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The modern theory of Cuntz semigroups of C *-algebras
Eusebio Gardella and Francesc Perera

Abstract. We give a detailed introduction to the theory of Cuntz semigroups for C*-algebras.
Beginning with the most basic definitions and technical lemmas, we present several results of
historical importance, such as Cuntz’s theorem on the existence of quasitraces, Rgrdam’s proof
that Z-stability implies strict comparison, and Toms’ example of a non Z-stable simple, nuclear
C *-algebra. We also give the reader an extensive overview of the state of the art and the modern
approach to the theory, including the recent results for C *-algebras of stable rank one (for example,
the Blackadar—Handelman conjecture and the realization of ranks), as well as the abstract study of
the Cuntz category Cu.
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1. Introduction

The Cuntz semigroup is an invariant for C*-algebras whose origin can be traced back
to the seminal work of Joachim Cuntz [38] on the existence of quasitraces on simple,
stably finite C *-algebras. The Cuntz semigroup Cu(A4) of a C*-algebra A resembles the
Murray—von Neumann semigroup V(A4), but is constructed using positive elements instead
of projections (and a suitable equivalence relation). The comparison between the Cuntz
semigroup and the K-groups (particularly Ky) puts into perspective the advantages and
disadvantages of these invariants. Arguably, one of the biggest advantages of K-theory is
its computability, as there are, for instance, several 6-term exact sequences that are very
useful in a number of situations. On the other hand, many C *-algebras do not contain
any nontrivial projections, and thus, V(A4) and K¢(A) may in general contain very little
information about A outside the class of real rank zero C*-algebras, which is a class
where projections abound. For example, the complex numbers C, continuous functions
on the Hilbert cube [0, I]N, the Jiang—Su algebra Z, and the suspension of the Calkin
algebra S@ all have the same K-theory. Moreover, the K-groups of a C *-algebra do not
contain any information about its ideal structure, which helps explain why virtually all
classification results that only use the K-theory of the algebra must assume simplicity. The
Cuntz semigroup, on the other hand, always contains plenty of information about the C *-
algebra, essentially because every C *-algebra contains a great deal of positive elements.
(Exactly what kind of information about A is encoded in Cu(A) is not completely clear,
but we give many concrete instances in the theorems below.) The Cuntz semigroup is
unfortunately rather difficult to compute, which makes its rich information sometimes
difficult to access. This is perhaps not entirely surprising, given how intricate its structure
is. Interestingly, in certain instances, enough information suffices to distinguish algebras
without the need of a full computation. For example, the Cuntz semigroup distinguishes
the algebras C, C([0, 1]Y), Z, and S@ mentioned above. (We do not have an explicit
computation of either Cu(C ([0, 1]V)) or Cu(S@), but enough about them is known to
claim that they are different.)

The Cuntz semigroup is intimately related to classification, particularly to the classi-
fication program of simple, nuclear C *-algebras initiated by George Elliott. The original
conjecture aimed at classifying all simple, separable, unital, nuclear C*-algebras using
K-theoretical data, conveniently encoded in the Elliott invariant Ell that, loosely speak-
ing, consists of the Ko-group, the topological K;-group, the trace simplex, and the pairing
between projections and traces. More precisely then, it was asked whether an isomorphism
of invariants Ell(A4) =~ Ell(B) could be lifted to an isomorphism of the algebras A =~ B.
The relevance of the Cuntz semigroup in the modern theory of C*-algebras was made
evident in the celebrated work of Toms [92], where he constructed two simple, separable,
nuclear, unital C*-algebras A and B which satisfy Ell(4) = Ell(B) and A % B. These
algebras constitute a counterexample to Elliott’s conjecture and were distinguished using
the Cuntz semigroup; see Section 9 for an exposition of Toms’ examples and more details



The modern theory of Cuntz semigroups of C *-algebras 135

of the classification program'. The work of Toms motivated the systematic study of the
Cuntz semigroup, which was initiated by Coward, Elliott, and Ivanescu in [37]. Since then,
numerous papers have been written about the Cuntz semigroup developing a categorical
framework for their study, thus unveiling fascinating features of this invariant.

