemma 1.16, f 2 J implies that f .M/�MJ.R/, so f .M/

is superfluous inM . Then 1� f is onto, hence bijective. This implies that J � J.S/. The
ring S is semilocal becauseM=MJ.R/ is a semisimple module of finite length, so we can
apply the results in [13].

(ii) By Proposition 1.18, any direct summand of S=J can be lifted to a direct summand
of S . By (i), J � J.S/, and we deduce that idempotents can be lifted modulo J from
Lemma 1.20. If J.S/=J is nil, then idempotents of S=J.S/ can be lifted to S=J . Hence,
to S . Since, by (i), S is semilocal, we deduce that S is semiperfect.

2. The endomorphism ring of a finitely generated module

As implicit in Corollary 1.21, the condition that onto endomorphisms of a finitely gener-
ated module are bijective is going to play an important role in our study. In this section,
we recall some more or less well-known facts on when this happens, and some of the
consequences it has.

We start with some well-known facts about the endomorphism ring of a finitely gener-
ated module over a commutative ring. We will use them throughout the paper, sometimes
without previous acknowledgment.
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Lemma 2.1. Let R be a commutative ring. Let M be a finitely generated R-module with
endomorphism ring S . Then:

(i) (Vasconcelos, Proposition 1.2 in [32]) Any onto endomorphism of M is bijective.

(ii) The central ring extension R=annR.M/ ,! S is integral (that is, any element of S
satisfies a monic polynomial with coefficients in R=annR.M//.

(iii) LetL be a two-sided ideal of R containing annR.M/ and let I D ¹f 2S j f .M/�

MLº. If M can be generated by ` elements, then for every f 2 I , there exist

b1; : : : ; b` 2 L

such that f ` C f `�1b` C � � � C f b2 C b1 D 0, where bi , i D 1; : : : ; `, means the
class of the element bi in R=annR.M/ viewed inside S .

Proof. Statements (ii) and (iii) are applications of the determinant trick. To prove (ii), let
M D m1RC � � � Cm`R and let f 2S . Then there exists a matrix A2M`.R/ such that

.f Id` � A/

0B@m1:::
m`

1CA D 0:
Then we deduce that det.f Id` �A/mi D 0 for any i D 1; : : : ; `. Hence, det.f Id` � A/ 2
.R=annR.M//Œf � is zero. Hence, f is an integral element over R=annR.M/.

To prove (iii), just observe that the coefficients of the polynomial det.f Id` � A/ sat-
isfy the claimed properties if f 2 I .

Remark 2.2. Let R be a commutative ring, and letƒ be a (non-necessarily commutative)
module-finite R-algebra. Let M be a finitely generated right ƒ-module. Then the con-
clusions of Lemma 2.1 also hold for S D Endƒ.M/. Mƒ being finitely generated and ƒ
being module-finite implies thatMR is also finitely generated as an R-module. Moreover,
Endƒ.M/ is a subring of EndR.M/.

Goodearl in [9] characterized which rings satisfy that any onto endomorphism of a
finitely generated module is bijective. The following result follows easily from such char-
acterization, and it includes an extension of Lemma 2.1 and Remark 2.2.

Proposition 2.3. Let R be a commutative ring, and let ƒ be a (non-necessarily com-
mutative) module-finite R-algebra. Let M be a finitely generated right ƒ-module with
endomorphism ring S D Endƒ.M/. Then:

(i) Every finitely generated right S -module X satisfies that any onto endomorphism
of X is bijective.

(ii) If S is semilocal, then so is the endomorphism ring of any finitely generated right
(or left ) S -module. In particular, if ƒ is semilocal, then so is S .

(iii) I D ¹f 2 EndS .X/ j f .X/ � XJ.S/º is a two-sided ideal of EndS .X/ contained
in J.EndS .X//. In particular, ¹f 2S j f .M/ �MJ.ƒ/º is a two-sided ideal of S
contained in J.S/.
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Proof. (i) SinceMn.S/Š Endƒ.M n/ for any n � 1, we deduce from Lemma 2.1(ii) and
Remark 2.2 that the extension R=annR.M/!Mn.S/ is integral for any n � 1. Now, the
conclusion follows from Corollary 6 in [9].

(ii) The first part of the result is a particular case of Proposition 3.2 in [7]. Taking
M D ƒ gives the second part of the statement.

(iii) By Remark 1.2, I is a two-sided ideal of S , so it is enough to show that 1 � f is
bijective for every f 2 I .

Let f 2 I . Then S D f .X/C .1 � f /.X/ D XJ.S/C .1� f /.X/. By Nakayama’s
lemma, X D .1 � f /.X/. By (i), 1 � f is bijective.

Definition 2.4. A ring homomorphism f WR ! S is said to be local if, for any r 2R,
f .r/ is invertible in S if and only if r is invertible in R.

Lemma 2.5. Let R be a commutative ring. Let R � S be a central integral extension of
rings, where S is not necessarily commutative. Then:

(i) For any s 2 S , the inclusion RŒs� ,! S is a local ring homomorphism. Therefore
J.S/ \RŒs� � J.RŒs�/.

(ii) If R is a ring of Krull dimension 0, then J.S/ is a nil-ideal.

Proof. (i) Let s 2 S . To show that the inclusion RŒs� � S is a local homomorphism, we
need to prove that if x 2RŒs� is invertible in S , then the inverse is in RŒs�. This is a well-
known fact for integral extensions of commutative rings. We recall the argument to see
that it also works in our situation.

Since R � S is an integral extension, the element x�1 satisfies x�n � r1x�nC1 �
� � � � rn D 0 for suitable r1; : : : ; rn 2 R. Since x�1 is invertible, we may assume rn ¤ 0.
Therefore, multiplying by xn we obtain the equality 1 D .r1 C r2x C � � � C rnx

n�1/x.
Therefore, x�1 D r1 C r2x C � � � C rnxn�1 2 RŒs�.

The second part of the statement follows immediately from the first part.
(ii) Assume now that R has Krull dimension 0. Let s 2 J.S/. By (i), s 2 J.RŒs�/.

Since R � RŒs� is an integral extension of commutative rings, also RŒs� is a ring of Krull
dimension 0. Hence, J.RŒs�/ coincides with the nilradical of RŒs�. So we deduce that s is
nilpotent. This shows that J.S/ is a nil-ideal.

Lemma 2.6. Let R be a commutative ring, and let ƒ be a module-finite R-algebra. If M
is a finitely generated right ƒ-module, then Endƒ.M/J.R/ � J.Endƒ.M//.

Proof. Let f1; : : : ; fk 2 Endƒ.M/ and let r1; : : : ; rk 2 J.R/. Since MR is finitely gen-
erated, by Lemma 2.1, to show that 1 �

Pk
iD1 firi is invertible it suffices to show that

1 �
Pk
iD1 fi ri is an onto ƒ-endomorphism of M . To this aim, notice that

M D
�
1 �

kX
iD1

fi ri

�
.M/C

� kX
iD1

firi

�
.M/ D

�
1 �

kX
iD1

fi ri

�
.M/CMJ.R/:

Since MJ.R/ is a small R-submodule of M , we deduce that

M D
�
1 �

kX
iD1

fi ri

�
.M/:



R. Álvarez, D. Herbera and P. Příhoda 138

Lemma 2.7. LetR be a commutative ring, and letƒ be a module-finiteR-algebra. LetM
be a non-zero finitely generated rightƒ-module with endomorphism ring S D Endƒ.M/.
Let 'WR! S denote the canonical homomorphism. Let n be a two-sided maximal ideal
of S . Then:

(i) m D '�1.n/ is a maximal ideal of R.

(ii) I D ¹f 2S j f .M/ �Mmº is a two-sided ideal of S contained in n and satisfying
m D '�1.I /.

Proof. (i) By Lemma 2.1 and Remark 2.2, the morphism 'WR ! S induces a central
integral extension R=annR.M/! S . Then S=n is a simple ring and R='�1.n/! S=n
is also a central integral extension. The center of the simple ring S=n is always a field K
(the two-sided ideal generated by a non-zero element x in the center must be the total and,
being the element central, this ideal is just the set of multiples of x; this is to say that x is
invertible in S=n because x is central, so is its inverse). We deduce that R='�1.n/! K

is an integral extension of commutative rings. Hence,R='�1.n/ is a field (cf. Lemma 2.5)
and m D '�1.n/ is a maximal ideal of R.

(ii) By Remark 1.2, I is a two-sided ideal of S . Clearly, m� '�1.I /. Since annR.M/

is contained in the maximal ideal m of R and MR is finitely generated, Mm ¤ ¹0º. By
Nakayama’s lemma, M ¤ Mm, so we conclude that 1 … '�1.I /. Since m is a maximal
ideal contained in '�1.I /, we deduce that m D '�1.I /.

By Lemma 2.1(iii), .I C n/=n is a two-sided nil-ideal of S=n. Since S=n is simple,
we deduce that .I C n/=n is the zero ideal, so I � n, as claimed.

2.1. Finitely generated torsion-free modules

Let R be a domain with field of fractionsQ. An R-moduleM is torsion-free if the natural
map M ! MQ is injective, where MQ denotes the localization of an R-module M at
R n ¹0º. Sometimes we will also use the tensor product notation M ˝R Q.

It is well known that, over commutative rings, Hom and localization commute when
the first variable of the Hom is a finitely presented module. The following lemma shows
that this is true for finitely generated torsion-free modules. This result is crucial throughout
the paper. For a similar result (and proof), the reader can check Lemma 3.5 in Warfield’s
paper [33].

Lemma 2.8. Let R be a domain, and let ƒ be an R-algebra. Let † be a multiplicat-
ive subset of R. If M is a finitely generated right ƒ-module which is torsion-free as an
R-module, then the canonical injective homomorphism

' W Homƒ.M;N /˝R R† ! Homƒ˝RR†.M ˝R R†; N ˝R R†/

is an isomorphism for every ƒ-module N which is torsion-free as an R-module.

Proof. Note that the ƒ-modules that are torsion-free as R-modules can be seen as sub-
modules of its localization at †.

Let f 2 Homƒ˝RR†.M ˝R R†; N ˝R R†/. Let m1; : : : ; mn be a set of generat-
ors of M . Then, there exists r 2†, such that, for any i 2 ¹1; : : : ; nº, f .mi / D ni ˝

1
r
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for ni 2N . Therefore g D f r jM 2 Homƒ.M; N /, so that f D '.g ˝ 1
r
/. This shows

that ' is onto, as claimed in the statement.

Letƒ be an algebra over a commutative domainR. We say that a short exact sequence

(�) 0 L M N 0

of right ƒ-modules is locally split if it is split when we apply the functor Rm ˝R � for
any maximal ideal m ofR. Therefore, ifX is a leftƒ-module we obtain an exact sequence
of R-modules

0 K L˝ƒ X M ˝ƒ X N ˝ƒ X 0:

As .�/ is locally split, Rm ˝R K D 0 for any maximal ideal m of R. Therefore K D 0.
This proves that a locally split exact sequence of right ƒ-modules is pure.

Now we show that the finitely generatedƒ-modules that are torsion-free asR-modules
are projective with respect to the class of locally split exact sequences of rightƒ-modules
that are torsion-free as R-modules.

Lemma 2.9. Let R be a commutative domain, and let ƒ be an R-algebra. Let L, M , N
and X be right ƒ-modules which are torsion-free as R-modules. Assume that there is a
short exact sequence

(2.1) 0 L M N 0:
f g

Then:
(i) If Xƒ is finitely generated, and (2.1) is a locally split exact sequence, then the map

Homƒ.X; g/WHomƒ.X;M/! Homƒ.X; N / is onto. Equivalently, finitely gener-
ated torsion-free modules are projective with respect to the class of locally split exact
sequences of torsion-free modules.

(ii) If N is a direct summand of a direct sum of finitely generated ƒ-modules that are
torsion-free as R-modules, then the exact sequence (2.1) splits if and only if it is
locally split.

Proof. (i) If gmWMm ! Nm is a splitting epimorphism for every maximal ideal m of R.
Then, Homƒm.Xm;gm/WHomƒm.Xm;Mm/!Homƒm.Xm;Nm/ is onto for every max-
imal ideal m of R. By Lemma 2.8, we may identify Homƒm.Xm; gm/ with Rm ˝R

Homƒ.X; g/. Therefore, Rm ˝R Homƒ.X; g/ is onto for every maximal ideal m of R,
so Homƒ.X; g/ is onto, as desired.

(ii) As the class of modules that are projective with respect to the class of locally
split exact sequences is closed under direct sums and direct summands, we deduce the
statement (ii) from (i).

Corollary 2.10. Let R be a commutative domain, and let ƒ be an R-algebra. Let N be a
direct summand of a direct sum of finitely generated right ƒ-modules which are torsion-
free as R-modules. Then N is a projective ƒ-module if and only if Nm is a projective
ƒm-module for every maximal ideal m of R.
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Proof. Let f WF ! N be an epimorphism of ƒ-modules for some free ƒ-module F . By
Lemma 2.9(ii), f is a splitting epimorphism if and only if fm is a splitting epimorphism
for every maximal ideal m of R. This is equivalent to the statement.

The following easy lemma will be useful throughout the paper.

Lemma 2.11. Let R be a commutative domain, and let ƒ be an R-algebra. Let † be
a multiplicative subset of R. Let N be a right ƒ-module which is torsion-free as an
R-module. If M is a finitely generated ƒ-submodule of N†, then dM is isomorphic to a
ƒ-submodule of N for some d 2†.

Proof. Note that, sinceN is torsion-free as anR-module, it can be seen as aƒ-submodule
of N†.

Let m 2M and let ¹n1=s1; : : : ; nt=stº � N† be a finite set of ƒ-generators of M .
Then,

m D
n1

1

a1

s1
C � � � C

nt

1

at

st
2 N†

for some a1; : : : ; at 2 ƒ, and s1; : : : ; st 2 †. Multiplying by d D s1 � � � st 2 †,

dm D
n1a

0
1 C � � � C nt a

0
t

1
2 �.N /;

where �WN ! N† denotes the localization map. Therefore, dM � �.N / Š N .

Remark 2.12. We note that Lemmas 2.8 and 2.11 could be stated for general commutative
rings, provided that the multiplicative set † consists of non-zero divisors of R. In this
general context, we mean that a module M is torsion-free if md D 0, for m2M and d a
non-zero divisor of R, implies that m D 0.

LetR be a commutative domain, and letQ denote the field of fractions ofR. The rank
of an R-module M is the dimension of MQ as a Q-vector space.

Remark 2.13. Let R be a commutative domain with field of fractions Q. Let N be a
torsion-free R-module of rank n. Then N contains a free R-module of rank n. Note that,
since N is torsion-free of rank n, we can see N as an essential submodule of its injective
hull E.M/ Š Qn. On the other hand, Rn has the same injective hull Qn. Therefore, by
Lemma 2.11, since Rn is a finitely generated R-submodule of NQ D Qn, dRn � N for
some non-zero element d 2R.

Lemma 2.14. Let R be a commutative domain with field of fractionsQ. LetM and N be
non-zero torsion-freeR-modules of the same finite rank n. Let f WM !N be anR-module
homomorphism. Then:

(i) f is onto if and only if it is bijective;
(ii) f is injective if and only if Im f is an essential submodule of N .

Proof. Applying the functor �˝R Q to the exact sequence

0 Ker f M N 0;
f
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we get the exact sequence

0 Ker f ˝R Q M ˝R Q N ˝R Q 0;
f˝RIdQ

in which theQ-module homomorphism f ˝R IdQ is an isomorphism because it is an onto
morphism between Q-vector spaces of the same finite dimension. Therefore, Kerf˝RQ
D 0 and Kerf being torsion-free, it must be zero. Hence, f is bijective.

The statement (ii) is easy to prove.

Proposition 2.15. Let R be a commutative domain with field of fractions Q, and let ƒ
be a torsion-free R-algebra of finite rank. Let Mƒ be a non-zero finitely generated right
ƒ-module which is torsion-free as an R-module. Then:

(i) any onto endomorphism of M is bijective;
(ii) if J.R/ � J.ƒ/, then Endƒ.M/J.R/ � J.Endƒ.M//;
(iii) if ƒ is semilocal, then so is Endƒ.M/.

Proof. (i) Since M is a homomorphic image of a finite number of copies of ƒ, M is
a torsion-free R-module of finite rank. Since a ƒ-module homomorphism is also an
R-module homomorphism, the statement follows from Lemma 2.14(i).

(ii) Our hypothesis allows us to repeat the proof of Lemma 2.6 to conclude the state-
ment.

(iii) If ƒ is semilocal, then MJ.ƒ/ is a small submodule of M and M=MJ.ƒ/ is
semisimple artinian of finite length. By (i), any onto endomorphism ring ofM is bijective.
As an application of [13], we deduce that Endƒ.M/ is semilocal.

2.2. Domains of finite character and h-local domains

Definition 2.16. A commutative domain R is said to have finite character if any non-zero
element is contained only in a finite number of maximal ideals. A commutative domain
of finite character is said to be h-local if, in addition, any non-zero prime ideal of R is
contained in a unique maximal ideal.

The domainR has finite character ifR=I is a semilocal ring for every non-zero ideal I
of R. If R is h-local then it also satisfies that R=p is a local domain for every non-zero
prime ideal p of R.

If R is a domain of Krull dimension 1, then the notion of h-locality and being of finite
character coincide. They are equivalent to saying that, for every non-zero ideal I of R,
R=I is a semiperfect ring whose Jacobson radical is a nil ideal. Because R=I is a ring of
Krull dimension 0 with only a finite number of maximal ideals, J.R=I / coincides with
the nilradical of R=I .

Matlis introduced the notion of h-local domain in [22] as a generalization of local
domains and noetherian domains of Krull dimension 1. In the next result, we recall the
key property of h-local domains that we will use throughout the paper.

Lemma 2.17. A commutative domain R is h-local if and only if R=I is semiperfect for
every non-zero proper ideal I of R. In particular, if R is h-local, I is a non-zero proper
ideal of R, and ¹m1; : : : ;m`º is the finite set of maximal ideals of R containing I , then
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(i) I D I1 � � �I`, where Ii D Imi
\R, so I1; : : : ; I` are pairwise comaximal ideals of R

such that each Ii is contained in exactly one maximal ideal of R;
(ii) the canonical map R=I ! .R=I /m1 � � � � � .R=I /m`

, given by the localization at
each component, is an isomorphism, and .R=I /mi

D .R=Ii /mi
for i D 1; : : : ; `.

