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PB-groupoids vs VB-groupoids

Francesco Cattafi and Alfonso Garmendia

Abstract. In this paper, we establish the principal bundle counterpart of the well-
known and widely applied notion of vector bundle groupoid (VB-groupoid). In par-
ticular, we provide a general notion of principal bundle groupoid (PB-groupoid) as a
diagram of Lie groupoids and principal bundles, together with the action of a (strict)
Lie 2-groupoid. This recovers as particular cases various constructions involving
structural Lie 2-groups, Lie groupoids and Lie groups.

Moreover, given any VB-groupoid, we detect which frames are compatible with
the underlying structure and show that the sets of such frames has a natural PB-group-
oid structure, with the action of the general linear 2-groupoid of the appropriate
ranks. We use this construction, as well as that of the associated bundle induced by a
2-representation, to extend the classical correspondence between vector bundles and
principal bundles to a new correspondence between VB-groupoids and PB-group-
oids. We conclude with several examples and applications.

1. Introduction

In differential geometry, the notions of principal bundles and vector bundles over a smooth
manifold M are intimately related by the standard correspondence²

Principal bundles over M
with structural Lie group GL.k;R/

³
 !

²
Vector bundles over M

of rank k

³
:

The overall goal of this paper is to (make sense and) generalise the correspondence above
to “principal bundle objects” and “vector bundle objects” over a Lie groupoid G ⇒ M ,
namely²

PB-groupoids over G ⇒M

with structural Lie 2-groupoid GL.l; k/

³
 !

²
VB-groupoids over G ⇒M

of rank .l; k/

³
:

VB-groupoids are already used in many geometric contexts. For instance, they appear
when integrating fibrewise linear Poisson structures on vector bundles [15]; they are the
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models of two-term representations up to homotopy [25], and in particular of the adjoint
representation of a Lie groupoid [1]; their cohomology control the deformation theory
of Lie groupoids [17]; they can be used for blow-up constructions in relation with index
theory [18]. Accordingly, just as the frames of vector bundles encode them into prin-
cipal bundles, and therefore constitute a fundamental tool in their study, our notion of
PB-groupoids and the correspondence above will shed more light on VB-groupoids and
their applications. See also the end of this introduction for further motivations.

Let us first quickly recall the main objects involved in the classical correspondence.
Given a manifold M of dimension n, a frame at x 2M is a linear isomorphism Rn !
TxM . The set of frames of M at all points, denoted by Fr.M/ or Fr.TM/, is a smooth
manifold of dimension nC n2, and is moreover a principal GL.n;R/-bundle overM , with
the right action given by the composition between frames and matrices. More generally,
given any vector bundle E !M of rank k, its frame bundle is the set

Fr.E/ WD ¹Rk ! Ex linear isomorphism; x 2M º:

It is a smooth manifold of dimension nC k2 and a principal GL.k;R/-bundle overM . The
case E D TM (where k D n) recovers Fr.M/. In other words, one has the construction

¹Vector bundles of rank k º �! ¹Principal GL.k;R/-bundlesº;
.E !M/ 7! .Fr.E/!M/:

On the other hand, given a principal H -bundle P !M and a representation of H on
a R-vector space V , the associated bundle is

P ŒV � WD .P � V /=H:

If V has dimension k, then P ŒV � is a vector bundle of rank k. Then one has the construc-
tion ²

Principal H -bundles
and H -representations of dimension k

³
�! ¹Vector bundles of rank k º;

.P !M;V / 7! .P ŒV �!M/:

Taking P D Fr.E/ and V DRk , for k the rank ofE!M , one has an isomorphism of
vector bundles P ŒV � Š E. Conversely, given a principal GL.k;R/-bundle P ! M , one
gets an isomorphism of principal bundles Fr.P ŒRk �/ Š P using the canonical GL.k;R/-
representation on Rk .

In order to extend the PB-VB correspondence to the world of Lie groupoids, one needs
first of all to understand the objects on both sides. A VB-groupoid is a vector bundle object
in the category of Lie groupoid, i.e., a diagram

EG G

EM M
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consisting of two vector bundles and two Lie groupoids, such that the various morphisms
are compatible with both structures (see Definition 2.1 later on). This notion was intro-
duced in 1988 by Pradines [40] and it is now a standard concept in the theory of Lie
groupoids; see, e.g., [9, 25, 35] for an overview.

On the other hand, the notion of PB-groupoid is not yet well established and the first
goal of our paper is to fill this gap. If one tries to mimic the definition of VB-groupoid,
i.e., a principal bundle object in the category of Lie groupoids, one encounters a diagram
of the kind

PG G

PM M;

with a principal action of a group object in the category of Lie groupoids. More pre-
cisely, one uses a Lie 2-group H2 ⇒ H1, with H2 acting on PG and H1 acting on PM ,
as in the definition of principal bundle groupoids given in [23] by Garmendia and Paycha.
However, as we will see, this notion is very restrictive when working with the frames
of a VB-groupoid. Furthermore, besides standard principal bundles with a structure Lie
group, one might be interested in considering principal bundles with structural Lie group-
oids.

Indeed, in the literature there are various notions for “higher” principal bundles, in-
cluding:

• principal bundles over groupoids as in Definition 2.33 of [32], PBG-groupoids as in
Definition 2.1 of [34], and G-groupoids as in Definition 4.4 of [8], where a Lie group
acts on a Lie groupoid;

• generalized principal bundles as in Theorem 2.1 of [12], where a Lie group bundle
acts on a fibre bundle;

• principal groupoid bundles as in Section 5.7 of [38], Definition 2.1 in [41], Defini-
tion 3.1 in [28], and in Section 2.2 of [26], where a Lie groupoid acts on a smooth
map;

• principal 2-bundles as in Definition 6.1.5 of [39], where a Lie 2-group acts on a fibred
pair groupoid;

• principal bundle groupoids as in [23] and principal 2-bundles over Lie groupoids as
in [14] and [27], where a Lie 2-group acts on a Lie groupoid.

In this article, we extend the definition of PB-groupoid to a diagram as above, with
a (strict) Lie 2-groupoid acting free and properly on the Lie groupoid PG ⇒ PM . This
notion not only generalises all the definitions above, but also fits as the natural structure
carried by the “adapted frames” of a VB-groupoid.

Indeed, while the construction of the associated vector bundle generalises easily to
the PB-groupoid case, that of the frame bundle does not: taking all the possible frames of
the vector bundle EG ! G does not yield a groupoid structure over the frame bundle of
EM !M . Accordingly, one has to restrict to a class of frames of EG which are “adap-
ted” to the VB-groupoid structure (which we will call s-bisection frames), obtaining a
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diagram of the form

Frsbis.EG / G

Fr.C / �M Fr.EM / M:

Moreover, Frsbis.EG / admits a natural (principal) action of the Lie 2-groupoid GL.l; k/,
where l is the rank of the core C ! M of EG and k the rank of the base EM ! M ,
and defines therefore a PB-groupoid. Here GL.l; k/ is a direct generalisation of the group
of invertible matrices of a given dimension, which we describe explicitly but can also be
seen as a particular case of the general linear 2-groupoid from [21] and of the 2-gauge
groupoid from [27].

Main results and structure of the paper. Section 2 contains a solid background on
VB-groupoids and related objects, including (strict) Lie 2-groupoids and (two versions
of) 2-vector bundles, in order to make this article as self-contained as possible. Indeed,
these last two topics are well known to the experts but we could find no detailed/complete
sources in the literature. The most important object of this section, which will play a key
role in the next ones, is the general linear 2-groupoid GL.l; k/ (Definition 2.24).

Our contributions start in Section 3. First of all we introduce two notions of 2-repre-
sentation of Lie 2-groupoids (Definition 3.8), one of which, to the best of our knowledge,
has not appeared previously in the existing literature. Then we provide our first main defin-
ition: the general notion of PB-groupoid over a Lie groupoid (Definition 3.17). Finally,
we describe the associated bundle of a PB-groupoid and a 2-representation, and we prove
that it is a VB-groupoid (Theorem 3.22).

Section 4 is devoted to the opposite construction, namely the “adapted frame bundle”
Frsbis.EG / of a VB-groupoid EG ⇒ EM (Definition 4.3). The main result here, i.e., the
fact that

Frsbis.EG /⇒ Fr.C / �M Fr.EM /

is a PB-groupoid (Theorem 4.16), is a consequence of the facts that it is a set-theoretical
groupoid (Theorem 4.9), it is endowed with a natural GL.l; k/-action (Theorem 4.13),
and it is smooth (Theorem 4.15). We conclude with the proof that the constructions in
Section 3 and 4 are inverse to each other, and therefore yield a 1-1 correspondence between
VB-groupoids and PB-groupoids (Theorem 4.17).

Last, in Section 5 we illustrate our main results by several interesting examples, e.g.,
applying the frame bundle construction to the VB-groupoids with trivial core or with
trivial base, as well as to various relevant cases of tangent Lie groupoids. Moreover, we
discuss the compatibility of our construction with duality: the PB-groupoid associated to
the dual E�

G
of a VB-groupoid EG turns out to be canonically isomorphic to the PB-

groupoid associated to EG (Corollary 5.15).

Further motivations and future applications. On the one hand, this paper belongs to
the recent programme of investigating classical objects of differential geometry compat-
ible with a Lie groupoid. Such objects are often known as multiplicative structures and
have naturally emerged in various contexts in Poisson geometry [10, 30]. In turn, this
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programme is strictly related to (and motivated by) the description of such geometric
objects on manifolds with singularities, e.g., leaf spaces of foliations or orbit spaces of
group actions. Indeed, these spaces are not smooth manifolds but can be formalised in the
framework of differentiable stacks, i.e., Morita equivalence classes of Lie groupoids [19].
In particular, the frame bundle of the tangent VB-groupoid T G ⇒ TM (Example 5.5)
represents the first step in order to obtain a notion of frame bundle of a differentiable
stack. More generally, one could investigate principal bundles over a differentiable stack,
complementing what done in [20] for VB-stacks, which led already to further insights and
applications to representations up to homotopy.

On the other hand, an important application of the classical PB-VB correspondence
is the possibility to encode geometric structures on the tangent bundle of a manifold
(e.g., Riemannian structures, symplectic structures, complex structures, etc.) via reduc-
tions of the structure group of its frame bundle, giving rise to the well-known theory of
G-structures [29, 43]. In several geometric problems where they arise, Lie groupoids are
naturally equipped with compatible geometric structures. As a future application of the
results in our paper, we aim at establishing a theory of multiplicative G-structure-like
objects on a Lie groupoid G in terms of reductions of the structural Lie 2-groupoid of
its adapted frame bundle. Two crucial tasks in this problem will involve the generalisa-
tion of the classical tautological/soldering form � 2�1.Fr.M/;Rn/ to the frame bundle
of T G , as well as the appropriate notion of principal connection for PB-groupoids. This
last object would naturally pave the way to the development of a Chern–Weil theory for
Lie groupoids, extending the results in [33], [4] and [27].

Last, one of the main principle of Lie theory is the strict relation between global and
infinitesimal objects, which gives the possibility to transform non-linear problems into lin-
ear ones. In particular, it is known that multiplicative structures on Lie groupoids induce
(interesting, and possibly easier) infinitesimally multiplicative structures on the corres-
ponding Lie algebroids. Accordingly, we plan to adapt our construction of the adapted
frame bundle to a VB-algebroid, obtaining what one should call PB-algebroid, which we
expect to be the infinitesimal counterpart of our PB-groupoids.

Notations and conventions. All manifolds and maps are smooth, unless explicitly stated
otherwise. Principal group(oid) actions are always considered from the right, while rep-
resentations are considered from the left. The symbol GL.k/ denotes the group of k � k
invertible real matrices.

In many instances, we will consider several different groupoid structures, possibly on
the same space. For all of them, we use
• the letters s and t to denote the source and target,
• the letter m and the sign ı or ım to denote the multiplication,
• the letter u for the unit and ux to denote the unit at a point x in the base,
• and the letter � or the symbol .�/� for the inverse and g� to denote the inverse of an

arrow g.
We use tilde for the structure maps of VB-groupoids (Qs, Qt , zm, etc.), and boldface for

the structure maps of PB-groupoids (s, t, m, etc.).
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2. Background on 2-objects

Through this paper we will use, without recalling the basics, the theory of Lie groupoids,
Lie algebroids, and principal bundles (with structural Lie groups or Lie groupoids). For
an introduction on these topics we refer to [16, 35, 38].

2.1. VB-groupoids

In this section, we review some basics on VB-groupoids; for proofs and further details
we refer to [9, 25, 35]. The reader familiar with this topic can safely skip this section but
should take note of our emphasis on a non-standard terminology, which will be relevant
in the later sections: the rank .l; k/ of a VB-groupoid consists of the ranks of the core and
of the base vector bundles.

Definition 2.1. A VB-groupoid of rank .l; k/ is a commutative diagram

EG G

EM M

QsQt st

�G

�M

such that
• �G WEG ! G is a vector bundle of rank l C k and �M WEM ! M is a vector bundle

of rank k;
• G ⇒M and EG ⇒ EM are Lie groupoids;
• all the groupoid structure maps are morphisms of vector bundles. ♦

Equivalent definitions of a VB-groupoid can be found in Section 3.1 of [25]. For
instance, the third bullet can be replaced by the following three conditions:
• .Qs; s/ and .Qt ; t / are morphisms of vector bundles;
• .�G ; �M / is a morphism of Lie groupoids;
• the interchange law holds, i.e.,

zm.e1 C e3; e2 C e4/ D zm.e1; e2/C zm.e3; e4/

for every .e1; e2/; .e3; e4/ 2EG �s t EG such that �G .e1/ D �G .e3/ and �G .e2/ D

�G .e4/.

