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Ricci solitons as submanifolds
of complex hyperbolic spaces

Angel Cidre-Diaz and Victor Sanmartin-Lépez

Abstract. Any homogeneous expanding Ricci soliton is known to be isometric to a
Lie subgroup of the solvable part of the Iwasawa decomposition associated with a
symmetric space of non-compact type, with the metric induced as a submanifold. In
this paper, we classify and analyze the geometry of such Lie subgroups with Ricci
soliton induced metric when the symmetric spaces are complex hyperbolic spaces.

1. Introduction

In this paper, we focus on the intersection between submanifold geometry in complex
hyperbolic spaces with homogeneous Ricci soliton and Einstein metrics.

On the one hand, a Riemannian manifold (M, g) is said to be a Ricci soliton if its Ricci
tensor, Ric, reads as Ric = c¢g + £x g, where c is a real number and £x denotes the Lie
derivative with respect to a smooth vector field X of M. Ricci solitons generalize Einstein
metrics, i.e., those whose Ricci tensor is a real multiple of the metric. The main source of
interest on Ricci solitons stems from the fact that they are generalized fixed points of the
Ricci flow. This tool was introduced by Hamilton in [19], in order to evolve and improve
metrics in his program to address the Thurston geometrization conjecture. Indeed, Ricci
soliton metrics only dilate under the Ricci flow, up to diffeomorphism, and such dilation
is encoded in the cosmological constant ¢, so they are called steady (¢ = 0), shrinking
(¢ > 0) or expanding (c < 0). Later, the Ricci flow was successfully utilized by Perelman
to solve the Poincaré conjecture. Since then, Ricci solitons were deeply investigated in the
literature, assuming many times homogeneity (see the surveys [22,26]), which converts
the non-linear second order PDE defining a Ricci soliton into an algebraic equation.

On the other hand, many investigations have been developed in the context of subman-
ifold geometry of complex hyperbolic spaces over the last few years. We emphasize the
following outstanding classifications: Hopf hypersurfaces with constant principal curva-
tures [2], cohomogeneity one actions [3, 5], and isoparametric hypersurfaces [15]. Some
other relevant classifications addressed in these spaces are those of polar actions [13],
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homogeneous Lagrangian foliations [12] or hypersurfaces with constant principal curva-
tures under certain extra hypotheses [11]. See [4,8] for more information on submanifolds
in complex space forms, or [18] for more information in complex hyperbolic geometry.

Despite the wide range of submanifolds that have been investigated in complex hyper-
bolic spaces, these spaces do not admit Einstein hypersurfaces, see Theorem 8.69 in [8].
Indeed, Einstein hypersurfaces are rare in symmetric spaces. Fialkow classified them in
space forms [17], and they are totally umbilical hypersurfaces, hypersurfaces with index
of relative nullity one (see Chapter 7 of [9] for more details), or the product of spheres
of the same Ricci curvature for the case of spheres. This result was extended later to the
rest of the rank one symmetric spaces in several works by different authors (see Theo-
rem 1 in [30] for a summary), and the only examples are geodesic spheres of certain radii,
one in quaternionic projective spaces and one in the Cayley projective plane. In 2023,
Nikolayevsky and Park [30] completed the classification of Einstein hypersurfaces in irre-
ducible symmetric spaces by analyzing those of rank > 2. There, the picture is the opposite
to the rank one case, as there is a family of minimal Einstein hypersurfaces in symmetric
spaces of non-compact type, and just one more example (non-complete and hence non-
homogeneous) in SL(3, R)/SO(3) and in SU(3)/SO(3), respectively.

Homogeneous Ricci solitons have been also investigated from this submanifold per-
spective. As we illustrate right after the statement of the Main Theorem, connected expand-
ing homogeneous Ricci solitons lie, up to isometry, into a particular class of homogeneous
submanifolds of symmetric spaces of non-compact type. Therefore, within this class of
homogeneous submanifolds, it is natural to look for those with a Ricci soliton induced
metric. With this approach, Tamaru [33] constructed new examples of Einstein solvman-
ifolds, which are minimal from the submanifold viewpoint, and of Ricci solitons. More-
over, classifications by imposing conditions on the codimension [16,32] were obtained by
Dominguez-Vazquez, Tamaru and the second author.

In this paper, we focus on the classification of this particular class of homogeneous
submanifolds that are Ricci solitons with the induced metric, when the symmetric spaces
are complex hyperbolic spaces. Let us be more precise before stating the main result of this
work. Let G = SU(1, n) be the connected component of the identity of the isometry group
of the complex hyperbolic space CH" up to a finite quotient. Put g for its Lie algebra,
and let g = ¥ & p be the Cartan decomposition of the latter, where ¥ is the Lie algebra
of the isotropy group K = S(U(1)U(n)). Let g = g—20 ® G—o D g0 D G D G2q be its
root space decomposition with respect to a maximal abelian subspace a of p. Let AN be
the connected (solvable) Lie subgroup of G whose Lie algebra is a @ gq @D g24, Which
is the semidirect product of an abelian Lie group A and a nilpotent Lie group N, with
Lie algebras a and 1 = g4 @ g24, respectively. Now, we select the metric on AN making
it isometric to CH", which turns out to be left-invariant. We denote by J the complex
structure of AN induced by the one in CH”. Let B and Z be unit vectors spanning a
and goq (Which are one-dimensional), respectively, with JB = Z.

The main purpose of this paper is to obtain the classification of the Lie subgroups of
AN =~ CH™ that are Ricci solitons with the induced metric. We state now the main result
of the paper. See Remark 4.5 for more information about the congruence classes of the
examples of the classification.
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Main Theorem. Let S be a connected Lie subgroup of dimension > 2 of the solvable
part AN of the Iwasawa decomposition of the connected component of the identity of the
isometry group of the complex hyperbolic space CH™. Then, S is a Ricci soliton when
considered with the induced metric if and only if one (and only one) of the following
conditions holds for its Lie algebra s (see Remark 1.1 for the notation):

Item | Subalgebra Conditions Einstein? | S is isometric to
i «CV L
@ s =g @RV +1Z) ] /2 . Yes Euclidean space
e dimmy/, > 2—dimR(V +1tZ)
c CU,CV Ly,
i =R(B+U +xZ i t Real hyperbolic
i | ==RGE+ VO M2 | ey 20 then (JULV) = — - Yes P
GR(V +12Z) 2 space
* If V=0,eithert =0ormy;, =0
Complex hyperbolic
(iii) s=R(B+U)®m, g * CU L m, o |U| =tang Yes plex yp !
space
(iv) _ Heisenberg group
5 =1y & My D Goo No KRAM
Solvable extension
v
O | s=RB+U) @ w2 @020 | * CU Lz = gy £0 No T
(vi) s=R(B+U)®mu, * Mg #0 ¢ CU Ly @iy N Solvable extension
0

S1tz/2 © Qoo of a Heisenberg

dimmy, + dimmy/, + 4
(dim my, + 4) cos?(¢)

group xRYm /2

- Up = ~1

Table 1. List of the Lie algebras corresponding to the Lie subgroups of AN =~ CH" that are Ricci
solitons with the induced metric.

Remark 1.1 (Notation for Table 1 in the Main Theorem). In Table 1 and in the rest of the
work, the symbol @ stands for orthogonal direct sum. The elements U and V are vectors
in gq, and x and ¢ are real numbers. For any W € g, and any vector subspace mt of a @ 1,
the notation CW L m means that both W and J W are orthogonal to m. The notation 1,
stands for non-zero real subspaces of g, of constant Kéhler angle ¢ € [0, 7/2), and 1/,
for totally real subspaces of g,. Recall also thata = RB, g2 = RZ and JB = Z.

