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Noncommutative endpoint maximal estimates
for spherical means

Guixiang Hong, Wenjuan Li, Qi Sun and Lian Wu

Abstract. We establish the noncommutative restricted weak-type endpoint maximal
estimates for both the continuous and the discrete spherical means, extending res-
ults of Bourgain (1985) and Ionescu (2004) to the noncommutative setting. As an
application, we obtain the noncommutative restricted weak-type maximal ergodic
inequalities for spherical averages, which were the natural questions left open after
Chen and Hong (2024) and Hong (2013).

1. Introduction

Spherical maximal functions and relevant estimates have been playing a significant role in
harmonic analysis and related topics since their inception by Stein [35]. Recall that, given
d � 2, the spherical maximal function on Rd is defined by

ARd

� f .x/ D sup
r>0

jf j � d�r .x/;

where f WRd!C is a suitable function and d�r denotes the normalized invariant measure
on the sphere Sr WD ¹x 2Rd W jxj2 D r2º. Stein’s spherical maximal theorem (cf. [35])
asserts that if d � 3 and p > d=.d � 1/, then

(1.1) kARd

� f kLp.Rd / .p;d kf kLp.Rd /; 8f 2Lp.R
d /;

where the notation A .� B stands for that there exists a constant C� > 0, depending only
on the parameter � , such that A � C�B . It was proved in the same paper that this result
fails to hold for d D 1 and p <1, or d � 2 and p � d=.d � 1/. Bourgain [3] fixed the
gap by establishing the estimate (1.1) in the challenging case d D 2 and p > 2. Almost at
the same time, Bourgain [2] established the restricted weak-type estimate for ARd

� at the
endpoint p D d=.d � 1/ for d � 3; that is,

(1.2) kARd

� 1EkLd=.d�1/;1.Rd / .d jEjd=.d�1/
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for any measurable setE with finite measure, where 1E denotes the characteristic function
of the set E, and jEj its Lebesgue measure. By the general theory of Lorentz spaces, this
is equivalent to saying that ARd

� extends to a bounded operator from Ld=.d�1/;1.R
d / to

Ld=.d�1/;1.R
d /.

The above mentioned results and their extensions have been found extremely abundant
in their connections with many important problems in harmonic analysis, partial differ-
ential equations, ergodic theory, etc. For instance, with the purpose of obtaining Bour-
gain’s circular maximal inequality on manifolds, Sogge et al. [31, 34] discovered its close
connection to local smoothing phenomenon, Bochner–Riesz means, Fourier restriction
and Kakeya problem, etc. This remains a quite active research direction nowadays, see,
e.g., [18, 25] for more information. On the other hand, the discrete analogues of spherical
means are also subtle and involved, and the associated maximal inequalities are closely
related to some interesting problems arising in number theory, for example, the celebrated
Waring problem.

The first study of discrete spherical maximal function appeared in Magyar’s paper [27].
Given d � 2 and r > 0, let Nd .r/ denote the number of lattice points on the discrete
sphere Zd \ Sr . Obviously, the set Zd \ Sr is non-empty precisely when r2 2N. We
denote by R the set of all positive radii r such that Zd \ Sr is non-empty. Note that
for d � 4, the inclusion N ¨ R follows from Lagrange’s four square theorem. Then the
discrete analogue of spherical maximal function is defined by

AZd
� f .n/ D sup

r2R

1

Nd .r/

X
m2Zd\Sr

jf .n �m/j;

where f WZd ! C is a function. Magyar [27] established the discrete spherical maximal
inequalities under the restriction that r runs over some ‘dyadic’ block. Based on this work,
Magyar, Stein and Wainger [28] further proved that if d � 5 and p > d=.d � 2/, then

(1.3) kAZd
� f k

p̀.Zd / .p;d kf k p̀.Zd /; 8f 2 p̀.Z
d /:

Their proof mainly relies upon certain sampling technique and the so-called circle method
rooted in number theory. This estimate is sharp in the sense that it fails to hold for d � 5
and p � d=.d � 2/. Moreover, as one can recognize from the result, the discrete spher-
ical maximal function behaves essentially different from its continuous counterpart in the
property of boundedness. In the subsequent paper [19], Ionescu established a restricted
weak-type inequality for AZd

� , which provides an endpoint version of (1.3). More pre-
cisely, it was shown by Ionescu [19] that if d � 5, then

(1.4) kAZd
� 1F k`d=.d�2/;1.Zd /

.d jF jd=.d�2/

for any finite set F . For readers interested in recent development of discrete spherical
maximal inequalities, we recommend to consult the papers [1, 7, 16, 17, 23, 24, 26, 30, 32].

The primary objective of this paper is to study restricted weak-type maximal inequalit-
ies for both the continuous and discrete spherical averages in the noncommutative setting.
Our motivation comes from recent advances on maximal type inequalities in noncom-
mutative analysis. This is a newly emerging research field, although the investigation of
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this topic can be traced back to Cuculescu [8] and Yeadon [38], where noncommutative
Doob’s inequality and noncommutative maximal ergodic inequality for p D 1 were for-
mulated. By using the idea of vector-valued noncommutativeLp-spaces due to Pisier [33],
Junge [20] established noncommutative Doob’s inequalities for 1 < p <1. Subsequently,
Junge and Xu [21] developed the Marcinkiewicz type interpolation theorem in noncom-
mutative maximal spaces, providing a useful tool for the investigation of noncommutative
maximal inequalities. These fundamental work lead to a rapid development of noncom-
mutative maximal inequalities. We refer to the paper [29] for the noncommutative version
of Hardy–Littlewood maximal inequalities, to the writings [14, 21] for noncommutative
maximal ergodic inequalities, to the work [13] for weak-type maximal inequalities of
noncommutative singular integrals, and to the articles [4, 11] for the noncommutative
counterparts of (1.1) and (1.3). Motivated by [4, 11], it is natural to consider the non-
commutative analogues of (1.2) and (1.4).

