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The Dirichlet-to-Neumann map
for Poincaré–Einstein fillings

Samuel Blitz, A. Rod Gover, Jarosław Kopiński and Andrew Waldron

Abstract. We study the non-linear Dirichlet-to-Neumann map for the Poincaré–
Einstein filling problem. For even-dimensional manifolds, the range of this non-local
map is described in terms of a rank-two “Dirichlet-to-Neumann tensor” along the
boundary determined by the Poincaré–Einstein metric. This tensor is proportional
to the variation of renormalized volume along a path of Poincaré–Einstein metrics.
We construct natural “Dirichlet-to-Neumann hypersurface invariants” that are con-
formally invariant and recover all Dirichlet-to-Neumann tensors. We give an explicit
formula for these hypersurface invariants and use a new vanishing result for odd order
T -curvatures to show that they are the unique, natural conformal hypersurface invari-
ant of transverse order equalling the boundary dimension. We also construct such
conformally invariant Dirichlet-to-Neumann hypersurface invariants for Poincaré–
Einstein fillings for odd-dimensional manifolds with conformally flat boundary.

1. Introduction

A smooth Riemannian d -manifold .MC; go/ is said to be conformally compact if MC is
the interior of a smooth manifold with boundary M , and the compactified metric

gs D s
2go

extends smoothly to a metric onM D xMC for some (and so any) smooth defining function
s 2 C1M . By the latter we mean that ds is nowhere vanishing along† WD s�1.0/D @M .
Conformally compact manifolds for which the trace-free Ricci tensor vanishes, i.e.,

Ricg
o

.ab/ı
D 0;

are termed Poincaré–Einstein. Necessarily, Poincaré–Einstein manifolds have constant
negative scalar curvature, which by convention, we choose to be �d.d � 1/. A classical
example is the Poincaré ball MC D ¹Ex 2 Rd j jExj2 < 1º with

go D
4jd Exj2

.1 � jExj2/2
�
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In addition to myriad mathematical applications, Poincaré–Einstein and conformally com-
pact structures have played a central rôle in the geometry of physical models relating
boundary field theories to bulk gravitational ones (see, for example, [15, 16, 27, 30, 37]
and [29, 31, 34], respectively).

Since s2go extends to the boundary for any defining function s, a conformally com-
pact structure canonically determines a conformal class of boundary metrics c† that are
induced by a corresponding conformal class of metrics c onM . It turns out that the formal
asymptotics of a Poincaré–Einstein metric go provide an effective tool for the study of the
conformal manifold .†; c†/ (see [15, 16]). We say that a conformally compact structure,
for which

Ricg
o

.ab/ı
D skQ.ab/ı

for some smooth tensor Qab on M d , is asymptotically Poincaré–Einstein of order k and
denote such data by APEdk . We often drop the label d when context makes it clear. We
also adopt the notation O.sk/ for the right-hand side of the above display and other such
quantities. The case k D d � 2 is distinguished in the sense that gs , modulo terms of
order O.sd /, is no longer determined solely by the boundary conformal manifold .†;c†/.
This is exactly when the asymptotics of a global solution first probe the interior structure
of MC.

A key global conformal invariant of an even-dimensional Poincaré–Einstein struc-
ture .MC; go/ is its renormalized volume [23, 25, 31], which arises as follows. Firstly, a
key result of Graham and Lee [28] (valid for both even or odd dimension parity) is that, for
each choice of boundary metric representative Ng for c†, on a collar neighbourhood of †,
there exists a unique defining function sGL such that this function returns the (minimal)
geodesic distance r to the boundary†, as measured by the compactified metric gr D r2go.
Now consider the one-parameter " 2R>0 family of Riemannian manifoldsM" determined
by the metric Ng according to

M" WD ¹p 2MC j r.p/ > "º;

with Riemannian metric given by the restriction of the metric go. Then the renormalized
volume is given, independently of the original choice of boundary metric Ng required to
determine sGL and when d is even, by

Volren.MC; g
o/ WD

1

.d � 1/Š

dd�1

d"d�1

�
"d�1

Z
M"

dVolg
o
�ˇ̌̌
"D0

:

For four-manifolds, a result of Anderson [5] is that

Volren
D
4�2

3
� �

1

24

Z
MC

jW go
j
2 dVolg

o

;

where W denotes the Weyl tensor and � is the Euler characteristic of MC. Moreover,
Anderson also established that the functional gradient of the renormalized volume, along
a path of Poincaré–Einstein metrics, is given by

1

6
V>C

g

On.ab/
:
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Here C denotes the Cotton tensor, On is the inward unit normal of † ,! .M; g/, and V>
denotes evaluation along † as well as projection of ˇ2T �M j† to directions tangential
to † and removal of the trace part. The resulting section space is isomorphic to that
ofˇ2ıT

�†. Note that, since conformal transformations preserve angles (and metric trace-
lessness), this projection is independent of any choice of g 2 c. Throughout, we use a ı to
denote trace-free parts of a tensor.

As discussed above, picking a metric Ng 2 c† and any p in a suitable collar neighbour-
hood of†, we may write the corresponding Graham–Lee defining function sGL.p/D r.p/,
where r.p/ is the minimal geodesic distance between p and †, as measured by the met-
ric gr D r2go. In coordinates .r; Ex/ for which gr .@=@r; @=@Ex/ D 0, series in powers of r
are termed Fefferman–Graham expansions, following their fruitful employment for the
description of conformal invariants in [15]. In d dimensions, terms of order rd�1 in the
expansion of the Graham–Lee compactified metric gr are of particular interest. In partic-
ular, in dimension d D 4, the third Lie derivative of the compactified metric gr extracts
the term of order r3 and defines a tensor

DN.4/
ab
WD .L3

@=@rgr /ab
ˇ̌
†
:

Remarkably, the above tensor satisfies

DN.4/
ab
/ V>C

gr
On.ab/

;

where / denotes equality up to a non-zero constant. This tensor is interesting, especially
for general relativity (see, for example, [19,32]), and because it is the first odd-order term
in the Fefferman–Graham expansion of gr . As shown in [15,25], the tensor DN.4/ changes
covariantly when computed with respect to an expansion in a new geodesic coordinate r 0

corresponding to a different choice of Ng0 2 c†. On the other hand, under a general con-
formal transformation of the metric

(1.1) V>C
�2g

On0.ab/
D N��1 V>C

g

On.ab/
;

where On0a D N� Ona, for 0 < � 2 C1M and N� WD �j†, so long as g 2 c, where c is
a conformal class of metrics defined by a Poincaré–Einstein structure (see [9] for the
generalization to arbitrary conformal structures). It therefore constitutes an example of
what we shall later term a conformal hypersurface invariant of the conformal embedding
† ,! .M; c/, while the tensor DN.4/ defines a section of ˇ2ıT

�†Œ�1�. (This is the space
of symmetric, rank-two, trace-free tensor-valued, weight�1 conformal densities; the latter
are explained in Section 2 but here it suffices to view a weight w tensor-valued density T
on a conformal manifold M as an equivalence class T D Œg; t � D Œ�2g;�w t � of metric-
tensor pairs with respect to conformal rescalings.) In the same vein, the tensor V>C g

On.ab/

defines a section of V> ˇ2 T �MŒ�1�j† that encodes the information of DN.4/.
Since the section of ˇ2ıT

�†Œ�1� defined by the tensor DN.4/ is determined in terms
of go, it is an invariant of the Poincaré–Einstein structure. However, it is not determined
by the local data of the boundary conformal class c†, again see [15]. Knowledge of DN.4/

requires information about the global Poincaré–Einstein metric go. Our point is that in
four dimensions, the tensor V>C gOn.ab/ captures the range of the global, non-linear, Dirichlet-
to-Neumann map for Poincaré–Einstein metrics introduced by Graham in [26].
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A natural tensor, such as V>C grOn.ab/, which depends on gr through three (and possibly
fewer) derivatives with respect to a coordinate r transverse to †, is an example of what
will be termed a natural hypersurface tensor of transverse order 3 (see Section 3). The
natural hypersurface tensor V>C grOn.ab/ is special in that it obeys the conformal covariance
property of equation (1.1). Broadly, our aim is to construct conformally covariant, natural
hypersurface tensors of transverse order d � 1 in even dimensions d , that capture the
Dirichlet-to-Neumann data DN.d/.

In arbitrary even dimensions d , the coefficient .L@=@r /
d�1gr j† in the Fefferman–

Graham expansion of a Poincaré–Einstein metric also changes covariantly when computed
with respect to a different choice of boundary metric representative Ng2 c†, but once again
it is not determined by the boundary data .†;c†/, see [25]. It therefore defines an invariant
of the Poincaré–Einstein structure, which we term a (Poincaré–Einstein) Dirichlet-to-
Neumann tensor DN.d/. When it exists (meaning when the data of .†; c†/ ,! M d

uniquely determines a corresponding Poincaré–Einstein structure, for example, for bound-
ary metrics suitably close to the round sphere [28]), the map

c† 7! DN.d/ 2 �.ˇ2ıT
�†Œ3 � d�/

is termed the (Poincaré–Einstein) Dirichlet-to-Neumann map; see [26]. The linearization
of this map is studied in [36]. The data of the boundary conformal class of metrics c†
and the tensor DN.d/ determines the formal Fefferman–Graham asymptotics of gr to all
orders [15].

A first result here is the existence of a unique natural transverse order 5 tensor for
dimension 6 Poincaré–Einstein structures that captures the Dirichlet-to-Neumann tensor.

