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The existence of solutions to a k-sum equation
arising from conformal geometry

Chuangiang Chen and Wei Wei

Abstract. On compact manifolds (M, g), we derive the existence of metrics in a
given conformal class [g] with prescribed negative partial curvature. This curvature
corresponds to a fully nonlinear equation derived from conformal geometry. For
manifolds with boundary, we demonstrate the solvability of equations involving pre-
scribed negative partial curvature within M, coupled with mean curvature along dM .

1. Introduction

On a given compact smooth manifold (M", g) where n > 3, we study the existence of the
metric g, = e 2¥g e [g] such that, for 1 <k <mn—1land0 <7 <1,

(1.1) min [Ay + Ay + oo+ A 1(gy 1AL ) = —kO.

1<iy <"~<ik <n

Here Q is a prescribed positive function, A(g,, 1Afgu) = (A1, ..., A,) are the eigenvalues
of g,/ lA;u, Ricg, is the Ricci tensor of gy, Ry, is the scalar curvature of gy, and

1 TR
AT = (R' e ).
g o N T 50, g”)

The fully nonlinear operator

k
(1.2) Pr(X) = Ai(X)

i=1

has been studied extensively. Here, A1 (X) < --- < 1,(X) are the eigenvalues of X € §”,
and §” is the space of n X n real symmetric matrices. The operator #,” (X) can be viewed
as a degenerate elliptic Bellman operator.
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Arising from the partial positivity of the curvature on the manifolds, this type of
operator (1.2) has emerged in geometric analysis. In the 1970s, the concept of k-pseudo-
convexity was introduced to explore complex manifolds [20,45]. In the 1980s, Sha [41]
proposed the concept of k-convexity for dM and classified the topology of M. Wu in [46]
investigated the similar concept of k-positivity for sectional curvature of M, resulting in
further classification of the topology of M.

In [25-27], Harvey-Lawson studied the p-geometry and the corresponding equations.
As in [27], for any integer 1 < k < n, we denote

Pr(R™) :={A e Sym*>(R") : A1(A) + --- 4+ Ax(A) > 0},

where Ay < A, <--- < A, are the eigenvalues of the matrix A. In [25], Harvey—Lawson
studied the Dirichlet problem &, (V2u) = 0 in bounded domains, and obtained unique-
ness and existence of continuous solutions in the convex cone P (R™). In [2,3], Caffarelli—
Li—Nirenberg explored the maximum principle and the singularities of the solutions to
P (V2u) = 0. Oberman-Silvestre in [40] studied the interior C % regularity of solu-
tions to P, (D?u) = 0 in £, subject to the boundary condition u(x) = g(x) on 32, where
g(x) € CH¥ In [1], Birindelli-Galise—Ishii studied a more general class of fully nonlinear
degenerate elliptic equations and established Lipschitz regularity under the assumptions
of convexity for the domain. Additional relevant works and references can be found
in [15-17] and the references therein.

The fully nonlinear equation has played an essential role in conformal geometry. See
the milestone work [5] by Chang—Gursky—Yang. For | < p <n — 1, Guan—Wang in [22]
investigated

(1.3) Wolgu) := (= p) D hilgy ' Ag) +p Y di(g, Ay,) = —1,

i<p i>p

and W;(gy) = minRicg,, where A; < --- < A, are the eigenvalues of g, ' A5 . Gursky
in [23] discussed the smallest eigenvalue of the Schouten tensor and proved the existence
of the solution # to minj <j<p A; (g;lAi,u) = —1/2 in closed manifolds.

Motivated by p-geometry and conformal geometry, we want to explore equation (1.1)
in two aspects: the first consists of studying the equation on closed manifolds, and the
second is to obtain the existence of solutions to the equation with prescribed mean curva-
ture on compact manifolds.

On (M, g, M), sometimes IM = @, for g, = e g and 0 < 7 < 1, we denote

1— Vul?
A;u:Vzu—i—nT;Aug—i—Vu@Vu—(Z—r)' ;' g+ Az,
and 3
u
L u:—_, L,
gu€ 8ng+ g

where 7 is the unit inner normal vector on dM and L, is the second fundamental form of

boundary. We have that

1
hg = 7 TrgLg

is the mean curvature of dM with respect to g.
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The equation (1.1) is fully nonlinear degenerate elliptic for r = 1. Although the reg-
ularity theory for this equation is not yet fully resolved, the method of approximation
introduced in [23] enables us to establish the following theorem, by introducing a Monge—
Ampere type equation from [4] which has attracted growing attention and will be intro-
duced in Section 2.

Theorem 1.1. Given a smooth positive function Q on a closed manifold (M, g), sup-
pose that the scalar curvature Ry < 0 and that g~ ! (Ag + 0g) € Pk (R"). There exists a
conformal factor u € C1 (M) such that

min [Ay +Ap, oo+ A (g ' AE,) = —kQ

1<ij<-<iy<n
forany0 <t <landl <k <n-1.

From Lohkamp’s classical theorem in [38], we know that every compact manifold
has a metric g with negative Ricci curvature (with totally geodesic boundary if boundary
exists). With proper rescaling, for any positive function Q, there always exists a met-
ric satisfying the assumption of this theorem. We point out that for the equation related
with Afgu for 0 < t < 1, equation (1.1) is uniform elliptic and the solution u is smooth.
As equation (1.1) is uniformly elliptic for 0 < 7 < 1, from the gradient estimates and C°
estimates, C 2% estimates hold. For t = 1, instead, the equation is partial degenerate and
in Euclidean space; it seems that no interior C 1% estimates for equation (1.1) are known
without boundary condition.

For compact manifolds with boundary, analogous results can be established for equa-
tions involving prescribed mean curvature, which is equivalent to the Neumann boundary
condition. We state the boundary case in the following theorem.

Theorem 1.2. Given a smooth positive function Q on a smooth manifold (M, g, oM),
suppose that the scalar curvature Ry < 0 on M, and also that hg < 0 on OM and
g_l(Ag + 0g) € Pr(R™). Then for any smooth function c(x) < 0and 0 < t < 1, there
exists a smooth conformal factor u such that

min [y + Ay e+ A )08 AE) = —kQ(x)  in M,

(1.4) 1<ij<-<ig<n

hg, = c(x) on M.