In the following lines, we detail the reason why we focus on the study of the Lie
subgroups of the solvable Iwasawa group associated with a symmetric space of non-
compact type (in this case, a complex hyperbolic space). On the one hand, steady and
shrinking homogeneous Ricci solitons are called trivial in the literature: the first are prod-
ucts of Euclidean spaces times a flat torus [1], and the investigation of the second can be
reduced to that of compact Einstein manifolds [21,29,31]. On the other hand, combining
the recently solved (generalized) Alekseevskii conjecture [7] and a remarkable result by
Jablonski [23] at the intersection of Ado’s theorem for Lie algebras and Nash embedding
theorem, one gets: any connected homogeneous expanding Ricci soliton is isometric to a
Lie subgroup of the solvable part AN of the Iwasawa decomposition associated with a
symmetric space of non-compact type that is an algebraic Ricci soliton with the induced
metric. A Lie group S endowed with a left-invariant metric is said to be an algebraic
Ricci soliton if its (1, 1)-Ricci tensor, Ric, can be written as Ric = c¢Id +D, where ¢ is
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a real number, and D is a derivation of the Lie algebra s of S, that is, an endomorphism
of s satisfying

(1.1) D[X,Y]|=[DX.Y]|+[X,DY] forany X,Y €s.

A solvable (respectively, nilpotent) algebraic Ricci soliton is called solvsoliton (respec-
tively, nilsoliton). The aforementioned fact constitutes an important incentive towards the
inspection of the Lie subgroups of solvable Iwasawa groups associated with symmetric
spaces of non-compact type in order to find examples of Ricci solitons. This viewpoint
was exploited in Theorem A of [16], where the codimension one Lie subgroups of solvable
Iwasawa groups associated with symmetric spaces of non-compact type that are Ricci soli-
tons with the induced metric were classified. The only examples corresponding to CH"
are the generalized Heisenberg group N and the Lohnherr hypersurface when n = 2. Our
main theorem can be regarded as a natural continuation of the research line started in The-
orem A of [16], but removing the hypothesis on the codimension of the examples, and
focusing on the solvable Iwasawa groups associated with a particular class of symmetric
spaces, namely complex hyperbolic spaces.

Since the solvable Iwasawa group associated with real hyperbolic spaces can be re-
garded as a Lie subgroup, with the induced metric, of the one corresponding to complex
hyperbolic spaces, our main theorem contains in the first two items (taking ¢ = 0) the
analogous classification for real hyperbolic spaces. This can be regarded as some sort of
partial generalization of Fialkow’s work [17] to any codimension (in the case of negative
constant sectional curvature). Moreover, we have the following.

Corollary 1.2. Let S be a connected Lie subgroup of the solvable part AN of the Iwasawa
decomposition associated with the real hyperbolic space RH". Assume that S is a Ricci
soliton with the induced metric. Then S is Einstein and isometric to a Euclidean space or
to a real hyperbolic space.

From the Main Theorem, we get the following characterization of the Einstein exam-
ples.

Corollary 1.3. Let S be a connected Lie subgroup of the solvable part AN of the Iwasawa
decomposition associated with the complex hyperbolic space CH", considered with the
induced metric. Then, S is Einstein if and only if it is a symmetric space.

In the aforementioned result by Jablonski [23], he provides an isometric embedding
of certain homogeneous Ricci solitons in a symmetric space of non-compact type and
he also poses the question of whether such embedding is optimal from, for example, the
dimension viewpoint. From the submanifold geometry perspective, it is intriguing for us
if this embedding could be achieved with the property of being minimal. In the proof of
the following corollary, we will see that most of the examples of the Main Theorem are
not minimal. However, minimality brings Hopf hypersurfaces, cohomogeneity one actions
and isoparametric hypersurfaces into the picture.

Corollary 1.4. Let S be a proper connected Lie subgroup of dimension > 2 of the solv-
able part AN of the Iwasawa decomposition associated with the complex hyperbolic
space CH". Assume that S is a minimal submanifold of AN and a Ricci soliton when
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considered with the induced metric. Under the identification CH™ =~ AN, one of the fol-
lowing conditions holds:

(1) S is a totally geodesic RH* inCH", for some k < n, and thus Einstein.
(i) S is a totally geodesic CH* in CH™, for some k < n, and thus Einstein.

(iii) S is neither totally geodesic nor Einstein. Moreover: if n > 2, S is the focal set
of an isoparametric family of non-Hopf hypersurfaces that are homogeneous if and
only if S has totally real normal bundle; if n = 2, S is the so-called Lohnherr
hypersurface.

In particular, S is the focal set of an isoparametric family of hypersurfaces on a totally
geodesic CH* in CH™, for some k < n. However, not any focal set of an isoparametric
family of hypersurfaces is a Ricci soliton.

It is well known that minimal homogeneous submanifolds in real hyperbolic spaces
are totally geodesic [10]. This is no longer true in complex hyperbolic spaces, but as a
consequence of Corollary 1.4 and the Main Theorem, we have:

Corollary 1.5. Let S be a proper connected Lie subgroup of dimension > 2 of the solv-
able part AN of the Iwasawa decomposition associated with the complex hyperbolic
space CH". Then:

(1) S is Einstein with the induced metric and a minimal submanifold of AN if and only
if it is totally geodesic.

(ii) S is non-flat Einstein if and only if it is homothetic to a totally geodesic submanifold
of CH™".

The strategy to prove the Main Theorem is the following. First, AN is a completely
solvable Lie algebra, and so are its Lie subalgebras. Hence, being a Ricci soliton is equiv-
alent to being an algebraic Ricci soliton ([27], p. 4), and the latter is the condition that
we will actually consider. Moreover, Lauret proved that any solvsoliton S can be recov-
ered from its nilradical L, which is a nilsoliton with the induced metric, by means of
a simple procedure that we make precise in Proposition 4.1 (see Theorem 4.8 in [27]).
Therefore, we first classify the nilpotent Lie subgroups of AN that are Ricci solitons with
the induced metric in Proposition 3.3. After that, in Proposition 4.3, we analyze their pos-
sible extension to solvsolitons, in the sense of Proposition 4.1, that can be still realized as
Lie subgroups of AN . Indeed, any solvsoliton in the Main Theorem can be obtained as an
extension, in the sense of Proposition 4.1, of one of the nilsolitons in items (i) or (iv) in
the Main Theorem. In [32], it is stated that the nilradical of any solvsoliton can be isomet-
rically embedded in the nilpotent Lie group N of the Iwasawa decomposition associated
with a symmetric space of non-compact type. Also in [32], the codimension one Ricci
soliton Lie subgroups of any nilpotent Iwasawa group are classified, and they turn out to
be minimal in N. In this line, and despite the existence of many non-minimal examples in
the Main Theorem (see Corollary 1.4 and its proof), we have the following.

Corollary 1.6. Let S be a proper connected Lie subgroup of the solvable part AN of
the Iwasawa decomposition associated with the complex hyperbolic space CH". Assume
that S is a Ricci soliton with the induced metric. If its nilradical L is non-flat with the
induced metric, then L is a minimal submanifold of N.
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Let L be a nilpotent Lie group endowed with a left-invariant metric. Then, L is a
nilsoliton if and only if it admits a rank one solvable extension S (dim S = dim L + 1)
that is a non-flat Einstein solvmanifold, see Theorem 3.7 in [25]. Furthermore, a classi-
fication of Einstein solvmanifolds would follow from these rank one Einstein extensions
of nilsolitons [20]. So, let L be now a Lie subgroup of the nilpotent part of the Iwasawa
decomposition associated with a symmetric space of non-compact type M, and assume
that it is a Ricci soliton with the induced metric. A natural question is if this rank one
Einstein solvable extension of L can still be regarded as a submanifold of M. This is
almost never the case when L has codimension one in N [32]. From the Main Theorem
we deduce that not any nilsoliton L in AN can be extended to an Einstein Lie subgroup
of AN . However, we still have the following.