Definition 2.2. The (right-)core of a VB-groupoid is

C WD ker. Qs /jM D ¹e 2 EG W x 2M; �G .e/ D u.x/; Qs.e/ D 0º � EG :

The core-anchor � is the restriction of Qt WEG!EM to the core, i.e., � WD Qt jC WC!EM .
♦

The core has a natural structure of vector bundle of rank l over M , so that the core-
anchor is a morphism of vector bundles over idM . The left-core is defined analogously
using Qt instead of Qs, and it is canonically isomorphic to C .
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Example 2.3. Given any Lie groupoid G⇒M , the tangent bundles T G!G and TM!M
together with the differential of the structure maps of G , define a VB-groupoid of rank

.dim.G / � dim.M/; dim.M//;

called the tangent VB-groupoid:

T G G

TM M:

dsdt st

�G

�M

Its core coincides with the Lie algebroid A!M of G and its core-anchor with the anchor
� WD dt jAWA! TM of A. ♢

Example 2.4. Given any Lie groupoid G ⇒ M with algebroid A! M , the cotangent
bundle T �G ! G and the dual bundle A� !M define a VB-groupoid of rank

.dim.M/; dim.G / � dim.M//;

called the cotangent VB-groupoid:

T �G G

A� M:

QsQt st

The source and target maps of T �G ⇒ A� are defined, for g 2 G , �g 2 T �g G and v.�/ 2
A.�/, as follows:

Qs.�g/.vs.g// WD ��g.deLg.d1s.g/�.v/// and Qt .�g/.vt.g// WD �g.deRg.v//:

The multiplication between two elements �12T �g1G and �22T �g2G such that Qs.�1/D Qt .�2/
is determined, for any composable v1 2Tg1G and v2 2Tg2G , by

.�1 ı �2/.dm.v1; v2// WD �1.v1/C �2.v2/:

The core of T �G coincides with the cotangent bundle T �M ! M and its core-anchor
with the dual map ��WT �M ! A� of the anchor �WA! TM . ♢

Definition-Example 2.5. Given any VB-groupoid EG ⇒ EM of rank .l; k/ with core
C ! M , the dual bundles E�

G
⇒ G and C � ! M define a VB-groupoid of rank .k; l/,

called the dual VB-groupoid:
E�

G
G

C � M:

QsQt st

The source and target maps ofE�
G
⇒C � are defined, for g2G , �g2.E�G /g and v.�/2C.�/,

as follows:

Qs.�g/.vs.g// WD ��g. zm.0g ; Q�.v/// and Qt .�g/.vt.g// WD �g. zm.v; 0g//:
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The multiplication between two elements �1 2 .E�G /g1 and �2 2 .E�G /g2 such that Qs.�1/ D
Qt .�2/ is determined, for any composable v1 2 .EG /g1 and v2 2 .EG /g2 , by

.�1 ı �2/. zm.v1; v2// WD �1.v1/C �2.v2/:

The core of E�
G

coincides with the dual vector bundle E�M !M and its core-anchor with
the dual map E�M ! C � of the core-anchor C ! EM of EG . In particular, the cotangent
VB-groupoid of a Lie groupoid (Example 2.4) is the dual VB-groupoid of its tangent
VB-groupoid (Example 2.3). ♦

Example 2.6. A double vector bundle (DVB) is a commutative diagram of vector bundles

E B

A M;

�EA �B

�EB

�A

where all the structure maps (i.e., projections, additions, multiplications by scalars and
zero sections) are vector bundle morphisms; see, e.g., Chapter 9 of [35] for further details.
Any DVB is a VB-groupoid with rank .rank.�EB / � rank.�A/; rank.�A//, since any vec-
tor bundle is a bundle of (abelian) Lie groups, i.e., it is a special Lie groupoid with s D t .
Moreover, its core coincides with the DVB core, i.e., the intersection

C D .�A/�1.0M / \ .�
B/�1.0M /: ♢

Example 2.7 (Trivial core). Given a Lie groupoid G ⇒M and a representationEM !M

of G , the action groupoid G �M EM ⇒EM defines a VB-groupoid of rank .0;k/, together
with the induced vector bundle G �M EM ! G :

G �M EM G

EM M:

QsQt st

pr1

By construction, the core of G �M EM is the zero-vector bundle. Conversely, any VB-
groupoid EG ⇒ EM with core C D 0 is isomorphic to the action groupoid G �M EM ⇒
EM , for the representation of G on EM given by g � e WD Qtg.v/, with v 2 .EG /g uniquely
defined by Qsg.v/ D e.

Note that, if a tangent VB-groupoid T G ⇒ TM (Example 2.3) has rank .0; k/, i.e.,
if its Lie algebroid A! M is the zero vector bundle, then G ⇒ M must be an étale Lie
groupoid. In this case, T G Š G �M TM for the canonical representation of any étale Lie
groupoid G ⇒M on TM . ♢

The dual of a VB-groupoid with trivial core does not have trivial core, but has trivial
base. This means that such dual is not the VB-groupoid associated to the dual representa-
tion E�M . On the other hand, VB-groupoids with trivial base are encoded into representa-
tions of their core, as discussed in Example 2.8 below. Applying the general construction
from Example 2.5 to Example 2.7, one obtains precisely the VB-groupoid with trivial base
associated to the dual representation E�M .
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Example 2.8 (Trivial base). Given a Lie groupoid G ⇒ M and a rank l representation
C !M of G , one has the following Lie groupoid structure on G �M C ⇒M � ¹0º:

Qs.g; c/ D s.g/; Qt .g; c/ D t .g/;

zm..g1; c1/; .g2; c2// D .g1g2; c1 C g2 � c2/:

This defines a VB-groupoid of rank .l; 0/, together with the induced vector bundle G �M
C ! G :

G �M C G

M � ¹0º M:

QsQt st

pr1

Conversely, any VB-groupoid EG ⇒ EM D M � ¹0º with core C is isomorphic to the
Lie groupoid G �M C ⇒M � 0 discussed above, for the representation of G on C given
by g � c D zm.0g ; c/.

Note that, if a tangent VB-groupoid T G ⇒ TM (Example 2.3) has rank .l; 0/, i.e., if
TM ! M is the zero vector bundle, then M is 0-dimensional. If we assume that M is
connected, then G D G ⇒ ¹�º must be a Lie group and the core C its Lie algebra g. In
this case, TG Š G � g for the adjoint representation of any Lie group G on g. ♢

Example 2.9 (Pullback). Given a vector bundle � WEM !M of rank k and a Lie group-
oid G ⇒ M , the pullback groupoid of G with respect to � defines a VB-groupoid of
rank .k; k/:

EM �� t G �s � EM G

EM M:

QsQt st

pr2

�

The core of EM �� t G �s � EM coincides with EM , and its core-anchor is the identity
EM ! EM . ♢

The following simple example will be crucial for carrying out our theory; further
insights will be provided later.

Definition-Example 2.10. Any pair .l; k/ of natural numbers defines a VB-groupoid of
rank .l; k/, which we call the canonical VB-groupoid R.l;k/. We will use here the notation

GL.l; k/0 WD Hom.Rl ;Rk/;

the reasons of which will be clear in Definition 2.24. The groupoid R.l;k/ is given by

R.l;k/2 WD Rl �Rk � GL.l; k/0 GL.l; k/0

R.l;k/1 WD Rk � GL.l; k/0 GL.l; k/0:

QsQt

pr

pr
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Here the rows are the trivial vector bundles of ranks l C k and k over the manifold
GL.l; k/0. Moreover, the groupoid on the left column is the action groupoid of the follow-
ing (abelian) action of Rl on Rk � GL.l; k/0:

Rl �Rk � GL.l; k/0 ! Rk � GL.l; k/0; .w; v; d/ 7! .d.w/C v; d/:

Finally, the groupoid GL.l; k/0 ⇒ GL.l; k/0 on the right column is identified with the
unit groupoid of GL.l; k/0. A VB-groupoid with this last property is actually equivalent
to an anchored 2-vector bundle (see Lemma 2.12 below).

The core of R.l;k/ is the trivial vector bundle of rank l over GL.l; k/0, and the core-
anchor is

Rl � GL.l; k/0 ! Rk � GL.l; k/0; .w; d/ 7! .d.w/; d/: ♦

2.2. 2-vector bundles

In the literature, there are various “higher” generalisations of vector bundles, often induced
from abstract categorical points of view. With our specific applications in mind, here we
consider two notions which we will use in the rest of the paper, and which might have
appeared elsewhere under different names.

Definition 2.11. A 2-graded vector bundle is a pair .E1; E0/ of vector bundles over
the same manifold M . An anchored 2-graded vector bundle (or, shortly, an anchored
2-vector bundle) is a 2-graded vector bundle .E1; E0/ endowed with a vector bundle map
ıWE1 ! E0 over the identity idM , which we call anchor. This is represented by the dia-
gram

E1 M

E0 M

idMı

and denoted, more compactly, by E1
ı
�! E0 !M . ♦

Anchored 2-vector bundles generalise the standard notion of anchored vector bundle,
i.e., a vector bundle E1 ! M together with a vector bundle map E1 ! TM ; in our
case, TM is replaced by an arbitrary vector bundle E0 ! M . From a different point of
view, an anchored 2-vector bundle is simply a chain complex .Ei ; ıi / of vector bundles
over the same base, with Ei D 0 for every i ¤ 0; 1.

Another reason for the adjective “anchored” comes from the following lemma, which
is part of the folklore knowledge in the field; we are adding it here for the sake of self-
containment. Note that this lemma can also be seen as a special instance of the Dold–Kan
correspondence between chain complexes of vector bundles and simplicial vector bundles;
in this case, the chain complexes have only two non-zero terms and the corresponding
simplicial vector bundles are the nerves of VB-groupoids over the units.

Lemma 2.12 (Anchored 2-vector bundles and VB-groupoids over the unit groupoid). Any

anchored 2-vector bundle E1
ı
�!E0 ! M induces a VB-groupoid over the unit group-
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oid M ⇒M :
E1 �M E0 M

E0 M;

QsQt

where E1 �M E0 is the action groupoid of the following (abelian) groupoid action of
E1 !M on E0 !M :

E1 �M E0 ! E0; .v1; v0/ 7! ı.v1/C v0:

Conversely, given a VB-groupoid EG ⇒ EM over the unit groupoid G D M ⇒ M , then
E1 WD C and E0 WD EM define an anchored 2-vector bundle, with anchor map equal to
the core-anchor ı WD Qt jE1 WE1 ! E0 (Definition 2.2).

Remark 2.13 (2-graded vector bundles and VB-groupoids over the unit groupoid). Note
that a 2-graded vector bundle would not be enough to define the VB-groupoid structure
described in Lemma 2.12, since one needs the anchor map ı in order to define the groupoid
structure on E1 �M E0 ⇒ E0. Conversely, any VB-groupoid EG ⇒ EM over the unit
groupoid M ⇒ M induces a 2-vector bundle .E1 WD C; E0 WD EM /, where the anchor
ıWE1 ! E0 is the core-anchor C ! EM . ♢

Example 2.14 (2-graded vector spaces). WhenM D¹�º, a 2-anchored vector space V1
ı
�!

V0 is simply a 2-term chain complex of vector spaces, hence it is equivalent to the notion
of 2-vector spaces introduced in Definition 3.1 and Proposition 3.4 of [3], i.e., the structure
underlying a strict Lie 2-algebra.

On the other hand, a 2-graded vector bundle boils down to a 2-graded vector space
.V1; V0/. In particular, any pair .l; k/ of natural numbers defines the 2-graded vector
bundle .Rl ;Rk/ over a point.

Notice that there is no canonical anchor ıWRl!Rk making .Rl ;Rk/ into an anchored
2-vector space. Each choice of such an anchor would yield, via Lemma 2.12, a VB-
groupoid Rl �Rk ⇒ Rk over the trivial unit groupoid ¹�º⇒ ¹�º, with core-anchor equal
to ı. ♢

Definition-Example 2.15. Any pair .l; k/ of natural numbers defines an anchored 2-vec-
tor bundleE.l;k/ overM DHom.Rl ;Rk/, which we call the canonical 2-anchored vector
bundle, given by the trivial vector bundles

E
.l;k/
1 D Rl � Hom.Rl ;Rk/! Hom.Rl ;Rk/;

E
.l;k/
0 D Rk � Hom.Rl ;Rk/! Hom.Rl ;Rk/

and the anchor map

ı W E
.l;k/
1 ! E

.l;k/
0 ; .v1; d / 7! .d.v1/; d/:

Applying the correspondence from Lemma 2.12, the canonical 2-anchored vector
bundleE.l;k/ can be equivalently described precisely by the canonical VB-groupoid R.l;k/

from Example 2.10.
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More generally, any 2-graded vector bundle .E1; E0/ over M defines an anchored
2-vector bundle .E1 �M Hom.E1; E0/; E0 �M Hom.E1; E0// with anchor given by

ı.v1; d / D .d.v1/; d/:

Notice that, for M a point and .E1; E0/ D .Rl ;Rk/, we recover precisely the canonical
2-anchored vector bundle E.l;k/ described above. ♦

Example 2.16. Ordinary vector bundles can be viewed as anchored 2-vector bundles in
three non-equivalent ways:

• when E0 DM (i.e., E0 has rank 0) and ı coincides with the projection E1 !M ;
• when E1 DM (i.e., E1 has rank 0) and ıWM ! E0 is the zero section;
• when E0 D E1 and ı D id. ♢

2.3. Lie 2-groupoids

As for 2-vector bundles, Lie 2-groupoids have several inequivalent definitions in the lit-
erature, as discussed in Remark 2.18 below. Here we follow, e.g., [37], [21] and [5], and
pick the notion which will appear naturally when looking at the frame bundle of a VB-
groupoid.

In general, since we will consider different groupoid structures on the same space, we
will from now on adopt the notation sij , tij , mij , uij and �ij for the structure maps of a
Lie groupoid Hi ⇒ Hj ; for Hi ⇒M , we will use sM , tM , mM , uM and �M .

Definition 2.17. A double Lie groupoid (see, e.g., [6] or Definition 3.1 and 3.2 in [37]) is
a commutative diagram of Lie groupoids

H2 H1

H0 M;

where the following three conditions are satisfied:
(1) all the source and targets maps are Lie groupoid morphisms;
(2) the interchange law

.g1 ım20 g2/ ım21 .g3 ım20 g4/ D .g1 ım21 g3/ ım20 .g2 ım21 g4/

holds for all gi 2H2 such that the compositions above make sense;
(3) the map .s21; s20/WH2 ! H1 �sM sM

H0 is a surjective submersion.
A Lie 2-groupoid H2 ⇒ H1 ⇒ H0 (see, e.g., Example 3.7 in [37]) is a double Lie

groupoid where the base groupoid H0 ⇒ M D H0 is the unit groupoid. In other words,
it is a commutative diagram of Lie groupoids

H2 H1

H0
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such that conditions (1) and (2) above hold (condition (3) holds automatically, since
H1 �sM sM

H0 Š H1 and the map .s21; s20/ reduces to the surjective submersion s21).
See also Section 4 of [21] and Section 4.1 of [5] for an equivalent formulation in terms of
2-categories. ♦

Remark 2.18 (Strict vs weak Lie 2-groupoids). The object we described above is also
known as strict Lie 2-groupoid, in order to distinguish it from weak Lie 2-groupoids,
defined as simplicial manifolds satisfying a horn-filling condition; see, e.g., [45] for the
precise definition and further references, and Sections 2-4 of [21] for a comparison be-
tween the two notions. In this paper, we will never use the simplicial definition, and by
“Lie 2-groupoid” we will always refer to the stricter notion from Definition 2.17. The
same holds for Lie-2-groups, recalled in Definition 2.22 below. ♢

Remark 2.19 (Anchored 2-vector bundles vs Lie 2-groupoids). While every vector bundle
� WE !M is automatically a Lie groupoid with s D t D � , an anchored 2-vector bundle

E1
ı
�!E0 !M (Definition 2.11) is not automatically a Lie 2-groupoid (Definition 2.17).

