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Schauder frames of discrete translates in L? (R)

Nir Lev and Anton Tselishchev

Abstract. For every p > (1 4+ +/5)/2, we construct a uniformly discrete real se-
quence {A,}02 ; satisfying |A,| = n + o(1), a function g € L?(R), and continuous
linear functionals {g,;}5>; on L”(R), such that every fe L?(R) admits a series

expansion

o0
f) =3 gn (gl =an)
n=1
convergent in the L? (R) norm. We moreover show that g can be chosen nonnegative.

1. Introduction

1.1. A system of vectors {x,}>>, in a Banach space X is called a Schauder basis if every

x € X admits a unique series expansion x = Y > ¢, X, where {c, } are scalars. It is well

known that in this case there exist biorthogonal continuous linear functionals {x,;} such

that the coefficients of the series expansion are given by ¢, = x,; (x) (see, e.g., Section 1.6

of [23]). If the series converges unconditionally (i.e., if it converges for any rearrangement

of its terms) for every x € X, then {x,} is said to be an unconditional Schauder basis.
Given a function g € L? (R), we denote its translates by

(1.1) (Trg)(x) =g(x—A4)., AeR.

There is a long-standing open problem, asking whether the space L?(R), 1 < p < oo,
admits a Schauder basis formed by translates of a single function (see [20] and Prob-
lem 4.4 in [13]). It is known that unconditional Schauder bases consisting of translates do
not exist in any of these spaces, see [5, 13,20].

A sequence A = {4,}52, of real numbers is said to be uniformly discrete if

(1.2) inf |Am — An| > 0.
n#m

It was observed in Theorem 1 of [20] that the condition (1.2) is necessary for a system
of translates {7}, g},=; to form a Schauder basis in L?(R). It is also known that in the
space L!(R), a system of uniformly discrete translates cannot even be complete, see [3].
Hence, no Schauder bases of translates exist in L (R).
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1.2. If X is a Banach space with dual space X *, then a system {(x,, x,;)}0>, in X x X*
is called a Schauder frame (or a quasi-basis) if every x € X has a series expansion

(1.3) x = Zx:(x)xn.
n=1

If the series (1.3) converges unconditionally for every x € X, then {(x,, x;;)} is called an
unconditional Schauder frame. We note that the series expansion (1.3) need not be unique
and that the coefficient functionals {x,; } need not be biorthogonal to {x, }. Hence Schauder
frames form a wider class of representation systems than Schauder bases.

It was shown in [5] that for every p > 2 there exists an unconditional Schauder frame in
the space L” (R) consisting of translates, i.e., of the form {(7} g, g;r)}, where g € L7 (R),
{An} C R and {g;} are continuous linear functionals on L”(R). Moreover, {A,} may
be chosen to be an arbitrary unbounded sequence, and in particular, it may consist of
integers, and may increase arbitrarily fast.

To the contrary, we proved recently [11] thatif 1 < p < 2, then the space L? (R) does
not admit an unconditional Schauder frame consisting of translates.

In Section 4 of [6], a construction was given of Schauder frames (not unconditional)
of translates in L?(R), 1 < p < oo. In fact, it was proved that whenever a system of
translates {7 g}, < A is complete in the space L?(R), then there exists a Schauder frame
{(Tr, 8. 81))5%, such that {1,} C A. However, the Schauder frames obtained by this
construction are highly redundant, as the sequence {4, } is composed of countably many
blocks of finite size, such that each block gets repeated a higher and higher number of
times. The sequence {1, } thus “runs back and forth” through the set A.

1.3. The following question was posed in Problem 4.4 of [13]: does there exist a Schauder
frame in L? (R) formed by a uniformly discrete sequence of translates? The problem has
remained open for 1 < p < 2. We recently obtained [10] an affirmative answer for p = 2,
i.e., we constructed in the space L?(R) a Schauder frame of the form {(7}, g, gy,
where {A,}52; is a uniformly discrete real sequence.

The proof in [10] was based on the fact that the Fourier transform is a unitary mapping
L?(R) — L?(R). This point breaks down for L?(R) spaces, 1 < p < 2.

The main goal of the present paper is to extend the result from [10] to certain values
of p within the range 1 < p < 2. We will prove the following result.

Theorem 1.1. Let p > (1 + ~/5)/2. Then there exist a uniformly discrete real sequence
{An}o2, satisfying |An| = n + o(l), a function g € LP(R) and a sequence {g;}5> | in
(L?(R))*, such that every f € L?(R) admits a series expansion

(1.4) f) =) gn(f)glx —An)

n=1
convergent in the L? (R) norm.
The question whether the result holds for every p > 1, remains open.