The Cuntz semigroup has been successfully used to classify certain classes of C*-
algebras, as well as maps between them. Ciuperca and Elliott’s classification [34] of Al-
algebras was ultimately greatly generalized by Robert [73], who classified certain direct
limits of one-dimensional NCCW-complexes. These classification results are obtained as
consequences (via an intertwining argument) of general theorems classifying homomor-
phisms from said algebras into arbitrary C *-algebras of stable rank one. A basic form of
these classification results for maps is the work [77] of Robert and Santiago, where they
show that two homomorphisms from Cy((0, 1]) into a C*-algebra of stable rank one are
approximately unitarily equivalent if and only if they are equal at the level of the Cuntz
semigroup. It should be noted that none of these results requires either the domain or
codomain algebra to be simple; this is perhaps not so surprising considering the fact that
the Cuntz semigroup encodes the ideal lattice of the algebra (see below) as well as other
structural aspects (see, for example, [65] and also [76]).

The goal of this survey is to introduce the reader to this rich theory, beginning with
a detailed exposition of the basics and proving some of the most celebrated results. We
will also give an overview of the modern theory of Cuntz semigroups, particularly the
spectacular recent developments for C *-algebras of stable rank one.

In the rest of this introduction, we give a summary of the main results discussed in
this work. As it turns out, the Cuntz semigroup of a C*-algebra is quite a special kind
of ordered semigroup: for example, suprema of increasing sequences always exist, and
addition is compatible with suprema and with the so-called compact containment relation
& see Section 4. Thus, the Cuntz semigroup Cu(A) naturally belongs to a subcategory
of positively ordered monoids.

Theorem A (Coward-Elliott-Ivanescu [37]). There is a category Cu of positively ordered
monoids to which Cu(A) belongs for every C*-algebra A. Moreover, the Cuntz semigroup
determines a functor Cu: C* — Cu which respects (countable) direct limits.

In fact, considering the Cuntz semigroup as an ordered set, it becomes an w-domain,
that is, a sequentially complete partially ordered set which is also w-continuous; see [58],
and also [48,85]. While the work [37] only considered countable direct limits, it was later
shown in [8] that this assumption is not necessary: Cu possesses arbitrary direct limits,

"Toms’ counterexample to the Elliott conjecture was not the first one. Indeed, Rgrdam had earlier
constructed [80] a simple, nuclear C*-algebra A containing a finite and an infinite projection. It follows
that A and A ® Z have the same Elliott invariant, but are not isomorphic. Prior to Rgrdam’s construction,
Villadsen [97] had constructed examples of simple, separable, nuclear C *-algebras which agreed on the
Elliott invariant but were not isomorphic. The relevance of Toms’ example in the context of these notes
stems from the fact that he used the Cuntz semigroup to distinguish C *-algebras with isomorphic Elliott
invariants.
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and Cu preserves them. More properties of the category Cu and the functor Cu will be
addressed in Theorem H.

The objects in the category Cu are partially ordered semigroups satisfying certain
axioms (see Definition 4.5) which are enjoyed by Cu(A) for all C *-algebras A. The goal
of describing precisely which partially ordered semigroups arise from C *-algebras has led
to the discovery of five additional axioms, but even these do not entirely describe the range
of the invariant. Obtaining a complete exlicit description is an extremely complicated task,
and we are very far from achieving it.

Theorem A is important since it grants us access to categorical methods in the study
of (abstract) Cuntz semigroups. This perspective has been extremely fruitful, and some of
the most recent applications are discussed in Section 10; see also Theorem H below.

As mentioned before, the ideal structure of A can be read off of Cu(A4). (In this work,
by an ideal in a C*-algebra, we will always mean a closed, two-sided ideal.)

