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Partial scalar curvatures and topological
obstructions for submanifolds

Christos-Raent Onti, Kleanthis Polymerakis and Theodoros Vlachos

Abstract. We investigate specific intrinsic curvatures pg, 1 < k < n, that interpolate
between the minimum Ricci curvature p; and the normalized scalar curvature p, = p
of n-dimensional Riemannian manifolds. For n-dimensional submanifolds in space
forms, these curvatures satisfy an inequality involving the mean curvature H and
the normal scalar curvature pJ‘, which reduces to the well-known DDV'V inequality
when k = n. We derive topological obstructions for compact n-dimensional sub-
manifolds based on universal lower bounds of the L”/2-norms of certain functions
involving py, H and ,OJ‘. These obstructions are expressed in terms of the Betti num-
bers. Our main result applies for any 1 < k < n — 1, but it generally fails for k = n,
where the involved norm vanishes precisely for Wintgen ideal submanifolds. We
demonstrate this by providing a method of constructing new compact 3-dimensional
minimal Wintgen ideal submanifolds in even-dimensional spheres. Specifically, we
prove that such submanifolds exist in S® with arbitrarily large first Betti number.

1. Introduction

A fundamental problem in differential geometry is to investigate the intricate relationship
between the geometry and topology of Riemannian manifolds. From the perspective of
submanifold theory, there is a profound interplay between the intrinsic and extrinsic geo-
metries of a submanifold, significantly influencing its topological properties. In particular,
the intrinsic geometry, governed by metrics and curvature tensors intrinsic to the subman-
ifold itself, interacts with the extrinsic geometry, characterized by how the submanifold
is embedded within a higher-dimensional ambient space. This interaction can lead to pro-
found insights into the topological structure of the submanifold.

One of the key questions in this area involves understanding how intrinsic curvature
invariants, such as the Ricci curvature and scalar curvature, relate to extrinsic ones, includ-
ing the mean curvature and normal curvature. These relationships often manifest through
inequalities that bind intrinsic quantities to extrinsic ones, providing constraints that influ-
ence the topological classification of the submanifolds.
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In the case of surfaces f: M? — Q%™ isometrically immersed into the complete
simply connected space form Q21" of constant curvature ¢, such a pointwise relation is
Wintgen’s inequality:

K <c+ H?*—|Ky|.

This inequality, first proved by Wintgen [28] for surfaces in R*, provides an extrinsic
upper bound for the Gaussian curvature K of the surface in terms of the length H of the
mean curvature vector field and the normal curvature K of f, which is related to the area
of the curvature ellipse. Furthermore, Wintgen demonstrated that equality holds precisely
at the points where the ellipse of curvature is a circle. Guadalupe and Rodriguez [19]
extended Wintgen’s inequality in the aforementioned form and straightforwardly derived
an inequality for compact surfaces. This inequality establishes a relationship between the
integral of ¢ + H? — | K| and the Euler—Poincaré characteristic of the surface.

Wintgen’s inequality has been generalized to any isometric immersion f: M" —
Qn*™ with arbitrary dimension into space forms, resulting in what is known as the DDVV
inequality

p<c+ H*- ,ol

(see [15, 18,22]). This pointwise inequality provides an upper bound for the normalized
scalar curvature p of M" in terms of the length H of the mean curvature vector field,
and of the normal scalar curvature of f given by p* = |R||/n(n — 1), where R+ is
the normal curvature tensor of f. Submanifolds for which the DDVV inequality holds
as equality at every point are termed Wintgen ideal submanifolds. These submanifolds
often exhibit highly symmetric structures, and their classification remains an area of act-
ive research, especially in higher dimensions (see [30] and references therein). In the case
n = 2, these precisely correspond to superconformal surfaces, which are surfaces with
curvature ellipses becoming circles at every point. However, in dimensions n > 3, the clas-
sification of Wintgen ideal submanifolds remains an intriguing yet challenging problem.

In this paper, we are interested in a type of partial scalar curvatures essentially intro-
duced by Wolfson in [29]. More precisely, let M™ be a Riemannian manifold and denote
by A1 <--- < A, the eigenvalues of the normalized Ricci tensor at each point. The k-th
scalar curvature of M" is defined pointwise as

1 k

pk=EZA,~, 1<k <n.
i=1
At any point, the k-th scalar curvature interpolates between the minimum p; of the nor-
malized Ricci curvature for k = 1, and the normalized scalar curvature p = p,. In fact, pg
is the minimum of the average of the sum of Ricci curvatures in k orthonormal vectors,
and it is a continuous function on M" for every k.
Using the DDVV inequality and its equality case (cf. [18,22]), one can show that for

every n-dimensional submanifold f: M" — QZ"*’", n > 3, the inequality
pk§c+H2—pJ‘, 1<k<n-1,

holds at every point of M™, and the equality holds precisely at the umbilical points.
The aim of the present paper is to derive topological obstructions for compact n-di-
mensional submanifolds based on universal lower bounds of the L"/2-norms of certain
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functions involving pg, H and p*. These obstructions are expressed in terms of the Betti
numbers. For compact submanifolds into space forms Q"™ with ¢ > 0, we prove the
following theorem, that can be regarded as a generalization of the result of Guadalupe—
Rodriguez [19] in the context of higher-dimensional submanifolds. Throughout this paper,
we assume all considered manifolds to be connected without boundary and oriented, with
i-th Betti number b; (M"; F') over an arbitrary coefficient field F.

Theorem 1.1. Given integers n > 3 and m > 1, there exists for everyk €{1,...,n — 1}
a positive constant e (n, m), depending only on n and m, such that if M is a compact
Riemannian manifold that admits an isometric immersion into Q’CH'”’ with ¢ > 0, then
n—1
(c+ H*—p~ — p)"?dM > g (n.m) Y b;(M":F)
Mr i=1

for any coefficient field . Moreover, if

(c + H> — pt — pp)"? dM < 2e1(n, m)
Mn
for some k €{1,...,n — 1}, then M" is either homeomorphic to S", or it is an Eells—
Kuiper manifold. In particular, M" is homeomorphic to S™ if

/ (c + H? = p* — p)"> dM < sx(n.m).

