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Remarks on the construction of K, sets associated
to trees not satisfying a separation condition

Paul Hagelstein, Blanca Radillo-Murguia and Alexander Stokolos

Abstract. K, sets involving sticky maps o have been used in the theory of differen-
tiation of integrals to probabilistically construct Kakeya-type sets that imply certain
types of directional maximal operators are unbounded on L2 (R?) forall 1 < p < co.
We indicate limits to this approach by showing that, given ¢ > 0 and a natural num-
ber N, there exists a tree Ty ¢ of finite height that is lacunary of order N but such

that, for every sticky map o: B TN,e onehas |[Kg N ((1,2) xR)[ > 1—¢.

1. Introduction

Let © be a nonempty subset of [0, 1]. Associated to €2 is the directional maximal oper-
ator Mg acting on measurable functions on R?2, defined by

Ma f(x) = sup%me,

X€R

where the supremum is taken over all rectangles in R? containing x with longest side
having slope in €2.

If Q = [0, 1], the maximal operator Mg is unbounded on L? (R?) forall 1 < p < oo,
see [3,7]. If Q is the lacunary set {27/ : j € N}, then Mg is bounded on L”(R?) for
1 < p < o0, see [4,6,9]. More generally, if 2 is N-lacunary, then Mg is bounded on
LP?(R?) for 1 < p < oo, see [8].

In [2], Bateman and Katz utilized probabilistic methods involving sticky maps to show
that the maximal operator M associated to the ternary Cantor set € is unbounded on
L?(R?) for 1 < p < oo. Bateman subsequently announced a result in [ 1] that the maximal
operator Mg is bounded on L?(R?) for all 1 < p < oo if and only if  is a finite union
of sets of finite lacunary order. Bateman’s clever argument involved using probabilistic
methods to show that, if 2 were not of finite lacunary order, then for every N € N there
would exist a sticky map o and associated sets

Ka = R[g,1 ) KU,Z
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(where the K, ; are of positive measure and with a structure that we will detail in the next
section) such that
. 1
|Ko,1] Z InN)|Kg 2|, with Majk,, 2 5 on Ko,1.
Unfortunately, we recently discovered a subtle gap in the proof of this statement in the case
that the set €2, although not of finite lacunary order, fails to satisfy a separation condition,
although the proof does hold with some minor modification if the separation condition is
satisfied [5]. We now recognize that there exist certain non-separated non-finite lacunary
sets €2 for which the desired K, sets simply do not exist. The purpose of this paper is to
show this is the case.

In Section 2, we define the appropriate terminology, largely following that of Bateman
in [1]. In Section 3, we construct a set of directions  C [0, 1] for which the desired K,
sets do not exist. In Section 4, we suggest further directions for research in this area.

2. Terminology

In this section we, largely following the terminology and setup of Bateman in [1], define
sets K associated to sticky maps o mapping a truncated binary tree to itself.

We first define the binary tree B. We fix a vertex vy, called the origin, and define
Bo = {vo}. Suppose B, has been defined. To each vertex v € B, we associate two new
vertices co(v) and ¢q (v), and define

B = | {co().c1(v)}.

vEB,

We define the binary tree B to be the graph with vertices in | ;- , B, and edges connecting
a vertex v with each of its children co(v) and c;(v). We say the vertices in B, are of
height n. If the vertex v is of height n, we may write this as h(v) = n.

Given a vertex v € B, we define a ray R rooted at v to be an ordered set of vertices
V1 =V, V2, V3, ...such that vj i is achild of v; for j =1,2,.... Given a subtree T of B
and a vertex v € T, we set Ji5(v) to be the collection of all rays rooted at v with vertices
in 7.

If u € R for some R € R (v), we say that u is a descendant of v or that v is an ancestor
of u.

Given a subtree T of B and h € N, by T" we denote the induced subtree of T associated
to its vertices of height less than or equal to /.

Given a subtree T of B, we say a vertex v € T splits, or we say v is a splitting vertex,
if v has two children in T. We define the splitting number split(R) of a ray R in T to be
the number of splitting vertices in T on R. The splitting number of a vertex v with respect
to a tree S rooted at v is defined as

splite (v) = min split(R),
plitg (v) Rems(v)P (R)
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and the splitting number of v is defined as
split(v) = sup splitg(v),
8

where the supremum is taken over all subtrees S of J rooted at v. For a tree T, we set

split(T) = sup split(v),
vET
where the supremum is taken over all the vertices v in 7J.

A tree T C B is said to be lacunary of order O if it consists of a single ray (possibly
truncated to be of finite height) rooted at the origin of B. For N > 1, T is said to be
lacunary of order N if all of the splitting vertices of T lie on a lacunary tree of order
N — 1 and moreover that 7T is not lacunary of order N — 1.

Let T C B be lacunary of order N. We say that T is pruned provided, for every
ray Re Ry(vg) and every j =1,2,..., N, R contains exactly one vertex v; such that
splitv; = j.

Let v be a vertex in B of height k. Let (j1, ..., jix) be a sequence of 0’s and 1’s such
that, letting vo denote the origin, v lies on the ray vy, vy, V2,..., V¢ = v,...in B such that
v; =c¢j,(vi—1) fori =1,..., k. For notational convenience, we will on occasion denote v
by the (k + 1)-string 0/ ... ji, with vy itself being denoted simply by the 1-string 0.