For 7 = 1, there may exist a Lipschitz solution to (1.4) with a uniform C! estimate
for u with respect to . The prescribed mean curvature of the boundary appears both in the
context of the classical Yamabe problem and the o%-Yamabe problem. For the classical
Yamabe problem with boundary, significant contributions can be found in the seminal
works of Escobar [13, 14]. Meanwhile, the oy -Yamabe problem with boundary has been
a subject of study over the past two decades, with references including [8—11, 28-34].
Most of references focused on locally conformally flat manifolds with umbilic boundary.
In [10, 11], the authors investigated the 0>-Yamabe equation on manifolds with boundary
in a so-called T, cone, in which the metric has Yamabe constant Y (M, dM, [g]) > 0. Here,
Theorem 1.2 discusses the metric with Y(M, dM, [g]) < 0 on manifolds with boundary.
We can relax the assumption of R, further to R, < 0, as stated in Theorem 1.3. Differing
from the case R, < 0, we cannot have C? estimates directly. Inspired by Gursky [23], we
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first obtain the C! and C? estimates depending on infys u, and then we get sup,, u < C
for Rg < 0 under the assumption that g is not Ricci-flat.

Theorem 1.3. Given a smooth positive function Q on a manifold (M, g), suppose that the
scalar curvature Rg <0, that g1 (Ag + 0g) € Pk (R"), and that (M, g) is not Ricci-flat.
Then the following hold:

(1) For 0 <t < 1, there exists a C ! solution u to

(1.5) omin A, 4 Ay o+ A (g, AL ) = —kQ.
1<ij<-<ix<n
(2) Assume that M has boundary dM with hg < 0. For 0 < v < 1, given any smooth
non-positive function c(x) on OM, there exists a smooth solution u to

¢! 6) 1<i1£n~jr<ll‘k<n[li1 + Ai2 +o-t Allc](g;lfl;u) = _kQ in M,

hg, = c(x) on oM.

The proof of Theorem 1.2 and Theorem 1.3 involves the establishment of a Monge—
Ampere type equation with Neumann boundary condition on Riemannnian manifolds,
which has its own interest. See Theorem 5.2 in Section 5. In the context of Neumann
boundary problems for fully nonlinear equations, substantial progress has been made,
inspired in part by Lions—Trudinger—Urbas [37]. See Ma—Qiu [39] for recent develop-
ments on Neumann boundary problems. Previous studies concerning fully nonlinear equa-
tions with Neumann boundary predominantly focused on Euclidean space and manifolds
with umbilic boundary. Typically, the solvablity of the fully nonlinear equations with
boundary relies on the convexity of the boundary. We extend the methods to manifolds
with some delicate computations involving boundary curvature.

The paper is structured as follows. In Section 2, we introduce a particular type of
Monge—Ampere equation, which will be subsequently explored in Sections 3 and 4. At
the end of Section 2, we explain the strategy for the proof of the main theorem. Sec-
tion 3 is devoted to providing a priori estimates C°, C! by constructing some auxiliary
functions. In Section 4, utilizing the method of Lions—Trudinger—Urbas [37] in Euclidean
space, we investigate a priori C? global estimates on manifolds, including the second tan-
gential derivatives and the second normal derivatives on boundary. Meanwhile, we adopt
the auxiliary function from [7,21] to obtain the global C 1 €2 estimates on closed mani-
fold. In Section 5, we employ the method of continuity and approximation to demonstrate
the main theorem.

2. Preliminaries

In local coordinates, consider the (1, 1)-tensor A = A;- dx' ® a/ ox7. Additionally, for
eachl <ag; <oy <az<---<oap<nandl < By < B <--- < Br <n, we introduce

k n .
21 W qag( Qv @it J o Cigr 0k )
21 BB ZZ J ( Bi-+ Bi-i Bi Bir1 Bk )

i=1j=1
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In local coordinates, define

d
= W% 1, B g ... Bie .
W =Wg' . g dxP' ® --- @ dxPx ® e ® Aot

In particular,

k

W = Y A

i=1

and if {1, ...,0r} and {B1, ..., B} differ in two elements, then
wphibe =0,
If{ay, ..., )\ } = {B1..... Bi}\{Bi} and a; # B, then
Q@ __ o 1Ni—J 4%
2.2) Wep, = (D77 Ag
If AS = 58 4%, then
i o o o« o
Wk _ Aa,:g( 100 -1 O Oy e Ok )
pei = LA g B B B B
We have CX¥ choices of o1,...,0), where @1 < --- < a, and use N, to denote the
n
order number of (a1, .. .,ax). Thus, we denote W;l 130;(" = WA],\; *_ For example, we denote
1,2,....k N

o =(1,2,...,k)as Ny and W((l,zz,,_,,k)) = WNII.

We have C,f of k-sums of eigenvalues of A; (A). For example, forn = 4 and k = 2,
wehave A1 + Az, A1 + A3, A1 + A4, Ax + A3, A5 + A4 and A3 + A4, and we denote them
as {1, ..., Me. In general, we denote the k-sums of eigenvalues of A;(A4) by u1,..., Kk
which are also the eigenvalues of W. It is easy to check that

ck
1 B gk \ooh ek
@3)  detW =det = o > 5 PR Wi W
1] 5eeesy lC’]l(=1 n
J1lseeey jck—l

The operator (2.3) was originally introduced by Caffarelli-Nirenberg—Spruck in [4].
The Monge—Ampere type equation (2.3) for k = n — 1 emerges naturally in the “form-
type” Calabi—Yau equation, as discussed by Fu—Wang—Wu in [18] and Tosatti—-Weinkove
in [43]. Equation (2.3) for k =n — 1 is also important in the investigation of the Gauduchon
conjecture, explored further by Szélyhidi-Tosatti—-Weinkove in [42] and Tosatti—Weinkove
in [44]. For further insights into the generalized operator, we refer to [6, 12, 19,24].

In the following paragraphs, we take 4 as A5 + Q(x)e?*g in (2.1). Let A be the
eigenvalue of A3 + O(x) e~ 2% g with respect to g and let i be the corresponding k-sum
of the eigenvalue of A, which is also the eigenvalue of {Wy, N, } ckxcji- We denote

k G /Ck
Q) =6 = [etunVF = ([])'
j=1

= f(AMg™ (4G, + 0(¥) gu)) =: F(g~ (4G, + O(x) gu)).
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Below we summarize some basic properties of this operator.

Lemma 2.1. For u € Fé:,f = {(m,...,ucf),m >0 fori = 1,...,Cf},

a—G>o, forj=1,....CF
O
af G al’q .
= > 0, =1,...,n,
8Aj Z 8#] al forl n
2 of 9G Iy _
@5 Zax_zzau FrA Z_>k
i=1 ! i=1j=1 J
and
n ck n ck
af ., 0G o . 0G
2.6 —— A = — —L A = — ;=
26) D = Dy 2 g = L g
Also, R
e =
a/,L,'B/,Lj C,’fxC,],C
and
02 f G G A, 0
Olp Oftq
2.7 <0,
.7 {axiax,» }nxn { 8,up8,uq 8)& 0A; }nxn_

where f(A) and G(u) are defined in (2.4).
To ensure the ellipticity of the operator, we always assume that
g (4G, + 0(x) gu) € P(R").

