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Characterizing symplectic capacities on ellipsoids

Jean Gutt and Vinicius G. B. Ramos

Abstract. It is a long-standing conjecture that all symplectic capacities which are
equal to the Gromov width for ellipsoids coincide on a class of convex domains
in R2”_ It is known that they coincide for monotone toric domains in all dimensions.
In this paper, we study whether requiring a capacity to be equal to the kth Ekeland—
Hofer capacity for all ellipsoids can characterize it on a class of domains. We prove
that for k = n = 2, this holds for convex toric domains, but not for all monotone toric
domains. We also prove that, for k = n > 3, this does not hold even for convex toric
domains.

1. Introduction

Since Darboux’s theorem, it is known that all symplectic manifolds are locally “the same”.
In particular, any symplectic invariant has to be of a global nature. This prompted the dif-
ficult quest in symplectic geometry of finding such invariants. The first nontrivial invariant
was a so-called width defined by Gromov in [13]. Inspired by Gromov’s work, Ekeland
and Hofer defined the concept of a symplectic capacity in [10]. If X and X’ are domains
in R2", a symplectic embedding from X to X’ is a smooth embedding ¢: X — X’ such that
¢*® =w,wherew =Y, dx; A dy; is the standard symplectic form on R?". A symplec-
tic capacity is a function ¢ which assigns to each subset in R?” a number ¢(X) € [0, o0]
satisfying the following axioms:

(Monotonicity) If X, X’ C R?", and if there exists a symplectic embedding X < X',
then ¢(X) < c(X').

(Conformality) If r is a positive real number, then c(rX) = r2c(X).

Various examples of symplectic capacities have emerged, such as the Hofer—Zehnder
capacity cyz defined in [20] and the Viterbo capacity csy defined in [25]. There are also
useful families of symplectic capacities parametrized by a positive integer k, including
the Ekeland—Hofer capacities CIEH defined in [10, 11] using calculus of variations, and the
capacities CISH defined in [14] using positive equivariant symplectic homology. The latter
coincide with the Ekeland-Hofer capacities on all star-shaped domains [17]. Another fam-
ily of capacities in the four-dimensional case is the ECH capacities CECH defined in [21]
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using embedded contact homology. For more about symplectic capacities in general, we
refer to [6,23] and the references therein. In view of all these different constructions and
the desire for symplectic invariants to be defined axiomatically, a very natural question is
the following.

Question 1.1. Is there an axiomatic characterization of some symplectic capacities?

One motivation for this question is a well-known conjecture which asserts that a cer-
tain normalization condition uniquely characterizes ¢ on the set of convex domains. This
conjecture was recently disproved in the most general setting [19], but it is still open for

convex domains with Z /2-symmetry. For ay, ..., a, € (0, o], define the ellipsoid
— 7|zl
A n i
E(ay,...,an) = {ze(C Zl —ai 51}.
aiy_éoo

A symplectic capacity c is ball normalized if we have c(E(ay, .. .,a,)) =min{ay,...,a,}
foralla; ..., a,. Notice that this condition is equivalent to the more usual one requiring
that

(B> (1)) = c(2?"(1)) = 1,
where

B*(r)=E(r,....r) and Z?"(r)= E(r,c0,...,00) = B?>(r) xC" L.

This normalization does characterize a capacity on the set of monotone toric domains, as
was proven in [8,15]. This class is related but is not the same as the class of convex sets. In
particular, there are monotone toric domains which are not symplectomorphic to convex
domains, see [4,9]. Conversely, there exist convex domains not symplectomorphic to toric
domains [22].

Another normalization, called the cube-normalization, have been introduced by the
authors and M. Pereira [16]. The authors proved that cube-normalized capacities coincide
on all monotone toric domains in any dimensions, and it is still unknown if they coincide
or not on convex domains. The example in [19] does not give a counterexample in this
case. A natural step towards answering Question 1.1 is the following question.

Question 1.2 (Abbondandolo and Hutchings). Does imposing the value of a symplectic
capacity on all ellipsoids characterize it on a large family of domains?

Remark 1.3. The original question formulated by Hutchings is whether the axioms of
Theorem 1.1 in [14] uniquely characterize symplectic capacities for convex domains.
These axioms are somewhat stronger than assuming that the capacities take certain values
on ellipsoids. We will focus on Question 1.2 in this paper.