To better describe our main results, let us fix some notations. Let M be a semifinite von
Neumann algebra equipped with a normal semifinite faithful trace � , and let �M consist of
elements in M with supports of finite trace. For any r > 0, we define the noncommutative
continuous spherical average as follows:

Arf .x/ D

Z
S1

f .x � ry/ d�.y/; 8x 2Rd ;

where f 2 S.Rd /˝ �M, with S.Rd / denoting the Schwartz class on Rd , and where d�
abbreviates the normalized surface measure d�1 on the unit sphere S1.

Similarly, given r 2R, the noncommutative discrete spherical average is defined by

Arf .n/ D
1

Nd .r/

X
m2Zd\Sr

f .n �m/; 8n2Zd ;

where f 2 S.Zd /˝ �M, and S.Zd / is the Schwartz class on Zd . Let U denote the tensor
von Neumann algebra L1.Rd /˝M endowed with the usual tensor trace � D

R
˝� ,

and let N denote the tensor von Neumann algebra `1.Zd /˝M equipped with the usual
tensor trace � D † ˝ � . The main results of this paper can be stated as follows (see
Section 2 for the definition of the weak-type maximal space ƒd=.d�1/;1.UI `1/):

Theorem A. Assume that d � 3. Then the continuous spherical averages .Ar /r>0 are of
restricted weak-type .d=.d �1/; d=.d �1//. That is, we have

k.Are/r>0kƒd=.d�1/;1.UI`1/ .d �.e/d=.d�1/

for all finite projections e in U.

Theorem B. Assume that d � 5. Then the discrete spherical averages .Ar /r2R are of
restricted weak-type .d=.d � 2/; d=.d � 2//. That is, we have

k.Are/r2Rkƒd=.d�2/;1.N I`1/ .d �.e/d=.d�2/

for all finite projections e in N .
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Theorem A and Theorem B extend (1.2) and (1.4), respectively, to the noncommutat-
ive setting. The idea of the proof of Theorem A is essentially due to Bourgain [2]: given
r > 0, decompose each Ar into two parts; one of them can be handled by using the non-
commutative Hardy–Littlewood averages, and the other relies upon a lemma from [15]
(see Lemma 3.1 below). In contrast, the proof of Theorem B is more involved. The
strategy can be summarized as follows. Given r 2R, we first split each spherical aver-
age Ar into five pieces Ar;i , i D 1; 2; 3; 4; 5. According to this decomposition, the desired
assertion is reduced to the verifications of the weak-type .1; 1/ estimate of .Ar;i /r2R

for i 2 ¹1; 4º and the strong type .2; 2/ estimate of .Ar;i /r2R for i 2 ¹2; 3; 5º. The estim-
ates of .Ar;1/r2R and .Ar;4/r2R are easy to handle since both of them can be controlled
by the discrete Hardy–Littlewood averages. To deal with .Ar;2/r2R and .Ar;3/r2R, we
need to introduce a new family of operators .Tmr /r2R and apply two relevant estimates
(namely, Proposition 4.1 and Proposition 4.2). For .Ar;5/r2R, besides the noncommutat-
ive sampling principle, another key ingredient is Lemma 3.1. This strategy germinated in
Bourgain’s work [2] and Ionescu’s article [19]. However, due to the noncommutativity, we
have to modify certain classical techniques to fit our situation.

As an application of Theorems A and B, we may establish the restricted weak-type
maximal inequalities for noncommutative ergodic spherical averages. Since in both the
continuous and discrete cases the statements can be formulated similarly and the transfer-
ence techniques can be conducted in a similar fashion, we will only state the result and
give a proof in the discrete case. More precisely, let 
i , 1 � i � d , be a commuting family
of trace-preserving automorphisms on M, that is, � D � ı 
i and 
i ı 
j D 
j ı 
i for all
1� i; j � d . For any r 2R, we introduce the noncommutative ergodic spherical averages
associated with 
 D .
i /1�i�d by

Arx WD
1

Nd .r/

X
m2Zd\Sr


mx; 8x 2 �M;

where m D .mi /1�i�d 2 Zd and 
m WD 
m11 

m2
2 � � � 


md
d

. Then we have the following.

Theorem C. Assume that d � 5. Then the ergodic spherical averages .Ar /r2R are of
restricted weak-type .d=.d � 2/; d=.d � 2//. That is, we have

k.Arx/r2Rkƒd=.d�2/;1.MI`1/ .d �.x/d=.d�2/

for all finite projections x in M.

This paper is structured as follows. The next section contains some preliminaries and
basic facts regarding noncommutative Lp spaces and noncommutative maximal norms.
Section 3 is dedicated to the proof of Theorem A. Section 4 is where we present the proof
of Theorem B. In Section 5, we apply Theorem B to show Theorem C.

Notations. In the sequel, we will always adopt the following notations.
• We denote by C a positive constant independent of the main parameters, which may

vary from line to line. The notation A . B or B & A means that A � CB for some
constant C > 0. If both A . B and B . A hold, then we write A ' B .