Theorem 1.1. Let .M 6
C; g

o/ be a Poincaré–Einstein structure with conformal infinity †.
Then the unique natural transverse order 5 section of V> ˇ2 T �MŒ�3�j† that is an invari-
ant of the Poincaré–Einstein structure is given, up to a non-zero constant multiple, for a
choice of g in the conformal class c determined by go, by

VVIDN
ab WD

V>..r On C 2H/Bab/ � 4 NCc.ab/ Nr
cH:

Furthermore, VVIDN ' DN.6/ :

The detailed notions of transverse order and natural tensors are described in Section 3.
In the above, Bab denotes the Bach tensor, H is the mean curvature of the embed-
ding † ,! .M; g/, and bars are used to denote objects intrinsic to the hypersurface †.
Furthermore, since VVIDN and DN.6/ live in differing section spaces, namely, those of
V> ˇ2 T �MŒ�3�j† and V> ˇ2 T �†Œ�3�, respectively, we have employed the notation '.
For A2 V> ˇ2 T �MŒ3 � d�j† and B 2 V> ˇ2 T �†Œ3 � d�, we write

A ' B

if when given any Ng 2 c† and its corresponding Graham–Lee compactified metric gr , then
their respective evaluations obey

Agr / B Ng :

Note that, as bundles, V> ˇ2 T �MŒ�3�j† and V> ˇ2 T �†Œ�3� are in fact isomorphic.
However, on the one hand, the tensor DN.6/ is defined invariantly with respect to choices
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of Ng 2 c†, while VVIDN is invariant with respect to choices of g 2 c. Therefore, we will
use both notations, rather than invoking this isomorphism. Also, strictly speaking, since V>
includes restriction to † in its definition, we could drop the moniker j†, but shall not do
so for reasons of emphasis. Theorem 1.1 can be proved by exhaustion; key details are
provided in Appendix A.

A main point of this article is to both give a simple characterization of these maps

and, in particular, compute conformal hypersurface invariants, denoted Vd DN and termed
Dirichlet-to-Neumann hypersurface invariants, that each capture the Dirichlet-to-Neu-
mann tensor DN.d/ for dimensions d � 4. Critically, Dirichlet-to-Neumann tensors are
natural and of transverse order d � 1; see Proposition 3.1. That is, we shall establish
higher-dimensional analogues of Theorem 1.1.

These results dovetail nicely with a seminal physics conjecture of Deser and Schwim-
mer [14] that was proved by Alexakis [2, 3], as well as work on renormalized volumes by
Anderson [5] and Chang, Qing and Yang [37]. The latter work builds on the former ones to
show that general even-dimensional renormalized volumes are a sum of an Euler charac-
teristic term plus an integral overMC whose integrand is a natural local conformal invari-
ant. In principle, following Anderson, even-dimensional Dirichlet-to-Neumann tensors
could be computed by varying renormalized volumes [5]. The latter are intimately related
to Q-curvature invariants, whose complexity in terms of Riemannian invariants explodes
in eight and higher dimensions [20], so a more powerful method is required. Luckily,
tractor calculus methods and, in particular, recent results on conformally invariant normal
operators [21] and conformal fundamental forms [9] yield a rather simple solution to this
problem. This is a main theorem:

Theorem 1.2. Let .M d
C; g

o/ be an even-dimensional Poincaré–Einstein structure with
conformal infinity † and d � 6. For d D 6, we have that

VVIDN
D Nq� V>ıRW:

Also, for d � 8, set
V
d DN

WD Nq� V>ı.d�6/=2;.d�4/=2W:

Then, for d � 6,
V
d DN

' DN.d/ :

Moreover, Vd DN has leading transverse order term

V> W r
d�5
On P W Bab;

and is the unique (up to a non-zero constant multiple) natural conformal hypersurface
invariant of transverse order .d � 1/ in �. V> ˇ2 T �MŒ3 � d�j†/ determined by the
Poincaré–Einstein structure. Thus, it is the functional gradient of the renormalized volume
along a path of Poincaré–Einstein metrics.

Here we have employed a normal ordering notation W r`
On
W for Ona1 � � � Ona`ra1 � � � ra`

(the composition of the operators r On ı r On is ill-defined) while the above tractor calculus
notions and notations, including the W -tractor W , are explained in Section 2. The nor-
mal operator ı.d�6/=2;.d�4/=2 acting on the W -tractor is an example of those constructed
in [21] and generalized to act on tractors in [7], see equation (2.5).
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It is interesting to note that, in the context of minimal submanifolds of Poincaré–
Einstein manifolds, there is a natural analogue of the Dirichlet-to-Neumann map studied
here [4, 35], that is again linked to variations of renormalized volume. We expect there to
be a version of our construction applicable to that setting.

The recently developed conformal fundamental forms of [7,9], designed for the study
of conformal hypersurface embeddings † ,! .M; c/, play a key rôle in establishing our
main theorems for the case where d is even. Given such an embedding, a k-th conformal

fundamental form Vk is any section of V> ˇ2 T �MŒ3 � k�j† that is a natural conformal
hypersurface invariant of transverse order k � 1 (in many contexts the integer k is denoted
by Roman numerals). In the cases 2 � k � d � 1, k-th conformal fundamental forms
are obstructions to a d -dimensional conformally compact manifold being an APEd�3
structure. This generalizes an older result [18, 33] that the hypersurface embedding † ,!

.M; s2go/ (for any defining function s) of a Poincaré–Einstein structure .MC; go/ is
necessarily umbilic – so the trace-free second fundamental form VII vanishes. In fact, van-
ishing of all conformal fundamental forms for 2� k � `with `� d � 1 is both a necessary
and sufficient condition for a conformally compact structure to be APE`�2. Moreover, we

have denoted Dirichlet-to-Neumann hypersurface invariants by Vd DN because they may be
viewed as critical order conformal fundamental forms, whose job is no longer to measure
obstructions to the Poincaré–Einstein condition but rather to extract Dirichlet-to-Neumann
data.

In dimension four, a conformally invariant fourth fundamental form is explicitly given
by (see [9, 19])

VIVab WD C>On.ab/ � Nr
cW >c.ab/ On CHW Onab On:

For conformal embeddings arising from an APE1 structure, the conformal hypersurface
invariant VIV restricts to VIVDN ' DN.4/ . Importantly, unlike the tensor DN.4/, the fourth
fundamental form is a natural conformal hypersurface invariant for any conformal hyper-
surface embedding, rather than only those embeddings arising as the boundary of a Poin-
caré–Einstein structure. An interesting question is whether there are d -th conformal fun-
damental forms for more general conformal embeddings.

The case of odd-dimensional Poincaré-Einstein structures is subtle. Firstly, note that
no Anderson-type formula for the renormalized volume is available, and in general this
quantity depends on a choice of boundary metric representative Ng 2 c†. Concordantly,
there is an obstruction to smoothness of the Fefferman–Graham expansion, termed the
obstruction tensor [15]. For general boundary conformal structures, the rd�1 coefficient in
the Fefferman–Graham expansion of a Poincaré–Einstein metric does not define a tensor-
density valued in ˇ2ıT

�†Œ3 � d� independently of the choice of Ng 2 c†. Indeed, the
quantity .L@=@r /

d�1gr may not extend smoothly to the boundary†. When the Fefferman–
Graham obstruction tensor vanishes, we may at least define DN.d/ WD .L@=@r /

d�1gr j†
for odd d . However, this does not, in general, transform conformally covariantly as one
changes the choice of boundary metric Ng required to determine the Graham–Lee compac-
tified metric. But, when the boundary .†; c†/ is conformally flat, we can instead define

a canonical section Vd DN[ of V> ˇ2 T �MŒ3 � d�j†, which is an invariant of the Poincaré–
Einstein structure.
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Theorem 1.3. Let .M 5
C; g

o/ be a Poincaré–Einstein structure with (locally) conformally
flat conformal infinity †. Then the unique (up to a non-zero constant multiple) natural
transverse order 4 section of V> ˇ2ı T

�MŒ�2�j† that is an invariant of the Poincaré–
Einstein structure, is given, for a choice of g 2 c, by

VVDN[
WD B>.ab/ı:

Moreover, evaluated on the Graham–Lee compactified metric gr corresponding to a (loc-
ally) flat boundary metric,

VVDN[
' DN.5/ :

The above is an odd-dimensional analogue of Theorem 1.1, and the following is that
of Theorem 1.2.

Theorem 1.4. Let .M d
C; g

o/ be an odd-dimensional Poincaré–Einstein structure with a
(locally) conformally flat conformal infinity and d � 5. If d D 5, then we have that

VVDN[
D V> ı q�.Œ Ona W r On W Fab

A
B �j†/:

For d � 7, set
V
d DN[

WD V> ı q�.Œ Ona W rd�4
On W Fab

A
B �j†/:

Then, evaluated on the Graham–Lee compactified metric gr corresponding to a (locally)
flat boundary metric,

V
d DN[

' DN.d/ :

Moreover, DN.d/ WD .L@=@r /
d�1gr j† defines an element of �.ˇ2ıT

�†Œ3 � d�/.

The article is structured as follows. Section 2 introduces the main technologies we
require for handling conformal geometries and hypersurfaces embedded therein (tractor
and hypersurface cognoscenti might safely leapfrog this section). Our main results are
proved in Section 3.

1.1. Conventions

Throughout, we take M to be a smooth, for simplicity, oriented, d -dimensional man-
ifold, with d � 3, and throughout, unless otherwise specified, all structures are taken
to be smooth. The canonical d -form determined by a metric g is denoted dVolg and
may be used when integrating over M ; this is normalized so that in local coordinates
it gives the measure

p
detg dx1 � � � dxd , where g denotes the matrix of metric com-

ponents. The tangent, cotangent, and tensor bundles of M are denoted, respectively, by
TM , T �M , and TM . Sections are often handled using an abstract index notation; for
example, tabc 2 �.˝2TM ˝ T �M/, and the contraction v.!/ of a vector field v and
a one-form field ! is denoted by va!a D v! D !v 2 C

1M . The inverse of a metric
gab 2 �.ˇ

2T �M/ is denoted gab , and can be used to “raise indices” in the standard way,
for example, !a D gab!b . The symmetric trace-free part of a tensor Xab is denoted

X.ab/ı WD
1

2
.Xab CXba/ �

1

d
gabXc

c
2 �.ˇ2ıT

�M/:
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Also, for a tensor Xabc���, we denote

jX j2g WD Xabc���X
abc���:

While we work solely in Riemannian signature, many results carry over mutatis mutandis
to indefinite metric signatures.

