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The existence of solutions to a k-sum equation
arising from conformal geometry

Chuanqiang Chen and Wei Wei

Abstract. On compact manifolds .M; g/, we derive the existence of metrics in a
given conformal class Œg� with prescribed negative partial curvature. This curvature
corresponds to a fully nonlinear equation derived from conformal geometry. For
manifolds with boundary, we demonstrate the solvability of equations involving pre-
scribed negative partial curvature withinM , coupled with mean curvature along @M .

1. Introduction

On a given compact smooth manifold .M n; g/ where n � 3, we study the existence of the
metric gu D e�2ug 2 Œg� such that, for 1 � k � n � 1 and 0 � � � 1;

(1.1) min
1�i1<���<ik�n

Œ�i1 C �i2 C � � � C �ik �.g
�1
u A�gu/ D �kQ:

Here Q is a prescribed positive function, �.g�1u A�gu/ D .�1; : : : ; �n/ are the eigenvalues
of g�1u A�gu , Ricgu is the Ricci tensor of gu, Rgu is the scalar curvature of gu, and

A�gu D
1

n � 2

�
Ricgu �

�Rgu
2.n � 1/

gu

�
:

The fully nonlinear operator

(1.2) P�k .X/ D

kX
iD1

�i .X/

has been studied extensively. Here, �1.X/ � � � � � �n.X/ are the eigenvalues of X 2 �n,
and �n is the space of n� n real symmetric matrices. The operator P�

k
.X/ can be viewed

as a degenerate elliptic Bellman operator.
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Arising from the partial positivity of the curvature on the manifolds, this type of
operator (1.2) has emerged in geometric analysis. In the 1970s, the concept of k-pseudo-
convexity was introduced to explore complex manifolds [20, 45]. In the 1980s, Sha [41]
proposed the concept of k-convexity for @M and classified the topology ofM . Wu in [46]
investigated the similar concept of k-positivity for sectional curvature of M , resulting in
further classification of the topology of M .

In [25–27], Harvey–Lawson studied the p-geometry and the corresponding equations.
As in [27], for any integer 1 � k � n, we denote

Pk.R
n/ WD ¹A2 Sym2.Rn/ W �1.A/C � � � C �k.A/ � 0º;

where �1 � �2 � � � � � �n are the eigenvalues of the matrix A. In [25], Harvey–Lawson
studied the Dirichlet problem P�

k
.r2u/ D 0 in bounded domains, and obtained unique-

ness and existence of continuous solutions in the convex cone Pk.R
n/. In [2,3], Caffarelli–

Li–Nirenberg explored the maximum principle and the singularities of the solutions to
P�
k
.r2u/ D 0. Oberman–Silvestre in [40] studied the interior C 1;˛ regularity of solu-

tions to P�1 .D
2u/D 0 in�, subject to the boundary condition u.x/D g.x/ on @�, where

g.x/2C 1;˛ . In [1], Birindelli–Galise–Ishii studied a more general class of fully nonlinear
degenerate elliptic equations and established Lipschitz regularity under the assumptions
of convexity for the domain. Additional relevant works and references can be found
in [15–17] and the references therein.

The fully nonlinear equation has played an essential role in conformal geometry. See
the milestone work [5] by Chang–Gursky–Yang. For 1 � p � n � 1, Guan–Wang in [22]
investigated

(1.3) Wp.gu/ WD .n � p/
X
i�p

�i .g
�1
u A1gu/C p

X
i>p

�i .g
�1
u A1gu/ D �1;

and W1.gu/ D min Ricgu , where �1 � � � � � �n are the eigenvalues of g�1u A1gu . Gursky
in [23] discussed the smallest eigenvalue of the Schouten tensor and proved the existence
of the solution u to min1�i�n �i .g�1u A1gu/ D �1=2 in closed manifolds.

Motivated by p-geometry and conformal geometry, we want to explore equation (1.1)
in two aspects: the first consists of studying the equation on closed manifolds, and the
second is to obtain the existence of solutions to the equation with prescribed mean curva-
ture on compact manifolds.

On .M; g; @M/, sometimes @M D ¿, for gu D e�2ug and 0 � � � 1, we denote

A�gu D r
2uC

1 � �

n � 2
�ug Cru˝ru � .2 � �/

jruj2

2
g C A�g ;

and

Lgue
u
D
@u

@En
g C Lg ;

where En is the unit inner normal vector on @M and Lg is the second fundamental form of
boundary. We have that

hg D
1

n � 1
TrgLg

is the mean curvature of @M with respect to g.
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The equation (1.1) is fully nonlinear degenerate elliptic for � D 1. Although the reg-
ularity theory for this equation is not yet fully resolved, the method of approximation
introduced in [23] enables us to establish the following theorem, by introducing a Monge–
Ampère type equation from [4] which has attracted growing attention and will be intro-
duced in Section 2.

Theorem 1.1. Given a smooth positive function Q on a closed manifold .M; g/, sup-
pose that the scalar curvature Rg < 0 and that g�1.A�g CQg/ 2 Pk.R

n/. There exists a
conformal factor u2C 1;1.M/ such that

min
1�i1<���<ik�n

Œ�i1 C �i2 C � � � C �ik �.g
�1
u A�gu/ D �kQ

for any 0 � � � 1 and 1 � k � n � 1.

From Lohkamp’s classical theorem in [38], we know that every compact manifold
has a metric g with negative Ricci curvature (with totally geodesic boundary if boundary
exists). With proper rescaling, for any positive function Q, there always exists a met-
ric satisfying the assumption of this theorem. We point out that for the equation related
with A�gu for 0 � � < 1, equation (1.1) is uniform elliptic and the solution u is smooth.
As equation (1.1) is uniformly elliptic for 0 � � < 1, from the gradient estimates and C 0

estimates, C 2;˛ estimates hold. For � D 1, instead, the equation is partial degenerate and
in Euclidean space; it seems that no interior C 1;˛ estimates for equation (1.1) are known
without boundary condition.

For compact manifolds with boundary, analogous results can be established for equa-
tions involving prescribed mean curvature, which is equivalent to the Neumann boundary
condition. We state the boundary case in the following theorem.

Theorem 1.2. Given a smooth positive function Q on a smooth manifold .M; g; @M/,
suppose that the scalar curvature Rg < 0 on M , and also that hg � 0 on @M and
g�1.A�g CQg/ 2 Pk.R

n/. Then for any smooth function c.x/ � 0 and 0 � � < 1, there
exists a smooth conformal factor u such that

(1.4)

8<: min
1�i1<���<ik�n

Œ�i1 C �i2 C � � � C �ik �.g
�1
u A�gu/ D �kQ.x/ in M;

hgu D c.x/ on @M:

For � D 1, there may exist a Lipschitz solution to (1.4) with a uniform C 1 estimate
for u with respect to � . The prescribed mean curvature of the boundary appears both in the
context of the classical Yamabe problem and the �k-Yamabe problem. For the classical
Yamabe problem with boundary, significant contributions can be found in the seminal
works of Escobar [13, 14]. Meanwhile, the �k-Yamabe problem with boundary has been
a subject of study over the past two decades, with references including [8–11, 28–34].
Most of references focused on locally conformally flat manifolds with umbilic boundary.
In [10, 11], the authors investigated the �2-Yamabe equation on manifolds with boundary
in a so-called �C2 cone, in which the metric has Yamabe constant Y.M;@M; Œg�/ > 0. Here,
Theorem 1.2 discusses the metric with Y.M; @M; Œg�/ < 0 on manifolds with boundary.
We can relax the assumption of Rg further to Rg � 0, as stated in Theorem 1.3. Differing
from the case Rg < 0, we cannot have C 0 estimates directly. Inspired by Gursky [23], we
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first obtain the C 1 and C 2 estimates depending on infM u, and then we get supM u � C

for Rg � 0 under the assumption that g is not Ricci-flat.