For simplicity, we call u (k,n, Q)-convex if g_l(Afgu + Q(x)gy) € Pr(R™). When u
is (k,n, Q)-convex, we have u € F and then

Ck
W =Tru = Z/,Lj Ck Zx\ > 0,
j=1
and this yields
Tre (Ag, + Q(x) gu)
@9 - 2”;3;’” (Au—n_2|w|2)+TrgA;+nQe*2” > 0.
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Lemma 2.2. Suppose u is (k,n, Q)-convex. For any 1 < i, j < n, it holds that
(2.9) IV2ulg < Ci(Au + [Vul*) + Co(1 + nQe™ "),
where Cy and C, are positive constants depending on k and n.

Proof. For any fixed xo, for simplicity, we assume that the metric g is geodesic normal

at xo. We write A for Ay + Q(x)gu- At xo, with {1, ..., ox J\{oj } ={B1,.... B} \{Bi}
and o; # fB;, we have

(2.10) (Ag; ) = WjauNﬂ < WnoN, Wgng < (TtW)2,
where the last inequality holds because p; > 0 forany 1 <i < C,’f.
To get the estimate for Ay, taking all the choices of y; = (1, ¥;2, ..., ¥i k), where
(%i,2,-- - Vik) is the ordered number of 2 < y; » < -+ < y; x < n, it holds that
2.11) WNyi Ny, = An + Ayinyip T+ Al’f,k Vik = 0.

Summing all the choices of y; above, we have

i k=1 k=1 ,_
C,’,‘_ll(l - —) n e O T A = ) Wiy,

n—1 n—
Vi
and then,
k—1 _ _ k—1 k—1 _
—n — 1 an_ll TI'gA f C’f_ll (1 —_ nT])All = Z WN}’iNVi —_ nTl C:_ll TI'gA
Vi
k—1 k k-1
S TI'gW — m C;,{C__ll TI'gA E (C'i{__ll ; — m Cr]lc__ll) TI'gA.

Thus we get

(2.12) lui1] < Ci(Au + |Vul?) + Co(1 +nQe™),

and for any i = 2,...,n, the same argument holds for #;;. By (2.10) and (2.12), we have
proved (2.9). [

The strategy of the proof of Theorems 1.1 and 1.2 is inspired by [23]. We explain it
now. We first show the existence of the solution u; to the following equation:

1
(2.13) F(g7' (AL + 0(x)gu)) = - e 2 in M.

By uniform a priori estimates for (2.13) with respect to i, we have a sequence of solu-
tions u; converging to U, such that

Fg™ (45, + () guy)) =0 in M.

Therefore,

min pu; = 0.
1<i<Ck
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In lieu of equation (2.13) by the following equation (2.14):

1
f(A)=-e2* inM,
(2.14) " !
— =c(x)e™ ondM,
ong
we have a similar argument for Theorem 1.2.

To prove the existence of solutions to equation (2.13), we use the method of continuity
and consider the following equation for 0 < ¢ < 1:

(2.15) F(g7'(Ag, + 0(x) gu)) = tKe ™ + (1 =) F(g~' (45 + Q(x) 8)).

where K is a constant such that K < k minys Q.
For the boundary case, we consider the following equation:

F(g7'(Ag, + 0(x) gu)) = ¢(x,u) in M,

(2.16) P
_ﬁu +hg = @(x,u) + hg on IM,
ong

where
p(x.u) :==1Ke ™ + (1-1)F(g~" (A + Q(x)g)) inM,

and
o(x,u) = (tc(x) + (1 —t)hg)e™ —hy on oM.

Let

I ={tel0,1]: (2.15)has a (k,n, Q)-convex solution u},
and

I, = {t<[0,1] : (2.16) has a (k,n, Q)-convex solution u}.
Denote 5

FU = 9 and FYK = TF
ar,‘j 8r,~j ark]

where

ri= A7, + 0() g

We first give the linearization of
Flu] := F(g~'(Ag, + 0(x) gu)) —1Ke ™™ — (1 =) F(4} + 0(x)2)

as follows:

d
Lrlg)i= 5| _ Flu+s¢]

dsls=0
oF -1
= g (Ve + S Aegiy + iy + i = 2= (Vu. V) gy

- 2¢Q(x)e_2“g,-j) +2tKpe "
=a"gij +b'g; — 2eo(x)Q = 2tK) pe ™" = agi; + b pi — (),
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where
. OF “ OF l—7
ij._ 27 ij _ i zj Fp
4 8r,~,~ + Z Brpq g"qn—zg + Z
p.q=1
b= -2-1) Z 8 gpqu ' = 2FVy; —(2—r)ZFp i
pq=1 p=1
n n
oF
co(x) := 3 8pq = Z Fpp >k,
pa=1°"P4 p=1
and

[(x) := (2co(x)Q — 2tK) e ",

Here {a%/ },xn is positive definite and /(x) is positive. The openness of I (or I;) holds.

3. C’ and C' estimates

In Section 3.1, we prove C 0_estimate for equations (2.15) and (2.16) under the assumption
Rg; < 0. In particular, we obtain a uniform lower bound of u with respect to sup,, Ry.
In Section 3.2, we establish the local C! estimate for equation (2.16) for 0 < 7 < 1. We
defer the C? estimate until Section 4.

3.1. The C? estimate for the solution to equations (2.15) and (2.16)
First, we obtain the upper C 0 estimate, and then the lower C° estimate.

Lemma 3.1. Assume that (M, g) is a compact manifold (or with boundary 0M) with
Ry <0in M (or hg <0 on dM). Let u be a (k,n, Q)-convex solution to (2.15) (or
to (2.16)) and let c(x) < 0on IM. For0 <t <2 —2/n, we have

maxu < C,
M

where C depends on supy,; Ry and other data.

Proof. We just consider the boundary case. Let 1 be a fixed solution to Ay = —|dM |/|M |
in M with boundary condition 0y /07ig|apr = 1ondM. Let v = u + By, where

n—2 |M|
- TrA?
2(2n —2 —n1) g1oM|
Assume that maxys v = u(xg) + By (xp). Then
u(x) + By <u(xo) + By(xo) and wu(x) <u(xg)+ B-oscp.
If xo € dM, then
d(u+ B
0z MHED) )

ag g

=(tc(x)+ (1 —t)hg)e™ —hy + B.