The Levi-Civita connection of a metric is denoted rg (or simply r when it is clear
from the context; we will similarly drop the superscript g on other Riemannian tensors).
The Riemann tensor R of rg is defined by

.R.x; y/z/a WD ..rxry � ryrx � rŒx;y�/z/
a
D xcydRcd

a
bz
b
D Rxy

a
z 2 �.TM/;

where x;y; z 2 �.TM/ and Œx; y� is their Lie bracket. The Weyl, Cotton and Bach tensors
are, respectively, given by

(1.2)

8̂<̂
:
Wabcd WD Rabcd � gacPbd C gadPbc C gbcPad � gbdPac ;

Cabc WD raPbc � rbPac ;

Bab WD �Pab � r
c
raPbc C P

cdWacbd ;

where the Schouten tensor Pab and its trace J D Paa are defined by the equation

Ricab WD Rcacb D .d � 2/Pab C gabJ;

and � WD rara is the (negative) rough Laplacian. We will often place a symbol above
an equals sign to qualify its domain of applicability; for example, A †

D B implies equality
along the hypersurface†. We also rely on the canonical isomorphism between the projec-
tion of the bulk tangent bundle along a hypersurface and the hypersurface tangent bundle,
to employ the same abstract indices for hypersurface tensors as for their bulk counterparts.

2. Conformal hypersurface calculus

A conformal manifold .M; c/ is a smooth manifold equipped with a conformal class of
metrics c, meaning that if g;g0 2 c, then g0D�2g for some 0 <� 2C1M . A conformal
hypersurface embedding † ,! .M; c/ is a conformal manifold equipped with a smoothly
embedded codimension 1 submanifold †. The data .M; c/ may be viewed as a ray sub-
bundle of ˇ2T �M and in turn as an RC-principal bundle. The group action t 7! s�w t

on t 2 R (corresponding to g.p/ 7! s2g.p/) for w 2 R and s 2 RC determines an asso-
ciated line bundle EMŒw� over M , called a weight w conformal density bundle. Given
any vector bundle VM over M , we denote VMŒw� WD VM ˝ EMŒw�. It is also useful
to define the operator w, which acts by multiplication by w on tensor-valued densities ˆ
of weight w, so that wˆ D wˆ.

The tautological section g 2 �.ˇ2T �MŒ2�/ determined by c is called the conformal
metric. We may equally well label a conformal manifold .M; c/ by the pair .M;g/. The
tractor bundle is defined by (see [12])

TM WD
�G
g2c

T gM
�.
� ;
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where

(2.1) TgM WD EMŒ1�˚ T �MŒ1�˚ EMŒ�1�:

The equivalence relation � on direct sum bundles is defined by the following relation on
sections:

�.Tg 0/ 3
�
�; �C‡�; � �‡:� �

1

2
‡2�

�
� .�; �; �/ 2 �.Tg/;

for ‡ WD d log�. Here,

‡:� WD g�1.‡; �/ and ‡2 WD g�1.‡;‡/:

There is a canonical section X of T MŒ1� given by

.0; 0; 1/ 2 TgMŒ1�;

for any g 2 c, which is termed the canonical tractor. Also, there is an indefinite, conform-
ally invariant, bundle metric h2�.ˇ2T �M/ given, in an obvious matrix notation, by0@0 0 1

0 g�1 0

1 0 0

1A ;
and termed the tractor metric. Sections T 2�.T M/ can be denoted in an abstract index
notation by T A, so the tractor metric is then hAB and will be used to raise and lower tractor
indices in the standard way. For example, hABXAXB is the zero section of EMŒ2�.

On an oriented conformal hypersurface † ,! .M; c/, there is a canonical section N
of T M j† given, for any g 2 c, by

.0; On;�H/ 2 TgM;

where On is the inward unit conormal of g andH its mean curvature (i.e., the average of the
eigenvalues of the second fundamental form). This section is called the normal tractor [6]
and is central to the study of conformally embedded hypersurfaces. The normal tractor
and tractor metric allow us to define the tractor analogue of the projection operator V>
in the obvious way; we recycle the same notation for this. There is a particularly useful
relationship between N and defining functions for †, but we first must introduce further
tractor technology.

The tractor bundle T M comes equipped with a canonical connection rT , termed the
tractor connection, defined for any g 2 c, and

T W
Tg
D .�; �; �/ 2 �.TgM/

by

(2.2) r
T T

Tg
D .r� � �;r�C P g� C g�;r� � P g :�/:

We will adorn equal signs with the symbol Tg to indicate that we have used the metric g to
decompose sections of (tensor products of) the tractor bundle into a direct sum of density-
valued sections according to equation (2.1).
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The curvature of rT is denoted by F , or FabAB in an abstract index notation. In the
above,

P g :� WD P.g�1.�; �/; �/:

Also, in the above,r is the Levi-Civita connectionrg of g. It follows from our discussion
of conformal densities that, given v 2 �.TM/ and a weight w density ' D ŒgIf �, one has
r
g
v ' D Œg; .df /.v/�. Note that a conformal density 0 < � 2 �.EMŒ1�/ defines a metric
g D ��2g 2 c and conversely a metric g 2 c determines a strictly positive density

�g WD .dVolg=dVolg/1=d 2 �.EMŒ1�/:

We will term such a scale true. Thus, given g 2 c, we can define a canonical section

ZAa WD �gr
T
a .�

�1
g XA/ 2 �.T �M ˝ T MŒ1�/:

Tractor tensor bundles are defined in the standard way and sections of such can also be
denoted by an abstract index notation, for example, T ABC 2�.˝2T M ˝ T �M/; we will
often label a generic tractor tensor bundle by T ˆM (in general, ˆ is some representation
of SO.d C 1; 1/). Given a tractor T 2 �.T ˆMŒw�/, the Thomas-D operator

D W �.T ˆMŒw�/! �.T M ˝ T ˆMŒw � 1�/

is defined (see [6]) acting on T , for any g 2 c, as follows:

DT D .w.d C 2w � 2/T; .d C 2w � 2/rT T;��T T � wgabP
g

ab
T /

2 �.TgM ˝ T ˆMŒw � 1�/;

where
�T
WD gabrT

a r
T
b

is the tractor Laplacian and rT denotes the tractor Levi-Civita coupled connection. When
w ¤ 1 � d=2, we define OD WD .d C 2w � 2/�1D.

There is a useful tractor analogue of the Weyl tensor: the W -tractor is a canonical
section of ˝4T �MŒ�2�, with Weyl-tensor symmetries, defined in dimensions d � 5, for
any choice of g 2 c, by

W ABCD Tg
D ZAa Z

B
b Z

C
c Z

D
d W

abcd

C 4Z
ŒA

a
Z
B�

b
Z
ŒC

c
X
D�
C abc C

4

d � 4
Z
ŒA

a
X
B�
Z
ŒC

c
X
D�
Bac ;

where Wabcd , Cabc and Bab are, respectively, the Weyl, Cotton and Bach tensors of the
metric g. Note that

Fab
CD
D ZAa Z

B
b WAB

CD
D ZCc Z

D
d Wab

cd
C 2Z

ŒC

c
X
D�
Cab

c ;

see [9, 17, 20] for further details. Note that some authors define a W -tractor in dimen-
sions d � 5 by multiplying the above definition by a factor .d � 4/ so that it is defined in
all dimensions d � 3.



The Dirichlet-to-Neumann map for Poincaré–Einstein fillings 239

Indeed, there is a general notion termed the projecting part of a tractor, of which we
only need special cases. In particular, for a tractor T 2 �.T ˝4MŒw�/ given in a choice of
g 2 c by

T ABCD
Tg
D 4Z

ŒA

a
X
B�
Z
ŒC

c
X
D�
tac

such that tab ¤ 0, we can extract the projecting part

q�.T ABCD/ WD ŒgI tab� 2 �.˝
2T �MŒw�/:

Similarly, for a tractor T AB
Tg
D 2Z

ŒA

b
XB�tb , we have that q�.T AB/ D ŒgI tb�.

Given a conformal hypersurface embedding † ,! .M; c/, we call � 2 �.EMŒ1�/ a
defining density if � D s� for some 0 < � 2 �.EMŒ1�/ and s a defining function for †.
Then we may define a metric

go D ��2g

on MC DM n†. Because go is not defined along † D @MC, we refer to it as a singular
metric. An important theorem of [18] is that .MC; go/ is Poincaré–Einstein precisely
when the scale tractor I� WD OD� is parallel with respect to the tractor connection rT and
normalized, i.e.,

r
T I� D 0 D I

2
� � 1;

where I 2� WD h.I� ; I� /. This allows us to label a Poincaré–Einstein structure by the data
.M;g; �/, where the singular Einstein metric go D ��2g. Note that, as was discussed in
the introduction, the k-th order asymptotics of this data can be labelled by a representative
triple .M d ; gk ; s/, for which ck D Œgk � and � D Œgk I s�, and such that .MC; ��2gk/
is APEdk . We recall that for APEdk�0 structures, the normal tractor to † is given by
(see [18])

N D I� j†:

The final piece of conformal hypersurface technology that we need is a generalization
of the scalar normal operators of [21]. For the simplest of these, recall that the conformal-
Robin operator ıRW�.EMŒw�/! �.E†Œw � 1�/ is defined along †, for any g 2 c and
ŒgI f � 2 �.EMŒw�/, by (see [11])

ıRf D .r On � wH
g/f j†:

This generalizes directly to tractors by replacing the Levi-Civita connection in the above
with its tractor-coupled analogue.

