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Noncommutative endpoint maximal estimates
for spherical means

Guixiang Hong, Wenjuan Li, Qi Sun and Lian Wu

Abstract. We establish the noncommutative restricted weak-type endpoint maximal
estimates for both the continuous and the discrete spherical means, extending res-
ults of Bourgain (1985) and Ionescu (2004) to the noncommutative setting. As an
application, we obtain the noncommutative restricted weak-type maximal ergodic
inequalities for spherical averages, which were the natural questions left open after
Chen and Hong (2024) and Hong (2013).

1. Introduction

Spherical maximal functions and relevant estimates have been playing a significant role in
harmonic analysis and related topics since their inception by Stein [35]. Recall that, given
d > 2, the spherical maximal function on R4 is defined by

AR fx) = sup| /1| % oy (x),

where f:R? — C is a suitable function and do, denotes the normalized invariant measure
on the sphere S, := {x e R : |x|?> = r2}. Stein’s spherical maximal theorem (cf. [35])
asserts thatif d > 3 and p > d/(d — 1), then

d
(1.1) 1A% FllL, ®ay Spa 1 f L, @ay  ¥S€LpRY),

where the notation A <g B stands for that there exists a constant Cy > 0, depending only
on the parameter 6, such that A < Cy B. It was proved in the same paper that this result
fails to hold ford = 1 and p < oo,ord > 2 and p < d/(d — 1). Bourgain [3] fixed the
gap by establishing the estimate (1.1) in the challenging case d = 2 and p > 2. Almost at
the same time, Bourgain [2] established the restricted weak-type estimate for A]§d at the
endpoint p = d/(d — 1) for d > 3; that is,

d —
(1.2) IS LE Ly oy more) Sa 1EIY@TD
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for any measurable set E with finite measure, where 1 g denotes the characteristic function
of the set E, and |E| its Lebesgue measure. By the general theory of Lorentz spaces, this
is equivalent to saying that A],lfd extends to a bounded operator from Lg/q-1),1 (R%) to
Laj@d-1),00(R?).

The above mentioned results and their extensions have been found extremely abundant
in their connections with many important problems in harmonic analysis, partial differ-
ential equations, ergodic theory, etc. For instance, with the purpose of obtaining Bour-
gain’s circular maximal inequality on manifolds, Sogge et al. [31,34] discovered its close
connection to local smoothing phenomenon, Bochner—Riesz means, Fourier restriction
and Kakeya problem, etc. This remains a quite active research direction nowadays, see,
e.g., [18,25] for more information. On the other hand, the discrete analogues of spherical
means are also subtle and involved, and the associated maximal inequalities are closely
related to some interesting problems arising in number theory, for example, the celebrated
Waring problem.

The first study of discrete spherical maximal function appeared in Magyar’s paper [27].
Given d > 2 and r > 0, let N;(r) denote the number of lattice points on the discrete
sphere Z¢ N'S,. Obviously, the set Z¢ N'S, is non-empty precisely when r2 € N. We
denote by R the set of all positive radii 7 such that Z¢ N'S, is non-empty. Note that
for d > 4, the inclusion N € R follows from Lagrange’s four square theorem. Then the
discrete analogue of spherical maximal function is defined by

> 1 f—m),

meZins,

z4 _
A ) = s

where f:Z¢ — C is a function. Magyar [27] established the discrete spherical maximal
inequalities under the restriction that r runs over some ‘dyadic’ block. Based on this work,
Magyar, Stein and Wainger [28] further proved thatif d > 5and p > d/(d — 2), then

d
(1.3) 1A flle,@ay Spa 1S g zay: ¥ S €6(Z9).

Their proof mainly relies upon certain sampling technique and the so-called circle method
rooted in number theory. This estimate is sharp in the sense that it fails to hold for d > 5
and p < d/(d — 2). Moreover, as one can recognize from the result, the discrete spher-
ical maximal function behaves essentially different from its continuous counterpart in the
property of boundedness. In the subsequent paper [19], Ionescu established a restricted
weak-type inequality for A%d, which provides an endpoint version of (1.3). More pre-
cisely, it was shown by Ionescu [19] that if d > 5, then

d —
(1.4) AT LF llgy gz oizey Sa IF17E@2

for any finite set F. For readers interested in recent development of discrete spherical
maximal inequalities, we recommend to consult the papers [1,7,16,17,23,24,26,30,32].

