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Solitons to mean curvature flow in the hyperbolic 3-space

Ronaldo Freire de Lima, Alvaro Kriiger Ramos and Jodo Paulo dos Santos

Abstract. We consider translators (i.e., initial condition of translating solitons) to
mean curvature flow (MCF) in the hyperbolic 3-space H3, providing existence and
classification results. More specifically, we show the existence and uniqueness of
two distinct one-parameter families of complete translators in H3, one containing
catenoid-type translators, and the other parabolic cylindrical ones. We establish a
tangency principle for translators in H?3 and apply it to prove that properly immersed
translators to MCF in H? are not cylindrically bounded. As a further application of
the tangency principle, we prove that any horoconvex translator which is complete
or transversal to the z-axis is necessarily an open set of a horizontal horosphere. In
addition, we classify all translators in H® which have constant mean curvature. We
also consider rotators (i.e., initial condition of rotating solitons) to MCF in H?3 and,
after classifying the rotators of constant mean curvature, we show that there exists a
one-parameter family of complete rotators which are all helicoidal, bringing to the
hyperbolic context a distinguished result by Halldorsson, set in R3.

1. Introduction

The last decades flourished with great regard to the theory of extrinsic geometric flows in
Riemannian manifolds, especially to mean curvature flow in Euclidean spaces, giving rise
to a vast literature on the subject (cf. [18] and the references therein). Extrinsic geometric
flows constitute evolution equations that describe hypersurfaces of a Riemannian mani-
fold evolving in the normal direction with velocity given by the corresponding extrinsic
curvature.

A special class of solutions is that of the solitons, also known as the self-similar
solutions, which are characterized for being generated by a one-parameter subgroup of
isometries or dilations of the ambient manifold. When these isometries are translations
along a geodesic, we call the corresponding self-similar solutions translating solitons to
the giving flow, and the initial hypersurfaces are known as translators. A main feature
of translators in Euclidean spaces is that they naturally appear as type II singularities of
certain compact solutions to mean curvature flow (cf. Theorem 4.1 in [11]).

There exist many examples of translators to mean curvature flow (MCF, for short)
in Euclidean space R3. Three of the best known are the cylinder over the graph of the
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function f(¢t) = —log(cost), t € (—m /2,7 /2), called the grim reaper, the rotational entire
graph over R? obtained by Altschuler and Wu [1] known as the translating paraboloid or
bowl soliton, and the one-parameter family of rotational annuli obtained by Clutterbuck,
Schniirer and Schulze [3], the so-called transiating catenoids. On the other hand, little is
known about translators in hyperbolic spaces.

In this paper, we consider solitons to MCF in hyperbolic space H?3, and first we focus
on the case of translators which move by hyperbolic translations along a fixed geodesic.
We classify all such surfaces with constant mean curvature (Theorems 3.2 and 3.4) and
also obtain new families of examples (see Figure 1), which, by some similarities with the
translators in R3 described above, will be called the translating catenoid (Theorem 3.10)
and the grim reaper (Theorem 3.20). These translators are then proven to be unique with
respect to their fundamental properties (Theorems 3.17 and 3.23).

N N
Figure 1. A translating catenoid and a grim reaper in the half-space model of H?3.

A main tool in establishing uniqueness results for translators in Euclidean space is
the tangency principle. It asserts that two such translators which are tangent at a point,
with one on one side of the other in a neighbourhood of this point, must coincide in this
neighbourhood. In fact, this result is a direct consequence of the tangency principle for
minimal surfaces, since translators in Euclidean space become minimal surfaces when the
ambient space is endowed with a suitable metric.

Apparently, for translators in hyperbolic space, such a metric is not available. Never-
theless, we prove that a tangency principle holds for translators in H?> as well (cf. Sec-
tion 3.3). Then, by using the family of translating catenoids as barriers, we apply it to
prove that properly immersed translators in H3 are never cylindrically bounded and, in
particular, never closed. As a further application, we show that any horoconvex translator
which is complete or transversal to the axis of the translation is necessarily an open set of
a horosphere (Theorem 3.26).

We study, as well, rotators to MCEF, that is, initial data of solitons whose associated
isometries are rotations around a geodesic. In [9], Halldorsson considered rotators in R3,
obtaining a one-parameter family of complete helicoidal rotators in R* which are also
translators. Inspired by Halldorsson’s work, we obtain here an analogous result (Theo-
rem 4.4), in which we construct a one-parameter family of helicoidal surfaces in H?3 that,
under mean curvature flow, rotates around its axis and translates downwards with velocity
that equals its pitch, see Figure 2. As in the case of translators, we also classify all rotators
of constant mean curvature in H?3 (Theorem 4.1).
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Figure 2. A helicoidal rotational soliton.

The paper is organized as follows. In Section 2, we set some notation and formulae.
In Section 3, we introduce translators to MCF in H?3 and establish the aforementioned
results related to them. In Section 4, we deal with rotators to MCF in H?3, and in the final
Section 5, we provide the classification of minimal translators in H?3.

2. Preliminaries

Throughout the paper, we shall consider the upper half-space model of H?3, that is, H3 :=
(R3 ,ds?), where Ri_ ={(x,y,z) € R3| z > 0}, ds? := d5?/z? and d5? is the standard
Euclidean metric of ]Ri. We will also denote ds? by (, ).

Let X be an oriented surface in a Riemannian 3-manifold M. Set V for the Levi-
Civita connection of M, n for the unit normal field of X, and A for its shape operator with
respect to 7, so that

AX =—Vyn, XeTZX,

where TX stands for the tangent bundle of X'. The principal curvatures of ¥, that is,
the eigenvalues of A, will be denoted by k; and k,, and the mean curvature H of X' is
expressed by

ki +k
gk +Kr2
2
The mean curvature vector of X' is
H = Hp,
which is invariant under the choice of orientation n — —n and satisfies |H|| = |H|.

Given an oriented surface X' C Ri, let 7 = (11, N2, 113) be the unit normal of ¥ with
respect to the induced Euclidean metric d52. It is easily checked that

n(p) =zn(p), p=(x,y,2)eX,

defines a unit normal of ¥ with respect to the hyperbolic metric ds?. With these orienta-
tions, if we denote by H (respectively, H) the mean curvature of X with respect to the
Euclidean metric (respectively, hyperbolic metric) of R, we have that H and H satisfy
the following relation (cf. Lemma 10.1.1 in [14]):

2.1 H(p) =zH(p) + fi3(p) forall p = (x,y,z)€X.
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2.1. Mean curvature flow

We say that a family of oriented surfaces X; = X, (M) of a Riemannian 3-manifold M
evolves under mean curvature flow if the corresponding one-parameter family of immer-
sions

X::M - M, te€[0,6), 0<8<+oo,

satisfies the following condition:

axX,
(2.2) ¥ (p) = H:(p)n:(p) forall pe M,

where 7; is the unit normal to X;, H; is the mean curvature of X; with respect to n;, and
(0X,/dt)* denotes the normal component of dX, /¢, that is,

8XzJ‘ <8X, >77t-

o Vo™

In particular, the equality (2.2) is equivalent to

(%,M: H;.

We call such a family X;: M — M, t € [0,8), a mean curvature flow (MCF, for short)
in M with initial data X,. In this setting, we say that ¥, = X;(M) is a soliton or a self-
similar solution to MCF if there exists a one-parameter subgroup § := {I'; | t € R} of the
group of isometries or dilations of M such that I'y is the identity map of M and

Y, =Ty(X¥) forallteR

is a MCF. More specifically, we shall call such a family X, a §-soliton.
Let & be the Killing field determined by a subgroup § of isometries of M, that is, for
any pe M,
d
£(p) = grt(P) att = 0.
It can be proved (see, e.g., [12]) that the surface X' = Xo(M) with unit normal 7 is the
initial condition of a §-soliton generated by & in M if and only if the equality

(2.3) H = (& n)

holds everywhere on X. So, in the class of solitons, equation (2.2) is in fact a prescribed
mean curvature problem.

3. Translators to MCF in H?

Consider in hyperbolic space H?> the group § = {I'; | ¢ € R} C Iso(H?) of hyperbolic
translations along the z-axis, defined by

Ii(p)=e'p, peH>.
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In this setting, an initial condition of a §-soliton will be called a translating soliton or
simply a translator. Using the abuse of notation

p=(x,y,2) eH? «— x0, + Y0y +z0; € TpH3,
the Killing field associated to § is £(p) = p, p € H3. Thus, it follows from (2.3) that a
surface ¥ C H? is a translator to MCF if and only if

(3.1 H(p) = (p.n(p)) forallpeX.

Example 3.1. Let IT be a totally geodesic vertical plane of H?3 which contains (0,0, 1).
Since H vanishes on I, it is clear that (3.1) holds for X' = II. Thus, IT is a stationary
translator to MCF in H3.

In fact, equation (2.3) implies that a minimal surface X' C H3isa (stationary) trans-
lator to MCF if and only if it is invariant under the group § of hyperbolic isometries as
above. A complete classification of such surfaces is given by the following description.

