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On reflection maps from the n-space to the n + 1-space

Milena Barbosa Gama and Otoniel Nogueira da Silva

Abstract. We consider some problems about a reflected graph map germ f from
(C™,0) to (C"*1,0). A reflected graph map is a particular case of a reflection map,
which is defined using an embedding of C” in C? and then applying the action
of a reflection group G on C?. We present a description of the presentation matrix
of f«Oy as an O, 41-module via f in terms of the action of the associated reflection
group G. We also give a description for a defining equation of the image of f in
terms of the action of G. Finally, we provide an upper (and also a lower) bound for
the multiplicity of the image of f and some applications.

1. Introduction

In this work, we consider some problems on reflection maps from C” to C"*!, Reflec-
tion maps have recently emerged in the literature and have proven to be a very interesting
subject for singularity theory, with interesting properties and challenging problems to be
explored. These kind of maps were introduced by Pefiafort-Sanchis in [21], where sev-
eral interesting problems are considered, such as L&’s conjecture, normal crossings and
A-finite determinacy. Reflection maps were also used to produce the first known counter-
example of Ruas’s conjecture ([23] see also [26]). In order to explain what a reflection
map is, let us first introduce some ingredients and notation.

Let GL(CP?) be the group of all invertible linear maps from C? to C? (the gen-
eral linear group), and U(CP?) the group of unitary automorphisms of C?. A reflection
in C? is a linear map g: C? — CP? which is unitary, has finite order (as an element
of GL(C?)) and the set of points fixed by the action of g has dimension p — 1. A finite
subgroup G of U(C?) is a (unitary) reflection group if it is generated by reflections. The
cyclic group Z4 and the dihedral D5, are typical examples of reflection groups (as long as
they are considered with convenient representations in GL(C?), see Remark 2.8). There
is a vast theory regarding reflection groups, and we will only explain in this work what we
need to get our results. A general reference for the topic is [10] (see also [8]) where one
can find a detailed description of reflection groups and also the classification of irreducible
reflection groups obtained by Shephard—Todd in 1954 (see [25]).
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In few words, a reflection map f:C" — CP? is defined by Penafort-Sanchis in [21]
simply as the composition of the orbit map w: C? — C? of the group G (see Definition 9.2
in [10]) with an embedding p: C" — C?,i.e., f = w o p.

We remark that according to Pefiafort-Sanchis, the formulation of a precise definition
of areflection map is attributed to Ferndndez de Bobadilla. A reflected graph is a particular
case of a reflection map. These kind of maps were also introduced by Pefiafort-Sanchis
in [21], and play a very important role in the theory of reflection maps. For instance,
Pefiafort-Sanchis shows that with a certain hypothesis, any reflection map germ is -
equivalent to a reflected graph map germ (see Proposition 3.2 in [21]). Let h: C? — C”
be any holomorphic map and G a reflection group acting on C?. In few words, we can say
that a reflected graph map (w, h): C? — CP7" is the reflection map obtained by taking
the embedding of / given by x — (x, h(x)), and letting G act on C? x C", trivially on
the second factor.

The objective of this work is to study some problems about reflected graph map germs
from (C",0) to (C"*!,0), where & is a map germ from (C”, 0) to (C, 0). Before we
describe the problems we will deal with, let us look at some historical cases.

The simplest class of examples of reflected graph maps are the fold maps. For instance,
the Cs-singularity of Mond’s list (see p. 378 in [15]) defined by f(x,y) = (x, y2,xy3 —
x>y) (see Figure 1). Historically, fold maps are the first examples of reflection maps that
we find in the literature. The first people to study the subject were Bruce in [2] and Mond
in [14]. A fold map germ f:(C2,0) — (C3,0) is a reflected graph map germ where
p:(C2,0) < (C3,0) is defined by p(x, y) = (x, y,h(x,y)) and w: (C3,0) — (C3,0) is
the orbit map w(X, Y, Z) = (X, Y2, Z) of the group Z, x Giq, where Giq is trivial group.

f=wop

Figure 1. The Cs singularity viewed as a reflection map.

Later, in 2008, Marar and Nuifio-Ballesteros introduced in [11] the double fold maps.
These maps are similar to folds maps, but for this class, w is the orbit map of the group
Zy x Zp and f = w o p takes the form f(x,y) = (x2, ¥2, h(x, ¥)). A detailed study of
double fold maps is given in [20]. A typical example of a double fold map germ is the one
given by f(x,y) = (x2, y2,x3 + y3 + xy) (see Figure 2).

Note that the image of f above is a singular surface in C3. If (X, Y, Z) denotes a
system of coordinates in C3, then a defining equation of the image of f is

X2Y2-2XYZ? 4+ Z*—2X%Y —2XY* —8X?Y?*Z

(1.1)
—2X372-2v37%2 4+ X6 —2Xx3y3 4+ v%=0.
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f=wop

Figure 2. The reflection map f(x,y) = (x2, y2,x3 4+ y3 + xy) (real points).

We remark that determining a defining equation of the image of a map germ in general
is not an easy task. In this way, let G be a reflection group acting in C” x C, trivially on
the second factor, through an orbit map w = (wq, ..., w,, Z). Let h: (C",0) — (C,0) be
a holomorphic function. Consider a reflected graph map germ f: (C",0) — (C"*1,0),
f(x) = (wi(x),...,w,(x), h(x)), where x = (x1, X2, ..., Xx,). We have that the action
of G on C" x C induces an action on the ring of analytic functions O, +; (which is
isomorphic to C{Xy, X», ..., X, Z}, the ring of convergent series in a neighborhood of
the origin). Thus a natural question in this setting is:

Question 1. How can we describe a defining equation of the image of a reflected graph
map germ f:(C" 0) — (C"*1,0) in terms of the action of G on h?

When n = 2, a defining equation of the image of a reflection map is described in [3]
in the case of the cyclic groups Z,, Z3, Z4 and the group Z, X Z,. In Chapter 4 of [26],
the case of the groups Z, x Z3, Z3 X Zs and Z4 is considered. However, none of these
works describe a defining equation of the image in terms of the action of G on h.

Also in the case where n = 2, Marar and Nufio-Ballesteros present a defining equa-
tion of the image of f in the case of the group Z, x Z, (see the proof of Proposition 3.1
in [11]). The technique they use is to consider the fact that one can see the pushfor-
ward f, 9, as an @3-module, via composition with f. In the sequence, using the Mond—
Pellikaan algorithm (see [18]), they determine a presentation matrix of f.(@, and then
they find a defining equation of the image as the 0-Fitting ideal of f,,, which is simply
the determinant of the presentation matrix of f,(9,. For instance, a presentation matrix of
f = (x%,y%,x3 + y3 4+ xy) (with relation to the basis 1, x, y, xy) is given by

—Z X Y 1
X2 -z X Y
Y: vy -7Z X
Xy Yv? Xx?* -z

M =

Note that the defining equation of f = (x2, y2, x> 4+ y3 + xy) described in (1.1) is
precisely the determinant of the matrix M above. Thus a natural question in this setting is
the following.

Question 2. Let f(x) = (w(x), h(x)) be a reflected graph map germ as in Question 1.
How can we describe the presentation matrix of the pushforward f.Oy in terms of the
action of G on h?



M. B. Gama and O. N. Silva 444

Note that finding the presentation matrix of f,(, may not be an easy task. For the
computations, one can use the software SINGULAR [6] and the implementation of Mond—
Pellikaan’s algorithm given by Hernandes, Miranda, and Pefiafort-Sanchis in [7]. How-
ever, depending on the complexity of f, even with the help of a regular computer, the
calculations can take days and in some cases cannot be completed due to lack of computer
memory. This is the case, for example, of maps whose coordinate functions have high
multiplicities.

In this work, we answer both questions. For Question 2, in a few words, we describe
the presentation matrix of f.(, as a product of three matrices, whose entries depend
on the action of G on & (see Theorem 3.3). We note that one importance consequence of
obtaining a presentation matrix of f,. (9, is the fact that the Fitting ideals give a convenient
analytic structure not only for the image of f, but also for the image My ( /') of the (source)
multiple points D¥( f) of f (see [18]).

We consider a reflection group G of order d and a reflected graph map f(x) =
(w(x), h(x)) as in Question 1. We present the following result (see Theorem 4.2).

Theorem 1.1. A defining equation of the image of f(x) = (w(x), h(x)) (given by the
0-Fitting ideal of the presentation matrix of fOy,) is given by the following alternating
sum:

F(X1,....Xu,2)
=2~ 0412 4 0422 4+ (DO Z + (1) Q.

The description of Q4_j in Theorem 1.1 is given in terms of a G-invariant polyno-
mial g7 (x1, ..., X,), which can be seen as a symmetric polynomial in the variables
hi,hs, ..., hg, where h; denotes the action of an element g; of G on & (see Lemma 4.1).
We remark that another way to obtain the defining equation of the image of a reflection
map is presented in [ 1] using sections of the orbit map, which is a different technique from
the one we use in this work.

As a corollary of Theorem 1.1, we obtain an upper bound for the multiplicity of f,
where f is a reflected graph map germ. More precisely, write

F=F,+Fps1+ -+ Fg 4+,

1.2)

where each Fj is a homogeneous polynomial of degree k and F,, # 0. The integer m
is called the multiplicity of V(F) in 0 and is denoted by m(V(F), 0). Note that by the
defining equation (1.2) in Theorem 1.1, we obtain as a corollary that m( f(C"),0) < d,
where d is the order of the reflection group G. Now, consider a reflection map germ (not
necessarily a reflected graph one) f: (C",0) — (C"*1,0). A natural question is:

Question 3. For a fixed (representation of) the group G, consider a reflection map germ
f:(C",0) — (C"*1,0). How big can the multiplicity of the image of f be? In other
words, is there an upper bound for the multiplicity of the image of a reflection map?

In this work, we give an answer to Question 3. An important set of invariants of a re-
flection group G acting on C"*! is the set of degrees of G, denoted by {dy.d>. ..., dp+1}
(see Proposition 3.25 in [10]). Ordering the degrees of G inthe formd; <d, <---<dy+1,
we show (see Theorem 5.4) that

didy---dy <m(f(C"),0) <dpdz---dpy1.
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Finally, as an application of our results, in the case of reflected graph map germs,
we present another way to obtain a defining equation of the double point hypersurface
of f different from the one obtained by in Borges Zampiva, Pefnafort-Sanchis, Oréfice
Okamoto and Tomazella in [1].