Indeed, the vector bundles E1 ! M and E0 ! M are Lie groupoids (being bundles of
abelian groups), but the vector bundle map ıWE1 ! E0 is simply a Lie groupoid morph-
ism, i.e., it is not the same thing as a Lie groupoid structure, since we lack a splitting
of ı to define a groupoid unit. On the other hand, by Lemma 2.12, any anchored 2-vector

bundle E1
ı
�!E0 ! M induces canonically a VB-groupoid E1 �M E0 ⇒ E0 over the

unit groupoid, which can be therefore seen, in view of Definition 2.17, as a special double
Lie groupoid over the unit groupoid, i.e., a special Lie 2-groupoid. ♢

Example 2.20 (Lie groupoids). Ordinary Lie (1-)groupoids can be viewed as Lie 2-group-
oids when H1 D H2. ♢

Example 2.21 (Lie groups). Ordinary Lie (1-)groups can be viewed as Lie 2-groupoids
when H1 D H2 and H0 D ¹�º. This is of course a special instance (for H0 D ¹�º) of
Example 2.20. ♢

Notice that, given a Lie 2-groupoid H2 ⇒ H1 ⇒ H0, the condition H0 D H1 is not
sufficient to obtain a Lie (1-)groupoid: indeed, the interchange law would not be satisfied
unless H2 is abelian. Furthemore, H2 would be forced to be a bundle of Lie groups:
indeed, t21 is a groupoid morphism over idH0

, hence s20 D s10 ı t21. But in the case
H1 D H0 we have s10 D t10, therefore s20 D t10 ı t21 D t20. For the same reason, the
condition H0 D H1 D ¹�º is not sufficient to obtain a Lie (1-)group.

Definition 2.22. A Lie 2-group is a Lie 2-groupoid where H0 is a singleton; see, e.g.,
Section 3.1 of [24] for a more explicit definition.

Given any Lie 2-groupoid H2 ⇒ H1 ⇒ H0 and an element d 2 H0, then the pair�
.H2/d ; .H1/d

�
of isotropy groups forms a Lie 2-group, called the isotropy 2-group at d .

♦

Notice that the isotropy 2-group at d can be defined replacing .H2/d by the set of
elements of H2 starting and ending at points in .H1/d . This is a consequence of the
definition of Lie 2-groupoid, more precisely, the facts that

t20 D t10 ı t21 D t10 ı s21 and s20 D s10 ı s21 D s10 ı t21:
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Example 2.23 (Crossed modules). A crossed module of Lie groups is a pair of Lie groups
.H;G/ together with a map d WH !G and an action C WG! Aut.H/, satisfying, for any
g 2G and h; h0 2H ,

d.Cgh/ D gd.h/g
�1 and Cd.h/h

0
D hh0h�1:

It is well known in the literature that Lie 2-groups and crossed modules of Lie groups
are in 1-1 correspondence; in the set-theoretical setting, the first published proof seems to
be that of Theorem 1 in [7]. Let us remind the reader of this correspondence, which makes
crossed modules a special case of Lie 2-groupoids.

Given a crossed module .H;G;d;C /, one defines a Lie 2-groupoidH �G⇒G⇒¹�º,
where the groupoid structure onH �G⇒G is the action groupoid of the canonical action
ofH in G given by .h; g/ 7! d.h/g, and the groupoid structure ofH �G ⇒ ¹�º is given
by the semidirect product H⋊G induced by C .

On the other hand, given a Lie 2-group H2 ⇒ H1 ⇒ ¹�º, the pair .H D ker.s21/;
G D H1/ is a crossed module, together with d WD t21jH WH ! G and the conjugate
action C of the Lie subgroup u.G/ � .H2 ⇒ ¹�º/ on H � H2, i.e., for all g 2G and
h2H ,

Cgh WD .u21.g// ı20 h ı20 .u21.g//
�20 : ♢

The following example of Lie 2-groupoid will be fundamental in the rest of the paper.

Definition-Example 2.24. Any pair .l; k/ of natural numbers defines a Lie 2-groupoid
GL.l; k/, which we call the general linear 2-groupoid of rank .l; k/, given by

GL.l; k/2 WD
²�
d;

�
A JB

0 B

��
2 Hom.Rl ;Rk/ � GL.l C k/ W

.Il C Jd/2GL.l/

.Ik C dJ /2GL.k/

³

GL.l; k/1 WD Hom.Rl ;Rk/ � GL.l/ � GL.k/

GL.l; k/0 WD Hom.Rl ;Rk/:

• The groupoid structure on GL.l; k/2 ⇒ GL.l; k/0 is the unique one with source and
target maps t20; s20WGL.l; k/2 ! GL.l; k/0 given by

d

�
d;

�
A JB

0 B

��
..I C dJ /B/�1dA;

t20 s20

and multiplication map m20WGL.l; k/2 �s20 t20
GL.l; k/2 ! GL.l; k/2 given by the

matrix multiplication:��
d;

�
A JB

0 B

��
;

�
t20

�
d;

�
A JB

0 B

��
;

�
A0 J 0B 0

0 B 0

���
�
d;

�
AA0 .AJ 0B�1 C J /BB 0

0 BB 0

��
:

m20
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• The groupoid structure on GL.l; k/2 ⇒ GL.l; k/1 is the unique one with source and
target maps t21; s21WGL.l; k/2 ! GL.l; k/1 given by

.d; A; .I C dJ /B/

�
d;

�
A JB

0 B

��
.d; .I C Jd/�1A; B/;

t21 s21

and multiplication map m21WGL.l; k/2 �s21 t21
GL.l; k/2 ! GL.l; k/2 given by:��

d;

�
A J.I C dJ 0/B 0

0 .I C dJ 0/B 0

��
;

�
d;

�
.I C Jd/�1A J 0B 0

0 B 0

���
�
d;

�
A .JdJ 0 C J C J 0/B 0

0 B 0

��
:

m21

• The groupoid GL.l; k/1 ⇒ GL.l; k/0 is given by the action groupoid of the canonical
right action of GL.l/�GL.k/ on GL.l; k/0, given by d � .A;B/ WD B�1 ı d ıA, i.e.,

d .d;A;B/ B�1 ı d ı A:
t10 s10

Moreover, note that the isotropy Lie 2-group ..GL.l; k/2/d ; .GL.l; k/1/d / of GL.l; k/
at any element d 2GL.l; k/0, as in Definition 2.22, recovers precisely the data of the
crossed module .K1; K0/ associated to d defined in Section 3.1 of [42], which was intro-
duced to integrate Lie 2-algebras. ♦

Definition-Example 2.25. Given any 2-graded vector bundle E D .E1; E0/ over X , its
general linear 2-groupoid GL.E/ is the Lie 2-groupoid defined as follows:

• GL.E/0 D Hom.E1; E0/;
• an element of GL.E/1 with source dx W .E1/x ! .E0/x and target dy W .E1/y ! .E0/y

is a couple of linear isomorphisms AW .E1/x ! .E1/y and BW .E0/x ! .E0/y such
that dy ı A D B ı dx ;

• an element of GL.E/2 with source .dx ; dy ; A; B/ and target .dx ; dy ; A0; B 0/ is given
by a map J W .E0/x ! .E1/y such that J ı dx D A � A0 and dy ı J D B � B 0.
The structure maps of GL.E/ are analogous to those of GL.l; k/ from Definition 2.24;

for more details, see Section 5 of [21] and Section 4.3 of [5], where this concept was
first introduced (see also Remark 2.26 below). More precisely, in Remark 5.6 of [21] the
Lie 2-groupoid GL.E/ was denoted by GL0.E/, in order to distinguish it from a similar
notion which allows more general arrows, while in [5] it was called 2-gauge groupoid and
denoted by 2-Gau.E/. ♦

Remark 2.26 (General linear 2-groupoid and representations up to homotopy). The Lie
2-groupoid GL.E/ was introduced in [21] in order to interpret 2-term representations up
to homotopy (RUTHs) of a Lie groupoid G on a 2-graded vector bundle E as morphisms
G ! GL.E/, in analogy to what happens for ordinary representations of Lie groupoids
on a vector bundle. Moreover, GL.E/ is actually equivalent to the gauge 2-groupoid
2-Gau.E/ from Section 4.3 of [5], which was used in order to integrate a 2-term RUTH of
a Lie algebroid to a 2-term RUTH of a Lie groupoid. The general idea of “representing”
RUTHs was first announced in [36]. ♢
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Example 2.27. Applying the construction of Example 2.25 to the canonical 2-graded
vector space .Rl ;Rk/ over X D ¹�º yields precisely the general Lie 2-groupoid GL.l; k/
from Example 2.24.

On the other hand, the general linear 2-groupoid of the 2-graded vector bundle under-
lying the canonical anchored 2-vector bundle E.l;k/ from Example 2.15 is intuitively
GL.l; k/ “enlarged” by multiplying by a suitable amount of copies of Hom.Rl ;Rk/; more
precisely,

• GL.E.l;k//0 D GL.l; k/0 � Hom.Rl ;Rk/;
• GL.E.l;k//i Š GL.l; k/i � Hom.Rl ;Rk/ � Hom.Rl ;Rk/ for i 2 ¹1; 2º.

It is also interesting to consider the case of a 2-graded vector bundle E where either
E0! X or E1! X has rank 0 (Example 2.16); then E is an ordinary vector bundle and
its general linear 2-groupoid recovers the general linear (1-)groupoid GL.E/⇒ X , called
sometimes the gauge or Atiyah groupoid of E. ♢

3. From PB-groupoids to VB-groupoids

3.1. 2-Actions

In order to define a PB-groupoid, we discuss first actions of Lie 2-groupoids on Lie group-
oids along pairs of smooth maps, which generalise ordinary actions of Lie groupoids on
manifolds along smooth maps (see, e.g., Section 5.3 of [38]). For other particular cases of
2-actions present in the literature, we refer to the works cited in Section 3.4.

Definition 3.1. A 2-action of a Lie 2-groupoid H2 ⇒ H1 ⇒ H0 (Definition 2.17) on a
Lie groupoid P2 ⇒ P1 consists of

• two smooth maps �2WP2 ! H0 and �1WP1 ! H0;
• a (right) action of H2 ⇒ H0 on P2 along �2;
• a (right) action of H1 ⇒ H0 on P1 along �1;

such that

(1) for any p 2P2, one has �2.p/ D �1.s.p// D �1.t.p//;
(2) the action maps define a Lie groupoid morphism

P2 ��2 t20
H2 P2

P1 ��1 t10
H1 P1;

.s;s21/.t;t21/ st

ˆ

'

where on the left column the Lie groupoid structure is given by restricting the product
groupoid P2 �H2 ⇒ P1 �H1. ♦

Note that the submanifold P2 ��2 t20
H2 � P2 � H2 defines a subgroupoid of the

product groupoid P2 �H2⇒ P1 �H1 precisely because �2 and �1 satisfy condition (1).
Moreover, the action groupoid P2 ��2 t20

H2 ⇒ P2 defines a double Lie groupoid over
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the action groupoid P1 ��1 t10
H1 ⇒ P1 precisely because the action maps .ˆ; �/ form a

Lie groupoid morphism.

Example 3.2 (Actions of Lie 2-groupoids on themselves). Any Lie 2-groupoid H2 ⇒
H1 ⇒ H0 acts on H2 ⇒ H1, say from the right, with �2 D s20 and �1 D s10. Indeed,
the action is given by the standard Lie groupoid actions of H2 ⇒ H0 on H2 along �2 and
of H1 ⇒ H0 on H1 along �1. Condition (1) of Definition 3.1 is automatically fulfilled by
the fact that a Lie 2-groupoid is a commutative diagram, while condition (2) follows from
the interchange law. ♢

Example 3.3 (Actions of Lie groupoids). If H1 DH2 (Example 2.20), then condition (1)
in Definition 3.1 becomes trivial, while condition (2) implies the following special prop-
erty: every global bisection b of H2 ⇒ H0 defines a Lie groupoid automorphism of
P2 ⇒ P1, given by

P2 ! P2; p2 7! p2 � b.�2.p2//;

P1 ! P1; p1 7! p1 � b.�1.p1//:

Here with bisection we mean a t -section b such that s ı b is a diffeomorphism.
In particular, if P2 D P1 (i.e., P is the unit groupoid), Definition 3.1 boils down to

an action of a Lie groupoid on a manifold along �2 D �1, and the automorphism above
becomes the standard diffeomorphism P Š P associated to any H2-action on P and any
bisection b 2Bis.G /. ♢

Example 3.4 (Actions of Lie groups). If H2 D H1 D G and H0 D ¹�º (Example 2.21),
condition (1) in Definition 3.1 becomes trivial, while condition (2) implies the follow-
ing special property: every element g 2G determines a Lie groupoid isomorphism of
P2 ⇒ P1, simply given by .ˆ.�; g/; '.�; g//.

In particular, if P2 D P1 (i.e., if P is the unit groupoid), Definition 3.1 boils down to
an action of a Lie group on a manifold, and the isomorphism above becomes the standard
diffeomorphism P Š P associated to any G-action on P and any element g 2G.

These are, of course, special instances (for H0 D ¹�º) of the cases examined in the
previous Example 3.3. ♢

Example 3.5 (Actions of Lie 2-groups). If H0 D ¹�º, i.e., if .H2 D G2;H1 D G1/ is a
Lie 2-group (Definition 2.22), then Definition 3.1 boils down to an action of a Lie 2-group
G2 ⇒ G1 on a Lie groupoid, i.e., a G2-action on P2 and a G1-action on P1 such that
.ˆ; �/ is a Lie groupoid morphism (since condition (1) becomes trivial). This is also
called a strict action in Section 14 of [13]. ♢

Remark 3.6 (Actions of bundles of abelian Lie groups). If H0 DH1 (as briefly discussed
after Example 2.20 and 2.21), then Definition 3.1 boils down to an action ˆ of the bundle
of abelian Lie groups H2⇒ H0 on P2 which is completely encoded by the product � in P2
and by a map �WP1 �H2 ! P2 taking values in the isotropy group bundle of P2 ⇒ P1.

Indeed, the H1-action ' is forced to be trivial by the commutativity of the diagram
and the fact that u21 D u20:

'.p1; g1/ D '..s; s21/.u.p1/; u21.g1/// D s.ˆ.u.p1/; u20.g1/// D s.u.p1// D p1:
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Moreover,

ˆ.p; g/ D ˆ
�
.p; u20.�2.p/// ı .u.s.p//; g/

�
D ˆ.p; u20.�2.p/// �ˆ.u.s.p//; g/ D p � �.s.p/; g/;

where we set �.p1; g/ WD ˆ.u.p1/; g/. Last, � takes automatically values in the isotropy
group bundle of P2 ⇒ P1. ♢

Given an action of a Lie group G on a manifold M , each element g 2G gives rise to
a diffeomorphismM !M . This phenomenon holds also in more generality, with actions
of Lie 2-groupoids on Lie groupoids, provided we replace g with a section and the group
Diff.M/ with a suitable group. This fact is discussed in the proposition below, which will
not be used elsewhere in the paper.