Remarks. (1) The result can be strengthened in various directions; see Section 4 of [10],
where several extensions of the result for p = 2 are given, some of which may still be
valid for the result of the present paper.
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(2) Motivated by recent interest in nonnegative coordinate systems in L” (R) spaces,
see [6,7,21], one may ask whether there exists a Schauder frame in the space L?(R)
formed by a uniformly discrete sequence of translates of some nonnegative function g.
We will show that by a certain modification of our proof, this additional requirement of
nonnegativity of g can be achieved in Theorem 1.1 (see Section 5).

2. Preliminaries

In this section, we present some necessary background and fix notation that will be used
throughout the paper.

2.1. The Schwartz space S (R) consists of all infinitely smooth functions ¢ on R such that
for each n, k = 0, the seminorm

lllnk := sup (1 + |x])" [o® (x)|
x€eR

is finite. A tempered distribution is a linear functional on the Schwartz space which is con-
tinuous with respect to the topology generated by this family of seminorms. We use o(¢)
to denote the action of a tempered distribution o on a Schwartz function ¢.

We denote by supp(«) the closed support of a tempered distribution c.

If ¢ is a Schwartz function on R, then we define its Fourier transform by

p(x) = /R o(t) e dy.

The Fourier transform of a tempered distribution « is defined by &(¢) = ().

If « is a tempered distribution and if ¢ is a Schwartz function, then the product « - ¢
is a tempered distribution defined by (« - ¢)(¥) = a (¢ - ¥), for ¢ € S(R). The convolu-
tion o * ¢ of a tempered distribution o and a Schwartz function ¢ is an infinitely smooth
function which is also a tempered distribution, and whose Fourier transform is & - @.

2.2. Let A?(T), 1 < p < oo, denote the Banach space of Schwartz distributions ¢ on the
circle T = IR/Z whose Fourier coefficients {&(n)}, n € Z, belong to £7(Z), endowed with
the norm ||| 4 (1) := ||&||¢r(z)- For p = 1, this is the classical Wiener algebra A(T) of
continuous functions with an absolutely convergent Fourier series.

We also use A”(R), 1 < p < oo, to denote the Banach space of tempered distribu-
tions o on R whose Fourier transform & is in L? (R), with the norm ||&|| 4» ) := || > (R)-

Note that A'(T) and A'(R) are function spaces, continuously embedded in C(T)
and Cy(R) respectively. Similarly, for 1 < p < 2, the space A? (on either T or R) is a
function space, continuously embedded in L?, g = p/(p — 1), by the Hausdorff—Young
inequality. On the other hand, A? is not a function space for p > 2.

2.3. For 0 < h < 1/2, we denote by Ay, the “triangle function” on T vanishing outside
(—h, h), linear on [—h, 0] and on [0, /], and satisfying Ay (0) = 1. Then A, (0) = h, and

2.1 [Anllarery < HP™V/P 1< p < o0
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Indeed, to obtain the estimate (2.1) one can use the fact that Fourier coefficients of Ay,
are real and nonnegative, hence || Ay |41y =), A (n) = A (0) = 1. Moreover, we have
Ap(n) < J1 An(t)dt = h for every n € Z, and so ||Ah||f4’,,(T) =3, Ap(n)? < h? 1,

For 0 < h < 1/4, we also use T, to denote the “trapezoid function” on T which van-
ishes outside (—2h, 2h), is equal to 1 on [—£, &], and is linear on [—2A, —h] and on [, 24].
Then 7;(0) = 3h, and

2.2) Itallarcry < 30P~D/7 1< p < oo,

which follows from (2.1) and the fact that 7;,(t) = Ap(t + h) + Ap(t) + Ap(t — h).

2.4. By a trigonometric polynomial we mean a finite sum of the form

(2.3) P(1) =) a;e*™%' 1€R,
J

where {0} } are distinct real numbers, and {a; } are complex numbers.

By the spectrum of P we mean the set spec(P) := {0, : aj # 0}. We observe that
if P has integer spectrum, spec(P) C Z, then P is 1-periodic, thatis, P(r + 1) = P(¢).
In this case, P may be considered also as a function on T'.

By the degree of P we mean the number deg(P) := min{r = 0 : spec(P) C [—r, r]}.

The (symmetric) partial sum S, (P) of a trigonometric polynomial (2.3) is defined by

Se(P)1) = Y aj ¥t
IO'j \Sr
We say that P is analytic if we have spec(P) C [0, +00).
2.5. For a trigonometric polynomial (2.3), we use the notations || P l, = g laj|? y/p
and ||13||oo = max; |a;|. If f€ A?(R) and P is a trigonometric polynomial, then

(2.4) If - Plargy < 1211~ 1 larwys

which follows by an application of the triangle inequality in the space L”(R), using the
fact that the Fourier transform of f - P is given by > ;aj f(x —aj).
In a similar way, one can establish the inequality

If - gllarcry < 1S lacr) - lgllarcry, f€A(T), g€ AP(T).
2.6. We introduce an auxiliary norm || - ||« on the Schwartz space § (R), defined by

llull« := 10- sup (1 + x?) |i(x)|, ueSR).
xeR

IfueS(R)and fe AP(T), 1 < p < oo, then f may be considered also as a 1-periodic
tempered distribution on R, so the product u - f makes sense and is well defined.