We recall that an Eells—Kuiper manifold [16] of dimension n is a compactification
of R” by a sphere of dimension n/2, where n = 2,4, 8, or 16. For n > 4, it is simply
connected and has the integral cohomology structure of the complex (n = 4), quaternionic
(n = 8), or the Cayley (n = 16) projective plane.

We point out that the assumption n > 3 in the above theorem is essential, and the result
does not hold in the case n = 2. In fact, the involved integral vanishes for every compact
superconformal surface, and there exists an abundance of such surfaces with arbitrary
genus in any codimension m > 2.

Chen and Wei in [8] obtained a geometric rigidity result for compact submanifolds
fiM" — QZJ””, n > 4, with parallel mean curvature vector field, in terms of the lowest
eigenvalue of the Ricci tensor. More precisely, for ¢ > 0, they proved that such a sub-
manifold is totally umbilical if the L™2-norm of the nonnegative part of the function
A — (n — 1)p; is sufficiently pinched, where A is a constant satisfying (n — 2)(c + H?) <
A < (n—1)(c + H?). The following immediate consequence of Theorem 1.1 is the ana-
logous topological rigidity result for submanifolds of dimension » > 3, without imposing
any assumption on the mean curvature.

Corollary 1.2. Let f: M" — QZ,H'”’, n >3, ¢ > 0, be an isometric immersion of a com-
pact Riemannian manifold. If

/ (c + H? = p* — p)"2 dM < &1(n.m),
Mn

then M" is homeomorphic to S".

The following result is a consequence of Theorem 1.1 that applies to Einstein subman-
ifolds.
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Corollary 1.3. Let f: M" — QZ""’”, n >3, ¢ >0, be an isometric immersion of a com-
pact Einstein manifold with Ricci curvature p. Then
n—1
(c+ H?—pt —p)"2dM = e1(n.m) Y bi(M":F)
Mr i=1

for any coefficient field I¥. Moreover, if

/ (c+ H?>—pt —p)"2dM < 2&,(n,m),

then M™ is either homeomorphic to S", or it is an Eells—Kuiper manifold. In particu-
lar, M is homeomorphic to S" if

(c + H> —pt — p)2dM < e1(n,m).
Mn

The above result demonstrates that Theorem 1.1 is also valid for k = n in the case of
any Einstein submanifold, as py = p for any 1 < k < n in this scenario. However, The-
orem 1.1 does not hold for k = n in general, in which case the involved integral vanishes
for Wintgen ideal submanifolds. We note that apart from superconformal surfaces and
totally umbilical submanifolds, there are only a few known compact Wintgen ideal sub-
manifolds (cf. [15,30]) and all of them have dimension n = 3. In Section 5, we provide
counterexamples to Theorem 1.1 for k = n = 3. In fact, we present a method to generate
new compact Wintgen ideal submanifolds with positive first Betti number, which is an
interesting result in its own right. These Wintgen ideal submanifolds are unit bundles of
plane subbundles of the normal bundle of appropriate compact minimal surfaces in even-
dimensional spheres. This class of minimal surfaces encompasses pseudoholomorphic
curves in the nearly Kihler sphere S®. This justifies the inclusion of the additional term in
the following result when considering the case k = n.

Theorem 1.4. Given integers n > 2 and m > 1, there exists for every A € [0, 1) a positive
constant € (n, m), depending only on n and m, such that if M" is a compact Riemannian
manifold that admits an isometric immersion into Q"+™, then

n—1
(c+ H?>—Ap"—p)"?dM > e5(n.m) Y bi(M":F)
M i=1

for any coefficient field . Moreover, if

(c+ H?> = Apt — p)"?dM < 26, (n, m)
Mn
for some A €0, 1), then M" is either homeomorphic to S", or it is an Eells—Kuiper
manifold. In particular, M" is homeomorphic to S™ if

(c + H?—Apt — p)"2dM < &)(n, m).
Mn
It is worth noting that the integral in Theorem 1.4 is conformally invariant, rendering
Theorem 1.4 applicable to submanifolds in any space form. Moreover, the above theorem
may be regarded as an enhancement of a topological result by Shiohama and Xu [25] for
submanifolds in any space form, where the case A = 0 is considered.
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The paper is organized as follows. In Section 2, we prove an auxiliary lemma that is
essential for the proofs of our results and may have potential applications in other contexts.
In Section 3, we derive algebraic inequalities regarding symmetric bilinear forms, which
are crucial to our proofs. Additionally, we provide examples that suggest Theorem 1.1
may not hold in general for k = n > 3. In Section 4, we give the detailed proofs of Theor-
ems 1.1 and 1.4. The final Section 5 is devoted to the construction of the aforementioned
new compact 3-dimensional Wintgen ideal submanifolds with arbitrarily large first Betti
number, providing counterexamples to Theorem 1.1 fork = n = 3.

2. An auxiliary lemma

The aim of this section is to prove an algebraic lemma essential to our results. In the
following, let V' and W be finite-dimensional real vector spaces with dimensions n > 2
and m > 1, respectively. Both spaces are equipped with positive definite inner products,
which, for convenience, we denote by the same symbol (-, -). We denote the space of all
symmetric bilinear forms from V to W by Sym(V x V, W), and the space of all self-
adjoint endomorphisms of V' by End(V). We recall that the index of an element A €
End(V) is the number of the negative eigenvalues of A, and it is denoted by Index A.
Given 8 € Sym(V x V, W), we associate to each £ € W the formal shape operator A¢(B) €
End(V), defined by

(B(x.y).8) = {Ae(B)x.y), x.yeV.

The space Sym(V x V, W) is a complete metric space with respect to the norm |||
defined by

n m
IBI> = Y~ 1B, ep)ll> = DIl 4, (B,
i,j=1 a=1
where {e; }1<i<n and {£,}1<a<m are orthonormal bases of V' and W, respectively.
A function ¢: Sym(V x V, W) — R is called homogeneous of degree d € R™ if

o(p) = td(p(,B) for every ¢t > 0 and any 8 € Sym(V x V, W).