Corollary 1.7. Let L be a connected Lie subgroup of the nilpotent part N of the Iwasawa
decomposition associated with the complex hyperbolic space CH". Assume that L is a
Ricci soliton. Then, L can be always extended, in the sense of Proposition 4.3 in [27], to
a non-nilpotent Lie subgroup of AN that is a Ricci soliton with the induced metric.

This paper is organized as follows. In Section 2, we introduce some tools and notations
concerning mainly complex hyperbolic spaces and submanifold geometry. After that, Sec-
tion 3 is devoted to classifying the nilpotent Lie subgroups of AN which are Ricci solitons
with the induced metric. More precisely, since for nilpotent Lie groups endowed with a
left-invariant metric, being a Ricci soliton is equivalent to being an algebraic Ricci soliton,
what we actually do is classifying the nilpotent Lie subgroups of AN that are algebraic
Ricci solitons (see Proposition 3.3). Finally, in Section 4, we analyze which extensions of
these nilsolitons, in the sense of Proposition 4.1, can be still achieved as submanifolds of
complex hyperbolic spaces (Proposition 4.3), and then we prove the Main Theorem along
with its corollaries.

2. Preliminaries

This section is devoted to the introduction of the terminology and the basic notions con-
cerning mainly complex hyperbolic spaces, as well as some necessary tools to address the
analysis of a certain class of their submanifolds.

In this line, we denote by CH" the complex hyperbolic space of real dimension 2n
and constant holomorphic sectional curvature —1, which is a Hadamard manifold diffeo-
morphic to R?”, and a Kihler manifold whose complex structure will be denoted by J.
The complex hyperbolic space CH" is also a symmetric space of non-compact type, and
it can be expressed as the quotient of the Lie groups G/K, where G = SU(1, n) and
K = S(U(1) x U(n)). Along this work, Lie algebras will be denoted by Gothic letters.
Thus, let ¢ = £ @ p be the Cartan decomposition of the Lie algebra g of G, where ¥ is
the Lie algebra of K, and p is the orthogonal complement of ¥ in g with respect to the
Killing form 8B of g, which is non-degenerate since G is a real simple group, see Theo-
rem 1.45 in [24]. Let 6 denote the corresponding Cartan involution. Now, we define an
inner product (-, -) g, on g by the expression (X,Y)g, = —8B(0X,Y), forany X, Y €g.
Take a a maximal abelian subspace of p, which turns out to be one-dimensional. This
implies that CH" is a rank one symmetric space, which is equivalent to say that any of
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its maximal flat totally geodesic submanifolds have dimension one. The endomorphisms
of g in the family {ad(H) | H € a} are self-adjoint with respect to (-, -) g, and they com-
mute with each other. This implies that they diagonalize simultaneously giving rise to the
so-called (restricted) root space decomposition

3 =08-20DPg—a Do D ga D G20,
where each of the (restricted) root spaces is defined as
gr=1{Xeg|ad(H)X = A(H)X, forall H €a},

with A in a*, that is, A in the dual space of a.

The Iwasawa decomposition theorem, at the Lie algebra level, states that g=f @ a P n,
where 1 = gy D g2u (see Theorem 6.43 in [24]). The set u is a nilpotent Lie subalgebra
of g, as [ga, gg] C ga4+p for any A, B € a*. The connected solvable Lie subgroup of G
whose Lie algebra is a @ n, which we denote by AN in what follows, turns out to be dif-
feomorphic to C H" and thus to R?". Indeed, the Lie exponential map Exp:a @ n — AN
is a diffeomorphism, which means that any connected Lie subgroup S of AN is diffeo-
morphic to some Euclidean space. Now, we consider in AN the metric (-, -) making it
and CH" isometric manifolds, which happens to be left-invariant. Furthermore, J turns
out to be an orthogonal complex structure in a @ n which leaves g, invariant and satisfies
Ja = gz4. From now on, B and Z will be unit vectors with respect to the inner prod-
uct (-,-) in a and g,4, respectively, satisfying JB = Z. Thus, a = RB and g, = RZ.
Indeed, whenever we specify the length of a vector, we will understand it with respect to
the inner product (-, -). Just for the sake of completeness, the relation between the two inner
products that we have in a @ n is given by (B, B) = (B, B)g, and 2(X,Y) = (X, Y) g,,
for any X,Y eu. Forany U, V € gq, the Lie bracket in AN is given by the relations

1
2.1 [B,U] = > u [UV]={JUV)YZ, [B,Z]=Z and [Z,U]=0.
The Levi-Civita connection of AN reads as (see Section 4.1.6 of [6])

1 1
VapsU+cz(DB +V +dZ) = (5 (U, V) + cd)B —5®U + ¢V +dJU)
2.2)

+ (% (JU,V) - bc) z,

forany U, V € g4 and any real numbers a, b, ¢ and d. We include below a result in order to
use the Levi-Civita connection of AN more efficiently, which follows directly from (2.2)
and the fact that J is an orthogonal complex structure of g,.

Lemma 2.1. Let & and X be orthogonal vectors in gy. Then:
i) Vxé=-3{JEX)Z,

(i) VxX =1(X.X)B,
(iii) VxB = -1 X,
(iv) VzB = —Z,

(V) VeZ =Vz&E=-1J¢
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Let V be a vector space endowed with an inner product over R or over C. If W is
a subspace of V, then VV & W will denote the orthogonal complement of W in V with
respect to this inner product. Moreover, if X is a vector or a linear subspace of V, we
denote by RX and CX (when it makes sense) the real and the complex span of X in V,
respectively.

Since we will be working with the Lie algebra g = su(1, n) of SU(1, n), and g
turns out to be isomorphic to C”~1, it will be important to understand the behavior of
real subspaces of complex vector spaces. In order to address this question, we recall the
notion of Kéhler angle. Consider the complex Euclidean space C" and denote by J its
complex structure. Let V' be a real vector subspace of C”, that is, a real vector subspace
of C", when we think of C” as a real vector space by restricting the scalars to the real
numbers. The Kéhler angle of a non-zero vector v € V' with respect to V' is defined to be
the angle between Jv and V. We will say that V has constant Kéihler angle ¢ € [0, /2]
if every non-zero vector v € V' has Kihler angle ¢ with respect to V. In particular, this
means that V' is a complex subspace of C” if and only if it has constant Kéhler angle 0. In
addition, V is said to be a fotally real subspace of C” if it has constant Kihler angle /2.
The following result, which follows from combining Theorem 2.7 and Lemma 2.8 in [13]
with Proposition 7 in [3], constitutes an important tool in order to approach the proof of
the Main Theorem.

Proposition 2.2. Let V be a real subspace of C". Then, V can be decomposed in a
unique way as an orthogonal sum of subspaces V,, of constant Kdiihler angle ¢, with ¢ in
a finite subset ® of [0, w/2]. Moreover, we have:

(i) CV, is orthogonal to CVy, for any distinct ¢,y € ®.