Theorem 3.2. There exists a one-parameter family Xg, 0 € (0, ], of properly embedded
minimal surfaces in H? with the following properties:

(1) Xy is invariant under the one-parameter group {I'; },;er of hyperbolic translations

peH? = T(p):=e'peH?,
and so it is a stationary translator to MCF in H?.
(i) 000X N R2 is the union of two half-lines making an angle 6.
(i) X'y is a vertical plane.
Conversely, if X is a properly embedded minimal surface of H3 which is invariant

under the group Ty, then X = Xy for some 0 € (0, x].

The proof of Theorem 3.2, for convenience, will be presented separately in Section 5.
Concerning the case of translators with nonzero constant mean curvature, we start with
the next example.

Example 3.3. Let 3(;, be the horosphere of H? at height 2 > 0, i.e.,
Hp ={(x.y.h) € H | x,y € R}.

At any point p = (x, y, h) € Hy, we have that H(p) = 1 and n(p) = hes, so that
1
(p.n(p)) = 75 h* =1=H(p) forall p €%
Hence, 3}, is a translator to MCF in H3.

In our next result we show that horospheres are the only translators to MCF which
have nonzero constant mean curvature. In the proof, we shall use the following evolution
formula for the mean curvature H; (notation as in Section 2) of a mean curvature flow
XM — M:

o0H,

(3.2) = AH+ H; (|| A¢]I*> + Ric(ns. n0)),

where Ric denotes the Ricci tensor of M (see Theorem 3.2 (v) in [10]).
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Theorem 3.4. Let X be a connected translator to MCF in H?3 which has nonzero constant
mean curvature. Then X is an open subset of a horosphere.

Proof. After a change of orientation, we may assume without loss of generality that the
mean curvature H of ¥ is positive. Let X;: M — H3, t > 0, be the MCF such that
Xo(M) = X and
X:i(p) =¢'Xo(p), peM.

Since X;(M) differs from Xo(M) by an ambient isometry, H; = H > 0 is constant in
space and time, thus dH;/dt = AH, = 0. Also, in H3, lﬁ:(nt, n¢) = —2. Then for-
mula (3.2) yields ||4,||?> = 2 for all ¢+ > 0. Taking ¢ = 0, we conclude that the principal
curvatures k1 and k, of X' satisfy

{kl +ky = 2H,
ki +k3 =2,
from where it follows that H € (0, 1] and, after possibly reindexing,

ki=H+~1—H? and ko= H —~1— H2.

Since H is constant, both ky and k, are constant, so X' is isoparametric. The isoparametric
surfaces of H? are classified (see Theorem 3.14 in [2]) and the fact that H € (0, 1] imply
that X is either an open subset of a horosphere or of an equidistant surface to a totally
geodesic plane. However, k? + k2 = 2 only holds when X is contained in a horosphere,
which finishes the proof of the theorem. ]

Remark 3.5. Since (3.2) holds for any MCEF, the proof of Theorem 3.4 applies to show
that any initial condition of a MCF in H® whose mean curvature is constant in space and
time is necessarily an open subset of a horosphere.

3.1. Rotational translators

In this section, we focus on translators to MCF in H?3 which are invariant under rotations
about the z-axis. With this purpose, we first consider vertical rotational graphs. More
precisely, let ¢ be a positive smooth function on an open interval I C (0, +00) and

X(6,s) = (scosf,ssinf,p(s)), (0,5)eU :=RxI cCR>%

We shall call ¥ = X(U) the rotational vertical graph determined by ¢, and Lemma 3.6
below provides the equation that ¢ satisfies in order for X to be a translator to MCF.

Lemma 3.6. A vertical rotational graph determined by a smooth function ¢ is a translator
to MCF in H? if and only if ¢ satisfies the second order ODE

2s 1
(3.3) ¢ ==L+ @) (Z5+ 7).
¢ s
Proof. For a rotational graph X' as above, a direct computation gives that

L , 1
71:= (71.72.73) = 0(—¢'cos 0, —¢'sin6,1), o :=

it @))?
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is a unit normal with respect to the induced Euclidean metric, and that the corresponding
Euclidean mean curvature is

_ Q ¢// ¢/
H=-(——=+—).
(et s)
Thus, from (2.1), the mean curvature H of X in H? with respect to 1 := ¢7 is
_ _ ¢ ¢// ¢/
(34) PH + 113 Q<2<1+(¢’)2+s)+)
It is also straightforward to see that the equality
0

(3.5 (X.m) = P (¢ —s59")

holds everywhere on X.
From (3.4) and (3.5), we conclude that equation (3.1) for the vertical graph X' is equiv-
alent to the second order ODE:

2s 1
¢ =—¢'(1+ @) (55 +-)-
$* s
which proves the lemma. ]

Our next arguments will rely on qualitative analysis of ordinary differential equations
for establishing some properties of the solutions to (3.3).

Lemma 3.7. For any sg,z9 > 0 and any A € R, the initial value problem
= =f (5 3)
(3:6) f(s0) = 2o,
f'(s0) = A
has a unique smooth solution ¢ on [sg, +00) which has the following properties:
(1) ¢ is constant if A = 0.
(ii) ¢ is increasing, concave and bounded above by a positive constant if A > 0.
(iii) ¢ is decreasing, convex and bounded below by a positive constant if A < 0.
Proof. For Q2 := (0, 4+00) x (0, +00) x R, since the function

2 1
(u,v,w) e Q> —w(l + wz)(—z + —)
v u

is C* in 2, the standard results on solutions for ODEs ensure the existence and unique-
ness of a C*° solution ¢ defined in a maximal interval Iy, := [0, Xmax)s Xmax < +00, in
the sense that the equality

2 1
(3.7) ¢ =00+ @5+ )

holds in /.
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If A =0, itis clear from (3.7) that the solution ¢ is constant, in which case X,x = +00.
This proves (i).

Assume now that A > 0. Then ¢ is increasing near sg. Also, from property (i) and
the uniqueness of solutions, ¢ has no critical points. Hence, ¢ is increasing in Ip,x. In
addition, equality (3.7) gives that ¢ is concave in /5, which yields Xpm.x = +00.

To prove that ¢ is bounded above, we will make use of an estimate that will be recur-
rent in the arguments of this section, for which reason it is presented separately (without
proof due to its simplicity).

Claim 3.8. For a given v > 0, let f,: (0, 00) — R be defined as f, (u) = 2u/v? + 1/u.
Then f, has a unique critical point at ¥ = v/+/2, being decreasing in (0, v/+/2] and
increasing in [v/~/2, +00). In particular, for any u,v > 0,

1

(3.8) — + ==
u

Using estimate (3.8) in (3.7), we obtain that

¢// < _¢/ lé

1+ (¢)? ¢

Thus, for s > s9, we may integrate over [sp, s to obtain

arctan(¢’) — arctan(1) < —Zﬁlog( 4 ),

Z0
$0
2«/Elog(g) < arctan(A) — arctan(¢’) < z,
Zo 2

which implies that ¢ is bounded above, therefore proving (ii).

To prove (iii), we can argue as in the proof of (ii) to conclude that ¢ is decreasing
and convex in Iy, if A < 0. Once again we may use (3.8) in (3.7), observing that in this
situation ¢’ < 0, to obtain

1
d)— > _¢/ 2_\/§ s
1+ (¢)? ¢

and proceed as in the previous case to arrive at

Zﬁlog(zg) > arctan(A) — arctan(¢’) > arctan(}),
0

SO

¢) > 2o earclan(/\)/(Z«/E)

proving (iii) and finishing the proof of the lemma. ]

Lemmas 3.6 and 3.7 already imply the existence of rotational translators. However,
to improve the description of these examples, we next consider rotational surfaces which
are also horizontal graphs. More precisely, given a rotational surface ¥ C H? with axis
£:={(0,0)} x (0, 400), let us consider y = ¥ N {x = 0} as the profile curve of X and
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assume that the tangent plane of X' at a given point p € y is not orthogonal to £. If we
let d denote the Euclidean distance function from y to £ on ]Ri and let the z coordinate
parametrize y, then, in a neighbourhood of p, X' can be parametrized as

X(x,z):= (x,v/d?*(z) —x2%2,2), (x,z)eU C R x (0, +00).
We shall call X (U) the horizontal rotational graph determined by d.

Lemma 3.9. A horizontal rotational graph determined by a smooth function d is a trans-
lator to MCF in H3 if and only if the function d satisfies the ODE

2d 1
d" = (1+ d')? (— —).
1 +@?(F+ 5
In particular, such a solution d is strictly convex.
Proof. Writing ¢(x, z) := /d?(z) — x2, we have that a Euclidean unit normal to X is
1

n:=1,02,13) = 0(—¢x, 1,—¢z), 0:= "
V1It+er+oZ

and the corresponding Euclidean mean curvature is

H(X(x,2)) = 93(;’2) Ax, 2),

where A is the function

A= prx (1 + §0z2) —20xz 0x 9z + @zz(1 + ‘Pi)

Hence, the hyperbolic mean curvature H of X is

2

> S AN L
(3.9) H=zH +i=o(5-A-¢:).
and its hyperbolic unit normal is 1 := z7, so that
_ 0
(3.10) (X.m =~ (¢ —xx — z¢2).