In order to illustrate our results, we introduce in Section 6.2 a new class of map
germs called “2m-dihedral map germs”. We show the presentation matrix of the pushfor-
ward [, and a defining equation of the image of a 6-dihedral map germ in an explicit
way (see Proposition 6.7). In Theorem 3.4 of [11], Marar and Nufio-Ballesteros showed
that there are no finitely determined quasihomogeneous (with distinct weights) double
fold map germs, i.e., f is a reflection graph map germ with reflection group Z, x Z,. We
finish this work presenting an extension of this result to the group Z, X Zg, with r,s > 2
(see Lemma 6.9).

2. Preliminaries

Throughout the text, we assume that f: (C",0) — (C"*1,0) is a finite holomorphic map
germ, unless otherwise stated. Moreover, x = (x1,...,Xx,) and (X, Z) = (X1,...,X», Z)
are used to denote systems of coordinates in C" (source) and C"*! (target), respectively.
We also use the standard notation of singularity theory as the reader can find in [17].

2.1. Reflection groups and reflection maps

Consider GL(C?), the group of all invertible linear transformations of C?. Let Id be the
identity element of GL(C?). A linear representation of a group G with representation
space C? is a homomorphism {: G — GL(C?). If ¥: G — GL(C?) is a representation,
we say that G acts on C? and we call C? a G-module [24]. The action of g € G on
v € C? is defined by gv := ¥ (g)v, and we usually omit i but denote gv by gev. For
g €GL(C?), we have Fixg := {v € C? | gov = v}.
Definition 2.1. A reflection on C? is a linear map g: C? — C? satisfying

(i) g is unitary,

(i1) g has finite order,

(iii) dimFixg = p — 1.

Let U(C?) be the group of unitary automorphisms of C?. A subgroup G of U(C?)

is said to be a reflection group if it is generated by reflections. If g is a reflection, the
subspace Fix g is a hyperplane, called the reflecting hyperplane of g.

We note that the action of G on C? induces an action of G on a holomorphic function,
as we will see in the next definition.

Definition 2.2. Let g € GL(C?) and let P € @, be a holomorphic function. We define the
action of g on P by

(geP)(v) := P(g"'(v)), forallveC?.

We note that for any g € G, the action of g on P, Q € O, has the following property:
Ze(PQO) = ge(P)ge(Q). We say that P € S is G-invariant if g¢P = P forall geG.
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f=wop

Figure 3. Illustration of a reflection map.

The algebra of invariants of G 1is the algebra of G-invariant holomorphic functions
(91,G ={Pe0U,|g.P = P forall geG}.

The following lemma can be found for instance in Lemma 3.17 of [10]. It gives us a
way to obtain the action of a reflection of G on an element of ©,.

Lemma 2.3. Let g be a reflection in GL(C?), and let Fix g be is its reflecting hyperplane,
with Fixg = KerLg. Then for all P € Op, there exists Q € O such that

P =P+L,0.

It follows from Lemma 2.3 that if g is a reflection, then (P — geP)/Lg = —0 € O).
So we can consider the operator Ag: @, — O, given by
P —g.P
Ag(P) = .
g
where g is a reflection of G. This operator is also known as the Demazure operator.
Consider now the operator Av: O, — (91,6 given by

AV(P) = é (g;G g.P).

This operator is also known as the Reynolds operator. It is clear from the definition
that Av(P) € (9PG and that Av(P) is either O or has the same degree as P. Moreover, for
P e (91,G, we have Av(P) = P and therefore Av?> = Av. Thus Av is a projection of Op
onto (9}(,; . In fact, a somewhat stronger statement is true, namely that for P € (91,6 and
Q0 €S, wehave Av(PQ) = P Av(Q), so that Avisa (DI?—module homomorphism.

The orbit map w of a group G acting on C? determines a way of “folding” C?, gluing
an orbit of G to a point [21]. Figure 3 illustrates a geometrical idea of the notion of a
reflection map.

Since G acts on C?, then by Shephard-Todd’s theorem (Theorem 5.1 in [25], see also
Theorem 3.20 in [10]), we have that the algebra of G-invariant holomorphic functions (DPG
can be generated by p homogeneous holomorphic functions.



On reflection maps from the n-space to the n + 1-space 447

Definition 2.4. The orbit map of a reflection group G is a map w: C? — C? whose
coordinate functions are homogeneous polynomials wy, w, ..., w, in S that generate J.
The set of degrees dy, .. ., dp of G are the degrees of wy, wa, ..., wp, respectively.

The map w is unique up to invertible polynomial transformations in the target. Fur-
thermore, it is well known that the degrees of G do not depend on the choice of the set of
generators wy, ..., wp of O f . Since we work with objects which are invariant under such
transformations, the choice of w does not matter. This justifies our calling w the “orbit
map” of G.

Remark 2.5. From Theorem 3.20 in [10], we know that (9PG ~ C{wi, ..., wp}, which
means that forall g € G and all P € C{w;,...,wp,}, we have g, P = P.

Example 2.6. Consider the generators of the dihedral group D5, in GL(C?),

0 1 eZJTi/m 0
R=|:1 Oi| and S=|: 0 e_z’”/’"]'

The orbit map w: C? — C2 of D,,, is given by
(x.y) = (xy. x™ 4+ y™).

One of the most important results about the orbit map is Noether’s theorem [19], which
allows us to conclude that the set w™!(w(v)) is the orbit of G in v, i.e., the set

Gv :={gev | g€ G}.
Theorem 2.7 (Noether). For any v € C?, w™l(w(v)) = Gv.

Considering G = Z4, Figure 4 illustrates Noether’s theorem.

w
_-" ARt
g4V /) g3V )
/ 77
/ /7
S MR-, ww) /)
Idv—v // g2v ) ////
p e J _________ Y
., e eaa- /
Yoo -
RPN
w (w(v))

Figure 4. Orbit map of a reflection group.

Remark 2.8. It is important to mention that whether a group is a reflection group or not
depends on its representation in GL(C?). For example, the cyclic group Z, generated by

the matrix
1 0
K= [O eZni/d]
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is a reflection group, since K is a reflection. On the other hand, the group generated by the

matrix 2mifd
et 0
K' = [ 0 (62ni/d)k:| ’

with ged(k,d) = 1, is isomorphic to Z .

Suppose that (K') ~ Z, is a reflection group. By Section 8 of [25] (see also The-
orem 4.14 in [10]), we have that the number of reflections in Z4 is d — 1 (obviously the
identity matrix is not a reflection). Therefore, every element g € (K’) with g # Id is a
reflection. Note that Fix K’ = 0 (which has dimension 0). By Definition 2.1, K’ is not a
reflection, a contradiction. Therefore, (K’) cannot be generated by reflections.

Let G be a reflection group acting on C?. Let Fix gy, ..., Fixg; be all the (distinct)
reflecting hyperplanes of G (where g; is a reflection of G). Let ord(g;) be the order of g;
and let Lg, ..., Lg, be linear forms such that Fixg; := KerLg,. An important relation
between the orbit map and the defining equations of the reflecting hyperplanes of G is
given by the following proposition, which can be found for instance in Theorem 9.8
of [25]. We shall denote the Jacobian matrix of the orbit map w by jac(w).

Proposition 2.9. For some non-zero constant ¢, we have that

L
det(jac(w)) = ¢ 1_[ L;rid(g")_l.

i=1

Definition 2.10. Let G be a reflection group acting on C? and let h: C? — C” be any
holomorphic map.

(a) A G-reflectionmap f:C" — C? is a map given by the composition of an embedding
p: C" — CP with the orbit map w: C? — C? of G, i.e., f = wo p.

(b) The G-reflected graph of & is the map (w, h): C? — CP*", given by f(x) =
(w(x), h(x)).

The G-reflected graph f = (w, &) is the G-reflection map obtained by taking the
graph embedding /4, given by x — (x, h(x)), and letting G act on C? x C7, trivially on
the second factor (a trivial extension of the action to C?*7). To simplify, we will omit G
and simply say reflection map, when G is clear in the context. Throughout this work, we
will only consider G-reflected graphs in the case where r = 1. For a G-reflection map, we
will consider only the case where p =n + 1.

3. The presentation matrix of reflection maps

In this section, we will consider a reflection group G acting on C” and a holomorphic
function h: C* — C. We consider an extension of the action of G on C” x C, simply
by making G act trivially on the second factor; in this sense we also consider an orbit
map w = (Wy, ..., Wy, Z). We will study a reflection graph from (C”,0) to (C**1,0)
given by f = (wy, ..., wy, h). In this context, we will provide an answer to Question 2
in the introduction, i.e., we will present a presentation matrix of the pushforward f.O,
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as an 9, 4+1-module, via composition with f, where f is a reflected graph map germ. We
note that our way to construct the presentation matrix depends only on the action of G
on h.

Before we do this, we introduce some notation. Let f: (C",0) — (C**1,0) be a
finite analytic map germ, let ry, r3, ..., r¢ be elements in ,, and denote the maximal
ideal of 0,41 by m. Note that O, is a finite 9, 41-module via f and if the classes of
r1,...,r¢ in O,/ f*m generate it as a vector space over C = Oy, 41/m, then ry, ..., 1y
generate O, as 0,4 1-module via f (see, e.g., Corollaries D.1 and D.2 in [17]). It is clear
that we can take r; = 1, and we shall do so from now on. A presentation of @, over O, +1
is an exact sequence

A 14
3.1) Oy — 05 — 0, —0
of O, +1-modules. It follows by Lemma 2.1 in [18] that » = s = £ in (3.1). We say that A
in (3.1) is the presentation matrix of f,.0,. Mond and Pellikaan also give an algorithm to
construct a presentation (for details, see Section 2.2 of [18]).

Let G = {g1,..., g4} be a reflection group of order d acting on C". We will adopt
the notation w = (wy, wy, ..., wy,) for the orbit map of G, (X, Z) = (X1,..., Xy, Z)
for the coordinates of C"*! (target), and x = (x1, X2, ..., X,) for the coordinates of C"
(source). Throughout this work, the bold notation (e.g., w, x and X) will always be used
to represent an n-tuple. Recall that, according to Definition 2.1, an element g € G is a
reflection on C" if g is unitary, has finite order, and satisfies dimFixg = n — 1. We denote
by R the set of all reflections of G.