Proposition 3.7. Given a Lie 2-groupoid H2 ⇒ H1 ⇒ H0 acting on a Lie groupoid
P2 ⇒ P1 with moment map �W P2 ! H0, any bisection bWH0 ! H2 gives rise to a
diffeomorphism

�b W P2 ! P2; p 7! p � .b.�.p///:

Moreover,

• � is an affine morphism between Lie groupoids (see below);
• if b takes values in the units of H2 ⇒ H1, then � is an actual Lie groupoid morphism.

Here with bisection we mean a t20-section b such that s20 ı b is a diffeomorphism.
Moreover, we call a smooth map �W P2 ! Q2 between Lie groupoids P2 ⇒ P1 and
Q2 ⇒ Q1 an affine morphism if there is a Lie groupoid morphism '0W P2 ! Q2 and
a t -section � WQ1 ! Q2 such that, for any p2P2, the following equation holds:

�.p/ D '0.p/ ıQ2 �.t.'0.p///:

Affine-morphisms between Lie groupoids should not be confused with the algebraic
notion of affine morphism between schemes; the adjective “affine” here makes reference
to affine transformations on a vector space. Indeed, if two vector spaces V andW are seen
as Lie groupoids over the point ¹�º, an affine morphism is an affine transformation of the
kind

v 7! A.v/C w0;

where AWV ! W is a linear map and hence a Lie groupoid morphism, and � 7! w0 2W

is a t -section.

Proof. First notice that �b is well defined because b is a t20-section. It is smooth since it
the composition of smooth maps, and its inverse is the smooth map

p 7! p � �.b..s20 ı b/
�1.�.p////:

Moreover, �b induces another t20-section

b1 W H0 ! H2; g 7! u.t.b.g///;
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which takes values in the units of H2 ⇒ H1, so that

�b.p/ D p � b.�.p// D .p ıP2 u.s.p/// � .b1.�.p// ım21 b.�.p///

D .p � b1.�.p/// ıP2 .u.s.p// � b.�.p/// D .�b1.p// ıP2 .u.s.p// � b.�.s.p////:

Then
� W P1 ! P2; p 7! �b.u.p// D u.p/ � b.�.p//;

is an s-section, which can be interpreted as a “translation” between �b1 and the map �b .
We conclude that �b is an affine morphism.

Last, if b takes values in H1, viewed as a submanifold of H2, then it is a Lie groupoid
morphism:

�b.p ıP2 q/ D .p ıP2 q/ � b.�.p ıP2 q// D .p ıP2 q/ � .b.�.p// ım21 b.�.q///

D �b.p/ ıP2 �b.q/:

Proposition 3.7 actually combines the morphisms associated to any t20-section dis-
cussed in Examples 3.6 and 3.3.

3.2. 2-Representations

We now introduce two (related) notions of 2-representation of Lie 2-groupoids: one for
2-graded vector bundles .E1; E0/! X , and another one for anchored 2-vector bundles

E1
ı
�!E0 ! X . The first one coincides with Definition 4.18 in [5], while, as far we are

aware, the second one is not present anywhere in the literature.
In order to compare them, it will be useful to notice that a section

� W X ! GL.E1; E0/0 D Hom.E1; E0/

is canonically equivalent to an anchor map ı� WE1 ! E0, via the formula

.ı� /x W .E1/x ! .E0/x ; e 7! �.x/.e/:

Definition 3.8. A 2-graded representation of a Lie 2-groupoid H2 ⇒ H1 ⇒ H0 (Defini-
tion 2.17) on a 2-graded vector bundle .E1;E0/ over X (Definition 2.11) is a morphism �

from the Lie 2-groupoid Hi to the general Lie 2-groupoid GL.E1;E0/i (Definition 2.25):

H2 GL.E1; E0/2

H1 GL.E1; E0/1

H0 GL.E1; E0/0:

�2

�1

�0

A 2-anchored representation of a Lie 2-groupoid H2 ⇒ H1 ⇒ X on an anchored

2-vector bundle E1
ı
�!E0 ! X is a morphism � from the Lie 2-groupoid Hi to the gen-

eral Lie 2-groupoid GL.E1; E0/i which takes values in its restriction to the image of the
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section � corresponding to the anchor ı:

♦

H2 GL.E1; E0/2j�.X/ GL.E1; E0/2

H1 GL.E1; E0/1j�.X/ GL.E1; E0/1

X �.X/ GL.E1; E0/0:

�2

�1

�

These two notions can be related by the following example.

Example 3.9. Let .E1; E0/ be a 2-graded vector bundle over a manifold X . There are
two canonical 2-representations of the Lie 2-groupoid GL.E1; E0/:
• a 2-graded representation on .E1; E0/, given by the identity morphisms;
• a 2-anchored representation on its associated anchored 2-vector bundle

E1 �X Hom.E1; E0/! E0 �X Hom.E1; E0/! Hom.E1; E0/

(see Definition 2.15), given by the identity morphisms.
Notice that, while the first claim is trivial, the second one relies on the following fact:

there is a canonical Lie 2-groupoid isomorphism between GL.E1; E0/ and the restriction
of GL.E1 �X Hom.E1; E0/; E0 �X Hom.E1; E0// to �.Hom.E1; E0//, where

� W Hom.E1; E0/! GL.E1 � Hom.E1; E0/; E0 � Hom.E1; E0//0
D Hom.E1; E0/ �X Hom.E1; E0/

is the section induced by the anchor map ıWE1 �X Hom.E1;E0/!E0 �X Hom.E1;E0/,
i.e., the diagonal of Hom.E1; E0/.

This example is a direct generalisation of the fact that any vector space V carries a
canonical representation of the Lie group GL.V /, and any vector bundle E ! X carries
a canonical representation of the Lie groupoid GL.E/⇒ X . ♢

The following proposition generalises the standard characterisation of representations
of Lie group(oid)s as linear actions. Notice however that it holds only for representations
on anchored 2-vector bundles; for 2-graded vector bundles the only approach is the one
described above as morphism in GL.E1; E0/.

Proposition 3.10. Let H2 ⇒ H1 ⇒ X be a Lie 2-groupoid and E ⇒ E0 a VB-groupoid
over the unit groupoid X ⇒ X . Recall that, by Lemma 2.12, there is a 2-anchored vector
bundle .E1;E0/ such thatE DE1 �X E0 and the anchor ı of .E1;E0/ is the core-anchor
of E. Then there is a 1-1 correspondence between

• 2-anchored representations .�2; �1; �0/ of H2 ⇒ H1 ⇒ X on E1
ı
�! E0! X , in the

sense of Definition 3.8;
• 2-actions (in the sense of Definition 3.1) of H2 ⇒ H1 ⇒ X on the Lie groupoid
E ⇒ E0 which are linear.
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Proof. Given � D .�2; �1; �0/, let . O�2; O�1/ be the compositions of �2 with the projection
to GL.E1 �X E0/, and that of �1 with the projection to GL.E0/, respectively. Then �
induces a Lie 2-groupoid action on E ⇒ E0, given by a linear action of H2 on E D
E1 �X E0, namely

H2 �t20 X .E1 �X E0/! .E1 �X E0/; .g; v/ 7! O�2.g/v;

and a linear action of H1 on E0, namely

H1 �t10 X E0 ! E0; .g; v/ 7! O�1.g/v:

The opposite direction is analogous, but in the backward direction.

Example 3.11 (Representations of Lie groupoids). When H2DH1D G is a Lie groupoid
over X (Example 2.20), then a 2-anchored representation boils down to a pair of ordinary
representations of the Lie groupoid G ⇒ X on the vector bundles E1 �X E0 ! X and
E0 ! X .

As a special case, when X D ¹�º and H2 D H1 D G is a Lie group (Example 2.21),
a 2-anchored representation boils down to a pair of ordinary representations of the Lie
group G, one on the vector space E0 and one on the cartesian product E1 � E0. In par-
ticular, if E0 D 0 we have a single G-representation on E1, and if E1 D 0 we have two
identical G-representations on E0. ♢

Example 3.12 (Representations of Lie 2-groups). WhenX D ¹�º, i.e., when H2⇒ H1 is
a Lie 2-group, then a 2-anchored representation boils down to an ordinary representation
of a Lie 2-group on a pair of vector spaces; see, e.g., Theorem 3.5 in [42], which fits in
the general categorical setting described in Section 2.2.2 of [2]. ♢

3.3. Principal 2-actions

Definition 3.13. A principal 2-action of a Lie 2-groupoid H2 ⇒ H1 ⇒ H0 on a Lie
groupoid P2 ⇒ P1 is a 2-action (Definition 3.1) such that both the H2-action on P2 and
the H1 on P1 are free and proper. ♦

From the standard theory of principal groupoid bundles, since the H2-action on P2
is free and proper, its quotient M2 WD P2=H2 is a smooth manifold and the projection
�2WP2!M2 is a surjective submersion; similarly withM1 WD P1=H1 and �1WP1!M1.
Moreover, one has the following consequence.

Proposition 3.14. Any 2-action of H2 ⇒ H1 ⇒ H0 on P2 ⇒ P1 is principal if and only
if the induced Lie groupoid morphism .ˆ;�/, as in the diagram below, is an isomorphism:

P2 ��2 t H2 P2 ��2 P2

P1 ��1 t H1 P1 ��1 P1:

QsQt

ˆ

�

Proof. The second condition of Definition 3.1 implies that .ˆ;�/ is a Lie groupoid morph-
ism, while the principality of each action is equivalent toˆ and � being diffeomorphisms.
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Proposition 3.15. Any principal 2-groupoid action of H2 ⇒ H1 ⇒ H0 on P2 ⇒ P1
induces a unique Lie groupoid structure on P2=H2 ⇒ P1=H1 such that the quotient map
from P2 ⇒ P1 to P2=H2 ⇒ P1=H1 is a fibration of Lie groupoids.

Proof. We will use the following result from Theorem 2.4.6 in [35]. Let R � P2 � P2
be the graph of an equivalence relation �2 in P2 and let R � P1 � P1 be the graph of an
equivalence relation �1 in P1. If
(1) R ⇒ R is a Lie subgroupoid of the cartesian product P2 � P2 ⇒ P1 � P1;
(2) the map R! P2 �s pr1

R; .p; q/ 7! .p; s.p/; s.q// is a surjective submersion;
then there is a unique Lie groupoid structure in .P2= �2/⇒ .P1= �1/, with the quotient
map being a fibration. If �2 and �1 are given by the quotients by the H2 and H1-actions,
then condition (1) is satisfied by Proposition 3.14, while condition (2) is equivalent to the
map

P2 ��2 t ! P2 ��1ıs t H1; .p; g/ 7! .p; s.g//;

being a surjective submersion, which is clearly true.

Example 3.16. Let H2 ⇒ H1 ⇒ H0 be a Lie 2-groupoid. Its 2-action on itself from
Example 3.2 is principal, since the (1-)actions of H2 ⇒ H0 and of H1 ⇒ H0 on them-
selves are principal. The quotient of both groupoid actions is isomorphic to H0, so that
the quotient of the principal 2-groupoid action is the unit groupoid H0 ⇒ H0. ♢

3.4. PB-groupoids

Definition 3.17. A PB-groupoid with structural 2-groupoid H2 ⇒ H1 ⇒ H0 is a com-
mutative diagram

PG G

PM M

st st

…G

…M

such that
• PG ⇒ PM and G ⇒M are Lie groupoids;
• …G and …M are surjective submersions;

together with a principal 2-action (Definition 3.13) of H2 ⇒ H1 ⇒ H0 on PG ⇒ PM and
a Lie groupoid isomorphism ' between .PG=H2/⇒ .PM=H1/ (see Proposition 3.15) and
G ⇒M such that …G D ' ı pr, where prWPG ! PG=H2 denotes the quotient map. ♦

Notice that …G is a Lie groupoid fibration by Proposition 3.15, hence, in particular, it
is a Lie groupoid morphism.

Example 3.18 (PB-groupoids with structural Lie 2-groups). If the structural Lie 2-group-
oid is a Lie 2-group (Definition 2.22), then a PB-groupoid in the sense of Definition 3.17
boils down to a principal bundle groupoid in the sense of Definition 1.15 in [23] and
to a principal 2-bundle over a Lie groupoid in the sense of Definition 3.4 in [14] and
of Definition 5.9 in [27]; in this last work, the definition is formulated via the equivalent
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condition from Proposition 3.14. A version of these objects involving differentiable stacks
was considered in Definition 3.22 of [11].

Principal 2-bundles as in Definition 6.1.5 of [39] consist of a Lie 2-group H2 ⇒ H1

acting on a Lie groupoid PG ⇒ PM , together with a map PG ! Y such that the Lie
groupoids H2 � PG ⇒ PG and PG �Y PG ⇒ PG are Morita equivalent. As proved in
Proposition 1.32 of [23], these objects are the same things as PB-groupoids with structural
Lie 2-group H2 ⇒ H1 over fibred pair groupoid G DM �Y M ⇒M , for a submersion
M ! Y .

Last, note that semi-strict principal 2-bundles from Definition 2.9 in [44] are defined
in terms of local trivialisations and cannot be directly comparable with (particular cases
of) our Definition 2.22 since they involve actions of Lie 2-groups on smooth 2-spaces
(objects more general than a Lie groupoid). ♢

Example 3.19 (PB-groupoids with structural Lie groupoids). If the structural Lie 2-group-
oid is a Lie groupoid, with H2 D H1 (Example 2.20), then a PB-groupoid in the sense
of Definition 3.17 yields a pair .PG!G ; PM!M/ of standard .H2 ⇒ H0/-principal
bundles (in the sense of, e.g., Section 5.7 in [38], Definition 2.1 in [41], Definition 3.1
in [28] or Section 2.2 in [26]). In particular, when H2 ⇒ H0 is a bundle of Lie groups and
G DM , we recover generalized principal bundles as in Theorem 2.1 of [12]. ♢

Example 3.20 (PB-groupoids with structural Lie groups). If the structural Lie 2-groupoid
is of the form H ⇒ H ⇒ ¹�º, then a PB-groupoid boils down to a principal bundle over
a groupoid in the sense of Definition 2.33 in [32], to a PBG-groupoid in the sense of
Definition 2.1 in [34] and to a G-groupoid in the sense of Definition 4.4 in [8]. This is a
particular case, for H0 D ¹�º, of Example 3.19.

Last, note that G-principal groupoids from Definition 2.2 in [22] cannot be directly
comparable with (particular cases of) our Definition 3.17, since they involve principal
actions of Lie groups on the total space of Lie groupoids, which induce non-principal
actions on the base space. ♢

Example 3.21 (Lie 2-groupoids as PB-groupoids). Let H2⇒H1⇒H0 be a Lie 2-group-
oid. Then H2 ⇒ H1 defines a PB-groupoid over the unit groupoid H0 ⇒ H0, with …G

and …M given, respectively, by t20 and t10, and with the principal action on itself (see
Example 3.16). ♢

3.5. First half of the correspondence

Let H ⇒ X be a Lie groupoid. Recall that, given a principal H -bundle P ! M , with
moment map �WP ! X , and a H -representation E ! X , then its associated bundle is
the quotient

P ŒE� WD .P �X E/=H ;

which is a vector bundle over M with rank equal to the rank of E. This construction
generalises the standard associated bundles for principal groups bundles, and can in turn
be generalised to PB-groupoids.