From (3.9) and (3.10), after noticing that ¢, = —x /¢, we have that the translating
soliton equation (X, n) = H for X is equivalent to

2d?

3.11 A= ——-
(3.11) 22402

After taking all first and second order partial derivatives of ¢, we get from a direct and
long calculation that

d2
(3.12) A= —(dd"—d")?*-1).
@
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Finally, observing that

2 2 N2 2
+(dd') + ,
Z—2=<p2(1+<p§+<p§)=¢2x (wz) Y — a2+ @),

it follows from (3.11) and (3.12) that
2d? 1+ (d")?
(// ( 1) ( ) ,

2 d

as we wished to prove. ]

Now, we are in position to prove the existence of properly embedded annular transla-
tors to MCF in H 3, which we shall call translating catenoids, see Figure 3.

H,+

T,
H

j = 2

H,-

Figure 3. The profile curve of a translating catenoid X, in H3 bounded by (and asymptotic to)
two horospheres H{,— and 3, +. X, \ H decomposes as two vertical graphs X'~ and Er"" over the
complement of the Euclidean disk of radius r centred at the rotation axis z in the horosphere J.

Theorem 3.10. There exists a one-parameter family C := {X, | r > 0} of noncongru-
ent, properly embedded rotational annular translators in H? (to be called translating
catenoids). For each r > 0, the surface X, € C satisfies the following:

(1) X, is contained in a slab determined by two horospheres H,- and H,+. In partic-
ular, the asymptotic boundary of X, is the point at infinity of the horosphere H at
height 1.

(i) X, is the union of two vertical graphs X, and X" over the complement of the
Euclidean r-disk D, centred at the rotation axis in the horosphere H.

(iii) The graphs X, and X lie in distinct connected components of H> — 3 with
common boundary the r-circle that bounds D, in H, being X asymptotic to H,-
and XF asymptotic to H,+.

In addition, when r — 0 or when r — oo, both r+ and r~ converge to 1 and the
limiting behaviour of X, is as follows:

(iv) Asr — 0, X, converges (on the C**-norm, on compact sets outside (0,0, 1)) to a
double copy of H.

(v) Asr — +o0o, X} escapes to infinity.
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Proof. Givenr >0,letd, :(1—6,1+ 8§) — (0,+00) be the local solution to the following
initial value problem:

= (),
G-13) f=r.
() =o.

By Lemma 3.9, the rotational horizontal graph X, determined by d, is a translator to
MCF in H3. Since d, is strictly convex, z = 1 is a strict local minimum of d, and X, — H
is the union of two disjoint rotational vertical graphs X~ and X" over an open set con-
tained in H — O,. Let us index X as being the component contained in the horoball
{z > 1}, and let G;} and G, denote the closure of the respective generating curves to X,
and X in the yz plane.

Lemmas 3.6 and 3.7 apply to G,© to show that there exists an increasing, concave
function ¢, : [r, +00) — R so that we may extend G, to assume it is a complete curve

G ={(s.¢r(s) | s =7}

On (r, +00), ¢, is smooth and satisfies (3.7), and it holds that lims—,, ¢/.(s) = 400, see
Figure 4. In particular, X" is a vertical graph over H — D,. Also, item (ii) of Lemma 3.7
implies that ¢, is bounded above by a positive constant ™ = limg_,00 ¢y (5), S0 X, is
asymptotic to the horosphere I, +.

2= prm s L. br (1) = (dr(2).2)
H=1{z=1) - d,()=r
" dj(1)=0
y =dr(z)

Figure 4. In the yz plane, the curve G;© can be seen both as a horizontal graph z = dy(x) or as a
vertical graph y = ¢, (2).

Analogously, Lemmas 3.6 and 3.7 give that X' can be extended and is asymptotic
to the horosphere - of H3, where r~ = limy_s00 ¢+ (s) and @,: [r, +00) — R is the
graphing function of the profile curve of X'~ when it is considered as a rotational vertical
graph. Since X, = X U ) ', we have that X, is an annular properly embedded translator
to MCF in H3. This proves assertions (i)—(iii).

In the remainder of the proof, we will use the functions ¢,, ¢, and d, as defined above,
and we notice that the previous arguments imply that the maximal interval of definition
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of d, is (r~,r™). For r* = 0 or oo, we will prove that

(3.14) lim rt =1= lim r~.

r—or* r—r*

From there, item (iv) follows directly, since X, is a bygraph of functions that will both
converge to 1 uniformly in the C2? norm on compact sets that do not contain (0, 0, 1)
(the C%* convergence can be obtained by the standard theory of elliptic partial differential
equations, after observing that the graphing functions of X and ¥, satisfy an equation
as presented in (3.31)). We notice that our proof of (3.14) follows a series of steps, each
of which will be presented separately. Our first claim, stated below, shows that r* is
uniformly bounded.

Claim 3.11. Forany r > 0, rt < ¢™/(#v2),

Proof of Claim 3.11. Let r > 0 be given. For any z € [1,rT), Claim 3.8 implies that
2d,/z% 4+ 1/d, > 2+/2/z. In particular, since d, is a solution to (3.13), one has

d// 2ﬁ
1+(af’)2 z

Integrating over [1, z], we obtain

/Z d”([) /
1 1+ (a”(t))2
Since d/ (1) = 0, it follows that

arctan(d/(z)) > 2v/2log(z) => 2+/2log(z) < %

Since z can be chosen arbitrarily close to ™, this proves the claim. ]
Claim 3.12. With the above notation, it holds that

lim r"=1= lim r™.
r—>+o0 r—+o00

Proof of Claim 3.12. For a given r > 0, we have that d,(z) > r forany z € (r—,r ™). This,
together with the fact that d, is a solution to (3.13), implies that

415 dy __2dy 1 or
' 1+ d)? 22 d = z2

As in the proof of Claim 3.11, given z € (1, 7T), we may integrate both sides of (3.15)

over I,Z to ()btaln
arCtan(d,,(Z)) > _2’ (— - 1)

Passing to the limit when z — r ¥, we find the inequality

(3.16) W A
. — r .
2 = rt
By (3.16) and Claim 3.11, r(r* — 1) is uniformly bounded by a constant, from where it
follows that lim, 4o 7+ = 1.
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An analogous argument can be used to show that lim,_, y o, ¥~ = 1. Indeed, for z €
(r~, 1), we may integrate (3.15) over [z, 1] and take the limit when z — r~ to obtain

1 1—r—
—arctan(d;(z)) > —2r(1 - —) = 2r< ! ) < .
z r- 2
When r — +o00, since r~ € (0, 1), we have that the left-hand side becomes arbitrarily
large, unless r— — 1. |
Next, we analyse the limits of rt and r~ whenr — 0.

Claim 3.13. Let (r,),eN be a sequence so that lim r, = 0 and for which lim rj =h>1.
Then, for any ho € (1, k), there exists § > 0, depending on /g, such that

liminfd,, (ho) > 6.

Proof of Claim 3.13. Take ho € (1, h). For any sufficiently large n, the domain of d,,
contains [1, hg]. Then, as in the proof of Claim 3.11, we may use the inequality

to conclude that, for any z € [1, h],
arctan(d,, (z)) > 2421log(z) = d; (z) > tan(2+/21og(2)).

Integrating over [1, h¢], we arrive at
ho
dy, (ho) —rn > / tan(2+/2log(z)) dz.
1

Setting 26 = flh" tan(2+/2log(z)) dz > 0 proves the claim. n

As the proof continues, for r > 0, we will make use of the functions ¢,: [r, +00) —
[1,71), and recall that, by Lemma 3.6,

2s 1
"no_ I\2 -
(3.17) ¢ = —¢L(1+ (@) )(_¢>3 +).
Claim 3.14. Let § > 0 be given. Then the following inequality holds for any r € (0, §):
r+ - ¢r (8)
(3.18) arctan(¢,. (8)) > 26 ————-
@0 = 28—

Proof of Claim 3.14. For § > r > 0, as stated, since ¢, is nonnegative, (3.17) gives the
inequality
o 1
ACIN10
1+ (¢7(5)) b7 (s)
Then integrating (3.19) over [4, 5] yields

forall s > §.

(3.19)

¢r(s) — ¢r(9)
ér($)pr(9)
When s — +00, ¢..(s) — 0 and ¢,(s) — r, proving (3.18). n

arctan(¢,.(8)) — arctan(¢,.(s)) > 28 forall s > §.
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Claim 3.15. We have

limrt = 1.

r—>0
Proof of Claim 3.15. We argue by contradiction and assume that there exists a sequence
(Fn)neN, limy, 500 7 = 0, such that lim,, o0 7" r,- =h > 1. Choose any i € (1,4) and let §
be given by Claim 3.13. It then follows from Claim 3.14 that, for any sufficiently large

n € N such that r, < 8, the following inequality holds:
—¢r,(8)
4, 6)

Next, we prove that lim, 0 ¢, (8) = 0. To that end, first notice that ¢, (8) < ¢, (s)
for all s € (ry, §), since ¢,, is concave. Therefore,

(3.20) arctan(¢p;, (8)) > 26 *——— i

(3.21) ¢,n()( ) ¢,n(8)- for all s € (ry, §).