Recall that a reflected graph map germ f: (C",0) — (C"*1,0), f(x) = (w(x), h(x)),
is obtained as the composition f = w o p, where p is the embedding (x, 2(x)) and w is
the orbit map of G. Denote by ¥ := p(C") and X = w(¥). Note that X = f(C") =
V(F(X, Z)), where F(X, Z) is a defining equation of the image of f which is obtained
as the determinant of the presentation matrix of fi(9,). It follows that a defining equation
of (¥,0)is Z — h(Xq,...,X,) = 0. By Noether’s theorem (see Theorem 2.7), we have
that

d
w ' w®) = Jg.Y.
i=1
The pre-image of X by w consists of the orbit of ¥ under the action of G. We will show
in the following lemma that a defining equation of w™! (w(¥)) is given by

(3.2 (Z = g1.1(X)) - (Z — g2 1(X)) -+ (Z — gao h(X)) = 0.

The following lemma will be a key tool to prove Theorem 4.2, where we will provide
a defining equation of the image of f. We will also show that the defining equation
of w™(w(¥)), described in (3.2), coincides with the pullback of the defining equation
F(X,Z) of (X,0) by w, which will be denoted by F(wq,...,w,,Z) = F(w, Z).

Lemma 3.1. With the notation above, let f:(C"*,0) — (C*T1,0), f(x) = (w(x), h(x))
be a reflected graph map germ, then w="(w(¥)) = V(F (w, Z)). Furthermore,

d
(3.3) F(w,Z) = [ [(Z = gre(h(x))).

k=1
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Proof. Note that (X,0) C (C"*1,0) is defined by a single equation (the determinant of
the presentation matrix A[X, Z] of fxO, as a O, +1-module via f, denoted by F (X, Z)).
Since F(X, Z) is a defining equation of X, it follows that the pullback F(w, Z) of
F(X,Z) by w is a defining equation of w—!(w(¥)). Let us show that F(w, Z) can be
factored as in (3.3).

By Corollary 3.29 in [10], we have that

C{x1,x2,...,%Xn}

dimc =|G|=d.

(wy, wa, ..., wy)
Let1=ry,r3,...,rg be abasis of C{x}/{w) as a C-vector space. By Lemma 3.28 in [10],
there are p1, pa,..., pg in C{x} such that

h = rlpl(w) +7'2p2(U)) +-+ rdpd(w)v

Note that p;(w) = p;(wy, ..., w,) are uniquely determined by % and the orbit map w.
Now we will follow Mond-Pellikaan’s algorithm (see Section 2.2 of [18]) to construct a
presentation matrix A[X, Z] of f. O, as an O, 1-module via f. Let us first consider the
matrix

@11 011 Q12 - U1g4g
Q21 Oz22 023 -+ 024

a[X] = ®31 32 Q33 -+ (34 ,
Ug,1 Qdp ®d3 - Odd |44

where the ¢; ; (X ) are in C{X} and satisfy the relation

d
3.4) ri-h=2(ai,j(w))-rj, fori =1,...,d.

Jj=1

Again by Lemma 3.28 in [10], we note that the «; ; are uniquely determined by /2 and w.
Thus, the presentation matrix of f, O, is

a1 —2Z ) a3 1,4

a1 ar2—Z2Z 23 a4

AMX,Zl=a[X]-ZId = | 9321 a3y @33—Z - Q3g
Q4,1 Qd2 g3 gd—Z

Having defined the presentation matrix A[X, Z] according to Mond—Pellikaan’s algo-
rithm, now we would like to factorize F(w, Z) as in (3.3). Substituting X forw in A[X, Z]
and o[ X], we obtain the matrices A{w, Z] and a[w], i.e., A[w, Z] (respectively, a[w]) is
the pullback of A[X, Z] (respectively, @[ X]) by w. Clearly, the determinant of A[w, Z] is
equal to F(w, Z).
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Let K := Frac(C{x}) and consider o[w] as a matrix with entries in K. Note that
Alw, Z] = (a¢[w] — Z1d), where 1d is the identity matrix. Therefore F(w, Z) is precisely
the characteristic polynomial of «[w]. Let us find the eigenvalues of «[w]. Consider Id =
g1.82,...,&4 the elements of the reflection group G. For alli = 1,...,d, we obtain from
equation (3.4) that

(3.5) aji(w)-ri+-+oa(w)rg =h-r.
Since each o; j(w) = «; j (w1, ..., wy) isin C{wy, ..., w,}, by Remark 2.5 we have
that o; ; (w) is invariant under the action of G for all i, j € {1, ..., n}. Thus, applying the

action of gx € G in (3.5), we obtain that

i1 (W) - Zro(r1) + o+ + i g (W) - gro(Td) = Gko(h) - gkolri),

from which we conclude that

a1 O o3 o Opg Zke(r1) 8ke(r1)
0z Oz Q23 -+ 04 gke(r2) gke(r2)
a3,1 Q32 Q33 - 03g | .| Gke(r3) | = gre(h) Zke(r3)
g1 Ogp Qg3 0 Qgg 8kelra) Zke(ra)

In this way, for all k = 1,...,d, we have that (gxe(r1), Eke(72)s - -, Cke(ra)) is
an eigenvector of o[w] with respective eigenvalue g, (/). Consider the matrix £ whose

columns are the eigenvectors (gx¢(r1), &ke(72), - - -, &ke(rd)), i.€.,
g1e(r1)  g2a(r1) - gaa(r1)
gl.(rl) g2.(r2) gdo(r2)
E=| I
81e(ra—1) 824(ra—1) -+ gae(ra-1)
glo(rd) glo(rd) gdo(rd)

It follows, by Gutkin’s theorem (see Theorem 10.13 in [10], where the matrix A4; ; in
Definition 10.6 of [10] is the matrix E in our setting), that the determinant of E is non-
zero. Hence, the set of these eigenvectors are linearly independent. Therefore,

d
(3.6) detAlw. Z] := F(w, Z) = [[(Z — gko(h(x))).
k=1

This completes the proof. ]

Remark 3.2. (a) In the sequel, given a matrix M = (m; j (w1, ..., w,)), where each m; ;
is in Clwy, ..., wy] (.., m; ; is G-invariant), we denote by w* (M) the matrix obtained
by exchanging w; for X; inm; ;,i.e.,

w*(M) = (mi,j(Xl,...,Xn)).
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(b) Let A[X, Z] be the presentation matrix of f, O, as a O,11-module and let A[w, Z]
be as in Lemma 3.1. With the notation above, consider the matrices E and A below:

i g1e(r1) g24(r1) gde(r1)
g1e(r2) 824(r2) gde(r2)
E=| S
glo(rd—l) g2.(rd—l) e gdc(rd—l)
L g1e(ra)  g24(ra) -+ gae(ra)
[ g14(h) 0 o - 0
0 g24(h) O --- 0
A= IR
0 0 o --- 0
. 0 0 0 - gao(h)

As we mentioned in the proof of Lemma 3.1, E is the eigenvector matrix of A[w, 0]
and the elements that appear on the diagonal of the matrix A are the eigenvalues of A[w, 0].
This motivates the following theorem.

Theorem 3.3. Let f:(C",0) — (C**1,0), f(x) = (w(x), h(x)), be a reflected graph
map germ. Consider the matrices E and A as above and set Az := (A — Z1d). The
presentation matrix of fxOy as a O, 41-module A[X, Z] is expressed as the product of the
matrices E, A and E™, i.e.

AX, Zl = w*(E-Az-E™Y).

Proof. From the proof of Lemma 3.1, we have that E~'A[w,0]E = A. In other words,
the matrix £ diagonalizes the matrix A[w, 0]. Thus,

AMw,Z] = EAE™' - ZIld=E(A—ZI)E ' = E-Az-E™L.
Now, the result follows from the fact that w*(A[w, Z]) = A[X, Z]. |

Definition 3.4. The quotient @, /(wq, ..., wy) is called the coinvariant algebra of the
reflection group G (see Section 5 in Chapter 3 of [10]).

Another important space in the theory of reflection groups is the space # of G-har-
monic analytic functions (see Definition 9.35 in [10]). For the purposes of this work, we
highlight the fact that # is isomorphic (as a G-module) to the coinvariant algebra of G.
Thus, in what follows, we can identify # with O, /(wy, ..., w,) as G-modules.

In the proof of Lemma 3.1, we obtained that the determinant of the matrix E is not
zero. Actually, we can say more about that determinant. First, let us establish some nota-
tion. Consider a reflection group G of order d acting on C” x C (trivially on the second
factor). Denote by Fix g1, ..., Fix g; the (distinct) reflecting hyperplanes of G. Let L, be
a linear form from C"*! to C such that Fixg; = V(Lg,) for alli. Let g; be a generator of
the cyclic group which fixes Fix g; and denote the order of g; by ord(g;). The following
proposition gives us an expression for the determinant of E.
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Proposition 3.5. Let G be a finite reflection group and let f:(C",0) — (C"*1,0) be a
reflected graph map germ. Then for some non-zero constant c, we have

4
det(E) = ¢ 1_[ LgiIG\(Ord(gi)—l)/Z.

i=1

Proof. Consider the coinvariant algebra @, /(w1,. .., wy) of G. By Corollary 3.29 in [10],
we have that
On/(w1,... wy) = CY,

as C-vector spaces, where d := |G|. Take a basis of the coinvariant algebra {ry,72,...,74}
with r; = 1 as usually. By Proposition 3.2 in [10], we can see M := C¢ as a G-module,
where the representation of G on C? ~ 9, /(wy, ..., w,) is the regular representation
(see Section 1.2 of [24] for the definition of a regular representation of a finite group).
Consider the canonical basis

{egi egy oo eg )
of C? indexed by the elements of G. The dual M* = Homc (M, C) has dual basis
{»1,...,ya}, where y; := €% is the linear functional from C¥ to C defined by vilegr) =

;% (the Kronecker symbol). By Corollary 9.37 in [10], we have that # is isomorphic to
the coinvariant algebra of G (as G-modules). Furthermore, there is a canonical isomorph-
ism

(H# @ M*)® =~ Homcg(M, #)

sending ), A¢ ® ¢ to the linear operator v — ), ¢¢(v) Ay (see Lemma 10.2(ii) in [10]).
Now construct explicitly d morphisms ¢, € Homcg (M, #) (one foreachk = 1,...,d)
as follows:

ok M — H, erleg) =g rx.
Note that for g, g’ € G, we have that
or(g - eq) = prlegrg) = (8'8) e =g" - (g-1%) =g - pr(eg).

