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Torsion-free modules over commutative domains
of Krull dimension one

Roman Alvarez, Dolors Herbera and Pavel Pifhoda

Abstract. Let R be a domain of Krull dimension one. We study when the class ¥ of
modules over R that are arbitrary direct sums of finitely generated torsion-free mod-
ules is closed under direct summands. If R is local, we show that ¥ is closed under
direct summands if and only if any indecomposable, finitely generated, torsion-free
module has local endomorphism ring. If, in addition, R is noetherian, this is equival-
ent to saying that the normalization of R is a local ring. If R is an h-local domain
of Krull dimension 1 and ¥y is closed under direct summands, then the property
is inherited by the localizations of R at maximal ideals. Moreover, any localiza-
tion of R at a maximal ideal, except maybe one, satisfies that any finitely generated
ideal is 2-generated. The converse is true when the domain R is, in addition, integ-
rally closed, or noetherian semilocal, or noetherian with module-finite normalization.
Finally, over a commutative domain of finite character and with no restriction on the
Krull dimension, we show that the isomorphism classes of countably generated mod-
ules in ¥ are determined by their genus.
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Introduction

Let R be a commutative domain, let A be an R-algebra, and let ¥ denote the class of
A-modules that are direct sums of finitely generated A-modules which are torsion-free
over R (we should write ¥ if the ring is clear). The class ¥ is closed under arbitrary dir-
ect sums, and we ask whether , is closed under direct summands. When A is noetherian,
this is equivalent to the question whether ¥ coincides with the class of pure projective
A-modules which are torsion-free over R.

If R is a semihereditary domain, then the modules in ¥ are projective modules. It is
well known that, in this case, all projective modules are direct sums of finitely generated
ideals of R. In particular, ¥ is the class of all projective modules, and then it is closed
under direct summands with no extra assumption on the Krull dimension of R.

The interest in these kinds of questions was awakened with the study of the so-called
generalized lattices. Let R be a Dedekind domain with field of fractions Q, and let A be
an R-order in a separable Q-algebra (hence, A is finitely generated and projective as R-
module). Classically, a right A-module is a lattice if it is finitely generated and projective
as an R-module. Dropping the finitely generated condition from the definition of lattice,
we encounter the generalized A-lattices. In this context, the class 5 coincides with the
(arbitrary) direct sums of A-lattices. If A is locally lattice-finite, the generalized lattices
are precisely the direct summands of modules in 4. See Theorem 4 in [5] for the proof
in the lattice-finite case, and Corollary on p. 112 of [30] for its extension to the locally
lattice-finite case.

In Theorem 4 of [30], W. Rump proved that if generalized A-lattices are direct sums of
lattices, then A is locally lattice-finite. Moreover, he answered the question of when
is closed under direct summands, finding that the answer depended on representation-
theoretical data of A.

Piihoda, in the paper [28], translated the question to A = R being a noetherian domain
of Krull dimension 1 with module-finite normalization. In the local case, he proved that g
is closed under direct summands if and only if its normalization (which is assumed to be
finitely generated) is local. In the global case, and under the assumption that R is, in
addition, lattice-finite (i.e., there are only finitely many indecomposable finitely gener-
ated torsion-free R-modules up to an isomorphism) he characterized when ¥ is closed
under direct summands by certain ring-theoretical properties of R that will also appear in
Theorem B.

In the present paper, we consider the case A = R being a commutative domain of
Krull dimension 1, and we also follow the strategy of studying first the case of a local
domain, and then extending to a suitable global situation. For the case of local domains,
we get quite a satisfactory characterization, that is summarized in the following theorem.

Theorem A. (Corollary 3.3, Corollary 3.9) Let R be a local domain of Krull dimen-
sion 1. The class ¥ is closed under direct summands if and only if any finitely generated,
indecomposable, torsion-free module has local endomorphism ring. If R, in addition, is
noetherian, this is equivalent to having local integral closure.

Therefore, in this situation, any module M in ¥ can be written as M = @, c; Ni,
where each Nj is a finitely generated module with local endomorphism ring, and such
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decomposition is unique. In addition, any direct summand of M is isomorphic to a direct
sum of the modules {Nj };iej.

Our global setting will be that of k-local domains. Matlis introduced /4-local domains
in the 60s in [22] as commutative domains satisfying that:

(i) they have finite character; that is, every non-zero ideal is contained only in finitely
many maximal ideals;

(ii) every non-zero prime ideal is contained only in one maximal ideal.

However, Jaffard appears to be the first author to give an equivalent definition of
h-local domains in [15], but under the name of domains of Dedekind type. For the story
and characterizations of /i-local domains, the reader is referred to Fuchs and Salce’s mono-
graph (see Section 3 in Chapter IV of [8]) and to the paper by Olberding (see Theorem 2.1
in [25]).

A domain of Krull dimension 1 is /-local if and only if it has finite character, and
noetherian domains of Krull dimension 1 are always h-local (equivalently, always have
finite character).

If R is a domain such that g is closed under direct summands then, in particular,
all projective modules are direct sums of finitely generated projective modules. Not so
much is known about projective modules over arbitrary domains. However, Hinohara [14]
proved that, over an /-local domain, an infinitely generated projective module, which is
not finitely generated, is always free.

The following theorem summarizes our results for this class of domains,

Theorem B. (Theorem 6.6, Corollary 7.3, Corollary 7.4, Proposition 9.6, Theorem 9.8)
Let R be an h-local domain of Krull dimension 1. If the class R is closed under direct
summands, then R satisfies that

(1) FRry, is closed under direct summands for any maximal ideal m of R;

(2) for any maximal ideal w of R, except maybe one, all finitely generated ideals of Ry
are at most two-generated;

(3) the integral closure R of R in its field of fractions satisfies that Fg is closed under
direct summands.

Conversely, if R is an h-local domain of Krull dimension 1 satisfying (1) and (2),
then ¥R is closed under direct summands in the following situations:

(a) R isintegrally closed, or
(b) R is semilocal noetherian, or

(¢) R is noetherian and has module-finite normalization.

That the closure of ¥ under direct summands implies conditions (1) and (2) was
already proven by Piihoda for noetherian domains of Krull dimension 1 with module-
finite normalization [28]. The fact that a condition like (2) still holds in the generality we
are working has been an interesting surprise, and its proof is one of the more involved in
the paper.

A good description for torsion-free modules over a local ring with the 2-generated
property for finitely generated ideals is only available in the noetherian case: if R has
module-finite integral closure, then it is a Bass domain, and the theory goes back to Bass’
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fundamental paper [3]. The general case of noetherian domains with two-generated ideals
remained open for a long time and was finally settled by Rush in [31]. In both cases, it
is proven that finitely generated torsion-free modules are isomorphic to a direct sum of
(finitely generated) ideals. As far as we know, it is an open question whether such a result
could still hold outside the noetherian case.

We also study the isomorphism classes of modules in # . For finitely generated mod-
ules, the isomorphism class of a module M is usually determined by its genus and some
extra information on the class group. This is the case, for example, of Bass domains as it
was shown in Theorem 4.2 of [20] and for general noetherian domains with 2-generated
ideals [31]. For countable direct sums in ¥ we show that the genus is enough to determ-
ine the isomorphism class. Now we state the precise result we prove, notice that it is for
finitely generated R-algebras and that there is no assumption on the Krull dimension of
the domain R.

Theorem C. (Theorem 8.4) Let R be a commutative domain of finite character with field
of fractions Q. Let A be a module-finite R-algebra such that A @ r Q is a simple artinian
ring. Let M = @ieNo Ajand N = @ieNo B; be direct sums of non-zero finitely generated
right A-modules which are torsion-free as R-modules. If M and N are in the same genus,
then there are decompositions

M = @iENO Mi and N = @iGNo Ni

such that both M; and Nj are finitely generated, and M; = Nj for every i € Ny. In par-
ticular, M and N are isomorphic.

Theorem C extends a result proven by Rump in [30] for A an order in a separable
algebra over a Dedekind domain R.

Now we briefly describe the content of the different sections of the paper, taking the
chance to highlight some of the main ideas.

To work in a problem like the closure of ¥ under direct summands, we need some
method to construct interesting and possibly infinitely generated direct summands. This
is the main topic of Section 1, in which we exploit that projective modules can be lifted
modulo the trace ideal of a projective module (cf. Theorem 1.9). This machinery for pro-
jective modules was developed in the noetherian setting in [26], extended to general rings
in [11] and the connection with the study of the category Add(M ), of direct summands
of direct sums of copies of a finitely generated module M, was developed in [12] (cf.
Theorem 1.11).

Section 2 is quite technical, but essential for the rest of the paper. In it, we survey
the results needed on finitely generated (torsion-free) and/or finite rank modules over a
domain R, as well as properties of their endomorphism rings. Given a domain R we also
need to treat the case of finitely generated modules over an R-algebra A that is torsion-free
as R-modules. We also introduce the concepts of domain of finite character and of -local
domain, developing the first basic properties of endomorphism rings of finitely generated
modules over these classes of rings.

In Section 3, we characterize local domains of Krull dimension 1 satisfying that ¥ is
closed under direct summands. The results in this section prove Theorem A.
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In Section 4, we develop tools to relate the property of being locally a direct summand
with being a direct summand in the setting of finitely generated torsion-free modules. If R
is a domain of finite character, and N and M are finitely generated torsion-free modules
such that N @ g Q is a direct summand of M ® g Q, then Ny, is a direct summand of My,
for almost all maximal ideals mt of R. This means that we only have a finite number of
“problematic maximal ideals”. In the remainder of the section, we prove several results
on how to proceed for these problematic maximal ideals. Analogous results were proven
in the one-dimensional noetherian setting in [10], and were inspired by the representation
theory of orders.

In Section 5, we study finitely generated modules over an algebra A over an /-local
domain R. We prove the results that will serve as a bridge between the local and the global
case. A key observation is the following: if M and N are finitely generated A-modules
that are torsion-free as R-modules and satisfy M @ g Q = N ®g @, where Q is the field
of fractions of R, then the localizations of M and N at maximal ideals of R are isomorphic
for almost all maximal ideals of R.

Then the problem is, given {X(m) | u € mSpec R} a family of right Ay,-modules,
when there is a right A-module N such that Ny, = X(m) for every maximal ideal m
of R. This question was already studied by Levy and Odenthal in [19] for R being a
noetherian domain of Krull dimension 1, and the answer is that mild compatible condi-
tions between the localizations are enough to warrant the existence of N. Here we give
a generalized version of Levy—Odenthal’s package deal theorem for localizations over A-
local domains (cf. Theorem 5.7), and give another one for localizations of trace ideals of
countably generated projective A-modules (cf. Theorem 5.13).

The case A = R is particularly neat. The localization at a maximal ideal of a finitely
generated torsion-free module is free for almost all maximal ideals (cf. Corollary 5.3).
Conversely, a family {X(m) | m € mSpec R} of Ry,-modules can be glued together in a
finitely generated torsion-free R-module N provided all the modules X, have the same
rank and they are free for almost all maximal ideals mt (cf. Corollary 5.8).

In Section 6, we exploit the theory developed in the previous sections, proving the first
part of Theorem B. An important intermediate result is Theorem 6.2, which shows that
if g is closed under direct summands, then finitely generated indecomposable torsion-
free modules over different localizations at maximal ideals must have coprime rank. This
type of result was first spotted by Prithoda in [28], and our proof follows the same strategy
as the original result.

In Section 7, the remaining part of the characterization of integrally closed domains
with ¥ closed under direct summands, contained in Theorem B, is proven.

In Section 8, we give the proof of Theorem C. This section also includes examples
showing that over a semilocal domain, being a direct summand of an infinite direct sum
of finitely generated torsion-free modules could be satisfied locally but not globally. This
contrasts with the case of finitely generated modules, cf. Corollary 4.5.

The noetherian part of Theorem B is proven in Section 9. We stress that Theorem 9.8
gives the converse of one of the main results in [28].

We close the paper in Section 10, with a family of examples of i-local domains of
Krull dimension 1 satisfying Theorem B. These examples are of the form R = K + xL[x],
where K C L is a field extension. If such an extension is finitely generated, then R is
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noetherian. If the extension is transcendental, then R is integrally closed in its field of
fractions (and it is not a Priifer domain!). Moreover, under mild restrictions over the
dimension of the field extension, R has indecomposable finitely generated torsion-free
modules of all ranks.

Throughout the paper, rings are associative with 1, and morphisms are unital. In each
section we try to be very precise about the setting we are working with. Our main topic is
(torsion-free) modules over commutative domains, so most of the time R is a commutative
domain with field of fractions Q. We reserve A to denote an algebra over a domain R.
If M is a A-module (usually finitely generated and torsion-free as an R-module), we
denote by S its endomorphism ring.

1. Lifting direct summands modulo the stable category

Definition 1.1. Let R be aring and let M be a right R-module. Then the trace of M in R
is the two-sided ideal of R defined as

Trr(M) = Y f(M).

f€Homg(M,R)

To simplify the notation, we will just use Tr(M) to denote the trace in R of the mod-
ule M when the ring R is clear. Our main interest will be in traces of projective modules.
Recall that the trace of a projective module is always an idempotent ideal.

The following fact will be used throughout the paper.

Remark 1.2. Let R be aring and M a right R-module. Let L be a two-sided ideal of R.
Then I = {f € Endg(M) | f(M) C ML} is a two-sided ideal of Endg(M).

In addition, the R-R bimodule structure of R gives a structure of left R-module to
Hompg (M, R) where r - w, for r € R and w € Homg(M, R), is defined as the module
homomorphism r - w: M — R such that r - w(x) = rw(x) for any x € M. This gives a
canonical morphism

¢ : M ®gr Homg(M, R) — Endg(M)

where, for m € M and w € Homg (M, R), ¢(m ® w) is the endomorphism of M defined
by p(m ® w)(x) = mw(x), for any x € M. It is not difficult to show that

(M ® g Homg(M, R)) = {f €S | f factors through R" for some n > 1}.
Throughout the paper, we will use the notation
(M ® g Homg(M, R)) = M Homg(M, R).

Lemma 1.3. Let R be a ring. Let M be a right R-module with endomorphism ring S =
Endg(M). Let I = Trg(M), and J ={f €S| f(M) C MI} (which is a two-sided ideal
of S by Remark 1.2). Then M Homgr(M, R) C J.

Proof. In the notation of Remark 1.2, and because of the definition of ¢, it follows that
@(m ® w)(M) € MI. So that, also ¢(}_7_, m; ® w;)(M) € M1 form; € M and w; €
Hompg (M, R). ]
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Lemma 1.4. Let R be a ring and let P be a right R-module. Then, for any two-sided
ideal I of R,

(i) (Trr(P)+1)/1 S Trgy(P/PI);
(ii) if, in addition, P is projective, then Trg; 1 (P/PI) = (Trg(P) + I)/1.

Proof. (i) Let x € Trr(P). Then there exist f1,..., fn € Homg(P, R)and py,...,py, € P
such that x = Z?:l fi(pi). Then, for each i = 1, ..., n, there is an induced homo-
morphism f;: P/PI — R/I givenby f;(p + PI) = f(p) + I. Since f;(P/PI) C
Trg/r(P/PI),in particular, f;(p;) 4+ I € Trg/r(P/PI).Since x =Y ;_, fi(pi), it fol-
lows that x + I € Trg,;(P/PI).

Statement (ii) follows from the lifting property of projective modules, since every
R/I-module homomorphism f: P/PI — R/I lifts to an R-module homomorphism
f:P — R. |

Remark 1.5. In this section, we will make repeated use of the so-called Eilenberg trick,
which implies, for example, that if P is a countably generated projective module and X is
a direct summand of P, then P®@ @ X >~ P©@,

We recall the definition of the class of modules generated by a projective module.

Definition 1.6. Let R be aring. Let M be a right R-module. We define the class Gen(M')
of modules generated by M as the class of right R-modules that are a homomorphic image
of a direct sum of copies of M.

For further quoting, we recall the following characterization of the class Gen(P),
when P is a projective module.

Lemma 1.7 (Lemma 2.10 in [12]). Let R be a ring, and let P be a projective right
R-module with trace ideal 1. Then Gen(P) coincides with the class of right R-modules M
such that M1 = M.

For further use, we note the following property of direct sums of finitely generated
modules.

Lemma 1.8. Let R be a ring, and assume there is a direct sum decomposition of right R-
modules M ® M = X ® Y, with M finitely generated and X, Y direct sums of finitely
generated modules. Then there exist A and B, direct summands of X and Y, respectively,
suchthat M ® Z = A @ B, with Z a finitely generated direct summand of M.

Proof. Since M is finitely generated, by the hypothesis, M € A @ B, with A and B being
finitely generated direct summands of X and Y, respectively. Therefore, by the modular
law, A®@ B=M & Z,where Z = M' N (A ® B). (]

Theorem 1.9. Let R be a ring, and let I be an ideal of R that is the trace of a countably
generated projective right R-module Q.
(i) (Theorem 3.1 in [11]) Let P’ be a countably generated projective right module

over R/I. Then there exists a countably generated projective right R-module P
such that P/PI =~ P’.
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(i1) Let Py and P, be countably generated projective modules such that P/ P11 =
Py/Py1. Then Q' @ P, =~ Q@ @ P,.

(iii) Let Q' be a countably generated projective R-module such that Trg(Q') = I. Then
0@ = ().

Proof. Statement (ii) follows from the proof of Lemma 2.5 in [26]. We give a self-
contained proof for the reader’s convenience. For each i = 1,2, let 7;: P; — P;/P;1
denote the canonical projection. Let f: P;/P;I — P,/P,I be an isomorphism. Then
there exists g1: Py — P, such that the diagram

Py
g1 Fom
P, — =2 5 P/PI

is commutative. Hence, P, = g1(P1) + P>1.

Since [ is the trace ideal of the countably generated projective module Q, it is idem-
potent and, by Lemma 1.7, there exists an onto module homomorphism g,: 0®) —
P> I, where k is an infinite cardinal. Let &: Q(") @ Py — P,/ P,I be the module homo-
morphism defined by (g, p) = f o m1(p) for any (¢, p) € Q®) @ Pj. Then there is a
commutative diagram

QW g P
& h
P2 L} P2/P217

where g is the onto module homomorphism defined by g(q, p) = g2(q) + g1(p) for
any (¢, p) € 0¥ @ P,. Since P is countably generated, there exists C C k countably
infinite such that P, = g(Q(©) @ P;). Let g’: 0©) @ P; — P, be the restriction of g to
0(© @ Py. Since P; is projective, Q©) @ P; = P} @ Ker g’ where P} is a submodule
of 0©) @ P, isomorphic to Ps.

As Kerg’ C Kerh = Q(") @® P;I, we deduce that

0© @ Pl =Kerg’ ®(Pyn(Q©C @ PiI)).

By Lemma 1.7, P;I € Gen(Q). Hence, the countably generated module Ker g’ is a homo-
morphic image of Q). Since it is also projective, it is a direct summand of Q@) . By the
Eilenberg trick (cf. Remark 1.5), Q(“’) @ Kerg’ =~ Q(“’). Therefore,

0@ @ P =0@gP,@dKerg = 0@ag P,

as we wanted to prove.
Statement (iii) is a consequence of (ii). Taking P; = Q@ and P, = (Q)@), we
deduce from (ii) that

Q(w) ~ Q(w) ® Q(w) ~ Q(w) e (Q/)(w).
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Exchanging the roles of Q and Q’, we deduce from (ii) that (Q")®@ =~ (Q")@ @ Q@),
which yields the claimed isomorphism. ]

As a corollary of Theorem 1.9, we show that direct sums of projective modules can be
lifted modulo a trace ideal. This result is implicit in [12].

Corollary 1.10. Let R be a ring, and let P be a countably generated projective right
R-module. Let I be the trace of a countably generated projective right R-module Q.
Assume that P/PI = X' @ Y’. Then there exist countably generated projective right
R-modules X and Y such that Q) @ P =~ X ® Y and X/XI = X', Y/YI =Y’ as
R/ I-modules.

If, in addition, P is finitely generated, and X and Y are direct sums of finitely gen-
erated modules, then there exist A and B, isomorphic to direct summands of X and Y,
respectively, such that P & Z = A ® B, with Z a finitely generated direct summand
of 09, and satisfying that AJAI =~ X', B/BI = Y’.