Theorem 3.22. Let PG ⇒ PM be a PB-groupoid with structural Lie 2-groupoid H2 ⇒
H1⇒X (Definition 3.17), andE1!E0!X a 2-anchored representation of H (Defin-
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ition 3.8), which we view as a linear action of H on E1 �X E0 ⇒ E0, as in Proposi-
tion 3.10. Then the quotients

P ŒE�2 WD .PG �X .E1 �X E0//=H2 and P ŒE�1 WD .PM �X E0/=H1

define a VB-groupoid

P ŒE�2 G

P ŒE�1 M

QsQt st

�G

�M

with rank .rank.E1/; rank.E0//.

In analogy with the classical construction for principal bundles with structural groups/
groupoids, P ŒE�2 ⇒ P ŒE�1 is called the associated bundle.

Proof. It is known that P ŒE�2! G and P ŒE�1!M are vector bundles of ranks, respect-
ively, equal to the ranks of E1 �M E0 ! X and E0 ! X . The groupoid structure on
P ŒE�2 ⇒ P ŒE�1 is induced by that of the product Lie groupoid

PG �X .E1 �X E0/⇒ .PM �X E0/;

the free and proper action of H2 and of H1, and Proposition 3.15.

4. From VB-groupoids to PB-groupoids

4.1. Frames adapted to a VB-groupoid

The entire frame bundle of a VB-groupoid is too big to support the structure of a PB-
groupoid (or even only of a Lie groupoid). In this section, we are going to identify the
class of frames which are “adapted” to the VB-groupoid structure, and which will give
rise to a PB-groupoid.

We write here, for later use, the following formula of the “right-translation” by ele-
ments g 2G in an arbitrary VB-groupoid EG ⇒ EM :

(4.1) zRg WD zm. � ; 0g/ W ker.Qs/js�1.t.g// ! ker.Qs/js�1.s.g//:

This is simply the vector bundle isomorphism which generalises the differential of the
right translation Rg W s�1.t.g//! s�1.s.g// for the tangent VB-groupoid T G ⇒ TM .

The main ingredient we will use to define adapted frames (and to prove that they have
a groupoid structure) is the notion of fat groupoid, introduced in Section 8 of [25] and
briefly recalled below.

Definition 4.1. LetEG ⇒EM be a VB-groupoid of rank .l;k/ over G ⇒M . Its fat group-
oid QG .EG / consists of all the pairs .g;Hg/, with g2G andHg � .EG /g any (necessarily
k-dimensional) subspace such that

Hg ˚ ker.Qsg/ D .EG /g and Hg ˚ ker.Qtg/ D .EG /g : ♦
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The set QG .EG / has a natural Lie groupoid structure over M , with structure maps

s.g;Hg/ D s.g/; t.g;Hg/ D t .g/;

m..g;Hg/; .h;Hh//

D
�
gh; zm.Hg ;Hh/ WD ¹ zm.vg ; vh/ j vg 2Hg ; vh 2 Hh; Qs.vg/ D Qt .vh/º

�
;

u.x/ D .1x ;H1x WD Qu.EM /x/; i.g;Hg/ D .g
�1;Hg�1 WD Q�.Hg//:

Moreover, there is a natural representation of QG .EG /⇒M on the vector bundle EM!M

given by

(4.1) .g;Hg/ � ex WD Qtg.Qsg jHg /
�1.ex/;

and a similar one on C !M , given by

(4.2) .g;Hg/ � cx WD ˛g ıEG
cx ıEG

0g�1 D zm.˛g ; zRg�1.cx//;

for ˛ 2Hg such that Qsg.˛/ D Qt1x .cx/.

Example 4.2 (Trivial base and trivial core). If l D 0, then the Lie groupoid QG .EG /⇒M

is isomorphic to G ⇒ M : indeed, since EG has rank l C k and the spaces Hg are k-di-
mensional, we are forced to impose Hg D .EG /g . Note also that the representation (4.1)
coincides precisely with the representation of G on EM from Example 2.7.

Similarly, if k D 0, then QG .EG / Š G as well, since each Hg is forced to be the zero
vector space. Also in this case, the representation (4.2) boils down to the representation
of G on C from Example 2.8. ♢

We can finally define the frames adapted to a VB-groupoid.

Definition 4.3. Let EG ⇒ EM be a VB-groupoid of rank .l; k/ over G ⇒ M . A frame
�g 2 Fr.EG / is called an s-bisection frame if the following two conditions holds:

(1) �g jRl�¹0º takes values in ker.Qsg/;

(2) the imageHg � .EG /g of �g j¹0º�Rk is an element of the fat groupoid QG .EG / (Defin-
ition 4.1).

The collection

Fr.EG /
sbis
WD ¹�g WR

lCk
! .EG /g j �g s-bisection frameº � Fr.EG /:

of s-bisection frames of EG is called the s-bisection frame bundle of EG . ♦

Remark 4.4. The term “s-bisection frames” in Definition 4.3 is motivated by the follow-
ing reasons.

• The “bisection” part refers to the second condition and points to an analogy with the
definition of bisections. Indeed, a bisection of a Lie groupoid G can be equivalently
described as a submanifold † � T G such that .g; Tg†/ belongs to the fat groupoid
QG .EG / for every g 2†.

• The symbol s refers to the first condition. Of course, the choice of ker.Qs/ instead of
ker.Qt / is purely a convention; indeed, later on we will also use t -bisection frames (see
Definition 5.10).
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Notice also that the first condition in Definition 4.3 implies that Hg is automatically
transverse to ker.Qs/; therefore, condition (2) can be simplified to Hg being transverse to
ker.Qt /. ♢

The key feature of s-bisection frames is the fact that they induce two frames of the base
vector bundle EM !M (Lemma 4.5) and two frames of the core C !M (Lemmas 4.6
and 4.8).

Lemma 4.5. Let EG ⇒ EM be a VB-groupoid of rank .l; k/ over G ⇒ M and let
'g WRk! .EG /g be an injective linear map. The following two properties are equivalent:

(1) the image Im.'g/ is transverse to ker.Qs/, i.e., ker.Qsg/˚ Im.'g/ D .EG /g ;
(2) the composition

Qs ı 'g W R
k
! .EM /s.g/

is a frame of EM !M .

The same statement holds replacing Qs with Qt everywhere.
In particular, any s-bisection frame �g WRlCk ! EG induces the following frames of

EM !M :

s.�g/b W Rk ! .EM /s.g/; s.�g/b.v/ WD Qs.�g.0; v//;

t.�g/b W Rk ! .EM /t.g/; t.�g/b.v/ WD Qt .�g.0; v//:

Proof. (1)) (2). Take v1; v2 2 Rk such that Qs.'g.v1//D Qs.'g.v2//; then the hypothesis
yields

'g.v1 � v2/ 2 Im.'g/ \ ker.Qsg/ D ¹0º:

As �g is injective, this implies that v1D v2, i.e., Qs ı 'g is injective. Since rank.EM /D kD
dim.Im.�g//, we conclude that Qs ı �g is a linear isomorphism, i.e., a frame of EM !M .

(2)) (1). Consider any element 'g.v/ in the intersection ker.Qsg/ \ Im.'g/. Since
Qs ı �g is injective, the condition Qs.'g.v// D 0 implies v D 0, that is, the intersection
ker.Qsg/ \ Im.'g/ contains only the zero vector. It follows that

dim.ker.Qsg/˚ Im.'g// D dim.ker.Qsg//C dim.Im.'g// D l C k D rank.EG /;

hence ker.Qsg/˚ Im.'g/ D .EG /g .

Lemma 4.6. Let EG ⇒ EM be a VB-groupoid of rank .l; k/ over G ⇒ M and let
'g WRl ! .EG /g be an injective linear map. The following two properties are equival-
ent:

(1) 'g takes values in ker.Qsg/;
(2) the composition

zRg�1 ı 'g WR
l
! Ct.g/ � .EG /1t.g/ ;

with zR given by (4.1), is well-defined and is a frame of C !M .

The same holds replacing Qs with Qt everywhere.
In particular, any s-bisection frame �g WRlCk ! EG induces the following frame of

C !M :
t.�g/c W Rl ! Ct.g/; t.�g/b.v/ WD zRg�1.�g.w; 0//:
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Proof. (1)) (2). Since 'g is an injective linear map, taking values in the l-dimensional
space ker.Qsg/, it is a linear isomorphism. Then its composition with the linear isomorph-
ism zRg�1 is well defined and is a frame of C !M .

(2)) (1). Since the composition zRg�1 ı 'g is well defined, 'g must necessarily takes
values in ker.Qsg/ � .EG /g .

Definition 4.7. For any s-bisection frame �g 2 Frsbis.EG /, we denote by

d�g W R
l
! Rk

the unique linear map satisfying the following diagram:

Ct.g/ .EM /t.g/

Rl Rk :
d�g

�t.g/

t.�g /bt.�g /c Š Š

Equivalently, since t.�g/b is an isomorphism by Lemma 4.5, d�g is simply the com-
position of linear maps

d�g WD .t.�g/
b/�1 ı �t.g/ ı t.�g/c : ♦

In particular, d�g vanishes if and only if �g.0; w/ 2 ker.Qtg/ for every w 2Rl : the
map d�g measures then how non-zero the element Qt .�g.w; 0// can be.

Lemma 4.8. Any s-bisection frame �g WRlCk ! .EG /g induces the following frame of
C !M :

s.�g/c W Rl ! Cs.g/; s.�g/c.w/ WD zRg. Q�.�g.�w; d�g .w////;

with zRg given by equation (4.1) and d�g from Definition 4.7.

Proof. We note first that the vector s.�g/c.w/2 .EG /g takes values in ker.Qs1s.g//DCs.g/.
Indeed, Lemma 4.10 yields �g.�w; d�g .w//2 ker.Qtg/, and after applying Q� and zRg one
obtains an element in ker.Qs1s.g//.

Moreover, we claim that s.�g/c is a linear isomorphism. Since C has rank l , it is
enough to check its injectivity. If s.�g/c.w/ D 0, then condition (1) of Definition 4.3
implies that

0 D Qt .s.�g/c.w// D Qt . Q�.�g.�w; d�.w/// D Qs.�g.�w; d�.w/// D Qs.�g.0; d�.w///:

As a consequence, the element �g.0;d�.w//2 Im.�g j¹0º�Rk / belongs also to ker.Qs/ and is
therefore zero by Lemma 4.5, as the image of �g j¹0º�Rk is an element of the fat groupoid.
Since �g is injective, one has d�.w/ D 0. Plugging this in s.�g/c.w/ D 0, we get

0 D zRg. Q�.�g.w; 0///

which implies �g.w; 0/ D 0; by the injectivity of �g , we conclude that w D 0.
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4.2. The groupoid structure of the s-bisection frames

The first part of the main result of this section is the Lie groupoid structure on the space
of adapted frames:

Fr.EG /
sbis ⇒ Fr.C / �M Fr.EM /:

We will focus here on the algebraic part (i.e., the groupoid structure), postponing the
smoothness to Theorem 4.15 later on.

Theorem 4.9. Given a VB-groupoidEG ⇒EM of rank .l;k/, its s-bisection frame bundle
Fr.EG /

sbis is a groupoid over Fr.C /�M Fr.EM /, where C !M is the core ofEG ⇒EM
(Definition 2.2), with structure maps induced by those of EG ⇒ EM :

s W Fr.EG /
sbis
! Fr.C / �M Fr.EM /;

s.�g/.w; v/ D
�
s.�g/c.w/ WD zRg. Q�.�g.�w; d�g .w////; s.�g/

b.v/ WD Qs.�g.0; v//
�
I

t W Fr.EG /
sbis
! Fr.C / �M Fr.EM /;

t.�g/.w; v/ D
�
t.�g/c.w/ WD zRg�1.�g.w; 0//; t.�g/b.v/ WD Qt .�g.0; v//

�
I

m W Fr.EG /
sbis
�s t Fr.EG /

sbis
! Fr.EG /

sbis;

m.�g ; �h/.w; v/ WD zm.�g.0; v/; �h.0; v//C zRh.�g.w; 0//I

u W Fr.C / �M Fr.EM /! Fr.EG /
sbis;

u.'cx ; '
b
x/.w; v/ WD Qu.'

b
x.v//C '

c
x.w/I

� W Fr.EG /
sbis
! Fr.EG /

sbis;

�.�g/.w; v/ WD Q�.�g.�w; v C d�g .w///:

Lemma 4.10. The map d�g from Definition 4.7 satisfies the following properties:
(1) d�g D dut�g D dus�g ;
(2) if �g and �h are composable, then d�g D d�h D dm.�g ;�h/.