Lemma 2.1. Letu € S(R) and fe AP(T), 1 < p < oo. Then

(2.5) lu- fllar@w) < lull«ll fllarcT)-
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Indeed, an application of Holder’s inequality yields

- 15 gy = / Y Fyae—m)|” ax

nez

< [(Z1Fmriac-m)(Xlac-mn)" dx
nez nez

<l [ (X 17wl - nl) dx

nez

< T2 el S 1A = 1ull2 11200y

nez

If f€ AP(T) and v is a positive integer, then we use f, to denote the element of the
space A”(T) whose Fourier series is given by >, ., f(n)e?™ i,

Lemma 2.2. Letu € S(R) and fe A?(T), 1 < p < . Then
26) Tim e follary = lullary L/ Laver.

This is obvious if u has a compactly supported Fourier transform #. In the general
case, (2.6) can be proved by approximating u in the || - ||« norm by a Schwartz function v
with a compactly supported Fourier transform 0, and using the inequality (2.5) to estimate
the error.

2.7. If « is a tempered distribution on R and P is a trigonometric polynomial, then the
product « - P is a tempered distribution defined by (o - P)(¢) = (P - ¢), ¢ € S(R).

Lemma 2.3. Leta € AP(R), 1 < p < 00, and suppose that P is a nonzero trigonometric
polynomial on R. If « - P = 0, then ¢ = 0.

Proof. The condition « - P = 0 implies that supp(«) is contained in the set of zeros of P,
which is a discrete closed set in R. Let y be a Schwartz function on R with y(#) = lina
neighborhood of a point a € supp(«), and y(¢) = 0 in a neighborhood of supp(«) \ {a}.
The distribution « - y is then supported at the point a and coincides with « in a neigh-
borhood of a. It is well known that a distribution supported at a single point a is a finite
linear combination of derivatives of Dirac’s measure at the point a. In turn, this implies
that (@ * ¥)(x) = e~ 2"19% g(x), where ¢ is a polynomial. But @ * ¥ € L?(R), so this is
possible only if & * ¥ is zero, and hence « - y is zero. We conclude that @ must vanish in
a neighborhood of any point a € supp(«), a contradiction unless o = 0. ]

2.8. We will use the known fact that in the space L?(R), p > 1, there exist complete
systems formed by uniformly discrete translates of a single function.

It was proved in [1] that for every p > 2, there is a function g € L?(R) whose trans-
lates by the positive integers {g(x —n)}, n = 1,2, 3, ..., span the whole space L?(R),
that is, these translates are complete in L?(R). A similar result was proved also in the
space Cy(RR). On the other hand, no system of integer translates can be complete in L? (R)
for 1 < p < 2 (see, e.g., Example 11.2 and Corollary 12.26 in [17]).
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However, it was proved in [14] that for any “small perturbation” of the integers,
2.7 An=n+a,, 0#Fa,—>0 (n|— +o0)

there exists g € L?(R) such that the system {g(x — A,)}, n € Z, is complete in LZ(R). It
was moreover shown in [16] that if the perturbations are exponentially small, i.e., if

(2.8) 0<lan| <Cr™, nez,

for some 0 < r < 1 and C > 0, then g can be chosen in the Schwartz class.

More recently, by a development of the approach from [16], the latter result was
extended to L? (R) spaces [19], namely, it was proved that there is a Schwartz function g
such that if the sequence {A, }, n € Z, satisfies (2.7) and (2.8) then the system {g(x — 1,)},
n € Z, is complete in L?(R) for every p > 1 (see also [18]).

In a recent paper [9], a different approach was given for constructing a function g
which spans the space L?(R), p > 1, by uniformly discrete translates. In fact, this ap-
proach allows to use only positive translates, and moreover, the completeness remains
true for any subsystem obtained by the removal of a finite number of elements.

Theorem 2.4 (see Theorem 1.1 in [9]). There is a real sequence {1, }°2 satisfying A, =
n + o(1), and there is a Schwartz function g on R, such that for any N, the system

{gx =An)}, n>N,

is complete in the space L? (R) for every p > 1.

3. Localization lemma

3.1. A key ingredient in our proof of Theorem 1.1 is the following lemma.

Lemma 3.1. Let p > (1 + +/5)/2. Given any € > 0, there exist two real trigonometric
polynomials P and y with integer spectrum, such that

@ P0) =0, [Pllo <&

(D) [ly — Uar(r) <e&

(i) [ly - P — ar(r) <&

(iv) max; ||y - Si(P)|lar(r) < Cp,

where Cp, is a constant depending only on p.