Theorem 1.3. Given a smooth positive functionQ on a manifold .M;g/, suppose that the
scalar curvatureRg � 0, that g�1.A�g CQg/ 2Pk.R

n/, and that .M;g/ is not Ricci-flat.
Then the following hold:

(1) For 0 � � � 1, there exists a C 1;1 solution u to

(1.5) min
1�i1<���<ik�n

Œ�i1 C �i2 C � � � C �ik �.g
�1
u A�gu/ D �kQ:

(2) Assume that M has boundary @M with hg � 0. For 0 � � < 1, given any smooth
non-positive function c.x/ on @M , there exists a smooth solution u to

(1.6)

8<: min
1�i1<���<ik�n

Œ�i1 C �i2 C � � � C �ik �.g
�1
u A�gu/ D �kQ in M;

hgu D c.x/ on @M:

The proof of Theorem 1.2 and Theorem 1.3 involves the establishment of a Monge–
Ampère type equation with Neumann boundary condition on Riemannnian manifolds,
which has its own interest. See Theorem 5.2 in Section 5. In the context of Neumann
boundary problems for fully nonlinear equations, substantial progress has been made,
inspired in part by Lions–Trudinger–Urbas [37]. See Ma–Qiu [39] for recent develop-
ments on Neumann boundary problems. Previous studies concerning fully nonlinear equa-
tions with Neumann boundary predominantly focused on Euclidean space and manifolds
with umbilic boundary. Typically, the solvablity of the fully nonlinear equations with
boundary relies on the convexity of the boundary. We extend the methods to manifolds
with some delicate computations involving boundary curvature.

The paper is structured as follows. In Section 2, we introduce a particular type of
Monge–Ampère equation, which will be subsequently explored in Sections 3 and 4. At
the end of Section 2, we explain the strategy for the proof of the main theorem. Sec-
tion 3 is devoted to providing a priori estimates C 0; C 1 by constructing some auxiliary
functions. In Section 4, utilizing the method of Lions–Trudinger–Urbas [37] in Euclidean
space, we investigate a priori C 2 global estimates on manifolds, including the second tan-
gential derivatives and the second normal derivatives on boundary. Meanwhile, we adopt
the auxiliary function from [7, 21] to obtain the global C 1; C 2 estimates on closed mani-
fold. In Section 5, we employ the method of continuity and approximation to demonstrate
the main theorem.

2. Preliminaries

In local coordinates, consider the .1; 1/-tensor A D Aijdx
i ˝ @=@xj . Additionally, for

each 1 � ˛1 < ˛2 < ˛3 < � � � < ˛k � n and 1 � ˇ1 < ˇ2 < � � � < ˇk � n, we introduce

(2.1) W
˛1���˛k
ˇ1���ˇk

D

kX
iD1

nX
jD1

A
˛i
j ı
�
˛1 � � � ˛i�1 j ˛iC1 � � �˛k
ˇ1 � � � ˇi�1 ˇi ˇiC1 � � �ˇk

�
:
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In local coordinates, define

W D W
˛1���˛k
ˇ1���ˇk

dxˇ1 ˝ � � � ˝ dxˇk ˝
@

@x˛1
˝ � � � ˝

@

@x˛k
�

In particular,

W ˛1���˛k
˛1���˛k

D

kX
iD1

A˛i˛i ;

and if ¹˛1; : : : ; ˛kº and ¹ˇ1; : : : ; ˇkº differ in two elements, then

W ˇ1���ˇk
˛1���˛k

D 0:

If ¹˛1; : : : ; ˛kºn¹ j̨ º D ¹ˇ1; : : : ; ˇkºn¹ˇiº and j̨ ¤ ˇi , then

(2.2) W
˛1���˛k
ˇ1���ˇk

D .�1/i�jA
j̨

ˇi
:

If Aˇ˛ D ı
ˇ
˛A

˛
˛ , then

W
˛1���˛k
ˇ1���ˇk

D

kX
iD1

A˛i˛i ı
�
˛1 � � � ˛i�1 ˛i ˛iC1 � � �˛k
ˇ1 � � � ˇi�1 ˇi ˇiC1 � � �ˇk

�
:

We have C kn choices of .˛1; : : : ; ˛k/; where ˛1 < � � � < ˛k , and use N˛ to denote the
order number of .˛1; : : : ; ˛k/. Thus, we denoteW ˛1���˛k

ˇ1���ˇk
WDW

N˛
Nˇ

. For example, we denote

˛ D .1; 2; : : : ; k/ as N1 and W .1;2;:::;k/

.1;2;:::;k/
D W

N1
N1

.
We have C kn of k-sums of eigenvalues of �i .A/. For example, for n D 4 and k D 2,

we have �1C �2, �1C �3; �1C �4, �2C �3, �2C �4 and �3C �4, and we denote them
as �1; : : : ; �6. In general, we denote the k-sums of eigenvalues of �i .A/ by �1; : : : ; �C kn ,
which are also the eigenvalues of W . It is easy to check that

(2.3) detW D det� D
1

C kn Š

C knX
i1;:::;iCkn

D1

j1;:::;jCkn
D1

ı
� i1 � � � iC kn
j1 � � � jC kn

�
W
j1
i1
� � �W

j
Ckn

i
Ckn

:

The operator (2.3) was originally introduced by Caffarelli–Nirenberg–Spruck in [4].
The Monge–Ampère type equation (2.3) for k D n � 1 emerges naturally in the “form-
type” Calabi–Yau equation, as discussed by Fu–Wang–Wu in [18] and Tosatti–Weinkove
in [43]. Equation (2.3) for kDn�1 is also important in the investigation of the Gauduchon
conjecture, explored further by Szélyhidi–Tosatti–Weinkove in [42] and Tosatti–Weinkove
in [44]. For further insights into the generalized operator, we refer to [6, 12, 19, 24].

In the following paragraphs, we take A as A�gu CQ.x/e
�2ug in (2.1). Let � be the

eigenvalue of A�gu CQ.x/e
�2ug with respect to g and let � be the corresponding k-sum

of the eigenvalue of �; which is also the eigenvalue of ¹WN˛Nˇ ºC kn �C kn . We denote

f .�/ D G.�/ D .det.�//1=C
k
n D

� C knY
jD1

�j

�1=C kn
(2.4)

DW f .�.g�1.A�gu CQ.x/gu// DW F.g
�1.A�gu CQ.x/gu//:
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Below we summarize some basic properties of this operator.

Lemma 2.1. For � 2 �C
C kn
D ¹.�1; : : : ; �C kn /; �i > 0 for i D 1; : : : ; C kn º,

@G

@�j
> 0; for j D 1; : : : ; C kn ,

@f

@�i
D

C knX
jD1

@G

@�j

@�j

@�i
> 0; for i D 1; : : : ; n,

nX
iD1

@f

@�i
D

nX
iD1

C knX
jD1

@G

@�j

@�j

@�i
D k

C knX
jD1

@G

@�j
� k;(2.5)

and

(2.6)
nX
iD1

@f

@�i
�i D

C knX
jD1

@G

@�j

nX
iD1

@�j

@�i
�i D

C knX
jD1

@G

@�j
�j D G:

Also, ° @2G

@�i@�j

±
C kn �C

k
n

� 0

and

(2.7)
° @2f

@�i@�j

±
n�n
D

° C knX
p;qD1

@2G

@�p@�q

@�p

@�i

@�q

@�j

±
n�n
� 0;

where f .�/ and G.�/ are defined in (2.4).