The following lemma, that may be useful for other purposes, is crucial for the proofs of
our results.

Lemma2.1. Letn>2,m>1and0 < p <n/2 be integers, and let d € R*. Suppose that
there is a map that assigns to each pair V and W of vector spaces of dimensions n and m
respectively, and equipped with positive definite inner products, a nonnegative continuous
Sunction py,w:Sym(V x V, W) — R that is homogeneous of degree d and satisfies the
following conditions:

(i) For any isometries i: V >V and j: W — W, we have

pv.w(B) = <P17,W(J'_l oBo(ixi) forall peSym(V xV,W).

(i) If ev,w(B) = 0 for some B € Sym(V x V, W), then the endomorphism A, (B) has
an eigenvalue of multiplicity at least n — p for every unit vector u € W, the vanishing
of which implies that A, (B) = 0.
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Then there exists a positive constant §(n, m), depending only on n and m, such that
the following inequality holds for any vector spaces V, W and all B € Sym(V x V, W):

ov.w (B) = 8(n,m) (Y (B,
where the function Yp: Sym(V x V, W) — R is given by

U (B) = / det Au(B)| dSu.  Ap(B) = tueS™ 1 p < Index A, (B) < n — p.

Ap(B)

and dS,, stands for the volume element' of the unit (m — 1)-sphere S™ 1 in W.
To simplify the proof of the above lemma, we first prove the following result.

Sublemma 2.2. Let {8, },eN be a sequence in 1/fp_1 (1) C Sym(V x V, W) and let {s; }reN
be a sequence of positive real numbers. Assume that the sequence y, = s, B, converges to
some y € Sym(V x V, W) with oy,w(y) = 0. Then y = 0.

Proof. For every r € N, since 8, € 1//1,_1(1) and A,(Br) = Ap(yr), there exists an open
subset U, CS™~1 C W such that U, C Ap,(y,) and det A¢ (y,) # O forall § € U,. Let {u, }
be any convergent sequence such that u, € U, forall r € N, and set u = lim; o0 U,. We
claim that

@2.1) lim Ay, (yr) = 0.
r—>00

Since gy, w (y) = 0, by our assumption A, (y) has an eigenvalue p(u) with multiplicity
at leastn — p.

We argue that p(u) = 0. Using that lim, o, Ay, (yr) = Ay(y) and since u, € U,,
we obtain Index A4, (y) < n — p (see [1]). Assuming that u(u) < 0, since its multipli-
city is at least n — p, it follows that Index A,,(y) > n — p, and this is a contradiction.
Therefore (1) > 0, and this implies that Index 4, (y) < p. Assuming now that p(u) > 0,
from lim, —, o5 Ay, (¥r) = Au(y) it follows that Index A,,, (y») < p for r large enough, and
this contradicts the fact that u, € A,(y;). Therefore, 1 (u) = 0 and the second condition
for gy,w yields that lim, oo Ay, (yr) = Au(y) = 0.

We may choose convergent sequences {ugl)}, ey {uﬁ’”)} in U, such that the vec-
tors ugl), cees uﬁ"’) span W for all r € N. Using the Gram—Schmidt process, we obtain
sequences {£V), ... {£9) with £ e span{ulV, ..., u?)} for each 1 < a < m. Then

r(a) =301 xﬁe)ug) , where {xfe)} are convergent sequences for each 1 < £ < m. Con-
sequently, we have that
m a
22y = ngﬁ“)(yr)" V€@, where A (rr) = ZXfZ)Augf) (¥r).
a=1 {=1

Using (2.1), we obtain

a
rll)ngo Agﬁa)()/r) = rli)n;o;xﬁe)Aug) (yr)=0 forall <a<m.
=1
From (2.2) and the above, it follows that lim,_,, y, = 0 and thus, y = 0. |

'In case m = 1, integration reduces to summation.
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Proof of Lemma 2.1. Let V and W be vector spaces as in the statement of the lemma. We
first show that the set ¥, 1(1) in nonempty. Indeed, since the function ¥, is homogeneous
of degree n, it follows that for an arbitrary B € Sym(V x V, W) with ¥,(8) # 0, we have
that B/ (¥ (BNY" € v, ' (1).

Let {8, } be a sequence in 1//1,_1 (1) such that

rli)ngo ov.w(Br) = inf(PV,W(l/fp_l(l)) > 0.

We claim that the sequence {f,} is bounded. Arguing indirectly, assume that there
exists a subsequence, which by abuse of notation is again denoted by {f,}, such that
lim; 00 || Br || = o0. Since B, € wp_l(l) implies that 8, # 0 for all r € N, we can con-
sider the sequence y, = s B, where s, = 1/||B,||. Then {y,} is bounded with |y, || = 1
and, by passing to a subsequence if necessary, we may assume that it converges to some
y €Sym(V x V, W) with [[y|| = 1. From ey, w (y,) = ev,w (B,)/I1B,]19, it follows that
lim, 00 @v,w (yr) = 0. Then, the continuity of ¢y, yields that ¢y w(y) = 0 and Sub-
lemma 2.2 implies that y = 0. This contradicts the fact that ||y || = 1, and the proof of the
claim follows.

Thus we may assume that {f,} converges to some S, € Sym(V x V, W). We argue
that oy, w (Boo) > 0. Suppose to the contrary that ¢y, w(Bo0) = 0. Then, Sublemma 2.2
applied to y, = B, yields that B, = 0. Therefore 4, (Boo) = 0 for every u € S 1. On the
other hand, since B, € ¥/, (1), the mean value theorem implies that there exists &, € S™~!
such that

1=v,(8,) < /SH | det A, (Br)| dSu = |det Ag, (B-)| Vol(S™ ') forall r € N.

Since the sequence {£,} is bounded, we may assume that it converges to some § € S™1.
Then, by letting r — oo in the above, we conclude that det A¢ (Bo0) 7# 0, which contradicts
the fact that A, (Boo) = O for every u € S™~ 1.