The goal of this paper is to give some answers to Question 1.2. In order to state our
results, we recall some definitions. Let ju: R2" [0, 00)" be the standard momentum
map, i.e.,

w(zi, ... zp) = (lz1)?. ... 7|z ).
A toric domain is a set of the form Xg = u~!(Q), where Q C [0, 00)" is the closure
of a non-empty relatively open set. Let 012 = dQ2 N (0, 00)”. We assume henceforth
that 04 €2 is piecewise smooth.
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Definition 1.4. A toric domain Xg is said to be:

» monotone, if every outward-pointing normal vector' (vy,. .., v,) to 4 is such that
v; >0, foralli;

* concave, if Q is compact and RZ ; \ € is convex;

e convex, if R
Q:={(x1,...,xy) €R” | (Ix1], ..., |xn]) € 2}

is compact and convex.

Remark 1.5. We note that every concave or convex toric domain is monotone. If Q' C
[0, 00)"~! is a monotone domain (i.e., Xg is monotone) and f:Q clo, oo)" 1 > R
is a smooth function such that 9f /dx; < 0, for every i, then X¢(r) is a monotone toric
domain, where Gr(f) is the region bounded above by the graph of f, that is, Gr(f) =
{(x,y) € Q' x[0,00) | y < f(x)}. Moreover, if Xg/ and f are simultaneously convex
or concave, then Xg,(y) is concave or convex, respectively. We also observe that every
monotone toric domain can be approximated (in the Hausdorff topology) by domains of
the form X¢,(r). Finally we note that if 9 2 is smooth and X¢g is monotone, then Xgq is
dynamically convex, see Proposition 1.8 in [15].

Foray,...,a, > 0,let Ny(ay,...,a,) denote the k-th smallest number in the multiset
{ma; |i=1,...,n and m € Z~¢}. “Multiset” means that repetition of numbers is allowed.
These correspond to the Ekeland—Hofer or the Gutt—Hutchings capacities of an ellipsoid:
(1.1 CEH(E(aI, coap)) = CISH(E(al, .o.san)) = Ni(ag,...,an).

Definition 1.6. A symplectic capacity c is called k-normalized if, for every ay,...a, > 0,
c(E(ay,...,an)) = Nr(ai,...,an).
To the best of our knowledge, this definition first appeared in [2], and in [1].

Remark 1.7. Note that Ny(ay,...,a,) = min(ay, ..., a,). So being 1-normalized is
equivalent to being ball normalized and thus by [8, 15], 1-normalized capacities coincide
for all monotone toric domains.

The “max” and “min” k-normalized capacities are defined as:
g™ (X) :=inf{Ng(ay,....an) | X = E(ay,...,a,), forsomeay,...,a, > 0}.
c,’c“i“(X) = sup{Nr(ay,...,an) | E(ay,...,a,) — X, forsome ay,...,a, > 0}.
In fact, it is easy to see that if ¢ is a k-normalized capacity and X C R?",
epin(X) < e(X) < f(X).

It follows that all k-normalized capacities coincide for X if, and only if], c,rc‘““(X ) =
g™ (X). One could then ask whether k-normalized capacities coincide for any class of
convex domains. In fact, it was recently proven by Abbondandolo, Benedetti and Edtmair
that this does hold for n-normalized capacities in a neighborhood of the round ball.

!"This definition includes domains for which 94 € is not smooth where the normal vector at a point is not
uniquely defined, but where we can still define a normal cone.
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Theorem 1.8 ([1]). There exists a C?-neighborhood of the ball B?"(1) in which all
n-normalized capacities coincide.

Our first result is that this holds in dimension 4 for all convex toric domains, but not
for all monotone domains.

Theorem 1.9. If X C R* is a convex toric domain, then c§™(X) = c¢J*(X). Moreover,
there exists a concave toric domain V- C R* such that cy™(V) < c5*(V).

Our second result says that k = 2 is unusual. Let P(ay,...,a,) be the polydisk
defined by
P(ay,....an) ={z € C" | n|z;|* < a;).
Theorem 1.10. Forallay,...,a, > 0,

3™ (P(ar.....an)) = 5™ (P(ar.....an)).
If k > max(n, 3), then
cMn(P(L,..., 1)) < cMN(P(L,.... 1).