Proof. By Theorem 1.9, there exist countably generated projective right R-modules X
and Y; suchthat X; /X, I =~ X', Y,;/Y, I =~ Y’'.Hence, P/PI =~ X,/ X1I1 ® Y,/ 11.
Set X = Q0@ @ X,andY = 0@ @ ¥,. By Theorem 1.9, 0 o P =X & Y.
To prove the final part of the statement, assume for simplicity that Q) @ P =X @ Y.
Notice that the existence of 4, B and Z follows from Lemma 1.8. Therefore, there are
direct sum decompositions X = A@® A’ and Y = B & B’. Now

0“oP=A0A®BOB =P (ZadA &B),

so that the canonical projection 7: Q) @ P — Z @& A’ @ B’ induces an isomorphism
0@ — 7 @ A’ @ B’. Therefore Z, A’ and B’ are modules in Gen(Q). By Lemma 1.7,
we deduce that X' >~ X/XI =~ A/Al andY' = Y /Y1 = B/BI. This concludes the proof
of the statement. ]

Proposition 1.11 (Theorem 4.7 in [6]). Let R be a ring. Let M be a right R-module. Let
S = Endr(M). Then the functor Homg (M, —) induces a category equivalence between
add(M) and the category of finitely generated projective right S-modules. The inverse of
this equivalence is given by the functor — @s M.

Assume, in addition, that Mg is finitely generated. Then the functor Homg(M, —)
induces a category equivalence between Add(M) and the category of projective right
S-modules.

Lemma 1.12 (Theorem 2.11(3) in [12]). Let R be a ring. Let M be a finitely gener-
ated right R-module. Let S = Endr(M).. Let X be an object of Add(M), and let Ps =
Hompg(M, X). Set [ = Trg(P). Then,

1) I ={f €S| f factors through X" for some n € N}, that is,
I = Homg (X, M)Homg(M, X).
(ii) Forany Y € Add(M),

Homg(M,Y)I ={f € Homg(M,Y) | f factors through X" for some n € N}.
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Remark 1.13. Let M and M’ be two right modules over a ring R, and with endomorph-
ism rings S and S’, respectively. Let

4 ’
T :=Endg(M' ® M) = ( S Homg(M, M )) '

Homg(M’, M) S

Consider the finitely generated projective right 7-module

P = ((1) 8) T =~ Homg(M' & M, M').

Its trace ideal is

=T 1 0 T S’ Hompg (M, M')
- 0 0 ~ \Homg(M’',M) Homg(M’',M)Homg(M,M"))"

Then T/I =~ S/Homg(M’, M)Homg (M, M’).
We will use the case M’ = R, so that T/I =~ S/M Homg(M, R). That is, it is the
endomorphism ring of Mg in the stable category.

Corollary 1.14. Let R be a ring. Let M be a finitely generated right R-module with
endomorphism ring S. Let

I ={feS | f factors through R" for some n € N} = M Homg(M, R).

Let e be an idempotent of S/I. Then there is a direct sum decomposition R®) & M =
X @Y, such that
Hompg (M, X)/ Homg(M, X)I = e(S/I)

and
Hompg(M,Y)/Homgr(M,Y)I = (1 —e)(S/I).

If, in addition, X and Y are direct sums of finitely generated modules, then there
exist A and B, direct summands of X and Y, respectively, such that M & P = A& B
with P a finitely generated projective right R-module and satisfying that

Hompg (M, A)/ Homg(M, A)I = e(S/I)

and
Hompg(M, B)/ Homg(M, B)I = (1 —¢)(S/I).

Proof. Let T = Endgr(R & M). Considering Remark 1.13, S/ =~ T/J with J the trace
ideal of the projective right 7-module Q = Homg(R & M, R).

By Corollary 1.10, there is a direct sum decomposition Q) @ Hom(R & M, M) =
X @Y with X'/X'J =e(S/I)andY'/Y'J = (1 —e)(S/I).

Set X =X'"Qr(R®&M)andY =Y’ @7 (R & M). By Proposition 1.11, we have
that RO @M =X @Y, RO X =X, R @Y =Y, and X and Y are uniquely
determined up to isomomorphism.

The final part of the statement follows from Lemma 1.8 and Proposition 1.11. ]
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Lemma 1.15. Let R be a ring. Let M be a right R-module with semiperfect endo-
morphism ring. If X is a right R-module such that M & X = Y1 & Y, for suitable
right R-modules Y1 and Y, then for i = 1,2, Y; =~ N; & Yi’, where N1 & Ny = M
andY]/ @Y, = X.

Proof. This is an easy consequence of the fact that modules with a semiperfect endo-
morphism ring are a finite direct sum of modules with local endomorphism ring, and that
modules with local endomorphism ring satisfy the exchange property (cf. Lemma 2.7 and
Theorem 2.8 in [6]). Namely, if M @ X = Y; @ Y>, and M has local endomorphism ring,
then we may assume that M is isomorphic to a direct summand of Y; sothatY; = M @ Y/
and, moreover, X = Y{ @ Y,. Now if M = M, @ --- & M, with each M; having local
endomorphism ring, the statement follows by induction on n. ]

Lemma 1.16. Let R be a semiperfect ring. Let M be a right R-module. Then Trgr(M) C
J(R) if and only if M has no non-zero projective direct summands.

Proof. Assume that Trg(M) € J(R). Hence, there exists f: M — R and e?> = e € R,
with eR /e J(R) simple, such that ef (M) # eJ(R). Therefore eR = ef(M) + eJ(R).
By Nakayama’s lemma, eR = ef (M), so eR is a projective direct summand of M .

The converse statement is clear because the trace of a non-zero projective module is
never contained in J(R). |

Lemma 1.17. Let R be a semiperfect ring. Then:

(1) If M is a finitely generated module, M = P & M’, with P a finitely generated
projective module and M’ with no non-zero projective direct summands. In addition,
this decomposition is unique up to isomorphism.

(i) If My and M, are R-modules with no non-zero projective direct summand, then
M1 & M5 has the same property.

Proof. Statement (i) is Theorem 3.15 in [6].

To prove statement (ii), notice that if P is an indecomposable projective R-module,
then its endomorphism ring is local because R is semiperfect. Therefore, if such P is a
direct summand of M; @ M,, then it is a direct summand either of M; or of M5, which
is not possible by our assumptions. ]

Proposition 1.18. Let R be a semiperfect ring, and let M be a finitely generated right
R-module with endomorphism ring S. Set J = M Hompg (M, R). If every direct summand
of R®) & M is a direct sum of finitely generated modules, then the following statements
hold:

(i) Lete € S/J be anidempotent. Then there exists > = f €S suchthat (f +J)S/J
~eS/Jand(1—f+J)S/J=(1—-e)S/J.
(i1) If M is indecomposable, then so is the right S-module S/ J .

(iii) Every direct summand of R‘”) @ M is of the form P @ X, where X is a direct
summand of M and P is a direct summand of R (that is, a countably generated
projective module).
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Proof. (i) We consider the setting of Remark 1.13 with M’ = M, and follow the notation
on that remark.

By Corollary 1.14, there is a decomposition P & M = A @ B with P finitely gener-
ated projective and A and B finitely generated such that

Hompg (M, A)/ Homg(M, A)J = e(S/J)

and
Hompg(M, B)/ Homg(M, B)J = (1 —¢)(S/J).

ByLemma 1.15, A=A, @ A and B= B, & B,,with M =~ A & B and A, and B,
projective R-modules. Therefore, Homg(M, A1) = fS and Homgr(M, B;) = (1 — f)S
for f2 = feS.

By Lemma 1.12,

e(S/J) =~ Homg(M, A)/ Homg(M, A)J
=~ Homg (M, Ay)/ Homg(M, A)J = (f + J)S/J.

Similarly, (1 —e)S/J = (1 — f + J)S/J.

Statement (ii) is a consequence of (i).

(iii) Since R is semiperfect, M = P @ M’, where P is finitely generated projective
and M’ has no non-zero projective direct summands (cf. Lemma 1.17). Since R & P
=~ R®), to prove our statement, we may assume that M = M’ has no non-zero projective
direct summands.

Let N be a finitely generated direct summand of R”) @ M . Then, there exists n > 0
such that N is a direct summand of R” & M. By Lemma 1.15, we can deduce that N is
of the required form.

Assume now that N is a direct summand of R) @ M that is not finitely generated. By
hypothesis, N = €D, 4 Ni, where N; are finitely generated modules. By the previous step,
foreachi € A, N; = P; & M;, with P; finitely generated projective and M; isomorphic to
a direct summand of M . Notice that each M; has no non-zero projective direct summands,
by our assumptions.

Since the ring R is semiperfect, then M/ M J(R) is a semisimple module of length £.
Then the maximal number of non-zero direct summands in a direct sum decomposition
of M is £. We claim that this implies that only £ of the direct summands M; are different
from zero.

Indeed, take iy,...,i¢+1 to be £ 4+ 1 different elements of the index set A. Then
N' = fii M;. is a direct summand of R @ M. By Lemma 1.17, N’ has no non-

zero projective direct summands. By the first step, N’ is a direct summand of M. Hence,
there is some M;; = {0}.

Since only finitely many M;’s are different from zero, as before, we can deduce that its
direct sum is a direct summand of M. Since @, 4 P; is a countably generated projective
module, it is a direct summand of R(®. This finishes the proof of the claim. n

Now we want to interpret these results in terms of lifting of idempotents modulo an
ideal. The following fact characterizing when two idempotents are conjugated by a unit
will be useful.
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Lemma 1.19 (Exercise 21.15 in [17]). Let S be a ring, and let e and g be idempotents
of S. Then there exists a unit u € S such that wveu™" = g if and only if eS = gS and
1-e)S=(1-g)Ss.

Lemma 1.20. Let S be a ring, and let J be an ideal of S contained in J(S). Let e = e? €
S/J. Assume that Ss =~ X1 ® Xo and X1/ X1J =e(S/J)and X2/ XoJ = (1 —¢€)(S/J).
Then there exists f?> = f €S suchthat f +J =eand fS = X1 and (1 — f)S = X,.

Proof. Let g2 = g € S be such that there exist two isomorphisms f1: gS — X; and
f2: (1 — g)S — X,. Then the restriction of f; and f5 give isomorphisms gJ =~ X;J and
(1—g)J = X,J, sothat

(g+J)S/J =gS/gJ = X1/X1J,
(I1—g+ NS/ JT=1-9)S/(1—-g)J = X»/X>J.

By Lemma 1.19, there exists v a unit of S/J such that v(g + J)v~! = e. Since J is
contained in J(S), any u € S such that ¥ + J = v is also a unit of S. Pick such an
invertible element u, and set f = ugu~!. Then f is an idempotent element of S with
f+J =v(g+ J)v~! =e. Moreover, as f is conjugated of g, we can apply Lemma 1.19
to deduce that S = X; and (1 — f)S = X,. (]

Corollary 1.21. Let R be a semiperfect ring. Let M be a finitely generated right R-module
with endomorphism ring S. Assume that onto endomorphisms of M are bijective and
that M has no non-zero projective direct summands. Then:

(1) S is semilocal and the ideal J = M Hompg (M, R) is contained in J(S).

(i) If the direct summands of R“”) @ M are direct sum of finitely generated modules,
then idempotents of S/J can be lifted to idempotents of S. If, in addition, J(S)/J
is a nil-ideal, then S is semiperfect.

Proof. (i) By hypothesis and Lemma 1.16, f € J implies that f(M) C MJ(R), so f(M)
is superfluous in M. Then 1 — f is onto, hence bijective. This implies that J € J(S). The
ring S is semilocal because M/ M J(R) is a semisimple module of finite length, so we can
apply the results in [13].

(ii) By Proposition 1.18, any direct summand of S/J can be lifted to a direct summand
of §. By (i), J € J(S), and we deduce that idempotents can be lifted modulo J from
Lemma 1.20. If J(S)/J is nil, then idempotents of S/J(S) can be lifted to S/J. Hence,
to S. Since, by (i), S is semilocal, we deduce that S is semiperfect. [

2. The endomorphism ring of a finitely generated module

As implicit in Corollary 1.21, the condition that onto endomorphisms of a finitely gener-
ated module are bijective is going to play an important role in our study. In this section,
we recall some more or less well-known facts on when this happens, and some of the
consequences it has.

We start with some well-known facts about the endomorphism ring of a finitely gener-
ated module over a commutative ring. We will use them throughout the paper, sometimes
without previous acknowledgment.
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Lemma 2.1. Let R be a commutative ring. Let M be a finitely generated R-module with
endomorphism ring S. Then:

(1) (Vasconcelos, Proposition 1.2 in [32]) Any onto endomorphism of M is bijective.
(ii) The central ring extension R/anng(M) < S is integral (that is, any element of S
satisfies a monic polynomial with coefficients in R /anng(M)).

(iii) Let L be a two-sided ideal of R containing anng(M ) andlet I ={fe€S | f(M) C
ML}, If M can be generated by £ elements, then for every f € I, there exist

b],...,b(EL

suchthatfz + fe_ll_)g 4+ f132 +l_)1 =0, wherel_)i,i =1,...,¢, means the
class of the element b; in R/anng (M) viewed inside S.

Proof. Statements (ii) and (iii) are applications of the determinant trick. To prove (ii), let
M =m{R+---+myR and let f€S. Then there exists a matrix A € My(R) such that

my
(fld,—A)| : | =o0.

my

Then we deduce that det( f Idg — A)m; =0foranyi =1,...,¢. Hence, det( f Id; — A) €
(R/anng(M))[ f] is zero. Hence, f is an integral element over R /anng(M).

To prove (iii), just observe that the coefficients of the polynomial det( f Id; — A) sat-
isfy the claimed properties if fe 1. ]

Remark 2.2. Let R be a commutative ring, and let A be a (non-necessarily commutative)
module-finite R-algebra. Let M be a finitely generated right A-module. Then the con-
clusions of Lemma 2.1 also hold for S = Enda (M). M being finitely generated and A
being module-finite implies that My is also finitely generated as an R-module. Moreover,
Endp (M) is a subring of Endg (M).

Goodearl in [9] characterized which rings satisfy that any onto endomorphism of a
finitely generated module is bijective. The following result follows easily from such char-
acterization, and it includes an extension of Lemma 2.1 and Remark 2.2.

Proposition 2.3. Let R be a commutative ring, and let A be a (non-necessarily com-
mutative) module-finite R-algebra. Let M be a finitely generated right A-module with
endomorphism ring S = Endp (M). Then:
(1) Every finitely generated right S-module X satisfies that any onto endomorphism
of X is bijective.
(i) If S is semilocal, then so is the endomorphism ring of any finitely generated right
(or left) S-module. In particular, if A is semilocal, then so is S.
(i) I ={f € Ends(X) | f(X) € XJ(S)} is a two-sided ideal of Endgs (X) contained
in J(Ends(X)). In particular, { f € S | f(M) € MJ(A)} is a two-sided ideal of S
contained in J(S).
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Proof. (i) Since M, (S) = Endp (M") for any n > 1, we deduce from Lemma 2.1 (ii) and
Remark 2.2 that the extension R /anng(M) — M, (S) is integral for any n > 1. Now, the
conclusion follows from Corollary 6 in [9].

(i1) The first part of the result is a particular case of Proposition 3.2 in [7]. Taking
M = A gives the second part of the statement.

(iii) By Remark 1.2, [ is a two-sided ideal of S, so it is enough to show that 1 — f is
bijective for every fe .

Let fel.Then S = f(X)+ (1 — f)(X) = XJ(S)+ (1 — f)(X). By Nakayama’s
lemma, X = (1 — f)(X). By (i), 1 — f is bijective. |

Definition 2.4. A ring homomorphism f: R — S is said to be local if, for any r € R,
f(r) is invertible in S if and only if r is invertible in R.

Lemma 2.5. Let R be a commutative ring. Let R C S be a central integral extension of
rings, where S is not necessarily commutative. Then:

(1) For any s € S, the inclusion R[s] — S is a local ring homomorphism. Therefore
J(S) N R[s] € J(R][s])-
(ii) If R is a ring of Krull dimension 0, then J(S) is a nil-ideal.

Proof. (i) Let s € S. To show that the inclusion R[s] € S is a local homomorphism, we
need to prove that if x € R[s] is invertible in S, then the inverse is in R[s]. This is a well-
known fact for integral extensions of commutative rings. We recall the argument to see
that it also works in our situation.

Since R € S is an integral extension, the element x~1 satisfies x ™ — pqx 1 —
-+ —r, = 0 for suitable 1, ...,r, € R. Since x~! is invertible, we may assume 7, % 0.
Therefore, multiplying by x” we obtain the equality 1 = (r; + rax 4+ -+ + rx* " Dx.
Therefore, x ! = ry + rpx 4+ --- + r,x" ! € R[s].

The second part of the statement follows immediately from the first part.

(i1) Assume now that R has Krull dimension 0. Let s € J(S). By (i), s € J(R][s]).
Since R C RJs] is an integral extension of commutative rings, also R|[s] is a ring of Krull
dimension 0. Hence, J(R|[s]) coincides with the nilradical of R[s]. So we deduce that s is
nilpotent. This shows that J(S) is a nil-ideal. |

n

Lemma 2.6. Let R be a commutative ring, and let A be a module-finite R-algebra. If M
is a finitely generated right A-module, then Enda (M)J(R) C J(Endp (M)).

Proof. Let f1,..., fx € Endpy (M) and let ry, ..., ri € J(R). Since My is finitely gen-
erated, by Lemma 2.1, to show that 1 — Zle fir; is invertible it suffices to show that
1— Zle firi is an onto A-endomorphism of M. To this aim, notice that

M= (1- iﬁri)(M) - (fﬁri)(M) = (1- Xk:firi)(M) + MJ(R).
i=1 i=1 i=1

Since M J(R) is a small R-submodule of M, we deduce that

M=(1—Xk:firi)(M). -
i=1
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Lemma 2.7. Let R be a commutative ring, and let A be a module-finite R-algebra. Let M
be a non-zero finitely generated right A-module with endomorphism ring S = Endp (M).
Let ¢: R — S denote the canonical homomorphism. Let n be a two-sided maximal ideal
of S. Then:

(i) m = ¢~ (n) is a maximal ideal of R.
) I ={feS| f(M) < Mwm} is atwo-sided ideal of S contained in v and satisfying
-1
m=¢ '(I).

Proof. (i) By Lemma 2.1 and Remark 2.2, the morphism ¢: R — S induces a central
integral extension R/anng(M) — S. Then S/u is a simple ring and R /¢! (n) — S/n
is also a central integral extension. The center of the simple ring S/u is always a field K
(the two-sided ideal generated by a non-zero element x in the center must be the total and,
being the element central, this ideal is just the set of multiples of x; this is to say that x is
invertible in S /n because x is central, so is its inverse). We deduce that R /¢~ (n) — K
is an integral extension of commutative rings. Hence, R /¢~ (n) is a field (cf. Lemma 2.5)
and m = ¢~ !(n) is a maximal ideal of R.

(ii) By Remark 1.2, I is a two-sided ideal of S. Clearly, m € ¢~!(I). Since anng(M)
is contained in the maximal ideal m of R and Mg is finitely generated, My, # {0}. By
Nakayama’s lemma, M # M, so we conclude that 1 ¢ ¢~1(I). Since m is a maximal
ideal contained in ¢~ !(I), we deduce that m = ¢~ 1(I).

By Lemma 2.1 (iii), (/ 4+ n)/n is a two-sided nil-ideal of S/u. Since S/u is simple,
we deduce that (/ + un)/u is the zero ideal, so I C u, as claimed. [

2.1. Finitely generated torsion-free modules

Let R be a domain with field of fractions Q. An R-module M is torsion-free if the natural
map M — My is injective, where Mg denotes the localization of an R-module M at
R\ {0}. Sometimes we will also use the tensor product notation M ®g Q.

It is well known that, over commutative rings, Hom and localization commute when
the first variable of the Hom is a finitely presented module. The following lemma shows
that this is true for finitely generated torsion-free modules. This result is crucial throughout
the paper. For a similar result (and proof), the reader can check Lemma 3.5 in Warfield’s
paper [33].

Lemma 2.8. Let R be a domain, and let A be an R-algebra. Let ¥ be a multiplicat-
ive subset of R. If M is a finitely generated right A-module which is torsion-free as an
R-module, then the canonical injective homomorphism

¢ : Homp (M,N) ® g Ry — Hompgrrs (M ®r Rx, N ®r Rx)
is an isomorphism for every A-module N which is torsion-free as an R-module.

Proof. Note that the A-modules that are torsion-free as R-modules can be seen as sub-
modules of its localization at 3.