Proof. The first part is Theorem 4.9 in [4]. Statement (i) is proven in Lemma 5.1 of [24].
To prove (ii), notice that, by the Chinese remainder theorem, there is an isomorphism

' W R=I �! R=I1 � � � � �R=I`:

Since each Ii is contained only in the maximal ideal mi , we deduce that R=Ii is a local
ring and that R=Ii D .R=Ii /mi

. So that we have the isomorphisms claimed.

Lemma 2.18. Let R be a commutative domain with field of fractions Q. Let M be a
non-zero finitely generated torsion-free module with endomorphism ring S . Then:

(i) S is a torsion-freeR-module containingR, and S is integral overR. The restriction
of the embedding R � S gives an embedding J.R/ � J.S/.

(ii) For any f 2 S , there is some non-zero d 2R such that df 2M HomR.M; R/. In
particular, M HomR.M;R/ ¤ ¹0º.

(iii) SQ Š Mn.Q/, where n is the rank of M . So S is a subring of the simple artinian
algebra Mn.Q/.

(iv) For any non-zero two-sided ideal I of S , I \R ¤ ¹0º.

(v) Sm Š EndRm.Mm/ is a semilocal ring for all maximal ideals m of R.

If, in addition, R is h-local, then:
(vi) Let I be any non-zero two-sided ideal of S . Then S=I is a semilocal ring. More-

over, Im D Sm for almost all maximal ideals m of R. If R has Krull dimension 1,
then J.S=I / is a nilideal, so S=I is semiperfect.

(vii) If I is the trace ideal of a non-zero projective right S -module, then I is contained
only in a finite number of trace ideals of projective right S -modules.

Proof. Recall that, since R is commutative, there is a ring morphism 'WR ! S where,
for any r 2 S , '.r/ is the morphism given by multiplication of r . Since M is a faithful
R-module, ' is injective, and we may identify R as a subring of S . We will use this
identification throughout the proof.

(i) Let f 2 S be such that there is some non-zero r 2R with rf D 0. Equivalently,
rf .M/ D ¹0º so that f .M/ D ¹0º because M is torsion-free.

The extension R � S is integral because of Lemma 2.1. Repeating the arguments in
Lemma 2.6, we deduce that J.R/ � J.S/.

(ii) Since M is finitely generated and torsion-free, we can see M as an essential sub-
module of its injective hull E.M/ Š Qn for some n � 1. On the other hand, Rn has
the same injective hull Qn. Therefore, since M is finitely generated, by Lemma 2.11,
gM � Rn for some non-zero g 2R � S .

Now we proceed with the proof of the statement. The claim is clear for the zero endo-
morphism. Pick f 2S n ¹0º. Since Qn is an injective R-module, there exists

h 2 HomR.R
n;Qn/ ŠMn.Q/
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such that the diagram

M M Qn

Rn

g

f

h

commutes. Since Rn is finitely generated and M is essential in Qn, by Lemma 2.11,
dh.Rn/ � M for some non-zero d 2R, that is, dh 2 HomR.R

n; M/. Therefore, df D
.dh/ ı g 2M HomR.M;R/.

(iii) By Lemma 2.8, SQ Š EndQ.MQ/ Š Mn.Q/, where n is the rank of M . By (i),
S is torsion-free as an R-module, so the localization map S ! SQ is injective.

(iv) By (iii), we can identify S with a subring of its central localization at the non-
zero divisors of R which is the simple ring Mn.Q/. If I is a non-zero ideal of S , then
IQ D IMn.Q/ is a non-zero ideal of Mn.Q/. Therefore IMn.Q/ DMn.Q/. Therefore,
there is some f 2 I and some non-zero d 2R such that f=d D Idn. This implies that f
is the endomorphism of M given by multiplication by d . So f 2R \ I .

(v) By Lemma 2.8, Sm Š EndRm.Mm/. By Lemma 2.1, Sm is semilocal.
From now on, we are assuming that R is h-local.
(vi) Let I be a non-zero two-sided ideal of S . The inclusion 'WR ! S induces an

injective ring homomorphism R=.I \ R/ ! S=I . By (iv), I \ R ¤ ¹0º and, since R
is h-local there are only finitely many maximal ideals of R, say m1; : : : ;mt , containing
I \R. By Lemma 2.17, the canonical homomorphisms

R=.I \R/ �! .R=.I \R//m1 � � � � � .R=.I \R//mt

and
S=I �! .S=I /m1 � � � � � .S=I /mt

are isomorphisms. Therefore, we have a commutative diagram

R=.I \R/ S=I

�
R=.I \R/

�
m1
� � � � �

�
R=.I \R/

�
m`

�
S=I

�
m1
� � � � �

�
S=I

�
m`
:

Š Š

By (v), S=I is a finite product of semilocal rings, so it is a semilocal ring.
Since I \R is only contained in a finite number of maximal ideals of R, we have that

.I \ R/m D Rm for almost all maximal ideals m of R. Therefore, Im D Sm for almost
all maximal ideals m of R.

Assume now thatR has Krull dimension 1. AsR=.I \R/� S=I is an integral exten-
sion, and R=.I \ R/ is a ring of Krull dimension 0, Lemma 2.5 implies that J.S=I /
is a nil-ideal. As idempotents can be lifted modulo a nilideal we deduce that S=I is a
semiperfect ring.

The statement (vii) follows from (vi) because semilocal rings only have a finite number
of trace ideals of projective modules.
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3. Local domains of Krull dimension one

Now we are ready to start our study of direct summands of direct sums of torsion-free
modules. In this section, we will specialize to the case of local domains of Krull dimension
one. The next lemma points out the key properties of endomorphism rings of torsion-free
modules over such domains that we will need.

Lemma 3.1. Let R be a commutative local domain of Krull dimension 1, and with field
of fractions Q. Let M be a non-zero finitely generated torsion-free R-module with endo-
morphism ring S . If M does not contain a non-zero free direct summand, then:

(i) J DM HomR.M;R/ � J.S/ and J.S/=M HomR.M;R/ is a nil-ideal of S=J .

(ii) If every direct summand of R.!/ ˚M is a direct sum of finitely generated modules,
then S is semiperfect.

Proof. By Lemma 2.1, M satisfies that any onto endomorphism ring of M is bijective.
(i) By Corollary 1.21,

J DM HomR.M;R/ � J.S/:

The rest of the statement is included in Lemma 2.18.
(ii) Follows from (i) and Corollary 1.21.

Proposition 3.2. Let R be a commutative local domain of Krull dimension 1, and with
field of fractions Q. Let M be a finitely generated torsion-free R-module. The following
statements are equivalent:

(i) every module in Add.R˚M/ is a direct sum of finitely generated modules;
(ii) every direct summand of R.!/ ˚M is a direct sum of finitely generated modules;
(iii) EndR.M/ is semiperfect; and

(iv) every finitely generated indecomposable module in Add.R ˚M/ has local endo-
morphism ring.

Proof. (i)) (ii) is clear.
(ii)) (iii) Write M D F ˚M 0, with F finitely generated free and M 0 has no pro-

jective direct summands. By Lemma 3.1(ii), EndR.M 0/ is semiperfect. As R is local, so
is EndR.M/.

Statement (iii) is equivalent to saying that M D Y1 ˚ � � � ˚ Ym, where each Yi has
local endomorphism ring for i 2 ¹1; : : : ; nº (cf. Theorem 3.14 in [6]).

In general, over a commutative ring, direct summands of direct sums of finitely gen-
erated modules with local endomorphism rings are also direct sums of finitely generated
modules with local endomorphism rings, and such decomposition is unique (cf. Corol-
lary 2.55 in [6]). Therefore, every element in Add.R˚M/ is isomorphic to a direct sum
of copies of R; Y1; : : : ; Ym. This proves (i).

In particular, since every indecomposable in Add.R ˚M/ is isomorphic to one in
¹R; Y1; : : : ; Ymº, we deduce (iv).

Note that (iv) also implies that M is a direct sum of indecomposable modules with
local endomorphism rings, so this implies (iii).
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Corollary 3.3. Let R be a commutative local domain of Krull dimension 1, and with field
of fractions Q. The following statements are equivalent:

(i) the class of direct sums of finitely generated torsion-free R-modules is closed under
direct summands;

(ii) for any finitely generated torsion-free R-module M , every direct summand of R.!/

˚M is a direct sum of finitely generated modules;
(iii) for any finitely generated torsion-free R-module M , every module in Add.M/ is a

direct sum of finitely generated modules; and

(iv) every finitely generated, indecomposable, torsion-free R-module has local endo-
morphism ring.

In addition, the above equivalent conditions are fulfilled by any intermediate ring S
between R and its integral closure.

Proof. The equivalence of the four statements is an immediate consequence of Proposi-
tion 3.2.

To finish the proof of the statement, let S be a ring such that R � S � R. Notice that
if XS is a finitely generated torsion-free S -module then it has finite rank n. Identifying X
with a submodule of Qn,

EndS .X/ D ¹A2EndQ.Qn/ j AX � Xº D EndR.X/:

In particular, X is indecomposable as an S -module if and only if it is indecomposable as
an R-module.

If S is finitely generated over R, then also X is finitely generated over R, so by (iv),
XS is indecomposable if and only if EndS .X/ is local.

Assume S is not finitely generated over R, and fix x1; : : : ; xr a family of generators
ofXS . Then EndS .X/ is the directed union of EndT .

Pr
iD1 xiT /, where T varies between

all subrings of S that are finite extensions of S . If XS is indecomposable, then so is the
T -module

Pr
iD1 xiT . By the previous step, EndT .

Pr
iD1 xiT / is a local ring for any T .

Therefore, EndS .X/ is also a local ring.

We do not know of a characterization of local domains (of Krull dimension 1) such that
their indecomposable finitely generated torsion-free modules have local endomorphism
ring. If we restrict the condition to finitely generated, torsion-free, rank one modules, then
it is equivalent to having a local integral closure, as we show in the next result.

Proposition 3.4. Let R be a commutative local domain of Krull dimension 1, and with
field of fractions Q. The following statements are equivalent:
(i) the class of direct sums of finitely generated, rank-one, torsion-free R-modules is

closed under direct summands;
(ii) for any finitely generated, rank-one, torsion-free R-module M , every direct sum-

mand of R.!/ ˚M is a direct sum of finitely generated modules;
(iii) every finitely generated, rank-one, torsion-free module has local endomorphism

ring; and

(iv) the integral closure of R (into its field of fractions) is a local ring.
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Proof. The equivalence of (i), (ii) and (iii) follows from Proposition 3.2.
(iii)) (iv). By (iii), any finitely generated, integral extension of R inside Q is local.

Let S � Q be any integral extension of R inside Q. If S has two different maximal
ideals m1 and m2, then for any i D 1; 2, choose si 2 mi such that s1 C s2 D 1. Then
R � RŒs1; s2� is a finitely generated integral extension of R. By the first part of the proof,
RŒs1; s2� is a local ring, but its maximal ideal should contain s1 and s2, which contradicts
our assumptions. Therefore, S is a local ring.

(iv)) (iii) If M is a finitely generated, rank-one, torsion-free module, then its endo-
morphism ring S is a subring of Q, integral over S . Hence, it is contained in the integral
closureR ofR. Since S �R is integral andR is local, so is S (cf. Theorem 9.3 in [23]).

In the case of noetherian domains of Krull dimension 1 with finitely generated integral
closure, Příhoda in [28] proved that having local integral closure (so the integral closure
is a discrete valuation ring) already implies that all indecomposable finitely generated
torsion-free modules have local endomorphism ring.

The following criteria to ensure local endomorphism ring encodes Příhoda’s ideas in
Proposition 1 of [28]. It will allow us to prove that for any noetherian local domain of Krull
dimension 1 having local integral closure is equivalent to the fact that indecomposable,
finitely generated, torsion-free modules have local endomorphism ring.

Lemma 3.5. LetR be a commutative local domain of Krull dimension 1, and with field of
fractionsQ. LetMR be a finitely generated, indecomposable, torsion-free module. Assume
that:

(i) there exists a local over ring T of R, of Krull dimension 1, contained in Q, such
that MTT is a direct sum of T -modules with local endomorphism ring;

(ii) the conductor ideal c D ¹r 2R j rT � Rº is non-zero.

Then MR has local endomorphism ring.

Proof. SinceMTT is a (finite) direct sum of modules with local endomorphism ring, then
EndT .MT / is a semiperfect ring. Since c is a non-zero proper ideal of both the rings R
and T , it is contained in their corresponding maximal ideals. Since R and T have Krull
dimension 1, R=c and T=c are rings of Krull dimension zero.

Let S D EndR.M/ and J D ¹f 2S j f .M/ �M cº. By Proposition 2.3, J is a two-
sided ideal of S contained in J.S/. So it is enough to show that S=J is a local ring.

Since R � T � Q D E.R/, M can be identified with an essential submodule of Qn

for some n. Via this identification, S D ¹A 2Mn.Q/ j AM � M º and EndT .MT / D

¹A2Mn.Q/ j AMT �MT º, so that S is a subring of the semiperfect ring EndT .MTT /.
Moreover, J D ¹A2Mn.Q/ j AM �M cº D ¹A2Mn.Q/ j AMT �M cº, so it is also
a two-sided ideal of EndT .MTT / contained in its Jacobson radical.

By Lemma 2.1,R=.J \R/�S=J is an integral extension. As c� J \R,R=.J \R/
has Krull dimension 0, and by Lemma 2.5, we deduce that J.S/=J is a nil-ideal. So the
idempotents of the semisimple artinian ring S=J.S/ can be lifted to S=J . Let e 2 S be
such that eC J is an idempotent of S=J �EndT .MTT /=J . Since EndT .MTT / is a semi-
perfect ring, by Proposition 27.4 and Theorem 27.6 in [1], there exists an idempotent e0 2
EndT .MTT / such that e � e0 2 J . But then e0M � .e0 � e/M C eM �M cCM DM .
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Hence e0 2 S . Since M is indecomposable, e0 is a trivial idempotent. Therefore, e C J is
also a trivial idempotent of S=J and we deduce that S=J is a local ring.

Lemma 3.6. Let R be a commutative local domain of Krull dimension 1, and with local
integral closure. Let M be a finitely generated indecomposable torsion-free R-module.
Assume that there is a finitely generated integral extension T of R such that MTT is a
direct sum of T -modules with local endomorphism ring. Then MR has local endomorph-
ism ring.

Proof. Since the integral closure of R is local, so is T . Moreover, T is also a ring of Krull
dimension 1, and since TR is finitely generated, the conductor ideal cD ¹r 2R j rT � Rº
is different from zero. Therefore, the statement follows from Lemma 3.5.

Lemma 3.7. LetR be a commutative local domain of Krull dimension 1, and with field of
fractions Q. Assume that the integral closure R of R is a valuation domain. For any non-
zero finitely generated torsion-free module M , there exists a finite integral extension T
of R inside Q such that MT Š T ˚M 0 for a suitable T -module M 0.

Proof. Let n > 0 be the rank of M . We may assume that M is an essential submodule
of Qn that contains Rn as an (essential) submodule. Since R is a valuation domain, the
module MRR is free (see, for example, Corollary V.2.8 in [8]), so that TrR.MR/ D R.
Therefore, there exist f1; : : : ; f` 2 HomR.MR;R/ and m1; : : : ; m` 2 M such that 1 D
f1.m1/C � � � C f`.m`/.

Since Rn is a submodule of MR,

HomR.MR;R/ D ¹.s1; : : : ; sn/ 2 R
n
j .s1; : : : ; sn/M � Rº:

So that, for i D 1; : : : ; `, fi D .si1; : : : ; s
i
n/. Let T be the finite integral extension of R

generated by the elements

¹sij º iD1;:::;`
jD1;:::;n

and
[̀
iD1

fi .G/;

where G is a finite set of generators of M . By construction, TrT .MT / D T and then, by
Lemma 1.16 we deduce that there exists M 0 such that MT Š T ˚M 0.

Proposition 3.8. Let R be a commutative local domain of Krull dimension 1, and with
field of fractions Q. Assume that the integral closure R of R is a valuation domain.
Let MR be a finitely generated torsion-free module. Then M is a direct sum of modules
with local endomorphism ring.

Proof. We are going to prove the statement by induction on the rank n of M . If n D 1,
Lemma 3.7 implies that MT Š T . Then, since T must be also a local ring, we may con-
clude by Lemma 3.6. Now assume that n > 1 and that the statement is proven for modules
of smaller rank. By the previous claim, there exists a finite integral extension of T such
that MT Š T ˚M 0 for a suitable T -module M 0 of smaller rank. By the inductive hypo-
thesis, M 0 is a T -module that is a direct sum of modules with local endomorphism ring.
By Lemma 3.6, we conclude that M is a direct sum of modules with local endomorph-
ism ring.
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Corollary 3.9. Let R be a commutative local noetherian domain of Krull dimension 1,
and with field of fractions Q. Then the following statements are equivalent:

(i) every direct summand of a direct sum of finitely generated, torsion-free modules of
rank one is a direct sum of finitely generated modules;

(ii) for any finitely generated, torsion-free R-module M of rank one, every direct sum-
mand of R.!/ ˚M is a direct sum of finitely generated modules;

(iii) every finitely generated, torsion-free module of rank one has local endomorphism
ring;

(iv) the integral closure of R is local;
(v) every direct summand of a direct sum of finitely generated, torsion-free modules is

a direct sum of finitely generated modules;
(vi) for any finitely generated and torsion-free R-module M , every direct summand of

R.!/ ˚M is a direct sum of finitely generated modules;
(vii) every finitely generated, indecomposable, and torsion-free module has local endo-

morphism ring.

Proof. The first four statements are equivalent because of Proposition 3.4. Since R is
a commutative local noetherian ring of Krull dimension 1, its integral closure is a dis-
crete valuation ring. Hence, by Proposition 3.8, all finitely generated torsion-free modules
are direct sums of modules with local endomorphism rings. Now, the equivalence of the
remaining statements follows from Corollary 3.3. This finishes the proof of the equival-
ence of the statements.

The reader is referred to Lemma 8.6 for examples that satisfy the conclusion of Corol-
lary 3.9.

4. Local versus global direct summands

The following result, for finitely generated torsion-free modules over a domain R, gives
a general relation between the property of being locally a direct summand and being a
direct summand. Afterwards, we will see how the result can be refined when we assume,
in addition, that the domain is of finite character.

Proposition 4.1. Let R be a commutative domain, andƒ be an R-algebra. LetM and N
be finitely generated right ƒ-modules which are torsion-free as R-modules. If Mm is a
direct summand of Nm for every maximal ideal m of R, then there exists k > 0 such
that M is a direct summand of N k .