To ensure the ellipticity of the operator, we always assume that

g�1.A�gu CQ.x/gu/ 2 Pk.R
n/:

For simplicity, we call u .k; n;Q/-convex if g�1.A�gu CQ.x/gu/ 2 Pk.R
n/. When u

is .k; n;Q/-convex, we have �2�C
C kn

and then

TrW D Tr� D
C knX
jD1

�j D C
k
n

k

n

nX
iD1

�i > 0;

and this yields

(2.8)
Trg.A�gu CQ.x/gu/

D
2n � 2 � n�

n � 2

�
�u �

n � 2

2
jruj2

�
C TrgA�g C nQe

�2u
� 0:
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Lemma 2.2. Suppose u is .k; n;Q/-convex. For any 1 � i; j � n, it holds that

(2.9) jr
2ujg � C1.�uC jruj

2/C C2.1C nQe
�2u/;

where C1 and C2 are positive constants depending on k and n.

Proof. For any fixed x0, for simplicity, we assume that the metric g is geodesic normal
at x0. We writeA forA�gu CQ.x/gu. At x0, with ¹˛1; : : : ; ˛kºn¹ j̨ º D ¹ˇ1; : : : ;ˇkºn¹ˇiº
and j̨ ¤ ˇi , we have

.A
j̨ ˇi /

2
D W 2

N˛Nˇ
� WN˛N˛ WNˇNˇ � .TrW /2;(2.10)

where the last inequality holds because �i � 0 for any 1 � i � C kn .
To get the estimate for A11, taking all the choices of 
i D .1; 
i;2; : : : ; 
i;k/, where

.
i;2; : : : ; 
i;k/ is the ordered number of 2 � 
i;2 < � � � < 
i;k � n, it holds that

(2.11) WN
iN
i D A11 C A
i;2 
i;2 C � � � C A
i;k 
i;k � 0:

Summing all the choices of 
i above, we have

C k�1n�1

�
1 �

k � 1

n � 1

�
A11 C

k � 1

n � 1
C k�1n�1 TrgA D

X

i

WN
iN
i ;

and then,

�
k � 1

n � 1
C k�1n�1 TrgA � C k�1n�1

�
1 �

k � 1

n � 1

�
A11 D

X

i

WN
iN
i �
k � 1

n � 1
C k�1n�1 TrgA

� TrgW �
k � 1

n � 1
C k�1n�1 TrgA �

�
C k�1n�1

k

n
�
k � 1

n � 1
C k�1n�1

�
TrgA:

Thus we get

(2.12) ju11j � C1.�uC jruj
2/C C2.1C nQe

�2u/;

and for any i D 2; : : : ; n, the same argument holds for ui i . By (2.10) and (2.12), we have
proved (2.9).

The strategy of the proof of Theorems 1.1 and 1.2 is inspired by [23]. We explain it
now. We first show the existence of the solution ui to the following equation:

(2.13) F.g�1.A�gu CQ.x/gu// D
1

i
e�2u in M:

By uniform a priori estimates for (2.13) with respect to i , we have a sequence of solu-
tions ui converging to u1 such that

F.g�1.A�gu1 CQ.x/gu1// D 0 in M .

Therefore,
min

1�l�C kn

�l D 0:
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In lieu of equation (2.13) by the following equation (2.14):

(2.14)

8̂<̂
:
f .�/ D

1

i
e�2u in M;

@u

@Eng
D c.x/e�u on @M;

we have a similar argument for Theorem 1.2.
To prove the existence of solutions to equation (2.13), we use the method of continuity

and consider the following equation for 0 � t � 1:

(2.15) F.g�1.A�gu CQ.x/gu// D tKe
�2u
C .1 � t /F .g�1.A�g CQ.x/g//;

where K is a constant such that K < kminM Q.
For the boundary case, we consider the following equation:

(2.16)

8̂<̂
:
F.g�1.A�gu CQ.x/gu// D �.x; u/ in M;

@u

@Eng
C hg D '.x; u/C hg on @M;

where
�.x; u/ WD tKe�2u C .1 � t /F .g�1.A�g CQ.x/g// in M;

and
'.x; u/ WD .tc.x/C .1 � t /hg/e

�u
� hg on @M:

Let
I D ¹t 2 Œ0; 1� W (2.15) has a .k; n;Q/-convex solution uº;

and
Ib D ¹t 2 Œ0; 1� W (2.16) has a .k; n;Q/-convex solution uº:

Denote

F ij D
@F

@rij
and F ij;kl D

@2F

@rij @rkl
,

where
r WD A�gu CQ.x/gu:

We first give the linearization of

F Œu� WD F.g�1.A�gu CQ.x/gu// � tKe
�2u
� .1 � t /F .A�g CQ.x/g/

as follows:

LF Œ'� WD
d

ds

ˇ̌̌
sD0

F ŒuC s'�

D
@F

@rij

�
rij' C

1 � �

n � 2
�'gij C ui'j C uj'i � .2 � �/hru;r'igij

� 2'Q.x/e�2ugij

�
C 2tK'e�2u

D aij'ij C b
i'i � .2c0.x/Q � 2tK/' e

�2u
D aij'ij C b

i'i � l.x/';
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where

aij WD
@F

@rij
C

nX
p;qD1

@F

@rpq
gpq

1 � �

n � 2
gij D F ij C

1 � �

n � 2
gij

nX
pD1

F pp ;

bi WD 2
@F

@rij
uj � .2 � �/

nX
p;qD1

@F

@rpq
gpq u

i
D 2F ijuj � .2 � �/

nX
pD1

F pp u
i ;

c0.x/ WD

nX
p;qD1

@F

@rpq
gpq D

nX
pD1

F pp � k;

and
l.x/ WD .2c0.x/Q � 2tK/e

�2u:

Here ¹aij ºn�n is positive definite and l.x/ is positive. The openness of I (or Ib) holds.

3. C 0 and C 1 estimates

In Section 3.1, we prove C 0-estimate for equations (2.15) and (2.16) under the assumption
Rg < 0. In particular, we obtain a uniform lower bound of u with respect to supM Rg .
In Section 3.2, we establish the local C 1 estimate for equation (2.16) for 0 � � < 1. We
defer the C 2 estimate until Section 4.

3.1. The C 0 estimate for the solution to equations (2.15) and (2.16)

First, we obtain the upper C 0 estimate, and then the lower C 0 estimate.

Lemma 3.1. Assume that .M; g/ is a compact manifold (or with boundary @M/ with
Rg < 0 in M (or hg � 0 on @M/. Let u be a .k; n; Q/-convex solution to (2.15) (or
to (2.16)) and let c.x/ � 0 on @M . For 0 � � � 2 � 2=n, we have

max
M

u � C;

where C depends on supM Rg and other data.

Proof. We just consider the boundary case. Let be a fixed solution to� D� j@M j=jM j
in M with boundary condition @ =@Eng j@M D 1 on @M . Let v D uC B , where

B D �
n � 2

2.2n � 2 � n�/
TrA�g

jM j

j@M j
�

Assume that maxM v D u.x0/C B .x0/. Then

u.x/C B � u.x0/C B .x0/ and u.x/ � u.x0/C B � oscM :

If x0 2 @M , then

0 �
@.uC B /

@Eng
.x0/ D

@u

@Eng
C B D .tc.x/C .1 � t /hg/e

�u
� hg C B:
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Now,
�B C hg.x0/ � .tc.x0/C .1 � t /hg/e

�u.x0/ � �Ce�u.x0/

for some positive constant C depending on hg and c, and then

e�u.x0/ �
B � hg.x0/

C
�
B

C

for hg � 0. It follows that u.x0/ � � ln.B=C/. Now, if x0 2 VM , then rv.x0/ D 0 and
r2v.x0/ � 0.