C. Q. Chen and W. Wei 10

Now,
—B + hg(x0) > (tc(xo) + (1 — 1) hg) e *(0) > _Cem4(x0)
for some positive constant C depending on /¢ and ¢, and then
B — hg(xo0) - B
C - C

efu(XO) >

for hy < 0. It follows that u(xo) < —In(B/C). Now, if xo € ]\SI, then Vv(xo) = 0 and
V2v(xp) < 0.
As u is (k,n, Q)-convex, we have

n
0< " Tr,u:Zk,-

k
kCH e
2— -2 m—2—
T g P TR N T AT Qe
2 n—2 g
2 —2 m—2—
< —% IV(BY)? + ”—2'" A(=BY) + TrAS +nQ e,
n_
and then,
2— -2 m—2—
nQe g = % IV(BY)” + % A(By) —TrAg
2 —2—nt |IM 1
>_p nT ML g Lpar s
n—2 M| g7 Ty e
Therefore, maxys u < C. [

Lemma 3.2. Assume that (M, g) is a compact manifold (or with boundary OM, in which
case we assume that hg < 0). Let u be a (k,n, Q)-convex solution to (2.15) (or to (2.16)
with ¢(x) < 0on dM). For 0 <t < 1, we have

u(x) > %ln(nj}}nkQ(x) —K) - %ln ((ao + a)k + max F(g_l(A;, + 0(x)g))).

where a is a positive constant depending on g, n, k, T and ag = —minyeyp Amin[Ag (X)].
Proof. Taking
D =suplhg| + 1,
oM

we define w = u — D, where ¥ is a fixed solution to Ay = —|dM |/|M| in M with
boundary condition dv /91|y = 1 ondM.

We get
ow ou _
— =—=—-D=(@Ccx)+ (1 —t)hg)e ™™ —hy —D <0 ondM,
ong  Ong

and minys w is achieved at an interior point xo of M. Now at xo,

Vw(xg) =0 and VZw(xy) > 0.
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We have
() Ag, (xo) + Q(xo)e g
1—
= A7 (x0) + Qo) e Vg + V2(DY)(xo) + = ADV)(x0)g

V(Dy)|?
FVDYI0) ® VDY)x0) — 2 1) L )

> A% (x0) + Q(xo)e 2400 g —ag > O(xg)e 240 g — (a +ao)g.

where a is a positive constant depending on D and |{/|c2(ag)-
If
Q(xo)e 2™V g — (a +ag) g <0,

then
Q(xo)e "™ < a +ay,

and

i ()>11Q() 11(+)>11(1<Q( ) Link 11(+)
mmu = —In — —In —1n — —InNK — —-1n

A}u MX()_2 X0 ) ao a_z X0 ) ) aop a

2

. 1 1
In(k min 0-K)—- Elnk —5 In(ap + a).

N =

Also, if
Q(xo) e g — (a + ag) g > 0,

then by (3.1),
tKe G0 (1 —1)F(g™ " (AL + Q(x)g))(xo)
> fA(Q(x0) e g — (a + ag)) g(x0)])
= f(Ag])(x0)(O(xp) e 20 —q —ag) = k(Q(xo)e ) —a —ay),

and

u(xo) = %ln(kQ(xo) — 1K) — % In (a0 + a)k + (1 —1)F (g™ (AL + 0(x)£))(x0)).
| |

The lower bound of u is independent of R, < 0, and plays an essential role in the
proof of Theorem 1.3.

3.2. The a priori C! estimates for equation (2.16)

Theorem 3.3. Let u be a (k,n, Q)-convex solution to equation (2.16). For T < 1 and any
O C Oy C M, assume that there exists a positive constant Cy such that u > —Cj in O;.
Then

[Vulcowy < C,

where C depends on K, g, T, n, k, |Qlc20,), dg (301, 00)~! and C,.
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Proof. We only need to prove the theorem near the boundary. Let @; be the domain
near M such that 3/2 > 1 — ¢, (u)d > 1/2 and

G = p|V(u—gd)?eP?,
where d = distg (x, M), p is a cut-off function in @, such that
p=1on0, [V?p|<C, |Vp|<Cp'? and dp/diiy =0ondM NO.

Here
B =4 sup (|Lglg + lox| + lpz]) + 1
O1NoM

is chosen to exclude the maximum point of G on the boundary. We sometimes denote
w = u — @d for simplicity. We naturally extend c(x) and /g to the interior of M near the
boundary, and ¢ is well defined near the boundary.

Assume that maxg, G = G(xp). Without loss of generality, we assume that G(xo) is
large and

SIVaP (o) < [V — ) (x0) < 2|Vl (xo):

otherwise, the theorem is proved.
Case 1. xo € 0M . Then, as u, — (¢d), = 0 on IM, we obtain

0> 310§G
~  Ong

2wg Logug
>B—————5>B—4 sup (|Lg|+ |gx|+ |pz]) > 0.
IV — d)|? oam o

Case 2. xo € M. We take normal coordinates at x¢ such that g;;(xo) = §;; and then

2wg (Ugn — ((Pd)kn) — B4+ 2wa(§a(un) - Locﬁuﬁ - Q)

o) =B+ =g er Vu—pd)P

(3.2) ViogG(xg) =0 and V?logG(xg) <O.
Thus,

0 > a” [log G);; + b' (log G);

= al (log p)i; + b (log p); + ij(|le.2j_|Vw|i2|Vw|_12.>
=a g P)ij gp)i +a W Yl
[Vw|?

Vup "

V2 p| i 2Wij Wiy + 2w Wgi; i 2W W
>_CSY F ( ‘ 1) if b
- Z i + a |Vw|2 |Vw|2

+ b =L +d” (Bd)ij + b (Bd);

|V ol 2 Okj Pki
i ij 1]
> c}:F(—+| |+1)+2(F + Z >|Vw|2

+ 2wk [Vw|?
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Differentiating the equation once,
(3.3) a“uijk + b'ug; = —FY (Afx + (@) e gij)k) + ¢x.
Also,
(3.4) — 2wi (@ (p(x. u)d )i f.bi(‘Pd)ki) > —2wy g d (@’ ugi; + b uk;)
— CF(|[Vw||V2u| + |Vu|® + |Vw|*d + |Vw|?|V?ul|d).

Noting that Tr i > 0, we have

( n(l—1)

NP 2 T —2u
(3.5) T+ = )Auz((Z oF 1)|Vu| TrAS —nQe 2",

yielding that, for 3/2 > 1 — ¢, (u)d > 1/2 and small d,

g 1 1 1
(6 glwgue = 51Vl + - (Aw)? = 1|Vl + Cn ) [Vul*,
n

where C(n, 7) is a positive constant depending on 7 and n.