Let fe€ Homagiry (M ®r R, N ®r Rx). Let my, ..., m, be a set of generat-
ors of M. Then, there exists r € X, such that, for any i € {1,...,n}, f(m;) =n; ® %
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for n; € N. Therefore g = fr|y € Homp (M, N), so that f = ¢(g ® %) This shows
that ¢ is onto, as claimed in the statement. [

Let A be an algebra over a commutative domain R. We say that a short exact sequence

() 0 > L > M > N > 0

of right A-modules is locally split if it is split when we apply the functor Ry, ® g — for
any maximal ideal m of R. Therefore, if X is a left A-module we obtain an exact sequence
of R-modules

00— K — LA X —> MRINX —> Nr X —— 0.

As () is locally split, Ryy ® g K = 0 for any maximal ideal m of R. Therefore K = 0.
This proves that a locally split exact sequence of right A-modules is pure.

Now we show that the finitely generated A-modules that are torsion-free as R-modules
are projective with respect to the class of locally split exact sequences of right A-modules
that are torsion-free as R-modules.

Lemma 2.9. Let R be a commutative domain, and let A be an R-algebra. Let L, M, N
and X be right A-modules which are torsion-free as R-modules. Assume that there is a
short exact sequence

2.1) 0 s L s M —5 5 N 5 0.

Then:

(1) If XA is finitely generated, and (2.1) is a locally split exact sequence, then the map
Homp (X, g): Homp (X, M) — Homy (X, N) is onto. Equivalently, finitely gener-
ated torsion-free modules are projective with respect to the class of locally split exact
sequences of torsion-free modules.

(i1) If N is a direct summand of a direct sum of finitely generated A-modules that are
torsion-free as R-modules, then the exact sequence (2.1) splits if and only if it is
locally split.

Proof. (i) If gm: My — Ny, is a splitting epimorphism for every maximal ideal m of R.
Then, Homp , (X, gm): Homp (X, M) — Homap (X, N ) is onto for every max-
imal ideal m of R. By Lemma 2.8, we may identify Homp, (Xm, gm) With Ry ®r
Homy (X, g). Therefore, Ry, ® g Homy (X, g) is onto for every maximal ideal m of R,
so Homy (X, g) is onto, as desired.

(ii) As the class of modules that are projective with respect to the class of locally
split exact sequences is closed under direct sums and direct summands, we deduce the
statement (ii) from (i). [

Corollary 2.10. Let R be a commutative domain, and let A be an R-algebra. Let N be a
direct summand of a direct sum of finitely generated right A-modules which are torsion-
free as R-modules. Then N is a projective A-module if and only if Ny is a projective
A -module for every maximal ideal w of R.
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Proof. Let f: F — N be an epimorphism of A-modules for some free A-module F. By
Lemma 2.9(ii), f is a splitting epimorphism if and only if fy, is a splitting epimorphism
for every maximal ideal m of R. This is equivalent to the statement. ]

The following easy lemma will be useful throughout the paper.

Lemma 2.11. Let R be a commutative domain, and let A be an R-algebra. Let ¥ be
a multiplicative subset of R. Let N be a right A-module which is torsion-free as an
R-module. If M is a finitely generated A-submodule of Ny, then dM is isomorphic to a
A-submodule of N for some d € .

Proof. Note that, since N is torsion-free as an R-module, it can be seen as a A-submodule
of N; >.

Let m € M and let {n1/sy,...,n:/s:} € Ny be a finite set of A-generators of M.
Then,
nya n; a
m=—1—1+'-~+—t—t€Nz
1 1 1 s

for some ay,...,a; € A, and sq,...,s; € X. Multiplyingby d = s1---5; € X,

/ !/
dm =147 1 AL € A(N),

where A: N — Ny denotes the localization map. Therefore, dM C A(N) =~ N. [

Remark 2.12. We note that Lemmas 2.8 and 2.11 could be stated for general commutative
rings, provided that the multiplicative set X consists of non-zero divisors of R. In this
general context, we mean that a module M is torsion-free if md = 0, forme M and d a
non-zero divisor of R, implies that m = 0.

Let R be a commutative domain, and let Q denote the field of fractions of R. The rank
of an R-module M is the dimension of Mg as a Q-vector space.

Remark 2.13. Let R be a commutative domain with field of fractions Q. Let N be a
torsion-free R-module of rank n. Then N contains a free R-module of rank n. Note that,
since N is torsion-free of rank n, we can see N as an essential submodule of its injective
hull E(M) = Q". On the other hand, R" has the same injective hull Q". Therefore, by
Lemma 2.11, since R" is a finitely generated R-submodule of Ng = Q", dR" C N for
some non-zero element d € R.

Lemma 2.14. Let R be a commutative domain with field of fractions Q. Let M and N be
non-zero torsion-free R-modules of the same finite rank n. Let f: M — N be an R-module
homomorphism. Then:

(1) f is onto if and only if it is bijective;
(ii) f is injective if and only if Im f is an essential submodule of N.

Proof. Applying the functor — ® g O to the exact sequence

0 > Ker f > M f>N

=)
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we get the exact sequence

Qrld
0 — > Ker f®rOQ — Mg 02X N@r0 — 0,

in which the Q-module homomorphism f ® g Idg is an isomorphism because it is an onto
morphism between Q-vector spaces of the same finite dimension. Therefore, Ker f ® g O
= 0 and Ker f being torsion-free, it must be zero. Hence, f is bijective.

The statement (ii) is easy to prove. ]

Proposition 2.15. Let R be a commutative domain with field of fractions Q, and let A
be a torsion-free R-algebra of finite rank. Let M 5 be a non-zero finitely generated right
A-module which is torsion-free as an R-module. Then:

(i) any onto endomorphism of M is bijective;
@) if J(R) € J(A), then Endpy (M)J(R) € J(Endp(M));
(iii) if A is semilocal, then so is Endp (M).

Proof. (1) Since M is a homomorphic image of a finite number of copies of A, M is
a torsion-free R-module of finite rank. Since a A-module homomorphism is also an
R-module homomorphism, the statement follows from Lemma 2.14 (i).

(i1) Our hypothesis allows us to repeat the proof of Lemma 2.6 to conclude the state-
ment.

(iii) If A is semilocal, then MJ(A) is a small submodule of M and M/MJ(A) is
semisimple artinian of finite length. By (i), any onto endomorphism ring of M is bijective.
As an application of [13], we deduce that Endp (M) is semilocal. [

2.2. Domains of finite character and /-local domains

Definition 2.16. A commutative domain R is said to have finite character if any non-zero
element is contained only in a finite number of maximal ideals. A commutative domain
of finite character is said to be h-local if, in addition, any non-zero prime ideal of R is
contained in a unique maximal ideal.

The domain R has finite character if R/ 1 is a semilocal ring for every non-zero ideal /
of R. If R is h-local then it also satisfies that R/p is a local domain for every non-zero
prime ideal p of R.

If R is a domain of Krull dimension 1, then the notion of /-locality and being of finite
character coincide. They are equivalent to saying that, for every non-zero ideal / of R,
R/ 1 is a semiperfect ring whose Jacobson radical is a nil ideal. Because R/[ is a ring of
Krull dimension 0 with only a finite number of maximal ideals, J(R/I) coincides with
the nilradical of R/1.

Matlis introduced the notion of /i-local domain in [22] as a generalization of local
domains and noetherian domains of Krull dimension 1. In the next result, we recall the
key property of h-local domains that we will use throughout the paper.

Lemma 2.17. A commutative domain R is h-local if and only if R/I is semiperfect for
every non-zero proper ideal I of R. In particular, if R is h-local, I is a non-zero proper
ideal of R, and {m,...,wmy} is the finite set of maximal ideals of R containing I, then
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1) I =11y wherel; = Iy; N R, 50 I1,..., I are pairwise comaximal ideals of R
such that each I; is contained in exactly one maximal ideal of R;

(ii) the canonical map R/1 — (R/I)w, X -+ X (R/1I)w,, given by the localization at
each component, is an isomorphism, and (R/I)w; = (R/1;)m, fori =1,...,L.

Proof. The first part is Theorem 4.9 in [4]. Statement (i) is proven in Lemma 5.1 of [24].
To prove (ii), notice that, by the Chinese remainder theorem, there is an isomorphism

¢ :R/I — R/I{ x---x R/I.

Since each I; is contained only in the maximal ideal m;, we deduce that R/I; is a local
ring and that R/I; = (R/1;)m,. So that we have the isomorphisms claimed. L]

Lemma 2.18. Let R be a commutative domain with field of fractions Q. Let M be a
non-zero finitely generated torsion-free module with endomorphism ring S. Then:

(1) S is a torsion-free R-module containing R, and S is integral over R. The restriction
of the embedding R C S gives an embedding J(R) C J(S).

(ii) For any f €S, there is some non-zero d € R such that df € M Homg (M, R). In
particular, M Homg (M, R) # {0}.

(iil) So = M, (Q), where n is the rank of M. So S is a subring of the simple artinian
algebra M, (Q).

(iv) For any non-zero two-sided ideal I of S, I N R # {0}.
(v) Sm = Endg,, (M) is a semilocal ring for all maximal ideals m of R.
If, in addition, R is h-local, then:

(vi) Let I be any non-zero two-sided ideal of S. Then S/1 is a semilocal ring. More-
over, Iy = Sy for almost all maximal ideals w of R. If R has Krull dimension 1,
then J(S/1) is a nilideal, so S/ 1 is semiperfect.

(vii) If I is the trace ideal of a non-zero projective right S-module, then I is contained
only in a finite number of trace ideals of projective right S-modules.

Proof. Recall that, since R is commutative, there is a ring morphism ¢: R — S where,
for any r € S, ¢(r) is the morphism given by multiplication of r. Since M is a faithful
R-module, ¢ is injective, and we may identify R as a subring of S. We will use this
identification throughout the proof.

(i) Let f € S be such that there is some non-zero r € R with rf = 0. Equivalently,
rf(M) = {0} so that f(M) = {0} because M is torsion-free.

The extension R C S is integral because of Lemma 2.1. Repeating the arguments in
Lemma 2.6, we deduce that J(R) C J(S).

(ii) Since M is finitely generated and torsion-free, we can see M as an essential sub-
module of its injective hull E(M) =~ Q" for some n > 1. On the other hand, R" has
the same injective hull Q”. Therefore, since M is finitely generated, by Lemma 2.11,
gM < R" for some non-zero g€ R C S.

Now we proceed with the proof of the statement. The claim is clear for the zero endo-
morphism. Pick f €S \ {0}. Since Q" is an injective R-module, there exists

h € Homg(R", Q") =~ M, (Q)
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such that the diagram

Rl’l
commutes. Since R” is finitely generated and M is essential in Q", by Lemma 2.11,
dh(R") € M for some non-zero d € R, that is, dh € Homg(R", M). Therefore, df =
(dh) o g e M Hompg (M, R).

(iii) By Lemma 2.8, Sp = Endg(Mg) = M,(Q), where n is the rank of M. By (i),
S is torsion-free as an R-module, so the localization map S — Sy is injective.

(iv) By (iii), we can identify S with a subring of its central localization at the non-
zero divisors of R which is the simple ring M, (Q). If I is a non-zero ideal of S, then
Ig = IM,(Q) is a non-zero ideal of M, (Q). Therefore IM,(Q) = M, (Q). Therefore,
there is some f € I and some non-zero d € R such that f/d = 1Id,. This implies that f
is the endomorphism of M given by multiplication by d. So fe RN I.

(v) By Lemma 2.8, Sy = Endg,, (Mu). By Lemma 2.1, Sy, is semilocal.

From now on, we are assuming that R is /-local.

(vi) Let I be a non-zero two-sided ideal of S. The inclusion ¢: R — S induces an
injective ring homomorphism R/(I N R) — S/I. By (iv), I N R # {0} and, since R
is hi-local there are only finitely many maximal ideals of R, say my, ..., m;, containing
I N R. By Lemma 2.17, the canonical homomorphisms

R/(INR) — (R/(I O R))wy X -+ X (R/(I N R))w,

and
S/T — (S/D)wmy X+ X (S/D)m,

are isomorphisms. Therefore, we have a commutative diagram

R/(INR) « s S/1

IR
%

(R/INR)),, x> (R/INR)), > (S/1),, xx(S/I),,

By (v), S/1 is a finite product of semilocal rings, so it is a semilocal ring.

Since I N R is only contained in a finite number of maximal ideals of R, we have that
(I N R)yy = Ry, for almost all maximal ideals mt of R. Therefore, I, = Sy, for almost
all maximal ideals m of R.

Assume now that R has Krull dimension 1. As R/(I N R) € S/1 is an integral exten-
sion, and R/(I N R) is a ring of Krull dimension 0, Lemma 2.5 implies that J(S /1)
is a nil-ideal. As idempotents can be lifted modulo a nilideal we deduce that S/I is a
semiperfect ring.

The statement (vii) follows from (vi) because semilocal rings only have a finite number
of trace ideals of projective modules. ]
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3. Local domains of Krull dimension one

Now we are ready to start our study of direct summands of direct sums of torsion-free
modules. In this section, we will specialize to the case of local domains of Krull dimension
one. The next lemma points out the key properties of endomorphism rings of torsion-free
modules over such domains that we will need.

Lemma 3.1. Let R be a commutative local domain of Krull dimension 1, and with field
of fractions Q. Let M be a non-zero finitely generated torsion-free R-module with endo-
morphism ring S. If M does not contain a non-zero free direct summand, then:

(i) J = M Homg(M, R) € J(S) and J(S)/M Homg(M, R) is a nil-ideal of S/J.

(ii) If every direct summand of R @& M is a direct sum of finitely generated modules,
then S is semiperfect.

Proof. By Lemma 2.1, M satisfies that any onto endomorphism ring of M is bijective.
(1) By Corollary 1.21,

J = M Homg(M, R) C J(S).

The rest of the statement is included in Lemma 2.18.
(ii) Follows from (i) and Corollary 1.21. [

Proposition 3.2. Let R be a commutative local domain of Krull dimension 1, and with
field of fractions Q. Let M be a finitely generated torsion-free R-module. The following
statements are equivalent:

(1) every module in Add(R & M) is a direct sum of finitely generated modules;
(ii) every direct summand of R @& M is a direct sum of finitely generated modules:
(iii) Endgr(M) is semiperfect; and

(iv) every finitely generated indecomposable module in Add(R & M) has local endo-
morphism ring.

Proof. (i) = (ii) is clear.

(i) = (iii)) Write M = F @ M’, with F finitely generated free and M’ has no pro-
jective direct summands. By Lemma 3.1 (ii), Endg (M) is semiperfect. As R is local, so
is Endg(M).

Statement (iii) is equivalent to saying that M = Y; & --- @ Y,,, where each Y; has
local endomorphism ring for i € {1,...,n} (cf. Theorem 3.14 in [6]).

In general, over a commutative ring, direct summands of direct sums of finitely gen-
erated modules with local endomorphism rings are also direct sums of finitely generated
modules with local endomorphism rings, and such decomposition is unique (cf. Corol-
lary 2.55 in [6]). Therefore, every element in Add(R @ M) is isomorphic to a direct sum
of copies of R, Y1,..., Yy,,. This proves (i).

In particular, since every indecomposable in Add(R & M) is isomorphic to one in
{R,Y1,...,Yy}, we deduce (iv).

Note that (iv) also implies that M is a direct sum of indecomposable modules with
local endomorphism rings, so this implies (iii). ]
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Corollary 3.3. Let R be a commutative local domain of Krull dimension 1, and with field
of fractions Q. The following statements are equivalent:

(1) the class of direct sums of finitely generated torsion-free R-modules is closed under
direct summands;

(i) for any finitely generated torsion-free R-module M, every direct summand of R
@ M is a direct sum of finitely generated modules;

(iii) for any finitely generated torsion-free R-module M, every module in Add(M) is a
direct sum of finitely generated modules; and

(iv) every finitely generated, indecomposable, torsion-free R-module has local endo-
morphism ring.
In addition, the above equivalent conditions are fulfilled by any intermediate ring S
between R and its integral closure.

Proof. The equivalence of the four statements is an immediate consequence of Proposi-
tion 3.2.

To finish the proof of the statement, let S be a ring such that R € § C R. Notice that
if X is a finitely generated torsion-free S-module then it has finite rank 7. Identifying X
with a submodule of Q"

Ends(X) = {4 €Endg(Q") | AX € X} = Endg(X).

In particular, X is indecomposable as an S-module if and only if it is indecomposable as
an R-module.

If S is finitely generated over R, then also X is finitely generated over R, so by (iv),
X is indecomposable if and only if Endg (X) is local.

Assume S is not finitely generated over R, and fix xq, ..., x, a family of generators
of Xg. Then Endg (X) is the directed union of Endr (Z:=1 x; T), where T varies between
all subrings of S that are finite extensions of S. If Xg is indecomposable, then so is the
T-module >;_, x; T. By the previous step, End7(}_;_, x; T) is a local ring for any T
Therefore, Endg (X) is also a local ring. |

‘We do not know of a characterization of local domains (of Krull dimension 1) such that
their indecomposable finitely generated torsion-free modules have local endomorphism
ring. If we restrict the condition to finitely generated, torsion-free, rank one modules, then
it is equivalent to having a local integral closure, as we show in the next result.

Proposition 3.4. Let R be a commutative local domain of Krull dimension 1, and with
field of fractions Q. The following statements are equivalent:

(1) the class of direct sums of finitely generated, rank-one, torsion-free R-modules is
closed under direct summands;

(ii) for any finitely generated, rank-one, torsion-free R-module M, every direct sum-
mand of R & M is a direct sum of finitely generated modules:;

(iii) every finitely generated, rank-one, torsion-free module has local endomorphism
ring; and

(iv) the integral closure of R (into its field of fractions) is a local ring.
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Proof. The equivalence of (i), (ii) and (iii) follows from Proposition 3.2.

(iii) = (iv). By (iii), any finitely generated, integral extension of R inside Q is local.
Let S € Q be any integral extension of R inside Q. If S has two different maximal
ideals m; and m,, then for any i = 1, 2, choose s; € m; such that s; + s, = 1. Then
R C R[sq, s2] is a finitely generated integral extension of R. By the first part of the proof,
R[s1, s2] is a local ring, but its maximal ideal should contain 51 and s, which contradicts
our assumptions. Therefore, S is a local ring.

(iv) = (iii) If M is a finitely generated, rank-one, torsion-free module, then its endo-
morphism ring S is a subring of Q, integral over S. Hence, it is contained in the integral
closure R of R. Since S C R is integral and Rislocal, sois S (cf. Theorem 9.3in [23]). =

In the case of noetherian domains of Krull dimension 1 with finitely generated integral
closure, Pfihoda in [28] proved that having local integral closure (so the integral closure
is a discrete valuation ring) already implies that all indecomposable finitely generated
torsion-free modules have local endomorphism ring.

The following criteria to ensure local endomorphism ring encodes Pfihoda’s ideas in
Proposition 1 of [28]. It will allow us to prove that for any noetherian local domain of Krull
dimension 1 having local integral closure is equivalent to the fact that indecomposable,
finitely generated, torsion-free modules have local endomorphism ring.

Lemma 3.5. Let R be a commutative local domain of Krull dimension 1, and with field of
fractions Q. Let MR be a finitely generated, indecomposable, torsion-free module. Assume
that:

(1) there exists a local over ring T of R, of Krull dimension 1, contained in Q, such
that M Tt is a direct sum of T -modules with local endomorphism ring;

(ii) the conductor ideal c = {r € R | rT C R} is non-zero.

Then MR has local endomorphism ring.

Proof. Since M Tr is a (finite) direct sum of modules with local endomorphism ring, then
End7 (M T) is a semiperfect ring. Since c is a non-zero proper ideal of both the rings R
and 7', it is contained in their corresponding maximal ideals. Since R and 7" have Krull
dimension 1, R/c and T /¢ are rings of Krull dimension zero.

Let S = Endg(M)and J ={feS | f(M) C Mc}. By Proposition 2.3, J is a two-
sided ideal of S contained in J(S). So it is enough to show that S/J is a local ring.

Since RC T € Q = E(R), M can be identified with an essential submodule of Q"
for some 7. Via this identification, S = {4 € M,(Q) | AM € M} and Endr(MT) =
{AeM,(Q)| AMT € MT},sothat S is a subring of the semiperfect ring Endr (M T7).
Moreover, J = {Ae M,(Q) | AM C Mc} ={AeM,(Q) | AMT C Mc}, soitis also
a two-sided ideal of Endy (M T7) contained in its Jacobson radical.