As u is .k; n;Q/-convex, we have

0 �
n

kC kn
Tr� D

nX
iD1

�i

D �
.2 � �/n � 2

2
jruj2 C

2n � 2 � n�

n � 2
�uC TrA�g C nQe

�2u

� �
.2 � �/n � 2

2
jr.B /j2 C

2n � 2 � n�

n � 2
�.�B /C TrA�g C nQe

�2u;

and then,

nQe�2ujx0 �
.2 � �/n � 2

2
jr.B /j2 C

2n � 2 � n�

n � 2
�.B / � TrA�g

� �B
2n � 2 � n�

n � 2

j@M j

jM j
� TrA�g > �

1

2
TrA�g > 0:

Therefore, maxM u � C .

Lemma 3.2. Assume that .M; g/ is a compact manifold (or with boundary @M , in which
case we assume that hg � 0/. Let u be a .k; n;Q/-convex solution to (2.15) (or to (2.16)
with c.x/ � 0 on @M/. For 0 � � � 1, we have

u.x/ �
1

2
ln.min

M
kQ.x/ �K/ �

1

2
ln
�
.a0 C a/k Cmax

M
F.g�1.A�g CQ.x/g//

�
;

where a is a positive constant depending on g, n, k, � and a0 D�minx2@M �minŒA
�
g.x/�.

Proof. Taking
D D sup

@M

jhg j C 1;

we define w D u �D , where  is a fixed solution to � D �j@M j=jM j in M with
boundary condition @ =@Enj@M D 1 on @M .

We get

@w

@Eng
D

@u

@Eng
�D D .tc.x/C .1 � t /hg/e

�u
� hg �D < 0 on @M;

and minM w is achieved at an interior point x0 of M . Now at x0,

rw.x0/ D 0 and r
2w.x0/ � 0:
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We have

A�gu.x0/CQ.x0/e
�2u.x0/g(3.1)

� A�g.x0/CQ.x0/e
�2u.x0/g Cr2.D /.x0/C

1 � �

n � 2
�.D /.x0/g

Cr.D /.x0/˝r.D /.x0/ � .2 � �/
jr.D /j2

2
g.x0/

� A�g.x0/CQ.x0/e
�2u.x0/g � ag � Q.x0/e

�2u.x0/g � .aC a0/g;

where a is a positive constant depending on D and j jC 2.M/.
If

Q.x0/e
�2u.x0/g � .aC a0/g � 0;

then
Q.x0/e

�2u.x0/ � aC a0;

and

min
M
u D u.x0/ �

1

2
lnQ.x0/ �

1

2
ln.a0 C a/ �

1

2
ln.kQ.x0// �

1

2
ln k �

1

2
ln.a0 C a/

�
1

2
ln.kmin

M
Q �K/ �

1

2
ln k �

1

2
ln.a0 C a/:

Also, if
Q.x0/e

�2u.x0/g � .aC a0/g > 0;

then by (3.1),

tKe�2u.x0/ C .1 � t /F .g�1.A�g CQ.x/g//.x0/

� f .�Œ.Q.x0/e
�2u.x0/g � .aC a0//g.x0/�/

D f .�Œg�/.x0/.Q.x0/e
�2u.x0/ � a � a0/ D k.Q.x0/e

�2u.x0/ � a � a0/;

and

u.x0/ �
1

2
ln.kQ.x0/ � tK/ �

1

2
ln
�
.a0 C a/k C .1 � t /F .g

�1.A�g CQ.x/g//.x0/
�
:

The lower bound of u is independent of Rg � 0, and plays an essential role in the
proof of Theorem 1.3.

3.2. The a priori C 1 estimates for equation (2.16)

Theorem 3.3. Let u be a .k; n;Q/-convex solution to equation (2.16). For � < 1 and any
O � O1 �M , assume that there exists a positive constant C1 such that u � �C1 in O1.
Then

jrujC 0.O/ � C;

where C depends on K, g, � , n, k, jQjC 2.O1/, dg.@O1; @O/
�1 and C1.
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Proof. We only need to prove the theorem near the boundary. Let O1 be the domain
near @M such that 3=2 > 1 � 'z.u/d > 1=2 and

G D �jr.u � 'd/j2 eBd ;

where d D distg.x; @M/, � is a cut-off function in O1 such that

� D 1 on O, jr2�j � C; jr�j � C�1=2 and @�=@Eng D 0 on @M \O.

Here
B D 4 sup

O1\@M

.jLg jg C j'xj C j'zj/C 1

is chosen to exclude the maximum point of G on the boundary. We sometimes denote
w D u� 'd for simplicity. We naturally extend c.x/ and hg to the interior ofM near the
boundary, and ' is well defined near the boundary.

Assume that maxO1 G D G.x0/. Without loss of generality, we assume that G.x0/ is
large and

1

2
jruj2.x0/ � jr.u � 'd/j

2.x0/ � 2jruj
2.x0/I

otherwise, the theorem is proved.
Case 1. x0 2 @M . Then, as un � .'d/n D 0 on @M , we obtain

0 �
@ logG
@Eng

.x0/ D B C
2wk.ukn � .'d/kn/

jr.u � 'd/j2
D B C

2w˛.r˛.un/ � L˛ˇuˇ � '˛/

jr.u � 'd/j2

� B �
2w˛L˛ˇuˇ

jr.u � 'd/j2
� B � 4 sup

O1\@M

.jLg j C j'xj C j'zj/ > 0:

Case 2. x0 2M . We take normal coordinates at x0 such that gij .x0/ D ıij and then

(3.2) r logG.x0/ D 0 and r
2 logG.x0/ � 0:

Thus,

0 � aij ŒlogG�ij C bi .logG/i

D aij .log �/ij C bi .log �/i C aij
� jrwj2ij
jrwj2

�
jrwj2i jrwj

2
j

jrwj4

�
C bi

jrwj2i
jrwj2

C aij .Bd/ij C b
i .Bd/i

� �C
X

F ii

�
jr2�j

�
C

ˇ̌̌
r�

�

ˇ̌̌2
C 1

�
C aij

2wkjwki C 2wkwkij

jrwj2
C bi

2wkwki

jrwj2

� �C
X

F ii

�
jr2�j

�
C j
r�

�
j
2
C 1

�
C 2

�
F ij C

1 � �

n � 2
gij

nX
pD1

F pp

� wkjwki
jrwj2

C 2wk
¹aij .ukij � .'d/kij /C b

i .uki � .'d/ki /º

jrwj2
�
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Differentiating the equation once,

(3.3) aijuijk C b
iuki D �F

ij
�
A�ij;k C .Q.x/e

�2ugij /k
�
C �k :

Also,

(3.4)
� 2wk.a

ij .'.x; u/d/kij C b
i .'d/ki / � �2wk 'ud.a

ijukij C b
iuki /

� CF i i .jrwj jr2uj C jruj3 C jrwj4d C jrwj2jr2ujd/:

Noting that Tr� > 0, we have

(3.5)
�
1C

n.1 � �/

n � 2

�
�u �

�
.2 � �/

n

2
� 1

�
jruj2 � TrA�g � nQe

�2u;

yielding that, for 3=2 > 1 � 'z.u/d > 1=2 and small d ,

gijwkjwki �
1

2
jr
2wj2 C

1

2n
.�w/2 �

1

4
jr
2wj2 C C.n; �/ jruj4;(3.6)

where C.n; �/ is a positive constant depending on � and n.
With juijk � ukij j � jRmj jruj; and (3.3), (3.4), (3.5) and (3.6), we have, for suffi-

ciently small d ,

0 � aij ŒlogG�ij C bi .logG/i jxDx0

� �C
X

F ii

�
jr2�j

�
C

ˇ̌̌
r�

�

ˇ̌̌2�
� CF ii

�
jruj j

r�

�
j C jruj C

jr2uj

jruj
C 1C jr2ujd C jruj2d

�
C 2

1 � �

n � 2

nX
pD1

F pp

1
4
jr2wj2 C 1

2
C.n; �/jr.u � 'd/j4

jrwj2

�
1 � �

n � 2

nX
pD1

F pp

1
4
jr2wj2 C 1

2
C.n; �/jr.u � 'd/j4

jrwj2
� C

nX
iD1

F ii

�
jr2�j

�
C

ˇ̌̌
r�

�

ˇ̌̌2�
:

Thus, we have proved �jr.u � 'd/j2 � C .