Proof. Let ¹m˛º˛2� denote the set of all maximal ideals ofR and fix ˛ 2�. SinceMm˛ is
a direct summand of Nm˛ , there areƒm˛ -module homomorphisms Qf˛WNm˛ !Mm˛ and
Qg˛WMm˛!Nm˛ such that Qf˛ ı Qg˛D IdMm˛

. By Lemma 2.8, there areƒ-homomorphisms
f˛WN !M and g˛WM ! N such that Qf˛ D f˛=s˛ , Qg˛ D g˛=s˛ and f˛ ı g˛ D s2˛ IdM
for some s˛ 2 R nm˛ .
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Note that, by the definition of the elements s˛ ,

I D
X
˛2�

s2˛R D R;

because no maximal ideal of R contains I . Therefore, there exist k > 0, ˛1; : : : ; ˛k 2 �
and r1; : : : ; rk 2 R such that 1 D

Pk
iD1 s

2
˛i
ri . Hence

kX
iD1

rif˛i ı g˛i D
� kX
iD1

s2˛i ri

�
IdM D IdM ;

and we conclude that M is a direct summand of N k .

The following lemma is an extension of Lemma 2.1 in [10] to the case of finitely
generated torsion-free modules over commutative domains of finite character.

Lemma 4.2. Let R be a commutative domain of finite character with field of fractionsQ.
Let ƒ be an R-algebra, and let M and N be right ƒ-modules which are torsion-free as
R-modules. Assume that there exists a homomorphism of ƒQ-modules F WMQ ! NQ.
If M is finitely generated, then:

(i) If F is a monomorphism (respectively, an epimorphism), then there is a ƒ-module
homomorphism f WM !N such that the induced homomorphism fmWMm!Nm is
a monomorphism (respectively, an epimorphism) for almost all maximal ideals m
of R.

Moreover, if N is also finitely generated, then:
(ii) If F is a splitting monomorphism (respectively, a splitting epimorphism), then there

is a ƒ-module homomorphism f WM ! N such that the induced homomorphism
fmWMm!Nm is a splitting monomorphism (respectively, a splitting epimorphism)
for almost all maximal ideals m of R.

(iii) If F is an isomorphism, then there is aƒ-module homomorphism f WM ! N such
that the induced homomorphism fmWMm ! Nm is an isomorphism for almost all
maximal ideals m of R.

Proof. (i) By Lemma 2.8, there is a ƒ-module homomorphism f WM ! N such that
F D f=s for some non-zero s 2R. Since R is of finite character, s is contained only in
finitely many maximal ideals of R. For any other maximal ideal m, s=1 is a unit in Rm.
Therefore, fm is a monomorphism (respectively, an epimorphism) for every maximal ideal
not containing s.

(ii) If F is a splitting monomorphism, then there is a ƒQ-module homomorphism
GWNQ ! MQ such that G ı F D IdMQ

. In particular, G is a splitting epimorphism. By
Lemma 2.8, there are ƒ-module homomorphisms f WM ! N and gWN ! M such that
F D f=s,GD g=s and g ı f D s2IdM for some non-zero s2R. For any maximal ideal m
not containing s, s=1 is a unit in Rm. Therefore, fm is a splitting monomorphism and gm

is a splitting epimorphism for every maximal ideal not containing s. The proof in the case
where F is a splitting epimorphism follows by changing the roles of F and G.

The proof of (iii) follows from (i) and (ii) since F is an isomorphism if and only if it
is a monomorphism and a splitting epimorphism.



R. Álvarez, D. Herbera and P. Příhoda 150

Corollary 4.3. Let R be a commutative domain of finite character with field of frac-
tions Q. Let ƒ be an R-algebra, and let N be a finitely generated right ƒ-module which
is torsion-free as an R-module. If NQ is projective, then Nm is projective for almost all
maximal ideals m of R.

Proof. Suppose NQ is projective and let Qf W FQ ! NQ be a splitting epimorphism for
some finitely generated free ƒ-module F . By Lemma 4.2, there is a ƒ-module homo-
morphism f WF ! N such that the induced homomorphism fmWFm ! Nm is a splitting
epimorphism for almost all maximal ideals m of R. Thus, Nm is projective for almost all
maximal ideals m of R.

Lemma 4.4. Let R be a commutative domain, and let ƒ be a module-finite R-algebra.
LetM andN be finitely generated rightƒ-modules which are torsion-free as R-modules.
If Nm is a direct summand of Mm for each m in some finite subset M � mSpecR, then
there is a ƒ-module homomorphism f WM ! N such that the induced homomorphism
fmWMm ! Nm is a splitting epimorphism for every m 2M.

Proof. Let M D ¹m1; : : : ;mkº and fix i 2 ¹1; : : : ; kº. Since Nmi
is a direct summand of

Mmi
, there areƒmi

-module homomorphisms Qfi WMmi
! Nmi

and Qgi WNmi
!Mmi

such
that Qfi ı Qgi D IdNmi

. By Lemma 2.8, there are ƒ-module homomorphisms fi WM ! N

and gi WN !M such that Qfi D fi=si , Qgi D gi=si and fi ı gi D s2i IdN for some si …mi .
Note that, for any r …mi , .rfi /mi

is a splitting epimorphism.
For any i 2 ¹1; : : : ; kº, because R D mi C

T
j¤i mj , 1 D si C ri with si 2mi and

ri 2
T
j¤i mj . Let f D

Pk
iD1 rifi . We claim that fmi

is a splitting epimorphism. Since
.rifi /mi

is a splitting epimorphism, there is a ƒmi
-module homomorphism hWNmi

!

Mmi
such that .rifi /mi

ı h D IdNmi
. Hence

fmi
ı h D IdNmi

C h0; where h0 2 Endƒmi
.Nmi

/miRmi
.

By Lemma 2.6, h0 2 J.Endƒmi
.Nmi

//. Therefore, fmi
ı h is invertible and fmi

is a
splitting epimorphism, as claimed.

Corollary 4.5. Let R be a commutative semilocal domain, and let ƒ be a module-finite
R-algebra. Let M and N be finitely generated right ƒ-modules which are torsion-free as
R-modules. Then:

(i) N is a direct summand of M if and only if Nm is a direct summand of Mm for all
maximal ideals m of R.

(ii) N is isomorphic to M if and only if Nm is isomorphic to Mm for all maximal
ideals m of R.

Proof. Statement (i) follows immediately from Lemma 4.4. To prove (ii), observe that
by (i), there exist K and K 0 finitely generated ƒ-modules such that M Š N ˚ K and
N Š M ˚K 0. Since N and M are torsion-free R-modules of the same rank, we deduce
that K D K 0 D 0.

The following is an extension of Lemma 6.1 in [10] to the case of torsion-free modules
over domains of finite character.



Torsion-free modules over commutative domains of Krull dimension one 151

Proposition 4.6. Let R be a commutative domain of finite character with field of frac-
tions Q. Let ƒ be a module-finite R-algebra, and let M , N and K be finitely generated
right ƒ-modules which are torsion-free as R-modules. Assume that:

(i) Mm is a direct summand of Nm for all maximal ideals m of R, and

(ii) MQ is a direct summand of KQ.

Then M is a direct summand of N ˚K.

Proof. It suffices to findƒ-module homomorphisms f WN !M , gWK!M such that, for
any m2mSpecR, either fm or gm is a splitting epimorphism. For then .f;g/WN˚K!M

is locally a splitting epimorphism and, by Lemma 2.9, is a splitting epimorphism.
By condition (ii), since MQ is a direct summand of KQ, there is a splitting epimorph-

ism QgWKQ !MQ. By Lemma 4.2, there is aƒ-module homomorphism gWK !M such
that the induced homomorphism gmWKm!Mm is a splitting epimorphism for almost all
maximal ideals m of R.

By condition (i), since Mm is a direct summand of Nm, there is a splitting epi-
morphism QfmWNm ! Mm for all maximal ideals m of R. Let M � mSpecR be the
finite set of maximal ideals such that gm is not a splitting epimorphism. By Lemma 4.4,
there is a ƒ-module homomorphism f WN ! M such that the induced homomorphism
fm W Nm ! Mm is a splitting epimorphism for every m 2M. This finishes the proof of
the proposition.

5. Package deal theorems for localizations over h-local domains

In this section, we will develop tools to deal with modules over an algebra ƒ over an
h-local domain R. A particular instance of this situation is when ƒ is the endomorphism
ring of a finitely generated, torsion-free,R-module (recall Lemma 2.18). We are interested
in knowing what modules over such endomorphism rings are.

In Subsection 5.1, we prove basic properties of the localization at maximal ideals ofR
of finitely generated modules over an algebra ƒ over a domain of finite character.

In Subsection 5.2, we enter the study of constructing ƒ-modules having prescribed
localization at the maximal ideals ofR, and proving the so-called Package Deal Theorems.
To do that, we extend the methods of Levy and Odenthal from algebras over noetherian
rings of Krull dimension 1 to algebras over h-local domains.

Finally, in Subsection 5.3, we prove a package deal theorem for traces of countably
generated projective modules. Trace ideals are not, in general, finitely generated but, as we
will see, satisfy enough finiteness conditions to be able to extend our methods to this case.

5.1. Finitely generated modules over domains of finite character

Lemma 5.1. Let R be a commutative domain of finite character with field of fractionsQ.
Let ƒ be an R-algebra, and let M be a finitely generated right ƒ-module, which is
torsion-free as an R-module. Let N be a ƒ-submodule of M such that MQ D NQ. Then
Mm D Nm for almost all maximal ideals m of R.

In particular, Nm is finitely generated asƒm-module for almost all maximal ideals m
of R.
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Proof. SinceM is torsion-free as anR-module, it can be seen as aƒ-submodule ofMQD

NQ. Therefore, M � NQ, and since M is finitely generated, by Lemma 2.11, dM � N
for some non-zero d 2R. Since R is of finite character and d is non-zero, d is contained
only in finitely many maximal ideals of R. For any other maximal ideal m, d=1 is a unit
in Rm, hence, Mm D Nm, and Nm is finitely generated.

Lemma 5.2. Let R be a commutative domain of finite character with field of fractionsQ.
Let Y be a submodule of a finitely generated torsion-free R-module M . Then, there
exist y1; : : : ; yr 2 Y such that Ym is a finitely generated free ƒm-module with basis
y1=1; : : : ; yr=1 for almost all maximal ideals m of R.

Proof. By Remark 2.13, we may assume that M � Rs for s D rankM , and then Y is a
submodule of Rs .

Let r D rank Y , and notice that r � s. Let y1; : : : ; yr 2 Y be such that they are
R-linearly independent (that is, they form a basis of YQ). Then, there is an embedding
f WRr ! Rs given by f .a1; : : : ; ar / D

Pr
iD1 yiai . Since fQ is a splitting monomorph-

ism, by Lemma 4.2, fm is a splitting monomorphism for almost all maximal ideals of R,
which implies that Zm D Imfm D

Pr
iD1

yi
1
Rm is a direct summand of Rsm for almost

all maximal ideals m of R. Since Zm � Ym and they have the same rank, we deduce,
from the modular law, that Zm D Ym for almost all maximal ideals m. Therefore, Ym has
y1=1; : : : ; yr=1 as a basis for almost all maximal ideals m of R.

Corollary 5.3. Let R be a commutative domain of finite character with field of frac-
tions Q. Let M be a finitely generated R-module. Then:

(i) If M is torsion-free, then Mm is a free Rm-module for almost all maximal ideals m
of R;

(ii) Mm is a finitely presentedRm-module of projective dimension at most one for almost
all maximal ideals m of R.

Proof. (i) Since M is torsion-free as an R-module, it can be seen as an essential submod-
ule of its injective hull Qn. By Remark 2.13, dRn � M for some non-zero d 2R. By
Lemma 5.1 withƒD R andN D dRn,Mm D R

n
m for almost all maximal ideals m of R,

as claimed.
(ii) Assume now that M is a finitely generated R-module. Consider a presentation

of M ,
0 N Rn M 0:

By Lemma 5.2, Nm is a finitely generated free module for almost all maximal ideals m
of R. This proves the claim.

Corollary 5.4. Let R be a commutative domain of finite character. Let M be a countable
direct sum of finitely generated torsion-free R-modules. Then Mm is a free Rm-module
for all but countably many maximal ideals m of R.

Proof. Let M D
L
i2N Mi , where each Mi is a finitely generated torsion-free module.

By Corollary 5.3, .Mi /m is free for almost all maximal ideals m of R. Therefore, Mm is
free for all but countably many maximal ideals m of R.
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5.2. Gluing localizations over h-local domains

It is very important to keep in mind the following structure result of torsion modules over
h-local domains. It was already proved by Matlis, see Theorem 22 in [21], but since the
result and its proof are quite important in our work, we also include a proof of it.

Lemma 5.5. Let R be an h-local domain, and let ƒ be an R-algebra. Let M be a
ƒ-module that is torsion as an R-module. Then M Š

L
m2 mSpec.R/Mm, each Mm is

a homomorphic image of M , and its structure as ƒm-module is the same as the structure
as ƒ-module.

Moreover, M is finitely generated as ƒ-module if and only if there exists a finite set �

of maximal ideals of R such thatMm D ¹0º for any m 62 � andMm is a finitely generated
ƒm-module for any m2 �

Proof. For any maximal ideal m of R, let �mWM ! Mm denote the localization map.
Then there is an inclusion �WM ,!

Q
m2mSpec.R/Mm defined bym 7! .�m.m//m2mSpec.R/

for any m2M .
For any m 2M , mƒ is an R=annR.m/-module. Being M torsion as an R-module,

annR.m/ ¤ ¹0º. Since R is h-local, annR.m/ is contained only in finitely many maximal
ideals of R. Therefore, mƒm D ¹0º for almost all maximal ideals m of R. Hence, � has
its image in

L
m2mSpec.R/Mm.

Let � denote the finite set of maximal ideals containing annR.m/. By Lemma 2.17,

mƒ Š
M
m2�

.mƒ/m;

and also
ƒ=annR.m/ Š

Y
m2�

.ƒ=annR.m//m:

This allows us to conclude that, for any m2M and m 2 mSpec.R/, there exists m0 2M
such that �n.m

0/ D 0 for any n ¤ m and such that �m.m
0/ D �m.m/. This implies that

� induces an isomorphism M Š
L

m2mSpec.R/Mm.
In particular, for any maximal ideal m of R, Mm is a homomorphic image of M and

the structure as ƒ-module is the same as the structure as ƒm-module. So the statement
about the finite generation of M easily follows from our previous discussion.

Next lemma will be used to determine when we get finitely generated modules in our
package deal results.

Lemma 5.6. Let R be an h-local domain with field of fractions Q. Let ƒ be an R-
algebra, and let M be a right ƒ-module, which is torsion-free as an R-module. Let N be
a ƒ-submodule of M such that MQ D NQ. Then N is finitely generated as a ƒ-module
if and only if Nm is finitely generated as a ƒm-module for every maximal ideal m of R.

Proof. It is clear that if N is finitely generated as a ƒ-module, then Nm is finitely gener-
ated as a ƒm-module for every maximal ideal m of R.

To prove the converse implication, assume Nm is finitely generated as a ƒm-module
for every maximal ideal m of R. Since M is torsion-free as an R-module, it can be seen
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as a ƒ-submodule of MQ D NQ. Therefore, M � NQ, and since M is finitely generated
as aƒ-module, by Lemma 2.11, dM �N for some non-zero d 2R. Note that dM is also
finitely generated. So we only need to prove that N=dM is a finitely generated ƒ=dƒ-
module.

Since R is h-local and d is non-zero, d is contained only in finitely many maximal
ideals of R, say M D ¹n1; : : : ;ntº. By Lemma 2.17, there is an isomorphism

' W R=dR! .R=dR/n1 � � � � � .R=dR/nt :

Therefore, N=dM Š Nn1=dMn1 ˚ � � � ˚ Nnt =dMnt . By Lemma 5.5, N=dM is finitely
generated as a ƒ=dƒ-module. Therefore, N is finitely generated as a ƒ-module.

Package Deal Theorem 5.7 (Localization of submodules). Let R be an h-local domain
with field of fractions Q. Let ƒ be an R-algebra, and let M be a finitely generated right
ƒ-module, which is torsion-free as an R-module. For each maximal ideal m of R, let
X.m/ be a ƒm-submodule of Mm, which is torsion-free as an Rm-module, and such that
X.m/Q D .Mm/Q. Then the following statements are equivalent:

(i) There is a ƒ-submodule N � M , which is torsion-free as an R-module, and such
that Nm D X.m/ for all maximal ideals m of R.

(ii) X.m/ DMm for almost all maximal ideals m of R.

Moreover, if each of theX.m/ is finitely generated as aƒm-module, thenN is also finitely
generated as a ƒ-module.

Proof. (ii)) (i) Suppose that X.m/ D Mm for almost all maximal ideals m of R. Let
M D ¹n1; : : : ;ntº denote the finite set of maximal ideals of R such that X.m/ ¤Mm.

Fix i 2 ¹1; : : : ; tº. Since Mni is torsion-free as an Rni -module, it can be seen as
a ƒni -submodule of .Mni /Q D X.ni /Q. Therefore, Mni � X.ni /Q, and since Mni is
finitely generated, by Lemma 2.11, diMni � X.ni / for some non-zero di 2R. Since
X.ni / ¤Mni , di 2 ni (otherwise di=1 would be a unit in Rni and, hence X.ni / DMni ,
a contradiction).

Let d D d1 � � �dt 2 n1 \ � � � \ nt . SinceR is h-local and d is non-zero, d is contained
only in finitely many maximal ideals of R, say ¹m1 D n1; : : : ;mt D nt ; : : : ;mkº. By
Lemma 2.17, the canonical homomorphism

' W R=dR! .R=dR/m1 � � � � � .R=dR/mk

is an isomorphism. Therefore, there are non-zero b1; : : : ; bt ; b 2 R such that '.bi / D
.N0; : : : ; N1.i/; : : : ; N0/ and '.b/ D .N0; .t: : :; N0; N1; : : : ; N1/. Note that bi=1 is a unit in Rni for
every i D 1; : : : ; t , b=1; bj =1 2 dRni for every j ¤ i , and b=1 is a unit in Rmi

for every
i D t C 1; : : : ; k.

For each i 2 ¹1; : : : ; tº, let X 0i be theƒ-submodule ofM generated by the numerators
of some set ofƒni -generators ofX.ni /. LetN D b1X 01C � � �C btX

0
t C bM C dM , which

is aƒ-submodule ofM . Since dMni � X.ni /, Nni D X.ni /C dMni D X.ni / for every
i D 1; : : : ; t . On the other hand,Nmi

DMmi
C dMmi

DMmi
for every i D t C 1; : : : ; k.