(i1) V(pJ- = CV, &V, has constant Kihler angle ¢ and the same real dimension as V,
Sfor any ¢ € ®\{0}.
(iii) Forany ¢ € ® N (0,7/2), put dim Vy, = 2ky,. Then, there exist 2k, C-orthonormal

. . . .. k i
vectors ey, ..., exx, in C" inducing the orthogonal decomposition V, = ;2 Vg
where

qu = span{ey;_1,cospJey 1 +singpJey} foreachl € {l1,... ky}.

Furthermore, C Vé is orthogonal to CV " for any distinct I, m € {1,... ky}.

(iv) If Vy has constant Kéhler angle ¢ = 0, we have the orthogonal decomposition

Vo= EBfil V{, where V! = span{e;, Je;} forei,. .., ek, orthogonal vectors in C",
where dim Vy = 2k,.

In order to finish this section, we introduce some necessary tools to address the anal-
ysis of the geometry of the Lie subgroups of AN. Let S be a connected Lie subgroup
of AN. For our purposes, it will suffice to study its geometry at the neutral element, where
we can identify the tangent space to S with its Lie algebra s and its normal space with
(a ® 1) © 5. Take a normal vector £ € (a @ 1) © s. We denote by S¢ the shape operator
of S with respect to &, that is, the endomorphism of s defined as Sz X = —(Vx§&)T, for
any X €s, where (-)" denotes the orthogonal projection onto the tangent space s of S.
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3. The nilradical

Any solvsoliton can be obtained, via a surprisingly simple procedure, from its nilradical,
which is known to be a nilsoliton. This is detailed later in Proposition 4.1 (see Theorem 4.8
in [27]). This fact suggests addressing the proof of the Main Theorem by inspecting first
the nilradicals of solvsolitons, that is, nilsolitons. In this line, we start this section by prov-
ing that the nilradical of any Lie subgroup of AN of dimension > 2 has to be contained
in the nilpotent Lie group N . After that, the main objective of the section is classifying all
the connected Lie subgroups of N that are Ricci solitons with the induced metric, which
is equivalent to classifying the nilradicals of the connected Lie subgroups of AN that are
Ricci solitons with the induced metric.

Hence, let S be a connected Lie subgroup of the solvable part AN of the Iwasawa
decomposition of the connected component of the identity of the isometry group of a com-
plex hyperbolic space. Recall from Section 2 that S is diffeomorphic to some Euclidean
space. Then, if S is one-dimensional, it is flat and thus isometric to a Euclidean space.
Therefore, from now on we will consider Lie subgroups of AN of dimension at least two.

We begin with an auxiliary result. Although it will only be used for the Lie alge-
bra a @ n associated with the solvable part of the isometry group of complex hyperbolic
spaces, it still holds in a more general setting. Therefore, we will state it for metric Lie
algebras of Iwasawa type and rank one. We include below this definition, and still use the
notation a @ n, as previously done for the solvable part of the Iwasawa decomposition
associated with complex hyperbolic spaces, which is a particular case. Following Defini-
tion 1.2 in [34] or [20], p. 281, a metric Lie algebra (1, (-, -)) is said to be of Iwasawa type
if the following conditions hold:

(a) The orthogonal complement a of n = [t, t] in t is abelian.

(b) The linear map ad(A): s — s is symmetric with respect to (-, -), for any A4 € a.

(c) The linear map ad(A)|, has only positive eigenvalues, for some A € a.
Furthermore, the rank of the Lie algebra of Iwasawa type t = a @ 1 is defined as dim a.
Lemma 3.1. Let s be a Lie subalgebra of dimension > 2 of a rank one Lie algebra of
Iwasawa type a @ n. Then:

(1) The nilradical { of s is contained in n.

(i1) The subalgebra s is non-nilpotent if and only if it can be written as
s=R(B+X)®m,

for some subspace wm of n, and some X € n orthogonal to wi. Furthermore, m = |,
that is, w turns out to be the nilradical of s.

Proof. We will first prove (ii), and then derive (i) from there. If s were contained in n, it
would be nilpotent. Thus, the first implication in (ii) is direct. Conversely, let us assume
that s = R(B 4+ X) @ m is a subalgebra of a & n, for some subspace m of n and some
X € n orthogonal to . We have to prove that it is non-nilpotent. Since a = R B, from
item (c) of the definition of Lie algebra of Iwasawa type above we deduce that ad(B)|y has
positive eigenvalues A; < - -- < A, for some positive integer . This induces an orthogonal
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vector space decompositionn =), @ --- @ n,, . Furthermore, since ad(B) is a derivation
of m, for any X; € my, with/ € {1,...,r}, we get that

(3.1) [Xi, Xj] € np,4a; isorthogonal to X; and Xj.

Note that ny, 4, might be zero. Take now Y € m and consider its decomposition ¥ =
Y1 4+ --- + Y, with respect to the eigenspaces of ad(B)|y. Put / for the smallest integer in
{1,...,r} such that Y is non-zero. Using (3.1) we get that [n, Y] € @, ., n,, and hence
it is orthogonal to ¥;. Therefore, we obtain that

ad"(B+ X)Y = A/, + W,

for some W € n orthogonal to A} Y; # 0. Thus ad" (B + X)Y is non-zero and this proves
that the lower central series of s is never zero, which implies that s is non-nilpotent.

In order to finish the proof of (ii), we just need to show that m is the nilradical of s.
Since [a @ n,a @ n] C n, s is a subalgebra and B + X has non-trivial projection onto a,
then [m, s] C n N's = m. Thus, m is a nilpotent ideal of codimension one in s. Since s
is non-nilpotent, then m C n is the nilradical [ of s.

If s is contained in 1, then (i) follows directly. Otherwise, s is non-nilpotent and hence
the claim follows from (ii). [ ]

As mentioned above and detailed later in Proposition 4.1, solvsolitons can be con-
structed from their nilradicals, which are nilsolitons. Thus, taking Lemma 3.1(i) into
account, we focus our attention on the connected Lie subgroups of N that are Ricci soli-
tons when considered with the induced metric.

Thus, in what follows, L will denote a connected Lie subgroup of N with Lie algebra [.
If g»o is not contained in [, then [ is abelian by (2.1), and this case will be addressed
directly in Proposition 3.3(i). Thus, we will also assume [ = m @ g, Where m is a
subspace of gq. According to Proposition 2.2, for some finite set ® of [0, /2], we have
the C-orthogonal decompositions

kg
3.2) m = @ my and my, = @mfo forany @€ ®nN|[0,7/2),
ved i=1

where 1, is a subspace of constant Kéhler angle ¢ € ® of g4. In order to calculate the
(1, 1)-Ricci tensor of the nilmanifold L, we will make use of the formula given in equa-
tion (8) from [25]. So, if {X; |i = 1,...,dim[} stands for an orthonormal basis of [, then,
for any X,Y €[, we have

dim[
(Ric X, Y) = ) Z (IX, Xi), X; (Y, Xi1, X;)
3.3) z,:i:;
+1 2 (X X1 X)X X1 Y).
i,j=1

With the notations given above and making extensive use of (3.3), we determine the (1, 1)-
Ricci tensor of L explicitly in the following result.
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Lemma 3.2. We have:
(i) RicX, = —% cos? pX,, for any unit vector X, € my, and ¢ € P.
(i) Ric Z = (X cq dimmy cos® ) Z.

Proof. (i) Take X € mt and let us calculate Ric X by making use of (3.3). Since [[,[] C g2q
by virtue of (2.1), and m is orthogonal to g4, we get ([X;, X;], X) = 0forany X;, X; € [.
Thus, we deduce that the second term in the right-hand side of (3.3) vanishes. Then, we
will focus on the first term in the right-hand side of (3.3).

