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A lower bound for the first eigenvalue of a minimal
hypersurface in the sphere

Asun Jiménez, Carlos Tapia Chinchay and Detang Zhou

Abstract. Let † be a closed embedded minimal hypersurface in the unit sphere
SmC1 and let ƒ D max† jAj be the norm of its second fundamental form. In this
work, we prove that the first eigenvalue of the Laplacian of † satisfies

�1.†/ >
m

2
C

m.mC 1/

32.12ƒCmC 11/2 C 8
,

and �1.†/Dmwhenƒ�
p
m. In particular, this estimate improves the one obtained

recently in Duncan–Sire–Spruck (2024). The proof of our main result is based on
a Rayleigh quotient estimate for a harmonic extension of an eigenfunction of the
Laplacian of † in the spirit of Choi and Wang (1983).

1. Introduction

Let SmC1 denote the unit sphere in RmC2, and let † be a closed embedded hypersurface
in SmC1. The eigenvalues of the Laplacian operator � on † form a discrete set of non-
negative real numbers. We denote by �1.†/ the first nonzero eigenvalue. It is well known
that † is minimal if and only if all coordinate functions in RmC2 restricted to † are
eigenfunctions corresponding to eigenvalues m. This implies that �1.†/ � m.

On the other hand, it is interesting and important to find the sharp lower bound of �1
for minimal hypersurfaces in SmC1. Yau [1] conjectured that �1.†/ D m. Choi and
Wang [5] proved that �1.†/ � m=2. This estimate was later refined in [2] by Barros-
Bessa who gave the lower bound

(1.1) �1.†/ �
m

2
C
m

2
�.u/;

where � is an explicit function and u is a solution to (2.3). Much progress has been made
in proving Yau’s conjecture after Choi–Wang’s paper (see, for instance, [2,3,6,10,11,13]).
Despite an extensive literature on the study of �1.†/ under additional assumptions on †,
the estimate (1.1) has remained the strongest explicit lower bound that is known to hold
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for a general embedded minimal hypersurface in SnC1. The new estimate that we obtain
in this work depends on the geometry of †, as we explain in detail next.

Given x 2†, let

jAj.x/ WD
� mX
iD1

k2i .x/
�1=2

;

where k1.x/; : : : ; km.x/ are the principal curvatures of † in x with respect to to the unit
normal �.x/. We call jAj the norm of the second fundamental form with respect to �, A� ,
and define

ƒ WD max
†
jAj:

It is known (see [9]) that in the case ƒ �
p
m, then �1.†/ D m. Therefore, our contribu-

tion concerns only the case ƒ >
p
m. Precisely, we prove the following.

Theorem 1.1. Let† be a closed embedded minimal hypersurface in the unit sphere SmC1

and let ƒ D max† jAj be the norm of its second fundamental form. Then, the first Lapla-
cian eigenvalue of † satisfies

(1.2) �1.†/ >
m

2
C

m.mC 1/

32.12ƒCmC 11/2 C 8
,

and �1.†/ D m, when ƒ �
p
m.

Remark 1.2. A recent improvement to (1.1) is given by Duncan–Sire–Spruck in [6],
where they proved that

�1 �
m

2
C

a.m/

ƒ6 C b.m/
,

for specific functions a.m/ and b.m/ (see (3.23)). By a simple comparison of the order
of growth, it is easy to see that our estimate is larger when ƒ is big enough. In fact, a
computation at the end of this paper shows that it is larger for every m and ƒ.

Remark 1.3. Our estimate depends on the norm of second fundamental form and is not
sharp. It would be interesting to find a lower bound which is bigger thanm=2 and depends
only on m.

We can combine (1.2) with the Yang–Yau inequality [12] to obtain an area bound for
embedded minimal surfaces in S3 in terms of their genus. This plays a crucial role in the
compactness theory of Choi–Schoen in [4]. They find a non-explicit constant C.�/ which
is an upper bound for the norm of the second fundamental form of any compact minimal
embedded minimal surface in S3 with Euler number �.

On the other hand, Yau’s conjecture is true for embedded minimal surfaces in S3

which are invariant under a finite group of reflections (see [3]). And Zhao [13] proved that
there is a lower bound depending on the genus. We also have the following corollary from
Theorem 1.1.