@7 ()
Together with (3.17), (3.21) implies

8
arctan(¢;, (s)) — arctan(¢;. (8)) > ¢, (8) log(—) forall s € (ry, ).
s
By letting s — r,,, we finally obtain

T

8
(3.22) TSI arctan(gl (6) > . (8) log(—>.
2 2 " " n
Since § is fixed and lim, .o 1, = 0, we have from (3.22) that lim,— o qb;n ) =0,
as we wished to prove. Therefore, by taking the limit as n — oo in (3.20), it follows that
limy, 00 @7, (8) = h > hy.

To finish the proof of the claim, we notice that there exists n¢ > 0 such that
¢r, (8) = hy > ho foralln > ng.

Since d;, (hy) = & and hy, > hy, the fact that d,, is increasing in [1, r,”) implies that, for
alln > ny, d,, (ho) < 8, contradicting the defining property of é. |

The next claim will finish the proof of (3.14). We will follow the same arguments
presented in Claims 3.13, 3.14 and 3.15, and due to the similarity on the reasoning, only
the main differences will be discussed.

Claim 3.16. We have

limr~ = 1.

r—0
Proof of Claim 3.16. By contradiction, assume that there exists a sequence (7, ),eN CON-
verging to zero for which limr,” = h < 1. As in Claim 3.13, fix Ao € (h, 1) and consider
the functions d,.,: (r,;, 1] = [rp, +00). Then we may use the inequality

2d 1 2f
Pt
z dy, z
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to obtain, for any z € [hyg, 1],

d; (z) < tan(2+/2log(2)).
Integrating over [hg, 1] and setting 26 = — fhlo tan(2+/210g(z)) dz > 0, we arrive at
(3.23) liminfd,, (ho) > 6.

Next, for given r > 0, we will make use of the graphing function ¢, : [r, +00) — (r—, 1]
to the profile curve of X', which by Lemma 3.6 satisfies

2s 1
(3.24) o) = g1+ @D (2 + ).
Yy S

Following the arguments in Claim 3.14, for any s > §, we have 2s/<p,2n +1/s > 25/(;),2”.
Since ¢, (s) < 0 for all s > §, this allows us to obtain

o, >__¢,_g§,
14 (¢}, )? " pZ

Integrating over [§, s] and letting s — oo gives

(3.25) — arctan(g;, (8)) > 28(};_ - ﬁ)

Next, we will prove that lim ¢, (§) = 0. To do so, consider s € (r,, §) and observe that

or o < 2s
L+ (¢7,)? "

1 ool
=) > = (6) =
<0r2n+s) ¢r, )

so integrating over [s, §] and letting s — r,;” yields

]
> > arctan(g;, (8)) + > > —¢;, (6) log( = ).

2 " 2 " r
which proves that lim ¢; (§) = 0. Using this limit in (3.25) implies that lim ¢, (§) = £,
which, analogously to the final step in Claim 3.15, contradicts (3.23). ]

Claims 3.12, 3.15 and 3.16 prove (3.14), finishing the proof of Theorem 3.10. [

Let X be a connected rotational translator in H?3 with (possibly empty) boundary.
If ¥ is not a horosphere, Lemmas 3.6 and 3.9, together with the uniqueness of solutions
of ODEs with given initial conditions, imply that the profile curve of X coincides, up to
its boundary, with the profile curve of some translating catenoid X, obtained in Theo-
rem 3.10. Therefore, we have the following uniqueness result.

Theorem 3.17. Any connected rotational translator of H3 is either an open subset of a
horosphere or of some translating catenoid.
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3.2. Parabolic translators

Having considered rotational translators in the previous section, we now look at translators
which are invariant by a 1-parameter group of parabolic isometries of H?3, i.e., isometries
of H3 that fix parallel families of horospheres. Horizontal cylinders over curves on vertical
totally geodesic planes of H? (to be called parabolic cylinders) are the simplest examples
of surfaces which are invariant by parabolic translations. When these generating curves
are graphs on the whole of R, such a surface can be parametrized by a map X: R? — ]R?Ir
defined by
X(x.y) = (x.y.0(»). (x.y) €R?,

where ¢ is a smooth positive function on R. We shall call ¥ := X(R?) the parabolic
cylinder determined by ¢.

Defining

o) =1+ @)™
we have that
77] = Q(Ov _d)/s 1)
is a unit normal to X with respect to the induced Euclidean metric of ]R3+. With this
orientation, the Euclidean mean curvature H of X is
3 41
j7 0’¢ .
2

From this last equality and (2.1), we have that the hyperbolic mean curvature H of ¥

with respect to the orientation 1 := ¢17 is

Since (n, X) = o(¢p — y¢')/¢, we also have that the identity (3.1) for the parabolic
cylinder ¥ = X(R?) is equivalent to the following second order ODE:
2y
F.

The above considerations yield the following lemma.

¢" = —¢'(1+(¢")?)

Lemma 3.18. A parabolic cylinder determined by a smooth function ¢ is a translator to
MCF in H3 if and only if ¢ = ¢(y) is a solution to the second order ODE

(326) PP () 2

The solutions of (3.26) are all increasing on R and their graphs are “S-shaped”, as
attested by the following result, see Figure 5.

Lemma 3.19. Given A > 0, the initial value problem
fr==ra+ "%
(3.27) £(0) =1
f'(0) = 2.

2y
F}
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has a unique smooth solution ¢: R — (0, +00) which has the following properties:
(1) ¢ is constant if A = 0.
(ii) ¢ is increasing, convex in (—o0, 0), and concave in (0, +00) if A > 0.
(iii) ¢ is bounded from above by a positive constant.

(iv) ¢ is bounded from below by a positive constant.

Proof. Once again, the existence and uniqueness of local solutions follow directly from
the fact that

(u,v,w) € R x (0,00) xR = —w(l + (w)z)i—z

is smooth. In particular, assertion (i) is immediate.

Let ¢ denote a local solution to (3.27) for some A > 0, defined in its maximal domain
Inax = (Vmins Ymax)> —© < Ymin < 0 < Ymax < +00. From uniqueness of solutions, ¢
cannot admit any critical point. Hence, we may argue as in the proof of Lemma 3.7 to
observe that ¢ is strictly increasing. In particular, the equality

2y
¢?
implies that ¢ is convex in (Vmin, 0) and concave in (0, yyax ), Which yields yn.x = +00.
Next, we prove that the solution ¢ is bounded above. We will argue by contradiction
and assume that limy_, o ¢ (y) = +00.
The fact that ¢’(y) > 0 and ¢”(y) < 0, for all y > 0, implies the existence of some
¢ > O such that lim,_, 4 oo ¢'(¥) = ¢. We will derive a contradiction by ruling out the two
possible cases: ¢ = 0 and ¢ > 0. First, fix any yo > 0. It follows from (3.28) that

—¢"(y) _5 d'(y) ¢'(y)

(3.28) ¢ =—¢'(1+ (¢

= 2 for all .
[+@P20 o) = gy =Y

Integrating over [yy, y] gives that
arctan(¢’(yo)) — arctan(¢’(y)) > 2yo <¢(;0) — ﬁ)

Then, taking the limit when y — +o00, the hypothesis that ¢ = 0 implies that

qfé L < arctan(§/ (o) < 3

However, it follows from L"Hopital’s rule that

20
1m = 1m _—
yo—>+o0o p(yo)  yo—>+oo ¢'(yo)

/4
— >
7 =

a contradiction.
To rule out the case when ¢ > 0, once again we let yp > 0 be given and, for y > yy,

we use the inequality 1 + (¢'())? > 2¢'(y) in (3.28) to obtain
—¢"() 2y ')

_ / 2
o0y - WT@ONI G =0 50

forall y > yy.
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F ot

Figure 5. The profile curve of a hyperbolic grim reaper in H? lying between two horospheres 3, -
and Hy +.

Integrating over [yg, y] and letting y — +o0 gives

log(M) Yo 0,

> 20 o
c ~ ¢(yo)

which immediately implies that limy,_ { oo % = 0. This is a contradiction, since

1 1
0 i ->0.

1m = m _—
yo—>+00 ¢ (o) yo—>+o0 ¢’ (yo) ¢

Hence, this proves item (iii) of the lemma.
To prove (iv), fix any yg € (Ymin, 0) and, for ymin < y < yg, apply (3.28) to obtain

—4"(y) <2y ¢'(y)
1+ @' ()2~ 7920

which implies that

for all ¥y € (Vmin» Vo),

v
() (o)

Since the left-hand side of (3.29) is bounded from below by —m and yy < 0, a simple
algebraic manipulation gives

(3:29) arctan(g () — arctan(¢/(y0)) < 2yo( ) forall y € (ymin. yo)-

1 /4 1
—5— = —— forall y € (ymin, o),
$(vo)  2y0 — ¢(») "
from which we conclude that limy_, . ¢(») > 0. This shows that y,;, = —oc and proves
item (iv). [

Lemmas 3.18 and 3.19 immediately give the following result (see Figure 5).