In order to do so, we will make extensive use of the decompositions given in (3.2). If
X emyyy, then Ric X = 0 as [m1; 5, [] = 0 by virtue of (2.1), and then also the first term
in the right-hand side of (3.3) vanishes. Thus, (i) holds for the case ¢ = 7/2.

Let us deal with the case ¢ € ® N [0, 7/2). First, (Ric X, Z) = 0. This follows from
the fact that g, = RZ and [g24, [] = 0, so the first term in the right-hand side of (3.3)
vanishes.

From now on, we will assume that {X; | i = 1,...,dim[ — 1} is an orthonormal basis
of mt adapted to the decompositions given in (3.2). Furthermore, since these decomposi-
tions are C-orthogonal, using (2.1) we get that [m,,, nty,] = 0 for any distinct ¢, ¥ € ® N
[0, 7/2). Now, take X € m, and ¥ € my,, for any distinct ¢, € ® N [0, 7r/2). Thus, the
brackets [X, X;] and [Y, X;] cannot be simultaneously non-zero, as X; belongs to m,, for
some n € ® N [0, 7/2). Hence, we deduce that (Ric X, Y) = 0.

Therefore, it suffices to calculate (3.3) for any X, Y € my,, with o € ® N [0, 7/2). In
order to do so, we go further with the second decomposition given in (3.2). According to
Proposition 2.2 (iii)—(iv), we can and will write mfp =R{X!, qu} with [X!, Yé] =cospZ,
where X (f) and Y(Z, are unit orthogonal vectors in mfp for each / € {1, ..., ky} and each
ped N [0,7/2). Using (2.1) and the fact that the decompositions given in (3.2) are
C-orthogonal, we get

(3.4 [mfp, m](;] =0 foranydistinct/,k e {1,....ky,},
and this, together with (3.3), implies that

(Ric mfo, m](f,) =0 foranydistinct/,k € {1,...,ky}.
In addition, we will make use of the orthonormal basis of m, given by
(3.5) (X,.Y) |1 =1,... ko), foreachpe®n[0,7/2).

Running in such orthonormal basis of m, it is clear from (3.4) that the only non-zero
brackets with X i, and Y(Z, are qu and X [f,, respectively. In other words, the brackets [X, X;]

and [Yqﬁ, X;] cannot be simultaneously non-zero for any X; in the orthonormal basis given
in (3.5). Hence (Ric X, Y!) = 0. Finally, using (3.3) once again together with [[, [] C g2«

e le
and [X(f,, Yé] = cos ¢ Z, we obtain
Ric XL, X!} = (XL, ¥}, 2)? = —2 2.2)? = -1 cos?
(Ric X, X)) = §<[ Y, Z) = E(cosq) ,Z) = ECOS ®.
Similar considerations together with the anticommutativity of the bracket product lead to
(Ric Yé, Yé) = —% cos? @, and hence assertion (i) follows.
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(i) Since [RZ, [] = 0, then the first term in the right-hand side of (3.3) vanishes when
taking X = Z there. Moreover, since [[, [] C gaq, the second term in (3.3) can only be
non-zero when taking ¥ = Z. Thus, using (3.3) for the orthonormal basis constructed
in (3.5), the fact that m; is in the center of [, and [g2q, [] = 0, we get

ky
Y S Ky YL 20 4 17 X)1.2))

(RicZ,Z) =
we¢i=1
:—ZZ2[XVI,Y1”]Z Zkacos w——Zdlmmv,cos v,
Yedi=1 1/fed> Yed
and this concludes the proof. ]

Now, we are in position to prove the following.

Proposition 3.3. Let S be a connected Lie subgroup of dimension at least two of the
solvable part AN of the Iwasawa decomposition associated with the complex hyperbolic
space CH". Then, S is a Ricci soliton when considered with the induced metric if and
only if one the following conditions holds for the Lie algebra | of its nilradical L:

(i) [ =my @RV 4 tZ), where wiy ), is a totally real subspace of gq, V € gq is
C-orthogonal to Wy, andt €eR.If V = 0andt = 0, then dimmy/, > 1. The Lie
algebra | is abelian and L is isometric to a Euclidean space.

(i) [ = my @ my/2 D g2q, Where my, is a non-zero subspace of gy of constant Kdihler
angle ¢ € [0, 0/2), and my 5, is a totally real subspace of gq. The Lie algebra | is
never abelian and thus L is a non-Einstein Ricci soliton.

Proof. Since S is a Lie subgroup of dimension at least two of the solvable part AN of the
Iwasawa decomposition associated with the complex hyperbolic space CH”, then the Lie
algebra [ of its nilradical is contained in n by virtue of Lemma 3.1 ().

Without loss of generality, we can and will assume that [ = m @ R(V + ¢ Z), where m
is a real subspace of g,, V is a vector in g4 © m, and ¢ a real number. Moreover, from
Proposition 2.2, we have the orthogonal decomposition m = (P, ¢ ¢ 1y, Where m,, is a
subspace of g, of constant Kéhler angle ¢, for each ¢ in a finite subset ® of [0, 77 /2]. We
will divide this proof depending on whether [ is an abelian Lie algebra or not. We will
denote by L the connected Lie subgroup of AN with Lie algebra [.

(1) [ abelian. Then m has to be totally real, ® C {m/2}, by virtue of (2.1). More-
over, CV must be orthogonal to m. This is trivially true if V' = 0 or if m = 0. Otherwise,
take Y € mi not orthogonal to JV. Then [V +tZ,Y] = (JV,Y)Z # 0, and [ would not
be abelian. Recall from Section 2 that L is diffeomorphic to some Euclidean space. Using
this and that L is abelian and thus flat, we deduce that it is isometric to a Euclidean space.

(i1) I not abelian. On the one hand, since [n, n] C gz from (2.1), we deduce that
g2« C [ and then we can rewrite [ as [ = mt @ ga,. On the other hand, ® # {x/2},
since my; is totally real and [ is not abelian.

The proof is now based on analyzing if (Ric —c Id) is a derivation of [ for some real
value c. In other words, we have to investigate if D = (Ric —c Id) satisfies (1.1) for
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any X, Y €. It suffices to take them running in an orthonormal basis of [, as (Ric —c 1d)
is linear. We assume that this basis is also adapted to decomposition | = m @ g, Since
(Ric —c Id)|s and (Ric —c Id)|g,, are (in general different) multiples of the identity by
means of Lemma 3.2, condition (1.1) holds trivially for any X, Y €[ such that [X,Y] = 0.
Thus, we can skip the following cases:

° X»Yemn/2§
* X emy, and Y € my, for any distinct ¢, ¢ € ®;

e Xe mé, and Y € my, for any ¢ € ®\{0} and any distinct /,m € {1,..., ky} (recall

2k, = dimmy,);
¢ C-orthogonal X,Y € my;
e and X or Y in goq.
Therefore, we will consider simultaneously the two cases left:
e X, Ye mé,, for some ¢ € ® N (0, 7/2) and some [ € {1,...,k,};
e and X,Y = JX € my.
According to Proposition 2.2 (iii), we can and will assume (J X, Y) = cos ¢ for both
cases. Using this in (2.1), together with Lemma 3.2 (i)—(ii), we deduce

(Ric—cId)M[X,Y] = (Ric—cId)cos pZ

1
= cos<p<4—t Z dim 1y, cos? 1//)2 —ccospZ,

(3.6) Jed

1
[Ric—cId)X,Y] = [X,Ric—c1d)Y] = —3 cos® 9Z —ccospZ.