Thus ¢ € Homcg (M, #). Therefore, ¢1, ..., g span the space Homcg (M, #).
Passing back to the tensor side, the image corresponds to an element 1y € (# ® M*)S:

d
Up = ZAkj ® yj, where Ag; € H.
j=1

By definition of the correspondence,

Arj = gr(eg;) = gj * k-
So we obtain that
(3.7 Aj=gj-1k, 1=k, j=d.

Thus, in this context, the matrix £ in Remark 3.2 (b) coincides exactly with the matrix Ag;
in (3.7) (see also Definition 10.6 in [10]). Recall that # is the set of hyperplanes Fixg,
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where g is a reflection in G. Gutkin’s theorem (Theorem 10.13 in [10]) states that there
exists a constant ¢ # 0 such that

det(E) =c- [ LM,
Fixgeh

Here, C(Fixg, M) is determined by the restriction of M to the cyclic stabilizer Grixg. For
the regular representation, one finds that

. ord(g) — 1
C(Fixg. M) = |G| (~—5—)
(see for instance the proof of Theorem 10.13 in [10]). This completes the proof. ]

Corollary 3.6. Let f:(C",0) — (C"*1,0), f(x) = (w(x), h(x)), be a reflected graph
map germ. Then

1
1‘[@ 1LH\Gl(ei—l)/Z
1= i

Ax. 7] = w( E- Az - Adi(E)),

where Adj(E) denotes the adjoint matrix of E (the transpose of the cofactor matrix of E).

Example 3.7. Consider G = Z, x Z, and a double fold map germ f: (C2,0) — (C3,0)
given by
f(x,9) = (2,92, h(x, y)).

We can write
h(x,y) = xp1 + yp2 + xyps, where p; = p;(x*, y?).

Note that 7y = 1, 75 = x, r3 = y and r4 = xy generates C[x, y]/(x2, y?) as a C-complex
vector space. The matrices E, Adj(E) and Az are

1 1 1 1 4x22yz2 4xyz2 4x§y 4xy
|l x —x X —x . | 4xcys —4xy 4x°y —4xy
E= y ¥ -y =y |’ Adj(E) = 4x2y?  4xy?  —4x?y —4xy |’

Xy —Xxy —XxXy Xy 4xzy2 —4)cy2 —4x2y 4xy
and
h—Z 0 0 0
A, = 0 hy—Z 0 0
z= 0 0 hs—Z 0 ’
0 0 0 ha—Z
where

hy = xp1 + yp2 + xyps,
hy = —xp1 + yp2 — xyp3,
h3 = xp1 — yp2 — Xyp3,
h4 = —xp1 — yp2 + Xyp3.
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The group Z, x Z, has two reflecting hyperplanes given by Ly, = V(x) and Lg, =
V(y). All reflections of G have order 2, therefore ¢; = e, = 2. By Proposition 3.5, we
obtain that det(E) = cx2?y? for some constant c. Actually, det(E) = 16x2y2.

Making the product E - Az - Adj(E) and multiplying the entries of the resulting matrix
by 1/16x2y2, we obtain the following matrix:

= D1 P2 D3
x?py -Z x*ps p2
Aw. 2] = yip2  ¥ps —Z p;
x2y2ps y2ps x*p1 —Z

Now, making the change of x2+— X, y> = Y in Aw, Z], we obtain the presentation
matrix

-Z p1 p2 D3

Xpr —Z Xpz p2

Yp» Yps —Z p1 |’
XYps Yp» Xp1 —Z

AX.Y,Z] =

which is exactly the same matrix A[X, Y, Z] that appears in the proof of Proposition 3.1
in[11].

4. The image of a reflected graph map

In this section, we provide an answer to Question | from the introduction. Specifically,
we give a defining equation of the image of a reflected graph map germ f from (C”,0)
to (C"*1,0) in terms of the action of the reflection group G on & (the last coordinate
function of f'). Let us start with an example to illustrate our answer to Question 1.

Consider the reflection group G = Z4 acting on C2 x C (trivially on the second factor)
with orbit map w = (x, y*,z). Let f:(C2,0) — (C3,0) be a reflected graph map germ,
given by

fy) =y yp1+ 32 pa + 97 pa).,

where p; = pi(x,y*) fori =1,2,3. Note that r; = 1,7, =y, r3 = y? and ry = y3
generate C[x, y]/(x, y*) as a complex vector space. Applying Theorem 3.3, we obtain
the presentation matrix of fi(@;) as a @3-module via f given by

-Z p1 p2 p3

_|Yps —Z mn P2
ALYz = Yp Yps —Z p
Ypi Ypy Yps —Z

Therefore, calculating the determinant of A[X, Y, Z], a defining equation of the image
of f is given by
F(X.Y.Z)=Z"+ 022% - Q1Z + Qo.
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where

Q> = —4Yp1ps — 2p3.
Q1 = 4Ypips +4Y % psp3,
Qo = Y?(p3 —4p1p3ps +2pip3) — Y pi — Ypi.

Now set g; (x, y) := w«(Q;) = Q;(x, y*). Thus we obtain that

q2(x.y) = —4y* p1ps — 2p3,
q1(x,y) = 4y*pip2 + 4y° p2 p3,
qo(x.y) = y¥(p3 —4p1p3p3 + 2pi p3) — 25 — y* ol
where now we have p; = p;(x, y%).
A curious fact is that we can express each ¢; in terms of symmetric polynomials in the
“variables” h;; more precisely,
(]2()6, y) = hth + hlhB + h1h4 + h2h3 + /’l3h4,
q1(x,y) = hihohs + hihohgs + hihsha + hohshy,
qo(x,y) = hihahsha,
where
hi = giJ(xp1 + ¥ p2 + ¥>p3).

More precisely,

hi = ypi +y*p2 + ¥’ p3,
hy = —ypi + y>pa = > ps,
hy =iypi —y>p2 —iy*ps,
hy = —iypr — y*p2 +iy° pa.
Note that, in particular, the polynomials g; are invariant under the action of G. We will

show in this section that this same behaviour happens for any reflected graph map germ.

Lemma 4.1. Let G = {g; =1d, g2, ..., 84} be a reflection group and let h be a function
in C{x}. Define h; by gi  h, that is, h; is the action of g; on h. Then forallk €{1,2,...,d},

the polynomial
Qd—k = Z hilhiz"'hik
i1<i2<~-~<id
is invariant under the action of G. In particular, gg— € Clwy, ..., wg].

Proof. Consider the ring A := Clhy, ha, ..., hg] and let Sym(A) be the set of symmetric
polynomials in the “variables” hy, A5, ..., hg. Note that by definition, ¢;_x € Sym(A) for
each k. For all [ > 1, consider the power sum symmetric polynomial m; = hy + ht +
.-+ hg'. A well-known result states that any symmetric polynomial in /1, . .., hg can be
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expressed as a polynomial expression with rational coefficients in the power sum symmet-
ric polynomials my, . ..,mg (see Theorem 6.1 in [9]). In other words, the m,ms, ..., mg
are the generators of the algebra of symmetric polynomials Sym(A), that is,

Sym(A) = Clmy,...,mq].

Observe that, since g4 € Sym(A), there is Qg € C[my, ms, ..., my] such that
qd—k = Qa—x(my,ma,...,mg). From the fact that the Reynolds operator is a projection,
it follows that each m; is invariant under the action of G. Therefore, g is also invariant
under the action of G. u

Now, since each g4 is invariant under the action of G, i.e., we can think that q;_x
isin Clwy, ..., wg]. Thus, we can define w*(qg— (W1,...,wg)) =: Qg—r(X1,..., Xq),
i.e., we can change the “variable” w; by the (target) variable X; in g;_;. We are now able
to present a defining equation of the image of a reflected graph map germ.

Theorem 4.2. Let G be a reflection group of order d. Let f = (w, h) be a reflected
graph map germ from (C",0) to (C"*1,0). The image of f is given as the zero set of F
(which is the determinant of the presentation matrix of fOy), where F is described as
the following alternating sum:

FX.Z)=Z% = Qa1 Z97" + Qua Z97% 4+ -+ (1) Q1 Z + (=1)? Qo,
where Qg = qq—r(X), and qq—i is described in Lemma 4.1.

Proof. Consider the image of f given by the zero set of F(X, Z), where F denotes
the determinant of the presentation matrix A[X, Z] of f.O, as a O,4+;-module via f.
Consider the pullback F(w, Z) of F(X, Z) by w. It follows by Lemma 3.1 that

d
(4.1) F(w,2) = [ [(Z = gre(h(x))).

k=1
Considering /iy := g h as in Lemma 4.1, we have that
(4.2) Fw.Z)=(Z -)(Z —h3)---(Z = ha).
Expanding the expression (4.2), it follows from Lemma 4.1 that
Fw.Z) =2 —qi1 27" + qa2 27+ + (D' 01 Z + (=1)qo.
Since the polynomials gz are invariant, we can consider
W (ga—k (W1, ..., wa)) = Qa—k(X1,.... Xa).
and therefore,
F(X.2) =72~ 041277 + Qa2 27 + -+ (=D Q1 Z + (=1)? Qo

as desired. [
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5. The multiplicity of a reflection map germ

In this section, we will present an upper (and also a lower) bound for the multiplicity of
the image of a generically 1-to-1 reflection map germ f from (C",0) to (C"*!,0), in
general, not necessarily a reflected graph map. To state our result, we begin by recalling
the notion of multiplicity.

Consider a germ of analytic function F: (C"*!,0) — (C,0) reduced at the origin with
F #0.Let (V(F),0) be the germ of the zero set of F at the origin. Write

F=F,+Fuy1+ -+ Fc 4+,

where each F is a homogeneous polynomial of degree k and F;, # 0. The integer m is
called the multiplicity of V(F) in 0 and is denoted by m(V(F),0). Clearly, the multiplicity
of m(V(F), 0) is greater than or equal to 1. An important property of the multiplicity is
that m(V(F),0) = 1 if and only if (V(F), 0) is non-singular.