Remarks. (1) We note that the conditions (i) and (ii)+(iii) “go against” each other, as (i)
says that P is “small”, while (ii)+(iii) imply that P should be “nearly” one. For instance,
it is easy to see that the lemma fails for p = 1, since in this case (ii)+(iii) imply that P
must be uniformly close to one, and hence P (0) cannot be small.

(2) Moreover, according to a recent preprint [2], the lemma fails for p < (1 + +/5)/2.
While this leaves open the question of whether Theorem 1.1 holds for every p > 1, it
indicates that proving this would require new ideas.

(3) The case p = 2 is simpler since we have A?(T) = L?(T) by Parseval’s theorem;
in this case, the lemma follows from Lemma 2.2 in [15]. However, for p < 2, the Parseval
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theorem is no longer available, and our proof below requires some additional ideas and a
more careful analysis of the A? (T) norm.

(4) The proof of Lemma 3.1 given below establishes condition (iv) with an absolute
constant C, which in fact does not depend on p.

3.2. The following assertion will be used in our proof of Lemma 3.1.

Lemma 3.2. Let Py, ..., PN—1 be trigonometric polynomials with integer spectrum, and
let v be a positive integer, v > 2deg(P;), 0 < j < N — 1. Define

N-1

P@) =[] Pv/0).

J=0

Then we have
P(0) = 1‘[P<0> and || Pllar(r) = 1‘[||P||Apm

Indeed, expanding each P; as a Fourier sum yields

N-1
3.D P(t) = Z[ l_[ ﬁj(kj)] ezm;z}’.":—ol kv

j=0
where the sum goes through all integer vectors (ko, k1, ..., ky—1) with |k;| < deg(P;).

The condition v > 2deg(P;), 0 < j < N — 1, ensures that the exponentials in (3.1) have
distinct frequencies, so that (3.1) is the Fourier expansion of P. The conclusion of the
lemma now follows in a straightforward manner.

3.3 Proof of Lemma 3.1. The idea of the proof is inspired by the “separation of spectra”
technique, see Section 2.3 of [8]. We decompose the polynomial P as a sum of small
elementary pieces, whose Fourier spectra are localized on disjoint intervals. In turn, the
polynomial y is obtained as a Riesz-type product, which ensures that the set where P
attains large values is essentially localized away from the support of y.

‘We now turn to the details of the proof. It is divided into several steps.

3.3.1. Due to monotonicity of the A? norms, we may assume that p < 2. Let us choose
8 = (e, p) > 0 small enough, to be specified later. We then choose and fix 0 < h < 1/3
and a positive integer N (both depending on ¢, § and p) such that

(32) N>e7', (1+32hP HWYN <1468, (1-30N>1-68 4’ N Ph'<1-56.

We show that such a choice of 4 and N exists. Indeed, denote n := 377 log(1 + §),
and let h = h(N, 7, p) be defined by the condition N = 5 - h!=7. Then for N sufficiently
large we have the inequalities

N>e b (1432 YN <expB3Pn) =148 (1-30)Y >1-3hN >1-38,
and lastly, using the assumption p > (1 + +/5)/2, we can also ensure that
N=Ph~t = g PpPP=D=1 < 4=P (1 = §).
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3.3.2. Now observe that (1 — 7;) - (1 —h~'Aj) = 1 — 1. Let f and g be Fourier partial
sums of 1 — 7, and 1 — A~ Ay, respectively, of sufficiently high order such that

(3.3) If-g—flla<?d.
Next, choose a positive integer v satisfying
(3.4) v > 2(deg(f) + deg(g)).
and define
N-1 N-1
y(t) = l_[ f(W/t) and P(r):= % Z g(v/1).
j=0 j=0

We will check that the conditions (i)—(iv) are satisfied.

3.3.3. First we note that P (0) = 0. Also, due to (3.4),
1Pl = 7 18l < v suph™ Byt < - [ W7 a0t = - <
N N 20 N Jr N
where the last inequality is due to (3.2). Thus we obtain condition (i).
3.3.4. Next, due to (2.2), we have
335 g < =l = (1 =307 + Y [T < 1+ 37077,
n#0
hence using (3.2) and (3.4), we obtain
(3.6) Iyl5 = (1/15)" < @ +37A7")Y <1456,
Also, again using (3.2) and (3.4), we have
(3.7) 70 = FOY = (1=3m)" > 134,
and so it follows from (3.6) and (3.7) that
(38 Iy = = Iyl = 7(0)” + (1 =7(0))” < (1 +8) — (1 =8)” + 87 < (¢/2)”,
provided that § = §(e, p) is sufficiently small. So condition (ii) follows.