Corollary 1.4. LetC.�/ be the constant in Choi–Schoen’s theorem. Then the first nonzero
eigenvalue of the Laplacian of a compact embedded minimal surface † in S3 with Euler
number � satisfies

�1.†/ > 1C
3

16.12C.�/C 13/2 C 4
�
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The remainder of the paper is divided into two sections. In Section 2, we recall Reilly’s
formula and reformulate a result in [2]. We also give a lower bound for �1.†/ in terms of
the Rayleigh quotient of its harmonic extension. That is,

�1.†/ �
m

1C
p
1 � .mC 1/=Q

,

where
Q WD

� Z
�

jruj2 dV
�� Z

�

u2 dV
��1

and u is a solution to ²
�u D 0 in �;
u D ' in †;

where the bars in the expressions above refer to operations in the ambient sphere. Here, '
is an eigenfunction of the Laplacian � associated to the eigenvalue �1.†/ and � is a
component of SmC1 �† which is chosen appropriately. We call u the harmonic extension
of ' to �. Then we prove Theorem 1.1 assuming the validity of an appropriate estimate
for Q.

In Section 3, we make a quick review of the normal exponential map and we prove the
estimate

(1.3)
Z
�

u2 dV � C2.m;ƒ/

Z
�

jruj2 dV;

which may be considered as an inverse Poincaré type inequality, i.e., C2 is an upper estim-
ate for Q. We finish the paper by comparing our estimate with the one in [6].

It is important to note that, as in [6], we also use Reilly’s formula and an upper bound
of the mean curvature of the parallel surfaces to †. However, we provide an upper bound
of jruj2

L2.�/
that depends only on the geometry of †, via an elementary result on har-

monic extensions.
We need to point out that our techniques can be improved and generalized in order to

obtain an estimate for the first eigenvalue of a minimal surface embedded in an ambient of
bounded sectional curvature. However, the sharp bound can only be achieved by proving
Q D mC 1. Further work will be part of the PhD thesis of the second author. In fact, this
work was in preparation before we had access to [6].

2. A first eigenvalue estimate via Rayleigh quotient

In this section. we review Reilly’s formula and give a lower bound for the nonzero first
eigenvalue �1.†/ in terms of the Rayleigh quotient of the harmonic extension of the cor-
responding eigenfunction. As a consequence, we will prove our main result, Theorem 1.1,
assuming the inequality (1.3), which will be explicitly stated in Theorem 3.9.

From now on, † will denote a closed embedded hypersurface of SmC1. It follows
that † divides the sphere into two components �1 and �2, where @�1 D @�2 D †

(see [5]). Set � as the unit normal of† pointing outward to�1 (and �� as the unit normal
of † and pointing outward to �2) and let A� be the second fundamental form of † with
respect to �.
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Let '2C1.†/. We can assume, without loss of generality, that it satisfies the propertyZ
†

hA�r';r'i dS � 0

and denote � WD �1. Otherwise, we can choose � D �2. Let us denote all the functions
of class C 2 that extend the function ' over� as C 2' .�/. The following equation is known
as Reilly’s formula (see [8]).

Lemma 2.1. For all u2C 2' .�/, we have

(2.1)

Z
�

�
.�u/2 � jr2uj2 � RicSmC1.1/.ru;ru/

�
dV

D

Z
†

h
hA�r';r'i C 2

@u

@�
�' CH†.u�/

2
i
dS:

where �u, ru and r2u denote the Laplacian, gradient, and Hessian of u in �, respect-
ively, while �' and r' denote the Laplacian and the gradient of ' in † with respect
to the induced metric of �. On the other hand, @u=@� WD hru; �i denotes the outward
normal derivative of u in †, RicSmC1 is the Ricci tensor of SmC1, and H† WD trace.A�/
is the mean curvature of †.

The following corollary follows from (2.1) using

jr
2uj2 �

1

mC 1
.�u/2:

Corollary 2.2. Let† be a closed embedded minimal hypersurface in the unit sphere SmC1.
For any v 2C 2.�/, we assume that � is chosen so thatZ

@�

hA�.r.v j@�//;r.v j@�/i dS � 0:

Then

(2.2)
Z
�

h m

mC 1
.�v/2 �mjrvj2

i
dV � 2

Z
@�

@v

@�
�.v j@�/ dS � 0:

The following result is proven by Barros and Bessa in [2]. We include here a simpler
proof.