Thus, the function gy, attains a positive minimum §(n,m) = gy,w (Bo) on ¥, L),
which by condition (i) depends only on n and m. Therefore, for an arbitrary 8 € Sym(V x

V.W) with ¥, (B) # 0, since y = B/(¥,(B) /" € v, (1). it follows that gy, (y) =
8(n, m). Then, the homogeneity of ¢y, implies the desired inequality. |

3. Algebraic preliminaries

Let V and W be real vector spaces of dimensions n > 2 and m > 1 respectively, equipped
with positive definite inner products.

The Kulkarni—-Nomizu product of two bilinear forms ¢, ¥ € Hom(V x V,R) is the
(0,4)-tensorp ® Yy:V x V x V x V — R defined by

¢ O Y(x1,x2,x3,X2) = p(x1, x3) ¥(x2, Xa) + P(x2, x4) ¥ (x1,X3)
— @(x1,x4) ¥ (x2,x3) — P(x2,x3) ¥(x1,x4).



C.-R. Onti, K. Polymerakis and Th. Vlachos 286

Using the inner product of W, we extend the Kulkarni-Nomizu product to bilinear forms
B,y e Hom(V x V, W), as the (0,4)-tensor B ® y: V x V x V x V — R defined by

B @ y(x1,x2,x3,x4) = (B(x1,X3), y(x2,x4)) + (B(x2,X4), y(x1,x3))
—(B(x1,x4), y(x2,x3)) — (B(x2, x3), y(x1, x4)).

For any ¢ € R, we define the formal Ricci tensor as the map Ric.: Sym(V x V, W) —
Sym(V x V,R) given by

RiCc(,B)(X, y) = tI'Rc(,B)(',X,', y)’ X,y € V’
where |
Re(f) = 5 (¢t 0 () + BOP).

For any f € Sym(V x V, W), we denote by A. 1(8) < -+ < A, ,(B) the eigenvalues
of the self-adjoint operator T.(8) € End(V') determined by

1
(Te(B)x.y) = -—— Ricc(B)(x. ).
For each 1 < k < n, we consider the functions p. ;:Sym(V x V, W) — R defined by
1 k
pei(B) =2 D Aei(B).
i=1
Fork = n, weset p.(8) = p. ,(B). Clearly we have

pe(B) = —— trRice(p).

n(n—1)
Furthermore, we define the function p: Sym(V x V, W) — R by
1/2
pt(B) = ( v L RE(B)| = —( Z Z (RE(B)(ei. ¢j. £a- £b)) ) :
i,j=la,b=1

where {e; }1<i<n and {£;}1<a<m are orthonormal bases of IV and W, respectively. Here,
the tensor RT(B): V x V x W x W — R is given by

RE(B)(x, .6.m) = ([Ae(B), Ay(B)lx.y), x.y eV, EneW,
being [A, B] = Ao B — B o A the commutator of A, B € End(V).

For every B € Sym(V x V, W), we set #g = %trﬁ and Hg = ||#]|, and we denote
by 5 = B — (-, -) Hp the traceless part of B. The form B is called umbilical if,é =0.1tis
clear that 8 is umbilical if and only if Ag(B) = (Hg, &) Idy forevery e W.

Lemma 3.1. For every f € Sym(V x V, W) and any ¢ € R, the following hold:

(1) The formal Ricci tensor is given by

n

Rice (B)(x,y) = c(n — 1) (x, y) + n(JHp. B(x.y)) = D _(B(x.e:). B(y.en)),

i=1

forx,y €V, where {e;}1<i<n is an orthonormal basis of V.



Partial scalar curvatures and topological obstructions for submanifolds 287

(i) The DDVV inequality is valid:

pe(B) < ¢ +HZ — p(B).

Equality holds in the above inequality if and only if there exist orthonormal bases
{eit1<i<n of V and {4} 1<a<m of W such that

Ag, (B) = diag(Ay + p, Ay — p, Ag, .., Ay),

Ag, (B) = diag (( tf /{‘2 ),Az,...,xz),

and Ag, (B) = Aaly for 3 <a < m, where ju, Ay, ..., Ay are real numbers.

Proof. Part (i) follows by a straightforward computation. For the second part, we choose
an orthonormal basis {4 }1<a<m Of W such that u; = Hg/Hg if Hg # 0. Let By, (B) =
Ay, (B) — (Hp,uq) Idy be the traceless part of A, (B) for 1 < a < m. Using part (i) and

o
taking into account that || 8]|2 = ||8]|> — nH2 a direct computation yields that

g .
nn—1) nn-— 1);”Bua(ﬂ)” .

On the other hand, it follows easily that

IR~ _ 1
nn—1) nm—1)

(3.1) c+Hz —p(B) =

(3.2) pt(B) =

m N%
(" 108w (B). Buy BII)
a,b=1
Therefore, the desired inequality is equivalent to

Z I[Buy (B). By (BIII? < (ZnBua(ﬂ)u )

a,b=1

The last inequality, along with its equality case, has been proved in [18,22]. The remainder
of the proof follows the same steps as the proof of Corollary 1.2 in [18], with T,M
replaced by V' and TPJ-M replaced by W. ]

Proposition 3.2. The following assertions hold for any vector spaces V and W, any
BeSym(V x V, W) and every c € R.

(1) If n = 3, then for every k €{1,...,n — 1}, the following inequality holds:
(3.3) pex(B) < ¢ +H: —p(B).

Equality holds for some k € {1,...,n — 1} if and only if B is umbilical.
(ii) Forevery A €0, 1), the following inequality holds:

(3.4) pe(B) < c+H:—Apt(B).
Equality holds for some A €0, 1) if and only if B is umbilical.
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Proof. (i) Assume that n > 3. For every k € {1,...,n — 1}, we have that

(3.5) Pex(B) = pesr1(B).

and equality holds if and only if A.1(B) = -+ = A, x+1(B). The proof of (3.3) then
follows from the DDVV inequality in Lemma 3.1(ii).