• The torus Td may be identified with any box in Rd of sidelengths 1, for instance
Œ0; 1�d or Œ�1=2; 1=2�d .
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• Set RC WD .0;1/ and N WD ¹1;2; � � � º. For any ˛ WD .˛1; � � � ;˛d /;ˇ WD .ˇ1; � � � ;ˇd /2
Rd , we denote j˛j2 WD ˛21 C � � � C ˛

2
d

and h˛; ˇi WD ˛1ˇ1 C � � � C ˛dˇd .
• We identify Z=qZ with the set ¹1; 2; : : : ; qº. For any finite set E, let 1E denote its

characteristic function.
• Let M be a von Neumann algebra equipped with a normal semifinite faithful trace � .

Denote by U WD L1.Rd /˝M the tensor von Neumann algebra equipped with the
tensor trace � D

R
˝� . Similarly, we set N WD `1.Zd /˝M with the tensor trace

� D
P
˝� .

• Given a function f 2 S.Rd /˝ �M, we define yf (or F f ) and {f , the Fourier transform
and the inverse Fourier transform of f , by

yf .�/ WD

Z
Rd

f .x/ e�2�ihx;�i dx and {f .�/ WD

Z
Rd

f .x/ e2�ihx;�i dx; 8� 2Rd :

Similarly, given a suitable function f on Td (respectively, Zd ), the Fourier transform
of f is defined by

yf .m/ WD

Z
Td

f .x/ e2�ihx;mi dx; 8m2Zd

.respectively, yf .�/ WD
X
n2Zd

f .n/ e�2�ihn;�i; 8� 2Td /:

• Let ı be the Dirac measure and let ' denote a radial Schwartz function on Rd such
that y'.�/ D 1 for all j�j � 1.

• Let B1 and B2 be (quasi-)Banach spaces. We denote by kT kB1!B2 the operator norm
of the operator T from the space B1 to the space B2.

• With no risk of confusion, we use Ta to denote the multiplier operator with symbol a.

2. Preliminaries

In this preliminary section, we introduce some basic definitions and well-known results
concerning noncommutative Lp spaces and noncommutative maximal norms. We shall
use standard notation for operator algebras, which can be found in the monographs [22]
and [36].

2.1. Noncommutative Lp spaces

Throughout, let M be a von Neumann algebra acting on a Hilbert spaceH equipped with a
normal semifinite faithful trace � . A closed and densely defined operator x onH is said to
be affiliated with M if uxD xu for all unitary operators u belonging to the commutant M0

of M. An operator x affiliated with M is called � -measurable if there is � > 0 such that

�.e?� .jxj// <1;
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where e?
�
.jxj/ D 1.�;1/.jxj/ is the spectral decomposition of jxj. Let L0.M/ denote

the family of all � -measurable operators. For any x 2L0.M/, we define the distribution
function of x by

�s.x/ WD �.e
?
s .jxj//; 8s > 0;

and the generalized singular numbers of x by

�t .x/ WD inf¹s > 0 W �s.x/ � tº; 8t > 0:

For 0 < p <1, we recall that the noncommutative Lp space associated with .M; �/

is defined by Lp.M/ WD ¹x 2L0.M/ W �.jxjp/ <1º, with

kxkLp.M/ WD �.jxj
p/1=p D

� Z 1
0

.�t .x//
p dt

�1=p
:

Let LCp .M/ denote the positive part of Lp.M/. For any projection e in M, it is easy to
see that

kekLp.M/ D �.e/
1=p; for 0 < p <1:

This basic fact will be frequently used in the sequel.

2.2. Noncommutative maximal norms

Let 1 � p � 1. Following Pisier [33] and Junge [20], we define the noncommutative
maximal space Lp.MI `1/ to be the set of all sequences .xn/n2N in Lp.M/ which admit
a factorization of the following form: there exist a; b 2L2p.M/ and a bounded sequence
y D .yn/n2N such that

xn D aynb; 8n2N:

Given .xn/n2N 2Lp.MI `1/, define

k.xn/n2NkLp.MI`1/ WD inf
°
kakL2p.M/ sup

n2N
kynkM kbkL2p.M/

±
;

where the infimum runs over all factorizations of x as above.
It is well known that Lp.MI `1/ is a Banach space when equipped with the norm

k � kLp.MI`1/. Moreover, if .xn/n2N is a positive sequence, then x belongs to Lp.MI `1/
if and only if there exists an element a2LCp .M/ such that 0 < xn � a, and

k.xn/n2NkLp.MI`1/ D inf¹kakLp.M/ W 0 < xn � a for all n2Nº:

Similarly, if .xn/n2N is a self-adjoint sequence, then x belongs to Lp.MI `1/ if and only
if there exists an element a2LCp .M/ such that �a � xn � a, and

(2.1) k.xn/n2NkLp.MI`1/ D inf¹kakLp.M/ W �a � xn � a for all n2Nº:

For simplicity, we will always use the notation ksupn2N
CxnkLp.M/ to denote the norm

k.xn/n2NkLp.MI`1/. We emphasize that ksupn2N
CxnkLp.M/ is just a notation, since it

makes no sense to take supremum over a sequence of operators.
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For any index set I , we can similarly define the space Lp.MI `1.I // of families
.xi /i2I � Lp.M/. As shown in [21], x D .xi /i2I 2Lp.MI `1.I // if and only if

sup
°

sup
i2J

Cxi



Lp.M/

W J � I; J finite
±
<1:

In this case, ksupi2I
CxikLp.M/ is equal to the above supremum. In the following, we will

omit the index set I if there is no danger of confusion. For more properties onLp.MI`1/,
we refer the reader to [20, 21, 33, 37].