If s is any defining function for †, we say that an operator

L W �.T ˆMŒw�/! �.T ˆ0MŒw0�/j†

has transverse order k if

(2.3) L.skC1U/ D 0 ¤ L.skV /;

for every smooth tractor U and some smooth tractor V in its domain. Clearly, ıR has
transverse order 1. The normal operators ık defined by

�.T ˆMŒw�/ 3 T(2.4)
ık
7�! W .NADA/

k
W T WD NAk � � �NA1DA1 � � �DAkT 2 �.T

ˆMŒw � k�/j†;
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have transverse order k for generic weights w … ¹2k�d
2
; 2k�1�d

2
; : : : ; kC1�d

2
º, see [21].

An improvement of these operators acting on densities was also produced in Theorem 4.16
of [21], where the set of weights for which the transverse order is less than k was shrunk. In
Theorem 3.4 of [7], these improved operators were generalized to act on arbitrary tractors.
In particular, for even d and integers 0 < J and 0 < k < d=2, it was shown that they give
maps

(2.5) ıJ;k W �.T
ˆMŒw�/! �.T ˆMŒw � k � J �/j†;

with transverse order J C k also at the special weights w D k � d=2. Importantly, these
existence proofs are both constructive and algorithmic.

3. Dirichlet-to-Neumann tensors

Any Poincaré–Einstein structure .MC; go/ determines a conformal embedding

† ,! . xMC; c/

of its boundary, where c is the conformal class of metrics onM WD xMC determined by go.
Moreover, this embedding must be umbilic [18,33], so the corresponding trace-free second
fundamental form VII D 0. This tensor is an example of a natural conformal hypersurface
invariant (see below). In fact, a slew of other natural conformal hypersurface invariants are
also forced to vanish by the Einstein condition; this underlies the conformal fundamental
forms construction of [9].

We next need to define natural conformal hypersurface invariants. First, recall that a
natural Riemannian invariant on a Riemannian manifold is any tensor-valued polynomial
made from the metric, its inverse, the Riemann tensor, and covariant derivatives of the
latter. Strictly, this is the class of “even invariants”, meaning those that are unaffected by a
change of orientation. It is clear that this type of invariant is all that will be required in our
context. This definition extends in the obvious way to a Riemannian manifold equipped
with any set of scalar functions. Extending these to natural conformal hypersurface invari-
ants is discussed in detail in Section 2.4 of [24]. Here we are interested in the same notion
with some restrictions.

Consider triples .M; g; �/, where � is a defining density for a conformally embed-
ded hypersurface † ,! .M; c/. For any triple .M; g; �/, now consider a representative
pair .g; s/ for � . Then we can construct the natural Riemannian invariants i.g; s/ built
from the metric g and the scalar function Os WD s=jdsjg (in some collar neighbourhood
of † where the denominator is non-vanishing), and then restrict these to †. In turn, we
consider the special class of such objects ŒgI i.g; s/j†� 2 �.TM/j† for which

N��w i.�2g;�s/j† D i.g; s/j† and i.g; e$s/j† D i.g; s/j†;

where 0 < � 2 C1M 3 $ , N� D �j† and w 2 R. The equivalence class Œg; i.g; s/j†�
defines a (weight w) natural conformal hypersurface invariant. Upon dropping the con-
formal requirement imposed by the first equality displayed above, we employ the termin-
ology natural Riemannian hypersurface invariant.
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We use the same language to also refer to the larger class of natural Riemannian
hypersurface invariants i.g; s/ that may only obey the requirements above when restrict-
ing to the subset of triples .M; g; �/ such that .MC; ��2g/ is Poincaré–Einstein. An
example of such a natural conformal hypersurface invariant for Poincaré–Einstein struc-
tures is V>C On.ab/j† 2 �. V> ˇ2 T �MŒ�1�/j† (see [9, 19]). For brevity, we often refer to
such tensors as “natural” and list the relevant section spaces and underlying structures. In
some contexts, we additionally require that the boundary .†; Nc/ is conformally Einstein
or conformally flat.

We employ the terminology preinvariant for any representative i.g; s/ of a natural
conformal hypersurface invariant I (see [24]). Examples of natural conformal hypersur-
face invariants include the unit conormal On and trace-free second fundamental form VII.
Sample preinvariants for these are, respectively,

dOs D d.s=jdsjg/; .Id�dOs ˝ g�1.dOs; �// ı rdOs:

Consider a conformal hypersurface invariant I that is represented by i.g; s/ and obeys

i.g C skh; s/j† ¤ i.g; s/j† D i.g C s
kC1h0; s/j†; k 2Z�0;

for some h and any h0 2 �.ˇ2T �M/ such that g C skh; g C skC1h0 are metrics on M .
The number k does not depend on the choice of .g; s/ used to construct I . Thus (in line
with definition of equation (2.3)), we then say that I has transverse order k.

In fact, Dirichlet-to-Neumann tensors are natural hypersurface invariants:

Proposition 3.1. Let .M d
C; g

o/ be a Poincaré–Einstein structure. In the case that d is
odd, also assume that the boundary † is conformally flat. Then the Dirichlet-to-Neumann
tensor DN.d/ is a natural hypersurface invariant.

Proof. First, recall that, given a Riemannian hypersurface embedding † ,! .M; g/ and
any defining function s, it is always possible to improve s to s1 D f s such that

jds1j
2
g D 1CO.s`/;

for any integer `, and the smooth function f is some local formula in terms of s and g;
see [24] (this is an asymptotic solution to the well-known eikonal problem). To (arbit-
rarily) high order, the improved defining function s1 gives the geodesic distance to the
hypersurface.

Now pick Ng 2 c†. This determines the corresponding Graham–Lee compactified met-
ric gr . Then applying the above eikonal construction to gr , starting with any defining
function s, at least to sufficiently high order for our purposes, we obtain an asymptotic
formula s.`/GL for the Graham–Lee defining function sGL as a natural formula in terms of s
and gr (this follows directly from the construction and uniqueness statement given in Pro-
position 2.5 of [24]). Moreover, by picking large enough `, we have that Os D s.`/GL=jds

.`/
GL jgr

equals the geodesic normal coordinate function r to any desired order. Thus, we can ignore
higher-order corrections in what follows.

Now recall that, given a vector x 2�.TM/ and a tensor T 2�.ˇ2T �M/, one has

LxTab D x
c
rcTab C .rax

c/Tcb C .rbx
c/Tac :
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Note that the vector @=@r determined by the normal form of the Graham–Lee compactified
metric is natural because it solves the equation gr .@=@r; �/ D dsGL and sGL has a natural
formula in terms of s. Because Os D r , we have L@=@rgr D 2r

grdOs. Similarly, higher Lie
derivatives with respect to the vector @=@r can also be expressed naturally in terms of dOs,
the metric gr , its inverse and covariant derivatives. Hence, we have by now expressed such
Lie derivatives of the Graham–Lee compactified metric gr as a natural formula in s and
the metric gr . The result follows upon remembering that for Poincaré–Einstein structures,
the tensor DN.d/ is defined through d � 1 Lie derivatives of the Graham–Lee compactified
metric gr with respect to the vector @=@r .

3.1. T -curvatures

Before proving our main results, we need the notion of a T -curvature and a result of [21].
Recall that the mean curvature Hg behaves as follows under conformal rescalings:

H�2g
D ��1.Hg

C ı1 log�/;

where ı1D ıR is the first of the sequence of operators defined in equation (2.4), in the case
wherewD 0 andˆ is the trivial representation (and also in the scale g). Each T -curvature
is a higher-order generalization of the mean curvature to a natural Riemannian hypersur-
face invariant T g

k
with conformal variation

(3.1) T
�2g

k
D ��k.T

g

k
CNk log�/;

whereNk is any conformally invariant hypersurface operator with differential order k and
with leading symbol containing a term arising from an operator proportional to W rk

On
W for

some k � 2. The integer k equals the transverse order of the T -curvature Tk , so we shall
call Tk a T -curvature of order k. For example, T1 D H is (up to an overall non-zero
coefficient) the first T -curvature and the scalar

T2 WD P On On �
1

2
H 2
�

1

d � 3
NJ

is also a T -curvature, see Section 7.1 of [21]. Existence of T -curvatures of arbitrary
order on any even-dimensional conformal manifold with boundary was established in The-
orem 4.16 of [21]. Moreover, in that work, the following result was proved.

Proposition 3.2 (Proposition 6.15 in [21]). Let † ,! .M d ; c/ be a conformal hypersur-
face embedding with d even. Then, for any finite set of T -curvatures ¹T g1 ; : : : ; T

g

k
º, there

exists a metric g0 2 c such that

T
g 0

i D 0; for all i 2 ¹1; : : : ; kº:

An example of how we plan to use the above proposition is as follows: The usual
definition of the dimension d � 4 Fialkow tensor is (for some choice of g 2 c)

Fab WDP
>
ab�

NPabCH VIIabC
1

2
NgabH

2 †
D

1

d � 3

�
W Ona Onb C VIIac VII

c

b �
1

2.d � 2/
Ngabj VIIj2

�
:
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The second equality above is a standard hypersurface identity establishing that the Fialkow
tensor defines a conformally invariant section of V> ˇ2 T �MŒ0�j†. This identity can be
equivalently rewritten as

R>
Ona Onb

†
D NPab �

1

d � 3
Ngab NJ C .d � 2/Fab � VIIac VII

c

b(3.2)

C
1

2.d � 2/
Ngab j VIIj2 �H VIIab C NgabT2:

Importantly, both the trace-free Fialkow tensor and trace-free second fundamental form
vanish for APE structures of sufficiently high order; they are the first two conformal funda-
mental forms discussed above (note also that the trace Faa D 1

2.d�2/
j VIIj2). Thus, for APE1

structures, the right-hand side of equation (3.2) reduces to the sum of an intrinsic tensor
plus a T -curvature. Hence, Proposition 3.2 can be used to establish that there exists a
metric in the conformal class c such that R>Ona Onbj† is expressible in terms of intrinsic
quantities alone when the structure is Poincaré–Einstein. The above decomposition into
intrinsic curvatures, conformal fundamental forms, and T -curvatures applies generally to
bulk curvatures and their derivatives; see [8] where a classification of certain hypersurface
invariants was given (note that we, in particular, rely on Theorem 2.5 of that work, which
applies for d even). It also underlies the strategy for the proof of Theorem 3.7, where
it is used to show that derivatives of ambient curvatures can be re-expressed in terms of
intrinsic invariants, conformal fundamental forms and T -curvatures. The last of these can
be eliminated using Proposition 3.2.