For any other maximal ideal m, d=1 is a unit in Rm, hence Nm DMm, as claimed.
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(i)) (ii) Conversely, let N be a ƒ-submodule of M � MQ, which is torsion-free as
an R-module, and such that Nm D X.m/ for all maximal ideals m of R. Since MQ D

X.m/Q D .Nm/Q, by Lemma 5.1, Mm D Nm D X.m/ for almost all maximal ideals m
of R.

Finally, the last part of the statement follows from Lemma 5.6. This finishes the proof
of the theorem.

Corollary 5.8. Let R be an h-local domain with field of fractions Q. For each maximal
ideal m of R, let X.m/ be a finitely generated torsion-free Rm-module of rank n. Then
the following statements are equivalent:

(i) There is a finitely generated torsion-free R-module N of rank n, such that Nm Š

X.m/ for all maximal ideals m of R.

(ii) X.m/ is a free Rm-module of rank n for almost all maximal ideals m of R.

Proof. (ii)) (i) Suppose thatX.m/ is a freeRm-module of rank n for almost all maximal
ideals m of R. Let M D ¹m1; : : : ;mtº be the finite set of maximal ideals of R such that
X.m/ is not free.

Fix i 2 ¹1; : : : ; tº. Since X.mi / is finitely generated and torsion-free, we can see
X.mi / as an essential submodule of its injective hull Qn. On the other hand, Rnmi

has the
same injective hull Qn. Since X.mi / is finitely generated, by Lemma 2.11, we find that
diX.mi / � R

n
mi

for some non-zero di 2R.
Let d D d1 : : : dt 2 R and let M D d�1Rn. Note that X.m/ is an Rm-submodule

ofMm. SinceR is h-local and d is non-zero, d is contained only in finitely many maximal
ideals of R. For any other maximal ideal m, d=1 is a unit in Rm. Therefore,Mm D R

n
m D

X.m/ for almost all maximal ideals m of R. By the package deal Theorem 5.7, there is a
finitely generated torsion-free R-moduleN , such thatNm D X.m/ for all maximal ideals
m of R.

(i)) (ii) The converse is just Corollary 5.3.

The results in Section 4 allow us to make the following considerations about the
(non-)uniqueness of the modules constructed in Theorem 5.7 and Corollary 5.8.

Remark 5.9. It is well known that two finitely generated modules M and M 0 over a
commutative domain R that are in the same genus (that is, with isomorphic localizations
at maximal ideals of R) need not be isomorphic.

If M and M 0 are also torsion-free, by Proposition 4.1, add.M/ D add.M 0/. If R has
finite character, by Proposition 4.6,M is a direct summand ofM 0˚M 0 andM 0 is a direct
summand of M ˚M . If R is semilocal, then M ŠM 0 by Corollary 4.5.

5.3. Package deal for traces of projective modules

Now we want to focus on localizations of trace ideals of countably generated projective
modules over suitable algebras over h-local domains. Trace ideals of countably generated
projective right modules were characterized by Whitehead in [34] and with more detail by
Herbera and Příhoda in [11]. We recall here this characterization.
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Proposition 5.10 (Proposition 2.4 in [11]). LetR be a ring, and let I be a two-sided ideal
of R. Then I is the trace ideal of a countably generated projective right R-module if and
only if there exists an ascending chain of finitely generated left ideals .Jn/n�1 such that
JnC1Jn D Jn and I D

S
n�1 JnR.

It is useful to keep in mind the following lemma, as it explains some modifications
that can be made in the ascending chain in Proposition 5.10.

Lemma 5.11 (Lemma 2.2 in [11]). Let R be a ring. Let J1 � J2 be finitely generated left
ideals of R satisfying that J2J1 D J1. For i D 1; 2, fix Ai a finite set of generators of Ji .
Let X be a finite subset of R such that 12X . For i D 1; 2, set

J 0i D
X
x 2X
a2Ai

Rax:

Then J 01 � J
0
2 and J 02J

0
1 D J

0
1. Moreover, for i D 1; 2, Ji � JiR D J 0iR.

Lemma 5.12. Let R be an h-local domain with field of fractions Q. Let ƒ be a torsion-
freeR-algebra such thatƒQ is a simple artinian ring. Let I be a non-zero two-sided ideal
of ƒ. Then Im D ƒm for almost all maximal ideals m of R.

Proof. IQ is a non-zero two-sided ideal of ƒQ, so IQ D ƒQ. Therefore, there is a non-
zero q 2 R such that q D

P
ai�i for ai 2 I and �i 2 ƒ. Since R is h-local, q is invertible

in almost all maximal ideals of R. The claim follows.

Package Deal Theorem 5.13 (Localization of trace ideals). Let R be an h-local domain
with field of fractions Q. Let ƒ be a torsion-free R-algebra such that ƒQ is a simple
artinian ring. For each maximal ideal m of R, let I.m/ be a non-zero two-sided ideal
of ƒm which is the trace ideal of a countably generated projective right ƒm-module.
Then the following statements are equivalent:

(i) There is a two-sided ideal I of ƒ, which is the trace ideal of a countably generated
projective rightƒ-module, and such that Im D I.m/ for all maximal ideals m of R.

(ii) I.m/ D ƒm for almost all maximal ideals m of R.

Moreover, the ideal I that satisfies the equivalent conditions (i) and (ii) is unique.

Proof. By Lemmas 10.3 and 10.4 in [12], two trace ideals with isomorphic localizations
at maximal ideals of R are equal. This implies that the ideal I in statement (i) is unique.
Now we proceed to prove the equivalence of the two statements.

(ii)) (i) Let M D ¹n1; : : : ; ntº and fix some i 2 ¹1; : : : ; tº. We may assume that
I.ni / ¤ ƒni . Since I.ni / is the trace ideal of a countably generated projective right
ƒni -module, by Proposition 5.10, there is an ascending chain of non-zero finitely gen-
erated left ideals .Ji;n/n�1 of ƒni such that

Ji;nC1Ji;n D Ji;n and I.ni / D
[
n�1

Ji;nƒni :

Fix n� 1. LetAi;n �ƒ be a finite set ofƒni -generators of Ji;n. Since Ji;n is non-zero
and ƒQ is simple artinian, .Ji;n/QƒQ D ƒQ. Since ƒ is torsion-free, it can be seen as
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a ƒ-submodule of ƒQ D .Ji;n/QƒQ. Therefore, ƒ � .Ji;n/QƒQ, and by Lemma 2.11,
di;nƒni � Ji;nƒni for some non-zero di;n 2 ni . Then,

1

di;n

mi;nX
jD1

X
ai;n2Ai;n

rj;i;n

1

ai;n

1

sj;i;n

1
D 1ƒQ 2 ƒQ;

for some rj;i;n; sj;i;n 2 ƒ for every j D 1; : : : ; mi;n.
Let

Xn D ¹1ƒº [

t[
iD1

¹s1;i;n; s2;i;n; : : : ; smi;n;i;nº � ƒ

and define
J 0i;n D

X
xn2Xn
ai;n2Ai;n

ƒniai;nxn:

By Lemma 5.11, J 0i;n � J
0
i;nC1, J 0i;nC1J

0
i;n D J 0i;n, and Ji;n � Ji;nƒni D J 0i;nƒni . Let

dn D d1;n : : : dt;n 2 n1 \ � � � \ nt . Note that dnƒni � J
0
i;n by construction. Define

Li;n D
X
xn2Xn
ai;n2Ai;n

ƒai;nxn Cƒdn;

which are left ideals of ƒ. Note that .Li;n/ni D J 0i;n because dnƒni � J
0
i;n. Since R

is of finite character and dn is non-zero, dn is contained only in finitely many maximal
ideals of R. For any other maximal ideal m, dn=1 is a unit in Rm, hence .Li;n/m D ƒm.
Let Mn D ¹m1 D n1; : : : ;mt D nt ;mtC1; : : : ;mknº be the finite set of maximal ideals
containing dn. By Lemma 2.17, the canonical homomorphism

'n W R=dnR �! .R=dnR/m1 � � � � � .R=dnR/mkn

is an isomorphism. Therefore, there are non-zero elements b1;n; : : : ; bt;n; bn 2R such that
'n. Nbi;n/ D .N0; : : : ; N1

.i/; : : : ; N0/ and 'n. Nbn/ D .N0; t/: : :; N0; N1; : : : ; N1/.
Let Jn D L1;nb1;n C � � � C Lt;nbt;n C ƒbn C ƒdn. Note that .Jn/ni D J 0i;n, and

.Jn/m D ƒm for every m ¤ ni . Consider the short exact sequence of left ƒ-modules

0 JnC1 JnC1 C Jn .JnC1 C Jn/=JnC1 0:

Since localization is an exact functor,

0 .JnC1/m .JnC1 C Jn/m .JnC1 C Jn/m=.JnC1/m 0

is also a short exact sequence of leftƒm-modules. Note that, since J 0i;n � J
0
i;nC1, .JnC1C

Jn/ni =.JnC1/ni D .J
0
i;nC1 C J

0
i;n/=J

0
i;nC1 D 0 for every i D 1; : : : ; t . On the other hand,

.JnC1C Jn/m=.JnC1/m D .ƒmCƒm/=ƒm D 0 for every m¤ ni . Therefore, .JnC1C
Jn/=JnC1 D 0 and we deduce that .Jn/n�1 is an increasing sequence of left ideals of ƒ.

Note that .JnC1/ni .Jn/ni D J
0
i;nC1J

0
i;n D J

0
i;n D .Jn/ni for every i D 1; : : : ; t ; and

also .JnC1/m.Jn/m D ƒ2m D ƒm D .Jn/m for every m ¤ ni . Therefore, JnC1Jn D Jn
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for every n � 1, and by Proposition 5.10, I D
S
n�1 Jnƒ is a two-sided ideal of ƒ such

that it is the trace ideal of a countably generated projective right ƒ-module, Ini D I.ni /
and Im D ƒm otherwise.

(i)) (ii) The converse is just Lemma 5.12.

6. The global case

In this section, we study when the class F , of direct sums of finitely generated torsion-
free modules over an h-local domain R, is closed under direct summands. In the next
proposition, we prove that this property localizes at maximal ideals of R, so the results
from Section 3 hold for Rm for any maximal ideal m of R.

It is worth mentioning that we do not know how to prove directly that if F is closed
under direct summands then the same holds for Rm for any maximal ideal m of R. The
property that passes to the localization of R is that, for any finitely generated torsion-
free R-module, every direct summand of R.!/ ˚ X is a direct sum of finitely generated
modules.

Proposition 6.1. Let R be an h-local domain of Krull dimension 1. Let X be a finitely
generated torsion-free R-module, and assume that every direct summand of R.!/ ˚ X
is a direct sum of finitely generated modules. Then, for any maximal ideal m of R,
EndRm.Xm/ is a semiperfect ring, so that Xm satisfies the equivalent conditions of Pro-
position 3.2.

Proof. Fix a maximal ideal m of R, and set M 0 D Xm. By Lemma 2.18(v), EndRm.M
0/

is a semilocal ring. We want to prove that it is semiperfect. We decomposeM 0 D F ˚M ,
where F is a finitely generated free Rm-module and M is a finitely generated module
with no projective direct summands. Notice that EndRm.M

0/ is semiperfect if and only if
so is EndRm.M/.

By Lemma 3.1(i) (see also Corollary 1.21), to prove that EndRm.M/ is semiperfect,
it suffices to show that the idempotents of EndRm.M/=M HomRm.M;Rm/ can be lifted
to idempotents of EndRm.M/. Therefore, we may assume that M is non-zero and that
J DM HomRm.M;Rm/ is a proper ideal of EndRm.M/ contained in J.EndRm.M//.

Let e 2 EndRm.M/=J be a non-trivial idempotent. By Lemma 1.20 and Proposi-
tion 1.11, to show that e can be lifted to an idempotent of EndRm.M/ we only need to
find a decompositionM ŠA1˚A2 such that, if we set Pi DHomRm.M;Ai / for i D 1;2,
then P1=P1J Š e.EndRm.M/=J / and P2=P2J Š .1 � e/.EndRm.M/=J /.

As M Š A1 ˚ A2, it is easy to see that, for i D 1; 2,

PiJ D ¹f 2HomRm.M;Ai / j f factors throught a free moduleº D AiHomRm.M;Rm/:

Therefore, we need to prove that M Š A1 ˚ A2, with

HomRm.M;A1/=A1HomRm.M;Rm/ Š e.EndRm.M/=J /

and
HomRm.M;A2/=A2HomRm.M;Rm/ Š .1 � e/.EndRm.M/=J /:
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By Lemma 2.18, there is an extension of rings R=I � EndR.X/=X HomR.X; R/,
where 0 ¤ I D R \ X HomR.X; R/. Since R is h-local, I is contained only in finitely
many maximal ideals ¹m D m1; : : : ;m`º of R. So we have an isomorphism

EndR.X/=X HomR.X;R/!
Ỳ
iD1

�
EndR.X/=X HomR.X;R/

�
mi

Š

Ỳ
iD1

EndRmi
.Xmi

/=Xmi
HomRmi

.Xmi
; Rmi

/

given by taking localization at mi at each component (cf. Lemma 5.5).
Hence, there exists Qe 2 D Qe 2 EndR.X/=X HomR.X;R/ such that �n. Qe/ D 0 for any

maximal ideal n ¤ m and �m. Qe/ D e, where

�nWEndR.X/=X HomR.X;R/! .EndR.X/=X HomR.X;R//n

Š EndRn.Xn/=Xn HomRn.Xn; Rn/

denotes the localization morphism.
By Corollary 1.14, R.!/ ˚X D X1 ˚X2, with

HomR.R˚X;X1/=X1 HomR.R˚X;R/ Š Qe.EndR.X/=X HomR.X;R//

Š e.EndRm.M/=J /

and

HomR.R˚X;X2/=X2 HomR.R˚X;R/ Š .1 � Qe/.EndR.X/=X HomR.X;R//

Š .1 � e/.EndRm.M/=J / �
� Ỳ
iD2

EndRmi
.Xmi

/=Xmi
HomRmi

.Xmi
; Rmi

/
�
:

Therefore,

R.!/m ˚M Š R.!/m ˚Xm D .X1/m ˚ .X2/m;

HomRm.Rm ˚Xm; .X1/m/=.X1/m HomRm.Rm ˚Xm; Rm/ Š e.EndRm.M/=J /

and

HomRm.Rm˚Xm; .X2/m/=.X2/m HomRm.Rm˚Xm;Rm/Š .1�e/.EndRm.M/=J /:

By hypothesis, for i D 1; 2,Xi is a direct sum of finitely generatedR-modules; hence,
Ni D .Xi /m is also a direct sum of finitely generated Rm-modules. By Lemma 1.15, we
obtain a decomposition M D A1 ˚ A2 such that, for each i 2 ¹1; 2º,

HomRm.Rm ˚M;Ni /=Ni HomRm.Rm ˚M;Rm/

Š HomRm.M;Ai /=Ai HomRm.M;Rm/:

Therefore HomRm.M;A1/=A1 HomRm.M;Rm/ Š e.EndRm.M/=J / and

HomRm.M;A2/=A2 HomRm.M;Rm/ Š .1 � e/.EndRm.M/=J /;

as we wanted. So we can conclude that e can be lifted to an idempotent of EndRm.M/ by
an application of Lemma 1.20.
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Next result shows that, over an h-local domain R, to have the class F closed under
direct summands we need that the ranks of indecomposable modules over different local-
izations at maximal ideals are coprime.

This somewhat surprising Theorem 6.2 is the extension of Lemma 4 in [28] to our
setting. For its proof, we need our versions of the package deal Theorems 5.7 and 5.13, as
well as the results from Section 1.

Theorem 6.2. Let R be an h-local domain with at least two different maximal ideals m1

and m2. For each i D 1; 2, let Mi be a finitely generated, indecomposable, torsion-free
Rmi

-module with local endomorphism ring and with rank ri . Then,

(1) for i D 1;2, there exists a finitely generated, indecomposable, torsion-freeR-module
Xi such that .Xi /mi

Š Mi and Xm Š R
ri
m for every maximal ideal m different

from mi ;
(2) if r1 and r2 are not coprime, then Add.X1 ˚X2/ has elements that are not a direct

sum of finitely generated modules.

Proof. Corollary 5.8 ensures the existence of finitely generated, indecomposable, torsion-
free R-modules X1 and X2 with the claimed properties in statement .1/.

To prove .2/, let d D gcd.r1; r2/. We show that if d > 1, there exists a module in
Add.X1 ˚X2/ which is not a direct sum of finitely generated torsion-free R-modules.

Let ƒ D EndR.X1 ˚X2/. By Lemma 2.18(i) and (iii), ƒ is a torsion-free R-module
and ƒQ a simple artinian ring. Recall from Remark 1.13 that ƒ can be identified with the
matrix ring:

ƒ D

�
EndR.X1/ HomR.X2; X1/

HomR.X1; X2/ EndR.X2/

�
By Lemma 2.8, ƒm Š EndRm..X1/m ˚ .X2/m/ for every maximal ideal m of R. Let

I1 D ƒm1

�
1 0

0 0

�
ƒm1 and I2 D ƒm2

�
0 0

0 1

�
ƒm2 :

By the package deal Theorem 5.13, there is a non-zero two-sided ideal I of ƒ, which is
the trace of a countably generated projective rightƒ-module, such that Imi

D Ii (i D 1;2)
and Im D ƒm for every maximal ideal m of R different from mi .

By Lemma 2.18(iv), I \ R ¤ ¹0º, so ƒ=I is a torsion R-module. Note that the only
maximal ideals containing I \ R are m1 and m2 (otherwise, if there exists another max-
imal ideal n containing I \ R, In \ Rn ¤ Rn, and then In ¤ ƒn, a contradiction). By
Lemma 2.18(vi), the canonical homomorphism

ƒ=I !
L

m2mSpecR.ƒ=I /m D .ƒ=I /m1 � .ƒ=I /m2

is an isomorphism.
From Remark 1.13,

I1 D

�
EndRm1

.M1/ HomRm1
.M1; R

r2
m1
/

HomRm1
.R

r2
m1
;M1/ HomRm1

.M1; R
r2
m1
/HomRm1

.R
r2
m1
;M1/

�
:

Therefore, .ƒ=I /m1 Š ƒm1=I1 ŠMr2.Rm1/=J , where

J D HomRm1
.M1; R

r2
m1
/HomRm1

.Rr2m1
;M1/:
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Notice that J ¤ EndRm1
.R

r2
m1
/, because this would imply that the identity map of Rr2m1

is
in J , so that Rr2m1

is a direct summand of M n
1 for some n 2 N. Since M1 has local endo-

morphism ring, the Krull–Schmidt theorem implies thatM1 Š Rm1 , but we are assuming
that r1 > 1, a contradiction.