We now introduce the weak version of noncommutative maximal spaces. Usually,
there are two different formulations: one is in the same spirit as Lp.MI `1/ and the other
is rooted in Cuculescu’s famous work [8]. In the present paper, we shall only use the latter;
we recall it below. Given 1 � p <1, we define ƒp;1 .MI `1/ to be set of all sequences
.xn/n2N in Lp;1.M/ such that

k.xn/n2Nkƒp;1.MI`1/ WD sup
�>0

� inf
e2P .M/

®
.�.e?//1=p W kexnek1 � � for all n2N

¯
is finite, where P .M/ stands for the collection of all projections in M. It is not hard to
check that k � kƒp;1.MI`1/ is a quasi-norm. If .xn/n2N 2ƒp;1.MI `1/ is a sequence of
self-adjoint operators. Then, similar to (2.1), we have

k.xn/n2Nkƒp;1.MI`1/ D sup
�>0

� inf
e2P .M/

®
.�.e?//1=p W �� � exne � � for all n2N

¯
:

This definition and the relevant properties can be also extended to an arbitrary index set I .
For simplicity, we still denote the corresponding space byƒp;1.MI `1/. We now present
a particularly useful lemma which is taken from Lemma 3.2 in [12].

Lemma 2.1 (Lemma 3.2 in [12]). Let 1 � p � 1. Then for any positive .xt /t>0 in
Lp.M/, we have

k.xt /t>0kƒp;1.MI`1/ ' sup
N

k.xt /0<t�N kƒp;1.MI`1/:

For more information on ƒp;1.MI `1/, we refer the reader to [12, 13, 21].

2.3. Noncommutative sampling principle

Throughout, we set Q0 to be the fundamental cube given by Q0 WD Œ�1=2; 1=2�d , and
for any a 2RC, let aQ0 denote the cube with the same center as Q0 but with side length
a`.Q0/. Suppose that m is a smooth function on Rd supported in Q0. Let Tm denote the
multiplier operator associated with the symbol m, given by

Tmf .x/ WD

Z
Rd

m.�/ yf .�/ e2�ihx;�i d�; x 2Rd ;

where f WRd !M is an operator-valued function. Moreover, for any q 2N, let � be a
smooth function on Rd that is supported onQ0=q. Let �qper be the periodic extension of �,
that is,

(2.2) �qper.�/ WD
X
`2Zd

�.� � `=q/; � 2Td :
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Let .T q� /dis be the multiplier operator associated with symbol �qper, which means that for
suitable f , X

n2Zd

..T q� /disf /.n/ e
�2�ihn;�i

D �qper.�/
X
n2Zd

f .n/ e�2�ihn;�i:

The following noncommutative sampling principle constitutes a key ingredient in the
proof of Theorem B. For the proof, we refer to Lemma 5.2 in [4], see also Lemma 3.5
in [5] for the one-dimensional case.

Lemma 2.2. Let ¹m˛º˛2I be a collection of smooth functions on Rd supported in the
cube Q0, and let Tm˛ be the multiplier operator acting on functions on Rd with the
symbol m˛ . For 1 � p � 1, if the estimate

sup

˛2I

CTm˛g



Lp.U/

. kgkLp.U/; 8g 2Lp.U/;

holds, then we have

sup
˛2I

C.T qm˛
/disf




Lp.N /

. kf kLp.N /; 8f 2Lp.N /;

where m˛.�/ WD m˛.q�/.

3. Proof of Theorem A: continuous spherical averages

This section is devoted to proving Theorem A. It suffices to show that for any finite pro-
jection f 2U and any � > 0, there is a projection e 2U such that

(3.1) sup
r>0

ke.Arf /ek1 � � and �.e?/ . ��d=.d�1/�.f /:

Here, the implicit constant depends only on d , but not on f and �. To prove (3.1), the
following useful lemma, which follows from Lemma 3.9 in [15], will be required.

Lemma 3.1. LetK2L1.Rd / and assume that yK is differentiable. LetKr .x/D 1

rd
K.x=r/

for any x 2Rd and r > 0. Define the following quantities for j 2Z:

j̨ WD sup
2j �j�j�2jC2

jbK.�/j and ǰ WD sup
2j �j�j�2jC2

jhrbK.�/; �ij:
Then for any f 2L2.U/, we have

sup

r>0

Cf �Kr



L2.U/

� C�.K/kf kL2.U/;

where C is an absolute positive constant and

�.K/ D
X
j2Z

˛
1=2
j .˛

1=2
j C ˇ

1=2
j /:
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Proof of (3.1). Recall that d� is the normalized surface measure on the unit sphere S1.
For r > 0 and g 2 S.Rd /˝ �M, the operator Arg can be expressed as

Arg D g � d�r :

Recall that ı is the Dirac measure and ' is a radial Schwartz function on Rd such thatb'.�/ D 1 when j�j � 1. Then by using the fact that

d� D d� � ı D d� � 't C d� � .ı � 't /;

where 't .x/ WD t�d'.x=t/ for t > 0 and x 2Rd , we can split the operator Ar into the
sum of the following two operators:

Ar;1g WD g � .d� � 't /r and Ar;2g WD g � Œd� � .ı � 't /�r :

We claim that .Ar;1/r>0 is of weak-type .1; 1/ with constant t�1. That is, for any � > 0,
there is a projection e1 2U such that for any g 2L1.U/, the following estimates hold:

(3.2) sup
r>0

ke1.Ar;1g/e1k1 � � and �.e?1 / . t�1
kgkL1.U/

�
�

Also, we claim that .Ar;2/r>0 is of strong-type .2; 2/ with constant td=2�1, meaning that
it satisfies the estimate