Theorem B (Ciuperca—Robert—Santiago [36]). The Cuntz semigroup of a C*-algebra
encodes its ideal-lattice structure, as well as the Cuntz semigroups of every ideal and
every quotient. More explicitly, the assignment I +— Cu([l) defines a lattice isomorphism
between the ideals of A and the ideals of Cu(A), and there is a canonical isomorphism
Cu(A)/Cu(l) = Cu(A/I).

The above theorem should also be compared to analogous statements in K-theory: in
general, the K-groups of 4 do not contain any information about the ideal structure of A4.

Another major part of the structure of a C*-algebra which is encoded in its Cuntz
semigroup is its (quasi)tracial state space.

Theorem C (Blackadar-Handelman [15]). Let A be a unital C*-algebra. Then, there is
a natural affine bijection between the set of all quasitracial states on A and the set of
all normalized functionals on Cu(A). Given a quasitrace © € QT(A), the corresponding
functional is
d;([a]) = lim t(ar)
n—>00
forall a € Ay (and extended naturally to positive elements in A @ K ).

By the work of Elliott, Robert, and Santiago, the natural bijection described in the the-
orem above extends to a bijection between the set of all lower-semicontinuous quasitraces
on A and the set of all functionals on Cu(A4); see [40].

Recall (see also Definition 2.9) that a unital C *-algebra A is said to be stably finite
if forall n € N and all s € M,,(A) with s*s = 1, we have ss* = 1. In other words, all
isometries in matrix algebras over A are automatically unitaries. Very loosely speaking,
one may think of stably finite, simple, unital C *-algebras as the C *-analogues of the finite
von Neumann factors.

The fact that a finite von Neumann factor admits a faithful trace is a fundamental result
in their study. In the C *-algebra setting, Cuntz used a precursor of Theorem C to show
the following version of that result.
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Theorem D (Cuntz [38]). Let A be a simple, unital C*-algebra. Then, A is stably finite
if and only if it admits a faithful quasitrace.

For the most part of the last two decades, classification has revolved around the Jiang—
Su algebra Z and C *-algebras that absorb it tensorially; such algebras are called Z-stable.
The main reason for this is the fact (see Remark 9.2) that the Elliott invariant cannot
distinguish between A and A ® Z. Thus, only Z-stable C *-algebras can be expected to
be classified using Ell. The computation of the Cuntz semigroup of Z was used by Rgrdam
to show that Cuntz semigroups of Z-stable C *-algebras are well behaved.

Theorem E (Rgrdam [81]). Let A be a separable, unital Z-stable C*-algebra. Then,
Cu(A) is almost unperforated; equivalently, A has strict comparison.

Perhaps surprisingly, it is conjectured that the converse of Theorem E is true in the
simple, nuclear setting: this is the only implication that remains open in the Toms—Winter
conjecture. The conditions of Z-stability and strict comparison should be regarded as
C *-algebraic counterparts of McDuffness and the fact that in a II;-factor, the order on
projections is determined by the unique trace. While those conditions are always satisfied
for hyperfinite factors, Z-stability and strict comparison are not automatic for simple,
nuclear C *-algebras, as Toms showed.

Theorem F (Toms [92]). There exists a simple, separable, nuclear, unital C*-algebra A
which satisfies EIl(A) =~ Ell(A ® Z) and Cu(A) % Cu(A ® Z), so in particular, A %
AR Z.

The way that Toms distinguished Cu(A) from Cu(A4 ® Z) was using the property of
almost unperforation via Theorem E. The explicit computation of Cu(A), for the C*-
algebra A constructed by Toms, is still unknown; see Problem 16.1. On the other hand,
the difficult task of computing Cuntz semigroups becomes much simpler for Z-stable C *-
algebras.

Theorem G (Brown-Toms [27], Brown—Perera—Toms [26]). Let A be a simple, separa-
ble, unital, stably finite Z-stable C*-algebra. Then,

Cu(A) = V(A) U LAf(QT(A)) 4+

In particular, the pair (Cu(A), K1 (A)) is equivalent to Ell(A).