The primary objective of this paper is to study restricted weak-type maximal inequalit-
ies for both the continuous and discrete spherical averages in the noncommutative setting.
Our motivation comes from recent advances on maximal type inequalities in noncom-
mutative analysis. This is a newly emerging research field, although the investigation of
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this topic can be traced back to Cuculescu [8] and Yeadon [38], where noncommutative
Doob’s inequality and noncommutative maximal ergodic inequality for p = 1 were for-
mulated. By using the idea of vector-valued noncommutative L ,-spaces due to Pisier [33],
Junge [20] established noncommutative Doob’s inequalities for 1 < p < co. Subsequently,
Junge and Xu [21] developed the Marcinkiewicz type interpolation theorem in noncom-
mutative maximal spaces, providing a useful tool for the investigation of noncommutative
maximal inequalities. These fundamental work lead to a rapid development of noncom-
mutative maximal inequalities. We refer to the paper [29] for the noncommutative version
of Hardy-Littlewood maximal inequalities, to the writings [14,21] for noncommutative
maximal ergodic inequalities, to the work [13] for weak-type maximal inequalities of
noncommutative singular integrals, and to the articles [4, 11] for the noncommutative
counterparts of (1.1) and (1.3). Motivated by [4, 1 1], it is natural to consider the non-
commutative analogues of (1.2) and (1.4).

To better describe our main results, let us fix some notations. Let .M be a semifinite von
Neumann algebra equipped with a normal semifinite faithful trace 7, and let S 4 consist of
elements in M with supports of finite trace. For any r > 0, we define the noncommutative
continuous spherical average as follows:

Arf(x) = /S FGc—ry)do(y), VxeRY,

where f € S8(R?) ® S, with S(R) denoting the Schwartz class on R?, and where do
abbreviates the normalized surface measure do; on the unit sphere Sj.
Similarly, given r € R, the noncommutative discrete spherical average is defined by

Ay f(n) = —— Z f(n—m), VnelZf,

1
Nd (r) mezZins,

where f € 8(Z9) ® S, and S(Z?) is the Schwartz class on Z%. Let U denote the tensor
von Neumann algebra Lo (R?) ® M endowed with the usual tensor trace ¢ = [®1,
and let N denote the tensor von Neumann algebra {0 (Z%) ® M equipped with the usual
tensor trace v = X ® t. The main results of this paper can be stated as follows (see
Section 2 for the definition of the weak-type maximal space A g/(d—1),00(U; £oo)):

Theorem A. Assume that d > 3. Then the continuous spherical averages (A;)r=q are of
restricted weak-type (d/(d —1),d /(d —1)). That is, we have

1(Ar€)r>0ll A gy oo (Ustor) Sa D)@V

Sor all finite projections e in U.

Theorem B. Assume that d > 5. Then the discrete spherical averages (A;)reg are of
restricted weak-type (d/(d —2),d/(d — 2)). That is, we have

1(Are)reR | Agysooito) Sa v(E) @

for all finite projections e in N.
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Theorem A and Theorem B extend (1.2) and (1.4), respectively, to the noncommutat-
ive setting. The idea of the proof of Theorem A is essentially due to Bourgain [2]: given
r > 0, decompose each +4, into two parts; one of them can be handled by using the non-
commutative Hardy—Littlewood averages, and the other relies upon a lemma from [15]
(see Lemma 3.1 below). In contrast, the proof of Theorem B is more involved. The
strategy can be summarized as follows. Given r € R, we first split each spherical aver-
age A, into five pieces A,;,i = 1,2,3,4,5. According to this decomposition, the desired
assertion is reduced to the verifications of the weak-type (1, 1) estimate of (A;,;)re®
for i € {1, 4} and the strong type (2, 2) estimate of (4,;),e fori €{2, 3, 5}. The estim-
ates of (A4,1)rew and (A, 4)rer are easy to handle since both of them can be controlled
by the discrete Hardy—Littlewood averages. To deal with (A4;72),es and (A4 3)rer, We
need to introduce a new family of operators (7,,, )re® and apply two relevant estimates
(namely, Proposition 4.1 and Proposition 4.2). For (A, 5)rc, besides the noncommutat-
ive sampling principle, another key ingredient is Lemma 3.1. This strategy germinated in
Bourgain’s work [2] and Tonescu’s article [19]. However, due to the noncommutativity, we
have to modify certain classical techniques to fit our situation.

As an application of Theorems A and B, we may establish the restricted weak-type
maximal inequalities for noncommutative ergodic spherical averages. Since in both the
continuous and discrete cases the statements can be formulated similarly and the transfer-
ence techniques can be conducted in a similar fashion, we will only state the result and
give a proof in the discrete case. More precisely, let y;, 1 <i < d, be a commuting family
of trace-preserving automorphisms on /M, thatis, t = t o y; and y; o y; = y; o y; forall
1 <i,j <d.Forany r € R, we introduce the noncommutative ergodic spherical averages
associated with y = (y;)1<i<q by

1
Na(r)

N, x = Z y7"x, VxeSy,

meZins,

my, m2

where m = (m;)1<i<q € Z% and y™ := Y1 Vs ~y;”". Then we have the following.

Theorem C. Assume that d > 5. Then the ergodic spherical averages (N;),en are of
restricted weak-type (d/(d — 2),d /(d —2)). That is, we have

“ (%ITX)FER ”Ad/(d—z),oo(!M;eoo) id T(x)d/(d_z)

for all finite projections x in M.