Lemma 2.3. Let† be a closed embedded minimal hypersurface in the unit sphere SmC1.
Assume that ' is a eigenfunction of � on † corresponding to the eigenvalue �1.†/ and
that u is its harmonic extension to �, i.e.,

(2.3)
²
�u D 0 in �;

u D ' in †:

Then for all t 2R,

(2.4) .2�1.†/ �m/Qt
2
C 2�1.†/t C

m

mC 1
� 0;
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where Q is defined by

(2.5) Q WD

R
�
jruj2 dVR
�
u2 dV

�

Proof. For t ¤ 0, let g be the solution of the problem²
�g D u in �;
g D t' in †;

where u is a solution to (2.3). Then, from (2.2) applied to g, we have

(2.6)
Z
�

� m

mC 1
u2 �mjrgj2

�
dV C 2t�1.†/

Z
@�

'
@g

@�
dS � 0:

On the other hand, by (2.3) and Stokes’ formula,

(2.7)
Z
�

hrg;ruidV D�

Z
�

g�udV C

Z
†

g
@u

@�
dS D t

Z
†

'
@u

@�
dS D t

Z
�

jruj2dV:

Hence, by (2.7),

0 �

Z
�

jrg � truj2 dV D

Z
�

�
jrgj2 � 2thrg;rui C t2 jruj2

�
dV

D

Z
�

jrgj2 dV � t2
Z
�

jruj2 dV:

Therefore,

(2.8)
Z
�

jrgj2 dV � t2
Z
�

jruj2 dV:

Similarly,

(2.9)
Z
†

'
@g

@�
dS D

Z
�

hru;rgi dV C

Z
�

u�g dV D t

Z
�

jruj2 dV C

Z
�

u2 dV:

From (2.6) and (2.9), we haveZ
�

� m

mC 1
u2 �mjrgj2

�
dV C 2t2�1.†/

Z
�

jruj2 dV C 2t�1.†/

Z
�

u2 dV � 0;

and so from (2.8),

.2�1.†/ �m/t
2

Z
�

jruj2 dV C 2�1.†/t

Z
�

u2 dV C
m

mC 1

Z
�

u2 dV � 0:

Then (2.4) follows by dividing this last inequality by
R
�
u2 dV and using the definition

of Q in (2.5).
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Next we obtain a first estimate for �1.†/ which is a corollary of Barros–Bessa’s the-
orem.

Theorem 2.4. Let† be a closed embedded minimal hypersurface in the unit sphere SmC1.
Then

(2.10) �1.†/ �
m

1C
p
1 � .mC 1/=Q

�

Proof. First note that, choosing any t in (2.4) such that 2�1.†/t Cm=.mC 1/ < 0, then
we trivially have �1.†/ > m=2. On the other hand, by choosing

t D
��1.†/

.mC 1/.2�1.†/ �m/

in (2.4), we have that

Q�21.†/

.mC 1/2 .2�1.†/ �m/
�

2�21.†/

.mC 1/.2�1.†/ �m/
�

m

mC 1

D
1

.mC 1/.2�1.†/ �m/
.2�21.†/ �m.2�1.†/ �m//

D
1

.mC 1/.2�1.†/ �m/
.�21.†/C .�1.†/ �m/

2/

�
�21.†/

.mC 1/.2�1.†/ �m/
�

Hence Q � mC 1 (see also [2]) and so (2.10) is well defined. Note that if Q D mC 1 in
the inequality above, then �1.†/ D m, so we can assume Q > mC 1.

Again from (2.4), we have

2�1.†/.Qt
2
C t / � mQt2 �

m

mC 1
�

Then

(2.11) �1.†/ �
m

2
max

t.QtC1/>0
ˇ.t/;

where
ˇ.t/ WD 1 �

1

Qt C 1
�

1

.mC 1/.Qt2 C t /
�

Note that

ˇ0.t/ D
Q.mC 1/t2 C 2Qt C 1

.mC 1/t2 .Qt C 1/2
�

At the points where t .Qt C 1/ > 0, we have that ˇ0.t/ D 0 if and only if

t D
�2Q �

p
4Q2 � 4Q.mC 1/

2Q.mC 1/
D
�1 �

p
1 � .mC 1/=Q

mC 1
DW t0:
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Note that, in particular, ˇ has no critical points in the interval .0;C1/. It follows that

(2.12)
max

t.QtC1/>0
ˇ.t/ D ˇ.t0/ D

Q.mC 1/t20 � 1

.mC 1/t0 .Qt0 C 1/
D

�2

t0.mC 1/

D
2

1C
p
1 � .mC 1/=Q

�

The above equality is valid from the fact that ˇ0.t0/D 0, i.e.,Q.mC1/t20C2Qt0C1D 0.
Therefore, from (2.11) and (2.12) we have (2.10).

Next we prove Theorem 1.1 assuming Theorem 3.9.