It follows from Theorem 1.10 that n-normalized capacities cannot coincide for all
convex sets if n > 3.

The rest of the paper is organized in three sections. In Section 2, we prove the first part
of Theorem 1.9. In Section 3, we construct a concave toric domain for which 2-normalized
capacities do not coincide. Finally, in Section 4, we prove Theorem 1.10.

2. 2-normalized capacities for 4-dimensional convex toric domains

In this section, we prove the first part of Theorem 1.9, namely that for a convex toric
domain Xg C R#*, we have

@1 3" (Xe) = 3™ (Xq).
Before proving (2.1) in all generality, we prove the special case of a polydisk.
Lemma 2.1. For any 2-normalized symplectic capacity c, we have
c(P(a,b)) = 2min(a, b).

Proof. We can assume without loss of generality that @ < b. Let ¢ > 0 such that ¢ < b/2.

It follows from Theorem 1.3 in [12] that int(E (a, 2a)) < P(a,a). So
b
2.2) int(E(a,2a)) < P(a,a) C P(a,b) C E(a te, m)
e

The last inclusion above is a simple analytic geometry exercise. If ¢ is any 2-normalized
capacity, it follows from Definition 1.6, (2.2) and (1.1) that

2a = c(E(a,2a)) < c(P(a,b)) < C(E(a + &, M)) =2(a+e¢).
e

Taking the limit as ¢ — 0, we conclude that ¢ (P (a, b)) = 2a. |
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(e.€)

(@n=2. (b)n = 3.

Figure 1. The domain Q.

Now, let X be a 4-dimensional convex toric domain whose moment map image inter-
cepts with the axes are a and b. We can assume without loss of generality that ¢ < b. Since
Xq C P(a,b), it follows from Lemma 2.1 that c§**(Xq) < 2a. Now let w be the min-
imum of r > 0 such that Xg C B(r). Since Xg C B(w), it follows from Definition 1.6
that ¢J™(Xgq) < w. Therefore,

(2.3) ™ (Xg) < min(2a, w).

Now we observe that there exists a point (x, y) € 4+ such that x + y = w. Let Q
denote the convex hull of (0, 0), (a, 0), (x, y) and (0, b). Since 2 is convex, Xgo C Xq.
The first author and Usher proved in Proposition 3.5 of [18] that int(E(a, w)) < X and
so int(E(a, w)) — Xgq. Using Definition 1.6 again, we obtain

(2.4) cMn(Xg) > min(2a, w).

Combining (2.3) and (2.4), we conclude that cF'"(Xq) = ¢ (Xgq).

3. A family of concave toric domains

We now prove the second statement in Theorem 1.9. In fact, we will construct a family
of concave toric domains V, such that c"(V;) < c5®(V;) for ¢ sufficiently small. For
£€(0,1/2),let Ve = n=1(Q,), where Q is the quadrilateral with vertices (0, 0), (0, 1),
(e, ¢) and (1, 0), see Figure 1 (a).

The following result is enough to prove the second statement in Theorem 1.9, although
it proves quite a bit more.

Theorem 3.1. Let ¢ € (0,1/2). Then c¢3™ (V) = c5*(V,) if and only if € > 2/9.
Proof. Lete€[2/9,1/2). We will show that cg‘i“(Vs) = (V).
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First suppose that ¢ € [1/3, 1/2). Then
E(1/2,1) C V., Cc B*(1) = E(1,1).
Since N,(1/2,1) = N,(1,1) = 1, it follows that
5 (Ve) < Na(1.1) = Na(1/2.1) < e5™(Ve).

Therefore cf"(V,) = ¢ (V,).