This paper is structured as follows. The next section contains some preliminaries and
basic facts regarding noncommutative L, spaces and noncommutative maximal norms.
Section 3 is dedicated to the proof of Theorem A. Section 4 is where we present the proof
of Theorem B. In Section 5, we apply Theorem B to show Theorem C.

Notations. In the sequel, we will always adopt the following notations.

* We denote by C a positive constant independent of the main parameters, which may
vary from line to line. The notation A < B or B 2 A means that A < CB for some
constant C > 0. If both A < B and B < A hold, then we write A >~ B.

* The torus T may be identified with any box in R? of sidelengths 1, for instance
[0,1]9 or [-1/2,1/2]2.
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2.

SetRT :=(0,00) and N := {1,2,---}. Forany o := (a1, -+ ,ag), 8 := (B1.---,Bd) €
R?, we denote |a|? := a? + -+ + o2 and {a, B) := a1 f1 + -+ + g Pa.

We identify Z /qZ with the set {1, 2, ..., q}. For any finite set E, let 1g denote its
characteristic function.

Let M be a von Neumann algebra equipped with a normal semifinite faithful trace .
Denote by U := Loo(R?) ® M the tensor von Neumann algebra equipped with the
tensor trace ¢ = [ ®t. Similarly, we set N := loo(Z?) ® M with the tensor trace

v=> Q®r.
Given a function f € S(R?) ® S, we define f (or ¥ f)and ]7 , the Fourier transform
and the inverse Fourier transform of f, by

F@:= [ r@e Har wa f@= [ fmenhar veerd.

Similarly, given a suitable function f on T¢ (respectively, Z¢), the Fourier transform
of f is defined by

f(m)::/ F(x)e2mHEm gy Ymez?
Td

(respectively, f(é) = Z f(n)e 2mmE)  yeeT?),

nezd

Let § be the Dirac measure and let ¢ denote a radial Schwartz function on R? such
that ¢(€) = 1 forall |€] < 1.

Let By and B, be (quasi-)Banach spaces. We denote by ||| 3, — B, the operator norm
of the operator 7" from the space B; to the space B;.

With no risk of confusion, we use T, to denote the multiplier operator with symbol a.

Preliminaries

In this preliminary section, we introduce some basic definitions and well-known results
concerning noncommutative L, spaces and noncommutative maximal norms. We shall
use standard notation for operator algebras, which can be found in the monographs [22]
and [36].

2.1. Noncommutative L, spaces

Throughout, let M be a von Neumann algebra acting on a Hilbert space H equipped with a
normal semifinite faithful trace t. A closed and densely defined operator x on H is said to
be affiliated with M if ux = xu for all unitary operators u belonging to the commutant M’
of M. An operator x affiliated with M is called T-measurable if there is A > 0 such that

t(ej (Ix]) < oo,
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where ei-(|x|) = 1(,00)(|x]) is the spectral decomposition of |x|. Let Lo(M) denote
the family of all t-measurable operators. For any x € Ly(M), we define the distribution
function of x by

As(x) := t(ef(|x])), Vs >0,

and the generalized singular numbers of x by
He(x):=inf{s > 0: As(x) <t}, Vi>D0.

For 0 < p < oo, we recall that the noncommutative L, space associated with (M, 7)
is defined by L, (M) := {x € Lo(M) : 7(|x|?) < oo}, with

o0 /
XN, a0 = T(1x|P)/P = (/O (s (x))? dt)l ’

Let L,f (M) denote the positive part of L,(M). For any projection e in M, it is easy to
see that
lellz, 0 = ()7, for 0 < p < oo.

This basic fact will be frequently used in the sequel.

2.2. Noncommutative maximal norms

Let 1 < p < oo. Following Pisier [33] and Junge [20], we define the noncommutative
maximal space L, (M; £) to be the set of all sequences (x,),eN in L, (M) which admit
a factorization of the following form: there exist a, b € L, (M) and a bounded sequence
Y = (Yn)nen such that

Xn = aypb, VneN.

Given (Xp)neN € Lp(M; £o), define
[ Cen)nen L, (Mito) = inf{”a”sz(M) sup [l vn |l e ||b||L2p(M)},
ne

where the infimum runs over all factorizations of x as above.

It is well known that L,(M; £) is a Banach space when equipped with the norm
| - |2, (M;t00) - Moreover, if (xn)nen is a positive sequence, then x belongs to L (M; £oo)
if and only if there exists an element a € L; (M) such that 0 < x, < a, and

||(x,,)neN ”Lp(M;eoo) = inf{||a||Lp(M) :0<x, <aforallne N}.

Similarly, if (x,),en is a self-adjoint sequence, then x belongs to L, (M; £) if and only
if there exists an element a € L; (M) such that —a < x,, < a, and

2.1 |(xn)neNl|L,(M;t) = Inf{llallL, ) : —a < xn < aforallneN}.