Therefore, there is an isomorphism 'Wƒ=I ! Mr2.Rm1/=J � .ƒ=I /m2 . Then there
is an idempotent element e 2 ƒ=I such that '.e/D .E11 C J; 0/, where E11 is the idem-
potent matrix with 1 in the 1,1-entry and zeros elsewhere. SinceMr2.Rm1/E11Mr2.Rm1/

DMr2.Rm1/, we deduce that E11 … J .
By Theorem 1.9(i), there is a countably generated projective right ƒ-module Q such

thatQ=QI Š e.ƒ=I /. We claim that suchQ is neither finitely generated nor a direct sum
of finitely generated modules.

Recall that ƒm1 Š EndRm1
.M1 ˚ R

r2
m1
/. Since M1 has local endomorphism ring,

there are only two finitely generated indecomposable projective ƒm1 -modules up to iso-
morphism, namely

P1a D HomRm1
.M1 ˚R

r2
m1
;M1/ and P1b D HomRm1

.M1 ˚R
r2
m1
; Rm1/:

Notice that P1a and P1b are not isomorphic because M1 has rank r1 > 1. In addition, by
the Krull–Schmidt theorem, all projective ƒm1 -modules can be written in a unique way
as a direct sum of copies of P1a and P1b .

By the definition of P1a, Tr.P1a/ D I1. On the other hand,

.Q=QI/m1 Š .e.ƒ=I //m1 Š .E11 C J /Mr2.Rm1/;

so Qm1 Š P
.�1/
1a ˚ P1b , where �1 is, at most, a countable cardinal.

Similarly, there are two finitely generated indecomposable projective ƒm2 -modules
up to isomorphism

P2a D HomRm2
.Rr1m2

˚M2;M2/ and P2b D HomRm2
.Rr1m2

˚M2; Rm2/:

By the definition of P2a, Tr.P2a/ D I2. Thus, since .Q=QI/m2 Š .e.ƒ=I //m2 D ¹0º,
we have Qm2 Š P

.�2/
2a , where �2 is, at most, a countable cardinal.

Let L D Q ˝ƒ .X1 ˚ X2/, which is in Add.X1 ˚ X2/. By Proposition 1.11, L is a
direct summand of .X1 ˚ X2/.!/ and HomR.X1 ˚ X2; L/ Š Q. Moreover, by Proposi-
tion 1.11,

.�/ Lm1 ŠM
.�1/
1 ˚Rm1 and .��/ Lm2 ŠM

.�2/
2 :

If Q is finitely generated, �1 and �2 are finite. But then, by the isomorphism .�/, the rank
of L is congruent to 1 modulo d and, by the isomorphism .��/, the rank of L is divisible
by d , a contradiction.

To prove the second statement in the claim, assume thatQD
L
i2NQi , where theQi ’s

are finitely generated. SinceQ=QI Š e.ƒ=I / is finitely generated,Qi DQiI for almost
all i 2 N. If I0 WD ¹i 2 N j Qi ¤ QiI º, then Qf D

L
i2I0

Qi is a finitely generated
projective right ƒ-module such that Qf =Qf I Š e.ƒ=I /. By the previous part of the
proof, such Qf does not exist, hence Q is not a direct sum of finitely generated modules.
By Proposition 1.11,L 2Add.X1˚X2/ is not a direct sum of finitely generated modules.
This finishes the proof of .2/.
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Next proposition reviews a construction, that goes back to an idea of Bass [3], of an
indecomposable finitely generated torsion-free module of rank two over any local domain
that has a finitely generated ideal that cannot be generated by two elements.

This construction is particularly relevant to us in view of Theorem 6.2. It is going to
imply that if F is closed under direct summands, then finitely generated ideals of Rm are
two-generated for all maximal ideals of R except maybe one, see Theorem 6.6.

Proposition 6.3. Let R be a commutative local domain, with field of fractions Q, and
maximal ideal m. Let a; b; c be elements in R such that the ideal K D aR C bR C cR
cannot be generated by two elements. Set ˛D .a;b; c/ 2R3 and letH DR3 \Q˛. Then:

(i) M D R3=H is an indecomposable, finitely generated torsion-free module of rank 2.

(ii) If R is local, then so is EndR.M/.

Proof. (i) Let k D R=m be the residue field of R. Let M D A1=H ˚ A2=H be a non-
trivial decomposition with Ai R-submodules of R3 containing H . Consider M ˝R k Š
.A1=H ˝R k/ ˚ .A2=H ˝R k/. Then, since M ˝R k is at most a three-dimensional
vector space, one of the direct summands is one-dimensional. We may assume that it is
A2=H ˝R k, which in turn implies that A2=H Š R3=A1 is isomorphic to R. Therefore,
the exact sequence

0 A1 R3 R3=A1 0

splits, and we deduce that A1 is a 2-generated free module. So that if v1 and v2 is a
basis of A1, there exists r1; r2 2 R such that .a; b; c/ D v1r1 C v2r2. This implies that
K � r1R C r2R. Since v1 and v2 can be completed to a basis of R3, it follows that
K D r1R C r2R, which contradicts the assumption that K cannot be generated by two
elements. This finishes the proof that M is indecomposable.

(ii) The module M fits into the exact sequence

0 H R3 M 0:

Let T D ¹f 2 EndR.R3/ j f .H/ � H º, which is a subring of EndR.R3/. Then there is
an onto ring endomorphism 'W T ! EndR.M/. We will prove that T is a local ring, and
then so is EndR.M/.

Restriction toH induces a ring morphism WT ! EndR.H/with kernel I D ¹f 2T j
f .H/ D 0º.

We claim that the embedding T ,! EndR.R3/ is local. Indeed, let f 2 T be such
that f is invertible in EndR.R3/. Then there is a commutative diagram

0 H R3 M 0

0 H R3 M 0:

 .f / f '.f /

Since f is invertible, it is onto and then so is '.f /. SinceM is a finitely generated module
over a commutative ring, we deduce that '.f / is bijective. Now the snake lemma implies
that  .f / is also bijective, and then we can deduce that f �1 2 T .
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Now we prove that I � J.T /. Notice that if f 2 I , then it induces a module homo-
morphism Qf WM ! R3 such that Im f D Im Qf . Since M is indecomposable, and R is
local Im Qf � R3m. Hence, 1 � f is invertible in EndR.R3/, and since the embedding
T ,! EndR.R3/ is local, we deduce that 1 � f is invertible in T . This proves that the
two-sided ideal I � J.T /.

The image of the ring morphism  is the ring

S D ¹g 2 EndR.H/ j g can be extended to an endomorphism of R3º:

Hence T=I Š S , and T is local provided S is local. Notice that for any g2S its extension
to R3 satisfies a monic polynomial of degree 3 with coefficients in R, so g also satisfies
that polynomial. This is to say that the extension R ,! S is integral.

SinceH is a torsion-free module of rank 1, EndR.H/ can be identified with a subring
of Q. Then S is a subring of R. Since R is local, so is S . This finishes the proof of the
result.

The next corollary shows that the conclusions of Proposition 6.3 can be extended to
any ring S between R and its integral closure.

Corollary 6.4. Let R be a commutative local domain, with field of fractions Q and max-
imal ideal m such that R is local. Let S be an intermediate ring R � S � R. Let a; b; c
be elements in S such that the ideal K D aS C bS C cS cannot be generated by two
elements. Set ˛ D .a; b; c/ 2 S3 and let H D S3 \Q˛. Then:

(i) M D S3=H is a torsion-free R-module of rank 2 and EndR.M/ D EndS .M/ is a
local ring. In particular, M is indecomposable.

(ii) Consider the ring T D RŒa; b; c�, which is a finite integral extension of R. LetH 0 D
H \ T 3. Then M 0 D T 3=H 0 is an indecomposable, finitely generated R-module of
rank 2 with local endomorphism ring.

Proof. Since R is local, so is any intermediate ring R � S � R.
Notice also that an S -module M has finite rank n as S -module if and only if it has

finite rank n asR-module becauseM ˝S QDM ˝S S ˝RQDM ˝RQ. This implies,
in addition, that EndS .M/ Š ¹A2Mn.Q/ j AM �M º coincides with EndR.M/.

Therefore, the result is a consequence of Proposition 6.3 applied to S in (i) and to T
in (ii).

The following lemma is a variation for domains of finite character of a well-known
fact about bounds on the number of generators of finitely generated ideals.

Lemma 6.5 (Proposition 1.4 in [2]). Let R be a commutative domain of finite character.
Let k � 2. If I is a non-zero finitely generated ideal of R such that IRm is k-generated
for every maximal ideal m of R, then I is also k-generated.

Proof. Let I be a non-zero ideal of R. Since R is of finite character, I is contained only
in finitely many maximal ideals ¹m1; : : : ;mnº of R. First, observe that there exists ˛ 2 I
such that ˛

1
62 miImi

for every i D 1; : : : ; n. Indeed, let ˛i 2 I be such that ˛i
1
62 miImi

and let e1; : : : ; en be such that ei � 1 2 mi for every i D 1; : : : ; n and ei 2 mj whenever
1 � i ¤ j � n. Then let ˛ D

Pn
iD1 ei˛i .
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SinceR is of finite character, ˛ is contained only in finitely many maximal ideals ofR,
say M D ¹m1; : : : ;mn;mnC1; : : : ;mnC`º.

For each i D 1; : : : ; n, there are ˛i;1; : : : ; ˛i;k�1 2 I such that

Imi
D
˛

1
Rmi
C

k�1X
jD1

˛i;j

1
Rmi

:

For each i D nC 1; : : : ; nC `; j D 1; : : : ; k � 1 let ˛i;1 2 I nmi and ˛i;j D 0 if j > 1.
Notice that Imi

D
˛
1
Rmi
C
Pk�1
jD1

˛i;j
1
Rmi

for every i D 1; : : : ; nC `. As before, consider
f1; : : : ;fnC` 2R such that fi � 12mi and fi 2mj if 1� j ¤ i � nC `. Set ˇi;j D fi˛i;j
for every i D 1; : : : ;nC ` and j D 1; : : : ;k � 1. For j D 1; : : : ; k � 1 set j̨ WD

PnC`
iD1 ˇi;j .

We claim that I D ˛R C
Pk�1
jD1 j̨R. It is sufficient to verify this equality locally. If

m 62M, then both sides localize to Rm. Also,

˛Rmi
C

k�1X
jD1

j̨Rmi
CmiImi

D ˛Rmi
C

k�1X
jD1

˛i;jRmi
CmiImi

:

Since I is finitely generated, we can conclude by Nakayama’s lemma.

Now we are ready to prove the main result of the section.

Theorem 6.6. Let R be a commutative domain of finite character, and of Krull dimen-
sion 1. Assume that for any finitely generated torsion-free R-module X , every element
of Add.X/ is a direct sum of finitely generated modules. Then R satisfies the following
properties:
(1) For any maximal ideal m of R and any ring S such thatRm � S �Rm, we have that

finitely generated indecomposable torsion-free S -modules have local endomorphism
ring.

(2) For any maximal ideal m of Rm, except maybe one maximal ideal m0, all finitely
generated ideals of Rm are at most two-generated. Then Rm is a valuation ring for
any maximal ideal m ¤ m0.

(3) For each maximal ideal m of R, there is a unique maximal ideal of R lying over m.
In particular, R has also finite character.

If Rm satisfies the two-generated property for any maximal ideal m, then R is a
Prüfer domain of Krull dimension 1, so any finitely generated ideal of R is, at most,
two-generated.

Proof. By Corollary 3.3 and Proposition 6.1, we deduce that for any maximal ideal m
of R, any ring S such that Rm � S � Rm satisfies that every finitely generated indecom-
posable torsion-free S -module has local endomorphism ring. This shows (1).

Notice that .1/ implies that R is also a ring of finite character because there is just one
maximal ideal of R lying over each maximal ideal of R. This shows .3/.

By Theorem 6.2, the ranks of two finitely generated, indecomposable, torsion-free
modules over different localizations of R at maximal ideals must be coprime. In view
of Corollary 6.4, we deduce that finitely generated ideals of Rm are 2-generated for any
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maximal ideal m of R except maybe for one that we will denote by m0. By Proposi-
tion III.1.11 in [8], Rm is a valuation ring for any maximal ideal m ¤ m0. This proves
statement .2/.

If the maximal ideal m0 does not exist, thenR is a Prüfer domain of Krull dimension 1.
Moreover, by Lemma 6.5, any finitely generated ideal of R is, at most, 2-generated.

7. The integrally closed case

In this section, we will use the results developed until now to show that the converse of
Theorem 6.6 is true for integrally closed h-local domains of Krull dimension 1. This will
be done in Corollary 7.3.

We recall the following definition, which will be needed for this section.

Definition 7.1. Let R be a ring. Let M be a right R-module. A submodule N of M is
called relatively divisible or an RD-submodule if Nr D N \Mr for each r 2R.

In particular, this definition tells us that if for some r 2R, a 2 N , the equation xr D a
has a solution in M , then it has a solution in N as well. In this sense, pure submodules
are a generalization of RD-submodules to the case where instead of an equation, we have
a system of linear equations which has a solution inN n whenever it has a solution inM n,
for some positive integer n � 1.

For a discussion of the basic properties of RD-submodules, the reader is referred to
Section 7 of Chapter I in [8].

Proposition 7.2. Let R be an h-local domain of Krull dimension 1, and with field of
fractions Q. Assume that Rm is a valuation domain for all maximal ideals m of R except
maybe one maximal ideal m0.

Then the class of R-modules that are direct sums of finitely generated torsion-free
R-modules is closed under direct summands if and only if the class of direct sums of
finitely generated torsion-free Rm0 -modules is closed under direct summands.

Proof. By Proposition 6.1, if the class ofR-modules that are direct sums of finitely gener-
ated torsion-freeR-modules is closed under direct summands, then so is the corresponding
class for Rm0 . We need to prove the converse result.

Let ¹Ni j i 2 Nº be a countable family of non-zero finitely generated torsion-free
R-modules, and setN D

L
i2NNi . LetA be a direct summand ofN . ThenAm0 is a direct

summand ofNm0 . By hypothesis, Am0 is a direct sum of finitely generatedRm0 -modules,
sayAm0 D

L
i2NXi . For i 2N, letAi WD ¹a 2A j a=12

L
1�j�i Xj º. We claim thatAi is

an RD-submodule of A. Let a 2 A and r 2R n ¹0º be such that .a=1/.r=1/ 2
L
1�j�i Xj ,

since r=1 is not a zero divisor of X` for any `, we deduce that a=1 2 Ai . This finishes the
proof of the claim.

Note also that there is an ` � 1 such that
L
1�j�i Xj is a submodule of

L`
iD1.Ni /m0 .

Hence, since all modules involved are torsion-free, Ai �
L`
iD1Ni . We claim that this is

also an RD-embedding. Assume that n 2
L`
iD1Ni is such that there exists r 2R such that

nr 2Ai � A. As A is an RD-submodule of N , we deduce that n 2 A, and since Ai is an
RD-submodule of A, we deduce that n 2 Ai .
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Now we shall prove that Ai is finitely generated. Since Ai is a submodule of a free
moduleRr , by Lemma 5.2 there exist a1; : : : ; as 2 Ai and a finite set of maximal ideals of
the form � D ¹m0;m1; : : : ;mtº such that .Ai /m D

Ps
jD1

aj
1
Rm for any maximal ideal

m … � . In particular, .Ai /Q D
Ps
jD1

aj
1
Q, and in the exact sequence

0

sX
jD1

ajR Ai Ai=
� sX
jD1

ajR
�

0;

the moduleAi=.
Ps
jD1 ajR/ is torsion. SinceR is an h-local domain of Krull dimension 1,

Ai=
� sX
jD1

ajR
�
D

M
m2mSpec.R/

�
Ai=

� sX
jD1

ajR
��

m
D

M
m2�

�
Ai=

� sX
jD1

ajR
��

m
:

Hence, to prove the claim, it is enough to show that .Ai /mj
is finitely generated as a

ƒmj
-module for any j D 0; : : : ; t , cf. Lemma 5.5.

Note that .Ai /m0 D
L
1�j�i Xj is finitely generated. Assume now that j � 1. Since

Ai is an RD-submodule of
L`
kD1 Nk , we deduce that .Ai /mj

is an RD-submodule ofL`
kD1.Nk/mj

. Since Rmj
is a valuation domain, and the module

L`
kD1.Nk/mj

=.Ai /mj

is finitely generated and torsion-free, it is projective. Therefore, .Ai /mj
is a direct sum-

mand of
L`
kD1.Nk/mj

, so it is finitely generated, as claimed.
Now, A is a union of a chain of finitely generated modules A1 � A2 � A3 � � � � . For

any i 2 N, the exact sequence 0! Ai ! AiC1! AiC1=Ai ! 0 splits upon localization
at m0 by construction. It also splits when localized at other maximal ideals since it is RD-
exact, Rm is a valuation domain, and all the involved modules are finitely generated and
torsion-free, and therefore projective.

By Lemma 2.9, the sequence 0! Ai ! AiC1 ! AiC1=Ai ! 0 splits in R for any
i 2N. Therefore, A Š A1 ˚ .

L
i2N AiC1=Ai / is a direct sum of finitely generated mod-

ules.

Corollary 7.3. Let R be an h-local domain of Krull dimension 1 that is integrally closed
in its field of fractions Q. Then the following statements are equivalent:

(i) The class of R-modules that are direct sums of finitely generated torsion-free R-
modules is closed under direct summands.

(ii) For any finitely generated torsion-free R-module X , every element in Add.X/ is a
direct sum of finitely generated modules.

(iii) The ring R satisfies one of the following conditions:
(1) R is a Prüfer domain; or

(2) there is a maximal ideal m0 such that for every maximal ideal m¤m0, Rm is
a valuation domain, Rm0 is an integrally closed domain that is not a valuation
domain, and every indecomposable finitely generated torsion-freeRm0 -module
has local endomorphism ring.

Proof. It is clear that (i) implies (ii). Theorem 6.6 shows that (ii) implies (iii).
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Assume (iii) holds. If R is a Prüfer domain, then it is semihereditary, so finitely gener-
ated torsion-free modules are projective, and all projective modules are the direct sum of
finitely generated ideals. So (i) is trivially satisfied.

Now assume that R satisfies the condition .2/. By Corollary 3.3, Rm0 satisfies that the
class of finitely generated torsion-free modules is closed under direct summands. Then (i)
follows from Proposition 7.2.