3.3.5. Next, we have
N-1

69 Y0P~ =5 Y (0g0 0 - i) T] 0k,
=0

k#j
and thus, recalling (3.3), (3.4), (3.5) and (3.6), this implies
N—-1
G10)  ly-(P=Dlar <1 g = Flla- (17 1ar)" 7" <80+ 817 < e/2,
for § = (e, p) small enough. We conclude from (3.8) and (3.10) that
(3.11) ly-P—1ar < |ly-(P=Dlar + lly —llar <e/2+¢/2 =¢,

and thus condition (iii) holds.
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3.3.6. Let us finally check that also condition (iv) is satisfied. Any partial sum S;(P) can
be decomposed as S;(P)(t) = A(t) + B(t), where

s—1

At) = %Zg(vjt) and B(t) := %Sm(g)(vst).
j=0

Using the same argument as in (3.9) and (3.10), we can obtain
Iy - (A=s/N)lar < 1 1f - = fla- (1 )™ <80+ 87 <e/2,
and consequently,
ly-Alar < lly-(A—s/N)lar + % yllar <e/2+ (1 +e) <2.

Next, we have

1
y(@)B@) = N(f -Sm(@) ') [T £0F0).
k#s
and therefore, due to (3.4),
1 _
(3.12) Iy - Blar = 1S - Sw(@llar - (1 1ar) ™

We note using (2.2) that

(3.13) (pan

and due to (2.1),

/A

I1—thlla <14 ||ltnlla <4,

G14) 1S5, < llglf, < It =h" Al =7 Ap(m)? <h™PhP~' =h~"
n#0

Therefore, using (3.12), (3.13), (3.14) and (3.2),

ly-Bl4, S4PNTPh7 (1 +8) < (1—8)(1+8) < 1.
We conclude that

ly - Si(P)llar < lly - Allar + lly - Bllar <24+ 1=3.

Thus condition (iv) is established and the lemma is proved. [

4. Schauder frames of weighted exponentials

In this section, we prove Theorem 1.1. First we note that the Fourier transform is an
isometric isomorphism A? (R) — LP?(R), which allows us to reformulate Theorem 1.1 as
a result about Schauder frames of weighted exponentials in A7 (R).
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Theorem 4.1. Let p > (1 + /5)/2. There exist w € AP(R), {h}‘} C (AP (R))*, and a uni-
Sformly discrete real sequence {A; }j’il satisfying |Aj| = nj + o(1), where n; are positive

integers, 0 < ny <np < ..., such that every f€ AP(R) admits a series expansion
o0
(4.1) J@) =Y hi(Hw(n) mh!
j=1

convergent in the AP (R) norm.

Note that {n;} is allowed to be a subsequence of the positive integers, since we may
add more elements with zeros as coefficient functionals, and the series expansion (4.1)
will remain valid. Hence Theorem 1.1 follows from Theorem 4.1.

The restriction p > (1 + /5)/2 is needed so that we can invoke Lemma 3.1, while
otherwise we only use the assumption p > 1 in the proof.

4.1. We begin the proof by an application of Theorem 2.4, which implies the existence of
a function uo € §(R) and a real sequence {o(n)}o2, satisfying
4.2) omn)=n+o(l), n— +oo,

such that for every N the system {uo(1)e2™7™ 5 > N is complete in A7 (R).
Next, we choose a normalized Schauder basis {gx }~, for the space A?(R). (For
example, one may take {@% }7>_, to be the normalized basis of Haar functions in L?(R)).
We will now construct by induction a sequence of Schwartz functions {u} on R. We
will perform the construction in such a way that for each k and every N, the system

(4.3) {ug ()™M p S N,

is complete in the space A? (R). The construction is done as follows.

At the kth step of the induction, given any 7 > 0 and any positive integer Ny, we
use the completeness of the system {ug_;(f)e2 ™) 5 > Ny, to find a trigonometric
polynomial

Qk(n)=" D duge®om"

Ni<n<N,
such that

(4.4) lox — ur—1 - Qrllar®) < Nk-

‘We choose a small number &5 > 0 so that

k—1
@5) e (U el (14 10kl + D NP 10511) < 2%k
j=1
and apply Lemma 3.1 in order to find real trigonometric polynomials Py and yx with
integer spectrum, such that
() Pe(0) = 0. Prlloo < ex:
(i) flye — Hlar(r) < €3
(i) [lve - P — Uar(r) < &k;
(iv) max; ||y - Si(Pi)llar(ry < Cp.



Schauder frames of discrete translates in L2 (R) 583

We now choose a large positive integer vg (to be specified later) and set
Py(t) := Pe(vgt) and - 7k (t) := yi (vgt).

Define uy := uy_1 - Y, which is a Schwartz function on R. We claim that for every N,
the system (4.3) is complete in the space A? (R). Indeed, let o be a tempered distribution
belonging to the dual space (A?(R))* = A”'(R), p’ = p/(p — 1), and suppose that «
annihilates the system (4.3). This means that « - 7%, which also lies in A?' (R), annihilates
the system {uy_1(t) 277\ > N. By the completeness of the latter system in 4?7 (R),
it follows that « - Y5 = 0. In turn, using Lemma 2.3, we conclude that « = 0. Hence the
system (4.3) is complete in A? (R).