For simplicity, we will always use the notation ||sup, ey Xn || () to denote the norm
| (xn)neN L, (M;to0)- We emphasize that ||supneN+xn||Lp(M) is just a notation, since it
makes no sense to take supremum over a sequence of operators.
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For any index set /, we can similarly define the space L,(M; {x(/)) of families
(xi)ier € Lp(M). As shown in [21], x = (X;)ier € Lp(M; € (1)) if and only if

oup {|i?:?+xl ”Lp(fM) JClLJ ﬁnite} < 00.

In this case, ||sup;c; il () 18 equal to the above supremum. In the following, we will
omit the index set / if there is no danger of confusion. For more properties on L (M;£),
we refer the reader to [20,21,33,37].

We now introduce the weak version of noncommutative maximal spaces. Usually,
there are two different formulations: one is in the same spirit as L, (M; £) and the other
is rooted in Cuculescu’s famous work [8]. In the present paper, we shall only use the latter;
we recall it below. Given 1 < p < oo, we define A o (M; £xo) to be set of all sequences
(Xn)neN in Lp oo (M) such that

I Cn)nen | Apoo(Mstoo) = sup A _inf {(x(e™)? : |lexpelco <A forallne N}
’ A>0 €EP(M)

is finite, where & (M) stands for the collection of all projections in M. It is not hard to
check that || + [[A, o (M;t00) 18 @ quasi-norm. If (xn)nen € Ap,oo(M; £eo) is a sequence of
self-adjoint operators. Then, similar to (2.1), we have

(X)) neN | Ap oo (M:ts) = SUP A e:l'lgl(f:/\l) {(x(et)V/P : =L < exye < Aforalln e N}.
A>0 €

This definition and the relevant properties can be also extended to an arbitrary index set /.
For simplicity, we still denote the corresponding space by A o (M; £o). We now present
a particularly useful lemma which is taken from Lemma 3.2 in [12].

Lemma 2.1 (Lemma 3.2 in [12]). Let 1 < p < o0o. Then for any positive (X;);>q in
Ly(M), we have

[1(x2) 1501l Ap oo (Miloo) = sup [(xe)o<t <N | Apoo(Miloo) -

For more information on A p oo (M; £o), we refer the reader to [12,13,21].

2.3. Noncommutative sampling principle

Throughout, we set Qg to be the fundamental cube given by Qg := [—1/2,1/2]%, and
for any a € R™, let a Q¢ denote the cube with the same center as Q¢ but with side length
af(Qy). Suppose that m is a smooth function on R? supported in Q. Let T}, denote the
multiplier operator associated with the symbol m, given by

Tuf()i= [ m@ F@ e ag, xerd,

where f:R¢ — M is an operator-valued function. Moreover, for any g € N, let i be a
smooth function on R¥ that is supported on Q¢ /q. Let uger be the periodic extension of j,
that is,

2.2) uie(§) =Y uE—t/q), €T

Lezd
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Let (T,i’ )ais be the multiplier operator associated with symbol ,uger, which means that for
suitable f,

D (T ) e 08 = it (€) 37wy e,

neZzd nezd

The following noncommutative sampling principle constitutes a key ingredient in the
proof of Theorem B. For the proof, we refer to Lemma 5.2 in [4], see also Lemma 3.5
in [5] for the one-dimensional case.

Lemma 2.2. Let {mgy}acs be a collection of smooth functions on R? supported in the
cube Qo, and let Ty, be the multiplier operator acting on functions on R4 with the
symbol my. For 1 < p < oo, if the estimate

|| Sul;+Tmag||L,,(u) < ”g”Lp(‘U)a VgeLy(U),
ae

holds, then we have

|isuI;+(an1a)disf||Lp(N) < ”f”Lp(e/V)’ VfGLP(N)a
(1S

where my (§) 1= my(g§).

3. Proof of Theorem A: continuous spherical averages

This section is devoted to proving Theorem A. It suffices to show that for any finite pro-
jection f € U and any A > 0, there is a projection e € U such that

(.1) sup [le(Ar flelloo <A and  @et) < A7V ().
r>0

Here, the implicit constant depends only on d, but not on f and A. To prove (3.1), the
following useful lemma, which follows from Lemma 3.9 in [15], will be required.

Lemma 3.1. Let K € L1(R?) and assume that K is differentiable. Let K, (x) = rLdK(x/r)
for any x e R? and r > 0. Define the following quantities for j € Z:

wj:=sup |K@E| and Bj:= sup |(VK().§)|.

2/ <|§|<2/+2 2/ <|g|<2/+2
Then for any f € L,(U), we have

[sup™ f 5 Kr [, = CTEY IS -
r>
where C is an absolute positive constant and

N(K) =Y a?@/? +p}/%).
JEZ
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Proof of (3.1). Recall that do is the normalized surface measure on the unit sphere Sj.
For r > 0 and g € S(R?) ® S, the operator #4, g can be expressed as

Arg = g *xdoy,.