Corollary 7.4. LetR be an h-local domain of Krull dimension 1. Assume that the class of
R-modules that are direct sums of finitely generated torsion-free modules is closed under
direct summands. Then its integral closure also satisfies this property.

Proof. By Theorem 6.6, R satisfies conditions .1/ and .2/ of part (iii) of Corollary 7.3,
so we can deduce that the class of finitely generated torsion-free R-modules is closed by
direct summands.

8. Infinite direct sums are determined by the genus

Definition 8.1. LetR be a commutative ring, and letƒ be anR-algebra. LetM andN be
rightƒ-modules. We say thatM andN are in the same genus ifMm is isomorphic toNm

for every maximal ideal m of R.

Lemma 8.2. Let R be a commutative ring, and let ƒ be a module-finite R-algebra.
Let M , N and X be right ƒ-modules. If X is finitely generated over R and M ˚ X
and N ˚X are in the same genus, then M and N are in the same genus.

Proof. Recall that if a module Y has semilocal endomorphism ring, then it has the cancel-
lation property, that is, Y ˚ A Š Y ˚ B implies A Š B (see, for example, Theorem 4.5
in [6]).

By Proposition 2.3,Xm has semilocal endomorphism ring. Therefore, ifMm˚Xm Š

Nm ˚Xm, then Mm Š Nm for every maximal ideal m of R.

Lemma 8.3. Let R be a commutative domain of finite character with field of fractionsQ.
Let ƒ be a module-finite R-algebra such that ƒQ is a simple artinian ring. Let M DL
i2I Mi be an infinite direct sum of non-zero finitely generated right ƒ-modules which

are torsion-free as R-modules, and let N be a finitely generated right ƒ-module which is
torsion-free as an R-module. If Nm is a direct summand of Mm for every maximal ideal
m of R, then N is a direct summand of M .

Proof. Suppose that Nm is a direct summand of Mm for every maximal ideal m of R.
Since MQ is a free ƒQ-module and N is finitely generated, there is some finite sub-
set I1 � I such that NQ is a direct summand of

L
i2I1

.Mi /Q. By Lemma 4.2, there
is a ƒ-module homomorphism f W

L
i2I1

Mi ! N such that the induced homomorphism
fmW

L
i2I1

.Mi /m!Nm is a splitting epimorphism for almost all maximal ideals m ofR.
Let M be the finite set of maximal ideals m such that fm is not a splitting epimorph-

ism. Since N is finitely generated, there is some finite subset I2 � I containing I1 such
that Nm is a direct summand of

L
i2I2

.Mi /m for every m 2 M. Then Nm is a direct
summand of

L
i2I2

.Mi /m for all m 2 mSpecR.
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SinceƒQ is simple artinian and N is finitely generated, there exists I3 � I n I2 finite
such thatNQ is a direct summand of

L
i2I3

.Mi /Q. Then, by Proposition 4.6,N is a direct
summand of

L
i2I0

Mi , where I0 D I2 [ I3. Hence, N is a direct summand of M .

Theorem 8.4. Let R be a commutative domain of finite character with field of frac-
tions Q. Let ƒ be a module-finite R-algebra such that ƒQ is a simple artinian ring. Let
M D

L
i2N0

Ai and N D
L
i2N0

Bi be direct sums of non-zero finitely generated right
ƒ-modules which are torsion-free as R-modules. If M andN are in the same genus, then
there are decompositions

M D
L
i2N0

Mi and N D
L
i2N0

Ni

such that both Mi and Ni are finitely generated, and Mi Š Ni for every i 2N0. In par-
ticular, M and N are isomorphic.

Proof. Let ¹m˛º˛2� denote the set of maximal ideals of R. Let ¹aiºi2N0 and ¹bj ºj2N0

be countable sets of generators for M and N , respectively. By Lemma 2.3, .Ai /m˛ and
.Bi /m˛ have semilocal endomorphism rings for every ˛ 2 �, and i 2N. Hence, both Ai
and Bi satisfy the cancellation property locally for every i 2N.

We claim that there exist m0; n0 2 N and decompositions

M DM0 ˚Z0 ˚
L1
iDm0C1

Ai and N D N0 ˚
L1
jDn0C1

Bj

for some finitely generated modules M0, N0 and Z0, such that M0 is isomorphic to N0,
a0 2M0, b0 2 N0, and Z0 ˚

L1
iDm0C1

Ai and
L1
jDn0C1

Bj are in the same genus.

Letm00 Dmin¹m 2N0 j a0 2
Lm
iD0Aiº, and considerX0 D

Lm00
iD0Ai . By Lemma 8.3

applied to X0, there is n00 2 N0 such that X0 is isomorphic to a direct summand ofLn00
jD0 Bj . Therefore, we can write

M D X0 ˚
L1
iDm00C1

Ai and N D Y0 ˚Z
0
0 ˚

L1
jDn00C1

Bj

with X0 Š Y0 and Y0 ˚Z00 D
Ln00
jD0Bj . Thanks to Lemma 8.2,

L1
iDm0C1

Ai and Z00 ˚L1
jDn00C1

Bj are in the same genus.
Let n0 D max¹n00 C 1;min¹n 2 N0 j b0 2

Ln
jD0 Bj ºº, and consider Y1 D Z00 ˚Ln0

jDn00C1
Bj . By Lemma 8.3 applied to Y1, there is m0 > m00 such that Y1 is isomorphic

to a direct summand of
Lm0
iDm00C1

Ai . Then

M D X0 ˚X1 ˚Z0 ˚
L1
iDm0C1

Ai and N D Y0 ˚ Y1 ˚
L1
jDn0C1

Bj ;

with X0 Š Y0 and X1 Š Y1. By Lemma 8.2, Z0 ˚
L1
iDm0C1

Ai and
L1
jDn0C1

Bj are in
the same genus. TakeM0 D X0 ˚X1 and N0 D Y0 ˚ Y1. We can repeat this argument !
times to obtain ascending chains of positive integersm0 < � � � < m` < � � � and n0 < � � � <
n` < � � � , and decompositions

M D
�L`

iD0Mi

�
˚Z` ˚

�L1
iDm`C1

Ai
�

and N D
�L`

iD0Ni
�
˚
�L1

jDn`C1
Bj
�
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such thatMi is finitely generated and isomorphic toNi for every i D 0; : : : ; `, a0; : : : ; a` 2L`
iD0Mi , b0; : : : ; b` 2

L`
iD0Ni , and Z` ˚ .

L1
iDm`C1

Ai / and
L1
jDn`C1

Bj are in the
same genus. Therefore, we obtain two families of finitely generatedƒ-modules which are
torsion-free as R-modules ¹Miºi2N0 � M and ¹Niºi2N0 � N such that Mi is finitely
generated and isomorphic to Ni , ¹aiºi2N0 �

L
i2N0

Mi , and ¹biºi2N0 �
L
i2N0

Ni . We
deduce thatM D

L
i2N0

Mi andN D
L
i2N0

Ni . Therefore,M is isomorphic toN . This
finishes the proof of the proposition.

The following proposition generalizes Lemma 8.3.

Proposition 8.5. Let R be a commutative domain of finite character with field of frac-
tions Q. Let ƒ be a module-finite R-algebra such that ƒQ is a simple artinian ring. Let
M D

L
i2I Mi be an infinite direct sum of non-zero finitely generated right ƒ-modules

which are torsion-free as R-modules, and let A be a direct summand of M of infinite
rank. Let N be a finitely generated right ƒ-module which is torsion-free as an R-module.
If Nm is isomorphic to a direct summand of Am for each maximal ideal m of R, then N
is isomorphic to a direct summand of A.

Proof. Since A is a direct summand of M , there are ƒ-homomorphisms �WA ,!M and
� WM ! A such that �� D 1A. For every subset J � I , let �J WM !

L
j2J Mj denote

the canonical projection, and let �J W
L
j2J Mj ,!M denote the canonical embedding.

Since NQ is a direct summand of AQ, there are ƒQ-homomorphisms f WNQ ! AQ
and gWAQ! NQ such that gf D 1NQ . By Lemma 2.8, there is aƒ-module homomorph-
ism f0WN ! A such that f D f0=s for some non-zero s 2R. Let J0 be a finite subset of
I such that Im f0 �

L
j2J0

Mj . Hence g.�J0�J0 �/Qf D 1NQ .
Again, by Lemma 2.8, there is a ƒ-homomorphism g0W

L
j2J0

Mj ! N such that
g.�J0/Q D g

0=t for some non-zero t 2R. Let g0 D g0�J0 �, and note that g0=t WAQ!NQ
is a ƒQ-homomorphism satisfying that .g0=t/f D 1NQ . Hence, we may assume that
there exists a ƒ-homomorphism g0WA! N that factors through �J0 �, and such that g
is of the form g0=t for some non-zero t 2 R. In particular, g0f0 D st1N . Also note that
g0.A \

L
i2InJ0

Mi / D 0 and Imf0 �
L
j2J0

Mj .
Let r0 D st 2R. Since R is of finite character, r0 is contained only in finitely many

maximal ideals of R, say M D ¹m1;m2; : : : ;mkº. A similar argument as above shows
that there are ƒ-homomorphisms f1; : : : ; fk WN ! A, g1; : : : ; gk WA! N , and non-zero
elements r1; : : : ; rk 2 R such that gifi D ri1N and ri …mi , for each i D 1; : : : ; k. These
morphisms can be chosen such that there are finite subsets J1; J2; : : : ; Jk � I such that
gj .A \

L
i2InJj

Mi / D 0 and Imfj �
L
i2Jj

Mi .

Let J D
Sk
iD1 Ji , and let J 0 WD I n J . Consider an exact sequence

0 X A
L
j2J Mj ;

� �J jA

where X D A \
L
j2J 0Mj . Since A is of infinite rank, X has infinite rank as well, and

hence there is a ƒQ-monomorphism f 0WNQ ! XQ. Then �Qf 0 splits because ƒQ is
simple artinian. Let g0WAQ! NQ be aƒQ-homomorphism such that g0�Qf 0 D 1NQ . As
in the first part of the proof, we may assume that g0 factors through .�K �/Q for some finite
subset K � J 0. Therefore, there are ƒ-homomorphisms f1WN ! A and g1WA! N
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such that g1f1 D r11N for some non-zero r1 2R. Moreover, Imf1 �X and g1.A\L
j2J Mj / D 0:

Since R is of finite character, r1 is contained only in finitely many maximal ideals
ofR, say N D ¹n1;n2; : : : ;n`º. By the Chinese remainder theorem, we can find e1; : : : ; e`
2R such that ej � 0 mod ni whenever j ¤ i and ej � 1 mod nj , for every j D 1; : : : ; `.
Note that any maximal ideal of R either does not contain r0 or is in M. Hence, by the
definition of the r1; : : : ; rk , no maximal ideal of R contains the whole set ¹r0; : : : ; rkº.

For every j D 1; : : : ; `, let i.j / 2 ¹0; : : : ; kº be such that ri.j / 62 nj . Let gWA! N

be the ƒ-homomorphism given by g D g1 C
P`
jD1 ejgi.j /.

We claim that g is a locally split epimorphism, so by Lemma 2.9 it is a split epimorph-
ism. Note that gf1 D g1f1 D r11N , so gn splits if n does not contain r1. On the other
hand,

gfi.t/ D
X̀
jD1

ej gi.j /fi.t/ D et ri.t/1N C
X
1�j�`
j¤t

ej gi.j /fi.t/:

When we localize at nt , the first summand is an invertible element, while the second
summand is in J.Endƒnt

.Nnt // by Lemma 2.6. Hence, gn splits for any maximal ideal
of R, and we conclude with the proof of the statement.

Now we are going to give an example showing that Lemma 8.3 is not true for dir-
ect summands that are not finitely generated. We start with the following well-known
lemma, that will provide us a source of noetherian local domains of Krull dimension 1
with local integral closure. So that indecomposable finitely generated torsion-free mod-
ules have local endomorphism ring (see, for example, Corollary 3.9).

Lemma 8.6. Let ˛1; : : : ; ˛n be (non-zero) coprime elements of N. Let K be a field, let
R D KŒt˛1 ; : : : ; t˛n � and let m D t˛1RC � � � C t˛nR. Set † D R nm. Then:

(i) R is a noetherian domain of Krull dimension 1 and field of quotients K.t/. The
integral closure of R into its field of fractions is KŒt�.

(ii) The integral closure of Rm into its field of fractions is KŒt�† D KŒt�.t/. In particu-
lar, it is a local ring.

(iii) Every finitely generated, indecomposable, torsion-free Rm-module has local endo-
morphism ring.

Proof. (i) The field of fractions of R is a subfield of K.t/ that contains R and also t
(because ˛1; : : : ; ˛n are coprime), so it coincides with K.t/. Since KŒt� is a PID, it is
integrally closed, and being an integral extension of R, it is the integral closure.

(ii) By (i), the extension Rm � KŒt�† is integral. If n is a maximal ideal of KŒt�†,
then n \R D m. Therefore t 2 n, so that n D tKŒt �†, and KŒt�† is a local ring.

The statement (iii) follows from (ii) and Corollary 3.9.

Example 8.7. There are a semilocal noetherian domain R of Krull dimension 1 and
R-modulesM andN that can be written as infinite direct sums of non-zero finitely gener-
ated torsion-freeR-modules, such thatNm is a direct summand of Mm for every maximal
ideal m of R, but N is not a direct summand of M .
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Proof. Let K be an infinite field. Let R1 D KŒt2; t3�.t2; t3/, and let R2 D KŒt3; t7�.t3; t7/.
So Lemma 8.6 applies to R1 and R2.

The local domainR1 is a Bass domain with just two indecomposable finitely generated
torsion-free modules (or rank one) up to isomorphism. Namely, X D R1 and Y D m1

where m1 denotes the maximal ideal ofR1. Note that, by Lemma 8.6,X and Y have local
endomorphism ring.

The domain R2 has infinitely many indecomposable finitely generated torsion-free
modules of all ranks � 2, because it fails to satisfy the Drozd–Roiter conditions (cf.
Theorem 4.2 in [18]). More precisely, if we denote by m2 the maximal ideal of R2, the
R2-module .m2KŒt�.t/ C R2/=R2 is not cyclic because a minimal set of generators is t4

and t5.
We single out an infinite family Z1; Z2; : : : of indecomposable finitely generated

torsion-free R2-modules of rank 2. Note that, by Lemma 8.6, such modules have local
endomorphism ring.

Let 'WK.t/! K.t/ be the automorphism that fixes K and such that '.t/ D t C 1.
Let R be the ring that fits in the pull-back diagram

R R1

R2 K.t/;
'0

where '0WR2 ,! K.t/
'
! K.t/.

By Theorem 4.4 in [35], R is a noetherian domain of Krull dimension 1 with exactly
two maximal ideals m and n and satisfying that Rm Š R1 and Rn Š R2.

Apply the results on [35] (or just Corollary 5.8) to construct two sequences of finitely
generated torsion-free R-modules M1;M2; : : : ; N1; N2; : : : such that

.Mi /n D .Ni /n D Zi ; .Mi /m D X ˚ Y and .Ni /m D X ˚X:

Call M D
L
i2N Mi and N D

L
i2N Ni . Then N is locally a direct summand of M , but

N is not isomorphic to a direct summand of M . Indeed, if N ˚N 0 ŠM , then�L
i2N Zi

�
˚N 0n Š

L
i2N Zi :

Since ¹Ziºi2N are non-isomorphic and have local endomorphism rings,N 0n D ¹0º. Hence,
as N 0 is torsion-free, N 0 D ¹0º. But Nm 6ŠMm, a contradiction.

Remark 8.8. By Proposition 9.6, the ring R in Example 8.7 satisfies that the class of
direct sums of finitely generated torsion-free modules is closed under direct summands.

Proposition 8.9. Let R be a commutative domain of finite character. Let M be a torsion-
free R-module of countable rank. Let m0 be a maximal ideal of R. Assume that

(a) Mm is a direct sum of finitely generated torsion-free modules of rank one with local
endomorphism ring for every maximal ideal m ¤ m0, and

(b) Mm0 is a direct sum of finitely generated torsion-free modules.
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ThenM is in the same genus as a direct sum of finitely generated torsion-free modules
if and only if

(i) Mm is a free module for all but countably many maximal ideals m of R.

(ii) If M D ¹m2 mSpecR jMm is not freeº, and if rm denotes the number of free dir-
ect summands in the decomposition of Mm, then, for every b 2 N, the set ¹m2M j

rm � bº is finite.

Proof. LetN D
L
i2N Ni , where eachNi is a finitely generated torsion-free module, and

assume that M and N are in the same genus. Statement (i) follows from Corollary 5.4.
If M is finite, (ii) is clear. Assume M is infinite and let b 2N. Then there are only finitely
many maximal ideals m 2M such that at least one of .N1/m; : : : ; .Nb/m is not free, so
rm � b for almost all m 2M. This proves (ii).

Conversely, assume that (i) and (ii) are satisfied and let Mm D
L
i2N Mm;i , where

eachMm;i is a finitely generated torsion-free module and such thatMm;i has rank one for
every maximal ideal m¤m0. For each i 2N, let di denote the rank of the moduleMm0;i .

First, assume that M is finite. For each i 2N, apply the package deal Theorem 5.7 to

Xi .m0/ DMm0;i and Xi .m/ D
Ld0C���Cdi
iDd0C���Cdi�1C1

Mm;i for each m ¤ m0

(note that, since M is finite, Xi .m/ is free for almost all maximal ideals m of R). Then,
for each j 2N, there is an R-module Nj such that .Nj /m Š Xj .m/ for every maximal
ideal m in R. Therefore,

L
j2N Nj is in the same genus as M .

Now, assume that M is infinite and consider the case where rm is finite for every
maximal ideal m of R. First, write the elements of M in a sequence m1;m2; : : : in such
a way that rm1 � rm2 � � � � is non-decreasing, and assume that the direct summands in
the decompositions of Mm are indexed such that Mm;1; : : : ; Mm;rm are the free direct
summands. For each i 2N, apply the package deal Theorem 5.7 to

Xi .m0/ DMm0;i and Xi .m/ D
Ld0C���Cdi
jDd0C���Cdi�1C1

Mm;j for each m ¤ m0

(note that, with this reordering and considering (i) and (ii) with b D d0 C � � � C di , Mm;i

is free for almost all maximal ideals). Then, for each j 2N, there is anR-moduleNj such
that .Nj /m ŠXj .m/ for every maximal ideal m inR. Therefore,

L
j2N Nj is in the same

genus as M .
Finally, assume that M is infinite and there is at least one maximal ideal m with rm

infinite. Let m1;m2; : : : be a (finite or infinite) list of elements in ¹m 2M j rm is finiteº
and let n1; n2; : : : be a (finite or infinite) list of elements in ¹n 2 M j rn is infiniteº.
The first sequence is chosen such that rm1 � rm2 � � � � is non-decreasing, and again
we assume the direct summands in the decompositions of Mmi

are indexed such that
Mm;1; : : : ; Mm;rmi

are the free direct summands. Moreover, we assume that the direct
summands in the decompositions of Mni are indexed such that Mni ;1; : : : ;Mni ;i are free.