4.2. It follows from (ii) and (4.5) that

lure = ur—1llar@ = -1k — Dllar@) < lur—1l«llve = Ularery < 275,
hence the sequence uj converges in the space A? (R) to some element w € A? (R).

4.3. Next we claim that the estimate

(4.6) lgx —w - Prc - Qkllarw) < 3k

holds for all k. Indeed,

“4.7) loe —w - Prc - Qrllar@®) < llok — uik—1 - Ok llarm)

(4.8) + k=1 - Qi - (1= Fie - PO llarwy + 1k — w) - Prc - Qicllarwy-

The right-hand side of (4.7) is less than 5y, due to (4.4). To estimate the first term in (4.8),
we apply inequalities (2.4) and (2.5), and use (iii) and (4.5), to obtain

ekt - Qi+ (1= Fic - P)llary < =1l - 1 Qclly - 11 = v - Prcllarcry < i
It rergains to estimatg the second term in (4.8). We observe that for any fixed k we have
uj - Py - Qr = w- Py - Qg as j — +00in the A?(R) norm, hence

o0
49) (g —w) - P Ollary < Y @j1 =) - Pr- Oxllarwy
j=k+1
oo
(4.10) = > lujmr-(1=3) - P+ Qkllarwy
j=k+1
o0
(4.11) < Y0 el 1Okl - 1 Pelly - 11 = villapcry
j=k+1

o0
(4.12) < ) 27 <me
j=k+1

again using (ii) and (4.5), and assuming (as we may do) that the sequence {7y} is decreas-
ing. The estimate (4.6) thus follows.
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4.4. Let {g;}?2, be the sequence of continuous linear functionals on A?(R) which is
biorthogonal to the Schauder basis {¢g }7- ;. It follows from (4.6) that if we choose the
sequence {ng} to satisfy 3 > 7o, llogll - nk < 1, then the system

(4.13) {w- P 0k},

forms another Schauder basis in the space A (R) (see Section 1.9 of [23]). Hence every
fe€ AP(R) has a series expansion

(4.14) f=) (Hw- Py O,
k=1

where {1} are the continuous linear functionals on A? (R) which are biorthogonal to the
system (4.13). Moreover, recall that we have chosen the Schauder basis {¢x}22, to be
normalized, so it follows from (4.6) that the norms of the elements of the system (4.13)
are bounded from below. This implies that

(4.15) Sl]ipll/fk(f)| < K| fllar) and kli)rl;o Ve (f) =0,

where K is a constant not depending on f (see Section 1.6 of [23]).

4.5. Notice that we have

(4.16) Pe(t)Qk(t) = Pr(vet) Qi) = Y Pr(m) Quem (1),
m#0

where Qg ,, are trigonometric polynomials defined by

(417) Qk,m(t) = Qk(t) eZTrimvkt — Z dn,k elni((f(n)-i-mvk)t‘

’
Ni<n<Ny

If we choose the sequence {vg} increasing sufficiently fast, then the spectra of the poly-
nomials Qy », follow each other, meaning that

max spec(Qg. m,) < minspec(Qg.m,), M1 < ms.

Moreover, there is a positive, increasing sequence { Ry} such that

spec(Pr - Qx) = | ) spec(Qum) C (—Riq1, —Ri) U (Re, Rigy).

mespec(Py)
We now define
o0
A = | spec(Py - Q)
k=1
then each point A € A has a unique representation as

(4.18) A=m-vg+on), k=1, mespec(Py), Np<n<N.
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We can use (4.2) to choose { N} increasing fast enough, so that (say)

1
lo(n) —n| < — -k, n> Ng.
10
This implies that A is a uniformly discrete set. Moreover, if the elements of A are enu-
merated as {A;}72, by increasing modulus, that is, 0 < |A1| < [A2] < ..., then there are
positive integers 72; such that

(We note that each A; may be either positive or negative, since the polynomials Py have
both positive and negative spectra).

We now observe that in fact we have 0 < n; < n, < .... Indeed, the fact that the
polynomials Qf have positive spectra implies that if A € A is given by (4.18), then |A| =
|m| - vg + sign(m) - o(n), where sign(m) is +1 or —1 according to whether m is positive
or negative. Hence, if A; and A; are two distinct points of A then n; # n;.

4.6. For A € A given by (4.18) we define 75 € (A7(R))* by

h = dy g Pe(m) Y.

We will prove that each f'€ AP (R) admits a series representation

4.19) f@) = Zh;] (f)w(t)BZm'/ljt

j=1

where the convergence is in the A? (R) norm. This will establish Theorem 4.1, and as a
consequence, Theorem 1.1 will also be proved.