Before proceeding to the case when € € [2/9, 1/3), we now recall how one can asso-
ciate to a concave toric domain Xgq a natural ball packing Ujoil int(B*(w;)) < Xq.
For a more thorough explanation, see [5]. Let T(w) C Rio be the triangle with ver-
tices (0, 0), (w,0) and (0, w). So u~ (T (w)) = B*(w). Let w; the supremum of w
such that T'(w) C €. So Q \ T'(w;) has of two connected components €27 and 2. We
translate Q; and €2/ so that the corners lie at the origin and we apply the linear trans-
formations [ } 1 | and [ 1 9], respectively. By taking the closure of the sets above, we
obtain two domains Q; and Q’l in Rio. Now we define the next weights w, and ws;
to be, respectively, the suprema of w such that 7'(w) C €, and T'(w) C €/, arranged
in decreasing order. We continue this process by induction and we obtain a decreasing
sequence wi, Wy, . ... It follows from the “Traynor trick” (Proposition 5.2 in [24]), fol-
lowed by a transformation in SL(2, Z), as explained in Lemma 1.8 of [5], that

| |int(B(w))) — Xa.
Jj=1

In [7], Cristofaro—Gardiner proved that

(3.1) int(Xq) = Bla) <= | |in(B*(w))) < B*(a).
j=1

Now suppose that € € [2/9,1/3). Let w; > w, > w3 > ... be the weights of V; as
defined above. It follows from a simple calculation that w; = 2¢ and w, = w3 = €. The
triangles T'(wy), T'(w,) and T (w3) correspond to the red and the two blue triangles in
Figure 2 (a), respectively. Moreover, the domains

Qs = cl(Q; \ B*(wz)) and Q) :=cl(Q) \ B*(w3))

are triangles which are affinely equivalent under SL(2, Z) to the yellow triangles in Fig-
ure 2 (a). It follows that €2, and €2, are affinely equivalent to a right triangle 7'(¢, 1 — 3¢)
with sides & and 1 — 3¢. Note that X7 1—-35) = E(e, 1 — 3¢). It follows that

oo

|_| int(B*(w,x)) < int(E(e, 1 — 3¢)),
k=2

| | int(B*(wak 1)) < int(E(e. 1 = 3¢)).
k=2

(3.2)
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1—3¢ 6e—1 3¢
(a) (b)

Figure 2. Ball packings.

Now we can find an explicit packing of the interiors of affine copies of T'(2¢), two copies
of T'(e) and two copies of T(e, 1 — 3¢) into T'(3¢), as shown in Figure 2(b). Note that
the right corners of T'(¢, 1 — 3e) are taken to (3¢, 0) and (0, 3¢). To make sure that the
yellow triangles do not overlap, we use the fact that 1 — 3¢ < 6¢ — 1, which is equivalent
to &€ > 2/9. In particular, when 1 — 3¢ = 6¢ — 1, the ball packing is volume filling. It
follows from the “Traynor trick” that

(3.3) int(B*(wy)) Uint(B*(w2)) Uint(B*(w3)) Uint(X7()) U int(X7() = T (3e).
Using (3.1), (3.2) and (3.3), we conclude that
V, < B*(3¢).
Moreover, since ¢ < 1/3, it follows that £ (3¢/2,3¢) C V,. Therefore
3 (Ve) < Na(3e,36) = Na(36/2,3e) < c5™ (V).

Hence cX"(Vy) = (V).
Now we suppose that & < 2/9. Using the explicit formula for ¢§™ for any concave
toric domain (Theorem 1.14 in [14]), we have that

SH(Ve) = 3e.

On the other hand, we claim that, ¢ (V;) > 3e. To prove the claim, it is enough to
show that there exists § > 0 such that, for any ellipsoid E(a, b) such that V, — E(a, b),
we have N, (a, b)) > 3e 4+ 6. We assume, without loss of generality, that a < b. Since
B*(2¢) C V, — E(a,b), it follows that

2¢ = N1(2¢,2¢) < Ny(a,b) = a.
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‘We also have
e = Vol(V,) < Vol (E(a,b)) = — < —-

Thus b > +/2¢ > 3¢ + §, for some small § > 0, since ¢ < 2/9. Moreover,
N>(a,b) = min{2a, b} > min(4e,3e + §) > 3¢ + 6.

It follows that '
eMN(Ve) > 38 +8 = cSH(Ve) + 8 > (V). "

Remark 3.2. Using a similar argument to that in Theorem 1.2 of [9], it can be shown
that V; is not symplectomorphic to a convex set for ¢ sufficiently small.