Proof of Theorem 1.1. It is well known that when ƒ �
p
m, † is either a great sphere Sn

or a Clifford torus and so �1.†/ D m. Therefore, we can now assume that ƒ �
p
m. Let

' 2C1.†/ be the eigenfunction corresponding to the first nonzero eigenvalue �1.†/ and
let u2C 2' .�/ be its harmonic extension to � as before. It follows from Theorem 3.9 that
Q < 4.12ƒCmC 11/2 C 1. Therefore we have from (2.10) that

(2.13) �1.†/ �
m

1C
p
1 � .mC 1/Q�1

D
m

2
Cm

� 1

1C
p
1 � .mC 1/Q�1

�
1

2

�
:

On the other hand, since for all 0 � x < 1,

x

8
<

1

1C
p
1 � x

�
1

2
,

we can consider x D .mC 1/Q�1 in (2.13) and deduce from Theorem 3.9 that

�1.†/ >
m

2
C
m.mC 1/

8
Q�1 >

m

2
C

m.mC 1/

32.12ƒCmC 11/2 C 8
�

The proof is then complete.

3. Gradient estimate via an inverse Poincaré-type inequality

The aim of this section is to prove an inverse Poincaré-type inequality in Theorem 3.9. To
do that, we recall first some preliminary results concerning the normal exponential map.

In what follows, N† WD ¹.x; v/ W x 2†; v 2 T ?x †º will denote the normal bundle
of †, U† WD ¹.x; v/ 2N† W jvj D 1º will denote the normal unit bundle of †, and
exp?WN†! SmC1 defined by exp?.x;v/ WD expx.v/will denote the normal exponential
map on †. This map is well defined in † since † is embedded with compact closure on
the sphere SmC1 (see, for instance, [7]). Let �†WN†! R denote the Jacobian determin-
ant of the normal exponential map exp?. On the other hand, letˆt W†! SmC1 be defined
by ˆt .x/ WD exp?.x; t�.x// and let

†t WD ˆt .†/ D ¹exp?.x; t�.x// W x 2†º:
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By Proposition 2.1 in [6], if we define

kmax WD max
†;i
jki j

and

(3.1) T† WD arctan.k�1max/;

we have
T† � sup¹t > 0 W ˆt W†! †t is a diffeomorphismº DW t�:

Similarly, we have

T† � � inf¹t < 0 W ˆt W†! †t is a diffeomorphismº WD t�:

Defining minfoc.†/ WD min¹t�; t�º, we have that

T† � minfoc.†/:

The following lemma corresponds to Lemma 10.9 in [7].

Lemma 3.1. For all 0 � t < minfoc.†/,

d

dt
ln �†.x; t�.x// D �H†t ;

where H†t is the mean curvature of †t in ˆt .x/.

On the other hand, if † is minimal and 0 � t < T†, we have (see [6])

H†t D

mX
iD1

tan t .k2i C 1/
1 � ki tan t

� 0;

where ki are the principal curvatures of†. Then, from Lemma 3.1 we have the following:

(3.2) �.t; x/ WD �†.x; t�.x// � �†.x; 0/ D 1:

Lemma 3.2. For each 0 � t < T† and x 2†, we have

cos t � ki .x/ sin t D
sin.�i .x/ � t /

sin �i .x/
�

sin.T† � t /
sinT†

> 0;

where cot �i .x/ D ki .x/.

Proof. By the definition of T† in (3.1), we have that ki .x/ �j ki .x/ j� kmax D cot T†.
Therefore,

cos t � ki .x/ sin t � cos t � cotT† sin t D
sin.T† � t /

sinT†
> 0;

where we have used that 0 < T† � t � T† < �=2.
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Given ' 2C1.†/, we define

z'.ˆt .x// WD '.x/:

The function z' is called the normal extension of ', and it is well defined in the set

¹y 2 SmC1 W y D ˆt .x/; x 2†; jt j < T†º:

Lemma 3.3. For each 0 � t < T† and x 2†, we have

jr
T
z' j2.ˆt .x// �

sin2 T†
sin2.T† � t /

jr'j2.x/;

where z' is the normal extension of ' into �, rT z'.ˆt .x// denotes the gradient of z' j†t
in y D ˆt .x/, and ˆt .x/ D ˆ.t; x/.