With |u;jx — ugij| < |[Rm||Vul, and (3.3), (3.4), (3.5) and (3.6), we have, for suffi-
ciently small d,

0= a[log Gli; + b' (1og Gilx=sq

(IV?0l Vo2
— _l —_— —_
= LRSS
; Vo |V2u|
— CF}(|Vu||— \Y
(1l =2 1+ 190+ e

+ 1+ |V2uld + |Vu|2d)

n 1vv72,,,12 1 4
+21—r ZFP 7IVFw|® + 3C(n, 1)|V(u — ¢d)|
n—242p Vuwp?
p=1
1—7 & Lv2yi2 + 1c@m, o)|Vu — ed)|* " /IV2p|  [Vpp2
> Fr A 2= _cY F(EEA (— )
SEEEP N VP LS
p=1 i=1
Thus, we have proved p|V(u — ¢d)|*> < C. n

4. C? estimates

In this section, we begin by providing C? estimates for equation (2.15) on closed man-
ifolds. Subsequently, we take a two-step approach to derive a C? estimate for equa-
tion (2.16). First, we reduce the C? estimates to the normal second derivatives u,, on dM.
Second, constructing a proper auxiliary function, we obtain a estimate for u,, by the max-
imum principle. The two-step method to obtain the C? estimates was initially introduced
by Lions—Trudinger—Urbas [37] for the Monge—Ampere equation with Neumann bound-
ary condition in Euclidean space.
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4.1. The a priori C? estimates for equation (2.15)

In this subsection, we derive a priori estimates for equation (2.15) using the auxiliary
function introduced in [21] and [7]. The procedure for obtaining these estimates follows
a fairly standard approach, and we present it here in detail to effectively track the impact
of Qe 2%,

Theorem 4.1. For t < 2 —2/n, suppose that u is the (k,n, Q)-convex solution to equa-
tion (2.15). There exists a positive constant C, depending on K, |Q|c2(p), k. n, T and g,
such that
|V2u| + [Vul* < C (supe™* +1).
M

Proof. Let
G = Au + |Vu|?

and assume that G(x¢) = maxys G.
Noting that Tru > 0, we have

)Au > ((2 -1) g - 1)|Vu|2 —TrAg —nQe ¥,
At x¢, we choose a normal coordinate such that g;; (xo) = §;;. We know
(4.2) Ujjk = Ukij + Rijikur,

and

(4.3) ugkij = Uijkk + 2RmikjUmik — Rmjumi — Rmimj — Rmij um + Rpikjk Um.

At xo, we have
Gi(xo) =0, Gij(x0) <0,

and
(4.4) 0>a"’G; +b'G;
= a" (ukkij + 2urivtj + 2ug ugij) + b (Urri + 2ug ug;).
Using normal coordinates at xg, it holds that
Tijk = Uijk + i_T; (Au)rgij — % (|Vu|2)kgij + U uj + ujpu;
+ AT+ (Q() e gij i,

and

-1 2—1
4.5) Tijick = Uijkk + ~—— (A)kk 8ij — —— (IVul?)xx gij

+ uikk ) + g i+ g ujr + A% g+ (Q(0) e g ik
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Differentiating the equation once, we get
. -1 2—1
b =F (uijk + o5 (Bkgij — —— 2upupk Gij + Uikt + ki

+ AT+ (000 gk ),

and then
(4.6) a“uijk + b'ug; = —FY (A,-Tj,k +(Q(x)e " gij)k) + bk
From N N
Ok = FYrijix + F77rijgrrs ks
we obtain

@7 aVuijer + b wirk = brx — 7" rijrresi — F7(Af e + (Q(x) e gij k)
+ 2 - r)ulz,k Fii — Uik Ujk FY.
From Lemma 2.1, -
—Frs VijkTrs,k > 0.
By (4.2) and (4.3), we have
[uijk — ukij| < |Rml|Vul,
and
ik — ukkij| < C1IVRm|[V?u| + C|Rp||Vul.
Thus by (4.4), (4.6) and (4.7), we obtain that
i 2 2(1-1) ij( 4t —2u
0= Filud, (2= + =2 ) = 2F7 (A, + (Q(0) e gy Juk + 2k
— FUAL o — F7(Q e gij)ik + bik — F" rijacrrs i — CF V2.
By Lemma 2.2, Lemma 2.1 and (4.1), we learn that
|Vu|® + |V2u| < C (supe " + 1),
M

where C depends on K, |Q|c2(ar) and |g|c4(ar). T, 7 and k. L]

4.2. The a priori C? estimates for equation (2.16)

In this subsection, we first reduce the global second derivatives to the normal second
derivatives uy, of u on dM, which can be obtained by constructing a proper auxiliary
function and applying the maximum principle.
Lemma 4.2. Suppose 0 <t < 1and let u be a (k,n, Q)-convex solution to (2.16). Then,
max  max VZu(,0) <C+ max Viu(i,n),
x€B,,NM ;leclTXIVI x€B,NOM
=1

where C is a positive constant depending on |g|csp,), K, |Q|c2B,) 1> |¢lc3(B,nam)s
supp, e ¥, supg |Vul, 7, n and k.



C. Q. Chen and W. Wei 16

Proof. Let 1 be a smooth cut-off function in B, such thatn =1on B,/ and (Vn,Vd) =0
on dM . Let SM denote the spherical tangent bundle on M. Given (x,¢) € SM, we define
G(x.0) - = ne®[V2u(£.£) = 2(¢. Vd)((¢". V) — V2d(Vu. L)) + [Vul?],

where a € R™ is to be determined later, d(x) := dg(x,dM), (" = ¢ — (£, Vd)Vd and

B=2( sup |ce ™| +n sup |L|>
B,NOM B,NOM

Here G is a global function and thus is independent of the selection of local coordinates.
We naturally extend c(x) and /g to the interior of M near the boundary, and ¢ is well
defined near the boundary.

By definition of ¢T, we have

({7, Vo) = V2d(Vu,{T) = (¢, Vo) — (¢, Vd)(Vd, V) = V2d(Vu, Q).
Suppose

max max G(x,{) = G(x;,¢;), forsome (x1,¢;) € SM.
x€B; (€T M
1¢1=1

Without loss of generality, we assume that G(x1, {1) > 1, otherwise we are done.
Case 1. x; € B, N OM.