Proof. It is also clear that (1) implies (2); moreover, by definition of d�g , one has d�g D
dut�g . We only need to prove d�g D dus�g :

dus�g .w/ D
�
.s.�g/b/�1 ı Qt ı s.�g/c

�
.w/

D .s.�g/b/�1
�
Qt . zRg�1. Q�.�g.�w; d�g .w/////

�
D .s.�g/b/�1

�
Qs.�.�w; d�g .w///

�
D .s.�g/b/�1

�
Qs.�g.0; d�g .w/// ������

Qs.�g.w; 0//
�
D d�g .w/:

The proof of Theorem 4.9 is based on the fact that Frsbis.EG / can be described by
means of its fat groupoid QG .EG / (Definition 4.1). Notice first that the representations (4.1)
and (4.2) induce a left action of QG .EG / on Fr.C /!M and Fr.EM /!M , hence an action
(which we denote act) of QG .EG / on Fr.C /�M Fr.EM /!M . One can therefore consider
the action groupoid

QG .EG / �M .Fr.C / �M Fr.EM //⇒ Fr.C / �M Fr.EM /;

with source pr and target act.
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Lemma 4.11. Let EG be a VB-groupoid. The function

F W Frsbis.EG /! QG .EG / �M .Fr.C / �M Fr.EM //;

�g 7!
�
.g;Hg WD Im.�g.0; �///; .s.�g/c ; s.�g/b/

�
;

is a bijection such that

s.�g/ D pr.F.�g// and t.�g/ D act.F.�g//; 8�g 2 Frsbis.EG /:

Proof. The function F is well defined: indeed, the pair .g;Hg/ belongs to the fat group-
oid by definition of bisection frame, while s.�g/c and s.�g/b are frames of C and EM ,
respectively, by Lemmas 4.8 and 4.5. Furthermore, F is a bijection, with inverse given by

F �1
�
.g;Hg/; .'

c ; 'b/
�
.w; v/ WD .QsjHg /

�1.'b.v//C .QsjHg /
�1.Qt .'c.w///

� Q�. zRg/
�1.'c.w//:

The definition of pr and of F yields directly the first condition, i.e.,

pr.F.�g// D .s.�g/c ; s.�g/b/ D s.�g/

To check the second condition, we have to compute

act.F.�g// D
�
.g;Hg/ � s.�g/c ; .g;Hg/ � s.�g/b

�
:

Using (4.1), the second component becomes

.g;Hg/ � s.�g/b. �/ D .g;Hg/ � Qsg.�g.0; �// D Qtg ı .Qsg jIm.�g .0;� ///
�1
ı Qsg ı�g j¹0º�Rk . �/

D Qtg.�g.0; �// D t.�g/b. �/:

For the first component, first we notice that, for every w 2Rl ,

˛g WD �g.0; d�g .w//

belongs to Hg D Im.�g j¹0º�Rk / and satisfies

Qt .s.�g/c.w// D Qt . zRg ı Q� ı �g.�w; d�gw// D Qt . Q� ı �g.�w; d�gw//
D Qs.�g.�w; d�gw// D Qs.�g.0; d�gw//C((((((

Qs.�g.�w; 0// D Qs.˛g/:

Furthermore, using the interchange law,

s.�g/c.w/ D zRg. Q�.�g.�w; d�g .w//// D zm
�
Q�.�g.�w; d�g .w///; 0g

�
D zm

�
Q�.�g.0; d�g .w///C Q�.�g.�w; 0//; �g.w; 0/C �g.�w; 0/

�
D zm

�
Q�.�g.0; d�g .w///; �g.w; 0/

�
C zm

�
Q�.�g.�w; 0//; �g.�w; 0/

�
D Q�.˛g/ ı �g.w; 0/C Qu.Qs.�g.�w; 0///

D Q�.˛g/ ı �g.w; 0/C 01s.g/ D Q�.˛g/ ı �g.w; 0/:

Therefore, using (4.2),

.g;Hg/ � s.�g/c.w/ D ˛g ı s.�g/c.w/ ı 0g�1 D ˛g ı Q�.˛g/ ı �g.w; 0/ ı 0g�1

D 01t.g/ ı �g.w; 0/ ı 0g�1 D
zRg�1 ı �g.w; 0/ D t.�g/c.w/:
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Proof of Theorem 4.9. In general, given three sets G1, G2 and M , and given four maps
s1; t1WG1!M , s2; t2WG2!M , if there is a bijection between G1 and G2 which preserves
the maps s1; s2 and t1; t2, there we can transport a groupoid multiplication on G2 (with
source s2 and target t2) to one on G1 (with source s1 and target t1). The statement of the
theorem then follows from Lemma 4.11, by transporting the structure maps of the action
groupoid to Fr.EG /

sbis. Indeed, the multiplication satisfies

F.m.�g ; �h// D F
�
zm.�g j¹0º�Rk ; �hj¹0º�Rk /C zRh.�g jRl�¹0º/

�
D
�
.gh; Im. zm.�g j¹0º�Rk ; �hj¹0º�Rk ///; .s.m.�g ; �h//c ; s.m.�g ; �h//b/

�
D
�
.gh; zm.Hg ;Hh//; .s.�h/c ; s.�h/b/

�
D F.�g/F.�h/;

while in the last line we used the multiplication of the action groupoid. Similarly, for the
unit map one has

F.u.'cx ; '
b
x// D

�
.1x ; Im. Qu.'bx///; s.u.'

c
x ; '

b
x//

c ; s.u.'cx ; '
b
x//

b
�

D
�
.1x ; Qu.EM /x/; '

c
x ; '

b
x

�
D u.'cx ; '

b
x/;

and for the inversion,

F.�.�g// D
��
g�1; Im. Q�.�g.0; �///

�
;
�
s.�.�g//c ; s.�.�g//b

��
D
��
g�1; Q�.Im.�g.0; �///

�
;
�
t.�g/c ; t.�g/

��
D i.F.�g//:

Remark 4.12 (PB-groupoids and transitivity). It is known that, given a VB-groupoid
EG ⇒ EM over G ⇒M , if the groupoid EG ⇒ EM is transitive, then G ⇒M is transit-
ive as well (but the converse does not hold). For PB-groupoids, the issue is more intricate,
since there are more groupoid structures in play (including those of the structural Lie
2-groupoid). In particular, it is not clear if/when the groupoid structure on Fr.EG /

sbis ⇒
Fr.C / �M Fr.EM / from Theorem 4.9 is transitive; we are currently looking into it, with
the goal of providing an equivalent description in term of a “gauge PB-groupoid”. This
could shed lights on the relation between our correspondence VB/PB-groupoids, and the
correspondence DVB/DPB discussed in [31]. ♢

4.3. The (set-theoretical) 2-action on the s-bisection frames

As anticipated, after having shown that Frsbis.EG /⇒ Fr.C / �M Fr.EM / is a set-theoret-
ical groupoid (Theorem 4.9), we describe now the (free) action of the general linear
2-groupoid GL.l; k/ on Frsbis.EG /. In the next section we will deal with the smoothness
of these spaces, and such action will turn out to be smooth and principal.

To this end, recall (e.g., from [29, 43]) that, given any Lie subgroup G � GL.l C k/,
a G-structure on a vector bundle E !M of rank l C k is a principal G-subbundle of the
frame bundle Fr.E/!M . In particular, let GLl .l C k/ denote the group of block matrices�
A1 A2
0 A4

�
, where A1 2 GL.l/ and A4 2 GL.k/. Then there is a 1-1 correspondence®

GLl .l C k/-structures on E
¯
”

®
rank l vector subbundle D � E over M

¯
:
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Indeed, to any such D one associates the subbundle Fr.E; D/ � Fr.E/ consisting of
frames �x WRlCk ! Ex preserving Dx , i.e., such that �x.Rk � ¹0º/ � Dx . The right
GL.l C k/-action on Fr.E/, i.e., .�x ; A/ 7! �x ı A, restricts to a GLl .l C k/-action on
Fr.E; D/, since �x.A.w; 0// D �x.A1w; 0/. We conclude that Fr.E; D/ is a principal
GLl .l C k/-subbundle of Fr.E/. Conversely, given any principal GLl .l C k/-subbundle
P � Fr.E/, one defines uniquely a rank k subbundle D � E by taking Dx as the union
of the subspaces �x.Rl � ¹0º/ � Ex , for all �x 2Px , so that P D Fr.E;D/.

Theorem 4.13. Let EG ⇒ EM be a VB-groupoid of rank .l; k/ over a Lie groupoid
G ⇒ M . There the (principal) right Lie group actions of GL.l C k/ on Fr.EG / and
of GL.l/ � GL.k/ on Fr.C / � Fr.EM / induce a canonical right free 2-action of the
(Lie) 2-groupoid GL.l;k/ (Definition 2.24) on the (set-theoretical ) groupoid Frsbis.EG /⇒
Fr.C / � Fr.EM / from Theorem 4.9, with moment map given by Lemma 4.10 as

� W Frsbis.EG /! GL.l; k/0; �g 7! d�g :

More precisely, the induced 2-action is defined as follows:
• the right groupoid action of GL.l; k/2 ⇒ GL.l; k/0 on Frsbis.EG / is given by

�g �

�
d;

�
A JB

0 B

��
WD �g �

�
A JB

0 B

�
I

• the right groupoid action of GL.l; k/1⇒ GL.l; k/0 on Fr.C /�M Fr.EM / is given by

.'cx ; '
b
x/ � .d; A;B/ WD .'

c
x � A; '

b
x � B/:

Proof. First of all, notice that ker.Qs/ � EG is a rank l vector subbundle, and the corres-
ponding GLl .l C k/-structure Fr.EG ; ker.Qs// (see the discussion above) coincides pre-
cisely with the set of all frames �g 2 Fr.EG / satisfying the first condition of Defini-
tion 4.3. Accordingly, the GL.l C k/-action on Fr.EG / restricts to a GLl .l C k/-action
on Fr.EG ; ker.Qs//.

When imposing also the second condition of Definition 4.3, i.e., when restricting
Fr.EG ; ker.Qs// to Frsbis.EG /, then the action of the Lie group GLl .l C k/ � GL.l C k/
induces an action of the Lie 2-groupoid GL.l; k/ from Definition-Example 2.24. Indeed,
by Lemma 4.10, the map � satisfies

�.�g/ D �.us�g/ D �.ut�g/

for any s-bisection frame �g , hence this is a Lie 2-groupoid action as a direct consequence
of Proposition 4.14.

Lemma 4.14. Let EG ⇒ EM be a VB-groupoid of rank .l; k/ over G ⇒M and consider
two composable arrows g; h 2 G , three frames �g ; �0g ; �

00
g 2 Frsbis.EG /, and two frames

�h; �
0
h
2Frsbis.EG / such that �g ; �h and �0g ; �

0
h

are composable with respect to the group-
oid structure on Frsbis.EG /⇒ Fr.C / �M Fr.A/ from Theorem 4.9.

(1) The unique matrixMg 2GL.l C k/ satisfying �gMg D �
0
g also satisfies .d�g ;Mg/2

GL.l; k/2 and d�0g D s20.d�g ;Mg/.
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(2) If M 0g ;M
00
g 2GL.l C k/ are the unique matrices satisfying

�0gM
0
g D �

00
g and �gM

00
g D �

00
g ;

then
.d�g ;M

00
g / D .d�g ;Mg/ ı20 .d�0g ;M

0
g/:

(3) If C;A2GL.l/ and D;B 2GL.k/ are the unique matrices satisfying

s.�g/cC D s.�0g/c ; s.�g/bB D s.�0g/b;

t.�g/cA D t.�0g/c and t.�g/bD D t.�0g/b;

then
.d�g ; C; B/ D s21.d�g ;Mg/ 2 GL.l; k/1

and .d�g ; A;D/ D t21.d�g ;Mg/ 2 GL.l; k/1:

(4) If Mh is the unique matrix satisfying �hMh D �0
h
, and Mgh is the unique matrix

satisfying .�g ı �h/Mgh D .�
0
g ı �

0
h
/, then

.d�g ;Mgh/ D .d�g ;Mg/ ı21 .d�h ;Mh/:

Proof. This is mostly a calculation. We will only show part (3); the other parts can be
proved with similar arguments.

Given any �g ; �0g 2 Fr.EG /g , there exist unique matrices A, B , C , D and Mg (inter-
preted as “changes of coordinates”) such that

.t.�g/c ; t.�/b/ �g .s.�g/c ; s.�g/b/

.t.�0g/c ; t.�0g/b/ �0g .s.�0g/c ; s.�0g/b/:

A�D Mg C�B

Because of the definitions of s and t for the s-bisection frames, in particular the first l
coordinates in t and the last k coordinates on t, the matrixMg 2GL.l C k/must be of the
form

Mg D

�
A JB

0 B

�
;

for some l � k matrix J . Spelling out what this means, one gets that:
• A is the unique matrix such that �g.Aw; 0/ � �0g.w; 0/ D 0 for all w 2Rl ;

• B is the unique matrix such that Qs�g.0; Bv/ � Qs�0g.0; v/ D 0 for all v 2Rk ;

• J is the unique l � k matrix such that �g.JBv; Bv/ D �0g.0; v/ for every v 2Rk ,
equivalently,

J D ��1g .�0g.0; B
�1
�/ � �g.0; �//I

• �g.Aw C JBv;Bv/ D �
0
g.w; v/ for all .w; v/2RlCk .
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Now we want to calculate D and C in terms of A;B; J and d�g . By definition, D is
the matrix such that

t�g.0;Dv/ D t�0g.0; v/:
Using the definition of d�g for the equality .?/ and that �gMg D �

0
g in the equality .??/,

we get

t�g.0; d�gJBv C Bv/
.?/
D t�g.JBv;Bv/

.??/
D t�0g.0; v/ D t�g.0;Dv/;

therefore we conclude

D D d�gJB C B D .I C d�gJ /B:

The value for D implies part of statement (1) of this lemma, i.e.,

s20.d�g ;Mg/ D ..I C d�gJ /D/
�1d�gA D d�0g :

Later in this argument we will use this fact in the form of d�gA D .I C d�gJ /Dd�0g .
Last, C is the unique l � l matrix satisfying, for any w 2Rl ,

s.�g/c.Cw/ D s.�0g/
c.w/ ) zRg Q�

�
�g.Cw;�d�gCw/

�
D zRg Q�

�
�0g.w;�d�0gw/

�
;

so that

�g.Cw;�d�gCw/ D �
0
g.w;�d�0gw/ D �g.Aw � JDd�0gw;�Dd�0gw/:

Now we use that d�gA D .I C d�gJ /Dd�0g and obtain

�g.Cw;�d�gCw/ D �g.Aw � J.I C d�gJ /
�1d�gAw;�.I C d�gJ /

�1d�gAw/:

Therefore we have
C D .I � J.I C d�gJ /

�1d�g /A:

To conclude the proof, we need to show that

I � J.I C d�gJ /
�1d�g D .I C Jd�g /

�1:

Indeed,

.I � J.I C d�gJ /
�1d�g /.I C Jd�g /

D I � J.I C d�gJ /
�1d�g C Jd�g � J.d�gJ C I /

�1d�gJd�g

D I � J
�
.I C d�gJ /

�1
� I C .d�gJ C I /

�1d�gJ
�
d�g

D I � J
�
.d�gJ C I /

�1.I C d�gJ / � I
�
d�g D I;

and similarly,
.I C Jd�g /.I � J.I C d�gJ /

�1d�g / D I:

The discussion above is summarised by the source and target as in Definition 2.24:

�
d�g ; A ; .I C d�gJ /B D D

� �
d�g ;

�
A JB

0 B

��
t21

�
d�g ; C D .I C Jd�g /

�1A ; B
�s21
:
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4.4. The smooth structure of the s-bisection frames

As anticipated, in this section we take care of the smoothness issues, concluding the proof
that Frsbis.EG / defines a PB-groupoid.

Theorem 4.15. LetEG ⇒EM be a VB-groupoid of rank .l;k/ over a Lie groupoid G⇒M .
Then

• the total space of the set-theoretical groupoid Frsbis.EG /⇒ Fr.C / �M Fr.EM / from
Theorem 4.9 is a submanifold of Fr.EG /;

• the set-theoretical 2-action from Theorem 4.13 is a smooth principal action.

Proof. We begin by proving the existence, around any point of G , of smooth local sections
of Fr.EG /! G taking values in Frsbis.EG /. First of all, since Qs and Qt are submersions,
around any g 2 G there are local sections taking values in Fr.ker.Qs// and in Fr.ker.Qt //. Let
us think of frames as a local ordered basis: .e1; : : : ; el / is an ordered basis for ker.Qs/ and
.f1; : : : ; fl / an ordered basis for ker.Qt /. We now describe an algorithm to get s-bisection
frames.

Set a counter i D 1 and take non-vanishing local sections hi that are not in the span of
.e1; : : : ; elCi�1/ and h0i that are not in the span of .f1; : : : ; flCi�1/. Then let

elCi D flCi WD hi C h
0
i

and redefine i D i C 1. Repeating this process until i D k C 1 we get that for i between
l C 1 and l C k, the elements ei D fi are linearly independent and not in ker.Qs/ nor in
ker.Qt /, therefore the ordered basis of sections .e1; : : : ; elCk/ is equivalent to an s-bisection
frame.