Once we have the notion of multiplicity in hand, let us return to the Question 3 from
the introduction. Consider a reflection map germ f: (C",0) — (C"*1,0).If f = (w, h)
is a singular generically 1-to-1 reflected graph map germ, then by Theorem 4.2 we have
that

F(X.Z)=Z% Q041 Z% "+ 042292+ + (=)0, Z + (-1)? 0y

is a defining equation of the image of f,i.e., f(C") = V(F).
Since f is generically 1-to-1, we have that F is reduced (see Proposition 3.1 in [18]).
As a consequence, we obtain that

(GRY) 2=m(f(C"),0)<d =G|

However, if f is a reflection map germ (not necessarily a reflected graph map germ
one), it is not clear how big the multiplicity of the image can be. In Theorem 5.4, we
provide an upper bound (and also a lower bound) that generalizes the one given in (5.1).
Before stating the theorem, we introduce an auxiliary lemma.

Remark 5.1. Let (X, 0) and (Y, 0) be germs of irreducible analytic sets. Let f: (X,0) —
(Y,0) be a finite surjective analytic map germ. We denote the degree of a map f by
deg(f). Roughly speaking, the degree of f is the number of pre-images of a generic
value in the image of f. The precise definition is given, for instance, in Definition D.2
of [17]. An important fact about the concept of the degree of a map is its multiplicative
property. Suppose g: (Y, 0) — (W, 0) is a finite surjective analytic map germ, where (W, 0)
is an irreducible analytic set. Then deg(g o f) = deg(g) - deg(f).

Suppose that (X, 0) is a germ of dimension 7 and that (X,0) C (C"*!, 0). Now let
Ii, 1y, ..., I: (C"1 0) — (C,0) be generic (reduced) linear forms. Let 7: (X, 0) —
(C*,0), # = (I1,...,1I,), be the restriction to X of the (generic) linear projection 7
from C"*! to C". Here, “generic linear projection” means that Ker(r) := 771(0) is a
generic line in C**! such that Ker(r) N X = {0}.

For a generic x close enough to 0, 77 !(x) is a subspace parallel to Ker(r) which
intersects X in a finite number of points; this number is precisely m (X, 0) (see for instance
Section D.3 of [17]). In other words, the multiplicity can be seen as the local intersection
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number at 0 of X with a generic line in C"*!. We note that this local intersection number
is independent of the choice of the generic line (see Section D.3 of [17]).

Lemma 5.2. Consider a reflection map germ f:(C",0) — (C"*1,0), f =wop. Asin
Remark 5.1, let w = (I1,...,1,) be a generic linear projection from (C**1,0) to (C",0).
Consider the image of f with the Fitting structure, i.e., (f(C"),0) = (V(Fo(f«04)),0)
and let L: (C"*1,0) — (C, 0) be a reduced (non-singular) analytic function such that
(p(C™),0) = (V(L),0). If f is generically 1-to-1, then

. (9n+1
C").0)=d '
m(f(C"),0) M L iow, ... lInow)

Proof. As in Section 3, set
(f(C"),0) = (X.0) and (p(C"),0) = (¥,0).
Let 7: (C"*1,0) — (C",0) be a generic linear projection,
w(x, xXn+1) = (L1(X, Xn41), -+ In (X, Xn41))-
By Remark 5.1, we obtain that
deg(m o w),) = deg(wy,) - deg(m,.) and m(f(C"),0) = deg(n|,).
Furthermore,

1 = deg(f) = deg(p o wy,) = deg(p) - deg(w), ) = deg(wyy).
Hence,
deg(m o wy,,) = deg(m,.).

Therefore,
m(f(C")rea) = deg(mw o wyy,).
Finally, we have that

. (93/0 . (9n+l
d —d ; —d ,
egm o wy) = dime ey = M o w. . o w)

which concludes the proof. ]

Let (¥1,0),...,(Y,41,0) be germs of hypersurfaces in (C"+1,0). Let Ly, ..., L,y
be germs of analytic functions from (C"*1,0) to (C,0) such that (¥;,0) = (V(L;),0). We
will denote the intersection multiplicity of (¥1,0),...,(¥,+1,0) at0by i(Y1,..., Ynt1).
If the intersection (¥1,0) N --- N (Y541, 0) is just the origin, then the intersection multi-
plicity is a finite number and can be calculated as

. . On+1
i(Yy,....Y = dim¢ .
& w+1) (L1,La,...,Lpy1)
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Remark 5.3. We remark that the intersection multiplicity of hypersurfaces is greater than
or equal to the product of the multiplicities of each hypersurface, i.e.,

(5.2) Y1, Y1) 2m(¥Y1,0) - m(Y2,0)---m(Yy41,0),

with equality if and only if the intersection (¥1,0) N --- N (Y, 41, 0) is transversal, i.e.,
the intersection of tangent cones of (¥;,0) is also just the origin 0 in C"*!. See Chapter 7
of [5] and p. 151 in [4] for details on the intersection multiplicity of hypersurfaces.

Theorem 5.4. Let f:(C",0) — (C"*1,0), f = w o p, be a generically 1-to-1 reflection
map germ, and let G be a reflection group acting on C" !, Letdy < dp < -+ < dy4, be
the degrees of G. Then

(5.3) dldz"'dn < m(f((C"),O) < d2d3"'dn+1 < |G|

Proof. Denote by (X) = (X1, ..., X, 11) the coordinates of C**! (the target of f).

Let L: (C"*!,0) — (C,0) be a (reduced) non-singular analytic function such that
(p(C™),0) = (V(L),0). We have p: (C",0) — (C"*1,0) and w: (C**1,0) — (C"*1,0),
with w = (wy, ..., wWy+1). In order to avoid confusion with the notation, let (x) =
(x1,...,Xp) be the coordinates of C” (the source of p), and let (y) = (y1,. .., yn+1) be the
coordinates of C"*! (the source of w, equivalently in the target of p). Let w: (C"*1,0) —
(C™,0) be a generic linear projection,

(X)) = (L (X),..., (X)),
in the sense of Remark 5.1, where fori = 1,...,n,
LX) =bia X1 +bi2Xo+ -+ bint1Xns1,

with b; ; € C, and
Ker(m) N f(C") = {0}.

Thus,
n+1

li ocw = E b,-,jwj.
j=1

By the genericity of r, we can assume that all the b; ; are non-zero complex constants.
By Lemma 5.2, we have that

0n+1
+1 +1 +1 ’
(L, 372 by jwy, Y525 by jwy, .y 371 by jwy)

After equivalences in the quotient ring in (5.4) and by the genericity of &, we can find
non-zero complex constants b;, ; such that

m(f(C"),0)
(5.5 = dimc

(5.4) m(f(C"),0) = dimc

(9n+1

(L. Yt by jwi, Y0 baywy, Y02y bsjwy . Y0 By wy)
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Note that the right-hand side of (5.5) can be viewed as an intersection multiplicity of n + 1
hypersurfaces in C"*!. Using the notation ¥ = V(L), we obtain that

50 mr@.0 =¥ (X ) V(X has ) V(X))
j=1 j=2 j=n

Note that d; = m(V(w;), 0) by definition and m(¥,0) = 1. By (5.2) in Remark 5.3
and (5.6), we conclude that

m(f(C"),0) > dyd---dp.

Now, we need to obtain an upper bound for the multiplicity of the image of f. Since w
if finite, then O, 11 /(w1(y), ..., Ws+1(y)) < 0o. Therefore, if y; is a factor of w;, then y;
is not a factor of wy for all s #£ j. After a change of coordinates in (C**!,0), we can
assume without loss of generality that y, 4+, does not divide ws, ..., w,+1. Since p is an
embedding, we can write p as

p(x) = (l1(x) + g1(x), L(x) + g2(x), ... Ing1(x) + gnr1(x)),

where g; € m2 foralli = 1,...,n + 1, m denotes the maximal ideal of C{x}, and
it(x) =aj1X1+--+ainXn.

Note that the n + 1 vectors vj := (a1,j,...,dn+1,;) in C* T (with j = 1,...,n + 1)
generate the tangent space of (¥, 0) (actually, only n vectors are needed). Up to a change
of coordinates in C**1, we can assume that

(57 px) = (x1 + g1(x), X2+ £2(%), .-, Xn + gn(x), s 1(X) + gnp1 (X)),

and therefore,

Fx) =(wi(x1 + g1(x), .-, Ing1(X) + gnp1 (%)),

(5.8) o
v War1 (1 + 81X, L1 (X)) + gr1(X))).

Note that in (5.7), y,+1 (the last coordinate of C"*1) is not affected by the last coordin-
ate change. Therefore, we can still assume that y,4; does not divide wo, ..., w,4+;. Let
m1: (C"F1 0) — (C",0) be the linear projection defined by

ﬂl(XlaX27"‘aXn+l) = (XZa"'7Xn+1)-

Statement. The map germ (71 o f): (C",0) — (C",0) is finite.

By (5.8) and Theorem D.5 in [17], it is sufficient to show that

5.9)
C{x1,...,xn}

(W21 481X, - L1 () + n1 (X))o W1 (X1 + 81X, L1 (¥) + gng1 (X))

is a finite-dimensional vector space over C.
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Note that the quotient ring in (5.9) is isomorphic to the following quotient ring:

C{xy,...,xn,u}

(5.10) —
(Int1(x) +gn+1(x) —u, wa (X1, ..o X, U+ -+ o Wap1 (X1, oo, X U) 20 0)

where the dots appearing in w; (x1, X2, ..., X,,u) + - - - consists of terms of degree greater
than the degree of w;. In other words, w; (x1, X2, ..., X, u) + --- is just the expansion of
w;i(x1 + g1(x), ..., Xy + gn(x),u), and u is a new variable.

Since the ring Op41/{w2(y), ..., Wp+1(y)) is unmixed (it is a Cohen—Macaulay
ring), we obtain that the zero-divisors of

C{x1,...,xp,u}

{(wa(x1,. .y Xn, U)o, W1 (X1, .0y Xp,u))

R =

are precisely the elements in the union of the minimal primes of R.
Since y; 41 does not divide w; (y1, ..., Yn, yn+1) for alli # 1, then u does not divide
w; (X1, ...,Xxy,u) for all i # 1. Thus u cannot be contained in any minimal prime of R.
It follows that u is not a zero divisor of R. By a suitable version of Krull’s principal ideal
theorem, we obtain that
R C{x1,..., x5, u}

~

() — (u,wa(xy, ..., xp 1), .o, Wy (X1, ..., Xp,u))

has dimension zero, hence it is a finite-dimensional vector space over C. This implies that
the intersection in (5.10) (and also in (5.9)) is transversal. By Remark 5.3, we conclude
that the dimension as a C-vector space of the quotient ring in (5.9) is precisely the product
dy - ds -+ - dy41, which proves the statement.