Recall that § is the Dirac measure and ¢ is a radial Schwartz function on R such that
@(€) = 1 when |£] < 1. Then by using the fact that

do=dox8=do*xqe, +dox*(§—qy),

where ¢;(x) := t ™% p(x/t) for t > 0 and x € R?, we can split the operator +, into the
sum of the following two operators:

Ar18:=g*(do* @), and A;,g:=gx[do * (58— ¢r)]r.

We claim that (;,1),>0 is of weak-type (1, 1) with constant 1. That is, for any A > 0,
there is a projection e; € U such that for any g € L (U), the following estimates hold:

—r llgllzyqwy

(3.2) sup [ler(Ar1g)eilloo <A and @(ei) <t :
r>0

Also, we claim that (A, 2)r>0 is of strong-type (2, 2) with constant 14/2-1

it satisfies the estimate

, meaning that

<t gl Yg e La(W).

(3.3) I j‘iIO’JF*Ar,Zg l2ocw

Once (3.2) and (3.3) were established, we can finish the proof of (3.1) as follows. Fix
A > 0 and let f be any finite projection in U. From (3.2), we obtain

A

and  ¢(ei) St

| >

34 sup [[e1(Ar1 f)erlloo =
r>0

Similarly, it follows from (3.3) that there exists a projection e, such that

3-5) sup [le2(Ar2 f)ealloo < A and ¢(ey) <1972 ().
r>0 2 22

Lete = e A e3. We deduce from (3.4) and (3.5) that
sup [le(Ar f)elloo < sup [eer (Ar1 f)erelloo + sup [leez(Arz fezelloo < A,
r>0 r>0 r>0

and
plet) < pled) + plex) SATTIG(f) + 4721972 9(f).
Choosing t = AV@=1 e find that
p(et) S A™VED g (f).

Thus, the desired estimate (3.1) is proved.
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It remains to prove the claim. Without loss of generality, we will assume that g denotes
a positive operator-valued function in either L, (U) or L,(U). Let us first deal with (3.2).
For any r > 0, it is easy to see that

(3.6) Ar18(x) < [do * il @iy Mrg(x).  VxeR?,
where M, is the Hardy—Littlewood average given by
1
(3.7) M, h(x) := —d/ h(y)dy, VxeR“.
= Jlx—yl<r

A standard argument (see p. 1415 in [19] or inequality (39) in [16]) shows that
(3.3) Ildo * @il ey S 177

and therefore, by the noncommutative Hardy—Littlewood maximal inequalities (see The-
orem 3.3 (i) in [29]), we deduce from (3.6) and (3.8) that there exists a projection e; € N
such that for any A > 0,

sup [le1(Ar18)erlloo St sup [ler(Myg)erlloo <t tA = A,

r>0 r>0

and
gl ew

pler) S 17

This gives the estimate (3.2).
Now let us turn to show (3.3). According to Lemma 3.1, we immediately obtain

(3.9) |sup™Ar2g |, @ < > @+ B lglacw-
r>0 JEZ
where
aj= sup |F(dox* (@ —@))E)

2/ <|g|<2/+2

and

Bi= sup  [(VF(do* (8 —¢))E) &)l

2/ <|§|=2/+2

Sinqe] SA(E) = 1 for any £ € R? and $(£) = 1 when |§| < 1, it follows that oj = ; =0
if 2/ < t~1. Thus, we only need to consider j such that 2/ > ¢~!. Additionally, by the
estimates (11) and (12) in [2], we have

(3.10) |do(m)| < (L + 1)~ @"72 [(Vdo(n).n)| S (1+ )~ @72, vneR?,
This implies that

(3.11) aj S27/@D/2 and B; <277 @7I/2

when 2/ > t~1. Plugging (3.11) into (3.9), we conclude that

[sup®Arag]pqy s 30 27T @I gl £ P g,
r>

2/>¢t1

which establishes (3.3). The proof is complete. ]

Here the Fourier transform of § should be understood in the sense of tempered distributions (see, e.g.,
Section 2.3.3 of [10]).
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4. Proof of Theorem B: discrete spherical averages

Similar to the discussion in the previous section, we need to show that for any finite pro-
jection f € N and for any A > 0, there exists a projection e € N such that the following
estimate holds:

4.1) sup [le(A, flelloo <A and v(et) S ATYVE@D ().
reR

Here, the implicit constant depends only on d, but not on f or A. In contrast to the con-
tinuous case, the discrete one is more involved. Let g € N and 1 < a < g with (a,q) = 1.

We define the smooth function mf/ 7 by
m@1(E) =" Gla/q.0) Vgt — t/q)do, (& —L/q).
Lezd
In the above, G(a/q, £) is the normalized Gauss sum
G(a/q.0) :=q ¢ Z e2mi(nPalq+(n.t/a)
ne(Z/qZ)¢

while
Wy (n) = W(gn).
with W being a smooth function supported in the cube Q(/2 and identically equal to 1
in the cube Q/4. Finally, 28, denotes the Fourier transform of the normalized surface
measure do;.
The following proposition provides a maximal norm estimate for (Tm? /a)reg - We refer
to Proposition 5.1 in [4] for the proof.