Recall now that, since Fr.EG / ! G is a principal bundle, the smooth structure of
Fr.EG / is given by smooth local sections �i WUi ! Fr.EG /, which we can pack together
as a section �WUG ! Fr.EG /, where

UG WD

G
i2I

Ui

and .Ui /i2I is an open cover of G . This structure is the only one making the local trivial-
isation

' W UG � GL.l C k/! Fr.EG /; .g; A/ 7! �.g/ � A

a local diffeomorphism. By the first part of the proof, we can assume that � takes values
in Frsbis.EG /. Since being an immersed submanifold is a local property, we check that
Frsbis.EG / is smooth using the local trivialisation '. By part (1) of Lemma 4.14, the subset
Frsbis.EG / � Fr.EG / locally looks like

'�1.Frsbis.EG // D UG d��t20 GL.l; k/2:

Since t20 is a submersion, and for any g 2UG the natural inclusion GL.l; k/2jd�.g/ ,!
GL.l C k/ is a submanifold, then

UG d��t20 GL.l; k/2 ,! UG � GL.l C k/

is a submanifold and so is Frsbis.EG / � Fr.EG /.
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Similarly, using part (3) of Lemma 4.14 and the local trivialisation, one can check that
the source and target maps of Frsbis.EG /⇒ Fr.C /�M Fr.EM / are submersions, and using
part (4) of the same lemma, that the multiplication is smooth. We conclude that Frsbis.EG /

is a Lie groupoid.
Last, the 2-action is smooth since, by part (2) of Lemma 4.14, under the local trivial-

isation ' it corresponds to the canonical (smooth) right action of GL.l; k/ on UG d��t20
GL.l; k/2 with moment map

� W UG d��t20 GL.l; k/2 ! GL.l; k/0; .g; d�.g/;Mg/ 7! s20.d�.g/;Mg/:

4.5. Second half of the correspondence

Now we move to the “inverse” of Theorem 3.22. Recall that, given any vector bundle
E !M of rank k, the set Fr.E/ of its frames is a principal GL.k/-bundle over M .

Theorem 4.16. Given any VB-groupoid EG ⇒ EM of rank .l; k/ over G ⇒ M , its
s-bisection frame bundle Frsbis.EG / (Definition 4.3) defines a PB-groupoid over G ⇒M

(Definition 3.17), with structural Lie 2-groupoid GL.l; k/.

Proof. It follows by combining Theorems 4.9, 4.13, and 4.15.

Theorem 4.17. Let G ⇒ M be a Lie groupoid; then Theorem 3.22 and Theorem 4.16
give a 1-1 correspondence between

• VB-groupoids of rank .l; k/ over G ⇒M ;
• PB-groupoids over G ⇒M with structural Lie 2-groupoid GL.l; k/.

More precisely, any VB-groupoidEG ⇒EM is isomorphic to the VB-groupoid associated
to the s-bisection frame bundle of EG and the canonical representation of GL.l; k/ from
Example 3.9, i.e.,

Frsbis.EG / �GL.l;k/0 .R
l �Rk � GL.l; k/0/

GL.l; k/2
G

.Fr.C / �M Fr.EM // �GL.l;k/0 .R
k � GL.l; k/0/

GL.l; k/1
M:

QsQt st

�G

�M

Conversely, any PB-groupoid PG ⇒ PM is isomorphic to the s-bisection frame bundle
of its associated VB-groupoid (Definition 4.3), i.e.,

Frsbis
�PG �GL.l;k/0 .R

k �Rl � GL.l; k/0/
GL.l; k/2

�
G

Fr
�PM �GL.l;k/0 .R

k � GL.l; k/0/
GL.l; k/1

�
�M Fr

�PG jM �GL.l;k/0 .R
l � GL.l; k/0/

GL.l; k/2

�
M:

st st

…G

…M
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Proof. For the first part, it is enough to check that

Frsbis.EG / �GL.l;k/0 .R
l �Rk � GL.l; k/0/

GL.l; k/2
! EG ; Œ�; .v; w; g/� 7! �.v;w/

and

.Fr.EM / � Fr.C // �GL.l;k/0 .R
k � GL.l; k/0/

GL.l; k/1
! EM ; Œ.'bx ; '

c
x/; .v; g/� 7! 'cx.v/

are well-defined isomorphisms of vector bundles.
For the second part, it is enough to check that, for every p 2PG , the map

�p W R
k
�Rl � GL.l; k/0 !

PG �GL.l;k/0 .R
k �Rl � GL.l; k/0/

GL.l; k/2
,

.v; w; g/ 7! Œp; .v; w; g/�;

is an s-bisection frame, and therefore

PG ! Frsbis
�PG �GL.l;k/0 .R

k �Rl � GL.l; k/0/
GL.l; k/2

�
; p 7! �p;

is an isomorphism of principal .GL.l; k/2 ⇒ GL.l; k/0/-bundles. Similarly,

PM ! Fr
�PM �GL.l;k/0 .R

k�GL.l; k/0/
GL.l; k/1

�
�M Fr

�PG jM �GL.l;k/0 .R
l �GL.l; k/0/

GL.l; k/2

�
;

q 7! s.�u.q// D t.�u.q//;

is an isomorphism of principal .GL.l; k/1 ⇒ GL.l; k/0/-bundles.

5. Examples

We illustrate the correspondence between VB- and PB-groupoids by describing the s-bi-
section frame bundle of several classes of VB-groupoids.

5.1. Special cases of VB-groupoids

Example 5.1 (Trivial core). Let EG ⇒ EM be a VB-groupoid of rank .0; k/, i.e., with
core C D 0 and rank.EG ! G / D rank.EM ! M/ D k (Example 2.7). Then its s-bi-
section frame bundle boils down to the Lie groupoid

Fr.EG /⇒ Fr.EM /

with structure maps

s W Fr.EG /! Fr.EM /; s.�g/ D Qs ı �g I
t W Fr.EG /! Fr.EM /; t.�g/ D Qt ı �g I
m W Fr.EG / �s t Fr.EG /! Fr.EG /; m.�g ; �h/.v/ WD zm.�g.v/; �h.v//I
u W Fr.EM /! Fr.EG /; u.'x/ WD Qu ı 'x I
� W Fr.EG /! Fr.EG /; �.�g/ WD Q� ı �g :
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Indeed, given a frame �g WR0Ck ! .EG /g , condition (1) in Definition 4.3 is trivially
satisfied since �g jR0�¹0º D 0, while the second condition holds true as �g j¹0º�Rk D �g ,
hence its image coincides with the entire .EG /g since �g is a linear isomorphism.

Equivalently, since the fat groupoid QG .EG / is isomorphic to G (Example 4.2), the
action groupoid QG .EG /�M .Fr.C /�M Fr.EM // becomes simply G �M Fr.EM /. In turn,
this is an equivalent description of Fr.EG / since EG Š G �M EM .

Note also that, due to Hom.R0;Rk/ D ¹0º, the structural Lie 2-groupoid GL.0; k/
boils down to a Lie 2-group (Definition 2.22), simply given by the unit groupoid GL.k/⇒
GL.k/. ♢

Example 5.2 (Trivial base). Let EG ⇒ EM be a VB-groupoid of rank .l; 0/, i.e., with
EM D 0 and rank.EG ! G / D rank.C ! M/ D l (Example 2.8). Then its s-bisection
frame bundle boils down to the Lie groupoid

Fr.EG /⇒ Fr.C /

with structure maps

s W Fr.EG /! Fr.C /; s.�g/ WD � zRg ı Q� ı �g I

t W Fr.EG /! Fr.C /; t.�g/ D zRg�1 ı �g I

m W Fr.EG / �s t Fr.EG /! Fr.EG /; m.�g ; �h/.w/ WD zRh.�g.w//I
u W Fr.C /! Fr.EG /; u.'x/ WD 'x I
� W Fr.EG /! Fr.EG /; �.�g/ WD �Q� ı �g :

Indeed, given a frame �g WRlC0 ! .EG /g , both conditions in Definition 4.3 are trivi-
ally satisfied since Qs and Qt are the zero map, hence their kernels coincide with the entireEG .

Equivalently, since the fat groupoid QG .EG / is isomorphic to G (Example 4.2), the
action groupoid QG .EG / �M .Fr.C / �M Fr.EM // becomes simply G �M Fr.C /. In turn,
this is an equivalent description of Fr.EG / since EG Š G �M C .

Note also that, due to the fact that Hom.Rl ;R0/ D ¹0º, the structural Lie 2-groupoid
GL.l; 0/ boils down to a Lie 2-group (Definition 2.22), simply given by the unit groupoid
GL.l/⇒ GL.l/. ♢

Example 5.3 (Pullback VB-groupoid). Let G ⇒ M be a Lie groupoid, let � WEM!M

be a vector bundle of rank k, and consider the pullback VB-groupoid

EG WD EM �� t G �s � EM ! G ;

which has rank .k; k/ (see Example 2.9). Then its s-bisection frame is isomorphic to a
Lie subgroupoid of the pullback groupoid PG of G with respect to the principal bundle
Fr.EM / �M Fr.EM /!M , i.e.,

PG WD
�
Fr.EM /�M Fr.EM /

�
�� t G �s �

�
Fr.EM /�M Fr.EM /

�
⇒ Fr.EM /�M Fr.EM /I

more precisely,

Frsbis.EG / Š
®
.'1t.g/; '

2
t.g/; g; '

3
s.g/; '

4
s.g// 2 PG j'

3
s.g/ D '

4
s.g/ ı .'

2
t.g//

�1
ı '1t.g/

¯
� PG :
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Indeed, any frame �g of EG ! G at g 2G takes the form

�g D .�
1
g ; g; �

3
g/ W R

2k
! .EG /g D .EM /t.g/ � ¹gº � .EM /s.g/:

Then the first condition from Definition 4.3 becomes

�3g.w; 0/ D 0;

which implies that �1g. �; 0/ is a frame of EM ! M , while the second condition guaran-
tees that �1g.0; �/ and �3g.0; �/ are frames of EM ! M . Moreover, since the core-anchor
�WEM ! EM is the identity, the map d� WRk ! Rk from Lemma 4.10 is defined by

�1g.w; 0/ D �
1
g.0; d�.w//; 8w 2Rk ;

i.e., it is the linear isomorphism

d� D .�
1
g.0; �//

�1
ı �1g. �; 0/:

This shows that any s-bisection frame �g is encoded in the arrow g together with a quad-
ruple of frames of EM , namely,�

'1t.g/ WD �
1
g. �; 0/; '

2
t.g/ WD �

1
g.0; �/; '

3
s.g/ WD �

3
g.0; d. �//; '

4
s.g/ WD �

3
g.0; �/

�
;

where '3
s.g/

is by construction the composition

'4s.g/ ı d� D '
4
s.g/ ı .'

2
t.g//

�1
ı '1t.g/:

Moreover, the restrictions of the structure maps of the pullback groupoid

PG ⇒ Fr.EM / �M Fr.EM /

coincide with those of Theorem 4.9. ♢

Example 5.4 (Canonical VB-groupoid). The fact that the frame bundle of the canonical
vector space Rn coincides with general linear group GL.n/, with the principal action of
GL.n/ on itself, can be generalised to VB-groupoids. More precisely, we will show that
the s-bisection frame bundle of the canonical VB-groupoid R.l;k/ (Example 2.10) coin-
cides with the PB-groupoid associated, via Example 3.21, to the general linear 2-groupoid
GL.l; k/ (Example 2.24), i.e., with

GL.l; k/2 GL.l; k/0

GL.l; k/1 GL.l; k/0

s21t21 idid

t20

t10

with the principal action of GL.l; k/ on itself.
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Indeed, one checks immediately that the frame bundle of the core of R.l;k/ is

Fr.C / D Fr
�
Rl � GL.l; k/0 ! GL.l; k/0

�
Š GL.l/ � GL.l; k/0;

while the frame bundle of the base of R.l;k/ is

Fr.EM / D Fr
�
Rk � GL.l; k/0 ! GL.l; k/0

�
Š GL.k/ � GL.l; k/0;

so that their fibred product is

Fr.C / �GL.l;k/0 Fr.EM / Š GL.l; k/0 � GL.l/ � GL.k/ D GL.l; k/1:

On the other hand, the frame bundle of the trivial vector bundle

R.l;k/2 D Rl �Rk � GL.l; k/0 ! GL.l; k/0

is the trivial bundle principal bundle

GL.l C k/ � GL.l; k/0 ! GL.l; k/0:

To conclude that Frsbis.R.l;k/2 / D GL.l; k/2, it is enough to check that the conditions
of Definition 4.3 coincide with those defining GL.l; k/2 � GL.l C k/ � GL.l; k/0 in
Example 2.24. To this end, consider an element g 2G D GL.l; k/0 and a frame

�g W R
l
�Rk ! .R.l;k/2 /g D Rl �Rk � ¹gº;

which is identified with a block matrix in GL.l C k/, i.e.,

�g.w; v/ D

�
M1 M2

M3 M4

��
w

v

�
D

�
M1w CM2v

M3w CM4v

�
:

Then condition (1) of Definition 4.3 is equivalent to M3 D 0, since

ker.Qs/g D Rl � ¹0º � ¹gº:

Similarly, from condition (2) of Definition 4.3, it follows that M4 is invertible (hence M1

is invertible as well, by the properties of block matrices). Setting

J WDM2.M4/
�1
W Rk ! Rl ;

one can check the rest of the conditions defining GL.l; k/2 via computations completely
analogous to those in part 3 of Lemma 4.14. ♢

5.2. Tangent VB-groupoids

Example 5.5 (Tangent VB-groupoids). Let G ⇒ M be a Lie groupoid and consider its
tangent VB-groupoid EG D T G ⇒ EM D TM , whose core C coincides with the Lie
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algebroid A D Lie.G / (Example 2.3). Then the Lie groupoid structure of the s-bisection
frame bundle Frsbis.G /⇒ Fr.A/ �M Fr.M/ admits a simpler description as

s W Fr.G /sbis
! Fr.A/ �M Fr.M/;

s.�g/.w; v/ D
�
dg�1Rg.d�.�g.�w; d�g .w////; dgs.�g.0; v//

�
I

t W Fr.G /sbis
! Fr.A/ �M Fr.M/;

t.�g/.w; v/ D
�
dgRg�1.�g.w; 0//; dg t .�g.0; v//

�
I

m W Fr.G /sbis
�s t Fr.G /sbis

! Fr.G /sbis;

m.�g ; �h/.w; v/ WD d.g;h/m
�
�g.0; v/; �h.0; v/

�
C dgRh.�g.w; 0//I

u W Fr.A/ �M Fr.M/! Fr.G /sbis; u.'ax ; '
b
x/.w; v/ WD dxu.'

b
x.v//C '

a
x .w/I

� W Fr.G /sbis
! Fr.G /sbis; �.�g/.w; v/ WD dg�.�g.�w; v C d�g .w///:

Equivalently, since QG .T G / coincides with the jet groupoid J 1G , i.e., the space of
1-jets of bisections of G , one can interpret Fr.G /sbis as the action groupoid J 1G �M
.Fr.A/ �M Fr.M//, for the canonical representations of J 1G on A and TM .