In the case of Poincaré–Einstein structures, there is a particularly simple T -curvature
construction. This involves log densities given by log � , where � is a true scale. These are
defined in [22], but the details are not important here. The key point is that the Laplace–
Robin operator I� :D acting on a log density, returns a density of weight �1, according to

(3.3) I� :D log � D
d � 2

�
I� : OD� C

�

�2
. OD�/2 2 �.EMŒ�1�/:

Then, following [21], a T -curvature of order k � bd=2c is given by

t
g

k
WD ıR.I� :D/

k�1 log � j†:

Notice that t1 D ıR log � j† D �H , because ıR can here be replaced by .d � 2/�1I� :D
restricted to †.

When d is even, a version of the above construction applies to k > d=2. This is based
on a polynomial weight continuation of the operator ıR.I� :D/k�1 acting on densities of
weight w; again see [21]. Let us now explain; for simplicity, take k odd. Then one has

(3.4) ıR.I� :D/k�1 D OPk.d C 2w � 2k C 2/.d C 2w � 2k C 4/ � � � .d C 2w � k � 1/;

where the operator OPk is conformally invariant, even when acting on weights w such
that any of the factors to its right vanish. It can be expressed in terms of bulk covariant
derivatives, curvatures, the scale � , and depends polynomially on w.

Remark 3.3. The operator OPk is proportional to the operator

ıJ;k�J W �.EMŒk � J � d=2�/! �.E†Œ�J � d=2�/;
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for some J 2 ¹1; : : : ; .k � 1/=2º and odd k > d=2, constructed in [21] (see equation (2.5)
above). This corresponds to removing a factor .d C 2w � 2k C 2J / from the right-hand
side of equation (3.4) and then continuing in w to the critical value w D k � J � d=2.

The action of OPk on a log density is defined by replacing appearances of w by the
operator w placed on the far right of any term. Note that w log � D 1. Based on [21], it is
easy to show that

(3.5) tk WD OPk log � j†

defines a T -curvature for any odd k > d=2. (A very similar construction applies to even k,
but is not important here.) We now characterize these T -curvatures for the Graham–Lee
scale of a Poincaré–Einstein structure.

Proposition 3.4. Let .M d ; g; �/ be Poincaré–Einstein. If gr is the Graham–Lee com-
pactified metric for some Ng 2 c†, then for any odd integer k � bd=2c,

t
gr
k
D 0:

Proof. It is well known that the mean curvature of † ,! .M; gr / vanishes, so tgr1 D 0.
Now let � be any true scale, let g be the corresponding compactified metric and

call s D �=� . Then the quantity appearing in equation (3.3) (divided by d � 2) can be
expressed as

I� : OD�

�
C

1

d � 2

�

�2
. OD�/2

g
D �

�gs C J gs

d
�

s

d � 2
J g :

Here we have placed a g above the equality sign to indicate that we have trivialized
the density bundle EMŒ�1� using the choice of metric g to obtain the right-hand side
of the above display. This notational device will appear again below. Now, if we spe-
cialize the above formula to the Graham–Lee compactified metric gr , then s D r , the
geodesic distance to the boundary. Moreover, the Graham–Lee metric has the normal form
gr D dr2 C h.r/. We shall say that a polyhomogeneous expansion in the variable r is
even/odd to order m if there are no odd/even terms of order m or less and there are no
terms involving rk log r for k � m. For a Poincaré–Einstein structure, h.r/ has an even
expansion in the coordinate r up to order d � 2, see [15]. Hence, the above display has
an odd expansion in r to order d � 3 (a slightly stronger statement is available when d
is even, see the proof of Proposition 3.5). Both the Laplace–Robin and conformal-Robin
operator are odd operators with respect to r to some order. Indeed, acting on a density of
weight w and employing r as a coordinate in a collar neighbourhood of †, one has

I� :D
gr
D .d C 2w � 2/@r � r@

2
r C odd.r/;

where (the operator) odd.r/ stands for terms that are odd to order d � 3. Thus, acting at
weight w D 0 and in the Graham–Lee scale,

ıR.I� :D/
k�2

D .@r C odd.r// ..d � 2k C 4/@r � r@2r C odd.r// � � � ..d � 2/@r � r@2r C odd.r//’
k�2 terms

:
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Hence, ıR.I� :D/k�1 log � is odd to order d � 2 � k and thus clearly vanishes along †
when k � bd=2c and k is odd.

Specializing to even dimensions d , we have a stronger statement.

Proposition 3.5. Let .M d ; g; �/ be Poincaré–Einstein and let d be even. If gr is the
Graham–Lee compactified metric for some Ng 2 c†, then for any odd integer k � d � 1,

t
gr
k
D 0:

Proof. The case when k � d=2 was treated in Proposition 3.4. Hence, we consider the
T -curvatures defined in equation (3.5). The Laplace–Robin operator is given, for some
choice of g 2 c, by

I� :D D .d C 2w � 2/.rn C w�/ � �.�C wJ /;

where � WD � 1
d
.�� C J�/. Hence, we see that OPk can be expressed as a sum of words

of length k built partly from the following four letters:

˛ WD rn; ˇ WD �; 
 WD ��; ı WD �J:

We must also allow a fifth letter
" WD w

that may appear as many as 2k � 1 times at the far right of any word. It is given by the
weight operator w, which returns a factor of w, the weight of a density, when acting on
such. Also, recall that w log � D 1, see [22]. As an example, I� :D is expressed as a sum
of the words ˛, ˛", ˇ", ˇ"2, 
 , and ı. Viewed as operators, in the Graham–Lee scale, each
of the four letters ˛; ˇ; 
; ı is odd up to high order, or more precisely can be expressed as
a sum of terms

@r ; r@2r ; odd.r/;

where odd.r/ stands for terms odd in r to order d � 3. Also, in the Graham–Lee scale, one
has log � D 0, rn log � D 0, � log � D 0, while in general w log � D 1 and w` log � D 0
for ` � 2. One can now apply the same parity argument as in the proof of Proposition 3.4
to establish that tk vanishes for odd k < d � 1. For the case td�1, we must also carefully
examine the highest r-derivatives of the terms odd.r/. It not difficult to see that along †
(where r D 0), the highest order term is @d�2r odd.r/jrD0. Since this quantity is a scalar, a
simple analysis of the operators appearing in ˛; ˇ; 
; ı shows that it is proportional to

trh.r/ @d�1r h.r/jrD0:

This is precisely the boundary trace of the image of the Dirichlet-to-Neumann map. The
latter is trace-free (see [16]).

A uniqueness argument establishes a vanishing result for odd-order T -curvatures.

Theorem 3.6. Let .M d ;g; �/ be Poincaré–Einstein and d be even. If gr is the Graham–
Lee compactified metric for some Ng 2 c†, then any T -curvature of odd-order k � d � 1
vanishes.
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Proof. We have established that the odd-order T -curvatures tk vanish, so it only remains
to establish the uniqueness of odd-order T -curvatures Tk�d�1 in the current setting.

On an even-dimensional Riemannian manifold, every natural hypersurface invariant
with transverse order k may be expressed as a (partial) contraction polynomial in®

Ng; Ng�1; Nr; NR; On; VII; V> W r On W P; : : : ; V> W r
k�2
n W P;H; J j†; : : : ; W r

k�2
On W J j†

¯
;

see Theorem 2.5 in [8]. Notably, on a Poincaré–Einstein manifold, when k � d � 2, this
family reduces to ®

Ng; Ng�1; Nr; NR; On;H; J j†; : : : ; W r
k�2
On W J j†

¯
:

To see this, firstly note that conformal fundamental forms exist up to V
d �1 for embeddings

in even-dimensional conformal manifolds, see Proposition 3.6 in [7]. Moreover, normal
derivatives of P may be expressed in terms of these conformal fundamental forms, as
well as terms from the list directly above, see Corollary 3.3 in [8]. However, on Poincaré–

Einstein manifolds, all conformal fundamental forms up to and including V
d �1 (which has

transverse order d � 2) vanish, see Theorem 1.8 in [10]. We wish to consider transverse
order as high as k D d � 1, and so we must, in principle, also include V> W rd�3

On
W P in the

above family of terms.
By the transverse order requirement for T -curvatures, the log term of equation (3.1)

must take the form

(3.6) Nk log� D ��1 W rk
On W �C ltots;

where “ltots” stands for terms involving only lower transverse order operators acting on�.
Also, it follows from the conformal transformation rule for the Schouten tensor P that

J�
2g †
D J g ���1 W r2

On W �C ltots:

And so, for 2� k � d � 2, the only term in our family with the correct transformation law
(matching equation (3.6)) at leading transverse order is W rk�2On W J j†. (Note that at order
k D d � 1, the term V> W rd�3On W P is precluded from appearing in the leading transverse
order term of our putative T -curvature by a combination of its tensor structure and a
homogeneity argument.) This establishes that, on a Poincaré–Einstein manifold, any T -
curvature Tk has leading transverse-order term proportional to W rk�2

On
W J j†.

Under constant conformal transformations g 7! �2g, any T -curvature Tk is homogen-
eous of weight �k. But Ng, Ng�1, Nr, NR, and all even-order T -curvatures have even homo-
geneity. Thus, homogeneity implies that each subleading term in any odd T -curvature can
be expressed in a form that contains at least one (lower-order) odd T -curvature. (Here we
used a tensor plus weight argument to preclude terms involving On.)

The proof is completed by induction in the order of T -curvatures. The base case relies
on the fact that any first T -curvature T1 / H vanishes in the Graham–Lee scale. Also,
we have just shown that distinct odd-order T -curvatures differ only by terms that can be
expressed in terms of lower-order T -curvatures. Consulting Proposition 3.5 completes the
proof.
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3.2. Even-dimensional bulk

Here we establish Theorem 1.2 concerning even-dimensional Poincaré–Einstein struc-
tures. The following theorem is key to the proof.