Thus, combining (1.1), (3.6) and ¢ # 7/2, we deduce that L is a nilsoliton if and only if

1
3.7 c= ~7 Z dim nty, cos? i — cos? .
Yed

Since the function cos? is injective in [0, /2], it follows from (3.7) that L is a nilsoliton
if and only if {¢} C ® C {p, 7/2}, for some ¢ € [0, 7/2). The last claim in (ii) follows
from Lemma 3.2, or more generally taking into account that [ = my @ M2 @ gaq is a
non-abelian nilpotent Lie algebra, and it does not admit Einstein metrics, see Theorem 2.4
in [28]. [

Remark 3.4. Let us assume that we are under the conditions of Proposition 3.3 (ii), that
is, we consider the Lie subalgebra [ = m, @ my/, ® gaq of 1, for a certain ¢ € [0, 7/2),
corresponding to a Lie group L. Thus, using (3.7) and the fact ® C {¢, 7/2} for some
¢ €10, 1/2), we get that the defining constant ¢ of L as a Ricci soliton (the real value of ¢
converting Ric —c Id into a derivation of [) is

1
(3.8) c= ~2 cos? (dim my, + 4).
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Thus, from Lemma 3.2 and (3.8), we get
. 1, .
ic—cld)|m, = - cos” ¢ imm ,
(R Id) [, 1 2+d o) 1d
1
(3.9) (Ric —c 1d)|m,,,, = a cos® (4 + dim m,,) Id,
1
(Ric —c 1d)|g,, = 3 cos? ¢(2 + dim my)Id.

Remark 3.5. Let L be a connected Lie subgroup of the nilpotent part N of the Iwasawa
decomposition associated with a complex hyperbolic space. Then, L is its own nilradi-
cal. Therefore, Proposition 3.3 can be also regarded as a classification of the connected
Lie subgroups of N which are Ricci solitons when they are considered with the induced
metric.

4. Extending to solvsolitons and Main Theorem

This section is devoted to finishing the proof of the Main Theorem. In order to do so, we
will basically combine Proposition 3.3 and Lemma 3.1(ii) with a result achieved in [27]
that we state below, where Lauret details how to obtain any solvsoliton from its nilradical.

Proposition 4.1 (Theorem 4.8 in [27]). Let S be a solvmanifold with metric Lie algebra
(s, {-,-)) and consider the orthogonal decomposition s = b ® |, where | is the nilradical
of s. Then, RicS = cId+D for some ¢ € R and some derivation D of s, i.e., S is an
algebraic Ricci soliton, if and only if the following conditions hold:

(1)  Llisanilsoliton with the induced metric, namely Ricl =¢1d+D;, for some deriva-
tion Dy of L.
(i) b is abelian.
(iii) (ad X)! is a derivation of s, for any X €b.
(iv) (X, X)=—2tr((ad X) + (ad X)")?, for any X €b.
Moreover, S is Einstein if and only if D1 = ad(X)|y for some X € b.

The last claim of this result, concerning the Einstein condition, follows from Prop-
osition 4.3 in [27]. If s = b @ [ is the Lie algebra of a solvsoliton constructed from
its nilradical L with Lie algebra [ as detailed in Proposition 4.1, we will say that S is
an extension of L whose rank is defined as the dimension of b. Hence, by means of
Lemma 3.1 (ii), any Lie subgroup of AN =~ CH" that is a Ricci soliton with the induced
metric will be a rank one extension of its nilradical L C N. These nilradicals were obtained
in Proposition 3.3.

Now, we state and prove an auxiliary result.

Lemmad.2. Letl =m & g and s = RT & [ be Lie subalgebras of a ® n, where miis a
non-zero real subspace of gy, and T = B + U + xZ is orthogonal to |, with U € g, © m
and x € R. If ad(T')" is a derivation of s, then U is C-orthogonal to m.
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Proof. We will assume that J U is not orthogonal to V' for some unit V € m, and we will
get a contradiction with the fact that ad(7')! is a derivation of s. From (2.1) we have

ad(T)T =0, ad(T)W = %W +(JUW)Z forany W em, and ad(T)Z = Z.
Let {V1, ...,V } be an orthonormal basis of mt with V; = V. Then

ad(T)'T =0, ad(T)'W =iW forany Wem,
and ad(TY'Z=Z+Y . (JUVV;
i=1 P oHTE

Thus, condition (1.1) does not hold if we take D = ad(T)’, X = T and Y = Z. This is
because

(ad(T)'[T, Z],V) = (JU,V), ([ad(T)'T,Z].V) =0,
and ([T,ad(T)'Z].V)=1(JU, V). "

In the following result, we obtain all the non-nilpotent connected Lie subgroups of AN
that are Ricci solitons when endowed with the induced metric. The strategy consists in
inspecting, by means of Proposition 4.1, all the possible solvable extensions of the nilsoli-
tons obtained in Proposition 3.3 to solvsolitons realized as Lie subgroups of AN .

Proposition 4.3. Let S be a non-nilpotent connected Lie subgroup of the solvable part AN
of the Iwasawa decomposition associated with the complex hyperbolic space CH". Then,
S is a Ricci soliton when considered with the induced metric if and only if one of the
following conditions holds for its Lie algebra s:

(i) s=R(B+U+xZ)Dmy, ®R(V +1Z), where wmiy ), is a totally real subspace
of g« (non-trivial if both V and t are zero), U,V € g are C-orthogonal to i,
satisfying (JU, V) = —(t/2) when V # 0, and t, x € R. In this case, S is Einstein
if and only if: V # 0; or V. = 0, and either t = 0 or m/, = 0, but they are not
zero simultaneously.

(i) s =R(B +U)®my @ myn @ gag wWhere my, is a non-zero subspace of gy
of constant Kdihler angle ¢ € [0, 71/2), my, is a totally real subspace of o, and
U € g4 is C-orthogonal to wiy, ® 1y, satisfying (4.1). In this case, S is Einstein if
and only if wy/, = 0.

Proof. Since S is non-nilpotent, then dim § > 2, and according to Lemma 3.1 (ii), we
can write s = RT & [, where [ C u is the nilradical of s (classified in Proposition 3.3)
and T is a vector in a @ n with non-trivial projection onto a and orthogonal to [. Now,
the proof is based on analyzing in which circumstances s satisfies the conditions from (i)
to (iv) in Proposition 4.1. Conditions (i) and (ii) are always satisfied, as [ will be taken
from Proposition 3.3 and b = R7T is one-dimensional. At this point, we divide the proof
depending on whether the nilradical is abelian or not, according to Proposition 3.3.

(1) [ abelian. In this case, any endomorphism of [ is also a derivation and we can
write Rick = 0 = ¢ Id +D for any ¢ < 0, by taking D = —c Id. Thus, condition (iv) of
Proposition 4.1 is trivially satisfied, as b = RT is one-dimensional. Therefore, we just
need to analyze condition (iii) of Proposition 4.1.
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According to Proposition 3.3 (i) and Lemma 3.1(ii), we can write s = RT @ mi;/, ®
R(V +tZ),where T = B + U + xZ, with U € g4 © mig/2, V € g4 is C-orthogonal
to my/2, and 7, x € R. Note that s has to be a Lie subalgebra of a ® n. Since m;, @
R(V + tZ) is abelian, we just need to check brackets involving the vector 7. If V' # 0,
from [T,V +tZ] € s and (2.1) we deduce that (JU, V) = —(t/2).If V #0,0r V =0 and
t =0, from [T, W] € s for any W € m, 5, using (2.1), we deduce that U is C-orthogonal
to my/, (which is still true if m;/, = 0). Thus, either U is C-orthogonal to mi,/,, or
V =0 and ¢ # 0 (so we do not get any information from the Lie algebra condition).
However, in this last case, if S is a Ricci soliton, then ad(7)’ must be a derivation of s
and we use Lemma 4.2. In conclusion: if S is a Ricci soliton, then U is C-orthogonal
to My/2.