4. C 2 estimates

In this section, we begin by providing C 2 estimates for equation (2.15) on closed man-
ifolds. Subsequently, we take a two-step approach to derive a C 2 estimate for equa-
tion (2.16). First, we reduce the C 2 estimates to the normal second derivatives unn on @M .
Second, constructing a proper auxiliary function, we obtain a estimate for unn by the max-
imum principle. The two-step method to obtain the C 2 estimates was initially introduced
by Lions–Trudinger–Urbas [37] for the Monge–Ampère equation with Neumann bound-
ary condition in Euclidean space.
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4.1. The a priori C 2 estimates for equation (2.15)

In this subsection, we derive a priori estimates for equation (2.15) using the auxiliary
function introduced in [21] and [7]. The procedure for obtaining these estimates follows
a fairly standard approach, and we present it here in detail to effectively track the impact
of Qe�2u.

Theorem 4.1. For � < 2 � 2=n, suppose that u is the .k; n;Q/-convex solution to equa-
tion (2.15). There exists a positive constant C , depending on K, jQjC 2.M/, k, n, � and g,
such that

jr
2uj C jruj2 � C

�
sup
M

e�2u C 1
�
:

Proof. Let
G WD �uC jruj2

and assume that G.x0/ D maxM G.
Noting that Tr� > 0, we have

(4.1)
�
1C

n.1 � �/

n � 2

�
�u �

�
.2 � �/

n

2
� 1

�
jruj2 � TrA�g � nQe

�2u:

At x0, we choose a normal coordinate such that gij .x0/ D ıij . We know

(4.2) uijk D ukij CRlj ik ul ;

and

(4.3) ukkij D uijkk C 2Rmikjumk �Rmj umi �Rmi umj �Rmi;j um CRmikj;k um:

At x0; we have
Gi .x0/ D 0; Gij .x0/ � 0;

and

0 � aijGij C b
iGi(4.4)

D aij .ukkij C 2ukiukj C 2uk ukij /C b
i .ukki C 2uk uki /:

Using normal coordinates at x0, it holds that

rij;k D uijk C
1 � �

n � 2
.�u/kgij �

2 � �

2
.jruj2/kgij C uik uj C ujk ui

C A�ij;k C .Q.x/e
�2ugij /k ;

and

rij;kk D uijkk C
1 � �

n � 2
.�u/kk gij �

2 � �

2
.jruj2/kk gij(4.5)

C uikk uj C ujkk ui C 2uik ujk C A
�
ij;kk C .Q.x/e

�2ugij /kk :
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Differentiating the equation once, we get

�k D F
ij
�
uijk C

1 � �

n � 2
.�u/kgij �

2 � �

2
2up upk gij C uik uj C ujk ui

C A�ij;k C .Q.x/e
�2ugij /k

�
;

and then

aijuijk C b
iuki D �F

ij
�
A�ij;k C .Q.x/e

�2ugij /k
�
C �k :(4.6)

From
�kk D F

ij rij;kk C F
ij;rs rij;k rrs;k ;

we obtain

aijuijkk C b
iuikk D �kk � F

ij;rs rij;k rrs;k � F
ij
�
A�ij;kk C .Q.x/e

�2ugij /kk
�

(4.7)

C .2 � �/u2pkF
i i
� 2uik ujkF

ij :

From Lemma 2.1,
�F ij;rs rij;k rrs;k � 0:

By (4.2) and (4.3), we have

juijk � ukij j � jRmjjruj;

and
juijkk � ukkij j � C1 jrRmjjr

2uj C C jRmjjruj:

Thus by (4.4), (4.6) and (4.7), we obtain that

0 � F i i u2kl

�
2 � � C

2.1 � �/

n � 2

�
� 2F ij

�
A�ij;k C .Q.x/e

�2ugij /k
�
uk C 2�kuk

� F ijA�ij;kk � F
ij .Qe�2ugij /kk C �kk � F

ij;rs rij;k rrs;k � CF
i i
jr
2uj:

By Lemma 2.2, Lemma 2.1 and (4.1), we learn that

jruj2 C jr2uj � C
�

sup
M

e�2u C 1
�
;

where C depends on K; jQjC 2.M/ and jgjC 4.M/, � , n and k.

4.2. The a priori C 2 estimates for equation (2.16)

In this subsection, we first reduce the global second derivatives to the normal second
derivatives unn of u on @M; which can be obtained by constructing a proper auxiliary
function and applying the maximum principle.

Lemma 4.2. Suppose 0 � � � 1 and let u be a .k; n;Q/-convex solution to (2.16). Then,

max
x2Br=2\M

max
�2TxM
j� jD1

r
2u.�; �/ � C C max

x2Br\@M

r
2u.En; En/;

where C is a positive constant depending on jgjC 4.Br /, K, jQjC 2.Br /, r , jcjC 3.Br\@M/;

supBr e
�2u; supBr jruj, � , n and k.
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Proof. Let � be a smooth cut-off function inBr such that �D 1 onBr=2 and hr�;rd i D 0
on @M . Let SM denote the spherical tangent bundle onM . Given .x; �/ 2 SM , we define

G.x; �/ W D �ead
�
r
2u.�; �/ � 2h�;rd i

�
h�T;r'i � r2d.ru; �T/

�
C jruj2

�
;

where a 2 RC is to be determined later, d.x/ WD dg.x; @M/, �T D � � h�;rd ird and

B D 2
�

sup
Br\@M

jce�uj C n sup
Br\@M

jLj
�
:

Here G is a global function and thus is independent of the selection of local coordinates.
We naturally extend c.x/ and hg to the interior of M near the boundary, and ' is well
defined near the boundary.

By definition of �T, we have

h�T;r'i � r2d.ru; �T/ D h�;r'i � h�;rd ihrd;r'i � r2d.ru; �/:

Suppose

max
x2Br

max
�2TxM
j� jD1

G.x; �/ D G.x1; �1/; for some .x1; �1/ 2 SM:

Without loss of generality, we assume that G.x1; �1/� 1, otherwise we are done.
Case 1. x1 2 Br \ @M .
Case 1.1: �1 D ˛rd C ˇ� for some � 2Tx1.@M/ with j� j D 1, where ˛ D h�1;rd i

and ˇ D h�1; �i satisfy ˛2 C ˇ2 D 1.
As En D rd on @M and un D ' on @M , we have

r
2u.�; En/ D �.un/ � .r� En/u D h�;r'i � r

2d.ru; �/ on @M .