In the theorem above, LAff(QT(A4))++ denotes the set of all lower semicontinuous
affine functions QT(A4) — (0, oo]. For the class of algebras in Theorem G, the group
K;(A) can also be recovered from Cuntz semigroup data, namely, from Cu(4 ® C(T));
see Theorem 9.10.

A recurrent theme in these notes is the fact that C *-algebras of stable rank one have
particularly well-behaved Cuntz semigroups. This is made already apparent in Section 2.2,
where we show that Cuntz comparison in the stable rank one case takes a form which is
very close to Murray—von Neumann subequivalence for projections; see Proposition 2.16.
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We also report on some of the most recent results on Cuntz semigroups of C *-algebras of
stable rank one, including the following.

Theorem H (Antoine—Perera—Robert-Thiel [5]). Let A be a separable unital C*-algebra
of stable rank one without finite-dimensional quotients. Then, Cu(A) has the Riesz inter-
polation property and it is an inf-semillatice ordered semigroup. Moreover, we have the
following.

(1)  (Realization of ranks). For every f € LAff(QT(A))y+, there exists a € (A ®
HK) 4 such that d.([a]) = f(t) for all T € QT(A).

(i)  (Blackadar-Handelman conjecture). The space DF(A) of dimension functions
on A is a Choquet simplex.

The developments that led to Theorem H ran parallel to, and also benefited from, the
advances made in the systematic study of the category Cu. Indeed, Theorem A opened the
doors for an abstract study of the category Cu and of the functor Cu. In this setting, it is
particularly important to establish the existence of some standard categorical constructions
in Cu such as direct limits, tensor products and products. This naturally leads one to
consider two larger auxiliary categories W and Q, which contain Cu as a full subcategory.
These larger categories have the advantage that the constructions that we are interested
in exist in them (for example, it is not so difficult to prove that W has arbitrary direct
limits and tensor products). One can show (see Theorems 12.9 and 14.5) that there exist
functors y: W — Cu and t: Q — Cu which are, respectively, a reflector and coreflector to
the canonical inclusions. Using these, it is possible to transfer constructions from W and
Q back to Cu. This is an essential ingredient in the following.

Theorem I (Antoine—Perera—Thiel [8]). The category Cu is closed, symmetric, monoidal,
and bicomplete. The Cuntz semigroup functor preserves directed limits and coproducts,
and, suitably interpreted, also products and ultraproducts.

We almost exclusively work with the picture of the Cuntz semigroup of a C *-algebra
A which uses positive elements in 4 ® K. We should, however, point out that there are
at least two alternative presentations of Cu(A4) which may be more convenient in some
contexts: the one using Hilbert modules, which was first considered in [37] and is only
very briefly presented here in the comments before Proposition 11.12, and the one using
open projections, which was given in [66], and is not covered here. We also mention that
most of the results presented hold both for separable and nonseparable C *-algebras, but
some of them do require separability, an assumption that will be made as needed.

We have made these notes as self-contained as possible, assuming only a very elemen-
tary background on C *-algebras and functional calculus. As such, we hope that this survey
will be useful to young mathematicians who wish to learn the theory of Cuntz semigroups,
as well as to those researchers who want to see a streamlined presentation of the latest
results in the structure theory of Cuntz semigroups. Even though we made an effort to
cover a large variety of topics on Cuntz semigroups, space constraints and the magnitude
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of the existent literature make it impossible to be exhaustive, and it was inevitable to make
some omissions. Among others, we were forced to completely omit the radius of compar-
ison, except when its value is zero. We also do not go into details to describe the many
statements in the literature which, despite not referring to the Cuntz semigroup, depend
on it for their proofs. One example is Theorem D, but there are many others including
the proof in [33] that Z-stability implies finiteness of the nuclear dimension. On the other
hand, there are two other introductions to the subject [12, 85], with somewhat different
approaches. Indeed, [12], which was written over a decade ago, focuses primarily on the
classical (or uncompleted) Cuntz semigroup W, and makes extensive use of the Hilbert
module picture. On the other hand, [85], which is more recent, regards Cu-semigroups
as domains with additional structure, and uses methods from lattice and category theory.
Both references are good complements to this survey.