Assume now that for some k € {1,...,n — 1}, inequality (3.3) holds as equality.
From (3.5), it follows that all inequalities in

peic(B) < < pena(B) <c+Hz—p(B)

hold as equalities. This implies that all eigenvalues of T, (8) are equal and thus, Ric.(8) =
(l’l - 1)10(’ ')? where P = pc,i (IB)’ 1 <i=<n

Moreover, the DDVV inequality holds as equality for 8. Let {e; }1<i<n and {&4}1<a<m
be orthonormal bases of V' and W, respectively, as in Lemma 3.1(ii). Using Lemma 3.1
and taking into account that #g = Y ., A4£,, a straightforward computation yields that

Ricc(B)(e1,e1) = (n — 1) (¢ + Hg) + u((n —2) A1 — 2p),
Ricc(B)(e2, €2) = (n — 1) (¢ + HZ) — u((n —2) A1 + 2p0),
Ricc(B)(ei,ei) = (n —1)(c +Hg), ifi > 3.

Since Ric.(8) = (n — 1)p(-, -), the above yield that u = 0. Therefore, we obtain that

Ag,(B) = Aaly, 1 < a < m, and this implies that 8 is umbilical. The converse is obvious.

(i1) The desired inequality follows immediately from the DDVV inequality. If (3.4)
holds as equality, then

¢+ Hg —pc(B) — o~ (B) = A= Dp™(B).

By virtue of Lemma 3.1(ii), the left-hand side of the above is nonnegative. Thus p=(8)=0
and the DDVYV inequality holds as equality for 8. Now we choose the orthonormal bases
of ¥V and W as in Lemma 3.1(ii). Then a direct computation yields that |R-(B)| = 4u>.
Since p(B) = 0, it follows that ;- = 0. Then, as in the proof of part (i), we conclude
that § is umbilical. |

Proposition 3.3. Given integers n > 2 and m > 1, the following assertions hold.

(i) If n>3, thenforanyc e Randk € {1,...,n — 1}, there exists a constant 8. j (n,m)
> 0 depending only on n and m, such that the inequality

¢+ H; =0 (B) = peic(B) = Sep(n,m) (Yo (B>

holds for any vector spaces V and W and all B € Sym(V x V, W), where Vg is the
function defined in Lemma 2.1.

(ii) Foreveryc € Rand ) €(0,1), there exists a constant 8. (n,m) > 0 depending only
on n and m, such that the inequality

¢+ Hg =20 (B) = pe(B) = Se.a(n.m) (Yo(B)*'".
holds for any vector spaces V and W and all B € Sym(V x V, W).
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Proof. For each pair of vector spaces V and W of dimensions n and m, respectively,
ceR,Ae[0,1]and k €{1,...,n}, we consider the function (p’f,év Sym(V x V,W) —> R
given by

oy (B) = ¢ +HE —2p™(B) — p. 1 ().
We claim that the function <pV’W forany k € {1,...,n — 1}, n > 3, as well as the function
goV w forany A €10, 1), fulﬁll the requirements in Lemma 2.1.

First, we argue that (pVW is continuous. Let {8, } be a sequence in Sym(V x V, W)
with lim, o B, = B € Sym(V x V, W) and consider orthonormal bases {e; }1<i<, and
{€a}1<a<m of V and W, respectively. From Lemma 3.1 (i), it follows that the Ricci tensors
satisfy

rli)n;o Ricc(Br)(ei,e;) = Ricc(B)(ei ej), forl <i,j <n.

Therefore lim, o, Tc(Br) = Te(B) for the associated self-adjoint operators. Then the
ordered eigenvalues of these operators satisty limy 00 Ac,i(8r) = Aci(B), 1 <i <n
(see for instance Theorem 1 in [1]). Therefore,

lim pei(Br) = pes(B) foreveryk e{l,....n}.

Given that lim, .o Ag, (Br) = Ag,(B) for any 1 < a < m, we obtain lim, pr(By) =
J—(ﬁ ). Itis clear that lim, _ o0 % = H% Hence the above imply that lim, _, oo golf,%[, Br) =
gaV W(ﬂ) and thus the functlon (pvﬁ, is continuous.

We next show that (pV w is a homogeneous function of degree d = 2. Lemma 3.1(i)
yields that

Rice (B)(x, y) = c(n — 1){x, y) + Rico(B)(x.y) forevery x,y € V.

This implies that T, (8) = ¢ Idy +To(8) and the corresponding eigenvalues are related by
Aci(B) =c+A,i(B).1 <i < n.Therefore, p, x (B) = ¢ + pox(B), and thus

k,A
oy = Hg —Ap(B) — po(B), forl <k <n.
From Lemma 3.1 (i), it follows that Rico(t8) = t?Rico(B) for every ¢t € R. Then a straight-

forward computation shows that (p];'vlv is a homogeneous function of degree d = 2.

The fact that the function gplf,?,v satisfies condition (i) in Lemma 2.1 follows directly
from its definition. Moreover, Proposition 3.2 implies that condition (ii) is fulfilled for
p = 0. The proof now follows from Lemma 2.1. ]

The following example shows that the inequality in part (i) of Proposition 3.3 fails for
k = n. In fact, this example shows that liminf) - 6. 3 (n,m) = 0.

Example 3.4. Given i > 0 and a sequence o, > 0 such that lim,_,, 0, = 0, we define
the sequence B, € Sym(V x V,W),r €N, given by B, = Ag, (B,)&1 + Ag, (Br)&2, where

. . 0
Ag, (By) = diag(i, —pt, —0r,0r,...,04), Agz(ﬁr)zdlag«,u /g),—or,ar,...,m),

with respect to orthonormal bases {€;}1<i<n and {£;}1<a<m Of V = R” and W = R™,
respectively, withn > 3 and m > 2.
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Then, for any unit vector u = Y ,_, uq&, € W, the eigenvalues of A, () are
1 =pWi+ud)? 1 =—pl+ud)'?
3= —0;(u1 +uz2), andy =o0,(ur +uz), ford <i <n.