Let us check that each Mm;j is free for almost all m 2M. If Mni ;j is not free, then
i < j . If Mm;j is not free for infinitely many m’s with finite rm, then b D j � 1 would
contradict (ii). Hence, as before, we find finitely generated torsion-free R-modules Nj
such that .Nj /m Š Xj .m/ for every maximal ideal m of R. Therefore,

L
j2N Nj is in the

same genus as M .
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9. The noetherian case

The results of Section 8 allow us to show in this section that the converse of Theorem 6.6
is true for semilocal noetherian domains of Krull dimension 1 (cf. Proposition 9.6), and
this result will allow us also to prove the converse of Theorem 6.6 for noetherian domains
of Krull dimension 1 and with finitely generated integral closure in Theorem 9.8.

Let C be a pre-additive category, let M be an object of C , and let I be a two-sided
ideal of the ring EndC .M/. Recall that the ideal of C associated to I is the ideal AI of
the category C defined as follows. A morphism f WX ! Y belongs to AI .X; Y / if and
only if f̌ ˛ 2 I for every pair of morphisms ˛WM !X and ˇWY !M in the category C .

Notice that if C 0 is a full subcategory of C . Then the restriction of AI to C 0 gives an
ideal of the category C 0.

Remark 9.1. LetR be a commutative ring, and letƒ be a module-finiteR-algebra. LetM
be a non-zero finitely generated rightƒ-module with endomorphism ring S D Endƒ.M/.
Let 'WR! S denote the canonical homomorphism. Let n be a two-sided maximal ideal
of S , and let m D '�1.n/. By Lemma 2.7(i), m is a maximal ideal of R.

LetX and Y be two objects in Mod-ƒ. If f 2 Homƒ.X;Y / is such that f .X/� Ym,
then f 2 An. Indeed, f̌ ˛.M/ � Mm for every pair of morphisms ˛WM ! X and
ˇWY !M . Hence, by Lemma 2.7(ii), f̌ ˛ 2 n.

If C is a full subcategory of Mod-ƒ, we will still denote by An the restriction to C of
the ideal defined in the whole module category.

Lemma 9.2. Let R be a commutative ring, and let m be a maximal ideal of the ring R.
Let f WX ! Y be a homomorphism of R-modules such that fm.Xm/ � YmmRm. Then
f .X/ � Ym.

Proof. Let x 2X . Then there exist ri 2m, yi 2Y and s 2R nm such that

f .x/

1
D

nX
iD1

yiri

1

1

s
D
y

s
, y 2 Ym:

Therefore, there exists t …m such that f .x/st D yt . Then there exists u…m such that

1�stu2m and f .x/Df .x/.1�stu/Cf .x/stu D f .x/.1�stu/Cytu2Ym:

Proposition 9.3. Under the assumptions of Remark 9.1, let N D
L
i2N Mi be a direct

sum of finitely generated right ƒ-modules which are torsion-free as R-modules, and con-
sider two direct summands A and A0 of N . Assume that C contains M , A, A0, and Mi ,
for each i 2N. If Am Š A

0
m, then A is isomorphic to A0 in the factor category C=An.

Proof. We have to check that there are homomorphisms f WA! A0 and gWA0 ! A such
that IdA � gf; IdA0 � fg 2 An. By Remark 9.1 and Lemma 9.2, it is sufficient to find
f WA! A0 and gWA0 ! A such that

.IdA � gf /m.Am/ � AmmRm and .IdA0 � fg/m.A0m/ � A
0
mmRm:
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Assume now that Am Š A
0
m. Let ˛WAm ! A0m and ˇWA0m ! Am denote mutually

inverse isomorphisms. Then, 
 D �A0m˛�Am and ı D �Amˇ�A0m are elements that belong
to EndRm.

L
i2N.Mi /m/, and such that the following diagram commutes:

L
i2N.Mi /m

L
i2N.Mi /m

Am A0m:




�Am

ı

�A0m

˛

�Am

ˇ

�A0m

By Lemma 2.8, we can consider 
 as a column-finite matrix such that the i -th column
represents

Homƒm..Mi /m;
L
j2I .Mj /m/ Š Homƒ.Mi ;

L
j2I Mj /˝R Rm:

For each i 2N, let si … m be the product of the denominators in the i -th column, and
define � D

L
i2N si Id.Mi /m 2 Autƒm.Nm/. By Lemma 2.8, there exists h 2 Endƒ.N /

such that 
 ı � D hm. For each i 2N, take ti … m such that 1 � tisi 2 m and define
� D

L
i2N ti IdMi

2 Endƒ.N /. Similarly, define � 0 and � 0 starting with the endomorph-
ism ı, i.e., ı ı � 0 D h0m for some h0 2 Endƒ.N /. Note that ��m D IdNm � r for some
r 2 Endƒm.Nm/ with Im r � .Nm/mRm. Similarly, there exists r 0 2 Endƒm.Nm/ with
Im r 0 � .Nm/mRm such that � 0� 0m D IdNm � r

0.
Set

f D �A0h� �A and g D �Ah
0 � 0�A0 :

Then

.IdA � gf /m D .IdA � �Ah0 � 0�A0 �A0 h��A/m
D IdAm � �Amı�

0� 0m�A0m �A0m 
 � �m �Am

D IdAm � �Am �Am ˇ�A0m �
0 � 0m �A0m �A0m �A0m ˛�Am � �m �Am

D IdAm � �Am �Am ˇ�A0m .IdNm � r
0/�A0m �A0m �A0m ˛�Am.IdNm � r/�Am

D IdAm � �Am �Am ˇ�A0m 1�A0m �A0m �A0m ˛�Am 1�Am C s;

where s 2 Endƒm.Am/ satisfies that Im s � AmmRm. A symmetric computation shows
that Im.IdA0 � fg/m � A0mmRm.

Remark 9.4. The statement in Proposition 9.3 is also true if we assume that N is a direct
sum of finitely presented right ƒ-modules instead of a direct sum of finitely generated
rightƒ-modules which are torsion-free as R-modules using Theorem 3.18 in [29] instead
of Lemma 2.8.

Corollary 9.5. Let R be a commutative ring, and let ƒ be a module-finite R-algebra.
Let M D

L
i2N Mi be a direct sum of non-zero finitely presented right ƒ-modules with

semilocal endomorphism rings. If A and A0 are direct summands of M , then A Š A0 if
and only if Am Š A

0
m for every maximal ideal m of R.
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Proof. Consider C D Add.
L
i2N Mi /. We aim to apply Proposition 3.6 in [27]. We have

to check if n is a maximal ideal of Endƒ.Mi / for some i 2 N, then A and A0 are iso-
morphic objects of the factor category C=An. Note that the preimage of n in the canonical
homomorphism R ! Endƒ.Ni / is a maximal ideal of R by Lemma 2.7(i), so we can
apply Proposition 9.3 and Remark 9.4.

From now on, we only consider the case when R is a noetherian domain of Krull
dimension 1. We can try to find appropriate generalizations reflecting the results in the
previous parts of the paper. For the semilocal case below, we need Krull dimension 1
because of Corollary 3.9.

Proposition 9.6. Let R be a semilocal noetherian domain of Krull dimension 1. Let m0,
m1; : : : ;mk be the list of maximal ideals of R. Assume that

(i) Rmi
has the two-generator property for i D 1; : : : ; k,

(ii) the normalization of Rmi
is a discrete valuation domain for every i D 0; 1; : : : ; k.

Then every pure projective torsion-free R-module is a direct sum of finitely presented
modules.

Proof. By Kaplansky’s theorem, see Theorem 1 in [16], every pure projective module
is a direct sum of countably generated modules. Therefore, we may consider A to be a
direct summand of

L
i2N Mi , where eachMi is a non-zero finitely presented torsion-free

R-module, sayA˚A0D
L
i2N Mi . Also, we may assume thatA is not finitely generated.

If m is a maximal ideal of R, then Am ˚ A
0
m D

L
i2N.Mi /m, and by (ii) and Corol-

lary 3.9, Am is a direct sum of finitely generated Rm-modules with local endomorphism
ring.

For each i D 0; : : : ; k, let Ami
D
L
j2N Ni;j , where Ni;j is a finitely generated

indecomposableRmi
-module. In Theorem 4.3 of [31], Rush proved that over a noetherian

ring with the two-generator property any finitely generated indecomposable torsion-free
module has rank 1, thus (i) implies that Ni;j is a module of rank 1 if i � 1.

Therefore, the module A fulfills the hypothesis of Proposition 8.9, and since the num-
ber of maximal ideals of R is finite, we can deduce that A is in the same genus as a
module B that is a direct sum of finitely generated torsion-free modules. Since A and B
are direct summands of B ˚ .

L
i2N Mi /, we deduce from Corollary 9.5 that A Š B .

The following lemma is a variation of Proposition 7.2 adapted to the noetherian setting.

Lemma 9.7. Let R be a noetherian domain of Krull dimension 1, and with module-finite
normalization R. Let M D ¹m1; : : : ;mkº be the list of maximal ideals of R such that Rm

is a principal ideal domain for any maximal ideal m … M, and let † D R n
Sk
iD1 mi .

Further, let M � R.!/ be such that M† is a direct sum of finitely generated R†-modules.
Then M is a direct sum of finitely generated modules.

Proof. We may assume that the rank ofM is infinite. LetM†D
L1
iD1Mi , where eachMi

is a non-zero finitely generated R†-module. For each i D 1; 2; : : : , let Ni WD ¹m 2 M j
m=12

Li
jD1Mj º. Note thatNi �R` for some `, henceNi is a finitely generated submod-

ule of M . Further, we claim that Ni is an RD-submodule of M . Consider m 2M;n 2 Ni
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and 0 ¤ r 2 R such that mr D n. Then .m=1/.r=1/ D n=1 in M†. Since r=1 is not a
zero-divisor on each Mt , m=1 is an element of

Li
jD1Mj .

We claim that for every i 2N, the inclusion �i WNi ! NiC1 splits. By Lemma 2.9, it is
enough to check that �i ˝R Rm splits for every maximal ideal m of R. Since �i ˝R Rm Š

�i ˝R R† ˝R† Rm for any m 2M and �i ˝R R† splits, �i ˝R Rm splits for any m 2M.
Now suppose that m …M. Then it is easy to check that .Ni /m is an RD-submodule of

.NiC1/m and since Rm is a valuation domain, also a pure submodule of .Ni /m. The pure
exact sequence

0 .Ni /m .NiC1/m .NiC1=Ni /m 0
�˝RRm

splits, since the right-hand term is finitely presented. From this, we conclude that �i splits.
Overall, M is a union of the chain N1 � N2 � N3 � � � � where each Ni splits in

NiC1, i.e., there exists a submoduleDiC1 � NiC1 such that NiC1 D Ni ˚DiC1. Further
let D1 WD N1. Then M D

L1
iD1Di is a direct sum of finitely generated R-modules.

Theorem 9.8. LetR be a noetherian domain of Krull dimension 1, and with module-finite
normalization R. Then the following statements are equivalent:

(1) Every pure projective torsion-free R-module is a direct sum of finitely presented
modules.

(2) For any finitely generated, torsion-free R-module X , every element in Add.X/ is a
direct sum of finitely generated modules.

(3) R satisfies the following two conditions:
(i) there exists at most one maximal ideal m0 of R such that Rm0 is not a Bass

domain, and

(ii) the normalization of Rm is a discrete valuation domain for every maximal
ideal m of R.

Proof. It is clear that .1/ implies .2/. Statement .2/ implies .3/ by Theorem 6.6. We only
need to prove that .3/ implies .1/.

Note that, if R is integrally closed, then R is a Dedekind domain, and pure projective
torsion-free modules are projective. Assume that R ¤ R, and let M D ¹m1; : : : ;mkº be
a finite set of maximal ideals of R such that Rm is integrally closed whenever m 62M.
Let † WD R n

Sk
iD1 mi . Therefore, R† is a semilocal ring satisfying the assumptions of

Proposition 9.6. Hence, any pure projective torsion-free R†-module is a direct sum of
finitely presented modules.

Let A be a countably generated pure projective torsion-free R-module, i.e., a direct
summand of

L
i2N Mi , where each Mi is a finitely generated torsion-free module. Note

that each Mi can be considered as a submodule of MiR (the R-submodule of .Mi /0 gen-
erated byMi ) which is a projectiveR-module. Hence, we may consider A as a submodule
of R.!/.

Since A† is a pure projective torsion-free R†-module, it has to be a direct sum of
finitely generated modules. By Lemma 9.7, A is a direct sum of finitely generated mod-
ules.
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10. A family of examples

In this section, we provide a family of examples of h-local domains of Krull dimension 1,
not necessarily noetherian, that exemplifies well the situations described in Theorem 6.6
and also in Corollary 7.3, as we show that they satisfy that direct summands of finitely
generated torsion-free modules are direct sums of finitely generated modules. This family
of examples was suggested to us by Carmelo Antonio Finocchiaro and Paolo Zanardo.

LetK � L be a field extension, and consider the ring R D K C xLŒx� and its localiz-
ation Rm at the maximal ideal m D xLŒx�. The field of fractions of R is L.x/, and R fits
in the pull-back diagram of rings

.C1/

R D K C xLŒx� LŒx�

K L;

incl.

ev0 ev0

incl.

where ev0 denotes the evaluation at 0. In fact, this diagram is a conductor square, with
conductor ideal c D m since R=m Š K and LŒx�=m Š L.

Note that Rm D K C xLŒx�m, since every element in Rm can be written as

aC xp.x/

1C xq.x/
D aC

x.p.x/ � aq.x//

1C xq.x/
,

with a 2 K, p.x/; q.x/ 2 LŒx�.
The localization of (C1) at m gives also a conductor square for Rm,

.C2/

Rm D K C xLŒx�m LŒx�m

K L;

incl.

ev0 ev0

incl.

with conductor cm D xLŒx�m.

Lemma 10.1. Let K � L be a field extension, let R denote the ring K C xLŒx�, and let
m D xLŒx�. Then:

(i) If I is an ideal of R, then IL D LŒx� if and only if I D R.

(ii) Every maximal ideal n ¤ m of R is generated by a polynomial q.x/ 2 R that is
irreducible in LŒx� with q.0/ D 1.

(iii) Rn D LŒx�n, that is, Rn is a discrete valuation ring for every maximal ideal n¤m
in R.

(iv) R is an h-local domain of Krull dimension 1.

Proof. (i) Suppose that IL D LŒx�, so y0 C y1a1 C � � � C ynan D 1 for some elements
yi 2 I and ai 2L nK. Then, for every polynomial q.x/ 2LŒx�, y0xq.x/C y1a1xq.x/C
� � � C ynanxq.x/ D xq.x/ 2 I . Therefore xLŒx� � I . Since xLŒx� is a maximal ideal of
R and I 6� xLŒx�, I D K C xLŒx�.
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(ii) Let n ¤m be a maximal ideal of R. By (i) and because n is maximal, nL ¤ LŒx�
and nL \ R D n. There exists p.x/ 2LŒx� with p.0/ D 1 such that p.x/LŒx� D nL.
Since p.x/ 2 nL\R, p.x/ 2 n. Notice that if q.x/ 2 LŒx� and p.x/q.x/ 2 R, then also
q.x/ 2 R. Therefore p.x/R D n. If p.x/ D q1.x/q2.x/ in LŒx�, and since p.0/ D 1, we
can assume that q1.0/ D q2.0/ D 1, so that it is also a decomposition in R. Since n is
maximal, either q1.x/ or q2.x/2 n, which implies that either q1.x/ or q2.x/ is equal 1.
This shows that p.x/ is irreducible in LŒx�.

(iii) Since the element x 2R n n is invertible inRn, we have aD ax=x 2Rn for every
element a 2 L, so we deduce that L � Rn, that is, LŒx�n � Rn.

(iv) Let p.x/ be a non-zero polynomial in R. If p.0/ ¤ 0, p.x/ can be written as
p.x/ D kq1.x/ � � � qn.x/, where k D p.0/ 2K� and qi .x/ are irreducible polynomials
in LŒx� with qi .0/D 1 for every i D 1; : : : ; n so, in particular, qi .x/2R. This decomposi-
tion is unique up to a unit (an element inK) because LŒx� is a UFD, and in this case, p.x/
is only contained in the maximal ideals generated by the irreducible polynomials qi .x/
for i D 1; : : : ; n.

If p.0/D 0, then p.x/ can be written as p.x/D xmq.x/, wherem� 1 and q.x/2LŒx�
with q.0/¤ 0. Then q.x/ can be written as q.x/D lq1.x/ � � �qn.x/, where l D q.0/2L�

and qi .x/ are irreducible polynomials in LŒx� with qi .0/ D 1 for every i D 1; : : : ; n, so
again, qi .x/2R. Therefore, p.x/ is only contained in the maximal ideals generated by the
irreducible polynomials qi .x/ for i D 1; : : : ; n and it is also contained in m. Therefore, R
has finite character.

Now we prove that Rm has Krull dimension 1. Let p be a non-zero prime ideal of Rm

and let 0 ¤ g 2 p. We can assume, up to a unit of Rm, that g is of the form xna,
with a2L n ¹0º and n� 1. If n > 1, then xnaD x � .xn�1a/which implies that either x or
xn�1a are in p. By induction on n, we can deduce that p contains an element of the form
xa with a2L n ¹0º, so it also contains x2b D xa � xa�1b for any b 2L. As .xb/2 2p for
any b 2 L, we deduce that xb 2 p. Hence p D m.

Since the Krull dimension of R localized at any maximal ideal is 1, we deduce that R
has Krull dimension 1 and, being of finite character, it is h-local.

From (iii), it follows that finitely generated torsion-free Rn-modules are free for every
maximal ideal n ¤ m in R.

Remark 10.2. Assume K   L.
(1) R is integrally closed if and only if the extension K � L is purely transcendental.

If ˛ 2L n K is algebraic over K, then ˛ is integral over R. So if R is integrally closed,
K � L is a purely transcendental extension.