Theorem 3.20. In hyperbolic space H?3, there exists a one-parameter family

9:={Zx |1 €[0,+00)}
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of noncongruent, complete translators (to be called grim reapers) which are horizontal
parabolic cylinders generated by the solutions of (3.27). X is the horosphere 3 C H?3
at height one, and for . > 0, each X € G is an entire graph over R? which is contained
in a slab determined by two horospheres J()~ and J(,+. Furthermore, there exist open
sets M) and Er of Xy such that X5 is asymptotic to H;-, E; is asymptotic to Hy+,
and X5 = closure(X ;") U closure(Ej).

If I' ¢ R? is the graph of the function ¢ € (—m/2, m/2) +> — log(cos t), then the
cylinder ¥=T xR C R3 is a translator to MCF contained in a slab § of R3, known as
the grim reaper cylinder. This nomenclature is due to the fact that the curve I" provides
a solution to the curve shortening flow, called the grim reaper, which is given by the
translation of I' in R? in the é,-direction. By the avoidance principle, such a solution
“kills” any other solution in the region (—7 /2, 7/2) x R (see Chapter 2 of [18]). Similarly,
two surfaces (one of them compact) in R* moving under MCF which are initially disjoint
remain so until one of them collapses. Hence, as X' translates under MCF, it “kills” all
solutions to (2.2) in § with compact initial condition. An analogous process occurs in our
case: any surface of the family G in Theorem 3.20 has this “killing” property. Indeed, by
Theorem 4 in [5], the avoidance principle applies to surfaces moving under MCF in H3.
For this reason, we named the elements of § grim reapers.

Remark 3.21. The symmetry in (3.26) allows us to extend the family G in Theorem 3.20
for values A < 0 by simply defining ¥ (y) = ¢(—y) for a given solution ¢ to (3.27) with
positive initial data for ¢. However, the translator generated by ¥ corresponds to a rota-
tion of & around the z-axis of a grim reaper, being therefore congruent to it.

Remark 3.22. At the completion of this manuscript, we became acquainted with the
preprint [16], in which the authors consider solitons to MCF generated by conformal
fields in H", called conformal solitons. There, they obtained rotational and cylindrical
conformal solitons whose initial conditions are named winglike catenoids and grim reaper
cylinder, respectively. However, such solitons are not related to the ones considered here,
since their generating fields are not Killing.

Analogously to the rotational case, the uniqueness of solutions of ODEs with given
initial conditions yields the following result.

Theorem 3.23. Any connected translator in H? which is a parabolic cylinder is, up to
an ambient isometry (see Remark 3.21), an open subset of a grim reaper or of a totally
geodesic plane containing the z-axis.

It would be interesting to determine whether, apart from parabolic cylinders, there
exist translators in H?3 that are invariant by parabolic translations. In the negative case,
Theorem 3.23 would establish the classification of such invariant translators.

3.3. The tangency principle and applications

A distinguished property of translators to MCF in R? is that they are critical points of
a weighted area functional and, therefore, they become minimal surfaces when changing
the ambient metric in a suitable manner [13]. In particular, the tangency principle applies
to them, which allows one to use translators as barriers (cf. [15]). On the other hand, it
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is unknown to us if translators to MCF in H? can be made minimal in a similar fashion.
Nevertheless, a tangency principle for translators in H?> can be established as a direct
application of the maximum principle for quasilinear elliptic operators. More precisely,
we have the following result.

Tangency principle for translators. Let X| and X, be two translators to MCF in H3
which are tangent at a point p € int X1 N int X,. If X lies on one side of X» in a
neighbourhood of p in H3, then X, and X coincide in a neighbourhood of p in 51 N X5.
Moreover, if X1 and X5 are both complete and connected, then X1 = X5.

Proof. Let X and X, be two translators to MCF in H?3, tangent at a point p € X'y N X5,
and such that X stays locally on one side of X5. If T, X is not vertical, there exist a
domain Q ¢ R? and positive functions u1, u5: 2 — R such that neighbourhoods U; C ¥
and U, C X, containing p are respectively parametrized by

Up ={(x.y.u1(x.y)) | (x.y)€Q} and Uy ={(x,y,uz(x,y)) | (x,y) €2}
Furthermore, after reindexing we may assume that u; > u5 in 2.

Let ¥y and X, be oriented with respect to vector fields 7; and 7, so that n,(p) =
n2(p) points upwards. Thus, if Q is the quasilinear elliptic operator
(3.30) O(u) = uxx(l —i—ui) + uyy(1 +u)2€)—2uxyuxuy,
it follows from (2.1) that the mean curvature functions H; and H, of U; and U, satisfy
_ Q(u;) 1
201+ @)+ @) (1 )} + wi)3)!?

Hi=u i€ {1 , 2}
Then, after setting B(x, y,u, Du) =2(1 +u2 + ui)(xux + yuy), where Du denotes
the (Euclidean) gradient of u, it follows from (3.1) that

(3.31) u;)?0u;) + B(x,y,ui, Du;) =0, ie{l,2}.

But the operator u2Q(u) + B(x, y,u, Du) in (3.31) satisfies the hypothesis of the maxi-
mum principle for quasilinear operators, see Theorem 2.2.2 in [19], thus u; = u», which
implies U; = U,.

The case where T, Xy is vertical can be treated analogously. After a rotation about
the z-axis (which preserves the property of being a translator to MCF), locally, both Xy
and ¥, can be parametrized as horizontal graphs

{(x,u1(x,2),2z) | (x,2) € Q} and {(x,uz2(x,2),z) | (x,2) € Q}
for some domain  C Rﬁ_, and both uy, u, satisfy
220u) + E(x,z,u, Du)=0

for ﬁ(x, z,u, Du) = 2(xuy —u)(1 +u2 + u?) and Q as in (3.30). Once again, we obtain
from Theorem 2.22 in [19] that X'y and X, coincide in a neighbourhood of p.

At this point, we have shown that if ¥'; and X, are tangent at a point p, they must
coincide in neighbourhoods which are either horizontal or vertical graphs for ¥'; and X.
The proof for the case where X'; and X, are complete and connected now follows from
covering X1 and X, with such (overlapping) neighbourhoods. [
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Remark 3.24. The tangency principle for translators contrasts with the one for constant
mean curvature surfaces (see, for instance, Theorem 3.2.4 in [14]): two distinct geodesic
spheres in R3 with the same mean curvature can be tangent to each other without violating
the tangency principle. In the setting of translators, the tangency principle does not require
any assumptions on the orientation of X; and X, because, from (3.1), if X'y and X, are
translators to MCF which are tangent at a point p, then necessarily their mean curvature
vectors H; and H, must agree at p, which defines a coinciding, standard (local) orienta-
tion for both X¥'; and X>.

On the remainder of the section we will apply the tangency principle to establish some
classification results concerning translators in H3. First, we show that properly immersed
translators in H3 are never cylindrically bounded, and next we prove that any horoconvex
translator which is complete or transversal to the z-axis is necessarily an open set of a
horizontal horosphere.

Recall that a circular cone in R := R? x (0, +00) with vertex at p € R? and axis
¥p := {p} x (0, +00) constitutes a cylinder C in H?, that is, the set of points of H? at
a fixed distance to the vertical geodesic y,. The convex side of C is the component of
H?3 — € which contains y,.

Theorem 3.25. There is no properly immersed translator to MCF in H3 which is con-
tained in the convex side of a cylinder with vertex at p = (0,0). In particular, there is no
closed (i.e., compact without boundary) translator to MCF in H?3.

Proof. Suppose, by contradiction, that there exists a properly immersed translator ¥
to MCF in H?3 which is contained in the convex side © of a cylinder € with vertex
at p = (0,0). Clearly, the property of being a translator is invariant by the translations
Ty (p) ;= e'p, t € R. Therefore, we can assume without loss of generality that X inter-
sects the horosphere JH of height 1.

Under the above conditions, since 7™ is uniformly bounded, we have from item (v) of
Theorem 3.10 that there exists R > 0 such that, for any r > R, the translating catenoid X,
of the family C is disjoint from €, and so from X. On the other hand, for a sufficiently
small r > 0, X', and X have nonempty intersection. Taking into account the asymptotic
behaviour of X, together with the hypothesis that X' is contained in €2, as r decreases
from R to zero, a standard argument shows that there will be a first value r, such that X,
is the element of C that first establishes a contact with X' at a point pe ¥ N X, as in
Figure 6. Then X' and X, are tangent at p with X' on one side of X, and the tangency
principle applies to show that ¥ = X, which is a contradiction, since X is contained
in Q and X, is not. ]

+

An oriented surface X' of H?3 is called horoconvex if its principal curvatures k; and k5
satisfy k; > 1, i = 1,2. It is well known that every point p of a horoconvex surface
¥ C M3 is locally supported by a horosphere J, meaning that # is tangent to X at p,
and there exists a neighbourhood of p in X which lies in the horoball bounded by # (see,
e.g., Lemma 1 in [4]). Since the tangency principle immediately implies that no translator
can attain a local maximum or local minimum for its height function, we obtain that any
horoconvex translator whose tangent plane is horizontal at one of its points is necessarily
an open set of a horizontal horosphere. With these considerations, we are in position to
establish the following uniqueness result.
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\

Figure 6. In the proof of Theorem 3.25, there exists a smallest 74 > 0 such that X, intersects X
tangentially, with ¥ in one of the two regions of H?3 defined by Xy, .