Now, ad(T)T = 0 and ad(T)|m,,, = 3 Id. Moreover, ad(T)|r(v +¢z) is 3 Idif V 0
and Id otherwise. Therefore ad(T)!|s = ad(T')|s, which implies that s satisfies Proposi-
tion 4.1 (iii) and S is a Ricci soliton. This proves the first claim in (i).

Finally, from Proposition 4.1, we have that the subgroup S is Einstein if and only
if ad(T)|mﬂ/2@R(V+,Z) is proportional to D = —c Id. But this happens if and only if:
V # 0;0r VV = 0 and either = 0 or m,/, = 0, but they are not simultaneously trivial (as
dim S > 2).

(ii) I non-abelian. According to Proposition 3.3 (ii), Lemma 3.1 (ii), and since g is
contained in s, we get s = RT @ my, @ my 2 @ @20, Where my, is a non-zero subspace
of gq of constant Kihler angle ¢ € [0, 7/2), my/, is a totally real subspace of g4, and
T =B+ U, withU € g4 © (11yp @ miy)5). It is clear that s is always a Lie subalge-
bra of a ® n. Put m = my, @ m,/>. Combining Proposition 4.1(iii) with Lemma 4.2,
we deduce that if S is a Ricci soliton, then U must be C-orthogonal to m. Then, we
obtain ad(7T)T = 0, ad(T)|m = %Id, and ad(T)|g,, = Id. Thus ad(T)"|s = ad(T)|s is

1

a derivation of 5. Moreover, we have trad®(T)|s = 7 dimm + 1. Now, using (3.8) from

Remark 3.4, we obtain that condition (iv) from Proposition 4.1 reads as

_ dimm + 4
© (dimmy, + 4)cos2(p)

4.1) (U, U) = (T, T) -1

Hence, S is a Ricci soliton if and only if U satisfies (4.1). Let us study in which cases S
is Einstein. According to Remark 3.4 and the last claim in Proposition 4.1, ' is Einstein if
and only if ad(7T")|y is proportional to (Ric —c Id)|r. Recall that (Ric —c Id) |y was explicitly
calculated in (3.9). Since ad(T') |y = ad(B)|y, then S is Einstein if and only if (Ric —c¢ Id)|y
is also proportional to them. Since ¢ # /2, this happens if and only if m,/,, = 0, as
follows from (3.9). [

We are now in position to prove the main result of this paper.

Proof of the Main Theorem. Let S be a connected Lie subgroup of dimension > 2 of
the solvable part AN of the Iwasawa decomposition associated with a complex hyper-
bolic space. If S is a Ricci soliton when considered with the induced metric, then it
must appear in Proposition 3.3 if it is nilpotent (see Remark 3.5), or in Proposition 4.3
otherwise. In this line, examples in Proposition 3.3 (i) correspond to those in item (i) of
the Main Theorem. Examples in Proposition 3.3 (ii) give rise to those in item (iv) of the
Main Theorem. Examples in Proposition 4.3 (i) correspond to items (ii) or (v) of the Main
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Theorem, depending on whether they are Einstein or not, respectively. Finally, examples
from Proposition 4.3 (ii) correspond to those in item (iii) of the Main Theorem if they are
Einstein (m,/, = 0), and to the ones in item (vi) of the Main Theorem otherwise.

Let us justify the second claim of each item of the Main Theorem.

On the one hand, consider the subalgebra s of item (i). Since S is abelian and diffeo-
morphic to a Euclidean space (see Section 2), it is isometric to a Euclidean space. This
completes the proof of items (i) and (v).

On the other hand, consider the Lie algebra s of item (ii). Assume first m,;, 7# 0 or
V # 0. Consider the totally real subspace r = 1./, & RV of g4. Note that the connected
Lie subgroup of AN whose Lie algebra is RB & r is isometric to a real hyperbolic space
and it is a totally geodesic submanifold of AN as well. Now, consider the Lie algebra
isomorphism f:RB @ r — s mapping

Vv |B+U +xZ|
Bto(B+U+xZ2), v to vz WV +1tz),
and such that
Slwg, =B+ U+ xZ|1d.

Note that f is a homothety, as
(f(X), f(X))=|B+U +xZ*(X,X) forany X cRB @ r.

Since we are working with left-invariant metrics, we get that S is isometric to a real
hyperbolic space up to scaling. The remaining case corresponds tos = R(B + U) @ RZ.
Similarly, one gets that this Lie algebra is isomorphic and isometric, up to scaling, to
RB @ RZ, which corresponds to the Lie algebra of a totally geodesic CH! >~ RH?
in AN. This completes the proof of item (ii).

Finally, consider the Lie algebra s given in Proposition 4.3 (ii) and take m,/, = 0.
Let ¢ be a complex subspace of g, of the same dimension as m,. Note that the con-
nected Lie subgroup of AN with Lie algebra ) = a & ¢ @ g, is isometric to a complex
hyperbolic space and it is a totally geodesic submanifold of AN . Consider the orthonor-
mal basis of m, given by Proposition 2.2 (iii), and an orthonormal basis of ¢ of the form
{X1,JX1,..., Xk, J Xg, }. Then, the unique linear map f:s — | satisfying

f(T) =B, flez-1) =cospX;, flcospJey 1 +sinpJey) =cosplX;
and f(Z) =cos¢eZ,

with T = B+ U and [ €{l, ..., ky,}, is an isomorphism of Lie algebras and an homo-
thety, as { f(X), (X)) = cos? ¢(X, X) for any X € s, since U satisfies (4.1). Thus, we
get that S is isometric, up to scaling, to a complex hyperbolic space, which completes
the proof of item (iii). Moreover, f|m,®g: My © G20 —> ¢ © §2q i still an isomor-
phism of Lie algebras and an homothety of constant cos? ¢. Note that the connected Lie
subgroup of AN with Lie algebra ¢ @ g2, is isomorphic to a Heisenberg group, see Chap-
ter 3 of [6]. Since [y 2, My] = [My/2, G2¢] = 0, the connected Lie subgroup of AN
with a Lie algebra as in item (iv) is isometric, up to scaling, to the product of a Heisen-
berg group times a Euclidean space (of dimension dim m/,). This completes the proof
of items (iv) and (vi). [

Corollaries 1.2, 1.3 and 1.7 follow directly from the Main Theorem.
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Proof of Corollary 1.4. In order to prove this result, we will see that the only minimal
examples of the Main Theorem correspond to one of the following cases: item (ii) with
U=V =0,x =0, and either m,/, = 0or¢ = 0; item (iii) with ¢ = 0 (and thus U = 0);
and item (v) with U = 0. In the first two cases, S is either a totally geodesic RH¥ or
a totally geodesic CH k in CH™", for some k < n. Therefore, S is the singular orbit of
a cohomogeneity one action whose principal orbits are Hopf hypersurfaces on a totally
geodesic CH* in CH™ [15] (where k can be taken as n if § =~ (CHk). In the last case,
item (v) of the Main Theorem with U = 0, § is a minimal (not totally geodesic) subman-
ifold. Indeed: if n = 2, then S is the so-called Lohnherr hypersurface; if n > 2, then S
is the focal set of an isoparametric family of hypersurfaces that are homogeneous if and
only if g © My is totally real [15].