Thus Index A, (B;) = 2 if u; + uy > 0, whereas Index A, (8,) =n —2if u; +u, <0.
Therefore, A{(B,) = U for every r € N, where U = {u € S™ ! : u; + up # 0} and,
consequently,

(3.6) Vi(By) = 10"72, where [ = /Lz/ u? +u3) Juy +up|""2dS,.
U

On the other hand, a straightforward computation using (3.1) and (3.2) yields that

4(3n —8)

c+ H?g, —p(Br) = Pen(Br) = D(n)of, where D(n) = =1
From (3.6) and the above, it follows that the quotient

c+Hg —p (Br)=penBr)  D@m) ),
(W1 (Br)2I" ~m

tends to zero. Therefore, the function (¢ + H? — p+ — Pen)/ wlz /™ is not bounded from
below by a positive constant. Since ¥(B) > ¥1(B) for every g € Sym(V x V, W), we
conclude that this also holds for the function (¢ + H? — p+ — Pen)/ 1/f§ /n

4. Proofs of the results

Let f: M"™ — R"*™ be an isometric immersion of a compact Riemannian manifold
into the Euclidean space R"™™ equipped with the usual inner product (-, -). We denote
by NyM the normal bundle of f and by oy € I'(Hom(TM x TM, Ny M)) its second
fundamental form.

First, let us recall some well-known facts about total curvature and how Morse theory
imposes constraints on the Betti numbers. The unit normal bundle of f is defined as the set

UNy=1{(p.§) e NeM - ] = 1}.

The generalized Gauss map v: UN y — S"T™~1 is given by v(p, ) = &. Now, for each
u € S"*™m=1 we consider the height function /,, defined by A, (p) = (f(p).u), p€ M™.
Since h,, has a degenerate critical point if and only if u is a critical value of v, by Sard’s
theorem, there exists a subset E C S*17~1 of measure zero such that 4, is a Morse func-
tion for all u € S"*"~1\ E. We denote by p;(u) the number of critical points of A,
of index i for each u € S"*"~1\ E and set u;(u) = 0 for every u € E. Following
Kuiper [21], we define the fotal curvature of index i of f by

1
VOl(Sn+m_1) §n+m—1

n(f) = pi(u)dS,
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where dS denotes the volume element of the sphere S”*”~!. From the weak Morse
inequalities (see Theorem 5.2 on p. 29 of [23]), we have

4.1) wi(u) = b;(M™;F) forallueS" ™™ 1\ E,

where b; (M"; F) is the i -th Betti number of M" over an arbitrary coefficient field F. By
integrating over ST~ we obtain

(4.2) . (f) = bi(M";F).

There is a natural volume element dX' on the unit normal bundle UN ¢. In fact, if 4V
is a (m — 1)-form on UN f such that its restriction to a fiber of the unit normal bundle
at (p, &) is the volume element of the unit (m — 1)-sphere of the normal space of f at
p, then d¥ = dM A dV, where dM is the volume element of M". Shiohama and Xu
(see [24], p. 381) refined a well-known integral formula due to Chern—Lashof [10, 11],
and proved that

4.3) f |detdg | d¥ = / wi(u)ds.,
Ufo sn+m—1

where U' N ¢ is the subset of the unit normal bundle of f defined by
U'Ny ={(p,§) € UNy : IndexAg =i}, 0<i <n,

and Ag the shape operator of f with respect to £, where (p,§) € UNy.
Lemma 4.1. Let f: M" — R""™ with n > 2, be an isometric immersion of a compact
Riemannian manifold such that Z:’;ll 7;(f) < 2. Then, for any coefficient field F, the
Betti numbers satisfy 27;11 bi(M";TF) € {0, 1}. In particular,

1) ifbi(M";F)=0forany 1 <i <n —1, then M" is homeomorphic to S";

Gi) if Z::ll bi(M";IF) = 1, then M" is an Eells—Kuiper manifold.

Proof. The assumption is equivalent to

n—1
/ § ui(u)dS < 2Vol(S" 7).
§n+m—1

i=1
This implies that there exists a unit vector 1o such that the height function /4, is a Morse
function satisfying Z:’;ll Wi(ug) < 2 or, equivalently,

n—1
(44) > Hiluo) < 1.
i=1
The above and (4.1) yield that 27;11 bi(M";F) € {0, 1} for every coefficient field IF.
(i) Suppose that
4.5) bi(M";F) =0 foreveryl <i <n-—1.

We claim that the homology groups of M" over the integers satisty Hy(M";Z) = 0 for
any 1 <k <n — 1, which in view of (4.5), is equivalent to the claim that M" has no torsion.
Indeed, if Hx(M";Z) contains torsion for some 1 <k <n — 1, then H(M";Z,) # 0 for
some prime p, which contradicts (4.5). Hence M" is a homology sphere over the integers.
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We now prove that M" is simply connected. This is clear if » = 2. Assume thatn > 3
and suppose, to the contrary, that the fundamental group is 71 (M"™) # 0. It follows from
Proposition 4.5.7 on p. 90 of [2] that p; (ug) # 0. Thus, (4.4) yields that p1 (1) = 1 and
i(ug) = 0forany 2 <i <n — 1. Then, by Morse theory, it follows that the manifold M"
has the homotopy type of a CW-complex with no cells of dimension 2 <i <n — 1. In par-
ticular, there are no 2-cells, and thus, by the cellular approximation theorem, the inclusion
of the 1-skeleton X(V) < M" induces isomorphism between the fundamental groups.
Therefore, 71 (M") is a free group on by (M";Z) = 0 elements. Hence, 7;(M") = 0,
which is a contradiction.

Thus, M" is a simply connected homology sphere over the integers and therefore
a homotopy sphere. By the (generalized) Poincaré conjecture (Smale n > 5, Freedman
n = 4, Perelman n = 3), M" is homeomorphic to S”.

(ii) Assume that Z:’;ll b;(M";F) = 1. From Poincaré duality, it follows that n is even
and that the Betti numbers are

bpjp(M";F) =1 and b;(M";F)=0, forl <i<n-—1,1i#n/2.
Jointly with (4.1) and (4.4), the above implies that
4.6) Mnj2(o) =1 and p;i(ug) =0, forl <i<n-—1,i#n/2.