ByLemma?2.1, R/(J N R) C S/J is an integral extension. AscC J N R, R/(J N R)
has Krull dimension 0, and by Lemma 2.5, we deduce that J(S)/J is a nil-ideal. So the
idempotents of the semisimple artinian ring S/J(S) can be lifted to S/J. Let e € S be
such that e + J is an idempotent of S/J € Endr (M Tr)/J . Since End7 (M T7) is a semi-
perfect ring, by Proposition 27.4 and Theorem 27.6 in [1], there exists an idempotent ¢’ €
Endy (M Tr) suchthate — e’ € J.Butthene’M C (¢! —e)M +eM C Mc+ M = M.
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Hence ¢’ € S. Since M is indecomposable, ¢’ is a trivial idempotent. Therefore, e + J is
also a trivial idempotent of S/J and we deduce that S/J is a local ring. ]

Lemma 3.6. Let R be a commutative local domain of Krull dimension 1, and with local
integral closure. Let M be a finitely generated indecomposable torsion-free R-module.
Assume that there is a finitely generated integral extension T of R such that M Tt is a
direct sum of T-modules with local endomorphism ring. Then Mg has local endomorph-
ism ring.

Proof. Since the integral closure of R is local, so is 7. Moreover, T is also a ring of Krull
dimension 1, and since T is finitely generated, the conductor ideal c = {r e R | rT C R}
is different from zero. Therefore, the statement follows from Lemma 3.5. [

Lemma 3.7. Let R be a commutative local domain of Krull dimension 1, and with field of
fractions Q. Assume that the integral closure R of R is a valuation domain. For any non-
zero finitely generated torsion-free module M, there exists a finite integral extension T
of R inside Q suchthat MT =~ T @& M’ for a suitable T-module M.

Proof. Let n > 0 be the rank of M. We may assume that M is an essential submodule
of Q" that contains R" as an (essential) submodule. Since R is a valuation domain, the
module M R+ 7 1s free (see, for example, Corollary V.2.8 in [8]), so that Trz (M R)

Therefore, there exist f1,..., f; € HomR(MR, R) and my,...,my € M such that 1 =

Ji(my) + -+ fo(my).
Since R" is a submodule of M R,

Homz (MR, R) = {(s1,...,52) € R" | (s1,...,5,)M C R}.

So that, fori = 1,...,¢, f; = (s}, ..., s%). Let T be the finite integral extension of R
generated by the elements

4
{s] bzt and U 6.

..... i=1

where G is a finite set of generators of M. By construction, Trp (M T) = T and then, by
Lemma 1.16 we deduce that there exists M’ suchthat MT =~ T & M. ]

Proposition 3.8. Let R be a commutative local domain of Krull dimension 1, and with
field of fractions Q. Assume that the integral closure R of R is a valuation domain.
Let Mg be a finitely generated torsion-free module. Then M is a direct sum of modules
with local endomorphism ring.

Proof. We are going to prove the statement by induction on the rank n of M. If n = 1,
Lemma 3.7 implies that M T = T'. Then, since T must be also a local ring, we may con-
clude by Lemma 3.6. Now assume that n > 1 and that the statement is proven for modules
of smaller rank. By the previous claim, there exists a finite integral extension of 7 such
that MT =~ T @ M’ for a suitable T-module M’ of smaller rank. By the inductive hypo-
thesis, M’ is a T-module that is a direct sum of modules with local endomorphism ring.
By Lemma 3.6, we conclude that M is a direct sum of modules with local endomorph-
ism ring. |
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Corollary 3.9. Let R be a commutative local noetherian domain of Krull dimension 1,
and with field of fractions Q. Then the following statements are equivalent:

(1) every direct summand of a direct sum of finitely generated, torsion-free modules of
rank one is a direct sum of finitely generated modules;

(ii) for any finitely generated, torsion-free R-module M of rank one, every direct sum-
mand of R'“”) @& M is a direct sum of finitely generated modules:

(iii) every finitely generated, torsion-free module of rank one has local endomorphism
ring;
(iv) the integral closure of R is local;

(v) every direct summand of a direct sum of finitely generated, torsion-free modules is
a direct sum of finitely generated modules;

(vi) for any finitely generated and torsion-free R-module M, every direct summand of
R @ M is a direct sum of finitely generated modules:;

(vii) every finitely generated, indecomposable, and torsion-free module has local endo-
morphism ring.

Proof. The first four statements are equivalent because of Proposition 3.4. Since R is
a commutative local noetherian ring of Krull dimension 1, its integral closure is a dis-
crete valuation ring. Hence, by Proposition 3.8, all finitely generated torsion-free modules
are direct sums of modules with local endomorphism rings. Now, the equivalence of the
remaining statements follows from Corollary 3.3. This finishes the proof of the equival-
ence of the statements. ]

The reader is referred to Lemma 8.6 for examples that satisfy the conclusion of Corol-
lary 3.9.

4. Local versus global direct summands

The following result, for finitely generated torsion-free modules over a domain R, gives
a general relation between the property of being locally a direct summand and being a
direct summand. Afterwards, we will see how the result can be refined when we assume,
in addition, that the domain is of finite character.

Proposition 4.1. Let R be a commutative domain, and A be an R-algebra. Let M and N
be finitely generated right A-modules which are torsion-free as R-modules. If My, is a
direct summand of Ny, for every maximal ideal v of R, then there exists k > 0 such
that M is a direct summand of N*.

Proof. Let {mg}qeq denote the set of all maximal ideals of R and fix & € Q. Since My, is
a direct summand of Ny, , there are Ay, -module homomorphisms fu: Nm, — My, and
8a:Mwm, — Nm, such that f:, o gy =Idp,,, - By Lemma 2.8, there are A-homomorphisms
fu:N — M and go: M — N such that fy = fu/Sa» Ga = Ga/Se and fy 0 go = s21dp
for some s, € R \ mig.
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Note that, by the definition of the elements s,

I=Y s2R=R,

aeQ
because no maximal ideal of R contains /. Therefore, there exist k > 0, o1, ..., 0 € Q
andrq,...,r; € Rsuchthat1 = Zle sgl_ r;. Hence
k k
Zrifai °8a; = (ngi r,-) IdM = IdM,
i=1 i=1
and we conclude that M is a direct summand of N¥. [

The following lemma is an extension of Lemma 2.1 in [10] to the case of finitely
generated torsion-free modules over commutative domains of finite character.

Lemma 4.2. Let R be a commutative domain of finite character with field of fractions Q.
Let A be an R-algebra, and let M and N be right A-modules which are torsion-free as
R-modules. Assume that there exists a homomorphism of A g-modules F: Mg — Ng.
If M is finitely generated, then:

(1) If F is a monomorphism (respectively, an epimorphism), then there is a A-module
homomorphism f: M — N such that the induced homomorphism fp: My — Ny, is
a monomorphism (respectively, an epimorphism) for almost all maximal ideals m
of R.
Moreover, if N is also finitely generated, then:

(ii) If F is a splitting monomorphism (respectively, a splitting epimorphism), then there
is a A-module homomorphism f: M — N such that the induced homomorphism
fu: My — Ny is a splitting monomorphism (respectively, a splitting epimorphism)
for almost all maximal ideals w of R.

(iii) If F is an isomorphism, then there is a A-module homomorphism f: M — N such
that the induced homomorphism fu: My — Ny is an isomorphism for almost all
maximal ideals w of R.

Proof. (i) By Lemma 2.8, there is a A-module homomorphism f: M — N such that
F = f/s for some non-zero s € R. Since R is of finite character, s is contained only in
finitely many maximal ideals of R. For any other maximal ideal tu, s/1 is a unit in Ryy,.
Therefore, fy, is a monomorphism (respectively, an epimorphism) for every maximal ideal
not containing s.

(ii) If F is a splitting monomorphism, then there is a A g-module homomorphism
G:Ng — Mg such that G o F = Idpy,,. In particular, G is a splitting epimorphism. By
Lemma 2.8, there are A-module homomorphisms f: M — N and g: N — M such that
F=f/s,G=g/sand g o f = s?Idy for some non-zero s € R. For any maximal ideal m
not containing s, s/1 is a unit in Ry,. Therefore, fy, is a splitting monomorphism and gy,
is a splitting epimorphism for every maximal ideal not containing s. The proof in the case
where F is a splitting epimorphism follows by changing the roles of F and G.

The proof of (iii) follows from (i) and (ii) since F is an isomorphism if and only if it
is a monomorphism and a splitting epimorphism. ]
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Corollary 4.3. Let R be a commutative domain of finite character with field of frac-
tions Q. Let A be an R-algebra, and let N be a finitely generated right A-module which
is torsion-free as an R-module. If Ng is projective, then Ny, is projective for almost all
maximal ideals wm of R.

Proof. Suppose Ng is projective and let f :Fg — Ng be a splitting epimorphism for
some finitely generated free A-module F. By Lemma 4.2, there is a A-module homo-
morphism f: F — N such that the induced homomorphism fy: Fyy — Ny is a splitting
epimorphism for almost all maximal ideals m of R. Thus, Ny, is projective for almost all
maximal ideals m of R. u

Lemma 4.4. Let R be a commutative domain, and let A be a module-finite R-algebra.
Let M and N be finitely generated right A-modules which are torsion-free as R-modules.
If Ny is a direct summand of My, for each mw in some finite subset M C mSpec R, then
there is a A-module homomorphism f: M — N such that the induced homomorphism
fum: My — Ny is a splitting epimorphism for every m € M.

Proof. Let M = {m,..., mg}and fixi e{l,..., k}. Since Ny, is a direct summand of
My, , there are Ay, -module homomorphisms f;: My, = Ny, and g;: Ny, = My, such
that f; o g = ldw,,,. By Lemma 2.8, there are A-module homomorphisms f;: M — N
andg;: N - M suchthatﬁ = fi/si, & = gi/siand fjog; = siZIdN for some s; ¢ ;.
Note that, for any r ¢ m;, (7 f;)m, is a splitting epimorphism.

For any i €{l1,...,k}, because R = m;; + ﬂj# mj, 1 =s; + r; with s; € m; and
ri € () W Let f = Zle r; fi- We claim that fy,; is a splitting epimorphism. Since
(ri fi)m, is a splitting epimorphism, there is a A, -module homomorphism /: Ny, —
My, such that (7; fi)m; 0 h = Idei . Hence

fu; oh =Tdn,,, + 1, where h' € Endp,,, (Nu,) 1 Ry,

By Lemma 2.6, h" € J(Enda,,, (Nw,)). Therefore, fuw,; o/ is invertible and fu, is a
splitting epimorphism, as claimed. ]

Corollary 4.5. Let R be a commutative semilocal domain, and let A be a module-finite
R-algebra. Let M and N be finitely generated right A-modules which are torsion-free as
R-modules. Then:

(1) N is a direct summand of M if and only if Ny, is a direct summand of My, for all
maximal ideals w of R.

(i1) N is isomorphic to M if and only if Ny is isomorphic to My, for all maximal
ideals m of R.

Proof. Statement (i) follows immediately from Lemma 4.4. To prove (ii), observe that
by (i), there exist K and K’ finitely generated A-modules such that M =~ N & K and
N = M & K’. Since N and M are torsion-free R-modules of the same rank, we deduce
that K = K/ = 0. [

The following is an extension of Lemma 6.1 in [10] to the case of torsion-free modules
over domains of finite character.
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Proposition 4.6. Let R be a commutative domain of finite character with field of frac-
tions Q. Let A be a module-finite R-algebra, and let M, N and K be finitely generated
right A-modules which are torsion-free as R-modules. Assume that:

(1) My, is a direct summand of Ny, for all maximal ideals wm of R, and
(i) Mg is a direct summand of Kg.
Then M is a direct summand of N & K.

Proof. It suffices to find A-module homomorphisms f: N — M, g: K — M such that, for
any m € mSpec R, either fy, or gy, is a splitting epimorphism. For then (f,g): N® K —> M
is locally a splitting epimorphism and, by Lemma 2.9, is a splitting epimorphism.

By condition (ii), since M is a direct summand of K g, there is a splitting epimorph-
ism g: Kg — Mg. By Lemma 4.2, there is a A-module homomorphism g: K — M such
that the induced homomorphism gy, : Ky, — My, is a splitting epimorphism for almost all
maximal ideals m of R.

By condition (i), since My, is a direct summand of Ny, there is a splitting epi-
morphism fi,: Ny — My, for all maximal ideals m of R. Let M C mSpec R be the
finite set of maximal ideals such that gy, is not a splitting epimorphism. By Lemma 4.4,
there is a A-module homomorphism f: N — M such that the induced homomorphism
fm 1 Nm — My, is a splitting epimorphism for every m € M. This finishes the proof of
the proposition. ]

5. Package deal theorems for localizations over /-local domains

In this section, we will develop tools to deal with modules over an algebra A over an
h-local domain R. A particular instance of this situation is when A is the endomorphism
ring of a finitely generated, torsion-free, R-module (recall Lemma 2.18). We are interested
in knowing what modules over such endomorphism rings are.

In Subsection 5.1, we prove basic properties of the localization at maximal ideals of R
of finitely generated modules over an algebra A over a domain of finite character.

In Subsection 5.2, we enter the study of constructing A-modules having prescribed
localization at the maximal ideals of R, and proving the so-called Package Deal Theorems.
To do that, we extend the methods of Levy and Odenthal from algebras over noetherian
rings of Krull dimension 1 to algebras over A-local domains.

Finally, in Subsection 5.3, we prove a package deal theorem for traces of countably
generated projective modules. Trace ideals are not, in general, finitely generated but, as we
will see, satisfy enough finiteness conditions to be able to extend our methods to this case.

5.1. Finitely generated modules over domains of finite character

Lemma 5.1. Let R be a commutative domain of finite character with field of fractions Q.
Let A be an R-algebra, and let M be a finitely generated right A-module, which is
torsion-free as an R-module. Let N be a A-submodule of M such that Mg = Ng. Then
My, = Ny, for almost all maximal ideals m of R.

In particular, Ny, is finitely generated as A -module for almost all maximal ideals m
of R.
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Proof. Since M is torsion-free as an R-module, it can be seen as a A-submodule of Mo =
Ng. Therefore, M € Ng, and since M is finitely generated, by Lemma 2.11, dM C N
for some non-zero d € R. Since R is of finite character and d is non-zero, d is contained
only in finitely many maximal ideals of R. For any other maximal ideal w, d/1 is a unit
in Ry, hence, My, = Ny, and Ny, is finitely generated. [

Lemma 5.2. Let R be a commutative domain of finite character with field of fractions Q.
Let Y be a submodule of a finitely generated torsion-free R-module M. Then, there
exist yi,...,Vr €Y such that Yy, is a finitely generated free Ay -module with basis
v1/1, ..., v, /1 for almost all maximal ideals m of R.

Proof. By Remark 2.13, we may assume that M < R*® for s = rank M, and then Y is a
submodule of R5.

Let r = rank Y, and notice that r < s. Let y1,..., y» € Y be such that they are
R-linearly independent (that is, they form a basis of Ygp). Then, there is an embedding
f:R" — RS givenby f(ay,...,a;) =Y ;_; yia;. Since fp is a splitting monomorph-
ism, by Lemma 4.2, f,, is a splitting monomorphism for almost all maximal ideals of R,
which implies that Z,, = Im fi, = Z;Zl %Rm is a direct summand of Ry, for almost
all maximal ideals mt of R. Since Z,;, C Yy, and they have the same rank, we deduce,
from the modular law, that Z,;; = Yy, for almost all maximal ideals mt. Therefore, Yy, has
y1/1,..., v, /1 as a basis for almost all maximal ideals m of R. ]

Corollary 5.3. Let R be a commutative domain of finite character with field of frac-
tions Q. Let M be a finitely generated R-module. Then:

(1) If M is torsion-free, then My, is a free Ry -module for almost all maximal ideals m
of R;

(i) My, is a finitely presented Ry, -module of projective dimension at most one for almost
all maximal ideals m of R.

Proof. (1) Since M is torsion-free as an R-module, it can be seen as an essential submod-
ule of its injective hull Q”. By Remark 2.13, dR" € M for some non-zero d € R. By
Lemma 5.1 with A = Rand N = dR", My, = R, for almost all maximal ideals m of R,
as claimed.

(i) Assume now that M is a finitely generated R-module. Consider a presentation
of M,

0 > N > R" > M > 0.

By Lemma 5.2, Ny, is a finitely generated free module for almost all maximal ideals m
of R. This proves the claim. ]

Corollary 5.4. Let R be a commutative domain of finite character. Let M be a countable
direct sum of finitely generated torsion-free R-modules. Then My, is a free Ry -module
for all but countably many maximal ideals wm of R.

Proof. Let M = @, Mi, where each M; is a finitely generated torsion-free module.
By Corollary 5.3, (M;)y, is free for almost all maximal ideals m of R. Therefore, My, is
free for all but countably many maximal ideals mt of R. ]
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5.2. Gluing localizations over /-local domains

It is very important to keep in mind the following structure result of torsion modules over
h-local domains. It was already proved by Matlis, see Theorem 22 in [21], but since the
result and its proof are quite important in our work, we also include a proof of it.

Lemma 5.5. Let R be an h-local domain, and let A be an R-algebra. Let M be a
A-module that is torsion as an R-module. Then M = @me mSpec(R) My, each My, is
a homomorphic image of M, and its structure as Ay -module is the same as the structure
as A-module.

Moreover, M is finitely generated as A-module if and only if there exists a finite set §
of maximal ideals of R such that My, = {0} for any wm € § and My, is a finitely generated
A w-module for any m € §

Proof. For any maximal ideal m of R, let Ay,: M — My, denote the localization map.
Then there is an inclusion A: M < [] ) M defined by m — (A (1)) memspec(R)
foranyme M.

For any m € M, mA is an R/anng(m)-module. Being M torsion as an R-module,
anng(m) # {0}. Since R is h-local, anng(m) is contained only in finitely many maximal
ideals of R. Therefore, mAy, = {0} for almost all maximal ideals mt of R. Hence, A has
its image in Py emspec(r) M-

Let § denote the finite set of maximal ideals containing anng (/). By Lemma 2.17,

mA = @(mA)m,

mes

memSpec(R

and also
A/anng(m) = 1_[ (A/anng(m)) .

mes

This allows us to conclude that, for any m € M and mt € mSpec(R), there exists m’ € M
such that A (m’) = 0 for any 1 # w and such that Ay, (m") = Ay (m). This implies that
A induces an isomorphism M = P, cnspec(r) M-

In particular, for any maximal ideal m of R, My, is a homomorphic image of M and
the structure as A-module is the same as the structure as A -module. So the statement
about the finite generation of M easily follows from our previous discussion. ]

Next lemma will be used to determine when we get finitely generated modules in our
package deal results.

Lemma 5.6. Let R be an h-local domain with field of fractions Q. Let A be an R-
algebra, and let M be a right A-module, which is torsion-free as an R-module. Let N be
a A-submodule of M such that Mg = Ng. Then N is finitely generated as a A-module
if and only if Ny, is finitely generated as a A -module for every maximal ideal m of R.

Proof. 1tis clear that if N is finitely generated as a A-module, then Ny, is finitely gener-
ated as a A, -module for every maximal ideal m of R.

To prove the converse implication, assume Ny, is finitely generated as a Ay,-module
for every maximal ideal mt of R. Since M is torsion-free as an R-module, it can be seen
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as a A-submodule of Mg = Ng. Therefore, M C Ng, and since M is finitely generated
as a A-module, by Lemma 2.11,dM C N for some non-zero d € R. Note that d M is also
finitely generated. So we only need to prove that N/dM is a finitely generated A/dA-
module.

Since R is h-local and d is non-zero, d is contained only in finitely many maximal
ideals of R, say M = {n;,...,n;}. By Lemma 2.17, there is an isomorphism

©:R/dAR — (R/dR)n, X +++ X (R/dR)q,.

Therefore, N/dM = Ny, /dMy, ® -+ ® Nyn,/dMy,. By Lemma 5.5, N/dM is finitely
generated as a A /d A-module. Therefore, N is finitely generated as a A-module. ]

Package Deal Theorem 5.7 (Localization of submodules). Let R be an h-local domain
with field of fractions Q. Let A be an R-algebra, and let M be a finitely generated right
A-module, which is torsion-free as an R-module. For each maximal ideal m of R, let
X(m) be a Ay -submodule of My, which is torsion-free as an Ry, -module, and such that
X(m)o = (Mw)g. Then the following statements are equivalent:

(1) There is a A-submodule N C M, which is torsion-free as an R-module, and such
that Ny = X () for all maximal ideals m of R.

(il) X(m) = My, for almost all maximal ideals m of R.

Moreover, if each of the X (m) is finitely generated as a Ay -module, then N is also finitely
generated as a A-module.

Proof. (ii) = (i) Suppose that X (m) = My, for almost all maximal ideals m of R. Let
M = {uy,...,n;} denote the finite set of maximal ideals of R such that X (m) # My,.