To prove the representation (4.19), we first observe that any partial sum of the series
can be decomposed as S” + S” + §”” where

k—1
§'(t) = Y ¥ (SHw(@) Ps(1) Qs (1),
(4.20) s=1
S"(6) = Y (S)w(O) Qi (1) St (Pr) (ved),

S”(t) = Y (H)w(@) [P +1)Sr(Qrp41) () + Pr(—( +1)Sr (Ok—a + 1) ()],

for some k, [ and r. Indeed, S’ consists of the series terms with A; belonging to entire
“blocks” of the form spec(ﬁs - Qs), 1 <5 <k — 1. Similarly, recalling (4.16) and (4.17),
one can see that S” consists of the terms with A; belonging to entire “sub-blocks” of the
form spec(Qg ), |m| < [. Finally, S”” consists of the remaining terms with A; belonging
to a part of the last two sub-blocks spec(Qf ;+1) and spec(Qk,—+1))-

We have || f — S'|lar@®) = 0(1) as k — oo due to (4.14).

In order to estimate || S” || 42y we denote Sy ; (1) := S;(Px)(vkt). Then

@21)  wSks Qkllar@®) < Il(w—uk) Skt Qkllar®y + luk—1 7k Skt Qi llar ®)-
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The first summand on the right-hand side can be estimated similarly to the inequali-
ties (4.9)—(4.12), using the fact that || Sk ;||1 < || Pk|l1. To estimate the second summand,
we use Lemma 2.2 to conclude that if vy is chosen sufficiently large, then

k=1 7 Skt Ok lar@®) < lluk—1 Ok lar®) vk Sk.1larcry + 1.

It follows from (4.4) that |lug—; Qk|lar@®) < 2, since the sequence {¢y} is normalized
in A?(R), while according to (iv) we have ||yx Sk ;|l4»(T) < Cp. We conclude using (4.21)
that ||w S~k,1 Ok llarry = O(1). In turn, together with (4.15) and (4.20), this implies the
desired estimate ||S”||4»r) = 0(1) as k — oo.

Finally, we estimate ||S”” || 4»(®) using (i) and the inequalities (2.4), (4.5) and obtain

15" larce) < 210 (O Pelloo | Qll 1 lwllar) < 2 [ ()] 10 lar ).

which shows that ||S”||4»r) = 0(1) as k — oo as well.
We conclude that (4.19) indeed holds, which completes the proof of Theorem 4.1.
As a consequence, Theorem 1.1 is also established.

5. Schauder frames of translates and nonnegativity

5.1. In [21], the following question was considered: do there exist (unconditional or
not) Schauder bases or Schauder frames in the space L?(R) consisting of nonnegative
functions? It turns out that it is not difficult to construct a Schauder frame formed by non-
negative functions, while unconditional Schauder frames of nonnegative functions do not
exist in any L? (R) space, see again [21].

In the paper [7] (which was written after [21]), some proofs from [21] were simplified,
and also a Schauder basis consisting of nonnegative functions in L!(R) was constructed.
A Schauder basis of nonnegative functions in L2(R) was constructed in [6]. The existence
of such a basis in L?(R), p # 1,2, remains open.

Motivated by the recent interest in nonnegative coordinate systems in L?(R) spaces,
we consider the following question: does there exist a Schauder frame in the space L? (R)
formed by a uniformly discrete sequence of translates of a nonnegative function?

In this section, our goal is to show that this additional requirement of nonnegativity
can indeed be achieved in our main result, namely:

Theorem 5.1. The function g in Theorem 1.1 can be chosen nonnegative.
To establish this, we will make certain modifications to the proof of Theorem 1.1.

5.2. First, we recall that our construction in Section 4 began with an application of Theo-
rem 2.4, which yields a real sequence {1}, satisfying A, = n + 0(1), and a Schwartz
function g on R, such that for any N, the system

{g(x—An)}, n>N,
is complete in the space L?(R), p > 1. So first, we need the following result:
Lemma 5.2. The function g in Theorem 2.4 can be chosen nonnegative.

The proof, based on adapting the approach in [9], is given in Section 4 of [12].
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5.3. The second ingredient, which enables us to construct a nonnegative function g in
Theorem 1.1, is the following lemma.

Lemma 5.3. Let a and h be two positive real numbers, 2h < a < 1/2 — 2h. Then there is
a nonnegative function ¢ € A(T) with the following properties:

(1) ¢(0)=1,9(n) =0 forallneZ,

(i1) ¢ vanishes on the set [—a —h,—a + h|U [a — h,a + h];

(i) ¢ — Ular(ry < 12-HPD/P for every p = 1.