Proof. For x 2†, let ¹Ei .t/ WD Pteiº be an orthonormal basis of Tˆt .x/†t , where ¹eiº is
an orthonormal basis of Tx† such that A�.x/ ei D ki .x/ei and such that Ptei corresponds
to the parallel transport of ei along the geodesic 
x.t/ WDˆt .x/ from 
x.0/D x to 
x.t/D
ˆt .x/. It follows that

(3.3)
d.ˆt /xei D Pt ..cos t /ei C .sin t /�0.x/ei /

D Pt ..cos t /ei � .sin t /A�.x/ ei / D .cos t � ki .x/ sin t /Ei .t/:

We have from (3.3) that

jr
T
z' j2.ˆt .x// D

X
i

hr
T
z'.ˆt .x//; Ei .t/i

2
D

X
i

D
r
T
z'.ˆt .x//;

d.ˆt /x ei

cos t � ki .x/ sin t

E2
D

X
i

hrT z'.ˆ.t; x//; dˆ.t;x/.0; ei /i
2

.cos t � ki .x/ sin t /2
D

X
i

.d.z'j†t ıˆ/.t;x/.0; ei //
2

.cos t � ki .x/ sin t /2

D

X
i

h.0;r'.x//; .0; ei /i
2

.cos t � ki .x/ sin t /2
�

And so,

(3.4) jr
T
z'j2.ˆt .x// D

X
i

hr'.x/; ei i
2

.cos t � ki .x/ sin t /2
�

Using Lemma 3.2 in formula (3.4), the proof of the lemma is concluded.

Next we are going to construct a transition function wich will be a key technical tool
in the proof of our main result. For any a < b, we define

(3.5)  a;b.t/ WD 1 � g
� t2 � a2
b2 � a2

�
;

where the function gWR! Œ0; 1� is defined by

g.t/ WD
f .t/

f .t/C f .1 � t /
, with f .t/ WD

²
e�1=t t > 0;

0 t � 0:
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It follows that
(i) g.t/ � 0 for all t 2R.
(ii) g.t/ D 0 for all t 2 .�1; 0�.
(iii) limt!0C g.t/ D 0 and limt!1� g.t/ D 1.
(iv) The function

g0.t/ D
e1=.t.1�t// .1 � 2t C 2t2/

.e1=.1�t/ C e1=t /2 .t � 1/2 t2

is such that 0 < g0.t/ � 2, for all t 2 .0; 1/ and limt!0C g
0.t/D limt!1� g

0.t/D 0.

ta b

1
ψa,b

Figure 1. Graph of  a;b .

For t 2 Œa; b�, it follows from (3.5) that

j 0a;b.t/j D g
0
� t2 � a2
b2 � a2

� 2t

b2 � a2
� 2

� 2t

b2 � a2

�
D

4t

b2 � a2
�

Therefore, Z b

a

. 0a;b.t//
2 dt �

16

.b2 � a2/2

Z b

a

t2 dt D
16.b3 � a3/

3.b2 � a2/2
�

In particular, if we denote  �;c WD  a;b for the special choices a D b=c for some
c > 1, and b D �T† for some 0 < � < 1, we have that

(3.6)
Z �T†

�T†=c

. 0�;c.t//
2 dt �

16

3�T†

c.c3 � 1/

.c2 � 1/2
�

Lemma 3.4. For any 0 < � < 1 and c > 1, the function v�;c W�! R defined by

(3.7) v�;c.ˆt .x// D  �;c.t/'.x/

satisfies Z
�

jrv�;c j
2 dV D

Z �T†

0

Z
†

. 0�;c.t//
2'2.x/�.t; x/ dS dt

C

Z �T†

0

Z
†

. �;c.t//
2
jr
T
z'j2.ˆt .x//�.t; x/ dS dt:
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Proof. Let v�;c W Œ0; �T†� �†! R be the function defined by

v�;c.t; x/ WD  �;c.t/'.x/:

It follows that v�;c D v�;c ıˆ and

(3.8) rv�;c.t; x/ D . 
0
�;c.t/'.x/;  �;c.t/r'.x//:

For t 2 Œ0; �T†� and x 2†, consider ¹Ei .t/º be as in the proof of Lemma 3.3. Then

jrv�;c j
2.ˆt .x// D

X
i

hrv�;c.ˆt .x//; Ei .t/i
2
C hrv�;c.ˆt .x//; 