2. Comparison of positive elements

The following is the definition on which the theory of Cuntz semigroups is based.

Definition 2.1. Let A be a C*-algebra and let a, b € A4. We say that a is Cuntz sube-
quivalent to b (in A), denoted by a < b (or a 24 b if there is a need to specify the ambient
C*-algebra), if there exists a sequence (7, )nen in A such that lim, . ||rxbr,;, —all = 0.
Equivalently, for every & > 0, there exists r € A such that |rbr* —a| < e.

We say that a and b are Cuntz equivalent, written as a ~ b, ifa S band b =X a.

It is easy to see thatif a S band b S ¢, thena S c.
In order to give a feeling for the relation X, we first look at the case of commutative
C*-algebras. For f € C(X), we denote its open support by

supp, (f) = {x € X: f(x) # 0}.

Proposition 2.2. Let X be a locally compact, Hausdorff space, and let f,g € Co(X) be
positive functions. Then, [ = g if and only if

supp, () < supp,(g)-
Equivalently, g(x) = 0 implies f(x) = 0forall x € X.

Proof. Assume f 3 g, choose a sequence (r;)nen in Co(X) such that lim, o0 rn g7, =
f uniformly on X. For x € X, it is then easy to see that g(x) = 0 implies f(x) = 0.

Conversely, suppose that supp, () < supp,(g) andlete > 0. Set K ={x € X: f(x) >
¢}, which is a compact set on which g is strictly positive. Find § > 0 such that g(x) > §
for all x € K, and set

U={xeX:g(x)>§}.
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Then, U is o-compact and open in X, and K € U. By Urysohn’s lemma, there is a positive
function & € Co(X) which is identically equal to 1 on K and vanishes precisely outside
of U. Define s € Cyp(X) by

(x) : .
S(x) = { %h(x) ifx e U;

else.

Setting r = 52, we getr =r*and| f —rgr| < e, as desired. |

For an element ¢ in a C *-algebra A, we denote by sp(a) its spectrum. We now extract
some very useful consequences of Proposition 2.2.

Corollary 2.3. Let A be a C*-algebra, leta € A4 and let f:[0,00) — [0, 00) be contin-
uous and satisfy f(0) = 0. Then, the following statements hold.

(i) Wehave f(a) % a.

i) If f(t) > Ofort > 0, then f(a) ~ a.

(ili) We have a ~ a* and a ~ Aa for A € (0, 00).

(iv) For x € A, we have x*x ~ xx*.

Proof. (i) Note that @ and f(a) belong to C*(a) =~ Cy(sp(a)), and under this identifica-
tion, these elements correspond to idgy(q) and f|sp(a). respectively. The conclusion then
follows from Proposition 2.2 since x = 0 implies f(x) = 0.

(i) Follows from (i) by taking f~!.

(i) Follows from (ii) by taking either f(r) = t* or f(t) = At, respectively.

(iv) We have

xx* @ (xx*)? = x(x*x)x* 2 x*x.

Analogously, we get x*x < xx*, as desired. (]

Recall that a subalgebra B of a C*-algebra A is said to be hereditary if whenever
b € By and a € A4 satisfy a < b, then a € B. Given b € A, the smallest hereditary
subalgebra of A containing b is Ap := bAb. We will use, without proof, the fact that
(b%)neN is an approximate identity for Aj. For arbitrary elements a, b in a C *-algebra
A, we will, as customary, write a &, b to mean that ||a — b|| < e.

Proposition 2.4. Let A be a C*-algebra and let a,b € Ay. If a € Ap, then a X b. In
particular, ifa < b thena X b.