Proof. We consider the function
5.1 V() :=6-Ap(t) —tp(t +a) —w(t — a),

whichisin A(T). We observe that 7, = Ay * (6—p + 8o + 85), where §; denotes the Dirac
measure at a point # € T. Hence

5.2) Y =6-Ap—Ap*(6_p+ 8 +8) % (g +8z) = Ap x(6-59 —v),

where v = (6_p + 8o + 8) * (6—g + 84). Then v is a positive measure on T with total
mass D(0) = 6, and the Fourier coefficients V() are all real valued. This implies that

—-6<v(n)<6, nel.

It now follows from (5.2) that ¥/ (n) = A, (n)(6 — D(n)), and since both terms in the
product are nonnegative, we can conclude that ¥ (n) = 0 for all n € Z. Furthermore,

53) 115,y = DU = Apm)?(6—D(m)” < 127 Apl|], gy < 127477

nez nez

for every p = 1, due to (2.1). Finally, set ¢ := 1 4 . Then it is obvious that condition (i)
holds. It follows from (5.1) that the function ¢ is nonnegative and satisfies (ii). Moreover,
we obtain (iii) as a consequence of (5.3). The lemma is thus proved. [

Remark 5.4. One can show that condition (ii) implies that [|¢ — 1|4r(Ty = hP~1/? for
every p = 1, so the estimate (iii) is sharp up to the numerical value of the constant.

5.4. We now use Lemma 5.3 to strengthen Lemma 3.1 as follows.
Lemma 5.5. Let p > (1 4+ +/5)/2. Given any € > 0, there exist two real trigonometric
polynomials P and y with integer spectrum, such that

(1) 7(0) =1, 7(1n)=0foralln € Z,

(i) P(0) =0 and | Pl < €;

(i) [ly — lar(m) < é&;

i) Iy - P = 1lar(r) < €;

(v) max; [y - S;(P)|lar(T) < 3.

The novel part of this result compared to Lemma 3.1 is the addition of property (i),
that is, the requirement that y have nonnegative Fourier coefficients.
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Proof of Lemma 5.5. We first choose a small § = §(g, p) > 0, and then choose and fix
0 < h < 1/8 and a positive integer N (both depending on &, § and p) such that

N>gl, (14+122P"HYN <1468 and 13PN PR ! <1-36.

To see that such a choice of & and N exists, it suffices to let & = h(N, 8, p) be defined by
the condition N = 1272h'=? log(1 + §), and take N to be sufficiently large.

We now choose an arbitrary number a satisfying 24 < a < 1/2 — 2h. Let ¢ be the
function of Lemma 5.3, and let ¥ = 1 — A7 1A, * %(8_(1 + 84), where again §; is the
Dirac measure at a point ¢ € T. We observe that ¢ - = ¢. Let f and g be Fourier partial
sums of ¢ and i respectively, of sufficiently high order such that || /' - g — f||l4 < 6.

Next, choose a positive integer v satisfying v > 2(deg( f) + deg(g)), and define

N—-1 ) 1 N—-1 A
y() =[] /1) and P(@):= ~ > g
j=0 j=0

The proof can now continue in the same way as in Lemma 3.1, and it follows that this
choice of y and P indeed satisfies all the conditions (i)—(v) of Lemma 5.5. ]

5.5. We can now adjust the proof of Theorem 1.1 given in Section 4 as follows. Recall
that in the proof we have constructed by induction a sequence of Schwartz functions uy.
Thanks to Lemma 5.2, we may now assume that the first Schwartz function u( has a
nonnegative Fourier transform io. Next, at the kth step of the induction we now use
Lemma 5.5 instead of Lemma 3.1, which yields a trigonometric polynomial y; with
nonnegative Fourier coefficients. As a consequence, it follows that the function uy :=
Uk_1 - Pk is a Schwartz function whose Fourier transform 7 is nonnegative.

In turn, the sequence u; converges in the space A?(R) to an element w € A?(R)
whose Fourier transform w is a nonnegative function in L?(R). We thus conclude that
Theorem 4.1 holds with the extra condition that w have a nonnegative Fourier transform.
Finally, this means that Theorem 1.1 holds with the function g = W, which is nonnegative,
and so Theorem 5.1 is established. ]

Remarks. (1) In the space L?(R), p > 2, one can adapt the technique from Section 3
of [5] in order to construct a Schauder frame (not unconditional) formed by an arbitrary
unbounded sequence of translates of a nonnegative function g.

(2) One may also consider the Banach space Co(R) of continuous functions on R
vanishing at infinity, endowed with the norm || f'||co = sup | f(x)|, x € R. First we note
that this space does not admit any unconditional Schauder frames. Indeed, a Banach space
with an unconditional Schauder frame is isomorphic to a complemented subspace of a
Banach space with an unconditional Schauder basis [4], which is not the case for the
space Co(R) (see Corollary 12 in Section IL.D of [22]). On the other hand, again based on
the technique from Section 3 of [5], one can show that the space Cy(R) admits a Schauder
frame (not unconditional) formed by an arbitrary unbounded sequence of translates of a
function g, which can moreover be chosen nonnegative.
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