(3.3)


sup
r>0

CAr;2g



L2.U/

. td=2�1 kgkL2.U/; 8g 2L2.U/:

Once (3.2) and (3.3) were established, we can finish the proof of (3.1) as follows. Fix
� > 0 and let f be any finite projection in U. From (3.2), we obtain

(3.4) sup
r>0

ke1.Ar;1f /e1k1 �
�

2
and �.e?1 / . t�1

�.f /

�
�

Similarly, it follows from (3.3) that there exists a projection e2 such that

(3.5) sup
r>0

ke2.Ar;2f /e2k1 �
�

2
and �.e?2 / . td�2

�.f /

�2
�

Let e D e1 ^ e2. We deduce from (3.4) and (3.5) that

sup
r>0

ke.Arf /ek1 � sup
r>0

kee1.Ar;1f /e1ek1 C sup
r>0

kee2.Ar;2f /e2 ek1 � �;

and
�.e?/ � �.e?1 /C �.e

?
2 / . ��1 t�1�.f /C ��2 td�2�.f /:

Choosing t D �1=.d�1/, we find that

�.e?/ . ��d=.d�1/ �.f /:

Thus, the desired estimate (3.1) is proved.
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It remains to prove the claim. Without loss of generality, we will assume that g denotes
a positive operator-valued function in either L1.U/ or L2.U/. Let us first deal with (3.2).
For any r > 0, it is easy to see that

(3.6) Ar;1g.x/ . kd� � 'tkL1.Rd / Mrg.x/; 8x 2Rd ;

where Mr is the Hardy–Littlewood average given by

(3.7) Mrh.x/ WD
1

rd

Z
jx�yj�r

h.y/ dy; 8x 2Rd :

A standard argument (see p. 1415 in [19] or inequality (39) in [16]) shows that

(3.8) kd� � 'tkL1.Rd / . t�1;

and therefore, by the noncommutative Hardy–Littlewood maximal inequalities (see The-
orem 3.3(i) in [29]), we deduce from (3.6) and (3.8) that there exists a projection e1 2N

such that for any � > 0,

sup
r>0

ke1.Ar;1g/e1k1 . t�1 sup
r>0

ke1.Mrg/e1k1 � t
�1
� t� D �;

and

�.e?1 / . t�1
kgkL1.U/

�
�

This gives the estimate (3.2).
Now let us turn to show (3.3). According to Lemma 3.1, we immediately obtain

(3.9)


sup
r>0

CAr;2g



L2.U/

.
X
j2Z

˛
1=2
j .˛

1=2
j C ˇ

1=2
j / � kgkL2.U/;

where
j̨ D sup

2j �j�j�2jC2
jF .d� � .ı � 't //.�/j;

and
ǰ D sup

2j �j�j�2jC2
jhrF .d� � .ı � 't //.�/; �ij:

Since1 yı.�/ D 1 for any � 2Rd and y'.�/ D 1 when j�j � 1, it follows that j̨ D ǰ D 0

if 2j < t�1. Thus, we only need to consider j such that 2j � t�1. Additionally, by the
estimates (11) and (12) in [2], we have

(3.10) jcd�.�/j . .1C j�j/�.d�1/=2; jhrcd�.�/; �ij . .1C j�j/�.d�3/=2; 8�2Rd :

This implies that

(3.11) j̨ . 2�j .d�1/=2 and ǰ . 2�j .d�3/=2

when 2j � t�1. Plugging (3.11) into (3.9), we conclude that

sup
r>0

CAr;2g



L2.U/

.
X

2j�t�1

2�j .d�1/=4 2�j .d�3/=4 � kgkL2.U/ . td=2�1 � kgkL2.U/;

which establishes (3.3). The proof is complete.

1Here the Fourier transform of ı should be understood in the sense of tempered distributions (see, e.g.,
Section 2.3.3 of [10]).
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4. Proof of Theorem B: discrete spherical averages

Similar to the discussion in the previous section, we need to show that for any finite pro-
jection f 2N and for any � > 0, there exists a projection e 2N such that the following
estimate holds:

(4.1) sup
r2R

ke.Arf /ek1 � � and �.e?/ . ��d=.d�2/ �.f /:

Here, the implicit constant depends only on d , but not on f or �. In contrast to the con-
tinuous case, the discrete one is more involved. Let q 2N and 1 � a � q with .a; q/ D 1.
We define the smooth function ma=qr by

ma=qr .�/ WD
X
`2Zd

G.a=q; `/‰q.� � `=q/cd� r .� � `=q/:
In the above, G.a=q; `/ is the normalized Gauss sum

G.a=q; `/ WD q�d
X

n2.Z=qZ/d

e2�i.jnj
2a=qChn;`=qi/;

while
‰q.�/ WD ‰.q�/;

with ‰ being a smooth function supported in the cube Q0=2 and identically equal to 1
in the cube Q0=4. Finally, cd� r denotes the Fourier transform of the normalized surface
measure d�r .

The following proposition provides a maximal norm estimate for .T
m
a=q
r
/r2R. We refer

to Proposition 5.1 in [4] for the proof.

Proposition 4.1. Assume that d � 3. Then the following estimate holds:

sup
r2R

CT
m
a=q
r
f



L2.N /

. q�d=2 kf kL2.N /; 8f 2L2.N /:

Here the implicit constant depends only on d .