To conclude the proof, in the Mond—Pellikaan algorithm (see Section 2.2 of [18]),
consider the projection 7r; above. By the statement, we have that 7r; o f is finite. Thus the
presentation matrix A of fi(O,) with respect to ; has the following form:

ap — X 1,2 1,3 ay,q
az1 azp — X a3 s g/
_ « X, e
AXp, . Xyl = | 931 32 @33 — X s
Qg1 Qg Qg3 ceagrgr — X

where o j € (C{Xz, ey Xn—i—l} andd’ = d2 . d3 .. 'dn+1.
As a consequence, we obtain that the term X {i ' appears in the defining equation of
f(C™) given by the determinant of A. Therefore,

m(f(C"),0) < dp+-dny1.

The last inequality in (5.3) follows from the fact that dy - d» - - d,+1 = |G|, since G is a
reflection group ([25], see also Theorem 4.19 in [10]). [
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Remark 5.5. Let f:(C",0) — (C"*1 0) be a reflected graph map germ with respect
to a reflection group G acting on C"*! = C” x C, as in Section 4. Since the group G
acts trivially on the second factor, the orbit map w: (C"*1!,0) — (C"*1,0) is w(y) =
(w1(y), ..., wn(¥), Yn+1). In other words, if dy, ..., d,41 are the degrees of G, then
dny+1 = 1. After a reordering of the remaining degrees of G, we can assume that d; <
dy <--- <d,.By Theorem 5.4, we obtain that

didy---dp_y <m(f(C"),0)<d,---dy, =d =|G|.

‘When working with a reflected graph map, to avoid unnecessary notation, we can think
of G as acting nontrivially only on C”" (the first factor of C" x C, and not on all C**1),
In this case, we can consider only dy, ..., d, as “non-trivial degrees” of G and ignore the
degree d,+1 = 1. Whenever there is no danger of confusing the notation, we will use this
simplification.

6. Some applications and examples

In this section, we discuss present some applications of our results. In the first part, we
provide an alternative proof of a result of (see Theorem 5.2 in [1]) about a defining equa-
tion of the double point space of a reflected graph map germ. In the second part, we will
introduce the notion of a dihedral map germ and we will apply our results to describe the
presentation matrix and a defining equation of the image of maps of this kind. Finally, in
the last part, we extend a result given by Marar and Nuifio-Ballesteros (see Theorem 3.4
in [11]) about the non-existence of quasihomogeneous (with distinct weights) finitely
determined reflection map germs, for some reflection groups.

6.1. Double point spaces

When we study a finite map f from (C”,0) to (C?,0) with n < p, the multiple point
spaces of f play an important role in the study of its geometry.

In the particular case where p = n + 1 and f is a reflection map, a natural question
is if we can describe a defining equation of the hypersurface of double points D( f) in the
source in terms of the action of G in some sense.

Recently, Borges Zampiva, Pefiafort-Sanchis, Oréfice Okamoto and Tomazella pro-
vided an answer to this question in a more general context. They give a defining equation
of D(f) which depends only on the action of G in an appropriate way (see [1]). As our
first application, we will use Lemma 3.1 to offer an alternative proof of the formula given
in the case of reflected graph map germs. For the convenience of the reader, we will recall
the notion of the double point space of a map germ. We follow [15] to describe the double
point set of a map germ f: (C",0) — (C?,0), withn < p.

Let f:U — CP? be a homomorphic map, where U C C” is an open subset and n < p.
Now let us define the set of double point space of f, denoted by D?(f). Denote the
diagonals of C" x C" and C? x C? by A, and A, and denote the ideal schemes of
defining A, and A, by 4, and d,,. Write points of C" x C” as (x, x”). It is clear that for
eachi =1,...,p,

fi(x) = fi(x") € dp.
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sothere exist o j, 1 <i <n,1 < j <n+ 1, such that
fie) = fi(x) =) e j(x = x)(xj = x}).

If f(x) = f(x') and x # x/, then clearly every n x n minor of the matrix ¢ = [o; ;] must
vanish at (x, x’). Now denote by R, («) the ideal in O¢2. generated by the n x n minors
of a.

Definition 6.1. Let f: U — CP? be as above. Then the double point space of f is the
complex space

D*(f) = V((f x [)*dp + Rn(@)).
Definition 6.2. Let f: (C",0) — (C?,0) be a finite map germ, where n < p.
(a) Let us denote by I, and R, (cr) the stalks at O of the sheaves 4, and R, («). Taking

a representative of f, we define the double point space of the map germ f as the
analytic space

D2(f) = V((f x [)*Ip + Ru()).

(b) The mapping 7: (D2(f),0) — (C",0), given by (x, x’) > x, is finite. The source
double point set D( f) is defined as the image of 7= with the analytic structure given
by the O-Fitting ideal of 7+ O p2 () , that is,

D(f) = V(Fo (a0, 2 1)

Now we will present an alternative proof for Theorem 5.2 in [1] in the case of a reflec-
ted graph map germ. We recall that &R denotes the set of all reflections of G and that Ag,
denotes the Demazure operator (see Section 2.1).

Proposition 6.3 ([1]). Let f:(C",0) — (C"*1,0), f(x) = (w(x), h(x)) be a reflected
graph map germ. Then

pH=V((TT 2a®)( T1 —sgra)).
grER gL ER, gr#1d

Proof. Denote by g1 =1d, g2, ..., g4 the elements of G. By Theorem 4.2, we obtain that
a defining equation of the determinant of the image of f is given by

6.1) F(X,Z)=2% Q41 Z97 4+ 0422972 4+ (=)0, Z + (=1)4 Q.

Note that replacing X by w in (6.1) and taking the partial derivative with respect to the
variable Z is equivalent to taking the partial derivative of (6.1) with respect to the vari-
able Z and then replacing X with w, i.e., the order of execution of these operations does
not matter. By Lemma 3.1, we have that

d
Fw.Z) = [[(Z = gre(h(x))).

k=1
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Therefore,

Fw.2) _ HZ - gl.h(x))[

d
o Il (Z = grah()))]

[Hk=2(z — g (h(x)]
0Z

+ (Z — g1.h(x))
Note that g1,h(x) = h(x), and so, replacing Z by &, we obtain that

IF (w, h)

d
o = (1- h(x))[]}:[z(m) — g h®))].

By [22] (see also Proposition 2.5 in [3]), we obtain that

00 = (v( Rt )

Consider the hyperplanes Fixg, where g runs through the reflections of G, and call
these the reflecting hyperplanes of G. For each i, let ord(g;) be the order of the cyclic
group Griyg; fixing Fixg; pointwise, and let Lg,, Lg,, ..., Lg, be linear forms such that
Fixg; = KerLg,. We have that

[Tg,en(h(x) — greh(x))  Tlgen(h(x) — grah(x))
det (jac(w)) N e T, Lo

=c [] Ag.

gkER
where R denotes the set of all reflections of G (see for instance Lemma 9.7 in [10]).

Therefore,
pH=V((TT 2a®)( TT G -grab)).

8kER gLER, g #1d

which concludes the proof. ]
Example 6.4. Consider G = Z» x Z, and f(x,y) = (x2, y?, h(x, y)), where
h(x,y) = xp1(x*,y) + yp2(x2, %) + xyps(x?, y?).

Note that the elements of Z, x Z5 can be represented in GL, (C) by the following matrices

1 0 -1 0 1 0 -1 0
a=fo V] w=[3 5] eso S m e[l V)
Therefore, we obtain that

h(x,y) —g1eh(x,y) = 2(xp1 + yp2),
h(x,y) — gaeh(x,y) = 2y(p2 + xp3),
(x,y) — g3 h(x,y) = 2x(p1 + yp3).
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Note that det(jac(x?, y?)) = 4xy. Thus, from Proposition 6.3, we obtain that

(6.2) D(f) = V((yp3s + p1)(xp3 + p2)(xp1 + yp2)).

We remark that the defining equation that appears in (6.2) for D(f) is exactly the same
presented in Proposition 3.1 of [11].

Corollary 6.5. With the notation used in Proposition 6.3, let f = (w, h) be a reflected
graph map germ from (C",0) to (C"*1,0). Suppose that h is regular; say

h(x) =ayx1 +azxy + -+ apxy, + R(x),

withm(R(x),0) > 1 or R = 0. Let H be the hyperplane defined by H := V(3 _;_, aix;).
Suppose that for every reflection g € G, H is not the reflecting hyperplane of g (equival-
ently, H N (V(jac(w))) # H as a set). Then,

p(y=v( ] &) -geh)).

8rER, gk #1d

Proof. By Proposition 6.3 we have that

(N =V((TT 2an)( [T  G)=gh))).

gkER gkER, g #1d

We just need to show that A, (h(x)) is an invertible element in the ring of analytic
series C{x} for all g € R. If g € R and Fix g is its reflecting hyperplane, with Fixg =
Ker L, then by the definition of the Demazure operator and Lemma 2.3, we obtain that

h(x) — geh(x)
63) Bglhx)) = T — o),
g
for some Q(x) e C{x}.

The action of G on C{x} has the property that if P € C{x} is homogeneous of
degree d, then go P is also homogeneous of degree d (see Section 2 in Chapter 3 of [10]).
Also, recall that

ge(P1 + P2) = ge(P1) + ge(P2) forall Py, P, € C{x}.
By hypothesis, H is not a hyperplane of g. Therefore,
gelarx1 + azxz + -+ + anXn) #F a1X1 + a2X2 + -+ + AnXn,

i.e., the defining equation of H is not invariant under the action of g. In this way, we can
write

h(x) — geh(x) = by1x1 + baxa + -+ + byx, + Q'(x),
where either m(Q’(x),0) > 1 or Q' = 0. Also, b; € C for all i, with at least one b; being
non-zero.

By (6.3), we have that L g (which is a linear form) divides /(x) — ge/1(x). This implies
that Q(0) # 0, and so Q(x) must necessarily be an invertible element in C{x}. |
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Example 6.6. Let f: (C2,0) — (C3,0) be a reflected graph map germ, given by

fx,y) = (% y%x =3y +y3).

Using the notation in Example 6.4, by Corollary 6.5 we obtain that

D(f) = V(h(x,y) = g1.h(x,y)) = V(x =3y + »).

Note that in this case we do not need to consider all elements of G to obtain a defining
equation of D( f), only those that are not reflections (excluding of course the identity of
the group).