Since p1(ug) = 0, it follows from Lemma 4.11 on p. 85 of [7] that po(up) < 1. Hence,
from (4.1) we obtain

4.7 po(uo) = 1.

The Euler—Poincaré characteristic of M” is given by

X(M") =Y (=1 bi(M":F) = 3.

i=0

On the other hand, using (4.6) and (4.7), from Theorem 5.2 on p. 29 of [23] we have

X(M™) = " (=1) 113 (uo) = 2 + pun (uo),
i=0

and thus u,(u9) = 1. Taking into account (4.6) and (4.7), this implies that the height
function A, is a Morse function with three critical points. Therefore, M" is an Eells—
Kuiper manifold. |

Proof of Theorem 1.1. Let f: M" — Q’C”"", n > 3, be an isometric immersion with sec-
ond fundamental form a¢, mean curvature Hy and shape operator A¢ with respect to £,
where (p, £) € UN y. Assume first that the ambient space is the Euclidean space R"*™,

that is ¢ = 0. Since Hy (p) = Ha, (p)» Pk (P) = Po k(s (p)) and p*(p) = pt(ar (p)), it
follows from Proposition 3.3 (i) that

(H} = p* = p0"2() = Gogrom) [ Jaetaelave
Ao(ar(p))
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for all p € M. Integrating over M " and using (4.3), we have

n—1

/ (H} = p* = pi)"2 dM = (8o, (n,m)"2 Vol (S"™ 1) 3" 7 (f).
Mn

i=1

Thus, from the above and (4.2), we obtain

n—1 n—1
(4.8) /M (Hf — ot — )2 dM > e (n,m) Z 5 (f) > ex(n,m) Zbi(M;IF),
i=1 i=1
where e (n,m) = (8 (1, m))"/2 Vol(Sn+m=1).
Now, assume that

[} = ot gy ant <26 n.m)
Mn

Then, it follows directly from (4.8) that Z:’;ll 7;(f) < 2, and the proof follows from
Lemma 4.1. In particular, if

/ (H7 — p* — pu)"? dM < e (n.m),
Mn

then Z:’;ll 7;(f) < 1 and (4.2) implies that only the first case in Lemma 4.1 can occur.

Suppose now that ¢ > 0. We consider the isometric immersion f ‘M" — RrEmAL
given by f =i o f, where i is an umbilical inclusion of the sphere S"*™ of radius
R = 1/./c into the Euclidean space R"*"*1. Clearly, sz; =H J} + ¢, and the normal

curvature 5~ of f is given by 5 = p*. Then the proof follows from the above argument
applied to f with ex(n,m) = (8o (n,m + 1))"2 Vol (S"+™). -

Remark 4.2. It is immediate from (3.5) that the constants in Proposition 3.3 (i) satisfy
8c1(n,m)>--+> 6. ,_1(n,m) > 0. Then, it follows from the proof of Theorem 1.1 that
the constants g (n,m), 1 <k <n — 1, satisfy ey (n,m) > --- > g,_1(n,m) > 0.

Proof of Corollary 1.2. Tt follows immediately from Theorem 1.1 for k = 1. ]

Proof of Corollary 1.3. Since M" is Einstein and n > 3, it has constant normalized Ricci
curvature equal to p. Therefore, p = p for every k € {1, ...,n}. The proof follows imme-
diately from Theorem 1.1. |

Proof of Theorem 1.4. Let f: M" — Q’c“rm, n > 2, be an isometric immersion. We claim
that the integral

. (c+Hj%—)LpJ‘—p)"/2dM

is invariant under conformal changes of the metric (-,-) of Q”*™. Indeed, from (3.1)
and (3.2), it follows that

(4.9) n(n=1)(c+ H} —ap™ —p) = [|Dr[* = 2| R* ],

where ® is the traceless part of the second fundamental form of f and R+ its normal

curvature tensor. Consider the conformal change (-,-) = e¥(-, ) of the metric of Q?*™,
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where u is a smooth function, and let f ‘M — (Qntm {.,-)) be the isometric immer-

sion induced by f. Then, at corresponding points the normal spaces of f, f coincide
and particularly, the second fundamental forms and the mean curvature vector fields are
related by

aF=of— (-.-)(gradu)* and J(J; = e_zu(Jff — (gradu)™b),

where (grad u)* is the normal component of the gradient of u with respect to the met-
ric (-, -). The above imply that ® = @/ and thus, the traceless parts of the shape operators
of f and f associated to a local orthonormal frame field {£4}1<q<m of N ¢ M satisfy
B¢, = Bg,, 1 < a < m. Any orthonormal tangent frame field {e; }1<;i<x of (M, (,-)) and
any orthonormal normal frame field {§;}1<q<m of Ny M give rise to orthonormal frame
fields {& }1<i<n Of (M, (-,-)) with & = e™e; and {£,}1<a=m Of N M with &, = e™&,.
Therefore, a direct computation using (3.1) and (3.2) yields that

1P 712 = AR~ = e (@ |I> = AR ).

Now, by virtue of (4.9), the claim follows from the above equality and the fact that the
volume element of (M, m) ise"™dM.

Therefore, under a conformal change of the metric of (a part of) Q"™  we may
assume without loss of generality that the ambient space is the Euclidean space R" 1™,

Since Hy(p) = Ha, (). p(P) = polas(p)) and p*(p) = p*(as(p)), it follows from
Proposition 3.3 (ii) that

(H} =20 = 9" (p) = Goarm)® [ Jdetae] ay
Aol (p)
for all p € M™. Then the proof follows arguing as in the proof of Theorem 1.1 with
ex(n,m) = (80,5 (n, m))"? Vol(S"*+m—1). n

Remark 4.3. Since A € [0, 1), from (4.9) it follows that
n(n—1)(c+ H} = 2p* = p) < @/ |* = llos|> — nH}.

This shows that our integrand is smaller than the (normalized) one of Shiohama and Xu
in [25], which corresponds to A = 0.