Proposition 4.1. Assume that d > 3. Then the following estimate holds:

59 * T, i0 f oy S 672 1f laaye VS €La().
h

Here the implicit constant depends only on d.
Let m, denote the infinite sum

—owir?
my = Cdz Z e 2mir “/qm‘r’/q,

g>11=<a=gq
(a,q)=1

where the sum is taken over all reduced fractions a/q with 1 <a < ¢, (a,q) = 1, and the
constant Cy is given by Cg = 7%/2/T'(d/2). The lemma below shows that T, serves as
a proper approximation of A,. This assertion simply follows from the combination of (1)
and (2) in Proposition 4.1 of [4].

Proposition 4.2. Assume thatd > 5. If R > 0, then we have

” Sllp+ (Ar f — Tmrf)HLz((N) < R¥/2 ”f”Lz(,N)v VfeLy(N).
R<r<2R

Here the implicit constant does not depend on R.
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We now split each A, into the sum of five operators. For this purpose, define the

f’/lq and mf’/zq by

> Gla/q. 0) (s —£/q) dor(E —£/q) Wrgsc(& —£/q).

Lezd

smooth functions m

and
Y Gla/q.0) Wy(E —£/q)dor (& —L/q) (1 = W),g/c(E = £/q),
Lezd
where k > 0 is a fixed positive constant. Clearly, we have
et = el m.
Set
Ri:={reR:r<«} and Ry :={reR:r>«}.
Then we may write
Arf = Ar,lf + Ar,2f + Cd(Ar,3f + Ar,4f + Ar,Sf)
with
Arp f = A (f) 1g, (1),
Arpf = [Ar f = Tm, [11g,(r),

0o
Ar,3f — (Z Z e—2nir2a/q Tm?/qf> ]]_ﬁz(r),

g=k 1<a<q
(a,q)=1

K
Apaf = (Z Z p—2mirtalq Tm‘,‘/{’f) 1g,(r),

g=11=a=q
(a,q)=1

K
Ar,Sf — <Z Z €—2nir2a/q Tmf,/zqf) ]132(”)-

g=11=<a=q
(a,9)=1

Unlike Ionescu’s proof, where the analysis of A, was eventually divided into two parts
(following the idea of the continuous case, see p. 1413 of [19]), we here split each A4, into
five pieces and deal with them separately. We should emphasize that in the case « € (0, 1),

Ar,lf = Ar,4f = Ar,Sf = 0.

We claim that for i € {1, 4}, there exists a projection e; € N such that for any g € L1(N),

4.2) sup |le; (Arig)eilloo <A and v(ef) <« ||g||i1(w);
reR

and for i €{2, 3,5}, (4,,i)rex satisfies the following estimate:

(4.3) I su§+Ar,i el S gLy, Ve € La(N).
re
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Before verifying the claim, let us finish the proof of (4.1). Fix A > 0 and let f be any
finite projection in N . By (4.3), we may find three projections e;, e3 and es such that

4.4) sup |lei (Ari f)eilloo < & and v(ef‘) < P Lf)

, forie{2,3,5}.
sup s 52 ori €{ }

Similarly, it follows from (4.2) that there exist two projections e; and e4 such that

A
4.5 sup |lei(Arif)eilloo < = and v(eiL) <«k? M fori e{l1,4}.
reR 5 A

Let
e =¢e1 Nexy Ne3 N\egNes.

We deduce from (4.4) and (4.5) that
le(Ar flelloo = lle[Ar1 f + Araf + Ca(Arsf + Araf + Arsflello
< i lleei(Ar; fleielloo <A, VreR,
i=1
and
viel) < v(ei) 4+ v(ey) 4+ viez) + v(ey) + v(es)
SAT V() + A2k ().

Choosing ¥ = A/ @=d) the latter implies
v(et) S 27VED (s

The desired estimate (4.1) (and so Theorem B) is proved.

It remains to check the claim. This will be accomplished by establishing the estim-
ate (4.2) for A, and A, 4, and the estimate (4.3) for A, 5, A;3 and A, s, separately.
Below, without loss of generality, we always assume that g represents a positive operator-
valued function either in L (N) orin La(N).