Theorem 3.26. Let X be a horoconvex translator in H3 and assume that one of the fol-
lowing occurs:

(1) X is complete,
(ii) X intersects the z-axis transversely.

Then X is an open set of a horizontal horosphere.

Proof. Let X be as stated. By the comments above, in order to prove that ¥ is an open
set of a horizontal horosphere, it suffices to show that the tangent plane of X' is horizontal
at one of its points.

First, assume that item (i) holds, so Theorem 3.25 implies that X' is noncompact.
The main results in [4] show that horospheres are the unique complete and noncompact
horoconvex surfaces of H3, so X is a horosphere. In particular, there is a point p € ¥,
where T}, ¥ is horizontal, so X' is a horizontal horosphere.

Assume now that ¥ intersects the z-axis transversally at a point. Then there is an
open neighbourhood U of ¥, which is a graph of a smooth function u over an open ball
Q C R? centred at the origin (0, 0). Since X is a translator, u satisfies (see the proof of
the tangency principle),

(3.32) u?Q(u) + B(x,y,u, Du) =0,

where Q is defined by (3.30) and B(x, y,u, Du) = 2(1 + u} + u3)(xux + yuy). In
addition, it follows from the horoconvexity of X' that its mean curvature H with respect to
the induced Euclidean metric cannot change sign, being either everywhere nonpositive or
everywhere nonnegative, which, when orienting U with respect to the upwards pointing
normal, correspond to the respective cases Q(u) > 0 or Q(u) < 0.

First, assume that Q (1) > 0. Then it follows from (3.32) that

(3.33) Xux(x,y) + yuy(x,y) <0 forall (x,y)eQ.
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Let 6 € [0, 7] be given and consider ug(¢) = u(t cos(f), ¢ sin(6)), the restriction of u
to the line through the origin Ly = {(¢ cos(0), ¢ sin(0)) | t e R} N Q. Then (3.33) implies
that

tug(t) = 1 cos(0)ux(t cos(). t sin(6)) + ¢ sin(B)uy (r cos(d), ¢ sin(f)) < 0.

In particular, uj (¢) > 0 when ¢ < 0 and u,(¢) < 0 whent > 0, therefore # = 0 is a point
where uy assumes a local maximal value. Since 6 is any given value in the compact set
[0, 7], this implies that the tangent plane of X' at p = (0, 0, u(0, 0)) is horizontal, as we
wished to prove.

The case when Q(u) < 0 (i.e., when the mean curvature vector of X' points down-
wards) can be treated analogously. ]

Remark 3.27. The horoconvexity hypothesis in Theorem 3.26 is necessary to the con-
clusion, since translating catenoids and grim reapers are complete, and any grim reaper is
transversal to the z-axis. Furthermore, as we proved in Theorem 3.10 (iv), horizontal horo-
spheres are limits of hyperbolic translating catenoids, so that they constitute the analogues
of the bowl soliton of R (cf. [3]). From this point of view, Theorem 3.26 relates to cer-
tain uniqueness results for the bowl soliton, such as the celebrated theorem by Wang [21],
which asserts that the bowl soliton is the only convex entire translator of R3.

4. Rotators to MCF in H?

Let us consider now the one-parameter group § C Iso(H?3) of rotations I'; of H3 =
(R3, ds?) about the z-axis. Considering the decomposition ]Ri = R? x (0, +00), we

have that .
e 0 -1
Fl B [ 1} , J B [l O} .

In this setting, an initial condition of a §-soliton will be called a rotating soliton or
simply a rotator. The (horizontal) Killing field associated to § is £(p) = J(p), p € H3,
where 7 denotes the projection over {(0,0, 1)} C R3, ie.,, 7(x, y,2) = xdx + y3y.
Hence, a surface X of hyperbolic space H? is a rotator to MCF if and only if

4.1 H(p) = (Jn(p).n(p)) forall peX.

Clearly, a minimal surface of H? is a (stationary) rotator if and only if it is invariant
by rotations about the z-axis. These minimal surfaces were classified in [6], and they
include, of course, the one-parameter family of totally geodesic planes which intersect
the z-axis orthogonally, as well as the hyperbolic catenoid obtained by Mori [17]. On the
other hand, it is clear that no horosphere is a rotator in H3. These facts, together with the
considerations of Remark 3.5, yield the following theorem.

Theorem 4.1. The only rotators of constant mean curvature in H3 are the minimal sur-
faces of revolution with axis {(0,0)} x (0, +00).

We shall seek for rotators in H?3 in the class of helicoidal surfaces, which are described
as follows. Choose a smooth curve with trace contained in the horosphere H := R? x {1}
of height 1:
se€R = (x(s),1) € H,
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where o: R — R? is a regular curve parametrized by arc length. Given a constant z > 0,
we call a parametrized surface ¥ = X(R?) C H? a helicoidal surface generated by o
with pitch h if the parametrization X : R? — H? writes as

4.2) Xu,v) =" a), 1), (u,v)eR>

Considering a parametrization of o by arc length, «(s) = (u(s), v(s),0), s € R, and
writing

T(s) =u'(s)dx +0'(s)d, and N(s) =—v'(s)dx + u'(s) 0y,
the curvature of « is given by
k(s) = (@"(5), N(s))e = —u"()v'(s) + v"(s)u'(s5),

where (, ), stands for the Euclidean metric of R?. Furthermore, by the well-known Frenet—
Serret equations, one has
T'=kN, N'=—kT.

In this setting, if we define the functions
4.3) t:={(«,T)e and pu:= {a, N),,
we get from a direct computation that
44) =0/ N.—(x+hw)/h), o:=hh*+ (+hw?>)~"2,

is an Euclidean unit normal to the helicoidal surface ', and that its Euclidean mean cur-
vature in this orientation is
o ehv k((h? + 1)r?2 + h?) — (ht—p) ’
2(h2 + (x + hp)?)

where r? := 12 + p2. From this equality and (2.1), we have that the hyperbolic mean
curvature H of X' is

o k((h? + 1)r? 4+ h?) — (ht — p)
(4.5) I¥__@ 2(h2 + (T + hp)?)

h
These considerations yield the following existence result, which brings Theorem 3.1
in [9] to H?3.

-@+hm)

Theorem 4.2. For any smooth function ¥:R? — R and any constant h > 0, there exists
a one-parameter family of complete helicoidal surfaces of pitch h in H3 each of them with
mean curvature function H satisfying

H(X(u,v)) = W(t(u), u(u)),
where X is the parametrization given in (4.2) and t and |4 are as in (4.3).

Proof. Considering equality (4.5) for the given function H = H (<, i) and solving for k,
we have that k = k(t, i) is a smooth function of (t, ) € R2. However, by Lemma 3.2
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in [9], there exists a one-parameter family of plane curves a: R — R2, each of them with
curvature k. Therefore, for such an «, and for a given & > 0, the helicoidal surface of H3
with pitch 7 whose generating curve is « has mean curvature function H = H(t, i), as
we wished to prove. ]

Now, we verify the conditions under which a helicoidal surface ¥ = X(R?) of H? is
a rotator to MCF. By (4.2)—(4.4),
(Jr(X), n(X)) = (J(" e @), " (X)) = (Je* a, 7H(X))e
= (e"’ Ja,0e"' N)o = 0(Jat, N)e
= —Q(Ot, JN)é = Q(O[, T>e = 0T,

which, together with (4.1), implies the following result.

Lemma 4.3. A helicoidal surface ¥ = X(R?) of pitch h > 0 parametrized as in (4.2) is
a rotator to MCF in 13 if and only if its mean curvature function H = H (v, j) satisfies

(4.6) H = a

IR

In what follows, we prove the main result of this section, which provides the existence
of complete rotators in H?> by means of helicoidal surfaces, and completely describe the
topology of the corresponding generating curves (see Figure 7).

Figure 7. The generating curve of a helicoidal rotator in H?3.

Theorem 4.4. For any h > 0, there exists a one-parameter family of complete rotators to
MCF in H3 whose elements are all helicoidal surfaces of pitch h. For each such surface,
the trace of the generating curve a: R — R? consists of two unbounded properly embed-
ded arms centred at the point of o which is closest to the origin o € R?, with each arm
spiraling around o.
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Figure 8. Phase portrait of system (4.9) for h = 1.