Thus, we obtain

G.x1; �1/ D �e
ad
�
˛2r2u.En; En/C ˇ2r2u.�; �/C 2˛ˇr2u.�; En/

� 2˛ˇ.h�;r'i � r2d.ru; �//C jruj2
�ˇ̌
x1

D �ead
�
˛2r2u.En; En/C ˇ2r2u.�; �/C jruj2

�ˇ̌
x1

D ˛2G.x1; En/C ˇ
2G.x1; �/ � ˛

2G.x1; En/C ˇ
2G.x1; �1/;

which yields that
G.x1; �1/ � G.x1; En/:

Now we just need to consider �1 to be either En or a unit vector in Tx1.@M/.
Case 1.2. �1 2Tx1.@M/.
Under Fermi coordinates around x1, the metric can be expressed as

g D dx2n C g˛ˇdx˛dxˇ ;
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where .x1; : : : ; xn�1/ is the geodesic normal coordinates on @M and @xn D rd is the
inward unit normal on @M . We choose the tangent vector field 1p

g11
@x1 as an extension

of �1 D @=@x1jx1 to the interior and still denote by �1. On @M , there hold

�n˛ˇ D L˛ˇ ; �ˇ˛n D �L˛
g

ˇ ; �nin D 0 and � inn D 0:

We have
u˛n D @˛un C L



˛ u
 D @˛' C L



˛ u
 ;

and

u˛ˇn D L



ˇ
u
˛ C L



˛ u
ˇ � L˛ˇ unn C @˛ˇ' C L




˛Iˇ
u
 C L



˛Lˇ
 un CR

i
˛ˇnui

D L



ˇ
u
˛ C L



˛ u
ˇ � L˛ˇ unn C L




˛Iˇ
u
 C L



˛Lˇ
 un CR

i
˛ˇnui

C 'z.u˛ˇ C L˛ˇ un/C 'zz u˛ uˇ C 'x˛xˇ C 'x˛z uˇ C 'zxˇ u˛:

In particular, we have

@n.u11/ D 2�
˛
1nu˛1 C u11n D u11n � 2L

˛
1 u˛1

D �L11unn C L


1I1u
 C L



1L1
 un CR

i
11nui

C 'z.u11 C L11un/C 'zz u1u1 C 'x1x1 C 'x1z u1 C 'zx1 u1:

Notice that
G.x; �1/ D �e

ad
�u11
g11
C jruj2

�
near x1:

Then we have

(4.8)

0 � Gn.x1; �1/

D �
�
a.u11 C jruj

2/C @n.u11/ � u11@n.g11/C 2u
˛ u˛n C 2ununn

�
� �

�
a.u11Cjruj

2/ � L11unnC'zu11C2u
˛.@˛'CL



˛ u
 /C2ununn � C

�
:

Since .x1; �1/ is a maximum point of G, for � < 2 � 2=n; by (2.8), we have

unn C .n � 1/u11 � �C;

and then unn � �.n � 1/u11 � C . Also we know that unn � u11 C C , and thus,

junnj.x1/ � .n � 1/u11.x1/C C:

Take a sufficiently large, for example,

a D sup
Br\@M

.n � 1/Œ2jLj C 2j'j C 2j'zj�:

Then, by (4.8), we have
u11.x1/ � C;

where C depends on supBr\@M .' C 'z/, jgjC 2.Br / and supBr jruj.
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Case 2. x1 2Br \M .
We now choose geodesic normal coordinates around x1 such that

gij D ıij ; �kij D 0 at x1:

We also use the extended tangent vector field �1.x/ D 1p
g11
@x1 near x1 such that

�1 D @=@x1 at x1.
With the above extended vector field �1, we rewrite

G.x; �1/ D �e
ad
�u11
g11
� alul C 2h�1;rd ih�

T
1;rhgi C jruj

2
�

near x1;

where al depends on g, d.x/ and c.x/e�u. Since G attains its maximum at .x1; �1/ and
by Lemma 2.1, at x1 we have

juij j � C.�uC 1/ � C.u11 C 1/:

For brevity, we let
E WD

u11

g11
� alul C z C jruj

2;

where z D 2h�1;rd ih�T
1;rhgi.

At x1, we have

(4.9) 0 D @i logG D
�i

�
C adi C

@iE

E
, for all 1 � i � n;

and .@j @i logG/ is non-negative.
In what follows, all calculations are evaluated at x1. A direct computation yields

@j @iuk D @j .uki C �
l
ik ul / D ukij C @j�

l
ik ul ;

@j @i .u11/ D @j .u11i C 2�
l
i1ul1/ D u11ij C 2@j�

l
i1ul1;

and

@iE D
@i .u11/

g11
�
u11

g211
@i .g11/ � @ia

lul � a
l@i@luC zi C .jruj

2/i :(4.10)

Then we have

@j @iE D u11ij C 2@j�
l
i1ul1 � u11 @j @ig11 � @j @ia

lul � a
l .ulij C @j�

k
li uk/

� @ia
lulj � @ja

luli C @j @iz C 2ukj uki C 2uk.ukij C @j�
l
ik ul /:

It follows from (4.9) and (4.10) that

(4.11) u11i D �E
��i
�
C adi

�
C aluli C @ia

lul � zi � 2uk uki :
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Thus, again by (4.9) we obtain

@j @i logG D
�ij

�
�
�i�j

�2
C adij C

@j @iE

E
�
@iE@jE

E2

D
�ij

�
�
�i�j

�2
C adij C

@j @iE

E
�

��i
�
C adi

���j
�
C adj

�
:

Hence, putting these facts together, we conclude that

0 � Eaij @i@j .logG/CEbi@i .logG/

D Eaij
��ij
�
� 2

�i�j

�2

�
C aEaijdij � a

2Eaijdidj � 2aEa
ij �i

�
dj C a

ij @j @iE

CEbi
��i
�
C adi C

@iE

E

�
� �CEF i i

�
jr�j2

�2
C
jr2�j

�2

�
� CEF i i C aij .u11ij � a

lulij C 2uk ukij /

C 2aijukj uki C a
ij @j @iz � 2a

ij @ia
lulj � a

ij @j @ia
lul

C bi .u11i � @ia
lul � a

luil C zi C 2uk uki /:

Differentiating the equation twice, we obtain

(4.12) aijuijk C b
iuki D �F

ij
�
A�ij;k C .Q.x/e

�2ugij /k
�
C �k ;

and

F ij
�
uijkk C

1 � �

n � 2
.�u/kkgij �

2 � �

2
.jruj2/kkgij(4.13)

C uikkuj C ujkkui C 2uikujk

�
D �kk � F

ij;rs rij;k rrs;k � F
ij
�
A�ij;kk C .Q.x/e

�2ugij /kk
�
;

which in turn can be expressed as follows:

aijuij11 C b
iui11 D �11 � F

ij;rs rij;1 rrs;1 � F
ij
�
A�ij;11 C .Q.x/e

�2ugij /11
�

(4.14)

C .2 � �/u2p1F
i i
� 2ui1uj1F

ij

� �11 � CEF
i i
C .2 � �/u2p1F

i i
� 2ui1uj1F

ij :

Using
ui11 D u1i1 D u11i CR

m
1i1um;

and

aiju11ij D a
ij .uij11 CR

m
11i umj C 2R

m
i1j um1 CR

m
11j umi CR

m
11i;j um CR

m
i1j;1um/

� aij uij11 � CEF
i i
� CF i i ;
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with (4.12) and (4.14), we have

0 � Eaij @i@j .logG/CEbi@i .logG/

� �CEF i i
�
jr�j2

�2
C
jr2�j

�2

�
C 2aijukjuki C a

ijuij11 C b
iu11i C 2a

ijukukij

C 2biuk uki � a
ijal ulij � a

lbi uil � CEF
i i
� CF i i

� �CEF i i
�
jr�j2

�2
C
jr2�j

�2

�
C 2

X
k¤1

F ij ukj uki

C

h
.2 � �/

X
p

u2p1 C
2.1 � �/

n � 2

X
k;j

u2kj

iX
i

F i i � CEF i i � CF i i :

Then
u11.x1/ � C:

Combining the above two cases, we obtain the desired estimate.