Estimate for A, 1. The estimate for A, directly follows from the fact that (4,1)rer
is controlled by the discrete Hardy—Littlewood averages. More precisely, for any 4 > 0,
let M}, denote the discrete Hardy—Littlewood average, which is given by

1
My f(n) = ¥5, Zd2|:| hf(n—m), nezd,
me (m|<

where By, is the ball with the origin as its center and / as its radius, #B, is the number of
lattice points in the ball By, which is almost the volume of By, in d dimension, that is,

#B), = |By| + O(h9™Y).
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Given a positive operator-valued function g in L; ('), we extend it to a function G defined
on R¥ by setting

G(x):= Z g(n)lgy(x —n), xeR?.

neZd

Clearly, G belongs to L1 (U) precisely when g € L (N'), and moreover,

1GllL,cw = lgllL,w)-

Following the argument used in the classical setting (see [32], p. 36), we know that there
exists a constant C > 0 such that

Mng < CM;, G,
where My, is the continuous Hardy-Littlewood averaging operator defined in (3.7). There-

fore, benefiting from Mei’s Hardy—Littlewood maximal inequality established in The-
orem 3.3 (i) of [29], there exists a projection e € N such that

A
sgp le(Mng)elloo < s;lp leM};G)eloo < e

and

G
v(ed) < i? [ ||§1(U) _ 2 Ilglllil(w)_

Note that
Ny(r) ~r%2 ford >5
(see Theorem 4.1 in [9]). Therefore, using the discrete Hardy-Littlewood averages to

bound the operators A, 1, we arrive at

A
le(Ar18)elloo < r? le(Mrg)elloo S "ZE <A, VreR,

and
ved) < lgllzrewy
A
This gives the estimate (4.2) for 4, ;.
Estimates for A, and A, 3. Using the approximation formula presented in Proposi-
tion 4.2, we obtain

Isup™Ar2gl ) = 50p"(Arg = T ), )

Z H Sup+ (Arg - Tmrg) “LZ(N)

k2] <r<k-2i+1

IA

Jj=0

o0
S Y -2 gl S 7P 18l Law)-
j=0
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This completes the proof of (4.3) for A,,. On the other hand, summing the bounds in
Proposition 4.1 over ¢ > k and 1 < a < g with (a, ¢q) = 1, we conclude

o0
[sup® Arsgl i, =2 2. I T, gLy
2

q=Kk 1<a=<q
(a,q)=1

o0
S0 T glaw) S Y1l Law)-

q=K 1<a=q
(a,q)=1

which verifies the estimate (4.3) for A4, 3.

Estimate for A, 4. Let Kféq denote the kernel of the operator Tma/q. Then we have
’ 1

K
Aragm) =Y > gx (2 KU ).
g=11<a=q
(a,q)=1

A standard argument used in p. 1415 of [19] shows that

. 1 nl\—@d+1) g
|e—2mr2a/q Kfj/lq(n)l < = (1 + | |) 7 for any n € 9.

r

Moreover, we have

K K
i 1 In[\-@+D «
DS SUOED SIS DI (R I
q=11<a<gq g=11<a<q q
(4.6) (a,q)=1 (a,q)=1
K2 |n|\—@+D)
sS(+5)
rd r

Since g is positive (as we assumed in the paragraph before the estimate for A4, ), it follows
from (4.6) that

K
_ P2
Re(Arag)m) = > Y g |Re(e 2"7ala K219)|(n)

g=11=<a=gq
(a,q)=1

K
— ir2
SZ Z g*|e 2mir a/qK:l,/lqKn)

q=11=a=<gq
(a,q)=1

< (4 (14 L))
S kg (rid (lr;l)_(dﬂ))(”) =: K7 % r(n).
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Then, by the proof of Theorem 4.3 in [6], we know that there exists a projection e; € N
such that

A
ler(ReArag)erlloo < k2 ller(gr * g)erlloo < &° o= A, Vr>0,

and
2 gl
A
Similarly, we may find a projection e, € N such that the same holds true for Im A, 4. Then,
the desired estimate (4.2) for A, 4 follows by taking e = e; A es.

v(ef‘) <k

Estimate for A, s. To verify the estimate (4.3) for A, s, we will adopt an argument
similar to that of Proposition 3.1 in [28]. Let Y be a smooth function, supported in the
cube Qg, with Y(§) = 1 for £ € Q¢/2. Recall that W is a smooth function supported in
the cube Q¢/2 and identically equal to 1 in the cube Qgo/4. Then, it is easy to see that
U = W. Y. Let the functions s%/7 and 11 be respectively defined by

s9(E) =) Gla/q, ) g€ —t/q)
tezd

and
&) = W —t/q) (1 = W),y (E —L/q) do(E—L/q).