Proof. Suppose that a € Ap, and let € > 0. Choose n € N such that
a~e biabn.
2

Using part (iv) of Corollary 2.3 at the second step and part (iii) of at the fourth step, we
get

D=
SN
D=
MY

brabn = (bna?)(abr) ~a*bna? 3 b ~b.
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Choose r € A with rbr* o brabn. Then,

I
%

[

bnab

a =

Wi

and hence, a X b, as desired. [

Given e > 0, let f,:[0,00) — [0,00) be given by f.(t) = max{t —¢,0}. Givena € A,
we write (@ — €) + for fz(a). The element (¢ — ¢) + is usually referred to as the & cut-down
of a. Since (a — ¢)4+ < a for any ¢ > 0, we get from Proposition 2.4 that (a — ¢)4+ < a.
The following lemma is a generalization of this fact.

Lemma 2.5. Let A be a C*-algebra, let ¢ > 0, and let a, b € A4 with |la —b| < . Then,
there exists a contraction v € A with rbr* = (a — &)4. In particular, (a — &)+ 2 b.

Proof. We only prove the last assertion; the first one is rather involved, and a proof can be
found in [60, Lemma 2.2]; see also [70, Lemma 1.4 (6)]
Note that ||a — b|| < ¢ implies that a — ¢ < b. Multiplying on both sides by (a — &)+,
we get
(a—e)+(@a—e)a—e)y <(a—e)tb(a—e)+. (2.1)

Using part (iii) of Corollary 2.3 at the first step, we get

(@=8)s ~(@—8) = (@—e)sla—e)a—e)y = (@—e)rbla—e)y b,
as desired. [

The reader is encouraged to prove the first assertion in Lemma 2.5 in the case where
a and b commute.

We will sometimes need the following strengthening of part (iv) of Corollary 2.3. We
omit its proof, which can be found in [85, Corollary 2.53].

Lemma 2.6. Let A be a C*-algebra, let x € A and let ¢ > 0. Then, we have
(X*x — )4 ~ (xx" — &)

inside of A @ K.

The following is one of the most used technical results about Cuntz comparison; see
[79, Proposition 2.4].

Theorem 2.7 (Rgrdam’s lemma). Let A be a C*-algebra and let a,b € A. Then, the
following are equivalent:

i) aZb;

(ii) Foreverye >0, we have (a — &)+ 2 b;

(iii) For every € > 0, there exists § > 0 such that (a — &)+ 3 (b —8)4;
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(iv) For every ¢ > 0, there exist § > 0 and x € A such that (a — &)+ = x*x and
xx* e A(b_3)+,'

(v) Foreverye > 0, there exist § > 0 and r € A such that (a — &)+ = r(b —8)+1*.

Proof. (i) implies (ii) since (a — €)+ = a, as observed above. Conversely, let ¢ > 0. Since
(@ — %)+ 3 b, thereis r € A with
&
£ a— 5 %% a,
+

so (ii) implies (i). That (iii) implies (ii) follows from (b — §)+ < b.

We now show that (iv) implies (iii). Let ¢ > 0 and find § > 0 and x € A with (@ — &)+ =
x*x and xx* € Ap—s), . Using part (iv) of Corollary 2.3 at the second step and using
Proposition 2.4 at the third step, we get

(@a—8)r =x"x ~xx* 2 (b -84,

as desired. To show that (v) implies (iv), let e > 0 and find § > 0 and r € A with (a — &)+ =
1
r(b—38)4r*.Setx = (b —38)3r*. Then,

(@a—¢e)y =x*x and xx* = (b —8)%r*r(b —8)% € Ap-s), -

as desired. Finally, we show that (i) implies (v). Let ¢ > 0 and choose ¢ € A with chc* Ae
a. By continuity of functional calculus, there is § > 0 such that chc* ~ec(b— 8)4+c*. By
Lemma 2.5, there is d € A such that (@ — &)y = dc(b — 8)+¢*d™. Then, r = dc satisfies
(a—e)y =rb—208)4r*. L]