Let mr denote the infinite sum

mr WD Cd
X
q�1

X
1�a�q

.a;q/D1

e�2�ir
2a=q ma=qr ;

where the sum is taken over all reduced fractions a=q with 1 � a � q; .a; q/ D 1, and the
constant Cd is given by Cd D �d=2=�.d=2/. The lemma below shows that Tmr serves as
a proper approximation of Ar . This assertion simply follows from the combination of (1)
and (2) in Proposition 4.1 of [4].

Proposition 4.2. Assume that d � 5. If R > 0, then we have

 supC
R<r�2R

.Arf � Tmrf /



L2.N /

. R2�d=2 kf kL2.N /; 8f 2L2.N /:

Here the implicit constant does not depend on R.
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We now split each Ar into the sum of five operators. For this purpose, define the
smooth functions ma=qr;1 and ma=qr;2 byX

`2Zd

G.a=q; `/‰q.� � `=q/cd� r .� � `=q/‰rq=�.� � `=q/;
and X

`2Zd

G.a=q; `/‰q.� � `=q/cd� r .� � `=q/ .1 �‰/rq=�.� � `=q/;
where � > 0 is a fixed positive constant. Clearly, we have

ma=qr D m
a=q
r;1 Cm

a=q
r;2 :

Set
R1 WD ¹r 2R W r � �º and R2 WD ¹r 2R W r > �º:

Then we may write

Arf D Ar;1f C Ar;2f C Cd .Ar;3f C Ar;4f C Ar;5f /

with

Ar;1f WD Ar .f /1R1
.r/;

Ar;2f WD ŒArf � Tmrf �1R2
.r/;

Ar;3f WD
� 1X
qD�

X
1�a�q

.a;q/D1

e�2�ir
2a=q T

m
a=q
r
f
�
1R2

.r/;

Ar;4f WD
� �X
qD1

X
1�a�q

.a;q/D1

e�2�ir
2a=q T

m
a=q
r;1

f
�
1R2

.r/;

Ar;5f WD
� �X
qD1

X
1�a�q

.a;q/D1

e�2�ir
2a=q T

m
a=q
r;2

f
�
1R2

.r/:

Unlike Ionescu’s proof, where the analysis of Ar was eventually divided into two parts
(following the idea of the continuous case, see p. 1413 of [19]), we here split each Ar into
five pieces and deal with them separately. We should emphasize that in the case � 2 .0; 1/,

Ar;1f D Ar;4f D Ar;5f D 0:

We claim that for i 2 ¹1; 4º, there exists a projection ei 2N such that for any g 2L1.N /,

(4.2) sup
r2R

kei .Ar;i g/eik1 � � and �.e?i / . �2
kgkL1.N /

�
I

and for i 2 ¹2; 3; 5º, .Ar;i /r2R satisfies the following estimate:

(4.3)


sup
r2R

CAr;i g



L2.N /

. �2�d=2 kgkL2.N /; 8g 2L2.N /:
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Before verifying the claim, let us finish the proof of (4.1). Fix � > 0 and let f be any
finite projection in N . By (4.3), we may find three projections e2, e3 and e5 such that

(4.4) sup
r2R

kei .Ar;if /eik1 �
�

5
and �.e?i / . �4�d

�.f /

�2
; for i 2 ¹2; 3; 5º:

Similarly, it follows from (4.2) that there exist two projections e1 and e4 such that

(4.5) sup
r2R

kei .Ar;if /eik1 �
�

5
and �.e?i / . �2

�.f /

�
; for i 2 ¹1; 4º:

Let
e D e1 ^ e2 ^ e3 ^ e4 ^ e5:

We deduce from (4.4) and (4.5) that

ke.Arf /ek1 D ke ŒAr;1f C Ar;2f C Cd .Ar;3f C Ar;4f C Ar;5f /�ek1

.
5X
iD1

keei .Ar;if /eiek1 � �; 8r 2R;

and

�.e?/ � �.e?1 /C �.e
?
2 /C �.e

?
3 /C �.e

?
4 /C �.e

?
5 /

. ��1 �2 �.f /C ��2 �4�d �.f /:

Choosing � D �1=.2�d/, the latter implies

�.e?/ . ��d=.d�2/ �.f /:

The desired estimate (4.1) (and so Theorem B) is proved.
It remains to check the claim. This will be accomplished by establishing the estim-

ate (4.2) for Ar;1 and Ar;4, and the estimate (4.3) for Ar;2, Ar;3 and Ar;5, separately.
Below, without loss of generality, we always assume that g represents a positive operator-
valued function either in L1.N / or in L2.N /.

Estimate for Ar;1. The estimate for Ar;1 directly follows from the fact that .Ar;1/r2R

is controlled by the discrete Hardy–Littlewood averages. More precisely, for any h > 0,
let Mh denote the discrete Hardy–Littlewood average, which is given by

Mhf .n/ WD
1

#Bh

X
m2Zd W jmj�h

f .n �m/; n2Zd ;

where Bh is the ball with the origin as its center and h as its radius, #Bh is the number of
lattice points in the ball Bh, which is almost the volume of Bh in d dimension, that is,

#Bh D jBhj CO.hd�1/:
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Given a positive operator-valued function g inL1.N /, we extend it to a functionG defined
on Rd by setting

G.x/ WD
X
n2Zd

g.n/1Q0.x � n/; x 2Rd :

Clearly, G belongs to L1.U/ precisely when g 2L1.N /, and moreover,

kGkL1.U/ D kgkL1.N /:

Following the argument used in the classical setting (see [32], p. 36), we know that there
exists a constant C > 0 such that

Mhg � C MhG;

where Mh is the continuous Hardy–Littlewood averaging operator defined in (3.7). There-
fore, benefiting from Mei’s Hardy–Littlewood maximal inequality established in The-
orem 3.3(i) of [29], there exists a projection e 2N such that

sup
h

ke.Mhg/ek1 . sup
h

ke.MhG/ek1 �
�

�2

and

�.e?/ . �2
kGkL1.U/

�
D �2

kgkL1.N /

�
�

Note that
Nd .r/ ' r

d�2 for d � 5

(see Theorem 4.1 in [9]). Therefore, using the discrete Hardy–Littlewood averages to
bound the operators Ar;1, we arrive at

ke.Ar;1g/ek1 � r
2
ke.Mrg/ek1 . r2

�

�2
� �; 8r 2R;

and

�.e?1 / . �2
kgkL1.N /

�
�

This gives the estimate (4.2) for Ar;1.