To prove the converse, let f 2L.x/ satisfy a polynomial equation f n C an�1f n�1 C
� � � C a0 D 0 with ai 2R for i D 0; : : : ; n � 1. Since LŒx� is already integrally closed,
we can assume that f 2LŒx�. Let f0 denote the evaluation at 0 of f . Then f0 satisfies a
polynomial equation inK, so f0 is algebraic overK. Since L is purely transcendental, we
deduce that f0 2K, so f 2R.

(2) Rm is noetherian if and only if the extension K � L has finite degree. Indeed, let
.ai /i2A be a basis of L asK-vector space. The maximal ideal mD xLŒx� is generated by
AD ¹xaiºi2A and no proper subset of A generates m. Then Rm is noetherian if and only
if A is finite.
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(3) Rm is not a valuation ring. Note that every element a 2 L n K is in its field of
fractions L.x/, but neither a nor a�1 belong to Rm.

Now we will study torsion-free modules over the ring R and over the ring Rm. The
inclusion of R into the principal ideal domain LŒx� allows us to use the techniques of the
conductor square and artinian pairs (see [18]). First, we fix some notation.

We shall describe a class of torsion-free modules over the ring T that can be either R
of Rm. The ring T is included in a principal ideal domain S , where S D LŒx� if T D R
and S D LŒx�m if T D Rm. The field of fractions of T coincides with the one of S and it
isQD L.x/. We will denote by c the conductor of both conductor squares (C1) and (C2).

We denote by �WT ! Q and �0WS ! Q the corresponding localization maps, and by
"W T ! S the ring inclusion. Then if MT is a torsion-free T -module, there is a commut-
ative diagram

M M ˝T Q

M ˝T S:

M˝�

M˝"
M˝�0

Therefore, we can identify MT with an essential submodule of Q.A/ for a suitable set A,
and then, we set .M ˝ �0/.M ˝T S/ DMS .

In general, M ˝ �0 is not an injective map; it is when MT is projective or, more
generally, when MT is flat.

Lemma 10.3. Let MT be a torsion-free module over T . Then:
(i) MS DML.

(ii) ML \M �M c.

(iii) As a K-vector space, M D V ˚M c, where V is any complement of M c in M .
Moreover, as L-vector space, ML D VL˚M c. Setting W D VL, it follows that
dimK.V / � dimL.W /.

(iv) As an L-vector space,MLDW ˚M c, whereW is any complement of M c inM .
Moreover, V DW \M is aK-vector space such thatM D V ˚M c andW D VL.

(v) For any pair V , W chosen as in (iii) or (iv), V Š M=M c and W Š ML=M c. In
addition, there is a pull-back diagram

.�/

M ML

V W:

incl.

incl.

Proof. Statement (i) follows because TS D TL, cf. Lemma 10.1(i). Statement (ii) is clear.
The ring T fits in an exact sequence of T -modules

0 c T K 0

shows that .�/ is a pull-back diagram.
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Definition 10.4. The category B of modules over the artinian pairK ,! L has as objects
the inclusions V ,! W where V is a K-subspace of the L-vector space W satisfying that
VL D W .

If V ,! W and V 0 ,! W 0 are two objects of B a morphism between them consists of
one K-linear map f WV ! V 0 and one L-linear map gWW ! W 0 making the diagram

V W

V 0 W 0

incl.

f g

incl.

commutative.

Corollary 10.5. As usual, T denotes the ring R D K C xLŒx� or Rm where mD xLŒx�.
Let AT be the category of torsion-free modules over T . Let B be the category of modules
over the artinian pairK ,! L. Then there is a functor FT that assigns to each objectMT

in AT the object of B, M=M c ,!ML=M c.
Moreover, FR.M/ D FRm.Mm/ for any object M of AR.

Proof. Lemma 10.3(v), and the fact that a morphism between torsion-free modules over T ,
induce a morphism between the modules over the artinian pair, imply the existence of such
a functor.

If M is an object in AR, then M=M c is an R-module and also an Rm-module. Also,
ML=M c is an LŒX� module as well as an LŒx�m-module. So, the second part of the
statement is clear.

For a general torsion-free module M the pull-back diagram of Lemma 10.3(v) can be
trivial. Take, for example, M D Q. Then M D ML D M c and V D W D 0. So, in the
notation of Corollary 10.5, FT .Q/ D 0.

To get a better correspondence, we need to restrict the class of torsion-free modules
we are interested in. We shall consider the class

CT D ¹M jM is a torsion-free T -module such that ML is a free S -moduleº

Notice that CT contains all finitely generated torsion-free modules, and it is closed by
arbitrary direct sums and direct summands. In addition, M D S 2 CT .

Assume that ML is a free S -module, then we can fix an S -basis B D ¹viºi2A. Then
if W is the L-vector space generated by B, M c D W c and ML D W ˚W c. Therefore,
by the modular law and by Lemma 10.3, M D V ˚W c where V D W \M .

If M1 and M2 are two modules in CT , then, for i D 1; 2,

MiL D Wi ˚Wic and Mi D Vi ˚Wic; where Vi D Wi \Mi .

Therefore, if .f; g/ is a morphism between the artinian pairs V1 ,! W1 and V2 ,! W2 or,
equivalently, f is a K-linear map and g is an L-linear map, and there is a commutative
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diagram

.�/

V1 W1

V2 W2;

incl.

f g

incl.

then f can be extended to an S -linear map

Qg WM1L D W1 ˚W1c!M2L D W2 ˚W1c

by setting Qg.wxn/D g.w/xn for anyw2W1 and any n� 0. Notice that g is an isomorph-
ism if and only if Qg is an isomorphism because eg�1 D . Qg/�1.

As a consequence, we have the following.

Corollary 10.6. The functor FT described in Corollary 10.5 is full when restricted to the
category CT and it reflects isomorphisms. Therefore,

(i) two objectsM1 andM2 of CR are isomorphic if and only if .M1/m and .M2/m are
isomorphic ;

(ii) MT is projective if and only if M 2CT and the inclusionM=M c ,!ML=M c sends
K-basis of M=M c to L-basis of ML=M c if and only if MT is a free T -module.

Proof. The remarks before the statement prove that the functor FT restricted to the cat-
egory CT is full and reflects isomorphisms.

The statement (i) follows because, by Corollary 10.5, FR.M/ D FRm.Mm/ for any
object M of CR and, by the first part of the statement, two modules in CR are isomorphic
if and only if their corresponding artinian pairs are isomorphic if and only if their localiz-
ations at m are isomorphic.

To prove (ii), notice that since over Rm all projective modules are free, it follows by
(i) that all projective modules over R, since they are modules in CR, are isomorphic to a
free module. It is easy to check that this happens if and only if a K-basis of V ŠM=M c
is also an L-basis of W DML=M c.

Now we summarize some results on finitely generated torsion-free modules over R D
K C xLŒx�. As observed before, these are always in CT as well as infinite direct sums of
them.

Lemma 10.7. Let K � L be a field extension, let R denote the ring K C xLŒx�, and
m D xLŒx�. Let M , N and ¹Miºi2I be finitely generated, torsion-free R-modules. Then:
(i) Every finitely generated indecomposable torsion-free Rm-module has local endo-

morphism ring.

(ii) M Š N if and only if Mm Š Nm.

(iii) M is indecomposable if and only if Mm is indecomposable.

(iv) If M and ¹Miºi2I are indecomposable and M is a direct summand of
L
i2I Mi ,

then M ŠMi for some i 2 I .
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Proof. (i) This follows from Lemma 3.5, taking T DLŒx�m. Note that m is the conductor,
so it is different from zero as required in the hypothesis of the Lemma.

Statement (ii) is included in Corollary 10.6.
(iii) Suppose that Mm D A ˚ B , and that M is indecomposable. Let A0 and B 0 be

R-submodules of A and B generated by some finite set of Rm-generators of A and B ,
respectively. Then .A0˚B 0/mDA˚B DMm and by (ii), we deduce thatA0˚B 0ŠM .
Therefore, A0 D 0 or B 0 D 0, that is, A D 0 or B D 0, and Mm is indecomposable. The
other implication is clear.

(iv) Suppose that M is a direct summand of
L
i2I Mi . Then Mm is also a direct

summand of .
L
i2I Mi /m Š

L
i2I .Mi /m. Since .Mi /m has local endomorphism ring,

it satisfies the Krull–Schmidt property, that is, Mm Š .Mi /m for some i 2 I . By (ii), we
deduce that M ŠMi for some i 2 I .

Corollary 10.8. Let K � L be a field extension, let R denote the ring K C xLŒx�. Then
the class of modules that are direct sums of finitely generated torsion-free R-modules is
closed under direct summands.

Proof. By Lemmas 10.1 and 10.7, the result follows from Proposition 7.2.

Now we want to explicitly construct finitely generated, indecomposable, torsion-free
T -modules where T denotes either R D K C xLŒx� or Rm. First, we will specify better
how these modules and their endomorphism rings can look like.

Recall that if T D R DK C xLŒx�, then S D LŒx�, and if T D Rm, then S D LŒx�m.

Remark 10.9. Let MT be a finitely generated torsion-free T -module of rank n. As ML
is a finitely generated free S -module, we may assume that M is a T -submodule of Sn

such that ML D Sn, in particular, .xS/n � M . Therefore, MT D V C .xS/
n, where V

is a K-subspace of Ln satisfying VL D Ln. Notice that, this gives us a very explicit
construction of a T -module M 2 C such that F.M/ (cf. Corollary 10.5) has as an image
the module over the artinian pair V ,! W .

Now we can also identify the endomorphism ring of MT with a subring of Mn.Q/, in
fact EndT .MT /D ¹A2Mn.Q/ jAM �M º. Since .xS/n �M , ifA 2Mn.Q/ represents
an endomorphism ofMT , then A 2Mn.S/, i.e., EndT .MT /D ¹A2Mn.S/ j AM �M º.
Every matrix A2Mn.S/ can be uniquely decomposed as the sum of a matrix B 2Mn.L/

and a matrix C 2 Mn.xS/. Since Mn.xS/ � EndT .M/, A 2 EndT .M/ if and only if
BV � V . This is to say that if A2 EndT .MT /, then F.A/ D B .

Lemma 10.10. Let K ¨ L be a field extension, let R denote the ring K C xLŒx�, and let
m D xLŒx�. Let M be a finitely generated torsion-free right Rm-module of rank n. Then
Mn.xLŒx�m/ � J.EndRm.M//.

Proof. Note that J.Rm/ D mRm. Then, for every A2Mn.xLŒx�m/, we have

M D AM C .I � A/M � J.Rm/M C .I � A/M:

By Nakayama’s lemma,M D .I �A/M and, by Lemma 2.1(i), I �A is bijective. Hence
A2J.EndRm.M//.
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The following is a modification of Construction 3.13 in [18] to build indecomposable
modules over artinian pairs. Using Remark 10.9, this immediately yields the existence of
indecomposable finitely generated T -modules of arbitrary finite rank n � 2.

Construction 10.11. Let n � 2 be a fixed positive integer, and suppose we have chosen
˛;ˇ 2Lwith ¹1;˛;ˇ;˛2; ˛ˇ;ˇ2º linearly independent overK. Let I be the identity n� n
matrix and H be the nilpotent n � n matrix with 1 below the diagonal and 0 elsewhere.
For t 2K, we consider the n � 2n matrix,

‰t WD ŒI j ˛I C ˇ.tI CH/� D

26664
1 0 � � � 0 ˛ C tˇ 0 � � � 0

0 1 � � � 0 ˇ ˛ C tˇ � � � 0
:::

:::
: : :

:::
:::

:::
: : :

:::

0 0 � � � 1 0 0 � � � ˛ C tˇ

37775 :
Let Vt be the K-subspace of Ln spanned by the columns of ‰t . Let A2 HomK.Vt ; Vu/,
where

HomK.Vt ; Vu/ D ¹A2Mn.L/ j AVt � Vuº:

The condition AVt � Vu implies that there is a 2n � 2n matrix � 2 M2n.K/ such that
A‰t D ‰u� . Write � D

�
C D
P Q

�
, where C;D;P;Q 2Mn.K/. Then, using the condition

A‰t D ‰u� , we have the following two equations:´
A D C C ˛P C ˇ.uI CH/P;

˛AC ˇA.tI CH/ D D C ˛QC ˇ.uI CH/Q:

Substituting the first equation into the second and combining terms, we get the following:

�D C ˛.C �Q/C ˇ.tC � uQC CH �HQ/C ˛2P

C ˛ˇ.tP C uP CHP C PH/C ˇ2.tuP CHPH C tHP C uPH/ D 0:

From the linear independence of ¹1; ˛; ˇ; ˛2; ˛ˇ; ˇ2º, we have

D D P D 0; A D C D Q and .t � u/AC AH D HA:

In particular, we deduce that A2Mn.K/, and if A is an isomorphism and t ¤ u, then the
third equation above gives a contradiction since the left side is invertible and the right side
is not. Thus, if Vt Š Vu, then t D u. To see that Vt is indecomposable, we take u D t and
suppose that A is idempotent. But AH D HA, and it follows that A is in KŒH�, which is
a local ring. Therefore A D 0 or I , as desired.

By Remark 10.9, Mt D Vt C .xS/
n, where Vt is the K-subspace of Ln construc-

ted above, is an indecomposable T -module of rank n (as usual, T D R D K C xLŒx�

or T D Rm). Notice that, in view of Corollary 10.5, there are, at least, jKj different iso-
morphism classes of such modules.
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[12] Herbera, D., Příhoda, P. and Wiegand, R.: Big pure projective modules over commutative
noetherian rings: Comparison with the completion. Forum Math. 37 (2025), no. 4, 1103–1146.
Zbl 08059674 MR 4915561

[13] Herbera, D. and Shamsuddin, A.: Modules with semi-local endomorphism ring. Proc. Amer.
Math. Soc. 123 (1995), no. 12, 3593–3600. Zbl 0843.16017 MR 1277114

https://doi.org/10.1007/978-1-4612-4418-9
https://zbmath.org/?q=an:0765.16001
https://mathscinet.ams.org/mathscinet-getitem?mr=1245487
https://doi.org/10.2307/1993680
https://zbmath.org/?q=an:0103.02304
https://mathscinet.ams.org/mathscinet-getitem?mr=0140542
https://doi.org/10.1215/ijm/1255637479
https://zbmath.org/?q=an:0115.26003
https://mathscinet.ams.org/mathscinet-getitem?mr=0143789
https://doi.org/10.1112/S0024610702003526
https://zbmath.org/?q=an:1009.13003
https://mathscinet.ams.org/mathscinet-getitem?mr=1920402
https://doi.org/10.1007/s00013-004-1074-3
https://doi.org/10.1007/s00013-004-1074-3
https://zbmath.org/?q=an:1065.16013
https://mathscinet.ams.org/mathscinet-getitem?mr=2096802
https://doi.org/10.1007/978-3-0348-8774-8
https://doi.org/10.1007/978-3-0348-8774-8
https://zbmath.org/?q=an:0930.16001
https://mathscinet.ams.org/mathscinet-getitem?mr=1634015
https://doi.org/10.1007/s10468-006-9011-8
https://doi.org/10.1007/s10468-006-9011-8
https://zbmath.org/?q=an:1130.16014
https://mathscinet.ams.org/mathscinet-getitem?mr=2250654
https://doi.org/10.1090/surv/084
https://zbmath.org/?q=an:0973.13001
https://mathscinet.ams.org/mathscinet-getitem?mr=1794715
https://doi.org/10.1080/00927878708823433
https://zbmath.org/?q=an:0612.16020
https://mathscinet.ams.org/mathscinet-getitem?mr=0882800
https://doi.org/10.1016/0021-8693(91)90310-5
https://zbmath.org/?q=an:0745.16004
https://mathscinet.ams.org/mathscinet-getitem?mr=1127066
https://doi.org/10.1016/j.jalgebra.2014.06.010
https://zbmath.org/?q=an:1333.16005
https://mathscinet.ams.org/mathscinet-getitem?mr=3232793
https://doi.org/10.1515/forum-2024-0031
https://doi.org/10.1515/forum-2024-0031
https://zbmath.org/?q=an:08059674
https://mathscinet.ams.org/mathscinet-getitem?mr=4915561
https://doi.org/10.2307/2161881
https://zbmath.org/?q=an:0843.16017
https://mathscinet.ams.org/mathscinet-getitem?mr=1277114


Torsion-free modules over commutative domains of Krull dimension one 185

[14] Hinohara, Y.: Supplement to “Projective modules over weakly noetherian rings”. J. Math. Soc.
Japan 15 (1963), 474–475. Zbl 0127.25903 MR 0184976

[15] Jaffard, P.: Théorie arithmétique des anneaux du type de Dedekind. Bull. Soc. Math. France
80 (1952), 61–100. Zbl 0049.02202 MR 0052396

[16] Kaplansky, I.: Projective modules. Ann. of Math. (2) 68 (1958), no. 2, 372–377.
Zbl 0083.25802 MR 0100017

[17] Lam, T. Y.: A first course in noncommutative rings. Second edition. Grad. Texts in Math. 131,
Springer, New York, 2001. Zbl 0980.16001 MR 1838439

[18] Leuschke, G. J. and Wiegand, R.: Cohen–Macaulay representations. Math. Surveys Monogr.
181, American Mathematical Society, Providence, RI, 2012. Zbl 1252.13001 MR 2919145

[19] Levy, L. S. and Odenthal, C. J.: Package deal theorems and splitting orders in dimension 1.
Trans. Amer. Math. Soc. 348 (1996), no. 9, 3457–3503. Zbl 0858.16017 MR 1351493

[20] Levy, L. S. and Wiegand, R.: Dedekind-like behavior of rings with 2-generated ideals. J. Pure
Appl. Algebra 37 (1985), no. 1, 41–58. Zbl 0616.13008 MR 0794792

[21] Matlis, E.: Cotorsion modules. Mem. Amer. Math. Soc. 49 (1964), 66 pp. Zbl 0135.07801
MR 0178025

[22] Matlis, E.: Torsion-free modules. Chicago Lect. Math., University of Chicago Press, Chicago-
London, 1972. Zbl 0298.13001 MR 0344237

[23] Matsumura, H.: Commutative ring theory. Cambridge Stud. Adv. Math. 8, Cambridge Univer-
sity Press, Cambridge, 1986. Zbl 0603.13001 MR 0879273

[24] Olberding, B.: Stability, duality, 2-generated ideals and a canonical decomposition of modules.
Rend. Sem. Mat. Univ. Padova 106 (2001), 261–290. Zbl 1072.13506 MR 1876223

[25] Olberding, B.: Characterizations and constructions of h-local domains. In Models, modules
and abelian groups, pp. 385–406. Walter de Gruyter, Berlin, 2008. Zbl 1182.13014
MR 2513254
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