Remark 3.3. The family V, can be generalized to higher dimensions, see Figure 1 (b).
Using the same argument as in the proof of Theorem 3.1, we can show that if ¢ <
n!/(2n — 1), then c¢M(V;) < ™™ (V). However, we do not know what happens when
e >n!/(2n — 1)", since the techniques used in this case do not generalize to higher dimen-
sions.

4. Proof of Theorem 1.10

We start with the case k = 2. Generalizing Lemma 2.1, we claim that if ¢ is 2-normalized,
then

4.1 c(P(ay,...,ay)) =2min(ay,...,a,).

We assume without lack of generality thata; <--- < a,. Again, from a simple calculation,
we have

cey

(n—1)(a1 + &)az (n — 1) (a1 +8)an)
e . e '

P(ay,az,...,a,) C E(al + &,
It follows that c(P(ay,...,a,)) < 2(a; + ¢) for all sufficiently small ¢ > 0, and hence
c(P(ay,...,an)) <2a.
Now, noting that P(ay,...,a;) C P(ay,...,ay), we can reduce the proof of
c(P(ay,...,an)) = 2a;
to demonstrating that
4.2) intE(1,2,...,2) — P(1,...,1).

We shall proceed by induction on the dimension and use the family method from Sec-
tion 2.1 of [3]. For ease of readability, we shall add the complex dimension of the ellipsoid
in superscript.
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By Theorem 1.3 in [12], the embedding (4.2) exists for n = 2. Now we suppose the
embedding (4.2) exists in complex dimension n — 1. We have

int E"(1,2,....2)

= U {(w,z)e(sz(C"_z{we \/1—n|z|2/2intE2(l,2)}

z€int E"—2(2,...,2)

s U {(w,2) e C? xC" 2 |w e y1—n|z|?/2int P*(1,1)}

z€int E"=2(2,...,2)

c g int B2(1) x {(w2,2) € C x C" ' |wy € /1 — 7|z[2/2int B(1)}

zeint En—2(2,...,2)
cint B2(1) x int E"1(1,2,....,2)

We now use our induction assumption to obtain an embedding
int E"(1,2,...,2) — B>(1) x P"7'(1,...,1) = P"(1,...,1).

For the second part of Theorem 1.10, we fix k,n > 2 such that k > max(n, 3). We shall
prove for the polydisk P(1,...,1) C C", we have ¢;"(P(1,..., 1)) <™ (P(1,...,1)).
We have, by Theorem 1.12 in [14],

g (P(1,..., 1) = k.

We suppose that c,‘?i“(P(l,. ..,1))=k.Let0 <& < 1. Then there exist 0 <a; <--- <a,
such that

4.3) E(ay,...,an) — P(1,...,1),

4.4) Ni(ay,...,an) >k —e.

We first suppose that a, < (k — 1)a;. Under this condition, it follows from the defi-
nition of Ny that

4.5) Ni(ay,...,ay) < (k—1)a;.

From (4.3) we obtain a; = ¢{M(E(ay, ..., an)) < $H(P(1,...,1)) = 1. So it follows
from (4.5) that
Ni(ay,...,an) <k-—1,

contradicting (4.4).
So we may assume that a, > (k — 1)a;. Under this condition, the definition of N
implies that

4.6) Ni(ay,...,ay) <min(kay,ay).

Combining (4.4) and (4.6), we obtain

k—c¢
(4.7) a >

zZ and a; >k—¢ fori >2.
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Since a symplectic embedding is volume preserving, it follows from (4.3) and (4.7) that

k—e) _ar-ay

4.8
(4.8) k-n! — n!

=vol(E(ay,...,an)) <vol(P(1,...,1)) = 1.

Taking the limit as ¢ — 0 in (4.7), we obtain

k"
<1

(4.9) T

But (4.9) does not hold under our assumptions. In fact, it is obvious that (4.9) is false for
k =3andn = 2.Now if k > n > 3, then

k" kn—l nn—2 n

= > > 1
k- n! n! _(n—l)!_n—1> ’

contradicting (4.9). We conclude that our original assumption is false, and hence
e™(P(1,..., 1) <k =cMP,.... 1) <P*(P(L,..., ).

Remark 4.1. The conditions on k and n for which the conclusion of Theorem 1.10 holds
can be relaxed. In particular, it holds for 1 < k < n for which (4.9) is false.
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