Case 1.1: {1 = aVd + Pt for some t € Ty, (dM) with |t| = 1, where o = ({1, Vd)
and B = (¢;. 7) satisfy o? + B2 = 1.
Asii = Vd on M and u, = ¢ on dM, we have

V2u(r, i) = t(up) — (Vei)u = (1, Vo) — V2d(Vu,t) on dM.
Thus, we obtain

G(x1, 1) = ne® [a? VZu(ii, i) + B> V2u(z, ) + 2af VZu(z, i)
—20B((1, Vo) — V?d(Vu,1)) + |Vu|2]|

= ne® [a® V2u(ii, i) + B? VZu(r, 7) + IVul?]|,,
= a?G(x1.1) 4+ B2G(x1. 1) < @®G(x1.7) + B2G(x1. 1),

X1

which yields that
G(x1,61) < G(x1,7).

Now we just need to consider ¢; to be either 7 or a unit vector in Ty, (0M).
Case 1.2. ¢ € Ty, (0M).
Under Fermi coordinates around x, the metric can be expressed as

g = dx,f + gapdxedxg,
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where (X1, ..., Xp—1) is the geodesic normal coordinates on dM and dx, = Vd is the
inward unit normal on dM . We choose the tangent vector field ﬁaxl as an extension

of {1 = 0/0x1]x, to the interior and still denote by {;. On M, there hold

n

ng=Lag. TB =—Lag” T/=0 and I}, =0.
We have
Ugn = OqUn + LUy = 090 + LYy,

and

Ugpn = L/’; Uya + LUuyg — Logtinn + dape + Lg;ﬂ uy + LY Lg,un + foﬂn u;
= Ljtya + LLuyg — Laptinn + LY, gty + LY Lgytn + Riyg, i
+ @z (Uap + Loptin) + @zzUaUp + Qxyxg + PrpzUp + Pzxplla-
In particular, we have
0n(u11) = 2T, U1 + Ut1n = Ur1n — 2L Uen
= —Lyttpn + LY uy + LY Liyun + Ry, u;
+ @z (11 + Litun) + @zzu1u1 + @xx, + @xyz U1 + @z Ui

Notice that y
G(x,ty) = nead<i + IVuIZ) near x;.
811

Then we have

0> Gp(x1,81)
nlaGur + [Vul®) + 0, (u11) — u110a(g11) + 20 tign + 2ntinn |
7’][a(ull'i‘|vu|2)_Lllunn +(pzu11+2ua(aa¢)+Lguy)+2ununn _C]

4.8)

v

Since (x1, 1) is a maximum point of G, for t < 2 —2/n, by (2.8), we have
Unp + (n = Dup = —=C,
and then u,, > —(n — 1)uy; — C. Also we know that u,, < u; + C, and thus,
[Unn|(x1) < (m—1Dugi(x1) + C.
Take a sufficiently large, for example,

a= sup (n—D[2|L]+2|p| + 2|e:|].
B,NIM

Then, by (4.8), we have
u(xy) <C,

where C depends on supg ~gp (¢ + ¢2), [glc2(g,) and supg, [Vul.
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Case2.x1€ B, N M.
We now choose geodesic normal coordinates around x; such that

k
gij = Sij, Fij =0 atxj.

1

We also use the extended tangent vector field {;(x) = Jen

¢1 = 9/0x; at xq.
With the above extended vector field {;, we rewrite

0x, near x; such that

u
GOxstr) = et (L1 —alur + 206, VAV, Vhg) +[uf?) - near xi.

where a! depends on g, d(x) and ¢(x)e ™. Since G attains its maximum at (x;, £;) and
by Lemma 2.1, at x; we have

luij| < C(Au +1) < C(urr + 1).

For brevity, we let

E := il —dlu +z+ |Vul?,
g11
where z = 2(¢1, Vd) (], Vhyg).
At x1, we have
Ni d; .
4.9) 0=0;logG = — +ad; + , foralll <i <n,
n

and (9;0; log G) is non-negative.
In what follows, all calculations are evaluated at x;. A direct computation yields
3j3iuk = 3j(llki + Filku]) = Ugij + ajl“,.’kul,

3;0; (ur1) = 8 (uri + 2T up) = upnij + 20, T up,

and
31’(“11) Ui 1 1 2
(4.10) GE = o g_zai(gll)_aia up —a'0;0pu + z; + (IVul*);.
11

Then we have
0;0; E =uq1i; + 23jrl~llu11 —u110;0;811 — 8j3,-alul —al(ulij + 3jrlki Ug)
- aialulj — 8jalu1,- +0;0;z + 2up; ug; + 2ug (ugij + le"ilk up).
It follows from (4.9) and (4.10) that

4.11) Ul = —E(ﬁ + adi) +atuy; + 0;atuy — zi — 2up ug;.
n
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Thus, again by (4.9) we obtain

Nij  Minj 0;0; E 0;EQ;E
B,-E),-long# :’f + ad;; + ’E’ — ’E;
_ N 77177] 0;0; E (N
== adi (n+ d)(n—i-ad)

Hence, putting these facts together, we conclude that

0> Ea”d;0;(log G) + Eb'd;(log G)
= Ea"j(ﬂ— 771’]1) +aEa’ d;; —a®Ea” d;d; —2aEa"” —d +a"9;0; E
n? n

n
0 E
i
+ Eb ( +ad; + =)
.. /v V2 .. ..
> —CEF”(| nzl | n2n|) — CEF" +a¥ (ullij —alu”j + 2ukuk,~_,~)

+ 2aijukj Ui + a"fa,-a,-z - 2aij8ialulj — aijaja,-alul
+ b i1y — 0ia'up — a'ug + zi 4 2ugugg).

Differentiating the equation twice, we obtain

(4.12) a’ugjr + b'ug; = —FY (A5, + (Q(x) e " gij)k) + ¢x.
and

i 1—1 2—71 2
(4.13) F (Mijkk + o (Bwkiegij — —— (IVulDiesiy

+ UikkUj + UjkrUi + 2u,-kujk)
= i — F" rijarrsn — FY (A 1 + (Q(0) e gij)ik)
which in turn can be expressed as follows:
(4.14) aVuijry + b'uiny = ¢y — FU S rjyrpsy — FY FY(A5 1, + (Q(x)e *gij)1)
+ 2 - r)u’%l Fii — 2uiuji FY
> ¢11 — CEF" + 2 —1)ul F'" — 2ujyujy FY.
Using
Uil = U1i1 = U11i + R} Um,
and
aijullij = aij(uijll + R} umj + 2R;’1’j Um1 + R’l"lj Umi + R’Inli,j Um + R;’l’j’lum)

> a Ujj11 — CEF' — CFii,
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with (4.12) and (4.14), we have

0> Ea"d;0;(log G) + Eb'd;(log G)

. Vn|? AV g g . g
> —CEF”(—| z| + | 27”) + 2a”ukjuk,- + a”uijn +b'ui; + 2a”ukuk,-j
n Ui
+ 2b% ug g —aijalu1~ —a'b'u; — CEF' — CF"
/v 2 VZ
Z—CEF”(4+| n|)+ZZF”Mk]Mk1
n k#1
[(2—1)2 Uy, 12 )Z k]]ZF“ — CEF' — CF'".
k,j i
Then
urr(xy) < C.
Combining the above two cases, we obtain the desired estimate. n

It remains to estimate the normal second derivative of u on the boundary.