Fix i € {1,...,t}. Since My, is torsion-free as an Ry, -module, it can be seen as
a Ay;-submodule of (My,;)o = X(1;)g. Therefore, My, € X(n;)o, and since My, is
finitely generated, by Lemma 2.11, d; My, € X(n;) for some non-zero d; € R. Since
X(n;) # My,, d; € n; (otherwise d; /1 would be a unit in Ry, and, hence X(11;) = My,
a contradiction).

Letd =dy---d; € ny N---Nn,. Since R is h-local and d is non-zero, d is contained
only in finitely many maximal ideals of R, say {mn; = uny,...,m; = 1uy,..., nig}. By
Lemma 2.17, the canonical homomorphism

¢:R/AR — (R/dR)w, X+ X (R/dR)w,

is an isomorphism. Therefore, there are non-zero by, ..., by, b € R such that (p(E,) =
(6, 1O 6) and go(i_)) = ((_), e 0.1,..., I). Note that b; /1 is a unit in Ry, for
everyi =1,...,t,b/1,b;/1 € dRy, forevery j # i, and b/1 is a unit in Ry, for every
i=t+1,... k.

Foreachi € {1,...,1},let X/ be the A-submodule of M generated by the numerators
of some set of Ay, -generators of X(n;). Let N = b1 X| + -+ + b: X, + bM + d M, which
is a A-submodule of M. Since dMy,, € X(1;), Nn, = X(1;) + dMy; = X(n;) for every
i =1,...,t.Onthe other hand, Ny, = Myy; + dMp; = My, foreveryi =t +1,... k.
For any other maximal ideal w1, d /1 is a unit in Ry, hence Ny, = My,, as claimed.



Torsion-free modules over commutative domains of Krull dimension one 155

(i) = (ii) Conversely, let N be a A-submodule of M € Mg, which is torsion-free as
an R-module, and such that Ny = X (m) for all maximal ideals m of R. Since Mo =
X(m)g = (Nm)g, by Lemma 5.1, My, = Ny = X (m) for almost all maximal ideals m
of R.

Finally, the last part of the statement follows from Lemma 5.6. This finishes the proof
of the theorem. ]

Corollary 5.8. Let R be an h-local domain with field of fractions Q. For each maximal
ideal Wt of R, let X(m) be a finitely generated torsion-free Ry -module of rank n. Then
the following statements are equivalent:

(i) There is a finitely generated torsion-free R-module N of rank n, such that Ny, =
X (m) for all maximal ideals m of R.

(i) X(m) is a free Ry,-module of rank n for almost all maximal ideals w of R.

Proof. (ii) = (i) Suppose that X(m) is a free R,,-module of rank n for almost all maximal

ideals mt of R. Let M = {my,..., m,} be the finite set of maximal ideals of R such that
X (m) is not free.
Fix i € {1,...,t}. Since X(m;) is finitely generated and torsion-free, we can see

X (m;) as an essential submodule of its injective hull Q™. On the other hand, R, has the
same injective hull Q”. Since X(m;) is finitely generated, by Lemma 2.11, we find that
d; X(m;) € Ry, for some non-zero d; € R.

Letd =d;...d; € R and let M = d~'R". Note that X(m) is an Ry,-submodule
of My,. Since R is h-local and d is non-zero, d is contained only in finitely many maximal
ideals of R. For any other maximal ideal m, d/1 is a unitin Ry,. Therefore, My = R}, =
X (m) for almost all maximal ideals mt of R. By the package deal Theorem 5.7, there is a
finitely generated torsion-free R-module N, such that Ny, = X (m) for all maximal ideals
m of R.

(i) = (i1) The converse is just Corollary 5.3. ]

The results in Section 4 allow us to make the following considerations about the
(non-)uniqueness of the modules constructed in Theorem 5.7 and Corollary 5.8.

Remark 5.9. It is well known that two finitely generated modules M and M’ over a
commutative domain R that are in the same genus (that is, with isomorphic localizations
at maximal ideals of R) need not be isomorphic.

If M and M’ are also torsion-free, by Proposition 4.1, add(M) = add(M’). If R has
finite character, by Proposition 4.6, M is a direct summand of M’ & M’ and M’ is a direct
summand of M & M. If R is semilocal, then M =~ M’ by Corollary 4.5.

5.3. Package deal for traces of projective modules

Now we want to focus on localizations of trace ideals of countably generated projective
modules over suitable algebras over /-local domains. Trace ideals of countably generated
projective right modules were characterized by Whitehead in [34] and with more detail by
Herbera and Prihoda in [11]. We recall here this characterization.
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Proposition 5.10 (Proposition 2.4 in [11]). Let R be a ring, and let I be a two-sided ideal
of R. Then I is the trace ideal of a countably generated projective right R-module if and
only if there exists an ascending chain of finitely generated left ideals (J,)n>1 such that
Jn+1In = Jpand I =\, JnR.

It is useful to keep in mind the following lemma, as it explains some modifications
that can be made in the ascending chain in Proposition 5.10.

Lemma 5.11 (Lemma 2.2 in [11]). Let R be a ring. Let J1 C J; be finitely generated left
ideals of R satisfying that J, J1 = J1. Fori = 1,2, fix A; a finite set of generators of J;.
Let X be a finite subset of R such that 1 € X. Fori = 1,2, set

Then J{ C Jy and J3J{ = J{. Moreover, fori = 1,2, J; € JiR = J/R.

Lemma 5.12. Let R be an h-local domain with field of fractions Q. Let A be a torsion-
free R-algebra such that A g is a simple artinian ring. Let I be a non-zero two-sided ideal
of A. Then Iy = A for almost all maximal ideals m of R.

Proof. g is a non-zero two-sided ideal of A, so /g = Ag. Therefore, there is a non-
zero g € R suchthatg = ) a;A; fora; € I and A; € A. Since R is h-local, ¢ is invertible
in almost all maximal ideals of R. The claim follows. |

Package Deal Theorem 5.13 (Localization of trace ideals). Let R be an h-local domain
with field of fractions Q. Let A be a torsion-free R-algebra such that A g is a simple
artinian ring. For each maximal ideal m of R, let I1(1) be a non-zero two-sided ideal
of Aw which is the trace ideal of a countably generated projective right Ay-module.
Then the following statements are equivalent:

(1) There is a two-sided ideal I of A, which is the trace ideal of a countably generated
projective right A-module, and such that I, = I(m) for all maximal ideals wm of R.

(i) I(m) = Ay for almost all maximal ideals m of R.

Moreover, the ideal I that satisfies the equivalent conditions (i) and (ii) is unique.

Proof. By Lemmas 10.3 and 10.4 in [12], two trace ideals with isomorphic localizations
at maximal ideals of R are equal. This implies that the ideal / in statement (i) is unique.
Now we proceed to prove the equivalence of the two statements.

(ii)) = (i) Let M = {uy,...,n;} and fix some i € {1,...,¢}. We may assume that
I(n;) # Ay,. Since I(n;) is the trace ideal of a countably generated projective right
Ay;-module, by Proposition 5.10, there is an ascending chain of non-zero finitely gen-
erated left ideals (J; 4)n>1 of Ay; such that

Jint1Jin = Jin and 1)) = | JinAnx,.

n>1

Fixn > 1. Let 4; , € A be a finite set of Ay, -generators of J; ,. Since J; 5, is non-zero
and A g is simple artinian, (J;,»)pAg = Ag. Since A is torsion-free, it can be seen as
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a A-submodule of Ag = (J;n)oAg. Therefore, A € (J;»)oAg, and by Lemma 2.11,
dinAn; € Ji Ay, for some non-zero d; , € n;. Then,

o Fiin Qin Sj
] i,n Yin j i,n
LYY ~ Lo <ho.
din
Jj=lai,€Ain
for some rj; 5, Sjin € A forevery j =1,...,mj,.
Let
t
= {1ay U b1 s2,m0 - Smiint € A
i=1
and define
Z Ay ainXn.
xn€Xy
ai,nEAi,n
/ / / i /
By Lemma 5.11, J C Ji,n+1’ Ji,n+1‘]i,n ln, and J;i, € JinAy = Ji,nAni' Let

dpn=dip...dip = n1 N---Nn,. Note that d, Ay; € J/, by construction. Define

Li,n = Z Aai,nxn =+ Adn,

Xn€Xp
ai,neAi,n

which are left ideals of A. Note that (L;,)n, = Ji',n because d, Ay, < Ji',n. Since R
is of finite character and d,, is non-zero, dj, is contained only in finitely many maximal
ideals of R. For any other maximal ideal m, d, /1 is a unit in Ry, hence (L; 4)m = Am.

Let M, = {m; = ny,..., m; = 1y, M4, ..., My, } be the finite set of maximal ideals
containing d,. By Lemma 2.17, the canonical homomorphism

n: R/dyR —> (R/dpR)m, X -+ X (R/dpR)m,,

is an isomorphism. Therefore, there are non-zero elements by , ..., bs n, b, € R such that
@n(bin) = (0,...,1D ... 0)and @, (b,) = (0,.2.,0,1,....,1).
Let J, = Ll,nbl,n <o+ Liabin + Aby + Ady. Note that (Jy)y, = Jl’n, and

(Jn)m = A for every m # u;. Consider the short exact sequence of left A-modules

0 > Jut1 y Jn1 +Jn —— (Jngp1 + Jn) /Ty —— 0.
Since localization is an exact functor,
0 —— (Jn+1)m — (Jn+1 + Jn)m — (Jn+1 + Jn)m/(-]n-i-l)m — 0

is also a short exact sequence of left Am-modules. Note that, since Jl’ . C Jl w1 (nt1 +

I)ni/ Uns1)y, = (J] int1 Y, )/ int1 =0foreveryi =1,...,1.0n the other hand,
(Jnt1+ I)m/Un+1)m = (A 4+ Awm)/Aw = 0 for every m # ;. Therefore, (J,4+1 +
Ju)/Jn+1 = 0 and we deduce that (J,),>1 is an increasing sequence of left ideals of A.

Note that (Jy+1)w; (Jn)m; = I/ 01} = (Jp)u, foreveryi =1,...,¢; and

ln+11n zn

also (Jn+1)m(Jn)m = Afn = Am = (Jp)m for every m # u;. Therefore, Jn+1J,, =Jy
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for every n > 1, and by Proposition 5.10, I =, JnA is a two-sided ideal of A such
that it is the trace ideal of a countably generated projective right A-module, Iy, = I(x;)
and I, = Ay otherwise.

(i) = (ii) The converse is just Lemma 5.12. ]

6. The global case

In this section, we study when the class ¥, of direct sums of finitely generated torsion-
free modules over an h-local domain R, is closed under direct summands. In the next
proposition, we prove that this property localizes at maximal ideals of R, so the results
from Section 3 hold for Ry, for any maximal ideal m of R.

It is worth mentioning that we do not know how to prove directly that if ¥ is closed
under direct summands then the same holds for Ry, for any maximal ideal mt of R. The
property that passes to the localization of R is that, for any finitely generated torsion-
free R-module, every direct summand of R @ X is a direct sum of finitely generated
modules.

Proposition 6.1. Let R be an h-local domain of Krull dimension 1. Let X be a finitely
generated torsion-free R-module, and assume that every direct summand of R & X
is a direct sum of finitely generated modules. Then, for any maximal ideal mu of R,
Endg,, (Xm) is a semiperfect ring, so that X satisfies the equivalent conditions of Pro-
position 3.2.

Proof. Fix a maximal ideal m of R, and set M/ = X,,. By Lemma 2.18(v), Endg,, (M’)
is a semilocal ring. We want to prove that it is semiperfect. We decompose M’ = F & M,
where F is a finitely generated free Ry-module and M is a finitely generated module
with no projective direct summands. Notice that Endg,, (M) is semiperfect if and only if
sois Endg,, (M).

By Lemma 3.1 (i) (see also Corollary 1.21), to prove that Endg,, (M) is semiperfect,
it suffices to show that the idempotents of Endg,, (M)/M Hompg, (M, Ry) can be lifted
to idempotents of Endg,, (M ). Therefore, we may assume that M is non-zero and that
J = M Hompg,, (M, Ry,) is a proper ideal of Endg,, (M) contained in J(Endg,, (M)).

Let e € Endg,, (M)/J be a non-trivial idempotent. By Lemma 1.20 and Proposi-
tion 1.11, to show that e can be lifted to an idempotent of Endg,, (M) we only need to
find a decomposition M = A; @ A, such that, if we set P; = Hompg,,, (M, A;) fori = 1,2,
then P1/P1J = e(Endg,,(M)/J) and P,/P>J = (1 —e)(Endg,,(M)/J).

As M =~ A; & A,, itis easy to see that, fori = 1,2,

P;J ={feHomg, (M, A;)| f factors throught a free module} = A;Hompg,, (M, Rp).
Therefore, we need to prove that M =~ A; @ A,, with
Hompg, (M, A1)/ A Homg, (M, Ry) = e(Endg,,(M)/J)

and
Hompg, (M, A2)/AsHompg, (M, Ry) = (1 — e)(Endg,, (M)/J).
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By Lemma 2.18, there is an extension of rings R/I € Endgr(X)/X Homg(X, R),
where 0 # I = RN X Homg(X, R). Since R is h-local, I is contained only in finitely
many maximal ideals {tn = 1y, ..., my} of R. So we have an isomorphism

14
Endg(X)/X Homg(X. R) — [ | (Endg(X)/X Homg(X, R))
i=1
I4
=~ [ [ Endr,, (Xw;)/ X, Homp,, (Xu;. Run,)

i=1

wm;

given by taking localization at mi; at each component (cf. Lemma 5.5).
Hence, there exists 2 = é € Endg(X)/X Hompg (X, R) such that A, (&) = 0 for any
maximal ideal 1 % m and Ay (€) = e, where

An:Endgr(X)/X Homg (X, R) — (Endg(X)/X Homg (X, R))x
=~ Endg, (Xn)/Xn Hompg, (X, Ry)

denotes the localization morphism.
By Corollary 1.14, R® @& X = X; @ X, with

Hompg(R & X, X1)/ X1 Homg(R & X, R) =~ ¢(Endg(X)/X Hompg(X, R))
=~ e¢(Endg,,(M)/J)
and

Hompg(R & X, X3)/ X, Homg(R & X, R) = (1 — ¢)(Endgr(X)/X Homg (X, R))

L
=~ (1 — ¢) (Endg,, (M)/J) x ( [T Endru, (Xu)/ Xu, Hompyy, (X, Rm,.)).

i=2
Therefore,
Rif,’) O M = Rif{’) B X = X1)u ® (XZ)rtu
Hompg,, (Rm @ X, (Xl)m)/(Xl)m Homg,, (R @ Xwu» Ru) = e(EndRm (M)/J)
and
Homp, (Rm @ Xm, (X2)m)/(X2)m Hompg,, (R ® Xm, Rm) = (1—e)(Endg,, (M)/J).

By hypothesis, fori = 1,2, X; is a direct sum of finitely generated R-modules; hence,
N; = (Xi)m is also a direct sum of finitely generated R,,-modules. By Lemma 1.15, we
obtain a decomposition M = A; @ A, such that, for eachi € {1,2},

Homg,, (Rm & M, N;)/N; Homg,, (Rm ® M, Rn)
= HomRm (M, Ai)/Ai HOHlRm (M, Rm).

Therefore Homg,, (M, A1)/A1 Hompg, (M, Ry) = e(Endg,, (M)/J) and
Homg,, (M, A2)/ A Homg,, (M, Re) = (1 — €)(Endg,, (M)/J),

as we wanted. So we can conclude that e can be lifted to an idempotent of Endg,, (M) by
an application of Lemma 1.20. ]
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Next result shows that, over an /-local domain R, to have the class ¥ closed under
direct summands we need that the ranks of indecomposable modules over different local-
izations at maximal ideals are coprime.

This somewhat surprising Theorem 6.2 is the extension of Lemma 4 in [28] to our
setting. For its proof, we need our versions of the package deal Theorems 5.7 and 5.13, as
well as the results from Section 1.

Theorem 6.2. Let R be an h-local domain with at least two different maximal ideals 1y
and my. For each i = 1,2, let M; be a finitely generated, indecomposable, torsion-free
Ry, -module with local endomorphism ring and with rank r;. Then,

(1) fori = 1,2, there exists a finitely generated, indecomposable, torsion-free R-module
X; such that (Xi)m, = M; and Xy = Ry for every maximal ideal wm different
Sfrom w;;

(2) if r1 and rp are not coprime, then Add(X, & X») has elements that are not a direct
sum of finitely generated modules.

Proof. Corollary 5.8 ensures the existence of finitely generated, indecomposable, torsion-
free R-modules X; and X, with the claimed properties in statement (1).

To prove (2), let d = ged(rq, r2). We show that if d > 1, there exists a module in
Add(X; & X») which is not a direct sum of finitely generated torsion-free R-modules.

Let A = Endgr(X; & X5). By Lemma 2.18(i) and (iii), A is a torsion-free R-module
and A g a simple artinian ring. Recall from Remark 1.13 that A can be identified with the
matrix ring:

A= ( Endg(Xy) HOHIR(Xz,Xl))
Homg (X1, X2) Endg(X>)

By Lemma 2.8, Ay = Endg,, (X1)m @ (X2)m) for every maximal ideal m of R. Let

10 0 0
I = Am, (0 O)Aml and I = Ay, (o 1)Am2.

By the package deal Theorem 5.13, there is a non-zero two-sided ideal / of A, which is
the trace of a countably generated projective right A-module, such that Iy, = I; (i = 1,2)
and I,y = Ay, for every maximal ideal mt of R different from ;.

By Lemma 2.18(iv), I N R # {0}, so A/I is a torsion R-module. Note that the only
maximal ideals containing / N R are nt; and m, (otherwise, if there exists another max-
imal ideal nt containing I N R, Iy N Ry # Ry, and then I, # Ay, a contradiction). By
Lemma 2.18(vi), the canonical homomorphism

AT — @mEmSpecR(A/I)m = (A/Dwy X (A1),

is an isomorphism.
From Remark 1.13,

/- Endg,,, (M) Homg,, (M1, R,
! Homg,, (Rw,, M1) Homg,, (M1, Ry )Homg,, (R, Mi))’

Therefore, (A/1)m; = Am,/11 = M;,(Ru,)/J, Where
J =Homg,, (M1, Rz ) Homg,, (R, M).

my°
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Notice that J # Endg,,, (R:3,), because this would imply that the identity map of R;2, is
in J, so that R:ﬁl is a direct summand of M|’ for some n € N. Since M; has local endo-
morphism ring, the Krull-Schmidt theorem implies that M; = Ry, but we are assuming
that r; > 1, a contradiction.

Therefore, there is an isomorphism ¢: A/I — M;,(Rm,)/J X (A/I)m,. Then there
is an idempotent element e € A/ such that g(e) = (E11 + J,0), where Eq; is the idem-
potent matrix with 1 in the 1,1-entry and zeros elsewhere. Since M, (Ruw,)E11 My, (Rm,)
= M,,(Rm,), we deduce that E1; ¢ J.

By Theorem 1.9(i), there is a countably generated projective right A-module Q such
that @/ Q1 = e(A/I). We claim that such Q is neither finitely generated nor a direct sum
of finitely generated modules.

Recall that Ay, = Endg,,, (M, & Rtrrzll). Since M; has local endomorphism ring,
there are only two finitely generated indecomposable projective A ,-modules up to iso-
morphism, namely

P1a = Homg,, (M1 ® Rz, M1) and Py, = Homg,, (M1 @ Ry, Ru,).

my° ny’

Notice that Py, and Pjj are not isomorphic because M has rank 1 > 1. In addition, by
the Krull-Schmidt theorem, all projective A, -modules can be written in a unique way
as a direct sum of copies of P, and Pyp.

By the definition of P4, Tr(P1,) = I;. On the other hand,

(Q/QD)wm; = (e(A/I))m, = (E11 + J)Mr,(Ru,),

SO Om, = PI(Z‘) @ Pip, where k1 is, at most, a countable cardinal.

Similarly, there are two finitely generated indecomposable projective Ap,-modules
up to isomorphism

Prq = Homg,,, (Ry, ® My, M) and  Pap = Homg,,, (R, ® M2, Ry,).
By the definition of P,,, Tr(Pa,) = I». Thus, since (Q/Q1)m, = (e(A/1))m, = {0},
we have O, = PZ(ZZ), where k> is, at most, a countable cardinal.

Let L = Q ®A (X1 & X3), which is in Add(X; & X»). By Proposition 1.11, L is a
direct summand of (X; ® X>)©@ and Homg(X; & X», L) = Q. Moreover, by Proposi-
tion 1.11,

(*) L, = M¥ @ Ry, and  (%%) Ly, = M.