In order to address this proof, we will need to calculate several shape operators, so we
will make extensive use of Lemma 2.1 without mentioning it explicitly.

Assume first that S is under the conditions of items (i) or (iv) in the Main Theorem.
Then B is a normal vector to S in AN. Now, we get SpX = %X forany X egy, N s.
Moreover, SgZ = Z if s corresponds to item (iv), and (Sp(V +tZ), (V +tZ)) =
%(V, V) + t? if s corresponds to item (i). Therefore, tr S > 0 and S is not minimal
under the conditions of items (i) or (iv) in the Main Theorem.

Let us focus on the rest of the cases assuming first U # 0. Then, £ = |U|?B — U is
a normal vector to S in AN. If X is a unit vector in s N gq, then 2(S¢ X, X) = |U|%.
Moreover, if Z € s, we get ($:Z, Z) = |U|*, and if B+ U + xZ € s, we get

(4.2) ($¢(B+U +xZ),(B+U +xZ)) =L UP(U|* + 1+ 2x?).

From these considerations and taking x = 0 in (4.2), we conclude that S is not minimal
under the conditions of items (iii), (v) or (vi) in the Main Theorem if U # 0. Note that
in item (vi), the vector U is always different from zero, as follows from (4.1) and the fact
that my, and m/, are non-trivial. As explained above, if U = 0 in items (iii) or (v) in the
Main Theorem, then S is a totally geodesic Lie subgroup of AN.

Thus, we focus on item (ii) in the Main Theorem, which is the remaining case to
analyze. Using (2.2), we get

4.3) (Se(V +12).(V+12)) = L(UPIVP +t(JV.U) + 22 |UPP).

If U # 0, from equation (4.2) and its previous two lines, equation (4.3) and the fact that
(JV,U)=—(V,JU) = (¢t/2) if V # 0, we get that S is not minimal. Thus, put U = 0.
Hence, from the subalgebra condition one gets V' = 0 or # = 0. Recall that V' = 0 implies
that either 7 = 0 or m/, = 0 (but not simultaneously). Thus, we have to analyze these two
remaining cases: s = R(B + xZ) @ wy/», where wy/, is a totally real subspace of qq;
and s = R(B + xZ) @ g2, Since decompositions in the Main Theorem are orthogo-
nal, the second case is s = RB @ gaq. and then S is isometric to a totally geodesic CH !
in CH". Thus, § is the singular orbit of cohomogeneity one action whose principal curva-
tures are Hopf hypersurfaces. For the remaining case, take the normal vector n = xB — Z.
Then

($(B+xZ),(B+x2)) = x(x2+ 1) and (SpX.X) = %x forany X € wy/;.

Thus, minimality implies x = 0 and S is a totally geodesic real hyperbolic space.
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Finally, note that for any real subspace m of g, the connected Lie subgroup of AN
with Lie algebra s = RB @ m @ g2, leads to the (minimal) focal set of an isoparametric
family of hypersurfaces [15]. However, we have obtained that these focal sets are Ricci
solitons with the induced metric only when m is complex or totally real. ]

Corollary 1.5 follows directly from Corollary 1.4 and the Main Theorem.

Proof of Corollary 1.6. We just need to see that the examples in item (iv) of the Main
Theorem give rise to minimal submanifolds of N. Note that we can write [ = m @ gq
for the Lie algebra of each of them, where m is a subspace of g, . Note that the Levi-Civita
connection of N is achieved by projecting orthogonally the Levi-Civita connection of AN
onto n. If we still denote by S¢ the shape operator of L as a submanifold of N with respect
to the unit normal vector £ € g, © m, using Lemma 2.1, for any X € m, we obtain

SeX =1(JE.X)Z and S$:Z =1UET.
Thus, on the one hand we have
($¢X.X)=4(JE.X)(Z,X)=0 forany X em.
On the other hand, we deduce that
(8:2.Z) = 3(JE.Z) =0,

which follows since J£ is in gy and thus J&T belongs to m. Since [ = m @ qaq, this
implies that tr §¢ = 0 for any § € g, © m. |

Remark 4.4. Corollary 1.6 is not true if we remove the non-flatness condition. Indeed,
let L be the connected Lie subgroup of N with Lie algebra as in item (i) of the Main
Theorem, with V' of unit length and ¢ # 0. Then, one can see that the trace of the shape
operator of L as a submanifold of N with respect to the unit normal vector J V is different
from zero.

We finish the paper with a remark concerning the congruence classes of the examples
of the Main Theorem.

Remark 4.5. Let s be a Lie subalgebra of a @ n. Since a @ u is a complex vector space,
then s can be decomposed in a unique way as a C-orthogonal sum of subspaces of a &
u of constant Kéhler angle, as follows from Proposition 2.2. In Table 2, we detail the
(different) Kéhler angles of the subspaces stemming from such decomposition and their
corresponding dimensions, for the Lie subalgebra s of a & u, depending on the item of
the Main Theorem. For items (iii) and (vi), we have used the conditions on U obtained in
the Main Theorem.

Now, let 51 = R(B + Uy) @ m; D gaq and 55 = R(B + U,) ® mp D goe be two
subalgebras of a @ 1, with mt;, mi» C g, both under the conditions of one (but the same)
of the items from (iii) to (vi) in the Main Theorem. In item (iv), we just assume that
R(B + U;) and R(B + U;) do not appear in the definition. Let S and S; be the connected
Lie subgroups of AN whose Lie algebras are s and s,, respectively.
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Case (i) (iii) (iv) ) (vi)

. - (dim my+4) cos ()
Kihler angles | /2 | ¢ 05 F.arccos(1+{UP) | g, 5. arceos (e rderto))
Dimensions | dims | dims | dimwm,, dim g/, +1 dim /5, 2 dimmy, dimny /s, 2

Table 2. Decomposition of s, from the Main Theorem, into subspaces of a @ n of constant Kéhler
angle.

Let ¢ be an isometry of AN such that ¢(S7) = S,. Without loss of generality, we
assume that ¢ preserves the neutral element of AN. Thus, it follows that ¢ is a unitary
or anti-unitary transformation of a @ n and maps subspaces of constant Kihler angle to
subspaces of the same constant Kihler angle. Therefore, according to Table 2, 1y and m;,
must have the same Kéhler angles with the same multiplicities. Note that this implies
|U1| = |Uz| by means of the Main Theorem.

Conversely, assume that m; and m, have the same Kéhler angles with the same multi-
plicities. Note that Ky, the connected Lie subgroup of G = SU(1, n) with Lie algebra ¥,
is isomorphic to U(n — 1) and acts on g, (identified with C"~1) in the standard way.
Since U; and U, are C-orthogonal to mt; and tu,, respectively, and of the same length,
then there exists k € Ko such that Ad(k)(m; ® RU;) = m, ® RU,, as follows from
Remark 2.10 in [13]. Since Ad(k)B = B and Ad(k)Z = Z, then Ad(k)s; = s, and
k(S1) = S». This gives the congruence classes from items (iii) to (vi), both included, in
the Main Theorem.

Assume that s is under the conditions of item (i), or of item (ii) with t = 0, in the
Main Theorem. Let S be the connected Lie subgroup of AN with Lie algebra s. Then S
is a homogeneous CR-submanifold (complex-real). These submanifolds were classified in
Theorems A and B of [14] up to congruence, so one can consult the congruence classes
there. The congruence classes can be completely determined if one analyzes item (ii)
from the Main Theorem with ¢ # 0. However, calculations are long and involved and
we content ourselves with stating that they provide infinitely non-congruent examples, as
follows from the proof of the Main Theorem.
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