0
x.t/i

2

D

X
i

D
rv�;c.ˆ.t; x//;

dˆ.t;x/.0; ei /

cos t � ki .x/ sin t

E2
C hrv�;c.ˆ.t; x//; dˆ.t;x/.1; 0/i

2;

where the last equality is a consequence of (3.3). It follows that

jrv�;c j
2.ˆt .x// D

X
i

hrv�;c.ˆ.t; x//; dˆ.t;x/.0; ei /i
2

.cos t � ki .x/ sin t /2

C hrv�;c.ˆ.t; x//; dˆ.t;x/.1; 0/i
2

D

X
i

.d.v�;c ıˆ/.t;x/.0; ei //
2

.cos t � ki .x/ sin t /2
C
�
d.v�;c ıˆ/.t;x/.1; 0/

�2
D

X
i

hrv�;c.t; x/; .0; ei /i
2

.cos t � ki .x/ sin t /2
C hrv�;c.t; x/; .1; 0/i

2:

From (3.8), we have

(3.9)

jrv�;c j
2.ˆt .x// D

X
i

. �;c.t/hr'.x/; ei i/
2

.cos t � ki .x/ sin t /2
C . 0�;c.t/'.x//

2

D . �;c.t//
2
X
i

hr'.x/; ei i
2

.cos t � ki .x/ sin t /2
C . 0�;c.t//

2'2.x/

D . �;c.t//
2
jr
T
z'j2.ˆt .x//C . 

0
�;c.t//

2'2.x/;

where the last equality is a consequence of (3.4). On the other hand, from (3.3) we have

(3.10)
Z
�

jrv�;c j
2 dV D

Z �T†

0

Z
†

jrv�;c j
2.ˆt .x//�.t; x/ dS dt:

We conclude the proof of the lemma by substituting (3.9) into (3.10).

In order to obtain an upper estimate for jruj2
L2.�/

, we will use the fact that the har-
monic extension u minimizes the Dirichlet energy in C1' .†/.

Lemma 3.5. Let u be the harmonic extension of ' 2C1.†/. For all v 2C1' .�/, we
have Z

�

jruj2 dV �

Z
�

jrvj2 dV:
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Proof. Since u is harmonic, by Stokes’ theorem,Z
�

hrv;ruidV D

Z
†

v
@u

@�
dS D

Z
†

u
@u

@�
dS D

Z
�

jruj2 dV:

And so,

0 �

Z
�

jr.u � v/j2 dV

D

Z
�

jruj2 dV C

Z
�

jrvj2 dV � 2

Z
�

hru;rvidV

D

Z
�

jruj2 dV C

Z
�

jrvj2 dV � 2

Z
�

jruj2 dV;

and we are done.

Proposition 3.6. Let u be the harmonic extension of ' 2C1.†/. Then, if ' is a first
eigenfunction of the Laplacian satisfying

R
†
'2dS D 1, we haveZ

�

jruj2 � C1;

where

C1 D C1.kmax/ WD
32

3 arctan.1=kmax/
C

�1.†/p
1C k2max

�

Proof. Let 0 < � < 1, c > 1 and let v�;c W�! R be the function defined by (3.7).
From Lemma 3.4 and Lemma 3.5, we haveZ
�

jruj2 dV �

Z
�

jrv�;c j
2 dV

D

Z �T†

0

Z
†

. 0�;c.t//
2
z' 2.ˆt .x//�.t; x/ dS dt

C

Z �T†

0

Z
†

. �;c.t//
2
jr
T
z'j2.ˆt .x//�.t; x/ dS dt

�

Z �T†

�T†=c

. 0�;c.t//
2 dt C

Z �T†

0

Z
†

. �;c.t//
2
jr
T
z'j2.ˆt .x// dS dt;(3.11)

where the last inequality is a consequence of the condition
R
†
'2d† D 1 and (3.2).

Then, by (3.6) and Lemma 3.3, we can rewrite (3.11) as

(3.12)

Z
�

jruj2 dV �
16

3�T†

c.c3 � 1/

.c2 � 1/2

C sin2.T†/
Z �T†

0

csc2.T† � t /dt
Z
†

jr'j2 dS:

On the other hand, note that

�1.†/ D

Z
†

jr'j2 dS:
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Then it follows that

sin2.T†/
Z �T†

0

csc2.T† � t / dt
Z
†

jr'j2 dS

D �1.†/ sin2.T†/
�

cot..1 � �/T†/ � cot.T†/
�
D �1.†/

sin.T†/ sin.�T†/
sin..1 � �/T†/

,

where in the last equality we have used that

cot.A � B/ D
cotA cotB C 1
cotB � cotA

�

Then (3.12) stands asZ
�

jruj2 dV �
16

3�T†

c.c3 � 1/

.c2 � 1/2
C �1.†/

sin.T†/ sin.�T†/
sin..1 � �/T†/

�

Making c!C1, choosing �D 1=2 and from the definition of T† in (3.1), it follows thatZ
�

jruj2dV �
32

3T†
C�1.†/ sin.T†/ D

32

3 arctan.1=kmax/
C�1.†/ sin

�
arctan

� 1

kmax

��
D

32

3 arctan.1=kmax/
C

�1.†/p
1C k2max

�

Lemma 3.7. For all 0 � t < T† and f 2C 1.�/, we have

d

dt

� Z
†t

f .y/ dSt

�
D

Z
†t

hrf .y/;rd.y/i dSt �

Z
†t

f .y/H†t dSt ;

where d is the signed distance to † in SmC1, i.e.,

d.y/ D

² dist.y;†/ if x 2�;