Lemma 4.3. Suppose 0 < t < 1 and let u be a (k,n, Q)-convex solution to (2.16). Then
we have
Upn < C on oM,

where C is a positive constant depending on the quantities |g|c4(M), K, |Q|C2(M):
clc3onry Supar €Y, T, n and k.

Proof. Without loss of generality, we assume that
sup V2u(ii, ) = unn(xo) := M* for some xq € M.
oM
In .
M, ={xeM:ds(x,0M) < uj,

for a fixed small i, we define
1
G(x) = (Vu,Vdg(x,0M)) —¢ +a({(Vu,Vdg (x,0M)) — ¢)? — 3 M*dg(x,0M).

We naturally extend c(x) and g to the interior of M near the boundary, and ¢ is well
defined near the boundary. We assume that M™* is sufficiently large so that G(x) < 0
on dM, \oM, otherwise we have an upper bound for M* and the lemma is proved.
Assume maxy, G = G (x1). For convenience, we still use Fermi coordinates around x1,
and thereby, the metric can be expressed as

g = dx,f + gop dxg dxg,

where (x1, ..., X,—1) are the geodesic normal coordinates on dM and d,, = Vd is the
inward unit normal on oM .
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If x; € AM, then with the fact G|y = 0, we have

I%LXG =0=Glym = G(xp)
and
1
0> Gu(x0) = (Unn — @n)(x0) [1 + 2a(un — ¢)(x0)] — EM*

1 1
= (Unn — @n)(X0) — EM* = EM* — @n(x0).
This gives
Unn(x0) < 2||(P||c1(1\7,)-

By contradiction, we assume

maxG = G(x;) >0 forx; € Z\O/I/L.

My
Let

[sup |(Vu, Vdg (x, M) + || + 1] and B := un(x1) — ¢(x1, ).
M,

a =

| =

From G(x;) > 0, we have
B+aB*>>0 and B >0.
At x1, a direct computation yields forall 1 <i <n,
0=Gi = (uni +u*(Xn)ai — i) (1 +2aB) — %M*(Sni,
and
0> Gyj(x1) = (nij +u5 Cen)es + u* Cen)iy + uf (xn)ij — ¢i;)(1 + 2a B)
+2a(uns -+ (en)is — 1) g+ g — ) — S M (el
(4.15) = (uf(xn)ﬁi +uF (xn)rij + M?(xn)ﬁj)(l +2aB) + (unij —¢ij)(1 +2B)
+2a(uns -+ (o) — 1) g+ g — ) — 5 M .
In particular, for large M *, we have

Lag*

1 *
( ) Upp(X1) 1+2aB+§0"_1+2aB

and

(4.17) Una = —uP (Xn) o + Qa-
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It follows from (2.9), Lemma 4.2, the choice of M ™* and (4.16), that

(4.18) |uij(xl)| < C(Au + 1)(x1) < Cupn(xo) < Cpn(xy) < CM*.
With
(4.19) a“uijn + bupi = —F7 (A, + (0 (x)e " gij)n) + ¢n.

from (4.15), (4.18) and (4.16), we get the following contradiction:
0> a"Gij + b' Gilx=x,
= a" uf (xn) i + uF (xkis + uf (xn)g;) (1 + 2aB)
+ (1 4+ 2aB) [aij (unij - ‘/)ij) + bi(uni +u* (Xn)ai — (Pz)]
+2aa" (i +u* (ki — 1) (unj + u* )iy — @)
1 .. 1 .
—3 a M*(xn)ij — 3 M™b' 8y

al—1

_ p * - )/ *2
>-C1 Y F'M + 3 5D FM™ >0,
p p=1

where
-1 <& -1 &
ij - i - 2
a’ upiupj > E Fp’J E Upi Ul > E Fp”unn
n—2 - n—2
p=1 i p=1

and C is a positive constant depending on g and supy, (¢ (x, u) + [px| + |¢z| + |@] +
l@x| + l@z| + loxx| + |@zz| + @xz])- u

From Lemmas 2.2, 4.2 and 4.3, and Theorem 3.3, we have

Theorem 4.4. Suppose 0 <t < 1 and letu be a (k,n, Q)-convex solution to (2.16). Then
we have
|V2 ul<C onM,

where C is a positive constant depending on |g|csr), K, |Qlc2an) Iclc3onmy and

supy, e 2%, 7, n and k.

5. Proof of the main theorem

In this section, we will prove the existence of solutions to equations (2.15) and (2.16), and
then by approximation, Theorem 1.1 and Theorem 1.2 can be proved.

Theorem 5.1. Suppose that Ry < 0 and that gil(A; + Qg) € P(R") on (M, g). For
0 < K <kminy Q and 0 < t < 1, there exists a smooth (k,n, Q)-convex solution u to

(5.1) F(g7H (AL, + 0(x)gu)) = Ke ™",
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Att =0, u = 0 is the unique solution to (2.15) or (2.16). Att = 1, the equation is (5.1)
(or (5.1) with boundary). Sections 3 and 4 were dedicated to demonstrating a priori estim-
ates including C°, C!, C? for equation (2.15) and (2.16). With these a priori estimates, I
(or Ip) is closed, subsequently leading to the existence of equation (5.1) (or (5.1) with
boundary). Now Theorem 5.1 can be obtained using the method of continuity in conjunc-
tion with Theorem 4.1, Lemma 3.1 and Lemma 3.2. Setting K = 1/i, we can derive a
sequence of solutions #; with uniform a priori estimates. Consequently, Theorem 1.1 and
Theorem 1.2 are proved.

In the case where the manifold is not Ricci-flat, the assumption of R, can be relaxed
to Rg < 0. We have the following theorem.

Theorem 5.2. Let (M, g) be a non-Ricci-flat manifold with Ry <0 and g~ ! (Ag + Qg) €
Pr(R™). We have the following:

(@) For 0 < K < kminy Q and 0 < t < 1, there exists a smooth (k,n, Q)-convex
solution u to

(5.2) F(g7' (AL + 0(x)gu)) = Ke .