6.2. Dihedral map germs

Inspired by the work of Marar and Nufio-Ballesteros in [11], where they introduce the
double fold map germs, in this section we will introduce the “dihedral map germs”. Con-
sider the generators of the dihedral group D»,, in GL(C?) given by in Example 2.6,

0 1 0
R = |:1 0j| and Sz[g {m_1:|,
where ¢ = e27i/m,

Note that with this representation D,,, is a reflection group. By Proposition 2.22
in [10], we have that the polynomials w; = x™ 4+ y™ and w, = xy are algebraically
independent and they are invariant by the action of Dj,, (in [10], D,,, is identified as
being the group G (m, m,2) in the Shephard and Todd classification). Therefore, the orbit
map for the group Ds,, acting on C2 is w(x, y) = (x™ + y™, xy).

Thus, a the reflection map f: (C2,0) — (C3,0) is a 2m-dihedral map germ, or simply
“a dihedral map germ”, if f is areflected graph map germ in the following form:

fCy) =" 4+y™ xy, h(x,y)).

Notethatr; = 1,ro =x,r3=x2%,...,rm =x™ ! and Ptk = yk,withke{l,...,m},

is a basis of O,/ (x™ + y™, xy) as a C-vector space. By taking coordinate changes and
using the Malgrange preparation theorem, we can write / in the form

m—1 m
h(x.y) =Y %/ pi+ Y v pmr sk
j=1 k=1

where p; = p; (x™ 4 y™, xy) and we suppose that #(0,0) = 0. As an example, we will
provide in the next result a study of a 6-dihedral map germ, i.e., using the D¢ group. We
consider the following representation in GL(C?) of the dihedral group Ds:

glzldz[é ?}’ g2:|:(1) 01:|7 g3:|:€ é-(;:|»

o A

where & = e271/3 502 + ¢4+ 1=0.
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The orbit map for the group Dg acting on C? is w(x, y) = (x> + y3, xy). Thus, a
reflection map f: (C2,0) — (C3,0) for the dihedral group Dg is given by f(x,y) =
(x3 4+ y3, xy, h(x,y)), where h(x, y) = xp1 + x?pa + yp3 + y?pa + y3 ps. Note that

hy = gi1.h =h,

hy i= gagh = yp1 + y*pa + xp3 + x> pa + X7 ps,

hs = gaeh = txpr + Ex%pa + E2yps + §y*pa + ¥’ ps.
ha = gash = E2xp1 + {32 pa2 + Lyps + 2y pa + 7 ps,
hs = gsoh = Lyp1 + §2y? P2 + Pxps + §x% pa + X7 ps,
he = geaht = E2yp1 + (¥ p2 + {xp3 + £x% pa 4 X7 ps.

Recall from Lemma 4.1 that we can define

gs(xy, x>+ y3) :=hy + hy + h3 + hs + hs + he,

qa(xy, x>+ y3) := hihy + hihs + hihg 4 -+ + hshs,

q3(xy, x> + y?) := hihahs + hihoha + -+ + hahshs,

q2(xy, x> +y?) := hihahsha + hihahshs + -+ + hshahshs,
ql(xy,x3 + y3) = hihohshahs + hihohshahe + -+ + haohshahshe,
qo(xy.x> + ) := hihyhshshshe.

Proposition 6.7. Let f:(C?,0) — (C3,0) be a 6-dihedral map germ and write it in the
form

[, 9) = (P + 57, xy, xp1 + x?pa+ yp3 + y2pa + ¥’ ps),
where p; = p;i(x3 4+ y3, xy). Then:
(@) The presentation matrix A[X,Y, Z] of f«O2 as an O3z-module via f is

-Z 141 P2 P3 Pa Ps
D2 X+ p3Y —Z D1 paY psY —P2
so | PIXFDpaY? ppX+psY 7 psY? —p2Y —P1
1204 p2Y -psY  psX—-Z D3 D4 ’
p2Y? —psY?  —psY  paX+pY  psX—Z 3
—psY? —psY?  —p3Y p3X+pY? paX+p1Y psX—Z

where p; = p;i(X,Y).
(b) A defining equation of the image of [ is

F(X.Y,Z) = 2%~ QsZ° + 04Z* — 03Z° + 02Z% — 01 Z + Qo,

where
Q6ik(X.Y) 1= w*(ge—r (x> + y>. xy)).

i.e., we simply change the “variables” x3 + y3 and xy by the (target) variables X
and Y in q¢—j described just above this proposition.
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(c) A defining equation of the double point curve D(f) of f is
D(f) = V(mnz2nz),

where

M = —p1+ p3— p2x + pax — p2y + pay + psx’ + psxy + psy>,

N2 = Pi + P13 + P3 + 2p1P2x + papaX + pipax — p3pax — p1p2y + papsy
+ P1Pay +2p3pay + p3x* 4 papax? 4 pix* —2pi psx® — p3psx? — p3xy
— P2paxy —piXy+ p1psxy —papsxy + p3y> + papay’+ pay’ + pipsy’
+2p3psy? —2papsx® — papsx® + 2papsx?y + papsx’y — papsxy>
—2papsxy? + papsy® + 2papsy® + psix* — ps?x3y — psixy? + p2yt,

N3 = pix® + pipaxy + p3y® + pipax’ + 2papax’y + 2p1paxy’ + papay’
+ p3x* + papax®y? + piy*.

(d) The multiplicity of the image of [ satisfies
2 <m(f(C?0) <6.

Proof. (a) Consider thebasis r; = 1,7, = x,r3 =x2,r4 = y, 75 = y? and r¢ = y3 for
O,/ (x3 + y3, xy). Using the same notation as in Remark 3.2, we obtain that
1 1 1 1 1 1
Xy x Pxo oty Py
E— x2 y2 é—2x2 zxz §2y2 é-y2
yox Py by Px fx

y2 x2 ;-yZ Czyz §x2 é-2x2
y3 x3 y3 y3 x3 x3
and
hh—Z 0 0 0 0 0
0 hy—Z 0 0 0 0
Ay = 0 0 hs—Z 0 0 0
0 0 0 hy—Z 0 0
0 0 0 0 hs —Z 0
0 0 0 0 0 he — Z

The reflections of D¢ are g2, g5 and ge, and their respective reflecting hyperplanes
are
Ly, =x—y, Lyg,=x-Cy and Ly, =x—%y.
Each reflection of D¢ has order 2. By Proposition 3.5, we obtain that det(E) = 27(x> —
¥3)3. The adjoint matrix of E is
x3 x2 x I R |
3 y? -y x? by 1
3 2.2 2 2
— — -1
Ad'E=9x3_32 X é‘x X é‘y Ey
j(E) ( y7) X3 tx? 2x =2y -y -1
-y =2y =gy o Px ]
-y =y =y Px x|
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Applying Corollary 3.6, we obtain that a presentation matrix of f,(O;) as a 93-module
via f is given by

-Z P1 P2 P3 D4 Ps
p2X + p3Y —Z P1 paY psY —p2
ALY, Z]= | PIX Y7 X4 psY 2 psY? —p2¥ -
o piY p2Y -psY  psX—-Z p3 D4 ’
p2Y? —psY?  —pa¥  paX+pY  psX—Z P3
—psY? —paY?  —p3¥  p3X+pa¥? paX+pY psX—Z
as desired.

(b) It follows by Theorem 4.2.
To prove (c), we can apply Proposition 6.3 to obtain

(h — gaeh) (h — g34h) (h — gagh) (h — g5 h) (h — gs.h))
3(x — y)(x —{y)(x — ¢2y) ’

p(f)=V(
Note that

h=gaah = (y = x)(=p1 + p3 + p2(x + y) + palx + ) — ps(x> + xy + y?)),
h—gseh = pr(x = 2x) + pa(x® = {x%) + p3(y — &) + pa(y® = E2)2),
h—gash = p1(x = §x) + pa(x® = E2x2) + p3(y = %) + pa(y® = &),
h—gseh = p1(x —¢y)+ pa(x> =82y?) + pa(y —82x) + pa(y> —Ex?) + ps (3> —x?),
h=geah = pr(x = )+ pa(x? =Ly*) + pa(y =x) + pa(y? = 2x%) + ps(y° —x?).
Therefore, a calculation shows that D(f) = V(f1 /2 f3).

The proof of (d) follows by Theorem 5.4 and Remark 5.5. ]

Remark 6.8. A straightforward (but tedious) calculation can be done to present the Qs
coefficients in Proposition 6.7(b) explicitly. For instance,

qs = hi + ha + hs + ha + hs + he = 3ps(x® + ),
qa = —6xyp1p3 — 3p1p2(x> + ) = 3p3pa(x® + »3) — 6x%y? papas
+3p3 (x> 4+ y°)? +3p3x7y°.
Therefore,
0s5(X,Y) = 3Xps

and
Q4(X.Y) = —6Yp1p3 —3Xp1p2 —3Xp3ps — 6Y > paps + 3X? p2 +3Y > p2.
In the same way, we obtain from g3, ¢», g1 and go that
03(X,Y) = —X(=pi — p3 — Xp5 — Xp3 + 9Xp1p2ps + 3Xp3paps — X* p3

— XY(=3p3ps — 3p1p; + 12p1p3ps + 12Y? py paps — 6Y? p2
— Y2(=6pap2 —6p>ps 4+ 2Yp3 + 2Yp3 — 12Ypy paps + 12Yp3 paps).
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02(X.Y) =9XYpipaps + 9Y?pip3 + 9X2pip2p3ps + 9XYpip3ps + 3X%pips

+9Y3p2p2 4+ 9XY2py p2ps + IXY2 papsp? + Y3 p2p? — 6Y3 plps
+3X3p3ps +9X2Yp3 p3ps +9X Y2 pap3 ps +6Y 3 p3 ps+9X Y2 p2 paps
—9X° p1p2p3—9X2Yp1pap3 +9Y* p3 py —9XY > p3 ps—18Y* p3 p3 ps
+ 18Y*p1pips +3XY?pi ps + 18XY? p1 pa p2 — 9X>Y? pa pap’
—18XY?p3paps +3X%Y°ps + 3Y°p3,

01(X,Y) = —[3XYp{ps +3X?p1pap3 + 3XYpip3 +3X2pipsps + 6Y3pips

and

+3X%Yp1p3ps + 18X Y2 pyip2p2 + 12Y3 pipaps + 12X Y2 p3 papa
+12Y3pi p3pa + 3X>p3 papa + 9X>Yp3 p3pa + 12X Y2 pap3ps
+6Y3pdps 4+ 9X2Yp2pap? + 18XY 2 p2pap? +3X 3 pypapl
+3X?Yp1p3pi — 9X>Ypi papaps — 9XY? pi p3 ps — 9X p1papapaps
—9X?Ypip3paps —3X>pip3 +3XY pips + 12Y* p1p3ps
+3X2Y?p3pa + 12Y* pipapi + 3X*Y?papy + 3XY 3 p3p}

—9XY?p}p3 ps—9X>Y? p1 p3 paps —9X>Y > py p3pi ps—9X Y p3 pi ps
+9XY?3pips —3X*p3 p5 —9X3Yp3 p3p3 —9X>Y? pap3 p3
—3XY?p3p: —9X?Y?plpap? 4+ 3X*p1pap3 +3XYpipsp:

—6Y psps —6Y> papi —9XY* p2 p2ps + 12X2Y 3 p3 p?
+27XY*pip3pi — 9XY*pipip3 —3X?Y>pipaps +3X°Y2 papap?
+3X?Y? p3papd — 6Y°p3p3 — 6Y°pip3 — 12Y°pypap?
+12Y°p3pap3 —3XYCp3 + 18Y° pyp3 p3 + 18Y° pl pap3],

Qo(X.Y)=X?p}p3 +Y3p$ +3XY?pipop? —2Y3 p3p3 + X3 p3 p3 + 3X2Ypp}

+3XY2pap3 + Y3pS +3XY?pipa +3XY2pipips +3X2Ypip?