It remains to estimate the normal second derivative of u on the boundary.

Lemma 4.3. Suppose 0 � � < 1 and let u be a .k; n;Q/-convex solution to (2.16). Then
we have

unn � C on @M;

where C is a positive constant depending on the quantities jgjC 4.M/, K, jQjC 2.M/,
jcjC 3.@M/, supM e�2u, � , n and k.

Proof. Without loss of generality, we assume that

sup
@M

r
2u.En; En/ D unn.x0/ WDM

� for some x0 2 @M:

In
M� WD ¹x 2M W dg.x; @M/ � �º;

for a fixed small �, we define

G.x/ D hru;rdg.x; @M/i � ' C a.hru;rdg.x; @M/i � '/2 �
1

2
M �dg.x; @M/:

We naturally extend c.x/ and hg to the interior of M near the boundary, and ' is well
defined near the boundary. We assume that M � is sufficiently large so that G.x/ < 0
on @M�n@M , otherwise we have an upper bound for M � and the lemma is proved.
Assume maxM� G D G.x1/. For convenience, we still use Fermi coordinates around x1,
and thereby, the metric can be expressed as

g D dx2n C g˛ˇ dx˛ dxˇ ;

where .x1; : : : ; xn�1/ are the geodesic normal coordinates on @M and @xn D rd is the
inward unit normal on @M .
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If x1 2 @M; then with the fact Gj@M D 0, we have

max
M�

G D 0 D Gj@M D G.x0/

and

0 � Gn.x0/ D .unn � 'n/.x0/ Œ1C 2a.un � '/.x0/� �
1

2
M �

D .unn � 'n/.x0/ �
1

2
M � D

1

2
M � � 'n.x0/:

This gives
unn.x0/ � 2k'kC 1.Mr /

:

By contradiction, we assume

max
M�

G D G.x1/ > 0 for x1 2 VM�:

Let

a D
1

2

�
sup
M�

jhru;rdg.x; @M/ij C j'j C 1
��1 and B WD un.x1/ � '.x1; u/:

From G.x1/ > 0, we have

B C aB2 > 0 and B > 0:

At x1, a direct computation yields for all 1 � i � n,

0 D Gi D .uni C u
˛.xn/˛i � 'i /.1C 2aB/ �

1

2
M �ıni ;

and

0 � Gij .x1/ D .unij C u
k
j .xn/ki C u

k.xn/kij C u
k
i .xn/kj � 'ij /.1C 2aB/

C 2a.uni C u
k.xn/ki � 'i /.unj C u

k.xn/kj � 'j / �
1

2
M �.xn/ij

D .u
ˇ
j .xn/ˇiCu

k.xn/kij C u
ˇ
i .xn/ˇj /.1C2aB/C .unij � 'ij /.1C 2B/(4.15)

C 2a.uni C u
k.xn/ki � 'i /.unj C u

k.xn/kj � 'j / �
1

2
M �.xn/ij :

In particular, for large M �, we have

(4.16) unn.x1/ D

1
2
M �

1C 2aB
C 'n �

1
4
M �

1C 2aB

and

(4.17) un˛ D �u
ˇ .xn/ˇ˛ C '˛:
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It follows from (2.9), Lemma 4.2, the choice of M � and (4.16), that

(4.18) juij .x1/j � C.�uC 1/.x1/ � Cunn.x0/ � Cunn.x1/ � CM
�:

With

(4.19) aijuijn C b
iuni D �F

ij
�
A�ij;n C .Q.x/e

�2ugij /n
�
C �n;

from (4.15), (4.18) and (4.16), we get the following contradiction:

0 � aijGij C b
iGi jxDx1

D aij .u
ˇ
j .xn/ˇi C u

k.xn/kij C u
ˇ
i .xn/ˇj /.1C 2aB/

C .1C 2aB/
�
aij .unij � 'ij /C b

i .uni C u
˛.xn/˛i � 'i /

�
C 2aaij .uni C u

k.xn/ki � 'i /.unj C u
k.xn/kj � 'j /

�
1

2
aijM �.xn/ij �

1

2
M �biıni

� �C1
X
p

F pp M
�
C
a

32

1 � �

n � 2

nX
pD1

F pp M
�2 > 0;

where

aij uni unj �
1 � �

n � 2

nX
pD1

F pp

X
i

uni u
i
n �

1 � �

n � 2

nX
pD1

F pp u
2
nn

and C1 is a positive constant depending on g and supMr
.�.x; u/C j�xj C j�zj C j'j C

j'xj C j'zj C j'xxj C j'zzj C j'xzj/.

From Lemmas 2.2, 4.2 and 4.3, and Theorem 3.3, we have

Theorem 4.4. Suppose 0 � � < 1 and let u be a .k; n;Q/-convex solution to (2.16). Then
we have

jr
2uj � C on M;

where C is a positive constant depending on jgjC 4.M/, K, jQjC 2.M/, jcjC 3.@M/ and
supM e�2u, � , n and k.

5. Proof of the main theorem

In this section, we will prove the existence of solutions to equations (2.15) and (2.16), and
then by approximation, Theorem 1.1 and Theorem 1.2 can be proved.

Theorem 5.1. Suppose that Rg < 0 and that g�1.A�g CQg/ 2 Pk.R
n/ on .M; g/. For

0 < K < kminM Q and 0 � � � 1, there exists a smooth .k; n;Q/-convex solution u to

(5.1) F.g�1.A�gu CQ.x/gu// D Ke
�2u:
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At t D 0, uD 0 is the unique solution to (2.15) or (2.16). At t D 1, the equation is (5.1)
(or (5.1) with boundary). Sections 3 and 4 were dedicated to demonstrating a priori estim-
ates including C 0; C 1; C 2 for equation (2.15) and (2.16). With these a priori estimates, I
(or Ib) is closed, subsequently leading to the existence of equation (5.1) (or (5.1) with
boundary). Now Theorem 5.1 can be obtained using the method of continuity in conjunc-
tion with Theorem 4.1, Lemma 3.1 and Lemma 3.2. Setting K D 1=i , we can derive a
sequence of solutions ui with uniform a priori estimates. Consequently, Theorem 1.1 and
Theorem 1.2 are proved.

In the case where the manifold is not Ricci-flat, the assumption of Rg can be relaxed
to Rg � 0. We have the following theorem.

Theorem 5.2. Let .M;g/ be a non-Ricci-flat manifold withRg � 0 and g�1.A�g CQg/ 2
Pk.R

n/. We have the following:
(a) For 0 < K < k minM Q and 0 � � � 1, there exists a smooth .k; n; Q/-convex

solution u to

(5.2) F.g�1.A�gu CQ.x/gu// D Ke
�2u:

(b) Further, if hg � 0 on @M , and for 0 <K < kminM Q and 0� � < 1, given any non-
positive function c.x/ on @M , there exists a smooth .k; n;Q/-convex solution u to

(5.3)

´
F.g�1.A�gu CQ.x/gu// D Ke

�2u in M;
hgu D c.x/ on @M:

Proof. We use the method of continuity as in Theorem 5.1, and consider the solution
u.x; t/ to the path equation (2.15) (or (2.16)). If there exists a positive constant C such
that supM ju.x; t/j � C for 0 � t � 1, then with Theorem 3.3 and Theorem 4.4, the
existence can be derived by the method of continuity with standard argument.