Theorem 3.7. Let † ,! .M d ; g/ be a conformal hypersurface embedding and let
.M d ; g; �/ 2 APEk�2 with 2 � k � d � 1 and d even. Moreover, let I 2 �.T†Œw�/,
with w 2 2ZC 1, be a natural conformal hypersurface invariant with transverse order
0 � m � k � 1. Then, I D 0.

Proof. We rely on the decomposition discussed above. By definition, natural hypersur-
face invariants are built from polynomials in Riemann curvatures, unit conormals, their
(covariant and possibly tangential) derivatives, and metric contractions thereof. Since we
are studying sections I of T†, we may always deal with expressions such that all (undif-
ferentiated) unit conormals are contracted into Riemann curvatures and their derivatives
(a pair of unit conormals can always be re-expressed as Ona Onb D gabj† � Ngab , while no
invariant proportional to an overall factor of a single Ona can live in �.T†/).

We now analyse when I can have a given transverse order. Consider first the tensor

(3.7) X
.`/

ab
WD Onc Ond W r`

On W Rcadbj† 2 �.T†/:

Clearly, X .`/
ab

has transverse order at most `C 2; this fits with equation (3.2) because T2
and the trace-free Fialkow tensor have transverse order 2. To see that the transverse order
is exactly `C 2, we study how X .`/

ab
behaves upon replacing g by g C sqh. For that, we

consider the linearization of the Riemann tensor around g for the perturbation g C sqh,
namely,

R
gCsqh

abcd
�R

g

abcd
(3.8)

D �
1

2
.rgar

g
c .s

qhbd / � r
g

b
r
g
c .s

qhad / � r
g
ar

g

d
.sqhbc/Cr

g

b
r
g

d
.sqhac//CO.sq�1/

D �
q.q � 1/

2
sq�2. Ona Onchbd � Onb Onchad � Ona Ond hbc C Onb Ond hac/CO.sq�1/;

where the notation On has been recycled to denote any smooth extension of On to M ; simil-
arly, below we will employ the notation > to denote any extension of the corresponding
projector to M . In turn, we have

>
�
Onc Ond W r`

On W .R
gCs`C2h

cadb
�R

g

cadb
/
�
D �

.`C 2/Š

2
h>ab CO.s/:

This establishes that X .`/
ab

has transverse order `C 2. Along similar lines, inspecting the
(suitably manipulated) Codazzi and Gauß relations,

(3.9) R>abc On
†
D Nra VIIbc � Nrb VIIac C Ngbc NraH � Ngac NrbH;

and

R>abcd
†
D NRabcd � VIIac VIIbd C VIIad VIIbc(3.10)

�H. Ngac VIIbd � Ngbc VIIad � Ngad VIIba C Ngbd VIIac/ � . Ngac Ngbd � Ngbc Ngcd /H 2;
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shows that

Y .`/abc WD . On
d
W r

`
On W Rabcd /

> and Z
.`/

abcd
WD . W r`On W Rabcd /

>

both have at most transverse order `C 1. Indeed, a similar linearized Riemann argument
to the above establishes that their transverse orders are exactly `C 1; the tensorsX , Y ,Z,
and the second fundamental form II are the basic atoms from which the invariant I is
produced via contractions and hypersurface derivatives. Equations (3.9) and (3.10) sat-
isfy the same type of decomposition as outlined for equation (3.2), namely, into intrinsic,
vanishing-for-APEk-structures (k sufficiently high), and (hypersurface derivatives of) T -
curvatures.

We next need to show that the above decomposition property holds upon suitable
application of normal derivatives W r`

On
W required to construct X , Y and Z. This has been

established in a slightly different context in [8]. The argument is as follows: first we need
to show that normal derivatives of the ambient Schouten tensor, or its trace, can be traded
for conformal fundamental forms and T -curvatures at the cost of lower transverse order
terms. Therefore, we must express X , Y and Z in these terms. Indeed, a Bianchi identity
manoeuvre can be employed to reduce expressions involving Y and Z (at leading trans-
verse order) to ones involving X . Consider, for example (referring to [8] for the Z case),

Y .`/abc D . On
d
One W r`�1

On W reRabcd /
>

D �. Ond One W r`�1
On W .raRbecd CrbReacd //

>

D �.r>a . On
d
One W r`�1

On W Rbecd / � r
>
b . On

d
One W r`�1

On W Reacd //
>
C ltots

D � NraX
.`�1/

bc
C NrbX

.`�1/
ac C ltots:

Here “ltots” stands for lower transverse order tensors.
Now we can focus on X .`/. The case ` D 1 has the desired decomposition by virtue

of equation (3.2). For higher `, we examine equation (3.7), which can be re-expressed as

X
.`/

ab
D . Onc Ond W r`

On W Wcadb W r
`
On W Pab/

>
C Ngab On

c
Ond W r`

On W Pcd C ltots:

Next (remembering that identically reWcaeb D .d � 3/.rcPab � raPcb/), notice that

. Onc Ond W r`
On W Wcadb/

>
D . Onc.gde � Ngde/ W r`�1

On W reWcadb/
>

D .d � 3/. Onc W r`�1
On W .rcPab � raPcb//

>
C ltots

D .d � 3/. W r`
On W Pab/

>
C ltots;

so that
X
.`/

ab
D .d � 2/. W r`

On W Pab/
>
C Ngab On

c
Ond W r`

On W Pcd C ltots:

Now, the hypersurface trace-free part of the first term on the right-hand side above can
be re-expressed as an .`C 3/-th conformal fundamental form plus lower transverse order
terms – again, see Corollary 3.3 in [8]. The trace, as well as the second term above, can
be written in terms of T -curvatures modulo lower transverse order terms. To see that, we
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may focus on the hypersurface trace

NgabX
.`/

ab
D .d � 2/.gab � Ona Onb/ W r`

On W Pab C .d � 1/ On
c
Ond W r`

On W Pcd C ltots

D .d � 2/ W r`
On W J C On

a
Onb W r`

On W Pab C ltots

D .d � 2/ W r`
On W J C On

agbc W r`�1
On W rcPab C ltots

D .d � 1/ W r`
On W J C ltots:

In the above, we used raPab D rbJ . We have by now shown, at leading transverse
order, that any tensor built from X , Y , Z, and II (as well as gradients thereof, and the
hypersurface metric) can be expressed in terms of H , normal derivatives of J , conformal
fundamental forms, and possibly intrinsic tensors. It remains to focus on normal derivat-
ives of J . We know that T -curvatures are Riemannian hypersurface invariants built from
X , Y , Z, II, covariant derivatives thereof, and hypersurface metrics. So from the above
display, it must be that normal derivatives of J can be expressed in terms of T -curvatures,
conformal fundamental forms, and intrinsic tensors. Hence, X , Y , and Z themselves (and
any tensor built therefrom) are also expressible (at leading order) in terms of conformal
fundamental forms, T -curvatures, and possibly intrinsic tensors. By descent in the trans-
verse order, it follows that this statement holds to all orders.

Recall that X .`/
ab

has transverse order ` C 2 and that I has transverse order at most
m D k � 1. So there exists an expression for I such that for any appearance of X (from
above we have that Y and Z can be reduced to terms involving only X at leading order)
one has that ` is not greater than k � 3. But for APEk�2 structures, the k-th fundamental
form (which has transverse order k � 1) and all lower-order fundamental forms vanish.
Hence, I is expressible in terms of T -curvatures and intrinsic tensors alone. But there
exists a scale for which these T -curvatures vanish (see Theorem 6.15 in [21] or Proposi-
tion 3.2). Moreover, natural intrinsic curvatures are composed of sums of products of the
Riemann tensor, metrics as well as covariant derivatives and traces thereof, all of which
have even homogeneity under constant metric rescalings. Thus, because the weight of I
is odd, there are no such intrinsic tensors available as these are taken to be (polynomially)
built from Ng, Ng�1, NR, Nr and contractions thereof. This establishes that I vanishes for one
choice of scale, and hence, by its conformal invariance, I D 0.

Remark 3.8. Note that another approach to establishing this result is to examine the
tensor structures that can appear as coefficients in the Fefferman–Graham expansion of
an APEk�2 metric; this approach might be used to write a more general result for d odd.

We will need explicit formulæ for Dirichlet-to-Neumann tensors in even dimensions
in order to prove Theorem 1.2.

Lemma 3.9. Let .M d
C; g

o/ be a Poincaré–Einstein structure with d � 6 even. Then

DN.d/
ab
/ V> W r

d�5
On W B

gr
ab
;

where the right-hand side is evaluated on the Graham–Lee compactified metric gr used
to define the left-hand side.
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Proof. By definition, the image of the Dirichlet-to-Neumann map of a metric represent-
ative Ng 2 c† is given by .L@=@r /

d�1gr j†, where gr is the corresponding Graham–Lee
compactified metric. Calling n D dr , n] WD g�1r .n; �/, and using that jnj D 1, it follows
that

DN.d/
ab
D .Ln]/

d�1gab
†
D .Ln]/

d�2.ranb Crbna/:

Now, evidently, the leading derivative term in the above is the same as that of

2rd�2
n]
r.anb/:

Moreover, the natural hypersurface invariant DN.d/
ab
�2rd�2

n]
r.anb/ has transverse order

no larger than d � 2. So, from [8], it is expressible entirely in terms of Riemannian

invariants intrinsic to †, conformal fundamental forms ranging from VII to V
d �1, and

T -curvatures up to order d � 2. However, as .M d
C; g

o/ is Poincaré–Einstein, it follows

from [10] that all conformal fundamental forms from VII to V
d �1 vanish. Hence, by the

hypersurface invariant decomposition of type (3.2) established earlier in this section, the
difference in question can be expressed solely in terms of intrinsic invariants and T -
curvatures. Now, because this difference has a definite odd homogeneity of 3 � d under
constant rescalings of the metric g 7! �2g, and because intrinsic invariants always have
even homogeneity, it follows that every summand in any such decomposition must involve
at least one occurrence of an odd-order T -curvature. But, as g is a Graham–Lee compacti-
fied metric, it follows from Theorem 3.6 that all odd-order T -curvatures up to order d � 1
inclusive vanish, and so