Estimates for Ar;2 and Ar;3. Using the approximation formula presented in Proposi-
tion 4.2, we obtain

sup

r2R

CAr;2g



L2.N /

D


 supC
r2R2

.Arg � Tmrg/



L2.N /

�

1X
jD0



 supC
��2j <r���2jC1

.Arg � Tmrg/



L2.N /

.
1X
jD0

.� � 2j /2�d=2 kgkL2.N / . �2�d=2 kgkL2.N /:
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This completes the proof of (4.3) for Ar;2. On the other hand, summing the bounds in
Proposition 4.1 over q � � and 1 � a � q with .a; q/ D 1, we conclude



 supC
r2R2

Ar;3g



L2.N /

�

1X
qD�

X
1�a�q

.a;q/D1



sup
r2R

CT
m
a=q
r
g



L2.N /

.
1X
qD�

X
1�a�q

.a;q/D1

q�d=2 kgkL2.N / . �2�d=2 kgkL2.N /;

which verifies the estimate (4.3) for Ar;3.

Estimate for Ar;4. Let Ka=qr;1 denote the kernel of the operator T
m
a=q
r;1

. Then we have

Ar;4g.n/ D

�X
qD1

X
1�a�q

.a;q/D1

g � .e�2�ir
2a=q K

a=q
r;1 /.n/:

A standard argument used in p. 1415 of [19] shows that

je�2�ir
2a=qK

a=q
r;1 .n/j .

1

rd

�
1C
jnj

r

��.dC1/ �
q

, for any n2Zd :

Moreover, we have

(4.6)

�X
qD1

X
1�a�q

.a;q/D1

je�2�ir
2a=qK

a=q
r;1 .n/j .

�X
qD1

X
1�a�q

.a;q/D1

1

rd

�
1C
jnj

r

��.dC1/ �
q

.
�2

rd

�
1C
jnj

r

��.dC1/
:

Since g is positive (as we assumed in the paragraph before the estimate forAr;1), it follows
from (4.6) that

Re.Ar;4g/.n/ �
�X
qD1

X
1�a�q

.a;q/D1

g � jRe.e�2�ir
2a=qK

a=q
r;1 /j.n/

�

�X
qD1

X
1�a�q

.a;q/D1

g � je�2�ir
2a=qK

a=q
r;1 j.n/

. �2g �
� 1
rd

�
1C
j � j

r

��.dC1/�
.n/

. �2g �
� 1
rd

�
j � j

r

��.dC1/�
.n/ DW �2g � �r .n/:
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Then, by the proof of Theorem 4.3 in [6], we know that there exists a projection e1 2N

such that

ke1.ReAr;4g/e1k1 . �2 ke1.�r � g/e1k1 . �2
�

�2
D �; 8r > 0;

and

�.e?1 / . �2
kgkL1.N /

�
�

Similarly, we may find a projection e22N such that the same holds true for ImAr;4. Then,
the desired estimate (4.2) for Ar;4 follows by taking e D e1 ^ e2.

Estimate for Ar;5. To verify the estimate (4.3) for Ar;5, we will adopt an argument
similar to that of Proposition 3.1 in [28]. Let ‡ be a smooth function, supported in the
cube Q0, with ‡.�/ D 1 for � 2Q0=2. Recall that ‰ is a smooth function supported in
the cube Q0=2 and identically equal to 1 in the cube Q0=4. Then, it is easy to see that
‰ D ‰ �‡ . Let the functions sa=q and tqr;� be respectively defined by

sa=q.�/ WD
X
`2Zd

G.a=q; `/‡q.� � `=q/

and
tqr;�.�/ WD

X
`2Zd

‰q.� � `=q/ .1 �‰/rq=�.� � `=q/cd� r .� � `=q/:
Then, clearly, we have

m
a=q
r;2 D s

a=q
� tqr;� :

Note that Tsa=q does not depend on the radius r 2R. Then it is easy to see that

.T
m
a=q
r;2

/r2R




L2.N /!L2.N I`1/

�


.Ttqr;� /r2R




L2.N /!L2.N I`1/

� kTsa=qkL2.N /!L2.N /:

From inequality (5.4) in [4], we know that

kTsa=qkL2.N /!L2.N / . q�d=2:

Therefore, by the definition of Ar;5 and the above two estimates, we have

k.Ar;5/r2RkL2.N /!L2.N I`1/ . q � �


.T

m
a=q
r;2

/r2R




L2.N /!L2.N I`1/

. q1�d=2 � �


.Ttqr;� /r2R




L2.N /!L2.N I`1/

:

Thus, the proof for Ar;5 will be complete if one can show that

(4.7)


.Ttqr;� /r2R




L2.N /!L2.N I`1/

. qd=2�1 � �1�d=2:

Let uqr;� be the smooth function defined by

uqr;�.�/ WD ‰q.�/ .1 �‰/rq=�.�/
cd� r .�/:
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Note that the multiplier uqr;� is supported in Q0=q. It follows from Lemma 2.2 that

.Ttqr;� /r2R




L2.N /!L2.N I`1/

.