The lower bound follows from Lemma 3.2. The proof differs with Theorem 5.1 only
in the upper bound for C 0. We establish the upper bound using a proof by contradic-
tion. Let ut be the solution to (2.15) or (2.16). Suppose there exist a 0 < t0 � 1 and a
sequence ti ! t0 such that

max
M

uti D uti .xi /!1; as i !C1:

Let
vi .x/ D u

ti .x/ � uti .xi / � 0 in M .

Now by Lemma 3.2, Theorem 3.3 and Theorem 4.4,

(5.4) jrvi j
2
C jr

2vi j � C1:

By (2.15) or (2.16), vi satisfies the following equation:

F.g�1.A�gvi
CQ.x/gviCuti .xi /// D tiKe

�2.viCu
ti .xi // C .1 � ti /h.x/ in M:

On @M ,
@vi

@ng
D .tic.x/C .1 � ti /hg/ e

�.viCu
ti .xi // � hg :
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By vi .xi / D 0 and (5.4), we obtain

max
M
jvi j � C;

and

(5.5) max
M
jvi j C jrvi j C jr

2vi j � C;

where C is independent of i . There exists a subsequence of vi (still denoted as vi ) con-
verging to a non-positive v1 in C 1;˛ sense. Meanwhile,

g�1vi .A
�
gvi
CQ.x/gviCuti .xi // 2 Pk.R

n/:(5.6)

Also by (5.6) and Rg � 0, we get that

.2 � �/n � 2

2
jrvi j

2
�
2n � 2 � n�

n � 2
�vi C TrA�g C nQe

�2.viCu
ti .xi //

�
2n � 2 � n�

n � 2
�vi C nQe

�2.viCu
ti .xi //:

By (5.5), as i !1,

(5.7) Q.x/gviCuti .xi / D Q.x/e
�2.viCu

ti .xi // ! 0:

Therefore, as i !1, we have �v1 � 0 in the H 1 sense and v1 2 C 1;˛ (@v1=@En D
�hg � 0 on @M if @M exists). This yields that�v1 D 0 (it also holds that hg D 0 on @M
if @M exists). As v1 � 0, we have v1 D 0 in M . Therefore vi ! 0 in the C 1;˛ sense.

From the definition of Pk.R
n/, we know the corresponding matrix ¹W ti

N˛Nˇ
ºC kn �C

k
n

is
non-negative, where

W ti D

° kX
lD1

nX
jD1

�
A�gvi
CQ.x/gviCuti .xi /

�˛l
j
ı
�
˛1 � � � ˛l�1 j ˛lC1 � � � ˛k
ˇ1 � � � ˇl�1 ˇl ˇlC1 � � � ˇk

�±
C kn �C

k
n

:

The definition of the matrix W ti was given in the preliminaries.
For any smooth vector

X D XNˇ
@

@xˇ1
˝ � � � ˝

@

@xˇk
,

we have Z
M

�
W ti

�N˛
Nˇ
XN˛X

Nˇ � 0:

As vi ! 0 in the C 1;˛ sense, we obtain

jrvi jC 0.M/ ! 0:
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Furthermore,

0 � lim
i!1

Z
M

�
W ti

�N˛
Nˇ
XN˛X

Nˇ

�

Z
M

W
N˛
Nˇ
.A�g/XN˛X

Nˇ C lim
i!1

C

Z
M

�vi C jrvi j
2
C jrvi j CQe

�2.viCu
ti .xi //

C lim
i!1

Z
M

nX
jD1

h kX
lD1

vi
;˛l ı

�
˛1 � � � ˛l�1 j ˛lC1 � � � ˛k
ˇ1 � � � ˇl�1 ˇl ˇlC1 � � � ˇk

�
XN˛X

Nˇ

i
;j

�

Z
M

W
N˛
Nˇ
.A�g/XN˛X

Nˇ :

Thus, by (5.7)Z
M

kX
lD1

nX
jD1

.A�g/
˛l
j ı
�
˛1 � � � ˛l�1 j ˛lC1 � � �˛k
ˇ1 � � � ˇl�1 ˇl ˇlC1 � � �ˇk

�
XN˛X

Nˇ � 0;

and now the following matrix W.A�g/ is non-negative:

(5.8) W.A�g/ WD
° kX
lD1

nX
jD1

.A�g/
˛l
j ı

�
˛1 � � � ˛l�1 j ˛lC1 � � � ˛k
ˇ1 � � � ˇl�1 ˇl ˇlC1 � � � ˇk

�±
C kn �C

k
n

� 0:

According to TrgW.A�g/ D 0 and (5.8), we derive

W.A�g/ D 0 on M .

For any x 2M , assume that A�g is diagonal and then A�g D
1
n�2

Ricg . For any ordered
¹˛1; : : : ; ˛kº � ¹1; 2; : : : ; nº,

(5.9) R˛1˛1 CR˛2˛2 C � � � CR˛k˛k D 0:

From (5.9), we know that

C k�1n�1R11 C C
k�1
n�1

k � 1

n � 1
.Rg �R11/ D 0:

For k < n, we have R11 D 0. The same argument yields Ri i D 0 for any i D 2; : : : ; n,
resulting in a contradiction to the non-Ricci-flat assumption.

Now we prove our main theorem using Theorem 5.2; the method is almost the same
as above.

Proof of Theorem 1.3. Let K D 1=i ! 0. For each i; we have a sequence of solutions ui
to equation (5.2) or (5.3). According to Lemma 3.2, Theorem 3.3, and Theorem 4.4, it
holds that

sup
M

jrui j C jr
2ui j � C for ui � �C;
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where C is a positive constant depending only on n, g and Q. To get the upper bound
of ui , we proceed as in Theorem 5.2. Suppose maxM ui D ui .xi /!C1. Let

vi .x/ D ui .x/ � ui .xi / � 0 in M;

so that vi satisfies the following equation:

F.g�1.A�gvi
CQ.x/gviCui .xi /// D

1

i
e�2.viCui .xi // in M:

If @M exists, then
@vi

@ng
D c.x/ e�.viCui .xi // � hg on @M .

The rest of the proof is the same as that of Theorem 5.2. Therefore, ui is bounded from
above, and jui jC 0 � C . Hence, there exists a subsequence of ui such that ui ! u in
C 1;˛.M/ for any 0 < ˛ < 1, where u 2 C 1;1.M/ satisfies equation (1.5) or (1.6). For
0 � � < 1, higher regularity follows from the uniform ellipticity of the operator.

Remark 5.3. For 0 � � � 1, Theorem 3.3 can be established by modifying the technique
of proving Theorem 19 in Li [35], which combines Theorem 1.23 in [35] with a local
gradient estimate depending on inf u and sup u. The local gradient estimate related with
two sides can be obtained by the auxiliary function: �jr.u� 'd/j2eBdC�.u/, where � is a
cut-off function, B is a positive constant and �.u/ is a function of u. With the uniform C 1

estimates with respect to �; we may obtain a Lipschitz viscosity solution to equation (1.6)
for � D 1. See also the argument in the proof Theorem 1.3 in [36]. As it is not our interest
to introduce the viscosity solution here, we do not discuss the case � D 1 for equation (1.6).

Remark 5.4. Assuming that @M is totally geodesic, theC 2 estimates can also be obtained
for � D 1 by mimicking the proof of [30] and [8].
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