We will later want to compute the Cuntz semigroup of C, for which we will need
the following useful lemma. Recall that projections p, ¢ in a C*-algebra A are said to
be Murray—von Neumann equivalent, in symbols p ~wyyn ¢, provided there is a partial
isometry v € A such that p = v*v and ¢ = vv™*. We also say that p is Murray—von
Neumann subequivalent to ¢, written as p Syyn ¢, if there is a projection p’ < ¢ such
that p ~yvyN P’

Lemma 2.8. Let A be a C*-algebra and let p,q € A be projections. Then, p X q if and
only if p Imwn 4.

Proof. 1tis clear that p Zpyw g implies p X g. Conversely, assume that p < g. For ¢ = %
use part (iv) of Rgrdam’s lemma (Theorem 2.7) to find § > 0 and x € A such that x*x =
(p— %)4_ and xx* € A,_s), . Since p and g are projections, we have (p — %)4_ = %p,
and similarly, (¢ — 8)4+ = (1 — 8)q ~ ¢. In particular, A,_s), = A4 = qAq. It follows
that v = /2x is a partial isometry satisfying v*v = p and vv* € gdq, so Vv* < ¢, as
desired. ]

Note, however, that the previous lemma does not imply that p ~ ¢ if and only if
P ~MwN ¢, since in general p ~\yN ¢ 1S not equivalent to p Sy ¢ Swmvn p- This is the
case if A is stably finite, as we explain in the following subsection; see Proposition 2.10.
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2.1. Stably finite C *-algebras

Stable finiteness is central to the study of the Cuntz semigroup, and we therefore isolate it
here together with some consequences for Cuntz comparison.

For a C*-algebra A, its minimal unitization A is defined to be A when A is unital.
For nonunital A, we have A = A @ C as a vector space, while the product is given by
(a,X)(b, n) = (ab + pa + Ab, Ap), so that (0, 1) becomes the unit and A sits inside A
as a closed, two-sided ideal.

Definition 2.9. A unital C*-algebra A is said to be finite if for all s € A with s*s = 1, we
automatically have ss* = 1. In other words, every isometry in A is a unitary. We say that
A is stably finite if M,,(A) is finite for all n € N.

A general (possibly nonunital) C*-algebra A is stably finite if Ais stably finite; see
[14,V.2.2.1].

In the unital case, one can show that finiteness of a C*-algebra is equivalent to the
fact that no nonzero projection has a proper subprojection equivalent to it. Whilst for a
nonunital algebra A, this is still a consequence of A being finite, it is no longer equivalent,
as testified by taking A = C*(S — I), where S is the unilateral shift; see [14, V.2.2.14].

We warn the reader the stable finiteness for nonunital C *-algebras is less well behaved
than for unital ones, and that even for unital C*-algebras, stable finiteness is often too
weak of a property outside of the simple case, since it does not imply stable finiteness of
all of its quotients. (For example, the unitization of the suspension of (), is stably finite
according to the definition above.) We have chosen to avoid these complications in this
survey, and will consider almost exclusively unital C *-algebras throughout, additionally
assuming simplicity when necessary.

Examples of stably finite C *-algebras are easy to come by. For example, all commu-
tative C *-algebras are stably finite. Since direct limits of stably finite algebras are easily
seen to be stably finite, and subalgebras of stably finite algebras are as well stably finite,
we deduce that all ASH-algebras are stably finite. On the other hand, purely infinite C *-
algebras, for example, the Cuntz algebra (,, are not finite, so in particular not stably finite.
There exist (simple, unital, nuclear) C*-algebras which are finite but not stably finite, as
was shown by Rgrdam in [80].

Stable finiteness is the key assumption in Cuntz’s celebrated theorem on the existence
of (quasi)traces (see Theorem 6.11), whose proof used a precursor of the Cuntz semigroup.
There are other reasons why stable finiteness is fundamental in the study of the Cuntz
semigroup, and one piece of evidence is given by the following result, which should be
compared to Lemma 2.8.