.Tuqr;� /r2R




L2.U/!L2.UI`1/

:

Therefore, to prove (4.7), it suffices to show that

(4.8)


.Tuqr;� /r2R




L2.U/!L2.UI`1/

. qd=2�1 � �1�d=2:

Let mr .�/ WD m.r�/, where the function m is defined by

m.�/ WD cd�.�/ .1 �‰/.q�=�/; �2Rd :

Then we have
uqr;� D mr �‰q :

Since ‰q is bounded, it follows from the vector-valued Plancherel theorem that

(4.9)
k{‰q � f kL2.U/ D k‰q �

yf kL2.U/ � k‰qkL1.Rd / � k
yf kL2.U/

. kf kL2.U/; 8f 2L2.U/:

Then, applying Lemma 3.1 and (4.9), we obtain

(4.10)



sup
r2R

CTuqr;�g



L2.U/

D


sup
r2R

C
�
{mr � {‰q � g

�


L2.U/

.
X
j2Z

˛
1=2
j .˛

1=2
j C ˇ

1=2
j / k{‰q � gkL2.U/

.
X
j2Z

˛
1=2
j .˛

1=2
j C ˇ

1=2
j / kgkL2.U/; g 2L2.U/;

where
j̨ WD sup

2j �j�j�2jC2
jm.�/j and ǰ WD sup

2j �j�j�2jC2
jhrm.�/; �ij:

Observe that the function m is supported on the set ¹� W j�j � �=.8q/º since ‰.�/ D 1

when j�j � 1=8. Then (3.10) implies that8̂<̂
:

j̨ . 2�j .d�1/=2; ǰ . 2�j .d�3/=2; if 2j �
�

16q
,

j̨ D ǰ D 0; if 2j <
�

16q
�

Hence, we have X
j2Z

˛
1=2
j .˛

1=2
j C ˇ

1=2
j / .

�q
�

�d=2�1
;

which combined with (4.10) yields the desired estimate (4.8). The proof is complete.
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5. Proof of Theorem C: ergodic averages

In this section, we apply Theorem B to prove the restricted weak-type maximal inequalit-
ies for noncommutative ergodic averages (i.e., Theorem C). Fix a finite projection x 2M.
By Lemma 2.1, we have

k.Arx/r2Rkƒd=.d�2/;1.MI`1/ ' sup
N

k.Arx/r2RN
kƒd=.d�2/;1.MI`1/;

where RN WD R \ Œ1; N � for N 2N. Thus, to prove Theorem C, it suffices to establish
the inequality

k.Arx/r2RN
kƒd=.d�2/;1.MI`1/ . �.x/d=.d�2/;

with the implicit constant independent of N . This is equivalent to showing that for any
� > 0, there is a projection e 2M such that

(5.1) sup
r2RN

ke.Arx/ek1 � � and �.e?/ . ��d=.d�2/ �.x/:

Fix N to be a positive integer. For a large positive integer M with M � N , we intro-
duce the cube C.M/ as follows:

C.M/ WD ¹n2Zd W jni j �M; for i 2 1; : : : ; dº;

which can be viewed as a truncated set of lattice points. Let g denote the operator-valued
function given by

g.n/ WD 
nx 1C.M/.n/; 8n2Zd :

It is easy to verify that g is a projection in N , since 
 is an automorphism on M. Moreover,
for all n2C.M �N/, one can see that

(5.2) Arg.n/ D
1

Nd .r/

X
m2Zd\Sr

g.nCm/ D
1

Nd .r/

X
m2Zd\Sr


nCmx D 
n.Arx/:

Applying Theorem B to g, we may choose a projection e 2N such that for any � > 0, the
following hold:

(5.3) sup
r2RN

ke.Arg/ek1 � �

and

(5.4)
X
n2Zd

�.e.n/?/ . ��d=.d�2/
X
n2Zd

�.g.n//:

According to the definition of infimum, for any " > 0, we may choose n02C.M �N/
and a projection

Qe WD 
�n0 e.n0/ 2M

such that

(5.5) �. Qe?/ � inf
n2C.M�N/

�.e.n/?/C ":
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On the one hand, noting that 
�n0 extends to an isometry on M, a combination of (5.2)
and (5.3) yields

sup
r2RN

kQe.Arx/ Qek1 D sup
r2RN

k.
�n0e.n0//.

�n0.Arg.n0///.


�n0e.n0//k1

D sup
r2RN

ke.n0/.Arg.n0//e.n0/k1

� sup
r2RN

ke.Arg/ek1 � �:

On the other hand, since 
 is a � -preserving automorphism of M, it follows from (5.4)
and (5.5) that

#C.M �N/�. Qe?/ �
X

n2C.M�N/

�.e.n/?/C " � ��d=.d�2/
X
n2Zd

�.g.n//C "

D ��d=.d�2/
X

n2C.M/

�.
nx/C " D #C.M/��d=.d�2/ �.x/C ";

which implies
#C.M �N/

#C.M/
�. Qe?/ . ��d=.d�2/ �.x/C ":

Note that " is arbitrarily small. By sending M !1, we conclude that

�. Qe?/ . ��d=.d�2/ �.x/:

Consequently, the estimate (5.1) is verified. The proof of Theorem C is complete.
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