Lezd

Then, clearly, we have
alqg _ _af
myly =54l

Note that T/, does not depend on the radius r € R. Then it is easy to see that
| (Tm;”/z‘f)reﬂ”Lz(w)—»Lz(w;em) = (T ren ||L2(N)—>L2(N;(oo) WsarallLoan—>Law)-

From inequality (5.4) in [4], we know that

—d
||Tsa/q||L2(,N)—>L2(,N) Sq 2,

Therefore, by the definition of A, 5 and the above two estimates, we have

[(Ar,5)reR | Loy > Lo (Witoo) S 4 'K”(Tm;l’/zq)rej{ |, L)

$q"7 ” (Tzf’,K)r€<R |’L2(N)—>L2(N;€oo)'

Thus, the proof for A4, 5 will be complete if one can show that

.7 ” (Tz;{,()reﬁ HLZ(JV)—>L2(,N;ZOO) < qd/z—l lmd2

Let u‘,{,{ be the smooth function defined by

Ul (6) 1= Wa(€) (1 — W)y g (§) doy (£).
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Note that the multiplier uy is supported in Q¢/q. It follows from Lemma 2.2 that

”(th,x)rER ||L2(N)—>L2(N;£oo) < ” (Tu?,x)reﬁ ”LZ(U)—>L2(‘U;ZOO)’
Therefore, to prove (4.7), it suffices to show that

(4.8) ” (Tug Irex ”Lz(‘u)—)Lz(u;ZN) < g2,

Let m,(n) := m(rn), where the function m is defined by

m(y) := do(n) (1 — W)(gn/k), neR?.

Then we have
9 _— .
Uy, =my - Wy

Since W, is bounded, it follows from the vector-valued Plancherel theorem that

g * flliLqw = 1% - flli.cw = 1WallLomay - I acw
S, Ve La(W.

Then, applying Lemma 3.1 and (4.9), we obtain

(4.9)

||§g§+T &l = Hrsgg('ﬁr « Uy 8)] L

1/2 1/2 1/2 X
<> o P@? 4 B2 |0y % gl

(4.10) P>
S Z“;/Z (“;/2 + ,3;/2) lgllL,cwy. &€ La(W.
JEZ
where
oj = sup |m(&)] and B := sup (Vm(E), £)].
2J <|g|<27+2 2 <|e|2i 2

Observe that the function m is supported on the set {1 : || > «/(8¢)} since ¥(n) = 1
when |n| < 1/8. Then (3.10) implies that

@ S2TEV2 g <y @I2 pgi > K

16g
@ =pB; =0 if 2/ <« X
J — M) T 16q

Hence, we have
d/2—1
Yol ()
K
JEZ

which combined with (4.10) yields the desired estimate (4.8). The proof is complete.
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5. Proof of Theorem C: ergodic averages

In this section, we apply Theorem B to prove the restricted weak-type maximal inequalit-
ies for noncommutative ergodic averages (i.e., Theorem C). Fix a finite projection x € M.
By Lemma 2.1, we have

”(erx)rE:‘R ”Ad/(d—z),oo(M;eoo) = S]l\l/p ”(?Irx)reﬁ,v ”Ad/(d_z)’oo(d%;(oo)a

where Ry := R N [1, N] for N € N. Thus, to prove Theorem C, it suffices to establish
the inequality

1202) re Ry | Ay o0 (Mitoe) S T @72

with the implicit constant independent of N. This is equivalent to showing that for any
A > 0, there is a projection e € M such that

(5.1) sup [le(yx)elloo <A and t(et) S ATV 1(x).

reRy

Fix N to be a positive integer. For a large positive integer M with M > N, we intro-
duce the cube C(M) as follows:

CM):={nez?:|nj| <M, fori €l,...,d},

which can be viewed as a truncated set of lattice points. Let g denote the operator-valued
function given by
gn):=y"xlcwmy(n), Vne Z°.

It is easy to verify that g is a projection in JV, since y is an automorphism on M. Moreover,
foralln € C(M — N), one can see that

1
_ _ + _
(5.2) Argn) = —d E gn+m)= o) E yr x = y" (U, x).
mezZins, mezZins,

Applying Theorem B to g, we may choose a projection e € N such that for any A > 0, the
following hold:

(5.3) sup fle(A4,g)elloo < A
reRy
and
(5.4) > rle(m)t) S ATVETD N 1 (g(n)).
nezd nezd

According to the definition of infimum, for any & > 0, we may choose ng € C(M — N)
and a projection

e:=y Me(ng) €M
such that

~1 . 1
(5.5) () < nec;an_N) (e(n)™) + e
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On the one hand, noting that y™"° extends to an isometry on M, a combination of (5.2)
and (5.3) yields

sup [|e(Arx)élloo = sup [I(y™"e(no)) (¥ (Arg(10))) (¥ "*e(n0)) oo

reRN reERN

= sup |le(no)(A4,g(no))e(no)|loo

rERN

sup [le(Arg)elloo <A

reRy

IA

On the other hand, since y is a T-preserving automorphism of M, it follows from (5.4)
and (5.5) that

#HCM —N)t@H) = Y tlemM) +e <A™V N 1(g(n) +

neC(M—N) neZd
=AU N r(yx) e = #CM) AV D 1(x) + 6,
neC(M)
which implies
#C(M — N)

+CaD (@) S AVED 1 (x) + 6.

Note that ¢ is arbitrarily small. By sending M — oo, we conclude that
r(et) S A2 ¢ (x).
Consequently, the estimate (5.1) is verified. The proof of Theorem C is complete.
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