One can also write down the structure maps of the s-bisection frame bundle of the
cotangent VB-groupoid T �G (Example 2.4) and describe a canonical isomorphism of PB-
groupoids Frsbis.T G /! Frsbis.T �G / over Fr.A/ �M Fr.TM/! Fr.T �M/ �M Fr.A�/.
This will be discussed in greater generality in the next section. ♢

We consider now a few special cases of Example 5.5.

Example 5.6 (Pair groupoids). Let G D M �M ⇒ M be the pair groupoid of an n-di-
mensional manifoldM , and consider its tangent VB-groupoid T G D TM � TM ⇒ TM ,
which is the pair groupoid of TM and has rank .n; n/. A frame �.x;y/ of T G at g D
.x; y/ 2M �M takes the form

�.x;y/ W R
2n
! TxM � TyM; .w; v/ 7! .�x.w; v/; �y.w; v//:

Then the first condition from Definition 4.3 becomes

�y.w; 0/ D 0 for every w 2Rn;

which implies that �y.0; �/ is a frame of M , while the second condition guarantees that
�x. �; 0/ and �x.0; �/ are frames ofM . Last, since the core-anchor of TM � TM ⇒ TM is
the anchor of the Lie algebroid TM !M , i.e., the identity idTM , the map d� WRn ! Rn

from Lemma 4.10 is a linear isomorphism defined by

�x.w; 0/ D �x.0; d�.w//:

Using the definition of the structure maps of the pair groupoid, together with the fact that

d.x;y/R.y;z/.˛x ; 0y/ D .˛x ; 0z/;
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one can see that the groupoid structure of Fr.M �M/sbis ⇒ Fr.M/�M Fr.M/ is given by

s.�.x;y// D .�y.0; d�g .�//; �y.0; �//; t.�.x;y// D .�x. �; 0/; �x.0; �//I

m.�1.x;y/; �
2
.y;z//.w; v/ WD .�

1
x.0; v/; �

2
z .0; v//C .�

1
x.w; 0/; 0z/I

u.'ax ; '
b
x/.w; v/ WD .'

b
x.v/; '

b
x.v//C .'

a
x .w/; 0x/;

�.�g/.w; v/ WD .�y.0; v C d�g .w//; �x.0; v//: ♢

Example 5.7 (Étale Lie groupoids). Let G ⇒M be an étale Lie groupoid, with dim.G /D
dim.M/D k, and consider its tangent VB-groupoid EG D T G ⇒ EM D TM , which has
rank .0; k/ and core Lie.G / D 0. As per Example 5.1, both conditions in Definition 4.3
are empty, therefore

Fr.G /sbis
D Fr.G /;

and the groupoid structure of Fr.G /⇒ Fr.M/ is given by

s.�g/ D dgs ı �g ; t.�g/ D dg t ı �g I
m.�g ; �h/.v/ WD d.g;h/m.�g.v/; �h.v//I
u.'x/ WD dxu ı 'x ; �.�g/ WD dg� ı �g :

A particular instance of this example is given by the unit groupoid G D M ⇒ M : since
s D t D idM , the formulae above show that its s-bisection frame bundle is precisely the
unit groupoid of Fr.M/, i.e., its multiplication reduces to

m.�g ; �h/ D �g D �h: ♢

Example 5.8 (Lie groups). Let G ⇒ M D ¹�º be an l-dimensional Lie group and con-
sider its tangent VB-groupoid EG D TG ⇒ EM D ¹�º, which has rank .l; 0/ and core
g D Lie.G/. As per Example 5.2, both conditions in Definition 4.3 are empty, therefore

Fr.G/sbis
D Fr.G/;

and the groupoid structure of Fr.G/⇒ Fr.g/ is given by

s.�g/ WD �dg�1Rg ı dg� ı �g D dgLg�1 ı �g ; t.�g/ D dgRg�1 ı �g I
m.�g ; �h/.w/ WD dgRh.�g.w//I
u.'x/ WD 'x ; �.�g/ WD �dg� ı �g : ♢

Example 5.9 (Bundles of Lie groups). Let � W G ! M be a bundle of Lie groups, i.e.,
a Lie groupoid where source and target coincide, and consider its tangent VB-groupoid
d� WT G ! TM , which is a bundle of Lie groups as well. Then

Frsbis.G / D ¹�g 2 Fr.G / j�g.w; 0/ 2 ker.dg�/ 8w 2Rlº;

since the first condition in Definition 4.3 implies the second one by Lemma 4.4 and using
s D t D � .

Moreover, the map d� from Lemma 4.10 is zero. Indeed, the element d�.w/2Rk is
defined by

d�.�g.0; d�.w/// D d�.�g.w; 0// D 0;



F. Cattafi and A. Garmendia 386

i.e., by �g.0; d�.w// 2 ker.d�/. However, �g.0; d�.w// belongs also to Im.�g j¹0º�Rk /,
therefore it vanishes due to Lemma 4.5. Since �g is an isomorphism, it follows that
d�.w/ D 0. Then the groupoid structure of Fr.G /sbis ⇒ Fr.A/ � Fr.M/ can be written as

s.�g/.w; v/ D
�
dg�1Rg.d�.�g.�w; 0///; dg�.�g.0; v//

�
I

t.�g/.w; v/ D
�
dgRg�1.�g.w; 0//; dg�.�g.0; v//

�
I

m.�g ; �h/.w; v/ WD d.g;h/m.�g.0; v/; �h.0; v//C dgRh.�g.w; 0//I

u.'ax ; '
b
x/.w; v/ WD dxu.'

b
x.v//C '

a
x .w/; �.�g/.w; v/ WD dg�.�g.�w; v//: ♢

5.3. PB-groupoid of the dual VB-groupoid

Recall that the fat groupoid of any VB-groupoid EG ⇒ EM is canonically isomorphic to
the fat groupoid of its dual VB-groupoid E�

G
⇒ C � (Example 2.5); the isomorphism is

given by
zG .EG /! zG .E

�
G /; .g;Hg/! .g;H ıg /;

where H ıg � .E
�
G
/g is the annihilator of Hg � .EG /g . Then one has the following chain

of isomorphisms of Lie groupoids:

Frsbis.E�G / Š
zG .E�G / �M .Fr.E�M / �M Fr.C �// Š zG .EG / �M .Fr.C / �M Fr.EM //

Š Frsbis.EG /:

The goal of this subsection is to describe the isomorphism Frsbis.E�
G
/ Š Frsbis.EG / as a

PB-groupoid isomorphism and provide an explicit formula (see Propositions 5.12 and 5.13
below) starting from the definition of s-bisection frame bundle of a VB-groupoid. To
this end, as anticipated, we will have to consider a version of Definition 4.3 obtained by
switching Qs and Qt and replacing Rl � Rk with Rk � Rl . This will yield a PB-groupoid
structure which is isomorphic to the one described in Theorems 4.9 and 4.15, and which
will work as a bridge between the s-bisection and the t -bisection frame bundles.

Definition 5.10. Let EG ⇒ EM be a VB-groupoid of rank .l; k/ over G ⇒M . A frame
�g 2 Fr.EG / is called a t -bisection frame if the following two conditions holds:

(1) �g j¹0º�Rl takes values in ker.Qtg/;

(2) the imageHg � .EG /g of �g j¹0º�Rk is an element of the fat groupoid QG .EG / (Defin-
ition 4.1).

The collection

Fr.EG /
tbis
WD ¹�g WR

lCk
! .EG /g j �g t -bisection frameº � Fr.EG /:

of t -bisection frames of EG is called the t -bisection frame bundle of EG . ♦

Proposition 5.11. Given a VB-groupoid EG ⇒ EM of rank .l; k/ over a Lie groupoid
G ⇒ M , its t -bisection frame bundle Fr.EG /

tbis (Definition 5.10) is a Lie groupoid over
Fr.EM / �M Fr.C /, where C !M is the core of EG ⇒ EM (Definition 2.2), with struc-
ture maps induced by those of EG ⇒ EM .
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Moreover, Fr.EG /
tbis is a (left) PB-groupoid over G ⇒M with structural Lie 2-group-

oid GL.l; k/ (Example 2.24), with principal left 2-action given by

A � �g WD �g ı T ı A
T
ı T;

where T is the map which flips the first and second group of coordinates in RlCk :

T W Rl �Rk ! Rk �Rl ; .w1; : : : ; wl ; v1; : : : ; vk/ 7! .vk ; : : : ; v1; wl ; : : : ; w1/:

Proof. The proof is formally identical to those of Theorems 4.9 and 4.15. In particular,
note that, if A2GL.l; k/2, then T ı AT ı T sends ¹0º �Rl to ¹0º �Rl and Rk � ¹0º to
Rk � ¹0º, hence it preserves the definition of t -bisection frame. The left action is therefore
well-defined since .AB/T D BTAT and T is an involution.

Given any VB-groupoid, the PB-groupoid structure of its s-bisection frame bundle and
that of its t -bisection frame bundle are actually the same, up to the inversion Q� of EG and
the flip T .

Proposition 5.12. Let EG ⇒ EM be a VB-groupoid of rank .l; k/ over a Lie groupoid
G ⇒M . Then there is a canonical PB-groupoid isomorphism

 W Frsbis.EG /! Frtbis.EG /; �g 7! Q� ı �g ı T;

over the diffeomorphism

Fr.C / �M Fr.EM /! Fr.EM / �M Fr.C /; .'c ; 'b/ 7! .'b; 'c/;

and with respect to the Lie 2-groupoid isomorphism

GL.l; k/! GL.l; k/; A 7! AT :

Proof. The flip T guarantees that the restrictions of a frame �g in Definition 4.3 are
mapped precisely to the restrictions in Definition 5.10, while the inversion Q� transforms
ker.Qs/ into ker.Qt /, so that s-bisection frames are sent to t -bisection frames. This defines an
isomorphism of Lie groupoids, with the inverse given by the same map �g 7! Q� ı �g ı T ,
since both Q� and T are involutions.

Moreover,  is equivariant with respect to the right and the left principal 2- action of
GL.l; k/ and the isomorphism A 7! AT , since

AT �  .�/ D  .�/ ı T ı .AT /T ı T D Q� ı � ı T ı T ı A ı T D Q� ı � ı A ı T

D Q� ı .� � A/ ı T D  .� � A/:

Recall that, given a frame �WRlCk ! V on a vector space V , its dual frame is the
isomorphism ��WRlCk ! V � satisfying

��.ei /.�.ej // D ıij ;

where ¹eiº is the canonical basis of RkCl . Accordingly, for every vector bundle E !M ,
there is a diffeomorphism (actually an isomorphism of principal bundles)

Fr.E/! Fr.E�/; � 7! ��:
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Proposition 5.13. Let EG ⇒ EM be a VB-groupoid of rank .l; k/ over a Lie groupoid
G ⇒ M , and E�

G
⇒ C � its dual VB-groupoid (Example 2.5). Then there is a canonical

PB-groupoid isomorphism

ˆ W Frsbis.EG /! Frtbis.E�G /; �g 7! ��g ;

over the diffeomorphism

Fr.C / �M Fr.EM /! Fr.C �/ �M Fr.E�M /; .'c ; 'b/ 7! ..'c/�; .'b/�/;

and with respect to the Lie 2-groupoid isomorphism

GL.l; k/! GL.l; k/; A 7! AT :

Note that E�M is the core of E�
G

and C � its base.

Proof. Given an element � 2 Frsbis.EG /, its corresponding dual frame �� belongs to
Frtbis.E�

G
/ by Lemma 5.14. The fact that ˆ is equivariant with respect to the right and

the left principal 2-action of GL.l; k/ and the isomorphism A 7! AT follows from

.� � A/� D AT � ��:

Lemma 5.14. LetEG ⇒EM be a VB-groupoid of rank .l;k/ over a Lie groupoid G ⇒M .
Given any s-bisection frame � 2 Frsbis.EG /, its dual frame �� 2 Fr.E�

G
/ is a t -bisection

frame of the dual VB-groupoid E�
G
⇒ C �, which has rank .k; l/.

Proof. Recall from Example 2.5 that the source and target maps ofE�
G
⇒C � are given by

Qs�.�/.v/ D ��.0g ı Q�.v// and Qt�.�/.v/ D �.v ı 0g/:

Their kernels at g 2G are

¹.v ı 0g/ W v 2Cs.g/ º D ker.Qs/g and ¹.0g ı Q�.v// W v 2Ct.g/º D ker.Qt /g ;

so that
ker.Qt�/ D .ker.Qs/0/ and ker.Qs�/ D .ker.Qt /0/;

where 0 denotes the annihilator of those spaces. As a consequence, for any s-bisection
frame � of EG , its dual �� satisfies the first condition in Definition 5.10 by the analogue
of Lemma 4.6, since ��j¹0º�Rk is a frame for ker.Qs/0 D ker.Qt�/. Moreover, Im.��jRl�¹0º/

is transverse to ker.Qt�/. We are left to show that ��jRl�¹0º is transverse to ker.Qs�/ D
.ker.Qt /0/; this is equivalent to the following linear map being injective:

' W ker.Qt /! Rl ; v 7! .��.e1/.v/; : : : ; �
�.el /.v//:

We notice first that any v 2 ker.Qt / can be written as

v D

lX
iD1

.��.ei /.v//�.ei /C

lCkX
iDlC1

.��.ei /.v//�.ei /:

If v 2 ker.'/, then the first l coordinates vanish, so v 2 Span.�.elC1/; : : : ; �.elCk//.
Since � is an s-bisection frame, the last k coordinates must be transverse to ker.Qt /, and
therefore v D 0. We conclude that �� satisfies the first condition in Definition 5.10, hence
�� 2 Fr.E�

G
/.
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Composing the isomorphism‰�1 from Proposition 5.12 andˆ from Proposition 5.13,
one obtains the following conclusion.

Corollary 5.15. Let EG ⇒ EM be a VB-groupoid over a Lie groupoid G ⇒ M , and
E�

G
⇒ C � its dual VB-groupoid (Example 2.5). Then the PB-groupoid

Frsbis.EG /⇒ Fr.C / �M Fr.EM /

is canonically isomorphic to the PB-groupoid

Frsbis.E�G /⇒ Fr.E�M / �M Fr.C �/:

Example 5.16. Given a VB-groupoid EG ⇒ EM with trivial core, its PB-groupoid

Fr.EG /⇒ Fr.EM /

(Example 5.1) is canonically isomorphic to the PB-groupoid Fr.E�
G
/⇒ Fr.E�M / associ-

ated to the VB-groupoidE�
G
⇒M � ¹0ºwith trivial base and coreE�M (Example 5.2). ♢
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