If Q is finitely generated, k; and «, are finite. But then, by the isomorphism (), the rank
of L is congruent to 1 modulo d and, by the isomorphism (*x), the rank of L is divisible
by d, a contradiction.

To prove the second statement in the claim, assume that Q = €D, .y Qi, Where the Q;’s
are finitely generated. Since Q/Q1 = e(A/I) is finitely generated, Q; = Q; I for almost
alli e N.If Io:={i e N | Q; # Qil}, then Oy = P, Qi is a finitely generated
projective right A-module such that Qr/QyI = e(A/I). By the previous part of the
proof, such Q¢ does not exist, hence Q is not a direct sum of finitely generated modules.
By Proposition 1.11, L € Add(X; & X>) is not a direct sum of finitely generated modules.
This finishes the proof of (2). |
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Next proposition reviews a construction, that goes back to an idea of Bass [3], of an
indecomposable finitely generated torsion-free module of rank two over any local domain
that has a finitely generated ideal that cannot be generated by two elements.

This construction is particularly relevant to us in view of Theorem 6.2. It is going to
imply that if ¥ is closed under direct summands, then finitely generated ideals of Ry, are
two-generated for all maximal ideals of R except maybe one, see Theorem 6.6.

Proposition 6.3. Let R be a commutative local domain, with field of fractions Q, and
maximal ideal wm. Let a, b, ¢ be elements in R such that the ideal K = aR + bR + ¢R
cannot be generated by two elements. Set oo = (a,b,c) € R® and let H = R3® N Qa. Then:

(i) M = R3/H is an indecomposable, finitely generated torsion-free module of rank 2.
(ii) If R is local, then so is Endg(M).

Proof. (i) Let k = R/w be the residue field of R. Let M = A;/H & A,/H be a non-
trivial decomposition with A; R-submodules of R* containing H. Consider M ®g k =
(A1/H Qr k) ® (A2/H QR k). Then, since M Qg k is at most a three-dimensional
vector space, one of the direct summands is one-dimensional. We may assume that it is
A>/H ®g k, which in turn implies that A,/H = R*/A; is isomorphic to R. Therefore,
the exact sequence

0 s Ay s R3 s R3/A, —— 0

splits, and we deduce that A; is a 2-generated free module. So that if vy and v, is a
basis of A, there exists ry, 7, € R such that (a, b, ¢c) = v1r; + var,. This implies that
K € r1R + rpR. Since vy and v, can be completed to a basis of R3, it follows that
K = riR + r R, which contradicts the assumption that K cannot be generated by two
elements. This finishes the proof that M is indecomposable.

(i1) The module M fits into the exact sequence

0 s H s R3 s M s 0.

Let T = {f € Endg(R?) | f(H) € H}, which is a subring of Endg(R?>). Then there is
an onto ring endomorphism ¢: T — Endg(M). We will prove that T is a local ring, and
then so is Endg (M).

Restriction to H induces a ring morphism : T — Endg(H) withkernel I = {f e T |
f(H) = 0.

We claim that the embedding T < Endg(R?) is local. Indeed, let f < T be such
that f is invertible in Endg (R3). Then there is a commutative diagram

0 y H > R3 s M y 0
v(f) f o(f)
0 sy H s R3 s M s Q.

Since f is invertible, it is onto and then so is ¢( f). Since M is a finitely generated module
over a commutative ring, we deduce that ¢( ) is bijective. Now the snake lemma implies
that ¥ ( f) is also bijective, and then we can deduce that f~! € T.
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Now we prove that I C J (T). Notice that i~f f €1, then it induces a module homo-
morphism_f: M — R3 such that Im f = Im f. Since M is indecomposable, and R is
local Im f € R3m. Hence, 1 — f is invertible in Endg(R?), and since the embedding
T < Endg(R?) is local, we deduce that 1 — f is invertible in T'. This proves that the
two-sided ideal I < J(T).

The image of the ring morphism v is the ring

S = {g € Endgr(H) | g can be extended to an endomorphism of R3}.

Hence T/I = S, and T is local provided S is local. Notice that for any g € S its extension
to R? satisfies a monic polynomial of degree 3 with coefficients in R, so g also satisfies
that polynomial. This is to say that the extension R < S is integral.

Since H is a torsion-free module of rank 1, Endg (H) can be identified with a subring
of Q. Then S is a subring of R. Since R is local, so is S. This finishes the proof of the
result. ]

The next corollary shows that the conclusions of Proposition 6.3 can be extended to
any ring S between R and its integral closure.

Corollary 6.4. Let R be a commutative local domain, with field of fractions Q and max-
imal ideal m such that R is local. Let S be an intermediate ring RC S C R. Leta,b,c
be elements in S such that the ideal K = aS + bS + ¢S cannot be generated by two
elements. Set« = (a,b,c) € S3 andlet H = S N Qua. Then:
(i) M = S3/H is a torsion-free R-module of rank 2 and Endg(M) = Ends(M) is a
local ring. In particular, M is indecomposable.

(ii) Consider the ring T = Rla, b, c], which is a finite integral extension of R. Let H' =
H N T3 Then M’ = T3/H' is an indecomposable, finitely generated R-module of
rank 2 with local endomorphism ring.

Proof. Since R is local, so is any intermediate ring R € § C R.

Notice also that an S-module M has finite rank »n as S-module if and only if it has
finite rank n as R-module because M ®s O =M ®s S ®r QO = M ®pr Q. This implies,
in addition, that Endg (M) = {A € M, (Q) | AM C M} coincides with Endgr(M).

Therefore, the result is a consequence of Proposition 6.3 applied to S in (i) and to T
in (ii). [ ]

The following lemma is a variation for domains of finite character of a well-known

fact about bounds on the number of generators of finitely generated ideals.

Lemma 6.5 (Proposition 1.4 in [2]). Let R be a commutative domain of finite character.
Let k > 2. If I is a non-zero finitely generated ideal of R such that I Ry, is k-generated
for every maximal ideal m of R, then I is also k-generated.

Proof. Let I be a non-zero ideal of R. Since R is of finite character, I is contained only

in finitely many maximal ideals {m, ..., m,} of R. First, observe that there exists o € [
such that § & w; Iy, foreveryi = 1,...,n. Indeed, let o; € I be such that O‘T’ & m; [y,
andletey,...,e, besuchthate; — 1 € m; foreveryi = 1,...,n and e; € m; whenever

1<i#j<n.Thenleta = Z?zleiozi-
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Since R is of finite character, « is contained only in finitely many maximal ideals of R,

say M = {mq, ..., my,, My4q,..., Myqp)
Foreachi =1,...,n,thereare o; 1,...,0; x—1 € I such that
o k—la"
— l,]
I = T Ruy; + ZTRmZ..
j=1

Foreachi =n+1,....n+¢{,j=1,....,k—1leta;; € [ \m; andey; ; = 0if j > .
Notice that Iyy; = § R, + Zf;} %Rm, foreveryi =1,...,n + £. As before, consider
Si.oo, fare € Rsuchthat f; —lewm;and fiem;ifl <j#i<n+{L.Setf; ;= fio;j
foreveryi =1,....n+fand j=1,....k—1.Forj=1,....,k — I sete; := Z?:ieﬂi7j.
We claim that / = oR + Zf;} aj R. It is sufficient to verify this equality locally. If
m & M, then both sides localize to Ry,. Also,

k—1 k—1
aRy; + Za_/ Ry, + mil; = aRy; + Za’?-/ Ry, +my 1y,
j=1 j=1
Since [ is finitely generated, we can conclude by Nakayama’s lemma. ]

Now we are ready to prove the main result of the section.

Theorem 6.6. Let R be a commutative domain of finite character, and of Krull dimen-
sion 1. Assume that for any finitely generated torsion-free R-module X, every element
of Add(X) is a direct sum of finitely generated modules. Then R satisfies the following
properties:

(1) For any maximal ideal w of R and any ring S such that Ry, € S € R, we have that
finitely generated indecomposable torsion-free S-modules have local endomorphism
ring.

(2) For any maximal ideal m of Ry, except maybe one maximal ideal wy, all finitely
generated ideals of Ry are at most two-generated. Then Ry, is a valuation ring for
any maximal ideal m # my.

(3) For each maximal ideal w of R, there is a unique maximal ideal of R lying over m.
In particular, R has also finite character.

If Ry satisfies the two-generated property for any maximal ideal m, then R is a
Priifer domain of Krull dimension 1, so any finitely generated ideal of R is, at most,
two-generated.

Proof. By Corollary 3.3 and Proposition 6.1, we deduce that for any maximal ideal m
of R, any ring S such that Ry; € § C Ry, satisfies that every finitely generated indecom-
posable torsion-free S-module has local endomorphism ring. This shows (1).

Notice that (1) implies that R is also a ring of finite character because there is just one
maximal ideal of R lying over each maximal ideal of R. This shows (3).

By Theorem 6.2, the ranks of two finitely generated, indecomposable, torsion-free
modules over different localizations of R at maximal ideals must be coprime. In view
of Corollary 6.4, we deduce that finitely generated ideals of Ry, are 2-generated for any
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maximal ideal m of R except maybe for one that we will denote by mg. By Proposi-
tion IT1.1.11 in [8], Ry is a valuation ring for any maximal ideal m # 1. This proves
statement (2).

If the maximal ideal 1o does not exist, then R is a Priifer domain of Krull dimension 1.
Moreover, by Lemma 6.5, any finitely generated ideal of R is, at most, 2-generated. ]

7. The integrally closed case

In this section, we will use the results developed until now to show that the converse of
Theorem 6.6 is true for integrally closed /-local domains of Krull dimension 1. This will
be done in Corollary 7.3.

We recall the following definition, which will be needed for this section.

Definition 7.1. Let R be a ring. Let M be a right R-module. A submodule N of M is
called relatively divisible or an RD-submodule if Nr = N N Mr for each r € R.

In particular, this definition tells us that if for some r € R, a € N, the equation xr = a
has a solution in M, then it has a solution in N as well. In this sense, pure submodules
are a generalization of RD-submodules to the case where instead of an equation, we have
a system of linear equations which has a solution in N” whenever it has a solution in M”,
for some positive integer n > 1.

For a discussion of the basic properties of RD-submodules, the reader is referred to
Section 7 of Chapter I in [8].

Proposition 7.2. Let R be an h-local domain of Krull dimension 1, and with field of
fractions Q. Assume that Ry, is a valuation domain for all maximal ideals m of R except
maybe one maximal ideal my.

Then the class of R-modules that are direct sums of finitely generated torsion-free
R-modules is closed under direct summands if and only if the class of direct sums of
finitely generated torsion-free Ry ,-modules is closed under direct summands.

Proof. By Proposition 6.1, if the class of R-modules that are direct sums of finitely gener-
ated torsion-free R-modules is closed under direct summands, then so is the corresponding
class for Ry,. We need to prove the converse result.

Let {N; | i € N} be a countable family of non-zero finitely generated torsion-free
R-modules, and set N = @ieN N;.Let A be a direct summand of N. Then Ay, is a direct
summand of Ny,. By hypothesis, Ay, is a direct sum of finitely generated Ry,,-modules,
say Am, = D;en Xi-Fori €N, let A;:={a € A|a/1 €D, ;; X;}. Weclaim that 4; is
an RD-submodule of A. Leta € A and r € R \ {0} be such that (a/1)(r/1) € @lsjsi X;,
since r/1 is not a zero divisor of X, for any £, we deduce that a/1 € A;. This finishes the
proof of the claim.

Note also that there is an £ > 1 such that ealsjsi X is a submodule of @le (Ni)mq -

Hence, since all modules involved are torsion-free, 4; < @le N;. We claim that this is
also an RD-embedding. Assume that n € @le N; is such that there exists r € R such that
nre A; < A. As A is an RD-submodule of N, we deduce that n € A, and since A4; is an
RD-submodule of A4, we deduce thatn € A;.
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Now we shall prove that A; is finitely generated. Since A; is a submodule of a free
module R”, by Lemma 5.2 there exist ay, . ..,as € A; and a finite set of maximal ideals of
the form § = {myg, my,..., m;} such that (4;)m = ijl %Rm for any maximal ideal

m ¢ §. In particular, (4;)g = Z;Zl %Q, and in the exact sequence

N N
0— Y a;R — A — 4i/( Y a;R) — 0,
j=1 Jj=1

the module A; / (Z;=1 aj R) is torsion. Since R is an h-local domain of Krull dimension 1,

A,./(;ajze)z D (Ai/(ga,ze))mz@(Ai/(gaﬂe))m.

memSpec(R) mes

Hence, to prove the claim, it is enough to show that (A;)wm; is finitely generated as a
Amj -module for any j = 0,...,¢, cf. Lemma 5.5.
Note that (A4;)m, = D, <;<; X; is finitely generated. Assume now that j > 1. Since

A; is an RD-submodule of @izl Ny, we deduce that (4;)m; is an RD-submodule of

@i:l(Nk)m,-- Since Ry is a valuation domain, and the module @izl(Nk)m,-/(Ai)mj
is finitely generated and torsion-free, it is projective. Therefore, (A;)w; is a direct sum-

mand of @£=1 (Nk)m; so itis finitely generated, as claimed.

Now, A is a union of a chain of finitely generated modules A; € A, € A3 € ---. For
any i € N, the exact sequence 0 - A; — A;+1 — A;j4+1/A; — 0 splits upon localization
at mg by construction. It also splits when localized at other maximal ideals since it is RD-
exact, Ry, is a valuation domain, and all the involved modules are finitely generated and
torsion-free, and therefore projective.

By Lemma 2.9, the sequence 0 — A; — A; 11 — A;j+1/A; — 0 splits in R for any
i € N. Therefore, A = A; & (P;cn Ai+1/Ai) is a direct sum of finitely generated mod-
ules. ]

Corollary 7.3. Let R be an h-local domain of Krull dimension 1 that is integrally closed
in its field of fractions Q. Then the following statements are equivalent:

(1) The class of R-modules that are direct sums of finitely generated torsion-free R-
modules is closed under direct summands.

(ii) For any finitely generated torsion-free R-module X, every element in Add(X) is a
direct sum of finitely generated modules.

(iii) The ring R satisfies one of the following conditions:
(1) R is a Priifer domain; or

(2) there is a maximal ideal v such that for every maximal ideal ta # myg, Ry, is
a valuation domain, Ry, is an integrally closed domain that is not a valuation
domain, and every indecomposable finitely generated torsion-free Ry ,-module
has local endomorphism ring.

Proof. Tt is clear that (i) implies (ii). Theorem 6.6 shows that (ii) implies (iii).
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Assume (iii) holds. If R is a Priifer domain, then it is semihereditary, so finitely gener-
ated torsion-free modules are projective, and all projective modules are the direct sum of
finitely generated ideals. So (i) is trivially satisfied.

Now assume that R satisfies the condition (2). By Corollary 3.3, Ry, satisfies that the
class of finitely generated torsion-free modules is closed under direct summands. Then (i)
follows from Proposition 7.2. ]

Corollary 7.4. Let R be an h-local domain of Krull dimension 1. Assume that the class of
R-modules that are direct sums of finitely generated torsion-free modules is closed under
direct summands. Then its integral closure also satisfies this property.

Proof. By Theorem 6.6, R satisfies conditions (1) and (2) of part (iii) of Corollary 7.3,
so we can deduce that the class of finitely generated torsion-free R-modules is closed by
direct summands. ]

8. Infinite direct sums are determined by the genus

Definition 8.1. Let R be a commutative ring, and let A be an R-algebra. Let M and N be
right A-modules. We say that M and N are in the same genus if My, is isomorphic to Ny,
for every maximal ideal mt of R.

Lemma 8.2. Let R be a commutative ring, and let A be a module-finite R-algebra.
Let M, N and X be right A-modules. If X is finitely generated over R and M & X
and N & X are in the same genus, then M and N are in the same genus.

Proof. Recall that if a module Y has semilocal endomorphism ring, then it has the cancel-
lation property, thatis, ¥ @ A = Y @ B implies A = B (see, for example, Theorem 4.5
in [6]).

By Proposition 2.3, X, has semilocal endomorphism ring. Therefore, if My, & Xy, =
N ® X, then My, = Ny, for every maximal ideal m of R. [

Lemma 8.3. Let R be a commutative domain of finite character with field of fractions Q.
Let A be a module-finite R-algebra such that A g is a simple artinian ring. Let M =
D,c; Mi be an infinite direct sum of non-zero finitely generated right A-modules which
are torsion-free as R-modules, and let N be a finitely generated right A-module which is
torsion-free as an R-module. If Ny, is a direct summand of My, for every maximal ideal
m of R, then N is a direct summand of M.

Proof. Suppose that Ny, is a direct summand of My, for every maximal ideal m of R.
Since My is a free Ag-module and N is finitely generated, there is some finite sub-
set I € I such that Ng is a direct summand of P, c;,(M;)o. By Lemma 4.2, there
is a A-module homomorphism f:(P;.;, M; — N such that the induced homomorphism
Ju:Die 1, (Mi)m — N is a splitting epimorphism for almost all maximal ideals m of R.

Let M be the finite set of maximal ideals mt such that fy, is not a splitting epimorph-
ism. Since N is finitely generated, there is some finite subset I, € I containing /; such
that Ny, is a direct summand of @, I (M;)y for every mt € M. Then Ny, is a direct
summand of P, 7, (M; ) for all m € mSpec R.
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Since A g is simple artinian and N is finitely generated, there exists /3 € I \ I finite
such that N is a direct summand of P, <7, (M;) . Then, by Proposition 4.6, N is a direct
summand of EBiE]O M;, where Iy = I, U I3. Hence, N is a direct summand of M. [

Theorem 8.4. Let R be a commutative domain of finite character with field of frac-
tions Q. Let A be a module-finite R-algebra such that A g is a simple artinian ring. Let
M = D;cn, Ai and N = D en, Bi be direct sums of non-zero finitely generated right
A-modules which are torsion-free as R-modules. If M and N are in the same genus, then
there are decompositions

M = @iENQ Mi and N = @iENo Ni

such that both M; and Nj are finitely generated, and M; = Nj for every i € Ny. In par-
ticular, M and N are isomorphic.

Proof. Let {my}qeq denote the set of maximal ideals of R. Let {a;}ien, and {b;};eN,
be countable sets of generators for M and N, respectively. By Lemma 2.3, (A4;)m, and
(Bi)m, have semilocal endomorphism rings for every @ € 2, and i € N. Hence, both 4;
and B; satisfy the cancellation property locally for every i € N.

We claim that there exist mg,n9 € N and decompositions

MZMO@ZO@@?imO_HAi and NZN()@@}X;,!O_’_IBJ'
for some finitely generated modules My, Ny and Zj, such that My is isomorphic to Ny,
ag € Mo, by € No, and Zo ® ;2,1 Ai and @72, ., Bj are in the same genus.

Let my = min{m € Ny | ag € P;—, A;}, and consider Xo = 69;'1:00 A;. By Lemma 8.3
applied to X, there is ny € No such that X, is isomorphic to a direct summand of

@;"’:0 B;. Therefore, we can write
M=Xo®PBZ,, 1A and N=Yo®Zy &P, 5

with Xo = Ypand Yo @ Z;, = @;‘):0 B;. Thanks to Lemma 8.2, @}’imoﬂ Aiand Z; &
EB;";%H B; are in the same genus.
Let ng = max{ny + 1, min{n € Ny | by € @7:0 Bj}}, and consider Y; = Z; &
"0 B;.ByLemma 8.3 applied to Y;, there is mq > m’, such that Y; is isomorphic
i =n! 41 Pi- PY pp 0 p
—"o

to a direct summand of EB:"_"m, 41 A;. Then
=0

M=Xo®X1®Zo®PZ,,41 4 and N=YodYi &P, ;i B

with Xo = Yo and X; = Y;. By Lemma 8.2, Zo ® @72, Ai and @72, | Bj arein
the same genus. Take My = Xo & X; and Ny = Yo @ Y;. We can repeat this argument w
times to obtain ascending chains of positive integers mg < --- <my <--- andng < --- <
ng < ---, and decompositions

M = (@f:o M) ®Zy & (@?imz-i-l Ai) and N = (@f:o N;) & (@;ing+l B))
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such that M; is finitely generated and isomorphic to N; foreveryi =0,...,¢, aq,...,a; €
@i—o Mi, bo. ... by € @i—g Ni,and Zy & (D2, 11 Ai) and @, ., B; are in the
same genus. Therefore, we obtain two families of finitely generated A-modules which are
torsion-free as R-modules {M;};en, € M and {N;}ien, S N such that M; is finitely
generated and isomorphic to N;, {a; }ien, < @ieNo M;, and {b;}ien, < @ieNo N;. We
deduce that M = P, Mi and N = P, <y, Ni- Therefore, M is isomorphic to N. This
finishes the proof of the proposition. ]

The following proposition generalizes Lemma 8.3.