Leto: BM — BM g is said to be a sticky map if h(o(v)) = h(v) for all v € BM and
o (1) is an ancestor of o(v) whenever u, v € BM and u is an ancestor of v.

For each o: BM — BM e may construct a set Ky C R2 as follows.

For every (M + 1)-string v = 0jy . .. jas consisting of 0’s and 1°s, let (k1,...,kar) be
such that o (v) = Ok ...k . Let p, denote the parallelogram with vertices at the points

M M M M
(O,ZZ_iji>, (0,2—M +Zz"’j,~), (2,22"'1} +222‘iki),
i=1 i=1

i=1 i=1
M M
and (2, M LN 222—%,-).
i=1 i=1

Define the set K, C R2 by

K, = U Pv-

veEB:h(v)=M

Note that if v is a vertex of height M in BM, the parallelogram p, C R? has a left-hand
side that is an interval on the y-axis of length 2= whose lowest point has a y-coordinate
in [0, 1] with binary expansion given by v.

The primary result of this paper is the following.

Theorem 1. Let N € N and € > 0. There exists a pruned tree P of finite height that is
lacunary of order N such that, for every sticky map o: B"®) — P we have

Ko N([1,2] xR)| > 1 —&.
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In contrasting this result with Claim 7(B) of [1], it is helpful to recognize that, as indic-
ated in [5], the proof of Claim 7(B) implicitly relies on an assumption that P satisfies a
separation condition. Theorem | indicates what can happen if such a separation condition
is not satisfied.

3. Proof of Theorem 1

Proof of Theorem 1. Let N e N and ¢ > 0. Let kq, .. ., ky be a sequence of natural num-
bers, all greater than 2, such that

87K 4. p 2RV <,

For 1 <i < N, let a; denote the k;-string 0111 ---1 and b; denote the k;-string
1000- - - 0. For example, if k; = 5, then a; = 01111 and b; = 10000 . Let P be the pruned
tree consisting of all of the vertices of the form Osy ...s, for | <n < N, where each s;
is either the string a; or b;, together with the ancestors of these vertices. Note that P is
lacunary of order NV, and P is a tree of height k1 + --- + ky.

Let o: B"®) — P Note K, is the union of 27" parallelograms of the form p,, indic-
ated above, where v is an element of B of height i (P).

Let y denote the number of parallelograms p,, for which there is a w # v such that
|y N pw| > 0. Since o is a sticky map and by the structure of P, we have that, for 1 <
[ < N —1,if p, and p, are parallelograms whose left-hand sides lie in a dyadic interval
of length 27K1=k2=~ki on the y-axis, their slopes are within 2~%1—%2==ki . 2 . 2=ki41 of
each other. Also, all of the p, have slopes within 2 - 27%1 of each other. Accordingly we
have the bound

y < 2h(?) 8 [2—](1 + 2k1 2—k1—k2 + 2k1+k22—k1—k2—k3 NI 2k1+"'+kN_12—k1—-"—kN]

= 2" gk 4. p7kN]

A few remarks justifying the above inequality are in order. Note that if |p,, N py| # O,
then u and v are in different halves of [0,1] or are in different halves of a dyadic interval of
length 2~k1==kj for some 1 < j < N —1 (as otherwise p,, and p, would be parallel.) The
number of parallelograms p,, whose interior can intersect the interior of a parallelogram p,
where 1 and v are on opposite halves of [0, 1] is 2#() . 8 . 27%1_Similarly, given a dyadic
interval in [0, 1] of length 27%1="~Ki=1 (and there are 2517 *%i-1 of these), there are
2M(P) .8 . 2~k1==kj parallelograms p, that can intersect the interior of a parallelogram p,,
where u and v are on opposite halves of the interval. Summing over the initial interval
[0, 1] and all of the dyadic intervals in [0, 1] with length of the form 2~%1==% for 1 <
J < N — 1 yields the desired estimate.

Since for each parallelogram p, we have |p, N ([1,2] x R)| = 277" we have that

Ko N([L2] xR)| > 1—927"P) > 1 gk ... 27 *kn) > 1 — g,
y

as desired. [
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4. Future directions

Itis highly desirable to ascertain whether the maximal operator Mg is bounded on L? (R?)
forall 1 < p < oo if and only if €2 is a union of finitely many sets each of finite lacunary
order. The proof of the above theorem suggests the following model case of consideration.
Let kq, k2, ... be an infinite sequence of natural numbers greater than or equal to 2
such that
27k 7R LR 4l <00

and let, as before, a; denote the k;-string 0111 --- 1 and b; denote the k;-string 1000 - - - 0.
Let Q C [0, 1] be the set of points with binary expansions corresponding to sequences of
the form Osys253 ...sy, where N is arbitrary in N and each s; is either of the form a;
or b;. The set Q is not finite lacunary, and hence one cannot use the Sjogren—S;jolin result
in [8] to prove that Mg is bounded on L?(R?). However, Q also does not satisfy the
separation condition found in [5] that would imply that Mg is unbounded on L? (R?) for
all 1 < p < oo. The set 2 having a rather straightforward structure, however, suggests
that determining whether Mg is bounded on L?(R?) for all 1 < p < oo provides a good
starting point for investigating the above problem.
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