Proof. The existence part of the statement follows directly from Lemma 4.3 and Theo-
rem 4.2. So, it remains to prove that the generating curve « of any such helicoidal surface
has the asserted geometric properties.

Keeping the above notation, we first observe that, from equalities (4.5) and (4.6), the
curvature k of « satisfies

2R 4 (x+ hp)?)((h + DT+ hp) + h(ht — ng
- h((h? + 1)r2 + h2)

Also, from (4.3) and the Frenet—Serret equations, one has

4.7 k

4.8) v=1+ku and pu = —kt,

which, together with (4.7), yields the ODE system (see Figure 8)

2% + (v + hp) ) ((h + Dt + hp?) + b2t — hp?
h((h2 + 1)r2 + h2) ’

;L _2(h2 + (t+hw)?)((h + 1)1 + htp) + h?1% — hu

- h((h? + 1)r2 + h2)

Now, we establish the properties of « = tT + uN through the following claims.

=1+

(4.9)

Claim 4.5. The ODE system (4.9) has no constant solutions, and all solutions are defined
on R.

Proof of Claim 4.5. Assume, by contradiction, that ¥ (s) = (o, o), § € R, is a constant
solution. Since v = / = 0, we have from (4.8) that k¢ := k(<o, (o) satisfies koo = —1
and kgt = 0, which yields 19 = 0 and p¢ # 0. However, from the first equation in (4.9),
one has

gy 2h( ) pg —pg P+ D) + 201+ ) g

= 0,
(h% + V) pg + h? (h% 4+ 1) g + h? g
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which is a contradiction. Therefore, (4.9) has no constant solutions. From this fact, and
since k = k(t, u) is defined on R2, we conclude that any solution of (4.9) is defined
on R. [

Claim 4.6. Suppose that any integral curve ¥ (s) := (t(s), i(s)) of (4.9) satisfies that the
limit limg_, 4 oo T(s) (respectively, limg_, oo ((s)) exists. Then limg_,_oo T(s) (respecti-
vely, limg—,_oo ((s)) also exists. Furthermore, if there exists some L € [—o0, +00] with
the property that for any integral curve,
lim t(s) =1L (respectively, lim u(s) = L),
§—>—+00

s—>—+00

then it also holds that any integral curve satisfies
lim <(s) = —L (respectively, lim p(s) = —L).
§—>—00 §—>—00

Proof of Claim 4.6. Let ¥ (s) := (t(s), u(s)) be an integral curve of the system (4.9).
Then it is easily checked that ¥ (s) := —(—s) is also an integral curve of that sys-
tem. Setting ¥ = (T, t), we have that T(s) = —t(—s) and ji(s) = —u(—s). By hypoth-
esis, limg_s 400 T(s) exists and the first part of the claim follows from observing that
limg—s_oo (s) = — limg—s 4o L(s). The remainder of the proof is argued analogously
and will be omitted. u

Claim 4.7. The function t has precisely one zero s¢ and Tt is negative in (—o0, s¢) and
positive in (so, +00). As a consequence, the function 2 = t + u2 has a global minimum
and satisfies limg_s 40 12 = 400.

Proof of Claim 4.7. First, observe that the equalities (4.8) yield
(r?) =200 + pp') = 2(e(1 + kp) + p(—kv) =21,

which implies that the zeroes of T are the critical points of 2. Also, as seen in the first part
of the proof of Claim 4.5, if t(s¢) = 0 for some s¢, then T'(sg) > 0, which gives that t has
at most one zero So, in which case t is negative in (—oo, s¢) and positive in (s¢, +00).
Next, we argue by contradiction and assume that t has no zeroes. We will also assume
that T > 0 on R, since the complementary case t < 0 can be treated analogously. Under
this assumption, the function r2is strictly increasing. So, there exists § > 0 such that

lim r2(s) = 6.
§—>—00

In particular, since T = (r2)’/2, we also have that

(4.10) lim t(s) =0,
§S—>—00

which implies that 42 — § as s — —oo. However, the first equality in (4.9) yields that
limg—, oo T'(s) > 0, which contradicts (4.10), proving that t has exactly one zero and also
that r2 has only one critical point. Consequently, both the limits of 2 as s — o0 exist
in [0, +o00].

In order to complete the proof of the claim, just note that if either lims_, oo 72 = § or
limg—s 400 r2 = § for some § > 0, the same arguments as before lead to a contradiction,
thus limg_s +o0 72(s) = +00. n
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Claim 4.8. The limits of T and u as s — F00 exist (possibly being infinite).

Proof of Claim 4.8. First, we show that k has at most one zero in R. To this end, assume
that k(sg) = O for some 59 € R. We have from (4.7) that, at s,

(4.11) 200% + (t + hw)?)((h + Dt + hp) + h(ht — p) = 0.
Also, by (4.8), T'(so) = 1 and 1/ (s9) = 0. This, together with (4.11), gives that, at s,

C2(h+ D + (t+ hp)?) + 4((h + D1+ hp)(t+ hp) + h2‘
B h((h? 4+ 1)r2 + h2)

If t(so) (so) > 0, we have from (4.12) that k' (s¢) > 0. Assume then t(sg) it (s9) <0
and notice that, by (4.11), one has

(4.13) sign((h + 1)t(s0) + hpu(so)) = sign(u(so) — ht(so)).

If t(s9) < 0 < wu(sg), then both signs in (4.13) are positive. In addition,

4.12) %

T(s0) + hp(so) = (h + D(so) + hp(so) — ht(so) > 0,

and then (4.12) yields k’(sg) > 0. Analogously, 11(s9) < 0 < t(s¢) implies k'(s¢) > 0.

It follows from the above that k has at most one zero 5o € R and, if so, k is negative
in (—o0, s¢) and positive in (sg, +00). Since, by Claim 4.7, t has exactly one zero, we
have that u’ = —kt has at most two zeroes, which implies that 1 has at most two critical
points. In particular, the limits limg_, 4 o0 t(s) exist.

To finish the proof of the claim, let us assume, by contradiction, that the limit of t as
s — 400 does not exist. In this case, for some 19 > 0, there exists a strictly increasing
sequence (S,),eN diverging to +oo and such that (see Figure 9)

w(sy) =t and T(sp)V(sp+1) <0 forallneN.

Claim 4.7 implies that lim 72(s,) = +oc0. Then we must have lim ;2 (s,) = +o0. In
this case, our previous arguments show that either lim . (s,) = 400 or lim u(s,) = —oc.
In any case, we have from (4.7) that

2 3 4
lim_ (ks (o) = tim PRI

n—>+oo h(h* + 1) ju(sn)?
In particular, for any sufficiently large n € N, t'(s,) = 1 + k(sp,) u(s,) > 0. This, however,
contradicts the fact that (t/(s;))nen is an alternating sequence. So, limg—s o, T(s) exists.
Since (T, ) is an arbitrary integral curve of (4.9), Claim 4.6 implies that limg_, oo T(s)
also exists, thereby finishing the proof of the claim. ]

Claim 4.9. We have lim;_, 1 o0 T(s) = 00 and limg_, 400 p(s) = Foo.

Proof of Claim 4.9. By Claim 4.8, all the limits above exist and, arguing by contradiction,
we first treat the case when limg_, 4 oo 4 (s) = L € R. Under this assumption, we have from
Claims 4.7 and 4.8 that lims_, o, T(s) = +00. Then, it follows from the second equation
in (4.9) that lims_, 4 oo (' (s) = —o0, which contradicts the assumed fact L € R.
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70

S1 52 3

Figure 9. Graph of t.

Suppose now that limg_, 4o ((s) = +00. From this assumption and Claim 4.7, we
have that 22 + (t(s) + hu(s))? > 1/2 for all sufficiently large s > 0. Applying this last
inequality to (4.7) yields

(h + D)(s) + hp(s) + h(ht(s) — pu(s)) (h? + h + 1)t(s)

k(s) > = > 0.
) h((h? 4+ 1)r? + h?) h((h? 4+ 1)r? + h?)
However, for such values of s, ' (s) = —k(s)t(s) < 0, which is a contradiction. Therefore,
limg—, 4 oo ((s) = —oo0. Since (t, @) is an arbitrary integral curve, Claim 4.6 applies to

show that limg_, o, £(s) = 400.

To finish the proof, assume, by contradiction, that limg_,  », T(s) is finite. Then, since
limg—s 400 () = —00, we have from (4.7) that limg_, o0 k (§) = —o0. From this, we have
limg—s 400 T'(s) = limg—s 400 (1 + k(s) (s)) = 00, which is a contradiction. Therefore,
Claim 4.7 gives that limg_, 4o T(s) = +00. Once again, limg_,_, T(s) = —o0 follows
from Claim 4.6. u

Claim 4.10. The function v := —t/u is bounded outside of a compact interval.

Proof of Claim 4.10. It follows from Claim 4.9 that v is well defined and positive at all
points outside of a compact interval of R. Assume, by contradiction, that there exists a
sequence (S,)neN in R which diverges to infinity, and such that lim v(s,) = +o0, i.e.,
lim(—p(sn)/T(sn)) = 0.