�dist.y;†/ if x 2�c ;

and H†t is the mean curvature of the hypersurface †t .

Proof. Making the change of variable y D ˆt .x/,

d

dt

� Z
†t

f .y/ dSt

�
D

d

dt

� Z
†

f .ˆt .x//�.t; x/ dS
�

D

Z
†

hrf .ˆt .x//;rd.ˆt .x//i�.t; x/ dS C

Z
†

f .ˆt .x//�
0.t; x/ dS

D

Z
†

hrf .ˆt .x//;rd.ˆt .x//i�.t; x/ dS �

Z
†

f .ˆt .x//H†t .ˆt .x//�.t; x/ dS

D

Z
†t

hrf .y/;rd.y/i dSt �

Z
†t

f .y/H†t .y/ dSt :



A. Jiménez, C. Tapia Chinchay and D. Zhou 274

Here we have used that

H†t .ˆt .x// D �
� 0.t; x/

�.t; x/

(see Lemma 10.9 in [7]), where � 0.t; x/ denotes the derivative of �.t; x/ with respect to
the first variable.

The following result is a consequence of Lemma 3.5 in [6].

Lemma 3.8. Let 0 < " � ƒ=2. Then for t 2 Œ0; arctan."=ƒ2/�,

H†t � 2ƒ:

Proof. Let 0 < " � ƒ=2 and t 2 Œ0; arctan."=ƒ2/�. From Lemma 3.5 in [6], it follows that

H†t �
ƒ"

ƒ � "

� m
ƒ2
C 1

�
:

On the other hand, since " � ƒ=2 and m � ƒ2, we have that

ƒ"

ƒ � "

� m
ƒ2
C 1

�
�

2ƒ"

ƒ � "
�

ƒ2

ƒ � "
�
2ƒ2

ƒ
D 2ƒ:

We conclude that H†t � 2ƒ.

Theorem 3.9. Let† be a closed embedded minimal hypersurface in the unit sphere SmC1

and letƒD max† jAj be the norm of its second fundamental form. Assume thatƒ >
p
m

and that ' is a first eigenfunction of the Laplacian satisfying
R
†
'2 dS D 1. Then the

harmonic extension u of ' satisfiesZ
�

u2 dV >
1

4.12ƒCmC 11/2 C 1

Z
�

jruj2 dV:

Proof. For t � 0, let

�.t/ WD ¹y 2 � W d.y/ > tº and �.t/ WD

Z
�.t/

u2:

It follows that �.0/ D
R
�
u2 dV . Moreover, from the coarea formula,

�0C.t/ D lim
"!0C

�.t C "/ � �.t/

"
D lim
"!0C

1

"

� Z
�tC"

u2 dV �

Z
�t

u2 dV
�

D � lim
"!0C

1

"

Z
¹t�d.y/� tC"º

u2 dV D � lim
"!0C

1

"

Z tC"

t

Z
†s

u2 dSsds

D �

Z
†t

u2 dSt ;

(analogously �0�.t/ D �
R
†t
u2 dSt ), and so �0.0/ D �

R
†
'2 D �1.
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From Lemma 3.7, we have

�00.t/ D �
d

dt

� Z
†t

u2 dSt

�
D �

Z
†t

hr.u2/;rd i dSt C

Z
†t

u2H†t dSt

� �

Z
†t

hr.u2/;rd i dSt C 2ƒ

Z
†t

u2 dSt D

Z
�.t/

�.u2/ dV � 2ƒ�0.t/;

where in the last two steps we have used Lemma 3.8 (so here t 2 Œ0; arctan."=ƒ2/�) and
Stokes’ formula, respectively. Therefore, by Proposition 3.6,

(3.13) �00.t/C 2ƒ�0.t/ � 2

Z
�.t/

jruj2 � 2

Z
�

jruj2 � 2C1;

for all t 2 Œ0; arctan."=ƒ2/�. Multiplying by e2ƒt both sides of (3.13) and integrating
from 0 to t , we have