+ X3pipi —3X?Ypipaps —3X>pipapaps + XY pip3 +6Y* pip3ps
+3X2Y2p3ps +6XY p3p3 +3Y*p3ps +3X2Y 2 pipipa
+9XY?ptp3pspa+ 18Y* pipapips + 3Y*pips +3XYpip3p;
+9X?Y?p1p3p3ps +9XY p1papipi + 6Y* pip3pi + 6XY’pip]

+ X*p3p3 +3X3Yp3pspi +3X>Y?papipi + XY pipd
+3X2Y?pips —3XY’ pipaps + 6Y*plpsps —3XYpip3 paps
—9X?Y?p1p3p3ps—12XY>p1pap3 ps—6Y *p1p3ps—3X>Y?pi papaps
—3X*p3 p3paps—9X>Yp3 p3 paps — 9X?Y? pap3 paps —3X Y p3 paps
—9X?Y?pipapips + X*pip3 +3XY*pSps +3Y° p3p3

—6Y° plp3 pa—9XY* p1p3 pi — 18Y° pip3 p3pi —4X*Y>p3p;
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—9XY*p3p3p; — 6Y° papips +3Y° pips +3XY*pip;
—3X2Y3p1p3ps—12Y° p3 papaps—3X3Y 2 p3 paps +3X>Y> p3 pspaps
+ 18X Y * p3 p3paps + 12Y° pap3 paps — 18X Y * pi papi ps

2.2_2

—3X2Y’p1papips—12XY*p1p3p; ps+9XY *pt pap3ps +9Y °pi p3 p3

+9X2Y 3 pipapapap? + 9XY*pip3pap? — 4X2Y3pip3 + X°p3 p3

+3X*Yp3p3ps +3X>Y?papips + X?Y?p3p2 + 3X°Y? pipaps
+YOpS +2Y p3ps + YOp§ +6Y®pipsps + 9XY? p3 paps

+12Y°p3 pspaps — 12Y° p1 papi ps — 3XY> papyps — 6Y  p3 i ps

+9Yp2p2p2 + 9X Y3 py p2 pap? 4+ 9X Y papap2 p? 4+ 9Y 0 p2 p2 p?

+2Y°pip3 —5X°Y?pips —12X2Y* p3p3p3 — 9XY? pap3p3
—2Y°®p3p3 — 9X Y pipaps +3X2Y*pipip3 —3X°Y pipaps
—3X?Y*p1psps + 9Y7 ppip? +5XYp3 p3 + 6Y p3p3p3

—6Y " p1pipi + XY°pip2 + 9XY°pipaps + 6Y p1pspe
—3X?Y?papaps —3XY®p3paps + 6Y®papaps +Y° pe.

6.3. Quasihomogeneous reflection maps

Another application of our results is about quasihomogeneous map germs. A polynomial
p(x1,...,Xp) is quasihomogeneous if there are positive coprime integers b1, .. ., by, and
an integer d such that

p(kPrxy, .. kPxy) = kY p(xq,. ... xn).

The number b; is called the weight of the variable x; and d is called the weighted degree
of p.Inthis case, we say p is of type (d;b1,...,b,). This definition extends to polynomial
map germs f: (C",0) — (CP?,0) by just requiring each coordinate function f; to be
quasihomogeneous of type (d;; b1, ..., by), for fixed weights by, ..., b,. In particular, for
a quasihomogeneous map germ f:(C2,0) — (C3,0), we say that it is quasihomogeneous
of type (d1,d>, d3; by, b).

Marar and Nufio-Ballesteros studied in [11] the case where f:(C2,0) — (C3,0)
is a corank 2 quasihomogeneous and finitely determined map germ. They say that the
mere existence of this kind of maps is quite a surprise. Indeed, the three adjectives cre-
ate tremendous restrictions and examples seem hard to find. They showed that if f =
(x2, y2, h(x,y)) is finitely determined, then f is in fact homogeneous, i.e., by = by = 1
(see Theorem 3.4 in [11]). In particular, there is no finitely determined quasihomogen-
eous double fold map germ with distinct weights. On the other hand, examples of finitely
determined homogeneous (where by = b, = 1) reflected graph map germs exist, see for
instance Example 3.6 in [11] and Example 16 in [21]. Thus, we can consider the following
question.

Question 4. Is there any corank 2 reflected graph map germ f = (wy,wo,h) from (C2,0)
to (C3,0) such that f is finitely determined and quasihomogeneous with distinct weights?
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Since the coordinate functions w; and w, to the orbit map w = (wy, wy) of G are
always homogeneous (see Chapter 9 of [10]), we will restrict ourselves to studying this
question only for the group Z, x Zs, where the orbit map w = (x", x%) of Z, X Zs is
a quasihomogeneous map. If f(x, y) = (x", y*, h(x, y)), then the corank 2 hypothesis
implies that r,s > 2 and h € m?, where m denotes the maximal ideal of ©,. The following
lemma can be viewed as an extension of Theorem 3.4 in [11] for the reflection group
Zy x Zs. We will consider Z, x Zg as a subgroup of GL,(C) generated by the reflections

! 9 0 r_ 1 0
w=0 ] wa =L 0]

where 0 (respectively, £) is a primitive r-th (respectively, s-th) root of unity.

Denote the elements of Z, x Z; by g; j, wherei €{1,...,r}and j €{1,...,s}, with
gr.s = 1d, the identity matrix. Note that after an eventual reordering of the indices i and j,
we have that

gijoh(x,y) =h('x,€ ).

Lemma 6.9. Let f:(C2,0) — (C3,0) be a reflected graph map germ given by f(x,y) =
(X", yS, h(x,y)), withr,s > 2and h e m?. If f is quasihomogeneous and finitely determ-
ined, then f is homogeneous.

Proof. The case where r, s = 2 was considered in Theorem 3.4 of [11]. Therefore, we can
suppose that (r, s) # (2, 2). Denote the weight of x by a and the weight of y by b. By
hypothesis, we have that f is quasihomogeneous, therefore we can write / in the form

6.4) h(x,y) = x*yP (e (P + e (D)1 4o x4 o (r)F)

for some non-negative integers «,  and k, where ¢y, ..., cx € C and cg, ¢ 7# 0. We will
show that a, B = 0. Since det(jac(w)) = rsx” !y, then by Proposition 6.3, we obtain
that

[ py#es)(h = 8iiah)
xr—lys—l )

6.5) D) =V(

Suppose that 8 # 0. Then the restriction of f to V(y) is r-to-1 (see Lemma 6.1
in [23]). Since f is finitely determined, it follows that 1 < r < 2.1If we suppose that o # 0,
we obtain with a similar argument that 1 < s < 2. Hence, if r,s > 3,thenae = 8 = 0. Let
us consider the following remaining cases:

Caseal:r =2ands > 3.

Since s > 3, we have that « = 0. Suppose that 8 > 1. Then by (6.4) and (6.5), we
obtain that

D(f) = VPV, (x, y))

for some A (x, y) in O,. Now, note that
BRs—1)—(s—1)=Bs+B(s—1)—(s—1) > 3.

Therefore, D(f) is not reduced, thus it follows by Corollary 3.5 in [12] that f is not
finitely determined, a contradiction. Hence, we obtain that 8 = 0.
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Casea2:s =2andr > 3.
The proof of this case is similar to the one given to show Case a.l.

Finally, we will show that the weights of f are equal,i.e.,a =b =1.Sincea = =0,
then by (6.4) and (6.5), we obtain that

D(f) = V(D7 patmb=mh 4, (x, y))
for some A, (x, y) in @,. Therefore, since f is finitely determined, it follows that
(6.6) 0<(r-DB-1)<1 and 0<(s—1@—-1)=<1.

From (6.6), we obtain that if » > 3, then b = 1. On the other hand, if s > 3, thena = 1.
Hence, if r,s > 3, then a = b = 1. Let us consider the following remaining cases.

Caseb.l:r =2 and s > 3.

Note that in this case,

f = fo f3) = (205 e (O 4 o ()b,

with ¢, ¢y # 0. From (6.6), we obtain that ¢ = 1 and 1 < b < 2. Suppose that b = 2.
Then the weighted degree of f1, f> and f3 are 2, 25 and 2k. By Proposition 1.4 in [16],
we obtain that the number C( f') of cross-caps of f is given by

©7) C(f) = 5 (@5 = D@k =2 + @5 1)),

which is not an integer number, since the numerator of (6.7) is an odd integer number.
In particular, this implies that f is not finitely determined, a contradiction. Therefore, we
obtain thata = b = 1.

Caseb2:s =2andr > 3.
The proof of this case is similar to the one given to show Case b.1. ]

We note that for the group Z; x Z4, where Z denotes the trivial group, it is not hard
to find quasihomogeneous finitely determined map germs which are not homogeneous.
For instance,

fy) = (% y® +xy)

is an example of a corank 1 finitely determined map germ which is quasihomogeneous of
type (5,4,6;1,5).

Remark 6.10. All figures used in this work were created by the authors using the software
Surfer [27].
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