(b) Further, if hg <0o0n 0M, andfor0 < K < kminy Q and 0 <t < 1, given any non-
positive function ¢(x) on dM, there exists a smooth (k,n, Q)-convex solution u to

(5.3) F(g ' (Ag, + 0(x) gu)) = Ke™* in M,
' he, = c(x) on oM.

Proof. We use the method of continuity as in Theorem 5.1, and consider the solution
u(x,t) to the path equation (2.15) (or (2.16)). If there exists a positive constant C such
that sup, |u(x, )] < C for 0 <t < 1, then with Theorem 3.3 and Theorem 4.4, the
existence can be derived by the method of continuity with standard argument.

The lower bound follows from Lemma 3.2. The proof differs with Theorem 5.1 only
in the upper bound for C°. We establish the upper bound using a proof by contradic-
tion. Let u’ be the solution to (2.15) or (2.16). Suppose there exist a 0 < fop < 1 and a
sequence t; — ¢ such that

max u’ = u'i(x;) > oo, asi — 4o00.
M

Let
vi(x) =uli(x)—u'i(x;)) <0 inM.
Now by Lemma 3.2, Theorem 3.3 and Theorem 4.4,
(5.4) Vo[> + V2] < Ci.
By (2.15) or (2.16), v; satisfies the following equation:
F(g7 (AL, + O guyputi () = i Ke 2O ED (1 — 1) h(x) in M.
On oM,
Bvi

— = (tic(x) + (1 = t;) hg) e~ it (xi) _ hg.
ong
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By v;(x;) = 0 and (5.4), we obtain
max |vi| < C,
and
(5.5) mA;lX|Ui|+|Vvi|+|V2vi| <C,

where C is independent of i. There exists a subsequence of v; (still denoted as v;) con-
verging to a non-positive v, in C 1* sense. Meanwhile,

(5.6) G (AL, + Q) oyt (1) € Pr(R").

Also by (5.6) and Ry < 0, we get that

Sil%iiznm”zg%i%%%ﬂfAm4~nA;+nQe4@ﬁW@m
531%%%£3Aw+nge4@ﬁW@m_
By (5.5),asi — oo,
(5.7 O(X) o, +uti (x) = Q(X)e_z(v"+”ti ) 5 0,

Therefore, as i — 00, we have Ave, > 0 in the H! sense and voo € C1% (V0o /01 =
—hg > 0o0n dM if M exists). This yields that Ave, = 0 (it also holds that hg = 0 on IM
if IM exists). As Voo < 0, we have v = 0 in M. Therefore v; — 0 in the C 1** sense.

From the definition of % (R"), we know the corresponding matrix {W;}u Np } Ckxck 18
non-negative, where

k n .
. a .o a _ a e a
th:{ZZ(Az:’vi+Q(x)gvi+u’i(xi));”8< 131 ,3571 ,él ,Bjii Igl; )}C,llcxcrllc'

I=1j=1

The definition of the matrix W was given in the preliminaries.
For any smooth vector

0 0

axﬂl R QR

X = xNe R —
dxPr

we have
t:\Ne N,
Wt Xy, X8 >0.
/ ( )Nﬂ No — 0

As v; — 01in the C 1@ sense, we obtain

|Vv,-|C0(M) — 0.
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Furthermore,

0 < lim (W’i)x‘; Xy, XN

i—00

f W (A )XNaxNﬂ + lim c/ Avi + |V [2 + [Vuy| + Qe 2itui (i)

. SRR 7 T B U R N
4 11m/ ’“73( )X X ﬂ]
i—>00 Z o B Br Biyr - ,Bk Ne J
S[ WN“(A )XNQXNﬂ

Thus, by (5.7)
/ ZZ(AT Otl(s( MR 07 | .] o4 )XN XNﬂ >0
== B+ Bi-1 B Bi+ ,3k

and now the following matrix W(Ag) is non-negative:

T ) 3 ST B P At | I

I=1j=1
According to Trg W(Ag) = 0 and (5.8), we derive

W(Ag) =0 onM.

For any x € M, assume that A} is diagonal and then Ay = n—izRicg. For any ordered
{ay,...,ar} C{1,2,...,n},
(5.9) Roja; + Rayay + -+ Ropop, = 0.

From (5.9), we know that
k—1 -1k —
Cn—l R11+C —(R —Rll)_O

For k < n, we have Ry; = 0. The same argument yields R;; = Oforany i =2,...,n
resulting in a contradiction to the non-Ricci-flat assumption. ]

Now we prove our main theorem using Theorem 5.2; the method is almost the same
as above.

Proof of Theorem 1.3. Let K = 1/i — 0. For each i, we have a sequence of solutions u;
to equation (5.2) or (5.3). According to Lemma 3.2, Theorem 3.3, and Theorem 4.4, it
holds that

sup |Vu;| + [V?u;| < C  foru; > —C,

M
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where C is a positive constant depending only on n, g and Q. To get the upper bound
of u;, we proceed as in Theorem 5.2. Suppose maxys u; = u;(x;) — +o0. Let

vi(x) = u;(x) —u;j(x;) <0 in M,

so that v; satisfies the following equation:

- I witui(x)) -
F(g I(A;vi + O (%) gv+ui(x)) = lTe 2itui ) M

If OM exists, then

Jv:

S e(x) e @G . on M.
ong
The rest of the proof is the same as that of Theorem 5.2. Therefore, u; is bounded from
above, and |u;|co < C. Hence, there exists a subsequence of u; such that u; — u in
CL¥(M) for any 0 < a < 1, where u € C'! (M) satisfies equation (1.5) or (1.6). For
0 < t < 1, higher regularity follows from the uniform ellipticity of the operator. ]

Remark 5.3. For 0 < t < 1, Theorem 3.3 can be established by modifying the technique
of proving Theorem 19 in Li [35], which combines Theorem 1.23 in [35] with a local
gradient estimate depending on infu and sup u. The local gradient estimate related with
two sides can be obtained by the auxiliary function: p|V (1 — @d)|?eB4T¢®) where pis a
cut-off function, B is a positive constant and ¢ (u) is a function of u. With the uniform C'!
estimates with respect to t, we may obtain a Lipschitz viscosity solution to equation (1.6)
for T = 1. See also the argument in the proof Theorem 1.3 in [36]. As it is not our interest
to introduce the viscosity solution here, we do not discuss the case T = 1 for equation (1.6).

Remark 5.4. Assuming that dM is totally geodesic, the C? estimates can also be obtained
for 7 = 1 by mimicking the proof of [30] and [8].
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