DN.d/
ab
D .Ln]/

d�1gabj† D 2r
d�2
n r.anb/j†:

Now, using the Ricci identity, we have the following identity:

rnranb D n
c
rcrarbr D n

cRcabd n
d
C ncrarbnc

D Rnabn � .ran
c/.rbnc/C

1

2
rarb n

2
D Rnabn � .ran

c/.rbnc/;

where the last identity follows because n2 D 1. Now, using this identity in the formula
for DN.d/, and throwing away lower transverse order terms because they either involve
(vanishing) odd-order T -curvatures or conformal fundamental forms, we have that

DN.d/
ab
D 2rd�3n Rnabn:

Now, applying the same reasoning as directly above to the decomposition of Riemann into
its Weyl and Schouten tensor pieces, we may in turn express this as

DN.d/
ab
D �2.d � 2/ V> W rd�3

On W Pab :

Finally, using equation (1.2), we have V>B D V>r2nP modulo lower-order terms (which
again vanish by similar reasoning to above), we have that

DN.d/
ab
/ V> W r

d�5
On W Bab;

thus completing the proof.
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We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. To unify the d D 6 and � 8 formulæ, let us denote ı0;1 WD ıR.
We shall begin by checking that Nq� V>ı.d�6/=2;.d�4/=2W has the required leading trans-
verse order and that the tractor ı.d�6/=2;.d�4/=2W has a projecting part with the correct

tensor structure. This will establish that the leading transverse order term in Vd DN is as

required by the theorem. (Note that by its construction, Vd DN is clearly a natural conformal
hypersurface invariant.)

From Theorem 3.4 in [8], we have that ı.d�6/=2;.d�4/=2 acting on weight �2 tractors
has transverse order d � 5, and thus

ı.d�6/=2;.d�4/=2W /W r
d�5
On W W C ltots:

The highest transverse order tensor component of the W -tractor is the Bach tensor, so

.d � 4/WABCD
Tg
D 4XŒAZ

a
B�XŒCZ

b
D�B

g

ab
C ltots:

(Here g 2 c is any choice of metric representative, and we employ this choice for the
remainder of this proof.) Thus, we have that

(3.11) V>ı.d�6/=2;.d�4/=2WABCD / V>XŒAZ
a
B�XŒCZ

b
D� W r

d�5
On W B

g

ab
C ltotsd�2;

where ltotsd�2 are tensor-valued tractors with transverse order less than or equal to d � 2.
The d � 4 Bach tensor

Bbd D
� 1

d � 3
r
a
r
c
C P ac

�
Wabcd

has transverse order 4. To see this, we apply equation (3.8) to the Weyl tensor and find

W
gCs`h

abcd
�W

g

abcd
D �

`.`�1/

2.d �2/
s`�2.Œ.d �3/ Ona Onc� Ngac �h

V>
bd � Œ.d �3/ Onb Onc� Ngbc �h

V>
ad

� Œ.d �3/ Ona Ond � Ngad �h
V>
bc C Œ.d �3/ Onb Ond � Ngbd �h

V>
ac/CO.s`�1/;

where Ngab is any extension of gab � Ona Onb to M , and h V>
ab

is any such extension of
Ngac Ng

cdhdb �
1
d�1
Ngab Ng

cdhcd . Hence, for the Bach tensor, we obtain

B
gCs`h

ab
� B

g

ab
D �

`.` � 1/.` � 2/.` � 3/

2.d � 2/
s`�4h

V>
ab CO.s`�3/:

This establishes the claimed transverse order result. In turn, it follows that the tractor in
equation (3.11) has transverse order d � 1. It is also now clear that, for generic structures,
the coefficient of V>X

ŒA
Za
B�
X
ŒC
Zb
D�

in V>ı.d�6/=2;.d�4/=2W is non-zero.
Now suppose the projecting part of V>ı.d�6/=2;.d�4/=2WABCD is not proportional to

V>.X
ŒA
Za
B�
X
ŒC
Zb
D�
/. In that case, it must consist of terms appearing among those labelled

ltotsd�2 in (3.11). But then the putative projecting part of V>ı.d�6/=2;.d�4/=2WABCD would
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have both odd weight and transverse order strictly less than d � 1, and thus vanish by The-
orem 3.7. Thus, we must now have

V>ı.d�6/=2;.d�4/=2WABCD / V>XŒAZ
a
B�XŒCZ

b
D� .W r

d�5
On W B

g

ab
C ltotsd�2/:

So, by construction, we have that

(3.12) Nq� V>ı.d�6/=2;.d�4/=2W / V> W rd�5On W Bg C ltotsd�2 2 �. V>ˇ2 T �MŒ3� d�j†/:

We next must show that Vd DN is the unique (up to multiplication by a constant and nat-
ural) conformal hypersurface invariant of transverse order d�1 in �. V>ˇ2T �MŒ3�d�j†/

determined by the Poincaré–Einstein structure. The d D 6 case is handled in Theorem 1.1,
whose proof is given in Appendix A. By similar considerations as those given there, the

leading transverse order term of Vd DN for d � 8 is unique. Now, suppose that there exist
two distinct conformal hypersurface invariants

V> W r
d�5
On W B CQ and V> W r

d�5
On W B CQ0;

where Q ¤ Q0 are tensors with transverse order less than or equal to d � 2. Necessarily,
Q �Q0 is conformally invariant, has transverse order at most d � 2, and weight 3 � d
(an odd integer) so it vanishes by dint of Theorem 3.7. This establishes the uniqueness

of Vd DN.
Finally, we must check that Vd DN'DN.d/ . From Lemma 3.9, this amounts to checking

that the terms labelled ltotsd�2 in equation (3.12) vanish when evaluated on a Graham–Lee
compactified metric. This is achieved by recycling the argument used to prove Lemma 3.9.
Because it has already been established that DN.d/ is the functional gradient of the renor-
malized volume – see Section 3.4 of [13], the discussion below Theorem 2.2 in [5], and
Theorem 1.3 in [1].

Remark 3.10. As discussed above, the tensor DN.d/ is a functional gradient along a path
of Poincaré–Einstein metrics which can be labelled by a path of boundary metrics, so its
boundary divergence must vanish,

Nr
a DN.d/

ab
D 0:

In fact, both Nra DN.d/
ab

and Nra Vd DN
ab

are conformally invariant. Therefore, Theorem 1.2
establishes the vanishing of the latter.

3.3. Odd-dimensional bulk

We first need to characterize conformal hypersurface invariants for (asymptotically) Poin-
caré–Einstein structures with conformally flat boundaries. The following is an analogue
of Theorem 3.7.

Lemma 3.11. Assume that† ,! .M d ;g/ is a conformal hypersurface embedding, where
.M d ;g; �/ 2 APEk�2 with 2 � k � d � 1. Moreover, suppose that the boundary .†; c†/
is conformally flat. Then any natural conformal hypersurface invariant I 2 �.T†Œw�/
with transverse order 1 � m � k � 1 vanishes.
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Proof. First, we choose a scale for which the boundary metric Ng D Nı is flat. Then the
corresponding Fefferman–Graham expansion of the compactified metric gr of an APEk�2
structure is

(3.13) gr D dr2 C Nı C rkY

for some smooth, rank-two, symmetric tensor Y , which is trace-free by virtue of the
Poincaré–Einstein condition. The above expansion follows directly from the treatment
of conformally flat and conformally Einstein spaces in Chapter 7 of [16]; see also equa-
tion (3.14) below. The statement now follows, since the only local conformal invariants for
a flat metric are those built from the metric itself, and that the order rk term cannot con-
tribute to invariants of transverse order strictly less than k. Vanishing in one scale implies
the same for all other scales.

We are now ready to prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. By Lemma 3.11, we only need to consider invariants of transverse
order zero or four. Because the boundary conformal class is flat, the only intrinsic (and
hence transverse order zero) conformal invariants of the correct homogeneity and tensor
type are powers of the metric and its inverse (see also Remark 3.12). No trace-free tensors
can be made this way. Then an exhaustive search establishes that the only Riemannian
hypersurface invariant of the desired homogeneity, tensor type and transverse order four,
for the metric of equation (3.13) (with k D 4), is B>

.ab/ı
. But the conformal transformation

of the Bach tensor is

�2B
�2g

ab
� B

g

ab
D .d � 4/.2C‡.ab/ �W‡ab‡ /;

and the right-hand side vanishes when evaluated on the metric of equation (3.13), so we
have that B>.ab/ı is conformally invariant. Finally, a calculation of the B>.ab/ı in the met-
ric of equation (3.13) shows that this is proportional to Y along †, which establishes
that VVDN[ ' DN.5/.

Remark 3.12. Note that the only non-zero, transverse order zero, d D 5, natural, con-
formally invariant sections of ˇ2ıT

�†Œ�2� are NBab and NW.ajcde NWb/ıcde . Also, for APE2
structures with a generic conformal class c†, there are no conformally-invariant trans-
verse-order 2 or 4 tensors of this type. A simpler version of the exhaustive analysis of
tensor structures and their conformal variations, given in Appendix A, can be used to
establish this.