(3.14) �0.t/ � 2C1

�1 � e�2ƒt
2ƒ

�
� e�2ƒt :

Now we can integrate from 0 to T" WD arctan."=ƒ2/ in (3.14) and deduce that

(3.15) �.T"/ � �.0/ �
1

ƒ
C1

�
T" C

e�2ƒT" � 1

2ƒ

�
C
e�2ƒT" � 1

2ƒ
�

Considering that �.T"/ > 0 in (3.15), it follows that

(3.16)
�.0/ >

1 � e�2ƒT"

2ƒ
�
1

ƒ
C1

�
T" C

e�2ƒT" � 1

2ƒ

�
D
1 � e�2ƒT"

2ƒT"
T" �

C1

2

�2ƒT" C e�2ƒT" � 1
ƒ2T 2"

�
T 2" :

On the other hand, for all x � 0,

(3.17)
x C e�x � 1

x2
�
1

2
�

Using the inequality (3.17) and the fact that T" < "=ƒ2 in (3.16), we have

(3.18)

Z
�

u2 dV D �.0/ > T".1 �ƒT"/ � C1T
2
" D T"

�
1 � .ƒC C1/T"

�
> T"

�
1 �

"

ƒ2
.ƒC C1/

�
D T"

�
1 � "

� 1
ƒ
C
C1

ƒ2

��
:

From (3.18), it follows that for any 0 < " � 1
2
.1=ƒC C1=ƒ

2/�1,Z
�

u2 dV >
T"

2
D
1

2
arctan

� "

ƒ2

�
:

In particular, for " D 1
2
.1=ƒC C1=ƒ

2/�1, we haveZ
�

u2 dV >
1

2
arctan

� 1

2.ƒC C1/

�
:
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Finally, this last inequality joint with Proposition 3.6 lead us to

(3.19)

R
�
u2 dVR

�
jruj2 dV

>
arctan

�
1

2.ƒCC1/

�
2C1

�

On the other hand, note that

1 � kmaxm
2
�
m � 1

m
ƒ2:

Then, using the fact that �1.†/ � m and since arctan x � x=.1C x2/ for x 2 Œ0; 1�, we
have

(3.20)
C1 D

32

3 arctan.1=kmax/
C

�1.†/p
1C k2max

�
32.1C k2max/

3kmax
C

�1.†/p
1C k2max

<
32kmax

3
C
mC 11

kmax
<
32ƒ

3
C
mC 11

kmax
< 11ƒCmC 11:

We now define

(3.21) C2 D C2.m;ƒ/ W D
arctan

�
1

2.ƒCC1/

�
2C1

�

From (3.20) and (3.21), we have

(3.22)
C2 D

arctan
�

1
2ƒC2C1

�
2C1

�
2ƒC 2C1

2C1Œ.2ƒC 2C1/2 C 1�

�
1

.2ƒC 2C1/2 C 1
>

1

4.12ƒCmC 11/2 C 1
�

Combining (3.19) and (3.22), we haveR
�
u2 dVR

�
jruj2 dV

>
1

4.12ƒCmC 11/2 C 1
�

This completes the proof the theorem.

We conclude the paper by comparing our estimate and the lower bound for �1.†/
obtained by Duncan, Sire, and Spruck in [6]. In their work, it is established that given a
closed and embedded minimal hypersurface † in SmC1 with ƒ D max† jAj �

p
m, then

�1.†/ �
m

2
C

a.m/

ƒ6 C b.m/
,

where

(3.23)
a.m/ WD

3
p
m.m � 1/

3200

�
m arctan

� 1

3
p
m

��3
;

b.m/ WD
5.m � 1/

8
p
m

�
m arctan

� 1

3
p
m

��3
:
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Since x=2� arctanx � x when x2 Œ0;1�, we have
p
m=6�marctan

�
1

3
p
m

�
�
p
m=3,

then from (3.23) we deduce

(3.24) a.m/ �
.m � 1/m2

28800
and b.m/ �

5.m � 1/m

1728
�

Then, since m � 2 and ƒ �
p
m, we trivially obtain from (3.24) that

a.m/

ƒ6 C b.m/
<

.m � 1/m2

28800ƒ6 C 28800
175

<
.mC 1/mƒ2

28800ƒ6 C 164

<
.mC 1/m

32.12ƒCƒ2 C 11/2 C 8
<

.mC 1/m

32.12ƒCmC 11/2 C 8
�
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