Proposition 8.5. Let R be a commutative domain of finite character with field of frac-
tions Q. Let A be a module-finite R-algebra such that A g is a simple artinian ring. Let
M = @,; M; be an infinite direct sum of non-zero finitely generated right A-modules
which are torsion-free as R-modules, and let A be a direct summand of M of infinite
rank. Let N be a finitely generated right A-module which is torsion-free as an R-module.
If Ny, is isomorphic to a direct summand of Ay for each maximal ideal w of R, then N
is isomorphic to a direct summand of A.

Proof. Since A is a direct summand of M, there are A-homomorphisms ¢: A < M and
w:M — A such that m¢ = 14. For every subset J C [, letrj: M — @je] M; denote
the canonical projection, and let t;: €P;c; M; <> M denote the canonical embedding.

Since Ny is a direct summand of A g, there are A g-homomorphisms f: No — Ag
and g: Ag — Ng such that gf = 1y,. By Lemma 2.8, there is a A-module homomorph-
ism fo: N — A suchthat f = fy/s for some non-zero s € R. Let Jy be a finite subset of
I such that Im fo € D¢, M;. Hence gLy, 0 f = 1n,-

Again, by Lemma 2.8, there is a A-homomorphism g’ @j es, Mj — N such that
g(ty,)o = g'/t for some non-zero t € R. Let go = g'my,t, and note that go/7: Ag — Ng
is a A g-homomorphism satisfying that (go/7) f = ln,. Hence, we may assume that
there exists a A-homomorphism go: 4 — N that factors through 7 j,¢, and such that g
is of the form g¢/¢ for some non-zero ¢t € R. In particular, go fo = st1y. Also note that
80(ANEDjep\ s, Mi) =0andIm fo € Dy M;.

Let ro = st € R. Since R is of finite character, r¢ is contained only in finitely many
maximal ideals of R, say M = {my, m,, ..., my}. A similar argument as above shows
that there are A-homomorphisms f1,..., fx: N — A4, g1,...,8gk: A — N, and non-zero
elements ry,...,r, € Rsuchthat g; f; = rjly and r; ¢ m;, foreachi = 1,...,k. These
morphisms can be chosen such that there are finite subsets Jy, J,, ..., Jr € I such that
8 (AN Dieny, Mi) = 0andIm f; € ey M-

Let J = Uf=1 Ji,andlet J' := I \ J. Consider an exact sequence

N N 7TJ|A\
O 4 X 4 A 4 @jEJMj’

where X = AN e’ M; . Since A is of infinite rank, X has infinite rank as well, and
hence there is a A g-monomorphism f': No — Xg. Then vg f” splits because A g is
simple artinian. Let g": Ag — Ng be a A g-homomorphism such that g'vg /" = 1n,. As
in the first part of the proof, we may assume that g’ factors through (7t) o for some finite
subset K C J'. Therefore, there are A-homomorphisms foo: N — A and goo: A — N
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such that geo foo = Foo 1y fOr some non-zero ro, € R. Moreover, Im f, € X and goo(A N
@j eJ Mi ) =0.

Since R is of finite character, r is contained only in finitely many maximal ideals
of R, say N = {nj,n,,...,1ny}. By the Chinese remainder theorem, we can find ey, ..., e;
€ Rsuchthate; =0 mod n; whenever j #i ande; =1 mod u;, forevery j =1,...,L.
Note that any maximal ideal of R either does not contain ry or is in M. Hence, by the
definition of the rq, ..., rg, no maximal ideal of R contains the whole set {rg, ..., r}.

Forevery j =1,...,4,1leti(j) € {0,...,k} be such that r;(;) €n;. Letg:4 - N
be the A-homomorphism given by g = goo + Zle ej8i(j)-

We claim that g is a locally split epimorphism, so by Lemma 2.9 it is a split epimorph-
ism. Note that g foo = goo foo = F'co L Vs SO gy splits if 1 does not contain 7o,. On the other
hand,

L
gfiny =D& & fiy =erio v + Y €8 fiw-
j=1 1<j=<t
Jj#t
When we localize at n,, the first summand is an invertible element, while the second
summand is in J(Enda,,, (Nn,)) by Lemma 2.6. Hence, gn splits for any maximal ideal
of R, and we conclude with the proof of the statement. ]

Now we are going to give an example showing that Lemma 8.3 is not true for dir-
ect summands that are not finitely generated. We start with the following well-known
lemma, that will provide us a source of noetherian local domains of Krull dimension 1
with local integral closure. So that indecomposable finitely generated torsion-free mod-
ules have local endomorphism ring (see, for example, Corollary 3.9).

Lemma 8.6. Let oy, ..., o, be (non-zero) coprime elements of N. Let K be a field, let
R=K[t*, ..., t*]andletmi =t*" R+ --- + t*" R. Set ¥ = R\ m. Then:
(1) R is a noetherian domain of Krull dimension 1 and field of quotients K(t). The
integral closure of R into its field of fractions is K|[t].
(ii) The integral closure of Ry into its field of fractions is K[t]s = K[t]q). In particu-
lar, it is a local ring.

(iii) Every finitely generated, indecomposable, torsion-free Ry, -module has local endo-
morphism ring.

Proof. (i) The field of fractions of R is a subfield of K(¢) that contains R and also ¢
(because oy, ..., q, are coprime), so it coincides with K(¢). Since K[¢] is a PID, it is
integrally closed, and being an integral extension of R, it is the integral closure.

(ii) By (i), the extension Ry, € K|[t]y is integral. If n is a maximal ideal of K|[¢]x,
then n N R = m. Therefore ¢ € 1, so that n = (K [t]x, and K|[¢]5 is a local ring.

The statement (iii) follows from (ii) and Corollary 3.9. [

Example 8.7. There are a semilocal noetherian domain R of Krull dimension 1 and
R-modules M and N that can be written as infinite direct sums of non-zero finitely gener-
ated torsion-free R-modules, such that Ny, is a direct summand of My, for every maximal
ideal mu of R, but N is not a direct summand of M.
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Proof. Let K be an infinite field. Let Ry = K|[t2, t3](,z,,3), and let R, = K|[t3, t7](,3,t7).
So Lemma 8.6 applies to R; and R».

The local domain R is a Bass domain with just two indecomposable finitely generated
torsion-free modules (or rank one) up to isomorphism. Namely, X = R; and ¥ = iy
where mt; denotes the maximal ideal of R;. Note that, by Lemma 8.6, X and Y have local
endomorphism ring.

The domain R; has infinitely many indecomposable finitely generated torsion-free
modules of all ranks > 2, because it fails to satisfy the Drozd-Roiter conditions (cf.
Theorem 4.2 in [18]). More precisely, if we denote by 1, the maximal ideal of R, the
Ry-module (m>K[f](;) + R2)/R> is not cyclic because a minimal set of generators is 74
and £°.

We single out an infinite family Z;, Z,, ... of indecomposable finitely generated
torsion-free R,-modules of rank 2. Note that, by Lemma 8.6, such modules have local
endomorphism ring.

Let ¢: K(t) — K(t) be the automorphism that fixes K and such that ¢(¢) = ¢ + 1.
Let R be the ring that fits in the pull-back diagram

R— Ry

/

Ry, — % K(),

where ¢’: R, — K(1) L K(1).

By Theorem 4.4 in [35], R is a noetherian domain of Krull dimension 1 with exactly
two maximal ideals mt and 1t and satisfying that Ry, = R; and Ry = R».

Apply the results on [35] (or just Corollary 5.8) to construct two sequences of finitely
generated torsion-free R-modules M1, M5, ..., N1, N, ... such that

(Mi)n = (Ni)u=Z2i, (Mj)u=X®Y and (Nj)m =X & X.
Cal M = @P;cn Mi and N = @,y Ni- Then N is locally a direct summand of M, but
N is not isomorphic to a direct summand of M. Indeed, if N @ N’ =~ M, then
(Dien Zi) ® Ny = Djen Zi-
Since {Z; };en are non-isomorphic and have local endomorphism rings, N, = {0}. Hence,

as N’ is torsion-free, N’ = {0}. But Ny, 2 My, a contradiction. (]

Remark 8.8. By Proposition 9.6, the ring R in Example 8.7 satisfies that the class of
direct sums of finitely generated torsion-free modules is closed under direct summands.

Proposition 8.9. Let R be a commutative domain of finite character. Let M be a torsion-
free R-module of countable rank. Let wy be a maximal ideal of R. Assume that

(@) My, is a direct sum of finitely generated torsion-free modules of rank one with local
endomorphism ring for every maximal ideal mu # m, and

(b) My, is a direct sum of finitely generated torsion-free modules.
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Then M is in the same genus as a direct sum of finitely generated torsion-free modules
if and only if
(1) My, is a free module for all but countably many maximal ideals m of R.

(ii) If M = {m € mSpec R | My, is not free}, and if ry, denotes the number of free dir-
ect summands in the decomposition of My, then, for every b € N, the set {tn € M |
rm < b} is finite.

Proof. Let N = @ieN N;, where each N; is a finitely generated torsion-free module, and
assume that M and N are in the same genus. Statement (i) follows from Corollary 5.4.
If M is finite, (ii) is clear. Assume M is infinite and let b € N. Then there are only finitely
many maximal ideals 1 € M such that at least one of (Nq)y, ..., (Np)m is not free, so
rm > b for almost all m € M. This proves (ii).

Conversely, assume that (i) and (ii) are satisfied and let My, = €D, ey Mum,i, Where
each My, ; is a finitely generated torsion-free module and such that My, ; has rank one for
every maximal ideal mt # my. For each i € N, let d; denote the rank of the module My, ;.

First, assume that M is finite. For each i € N, apply the package deal Theorem 5.7 to

do+-+d;

Xi(mo) = My, and X;(m) = ®iido+~--+d,-_1+l My,;  foreach m # myg
(note that, since M is finite, X; (1) is free for almost all maximal ideals mt of R). Then,
for each j € N, there is an R-module N; such that (N;)y = X;(m) for every maximal
ideal m in R. Therefore, ;¢ N; is in the same genus as M.

Now, assume that M is infinite and consider the case where ry, is finite for every
maximal ideal m of R. First, write the elements of M in a sequence 1y, 1o, ... in such
a way that ryq, < ry, < --- is non-decreasing, and assume that the direct summands in
the decompositions of My, are indexed such that My 1, ..., Mu, -, are the free direct
summands. For each i € N, apply the package deal Theorem 5.7 to

Xi(mg) = My, and X;(m) = @?i;;iﬁd,-_ﬁl My,; foreach m # my
(note that, with this reordering and considering (i) and (ii) with b = do + -+ + di, My,
is free for almost all maximal ideals). Then, for each j € N, there is an R-module N; such
that (Nj)m = X (m) for every maximal ideal mt in R. Therefore, €D,y N; is in the same
genus as M.

Finally, assume that M is infinite and there is at least one maximal ideal mt with ry,
infinite. Let mi;, n15, ... be a (finite or infinite) list of elements in {mt € M | ry, is finite}
and let iy, np, ... be a (finite or infinite) list of elements in {n € M | ry is infinite}.
The first sequence is chosen such that ry, < ry, < --- is non-decreasing, and again
we assume the direct summands in the decompositions of My,; are indexed such that
M1, ..., M r,, are the free direct summands. Moreover, we assume that the direct
summands in the decompositions of My, are indexed such that My, 1,..., My, ; are free.

Let us check that each My, ; is free for almost all m € M. If My, ; is not free, then
i < j.If My,; is not free for infinitely many m’s with finite r, then b = j — 1 would
contradict (ii). Hence, as before, we find finitely generated torsion-free R-modules N;
such that (N;)mw = X; (m) for every maximal ideal m of R. Therefore, ;< N; is in the
same genus as M. ]
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9. The noetherian case

The results of Section 8 allow us to show in this section that the converse of Theorem 6.6
is true for semilocal noetherian domains of Krull dimension 1 (cf. Proposition 9.6), and
this result will allow us also to prove the converse of Theorem 6.6 for noetherian domains
of Krull dimension 1 and with finitely generated integral closure in Theorem 9.8.

Let € be a pre-additive category, let M be an object of €, and let / be a two-sided
ideal of the ring Ende (M ). Recall that the ideal of € associated to I is the ideal A of
the category € defined as follows. A morphism f: X — Y belongs to A, (X, Y) if and
only if 8f« € I for every pair of morphisms «: M — X and 8:Y — M in the category €.

Notice that if €’ is a full subcategory of €. Then the restriction of #; to €’ gives an
ideal of the category €.

Remark 9.1. Let R be a commutative ring, and let A be a module-finite R-algebra. Let M
be a non-zero finitely generated right A-module with endomorphism ring S = Endp (M).
Let ¢: R — § denote the canonical homomorphism. Let u be a two-sided maximal ideal
of S, and let m = ¢! (n). By Lemma 2.7 (i), m is a maximal ideal of R.

Let X and Y be two objects in Mod-A. If f € Homp (X,Y) is such that f(X) € Y,
then f € Ay. Indeed, Bfa(M) € Mm for every pair of morphisms o: M — X and
B:Y — M. Hence, by Lemma 2.7 (ii), Bfa € n.

If € is a full subcategory of Mod-A, we will still denote by +4,, the restriction to € of
the ideal defined in the whole module category.

Lemma 9.2. Let R be a commutative ring, and let mu be a maximal ideal of the ring R.
Let f: X — Y be a homomorphism of R-modules such that fu(Xw) C YmmRy. Then
f(X) S Ym

Proof. Let x € X. Then there exist 7; em, y; € Y and s € R \ mw such that

f&) il _y

1 4 1 s s’
i=1

y € Ym.

Therefore, there exists ¢ ¢ m such that f(x)st = yt. Then there exists u ¢ m such that
l-stuem and f(x)=f(x)A—stu)+ f(x)stu = f(x)(1—stu)+ytucYm. m

Proposition 9.3. Under the assumptions of Remark 9.1, let N = @; 5y Mi be a direct
sum of finitely generated right A-modules which are torsion-free as R-modules, and con-
sider two direct summands A and A’ of N. Assume that € contains M, A, A', and M;,
foreachi e N. If Ay = A}, then A is isomorphic to A’ in the factor category € [ Ay.

Proof. We have to check that there are homomorphisms f: 4 — A’ and g: A’ — A such
that Idg — gf,Idgs — fg € +y». By Remark 9.1 and Lemma 9.2, it is sufficient to find
f:A— A’ and g: A’ — A such that

(Idg — gf)m(Am) € AqmRy and  (Idg — fg)m(A/m) < A/mmRm'
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Assume now that Ay, = A,,. Let a: Ay — Ay, and B: A, — A denote mutually
inverse isomorphisms. Then, y = 14, amy,, and § = 14, frry, are elements that belong
to Endg,, (B, ey (Mi)w), and such that the following diagram commutes:

Y
. —_ .
@iEN(Ml)m — @ieN(Mz)m
Am | | TAm Y | [T A
a Y
Am ¢ 5 4 Am

By Lemma 2.8, we can consider y as a column-finite matrix such that the i-th column
represents

HomAnl((Mi)m’ @]EI(M])I‘H) = HomA(Miveaje] Mj) ®R Rm

Foreachi € N, let s; ¢ m be the product of the denominators in the i-th column, and
define v = @, Sild(am,),, € Auta,, (Nw). By Lemma 2.8, there exists 1 € Enda (N)
such that y o t = hy,. For each i € N, take #; ¢ m such that 1 — ¢;5; € m and define
0 = P, tildy; € Enda (N). Similarly, define " and 6’ starting with the endomorph-
ism 4, i.e., § o v’ = hl, for some i’ € Endp(N). Note that 70y, = Idy,, — r for some
r € Endp,, (Ny) with Imr C (Ng)m Ry. Similarly, there exists ' € Enda,, (Ny) with
Imr’ € (Ny)m Ry, such that t/6), = Idy, —r'.

Set

f=nagh01y and g =mah 01y.

Then

(Id4 = &f ) = (Ida — 7w W' 0"ta T4 014 )
= Id4,, — nAer’GI/nLAQ“ AL, VT Omtd
=Id4,, — T4y Ay ﬂn’A;“ ‘L’/Qt/n LAl ToAl LAl O T A, TOm
= IdAm Ay LA ﬂ Al (Ide - r') LAY, TTA LA X TTA (Ide - r)tAm

= IdAm T Ty LA ﬂ n—A,m 1['A/m 7TA/m [‘A/m OTTA 1LAm + s,

where s € Endj,, (Am) satisfies that Ims € Ay mRy,. A symmetric computation shows
that In(Idgs — fg)m € A MRy n

Remark 9.4. The statement in Proposition 9.3 is also true if we assume that N is a direct
sum of finitely presented right A-modules instead of a direct sum of finitely generated
right A-modules which are torsion-free as R-modules using Theorem 3.18 in [29] instead
of Lemma 2.8.

Corollary 9.5. Let R be a commutative ring, and let A be a module-finite R-algebra.
Let M = @;cn M be a direct sum of non-zero finitely presented right A-modules with
semilocal endomorphism rings. If A and A’ are direct summands of M, then A = A’ if
and only if Aw = A., for every maximal ideal m of R.
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Proof. Consider € = Add(ED; oy Mi). We aim to apply Proposition 3.6 in [27]. We have
to check if n is a maximal ideal of Enda (M;) for some i € N, then A and A’ are iso-
morphic objects of the factor category € /-4,,. Note that the preimage of n in the canonical
homomorphism R — Endp (N;) is a maximal ideal of R by Lemma 2.7 (i), so we can
apply Proposition 9.3 and Remark 9.4. ]

From now on, we only consider the case when R is a noetherian domain of Krull
dimension 1. We can try to find appropriate generalizations reflecting the results in the
previous parts of the paper. For the semilocal case below, we need Krull dimension 1
because of Corollary 3.9.

Proposition 9.6. Let R be a semilocal noetherian domain of Krull dimension 1. Let my,
my, ..., mg be the list of maximal ideals of R. Assume that

(i) Ruw; has the two-generator property fori =1, ...k,
(ii) the normalization of Ry, is a discrete valuation domain for everyi = 0,1,... k.

Then every pure projective torsion-free R-module is a direct sum of finitely presented
modules.

Proof. By Kaplansky’s theorem, see Theorem 1 in [16], every pure projective module
is a direct sum of countably generated modules. Therefore, we may consider 4 to be a
direct summand of @, .y M;, where each M; is a non-zero finitely presented torsion-free
R-module, say A @ A" = D, M;. Also, we may assume that A is not finitely generated.

If m is a maximal ideal of R, then Ay, @ A}, = P, ey (Mi)m, and by (ii) and Corol-
lary 3.9, Ay, is a direct sum of finitely generated Ry,-modules with local endomorphism
ring.

For eachi =0,...,k, let Ay, = @jeN N;,j, where N; ; is a finitely generated
indecomposable Ry,;-module. In Theorem 4.3 of [31], Rush proved that over a noetherian
ring with the two-generator property any finitely generated indecomposable torsion-free
module has rank 1, thus (i) implies that N; ; is a module of rank 1 if i > 1.

Therefore, the module A fulfills the hypothesis of Proposition 8.9, and since the num-
ber of maximal ideals of R is finite, we can deduce that A is in the same genus as a
module B that is a direct sum of finitely generated torsion-free modules. Since A and B
are direct summands of B & (€D, <y M;), we deduce from Corollary 9.5that A =~ B. =

The following lemma is a variation of Proposition 7.2 adapted to the noetherian setting.

Lemma 9.7. Let R be a noetherian domain of Krull dimension 1, and with module-finite
normalization R. Let M = {my, ..., my} be the list of maximal ideals of R such that Ry,
is a principal ideal domain for any maximal ideal m ¢ M, and let ¥ = R \ Uf;l m;.
Further, let M C R@) be such that My is a direct sum of finitely generated Ry -modules.
Then M is a direct sum of finitely generated modules.

Proof. We may assume that the rank of M is infinite. Let My = @;’il M;, where each M;
is a non-zero finitely generated Rx-module. Foreachi =1,2,...,let N; :={m € M |
m/le @;’:1 M;}. Note that N; C R* for some £, hence N; is a finitely generated submod-
ule of M . Further, we claim that N; is an RD-submodule of M. Consider m € M,n € N;
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and 0 # r € R such that mr = n. Then (m/1)(r/1) = n/1 in Myx. Since r/1 is not a
zero-divisor on each M;, m/1 is an element of @;:1 M;.