From (4.7), one has
o — 2(h* + (x+hp)*)(h + 1+ hp/v) + h*> —hp/t

N h((h? + 1)(1 + u?/<?) + h?/?)

Hence, after passing to a subsequence, we can assume that k(s,)t(s,) is positive and
bounded away from zero for all n € N. However,

400 = limv(s,) = lim

wsn) _ T (sn) —1'm< 1 u(sn)

oy =M ey = im (e + ) <

which is a contradiction.
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Analogously, we derive a contradiction by assuming that there exists s, — —oo satis-
fying lim v(s,) = +o0. This proves Claim 4.10. |

In what follows, we shall denote by w = w(s) the angle function of «, that is,
o =r(cosw, sinw).
It then follows from (4.8) that the equality
(4.14) T="a+0/a
r
holds at all points where r # 0.
Claim 4.11. We have w(s) — +oco ass — too.

Proof of Claim 4.11. Considering (4.14) and the equality (r?)’ = 21, we have that

Ll
r2

/ T /
r'=—- and o =-—
r

So, given a differentiable function ¢ = ¢(r), r € (0, +00), one has

dep dodr ds LT
4.1 ks e B <.
(4.15) do drdsde - P07

Now, define ¢(r) = log(logr). Then ¢(r) - +oo as r — +oo and

1
4.16) re'(r)= —— — 0 asr — +oo.
logr
Since, by Claim 4.10, —t/u is bounded outside of a compact interval, it follows from
Claim 4.7 and (4.15)—(4.16) that d¢p /dw — 0 as s — £ oo. Consequently, dw/d¢p — +00
as s — 00, which proves Claim 4.11. n

It follows from the above that the trace of « has one point pg closest to the origin o
(Claim 4.7), and consists of two properly embedded arms centred at py (Claim 4.9) which
proceed to infinity by spiraling around o (Claim 4.11). This finishes our proof. ]

Let ¥ = X(R?) be a helicoidal surface of pitch & in H? as given in (4.2). Consider the
subgroup § = {I'; | t € R} C Iso(H?) of (downward) hyperbolic translations of constant
speed h, i.e., Ty(p) = e~ p, and notice that the Killing field on H? determined by ¢ is
£(p) = —hp. Now, recall that the unit normal to ¥ is = €"?7, with 7 as in (4.4). From
this, we have

(&) ) = —ho(— ) = o,

so that X' is a §-soliton if and only if its mean curvature function is given by
ht

N

From this last equality and Lemma 4.3, we have the following result.

H =pot =
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Proposition 4.12. Let ¥ = X(R?) be a helicoidal surface of pitch h in H3. Then the
following assertions are equivalent:

(i) X is a rotator to MCFE.
(ii) X is a translator to MCF with respect to the Killing field £ (p) = —hp.

5. The classification of minimal translators

In this section, we prove Theorem 3.2, which is a classification of complete, properly
immersed minimal surfaces of H?3 invariant under the 1-parameter group {I';};er of
hyperbolic isometries of H?* defined (in the half-space model) by

(x,y,2) € Ri_ = Iy(x,y,2) = (e'x,e'y, e'2).

We let H? be the topological space given by the compactification of H? with respect
to the so-called cone topology (as defined in [7]) and let S?(oo) denote the asymptotic
boundary of H3. In the upper half-space model of H?3, $2(c0) is identified with the one
point compactification of R? = {z = 0}:

52(00) = R? U {o0}.

Along the proof, given a surface X' C H3, we will write doo X for the asymptotic boundary
of X, thatis, dso X := X N $2(00), where X is the closure of X in H3.

Proof of Theorem 3.2. Consider « a curve in the horosphere H := {z = 1} and assume
that ¥ = {e¢’a | t € R} is a complete, properly immersed minimal surface invariant under
the action of {I'; };er and generated by «. For the remainder of the proof, we will assume
that « is parametrized by arc length over a maximal interval /.

Claim 5.1. For 6 € [0, ), let Ly = {(r cos(6),rsin(0), 1) | r e R}. If « intersects Ly in
two (or more) points, then « = Lg.

Proof. After a rotation, it suffices to prove the claim for & = 0. Assume that there are two
distinct points p; = (r1,0, 1), p» = (72,0, 1) € @ and, arguing by contradiction, assume
that o # Lo.

Consider the compact arc a that {p;, p>} bounds in «. Since & # Ly, there exists a
point p in the interior of a where the second coordinate function y has a local maximum
or a local minimum, and we may rotate ¢ once again to assume it is a local maximum,
attained at (X, 7, 1) with > 0. Let P be the tilted plane of H?3 that contains the line
{(r, ¥, 1) | r e R} and whose asymptotic boundary contains (0, 0, 0). Then P is an equidis-
tant surface to the totally geodesic plane {y = 0} and its mean curvature vector points
upwards. Since X' locally stays in the mean convex side of P and intersects P tangen-
tially along the line {e¢’p | r € R}, we obtain a contradiction with the mean curvature
comparison principle. [ ]

A straightforward consequence of Claim 5.1 is that the curve o must be properly
embedded, / = R and, if (0,0, 1) e, ¥ is a vertical plane. Thus, assuming that X' is
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not a vertical plane, we may parametrize o as

5.1 a(s) = (r(s)cos(8(s)), r(s) sin(6(s)), 1),

where s is the arc length of o and r(s) > O for all s € R. Claim 5.1 implies that, after a
rotation in H? (and possibly reparametrizing on the opposite orientation) the function 6
must satisfy 6’(s) > 0 and

(5.2) lim 6(s) =0, lim 6(s) =64 > 0.
§—>—00 §—>+00

In fact, 64 € (0, 7r]. Indeed, arguing by contradiction, assume that 64 > 7 and choose
0* € (7, 04). Then Claim 5.1 implies that « intersects L = Lg+_, at most in one point, so
the fact that (0,0, 1) €« implies that either 6(s) € (0,60*) foralls€ I or 0(s) € (0* — ,64)
for all s € I, both in contradiction with (5.2).

For the next claim, the union of two half-lines in R? issuing from a point p and making
an oriented angle 6 € (0, 2r) will be called a 8-hinge with vertex p.

Claim 5.2. 3, X NR?is a 6, -hinge with vertex at the origin 0 := (0, 0, 0).
Proof. Using the notation of (5.1), we may parametrize X as
X = {(e'r(s) cos(8(s)), e'r(s) sin(0(s)), €") | £, s € R}.

Our next argument is to show that £o U £g, U {0} C 0o X, where, for 6 € [0, 27), we let
Ly = {(r cos(0), rsin(0),0) | r > 0}.

Note that limg_, 1 o0 7 (s) = +00, as « is properly embedded and noncompact. Consider
adivergent sequence (s,)neN C R, solim, oo 7 (s,) = +00. Take r > 0 and let, forn € N,
t, = log(r/r(s,)) and

’
r(sn)

Since r > 0 and r(s,) — +00, lim,_co /7 (s,) = 0. Furthermore, it follows from (5.2)
that lim,,_, o, 0(s,) = 04+, thus

Do = ea(sy) = (r cos(B(sn)), 7 sin(0(sy)), ) ex.

lim p, = (rcos(64),rsin(0+),0) € 00 X.
n—>o0

Since r is arbitrary, this gives £y, C 0o X. In a similar manner, we can prove that {0} U
o C 0o X.

Next, we prove that £o U £y, U {0} D (3o X N R?). Choose p € 950X N R? and,
assuming that p # 0, write p = (r cos(0), r sin(#), 0) for some r > 0 and 6 € [0, 27r). Let
(pn)neN be a sequence in X' such that p, — p, so there exist uniquely defined s,, #, € R
such that

Pn = etna(sn) = (etnr(sn)cos(e(sn))v etnr(sn) sin(0(sn)), etn)-

The fact that p, — p implies that e’» — 0. Moreover, lim,,—, o0 €7 (s,) = r, thus r(s,) —
400, and it follows that either s, — 400 (in which case 9(s;) — 64) or s, — —oo (and
6(sp) — 0). In both situations we obtain p € £o U £y, which proves the claim. |
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At this point, we have shown that a properly immersed minimal surface ¥ C H?3
which is invariant under the group {I'; };eR is in fact properly embedded and its asymptotic
boundary d,, X N R? is a 6 -hinge with vertex at 0. The existence and uniqueness of such
surfaces was proven in [8] (unpublished) and also presented in Proposition A.1 of [20],
which finishes the proof of Theorem 3.2. ]

The theory of translators in R is well developed, having many classification results
under certain geometric constraints, see Chapter 13 of [18]. On the other hand, to our
knowledge, there are no classification results for translators in H?> apart the ones we
obtained here. In light of the most known results on construction and classification of
translators in R3 (e.g., Corollary 13.48, Theorem 13.53, and Theorem 13.67 in [18]), a
natural question arises: Can translators of H?> be constructed and classified under addi-
tional geometric conditions such as being a graph, or mean convex?
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