Proof of Theorem 1.4. We must verify the well-definedness of two definitions, perform a
computation for DN.d/, and establish a proportionality statement. To start with, it is known
(see [16]) that a d � 7 Poincaré–Einstein metric go with conformally flat boundary has
the Fefferman–Graham expansion

(3.14) gr WD r
2go D dr2 C Ng � NPr2 C

1

4
NPˇ2r4 CO.rd�1/;

where NP is the Schouten tensor of Ng.
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Importantly, the above expansion holds for any Ng 2 c†. In particular, by choosing
(locally) Ng to be the flat metric Nı, it follows that the Weyl tensor of gr obeys

Wab
c
d D O.rd�3/:

In turn, for any g 2 c, we have that the tractor curvature

Fab
A
B D Wab

cdZAc ZdB C Cab
c.ZAc XB �ZcBX

A/ D

0@ 0 0 0

O.rd�4/ O.rd�3/ 0

0 O.rd�4/ 0

1A ;
so that, for any 1 � k � d � 4 and � D ŒgI s�,

W r
k
On W Fab

A
B

Tg
D

0@O.sd�k�3/ O.sd�k�2/ 0

O.sd�k�4/ O.sd�k�3/ O.sd�k�2/

0 O.sd�k�4/ O.sd�k�3/

1A :
But any failure of W rd�4

On
W Fab

A
B to be conformally invariant necessarily involves terms

proportional to the above display with k � d � 5. These vanish along †; to see this, one
can re-express the tractor connection (2.2) in a matrix notation and then explicitly examine
the failure of the above to transform correctly.

Thus, we now observe that

Ona W rd�4
On W Fab

C
D

†
D

0@ 0 0 0

Ona W rd�4
On
W Cab

c 0 0

0 �Ona W rd�4
On
W Cabd 0

1A :
Note that

CnŒbc� D �
1

2
Cbcn D �n

a
rŒbPc�a;

so CnŒbc� � nŒbCc�nn (which restricts along† to C>
OnŒbc�

) vanishes to one higher order than
its symmetric counterpart, and thus

. Ona W rd�4
On W CaŒbc�/

>
j† D 0:

Since Ona. W rd�4
On
W Cabc/j† appears as the projecting part of a tractor, and is symmetric,

we then have that

V> ı q�.Œ Ona W rd�4
On W Fab

C
D�j†

�
D V> ı Œ Ona W rd�4

On W Cabc �j†

is a well-defined element of �. V> ˇ2 T �MŒ3 � d�j†/. In the case d D 5, a short compu-
tation shows that, in the current setting, the right-hand side above equals B>.ab/ı.

Unlike the even-dimensional case, no parity argument ensures that the relevant Feffer-
man–Graham expansion coefficient defining DN.d/ is covariant with respect to different
choices of the boundary metric representative. We shall check that is it by hand. For that,
we define a reference metric

Qgr WD dr2 C Ng � NPr2 C
1

4
NPˇ2r4
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on a collar neighbourhood of †. Note that the above is conformal to the hyperbolic met-
ric [16]. Then we define a smooth tensor X Ng in a collar of the boundary (and, by dint of
smoothness, along † itself) by

rd�1X Ng D gr � Qgr :

Upon choosing a different metric Ng0 2 c†, with respect to the new distance function
r 0 D �.r/r (suppressing the dependence of �.r/ on boundary directions), the new com-
pactified metric g0 then obeys (by virtue of equation (3.14))

g0r 0 � Qgr 0 D r
0d�1X Ng

0

:

But, again relying on [16],

g0r 0 � Qgr 0 D �.r/
2.gr � Qgr /CO.rd /:

Thus, we learn that
r 0d�1X Ng

0

D �.r/2rd�1X Ng CO.rd /:

So, using r 0 D �.r/r and 0 < �.0/ D N� 2 C1†, we have that

X Ng
0 †
D N�3�dX Ng :

Clearly,
.d � 1/ŠX Ng j† D .L@=@r /

d�1gr j†:

To show that X j† is trace-free, we first note that the Poincaré–Einstein condition implies
that (see, for example, [18])

n2 C 2�� D 1;

where n WD dr and � WD �.rana C rJ /=d , which in the scale � D Œgr I r� implies

(3.15) 0 D �d� D r:nC rJ gr :

With impunity, we may once again compute in the boundary flat metric Nı scale for which

(3.16) gr D dr2 C Nı C rd�1X
Nı :

Then simple computations show

r:n D
d � 1

2
rd�2 tr Nı X

Nı
CO.rd�1/ and rJ gr D �

d � 2

2
rd�2 tr Nı X

Nı
CO.rd�1/:

Hence, the right-hand side of equation (3.15) equals 1
2

tr Nı X
Nı . Therefore, X Ng j† must be

trace-free for any choice of boundary scale, so indeed

DN.d/ WD .L@=@r /
d�1gr j†

defines an element of �.ˇ2ıT
�†Œ3 � d�/.

It only remains to check that DN.d/ and Vd DN[ are proportional when evaluated on
a Graham–Lee compactified metric. By their respective conformal invariance, we may
perform this computation in the metric choice of equation (3.16). It is now easy to verify
the stated proportionality result.
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Remark 3.13. Fefferman and Graham [16] show that the expansion (3.14) also applies
when the boundary class of metrics admits an Einstein metric when written in the Feffer-
man–Graham coordinate r corresponding to the boundary Einstein metric, and that these
expansions are diffeomorphic if there happen to be distinct Einstein metrics in the bound-
ary conformal class. This implies the existence of a Dirichlet-to-Neumann map that is an
invariant of the Poincaré–Einstein structure for the boundary-Einstein case. It is likely that
there are other such constructions for distinguished boundary conformal classes.

A. Proof of Theorem 1.1

The uniqueness part of the proof is by exhaustion. The key details are as follows. Given an
embedded hypersurface † ,! .M; g/, any natural diffeomorphism-invariant along † can
be fully described by contractions of the conormal On, its tangential derivatives, the metric
and its inverse, and the bulk curvature Rg , along with its derivatives rkRg . Note that
the embedding † ,! .MC; g

o/ for Poincaré–Einstein structures is necessarily umbilic
(see [18, 33]). Hence, tangential derivatives of On only produce the mean curvature, its
hypersurface derivatives and the induced metric. The latter can be expressed in terms of
the unit conormal and ambient metric. So, in a choice of metric representative g 2 c,
any natural conformal hypersurface invariant of † ,! .M; c/ is expressible by such a
diffeomorphism-invariant. This is established in Proposition 2.2 of [8] (which is based
on Proposition 2.7 in [24]). Thus, we construct all possible candidate diffeomorphism
invariants and then show that only a single combination of these produces the desired,
transverse order 5, conformal hypersurface invariant in �.ˇ2ıT

�†Œ�3�/. The homogen-
eity under constant metric rescalings of the above set of “letters” is tabulated below:

Ingredient Weight

gab �2

Ona 1

Hg �1
Nra 0

ra 0

Rabcd 2

We note that, when building a rank-two, trace-free tensor with conformal weight �3
from the above letters, only the inverse metric can reduce the tensor rank. Hence, to find
all words with the aforementioned properties, we are faced with a non-negative, integer-
valued linear algebra problem, whose solutions are listed below:

Nr
2H 3; g�1H 3R; .g�1/2 On2H 3R; .g�1/2 On. NrH 2/R; .g�1/2 OnH 2

rR; .g�1/2. Nr2H/R;

g�1 Nr4H; .g�1/3 On2. Nr2H/R; .g�1/3HR2; .g�1/4 On2HR2; .g�1/2. NrH/rR;

.g�1/3 On2. NrH/rR; .g�1/2Hr2R; .g�1/3 OnHr2R; .g�1/4 OnrR2; .g�1/3 Onr3R:

Note that the condition Ona Ona D 1 gives an upper bound on the number of appearances
of On, conditioned on the other letters appearing. Also, since we are searching for rank-
two, trace-free covariant tensors, all inverse metrics g�1 must be completely contracted.
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The number of independent rank-two tensors built from linear combinations of the
above list of words reduces significantly because .M 6

C; g
o/ is Poincaré–Einstein, which

allows these tensors to be re-expressed in terms of Ng, Ng�1, Nr, NR, J , r OnJ , H , and V>r OnB .
The list of all weight �3, rank-two combinations of these letters is given by

V>r OnB; Nr
2
r OnJ; Ng

�1 NRr OnJ; Nr
2HJ; Ng�1HJ NR;

Ng�1 Nr4H; . Ng�1/2 NrH NR; . Ng�1/3H NR2; Nr2H 3; Ng�1H 3 NR:

These yield 24 linearly independent, symmetrized, and trace-free tensors of the correct
weight and transverse orders:

ˇ
2
ı

®
>r OnBab; NPcdr OnJ; Nrc Nrdr OnJ; . NrcH/ NrdJ; HJ NPcd ; H Nrc NrdJ; NW

acdb Nra
NrbH;

NCacd Nr
aH;H NBcd ; H NWc

eab NWdabe; H NWc
abe NWdabe; H NWc

bae NWdabe; H NPca NP
a
d ;

H NP ab NWacdb; H NJ NPcd ; H
3 NPcd ; NJ Nrc NrdH; . NrHc/ Nrd NJ ; H Nrc Nrd NJ ; Nrc Nrd N�H;

NP ac
Nra
NrdH; H

2 Nrc
NrdH; H. NrcH/. NrdH/; NPcd N�H

¯
:

Requiring that the conformal variation of an arbitrary linear combination of the above
basis elements vanishes, we find a unique combination for which the coefficient of the
(only) transverse order five tensor V>r OnB is unity. In a choice of metric g 2 c, this is

V>r OnBab � 4 NCc.ab/ Nr
cH C 4H NBab :

The Poincaré–Einstein condition in six dimensions gives 2 NB D V>Bj†, see [9], and in
turn the expression quoted in the theorem. The conformal property ensures that the tensor
defines an invariant of the Poincaré–Einstein structure.

Finally, when evaluated on the Graham–Lee compactified metric gr associated with
a boundary choice of metric representative Ng 2 c†, we must show that VVIDN agrees with
DN.6/. It has already been established in Lemma 3.9 that DN.6/ / V>r OnB . Because gr
is a Graham-Lee compactified metric, it follows by virtue of Theorem 3.6 that the first,
third, and fifth T -curvatures then vanish. In particular, the first T -curvature is the mean
curvature, so it trivially follows that, in this metric representative,

VVIDN
D V>r OnB:

The theorem follows.
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