We claim that for every i € N, the inclusion ¢;: N; — N; 4 splits. By Lemma 2.9, it is
enough to check that ; ® g Ry splits for every maximal ideal m of R. Since t; ® g Ry =
li ®R Ry Ry Ry forany m € M and 1; ® g Ry splits, t; @ g Ry splits for any m € M.

Now suppose that mt ¢ M. Then it is easy to check that (N;)y, is an RD-submodule of
(Ni+1)m and since Ry, is a valuation domain, also a pure submodule of (N; ). The pure
exact sequence

®r Ry
0 —— (N)m =8 (Ni41)m —— (Nig1/Ni)m —— 0

splits, since the right-hand term is finitely presented. From this, we conclude that ¢; splits.

Overall, M is a union of the chain Ny € N, € N3 C --- where each N; splits in
Ni+1, 1.e., there exists a submodule D; 1 € N;1 such that N;+1 = N; @ D;+1. Further
let D1 := Ni. Then M = @fil D; is a direct sum of finitely generated R-modules. m

Theorem 9.8. Let R be a noetherian domain of Krull dimension 1, and with module-finite
normalization R. Then the following statements are equivalent:

(1) Every pure projective torsion-free R-module is a direct sum of finitely presented
modules.

(2) For any finitely generated, torsion-free R-module X, every element in Add(X) is a
direct sum of finitely generated modules.

(3) R satisfies the following two conditions:

(i) there exists at most one maximal ideal o of R such that Ry, is not a Bass
domain, and

(ii) the normalization of Ry, is a discrete valuation domain for every maximal
ideal m of R.

Proof. 1tis clear that (1) implies (2). Statement (2) implies (3) by Theorem 6.6. We only
need to prove that (3) implies (1).

Note that, if R is integrally closed, then R is a Dedekind domain, and pure projective
torsion-free modules are projective. Assume that R # R, and let M = {my,...,my} be
a finite set of maximal ideals of R such that Ry, is integrally closed whenever m & M.
Let ¥ := R\ Ule m;. Therefore, Ry is a semilocal ring satisfying the assumptions of
Proposition 9.6. Hence, any pure projective torsion-free Ry-module is a direct sum of
finitely presented modules.

Let A be a countably generated pure projective torsion-free R-module, i.e., a direct
summand of @; .y M, where each M; is a finitely generated torsion-free module. Note
that each M; can be considered as a submodule of M; R (the R-submodule of (M; ), gen-
erated by M;) which is a projective R-module. Hence, we may consider A as a submodule
of R,

Since Ay is a pure projective torsion-free Ry-module, it has to be a direct sum of
finitely generated modules. By Lemma 9.7, A4 is a direct sum of finitely generated mod-
ules. ]
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10. A family of examples

In this section, we provide a family of examples of /#-local domains of Krull dimension 1,
not necessarily noetherian, that exemplifies well the situations described in Theorem 6.6
and also in Corollary 7.3, as we show that they satisfy that direct summands of finitely
generated torsion-free modules are direct sums of finitely generated modules. This family
of examples was suggested to us by Carmelo Antonio Finocchiaro and Paolo Zanardo.

Let K € L be a field extension, and consider the ring R = K + xL[x] and its localiz-
ation Ry, at the maximal ideal m = xL[x]. The field of fractions of R is L(x), and R fits
in the pull-back diagram of rings

incl.

R =K + xL[x] ————— L|[x]
(Cl) evo evo

K < incl. s L .

where evg denotes the evaluation at 0. In fact, this diagram is a conductor square, with
conductor ideal ¢ = mt since R/m = K and L[x]/m = L.
Note that Ry, = K + xL[x]w, since every element in Ry, can be written as

a+xp(x) p x(p(x) —aq(x))
1 +xq(x) 1 4+ xq(x) '
witha € K, p(x),q(x) € L[x].
The localization of (C1) at mt gives also a conductor square for Ry,

incl.

Ry = K+ xL[x]lyy ———— L[x]m

(€2) evo evo

K « incl. N L,
with conductor ¢y = XL[X].
Lemma 10.1. Let K C L be a field extension, let R denote the ring K + xL[x], and let
m = xL[x]. Then:
(1) If I isanideal of R, then IL = L[x] ifand only if I = R.
(i1) Every maximal ideal n # w of R is generated by a polynomial q(x) € R that is
irreducible in L[x] with ¢q(0) = 1.
(iii)) Rn = L[x]y, that is, Ry is a discrete valuation ring for every maximal ideal n # m
in R.
(iv) R is an h-local domain of Krull dimension 1.
Proof. (i) Suppose that /L = L[x], so yo + y1a1 + -+ + yna, = 1 for some elements
yi € I anda; € L\ K. Then, for every polynomial g(x) € L[x], yoxq(x) + y1a1xq(x) +

<o+ ypanxq(x) = xq(x) € I. Therefore xL[x] C I. Since xL[x] is a maximal ideal of
Rand I € xL[x], I = K + xL[x].
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(i1) Let n # m be a maximal ideal of R. By (i) and because n is maximal, nL # L[x]
and nL N R = n. There exists p(x) € L[x] with p(0) = 1 such that p(x)L[x] = nL.
Since p(x) € nL N R, p(x) € u. Notice that if g(x) € L[x] and p(x)q(x) € R, then also
q(x) € R. Therefore p(x)R = n. If p(x) = ¢1(x)g2(x) in L[x], and since p(0) = 1, we
can assume that ¢;(0) = ¢2(0) = 1, so that it is also a decomposition in R. Since 1 is
maximal, either ¢ (x) or ¢2(x) € n, which implies that either ¢ (x) or g, (x) is equal 1.
This shows that p(x) is irreducible in L[x].

(iii) Since the element x € R \ n is invertible in R,;, we have a = ax/x € Ry, for every
element a € L, so we deduce that L C Ry, that is, L[x]y C Ry.

(iv) Let p(x) be a non-zero polynomial in R. If p(0) # 0, p(x) can be written as
p(x) = kq1(x)---¢gn(x), where k = p(0) € K* and ¢;(x) are irreducible polynomials
in L[x] with ¢; (0) = 1 forevery i = 1,...,n so, in particular, ¢; (x) € R. This decomposi-
tion is unique up to a unit (an element in K) because L[x] is a UFD, and in this case, p(x)
is only contained in the maximal ideals generated by the irreducible polynomials ¢; (x)
fori =1,...,n.

If p(0) =0, then p(x) can be written as p(x) = x™¢g(x), where m > 1 and g(x) € L[x]
with ¢(0) # 0. Then g(x) can be written as ¢(x) = g1 (x)---¢n(x), where [ = q(0) € L*
and ¢; (x) are irreducible polynomials in L[x] with ¢;(0) = 1 foreveryi = 1,....n, so
again, ¢; (x) € R. Therefore, p(x) is only contained in the maximal ideals generated by the
irreducible polynomials ¢; (x) fori = 1,...,n and it is also contained in m. Therefore, R
has finite character.

Now we prove that Ry, has Krull dimension 1. Let p be a non-zero prime ideal of Ry,
and let 0 # g € p. We can assume, up to a unit of Ry, that g is of the form x"a,
witha€ L\ {0} andn > 1.If n > 1, then x"a = x - (x*~'a) which implies that either x or
x"" g are in p. By induction on 7, we can deduce that p contains an element of the form
xa with a € L \ {0}, so it also contains x2b = xa - xa~'b for any b € L. As (xb)? € p for
any b € L, we deduce that xb € p. Hence p = m.

Since the Krull dimension of R localized at any maximal ideal is 1, we deduce that R
has Krull dimension 1 and, being of finite character, it is #-local. n

From (iii), it follows that finitely generated torsion-free R,-modules are free for every
maximal ideal n # mt in R.

Remark 10.2. Assume K & L.

(1) R is integrally closed if and only if the extension K C L is purely transcendental.
If « € L \ K is algebraic over K, then « is integral over R. So if R is integrally closed,
K C L is a purely transcendental extension.

To prove the converse, let f € L(x) satisfy a polynomial equation f” + a,— f"~! +
<o+ 4+ag =0withag; e Rfori =0,...,n— 1. Since L[x] is already integrally closed,
we can assume that f € L[x]. Let fy denote the evaluation at O of f. Then f, satisfies a
polynomial equation in K, so fj is algebraic over K. Since L is purely transcendental, we
deduce that fo € K,s0 f€R.

(2) Ry, is noetherian if and only if the extension K C L has finite degree. Indeed, let
(a;)ic4 be abasis of L as K-vector space. The maximal ideal m = xL[x] is generated by

A = {xa;}ic4 and no proper subset of #4 generates mu. Then Ry, is noetherian if and only
if A is finite.
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(3) Ry, is not a valuation ring. Note that every element a € L \ K is in its field of
fractions L(x), but neither a nor a~! belong to Ry,.

Now we will study torsion-free modules over the ring R and over the ring Ry,. The
inclusion of R into the principal ideal domain L[x] allows us to use the techniques of the
conductor square and artinian pairs (see [18]). First, we fix some notation.

We shall describe a class of torsion-free modules over the ring 7' that can be either R
of Ry,. The ring T is included in a principal ideal domain S, where S = L[x]if T = R
and S = L[x]y if T = Ry,. The field of fractions of T coincides with the one of S and it
is O = L(x). We will denote by ¢ the conductor of both conductor squares (C1) and (C2).

We denote by A: T — Q and A': § — Q the corresponding localization maps, and by
&: T — S the ring inclusion. Then if M7 is a torsion-free 7-module, there is a commut-
ative diagram

M M®A M®TQ

!
MQ¢e ML

M Q1 S.
Therefore, we can identify M7 with an essential submodule of Q(A) for a suitable set A4,
and then, we set (M @ ') (M @7 S) = MS.
In general, M ® A’ is not an injective map; it is when My is projective or, more

generally, when M7 is flat.
Lemma 10.3. Let M1 be a torsion-free module over T. Then:

i MS=ML.

(i) MLNM D Me.

(iii) As a K-vector space, M =V & Mc, where V is any complement of Mc in M.
Moreover, as L-vector space, ML = VL @& Mc. Setting W = VL, it follows that
dimg (V') > dimg (W).

(iv) Asan L-vector space, ML = W @& M ¢, where W is any complement of M ¢ in M.
Moreover, V.= W N M is a K-vector space suchthat M =V & Mcand W = VL.

(v) For any pair V, W chosen as in (iii) or (iv), V. = M/Mcand W =~ ML/Mc. In
addition, there is a pull-back diagram

incl.

M —"“— ML
(*)

incl.

Ve——mW.

Proof. Statement (i) follows because T'S = T'L, cf. Lemma 10.1(i). Statement (ii) is clear.
The ring T fits in an exact sequence of 7-modules

0 > C s T s K > 0

shows that () is a pull-back diagram. ]
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Definition 10.4. The category 8 of modules over the artinian pair K < L has as objects
the inclusions V' < W where V is a K-subspace of the L-vector space W satisfying that
VL =W.

If V< W and V' < W' are two objects of B a morphism between them consists of
one K-linear map f:V — V' and one L-linear map g: W — W’ making the diagram

incl.

Ve——Ww
S g
V/ incl. W/

commutative.

Corollary 10.5. As usual, T denotes the ring R = K + xL[x] or Ry where m = xL[x].
Let AT be the category of torsion-free modules over T. Let B be the category of modules
over the artinian pair K — L. Then there is a functor Fr that assigns to each object Mt
in At the object of 8, M/Mc — ML/Mc.

Moreover, FR(M) = Fr,, (M) for any object M of AR.

Proof. Lemma 10.3 (v), and the fact that a morphism between torsion-free modules over T,
induce a morphism between the modules over the artinian pair, imply the existence of such
a functor.

If M is an object in AR, then M/M ¢ is an R-module and also an Ry,-module. Also,
ML/Mc is an L[X] module as well as an L[x]y-module. So, the second part of the
statement is clear. ]

For a general torsion-free module M the pull-back diagram of Lemma 10.3 (v) can be
trivial. Take, for example, M = Q. Then M = ML = Mcand V = W = 0. So, in the
notation of Corollary 10.5, Fr(Q) = 0.

To get a better correspondence, we need to restrict the class of torsion-free modules
we are interested in. We shall consider the class

€r = {M | M is atorsion-free T-module such that M L is a free S-module}

Notice that €7 contains all finitely generated torsion-free modules, and it is closed by
arbitrary direct sums and direct summands. In addition, M = S € €r.

Assume that ML is a free S-module, then we can fix an S-basis 8 = {v; };c4. Then
if W is the L-vector space generated by B, Mc = Wcand ML = W & We. Therefore,
by the modular law and by Lemma 10.3, M =V @& Wewhere V =W N M.

If M7 and M, are two modules in €7, then, fori = 1,2,

M;L=W;®& W;c and M; =V; ® W;c, whereV; = W; N M;.

Therefore, if ( f, g) is a morphism between the artinian pairs V; < Wj and V, < W, or,
equivalently, f is a K-linear map and g is an L-linear map, and there is a commutative
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diagram

then f can be extended to an S-linear map
g - ML=W & Wc— ML =W, Wic

by setting g(wx") = g(w)x" for any w € Wy and any n > 0. Notice that g is an isomorph-
ism if and only if g is an isomorphism because g~ = (g)7L.
As a consequence, we have the following.

Corollary 10.6. The functor Fr described in Corollary 10.5 is full when restricted to the
category Cr and it reflects isomorphisms. Therefore,
(1) two objects My and M3 of €g are isomorphic if and only if (M1)w and (M), are
isomorphic;
(ii)) Mr is projective if and only if M € €t and the inclusion M/M ¢ — ML/ M c sends
K-basis of M/ Mc to L-basis of ML/ M c if and only if Mt is a free T-module.

Proof. The remarks before the statement prove that the functor Fr restricted to the cat-
egory Cr is full and reflects isomorphisms.

The statement (i) follows because, by Corollary 10.5, Fr(M) = Fg,, (My,) for any
object M of €r and, by the first part of the statement, two modules in €g are isomorphic
if and only if their corresponding artinian pairs are isomorphic if and only if their localiz-
ations at m are isomorphic.

To prove (ii), notice that since over Ry, all projective modules are free, it follows by
(1) that all projective modules over R, since they are modules in €g, are isomorphic to a
free module. It is easy to check that this happens if and only if a K-basis of V = M/M¢
is also an L-basisof W = ML/Mec. ]

Now we summarize some results on finitely generated torsion-free modules over R =
K + xL[x]. As observed before, these are always in €7 as well as infinite direct sums of
them.

Lemma 10.7. Let K C L be a field extension, let R denote the ring K + xL[x], and
m = xL[x]. Let M, N and {M;};cs be finitely generated, torsion-free R-modules. Then:
(1) Every finitely generated indecomposable torsion-free Ry-module has local endo-
morphism ring.
(i) M = N ifand only if My, = Np,.
(iii)) M is indecomposable if and only if My, is indecomposable.

(iv) If M and {M;};e1 are indecomposable and M is a direct summand of @;c; M;,
then M =~ M; for somei € I.
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Proof. (i) This follows from Lemma 3.5, taking T = L[x]y,. Note that m is the conductor,
so it is different from zero as required in the hypothesis of the Lemma.

Statement (ii) is included in Corollary 10.6.

(iii) Suppose that My, = A @ B, and that M is indecomposable. Let A’ and B’ be
R-submodules of A and B generated by some finite set of Ry,-generators of A and B,
respectively. Then (4’ @ B')yy = A @ B = My, and by (ii), we deduce that A’ @ B’ =~ M.
Therefore, A’ = 0 or B’ = 0, thatis, A = 0 or B = 0, and My, is indecomposable. The
other implication is clear.

(iv) Suppose that M is a direct summand of @,.; M;. Then My, is also a direct
summand of (D, c; Mi)m = D, c; (Mi)m. Since (M;)n has local endomorphism ring,
it satisfies the Krull-Schmidt property, that is, My, =~ (M;)y, for some i € I. By (ii), we
deduce that M =~ M; for somei € I. [

Corollary 10.8. Let K C L be a field extension, let R denote the ring K + xL[x]. Then
the class of modules that are direct sums of finitely generated torsion-free R-modules is
closed under direct summands.

Proof. By Lemmas 10.1 and 10.7, the result follows from Proposition 7.2. ]

Now we want to explicitly construct finitely generated, indecomposable, torsion-free
T-modules where T denotes either R = K + xL[x] or Ry,. First, we will specify better
how these modules and their endomorphism rings can look like.

Recall thatif T = R = K + xL[x], then S = L[x], and if T = Ry, then S = L[x]un.

Remark 10.9. Let M7 be a finitely generated torsion-free 7-module of rank n. As ML
is a finitely generated free S-module, we may assume that M is a 7-submodule of S"
such that ML = S”, in particular, (xS)" € M. Therefore, M7 = V + (x§)", where V
is a K-subspace of L" satisfying VL = L". Notice that, this gives us a very explicit
construction of a 7T-module M € € such that F (M) (cf. Corollary 10.5) has as an image
the module over the artinian pair V <— W.

Now we can also identify the endomorphism ring of M7 with a subring of M, (Q), in
fact Endr (M1) ={AeM,(Q)| AM € M}.Since (xS)" € M, if A € M, (Q) represents
an endomorphism of M, then A € M, (S), i.e., Endr(Mr) ={AeM,(S)| AM C M}.
Every matrix A € M, (S) can be uniquely decomposed as the sum of a matrix B € M, (L)
and a matrix C € M, (xS). Since M, (xS) € Endr (M), A € Endr (M) if and only if
BV C V. This is to say that if A € End7(M7), then F(A) = B.

Lemma 10.10. Let K S L be a field extension, let R denote the ring K + xL[x], and let
m = xL[x]. Let M be a finitely generated torsion-free right Ry, -module of rank n. Then
M, (xL[x]w) € J(Endg,, (M)).

Proof. Note that J(Ry,) = mRyy,. Then, for every A € M, (xL[x]w), we have
M =AM + (I — AM C J(Ry)M + (I — A)M.

By Nakayama’s lemma, M = (I — A)M and, by Lemma 2.1 (i), I — A is bijective. Hence
A e J(Endg,, (M)). |
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The following is a modification of Construction 3.13 in [18] to build indecomposable
modules over artinian pairs. Using Remark 10.9, this immediately yields the existence of
indecomposable finitely generated T-modules of arbitrary finite rank n > 2.

Construction 10.11. Let n > 2 be a fixed positive integer, and suppose we have chosen
a, B € L with {1,a, B,a?, af, 2} linearly independent over K. Let I be the identity n x n
matrix and H be the nilpotent n x n matrix with 1 below the diagonal and 0 elsewhere.
For ¢t € K, we consider the n x 2n matrix,

10 - Ola+tp 0 - 0

01 - 0| B  a+if -~ 0
W, :=[I |al +BGI + H)] = , , o .

00 -+ 1| 0 0 - a+1p

Let V; be the K-subspace of L" spanned by the columns of W;. Let A € Homg (V;, V3,),
where
Homg (Vi, Vi) = {A€My(L) | AVy € Viu}.

The condition AV; C V,, implies that there is a 2n x 2n matrix 8 € M5, (K) such that
AV, = ¥, 0. Write 0 = [g 8], where C, D, P, Q € M, (K). Then, using the condition
AWV, = ¥, 0, we have the following two equations:

A=C+aP + Bl + H)P,
QA+ BA(I + H) =D +aQ + Bl + H)O.

Substituting the first equation into the second and combining terms, we get the following:

—D+a(C—-0)+B1tC—-uQ +CH—HQ) +a?P
+ aB(tP +uP + HP + PH) + B*(tuP + HPH +tHP + uPH) = 0.

From the linear independence of {1, «, 8, @2, B, B2}, we have
D=P=0, A=C=Q and (t—u)A+ AH = HA.

In particular, we deduce that A € M, (K), and if A is an isomorphism and ¢ # u, then the
third equation above gives a contradiction since the left side is invertible and the right side
is not. Thus, if V; = V,,, then t = u. To see that V; is indecomposable, we take u = ¢ and
suppose that A is idempotent. But AH = HA, and it follows that A4 is in K[H], which is
a local ring. Therefore A = 0 or I, as desired.

By Remark 10.9, M; = V; + (xS)", where V; is the K-subspace of L" construc-
ted above, is an indecomposable 7-module of rank n (as usual, T = R = K + xL[x]
or T = Ry;). Notice that, in view of Corollary 10.5, there are, at least, | K| different iso-
morphism classes of such modules.
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