5. Counterexamples to Theorem 1.1 for k = n

5.1. Minimal surfaces in spheres

In this subsection, we discuss some properties of the isotropic surfaces in spheres, which
are the basic tool for the construction of new compact 3-dimensional Wintgen ideal sub-
manifolds.

Let f: L? — S"*2 denote an isometric immersion of a two-dimensional oriented
Riemannian manifold into the sphere S”12. The k'*-normal space of f at x € L? for
k > 1is given by

N/ (x) = span{ok T (X1 Xieqr) t Xuooo . Xeqy € TiL)
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where o2 = o r:TL x TL — Ny L is the standard second fundamental form with values
in the normal bundle and

a}:TLx---xTL—>NfL, s >3,
is the symmetric tensor called the s*"-fundamental form defined inductively by
1
af(X1..... Xs) = (Vg, ... Vi,ar (X2, X1)) ™.

Here V+ is the induced connection in the normal bundle N. v L and ( )L means taking the
projection onto the normal complement of N lf D---DN Sf_ ,in NeL.

Now suppose that f: L? — S"*2 denotes an oriented minimal and substantial surface.
The latter means that the codimension cannot be reduced, in fact, not even locally since
minimal surfaces are real analytic. It is known (see [12,26]) that the normal bundle Ny L
of f splits along an open dense subset of L? as

NL=N/@&---aN/, m=[n+1)/2]

since all higher normal bundles have rank two, except possibly the last one, that has
rank one if 7 is odd. The orientation of L2 induces an orientation on each plane vector

bundle st given by the ordered pair
£ = aj,“(X, LX), &= a}“(JX, o X)

where 0 # X € TL and J is the complex structure of L2 determined by the metric and
orientation.
For each 1 < k < m, the k""-order curvature ellipse 8,{ (x) C Nkf (x) is defined by

8{()6) = {oe/’fH(Z“’,...,Z"’) 1 Z% =cospZ +singJZ and ¢ € [0,27)},

where Z € T L is any vector of unit length.

A surface f: L% — S"*2 is called r-isotropic if it is minimal and at any x € L? and
forany 1 < k < r, the ellipses of curvature 8,{ (x) contained in all two-dimensional Nkf ’s
are circles. We point out that there are alternative ways to define isotropy for surfaces, for
instance, in terms of the vanishing of higher order Hopf differentials [27].

We consider the open and dense subset L; of L? defined by

Ly = {x € L* : dim N{ (x) is maximal}.
Then the 1st normal spaces along L; form a subbundle N lf |z, of the normal bundle Ny L.
Inductively, we define the open and dense subset

Ls = {x € Ly : dim N/ (x) is maximal}
and similarly the s-th normal spaces along L form a subbundle st |L, of the normal
bundle. The following result was proved in [9] (see also [14,26]).

Proposition 5.1. If the surface f is r-isotropic, then each L? \ Ls, 1 <s <, consists of
isolated points and the vector bundle N, sf |, smoothly extends to a vector bundle over L?
still denoted by N, Sf .
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5.2. A class of compact 3-dimensional Wintgen ideal submanifolds

In the sequel, let f: L? — S2"%2 5 > 2, be a substantial (n — 1)-isotropic surface. Then
Proposition 5.1 implies that each plane bundle N, sf |,» 1 <s <n—1, smoothly extends to
a plane bundle over L2. Clearly, N,,f is the orthogonal complement of N lf DD an_l
in Ny L. There are plenty of compact (n — 1)-isotropic surfaces in S?**2, n > 2. This is the
case of pseudoholomorphic curves in the nearly Kihler S°. In fact, it is known that they
are l-isotropic [6, 17, 27]. Moreover, there are compact substantial pseudoholomorphic
curves in the nearly Kihler S® of positive genus (see [6]). Additionally, all 1-isotropic tori
in S® were described in [3].

The following result provides a method to produce new compact Wintgen ideal sub-
manifolds.

Theorem 5.2. Let f:L? — S?"*2 n > 2, be a compact oriented substantial (n — 1)-iso-
tropic surface of genus g(L). Let M3 be the total space of the unit bundle p: UN,{—)L2
of the plane bundle Ny . Then ¢r: M3 — S22 given by ¢r(x, w) = w is a minimal
Wintgen ideal submanifold, whose first Betti number satisfies

bi(M?) > 2g(L).

Proof. It follows from Proposition 4.2 in [13] that the map ¢s: M3 — S?"*2 is a minimal
immersion of rank two with polar surface f. Moreover, Proposition 8 in [12] implies that
the first curvature ellipse (as defined in [12]) of ¢y is a circle at any point. It follows
from Corollary 1.2 in [18] that a minimal n-dimensional submanifold of a space form
with relative nullity n — 2 is a Wintgen ideal submanifold if and only if its first curvature
ellipse is a circle at any point. Hence ¢ is a Wintgen ideal submanifold.

Now we argue that by (M?3) > 2g(L). Clearly, the circle bundle p: UN,{ — L% is
oriented (as defined in [4], p. 114). Then we have from Theorem 13.2 on p. 390 of [5]
or [20], p. 438, that the cohomology rings of M3 and L? are related by the following long
exact sequence known as the Gysin sequence:

*

Wi i i i ; i— v; i pf
2 gy D mi M z) 2 Y7y 2 it L7y 2

The exactness gives that p} is a monomorphism and Im p} = ker ®;. On the other hand,
we have
Im p} =~ H'(L;Z)/ ker p} =~ HY(L;Z) = 7%,

Thus ker ®; = Z?¢®)_ The desired inequality follows from the fact that H'(M; Z) con-
tains a subgroup isomorphic to Z2&L). ]

Theorem 5.2 shows that each compact oriented substantial (n — 1)-isotropic surface
f:L? — S22 p > 2, of positive genus g(L) gives rise to a compact 3-dimensional
Wintgen ideal submanifold with positive first Betti number. For instance, f can be chosen
to be a compact substantial pseudoholomorphic curve in the nearly Kihler S® of positive
genus (see [6]), or a l-isotropic torus in S® as described in [3]. Clearly, these Wintgen
ideal submanifolds violate the inequality in Theorem 1.1 fork = n = 3.
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