Proposition 2.10. Let A be a unital, finite C*-algebra. For projections p,q € A, we have
p ~qifandonly if p ~wmw 4.

Proof. Since the “if” implication is true in full generality, we only prove the “only if”
direction. Assume that p~gq, thatis, p <qg < p. By Lemma 2.8, we have p Sy~ ¢ SMwN P-
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Choose partial isometries v, w € A with
vio=p, w*<gq, ww=gq, ww"=<p.

Then, it follows that w*v*vw = p and vww*v* < p. Note that the corner pAp is finite
as well, and that vw is an isometry in pAp. By finiteness we must have vww*v* = p,
which implies that vv* = ¢ and ww™* = ¢, S0 p ~MyN ¢- ]

Recall that the Murray—von Neumann semigroup V(A) of a unital C*-algebra A is
defined as the set of Murray—von Neumann equivalence classes of projections in

U Ma(4)
n=1

(the Grothendieck enveloping group of V(A), for unital A4, is K¢(A)). The following
remark will be needed later.

Remark 2.11. Murray—von Neumann subequivalence does not in general induce an order
on the semigroup V(A4), since p Imww ¢ Smyn P does not imply p Smyn ¢- On the other
hand, the proof of Proposition 2.10 shows that this is indeed the case if A is stably finite.
In other words, V(A) is an ordered semigroup whenever A is unital and stably finite.

We close this section by showing that Proposition 2.10 fails in general for C *-algebras
which are not finite.

Example 2.12. Consider the Cuntz algebra O, for n > 2, with canonical generating
isometries s, . .., S,. It is known that V(O,,) =~ Z, —, with the unit representing the canon-
ical generator 1 € Z,_;. Set p = 5157 + 5255, which is a projection in O, Since sjsj’f‘ is
clearly Murray—von Neumann equivalent to 1 forall j = 1,...,n, it follows that p repre-
sents 2 € Z,_1, and is therefore not Murray—von Neumann equivalent to 1 (since n > 2):
D *mw L.

On the other hand, since O, is purely infinite and simple and p # 0, there exists x € @,
such that xpx™ = 1. This implies that 1 X p. Since p < 1is immediate, we conclude that

p~ L
2.2. Cuntz comparison and stable rank one

C *-algebras of stable rank one play an important role in these notes, since their Cuntz
semigroups are particularly well behaved. In this subsection, we show that Cuntz compar-
ison in C*-algebras of stable rank one takes a form which is very similar to Murray—von
Neumann subequivalence for projections; see Proposition 2.16.

We begin with a general discussion for the reader to develop some intuition around the
notion of stable rank one.

Definition 2.13. A unital C*-algebra A is said to have stable rank one if the set GL(A) of
invertible elements in A is dense in A. Moreover, a nonunital C *-algebra is said to have
stable rank one if its minimal unitization does.
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The class of C*-algebras with stable rank one is pleasantly large. It was shown by
Rgrdam in [81] that a unital, simple, stably finite and Z-stable C*-algebra has stable
rank one, hence, this applies to all classifiable stably finite C *-algebras. Stable rank one
also holds outside of the classifiable class, for example, for crossed products of the form
C(X) x Z" for a free, minimal action of Z”" on a compact Hausdorff space X, regardless
of whether C(X) x Z" is Z-stable or not; see [62]. (See also Section 7 below for more
information on the C *-algebra Z.)

As the name indicates, the stable rank is an integer valued number that is associated
to any C *-algebra and can be with advantage thought of as a noncommutative dimension
theory. In fact, one has that sr(C (X)) = [%] + 1; see [72]. The notion of stable rank
in [72] agrees with that of Bass, as shown in [54].

We record here, without proof, some general facts about C *-algebras of stable rank
one that will be needed throughout.

Proposition 2.14. Let A be a C*-algebra of stable rank one.
(i) A is automatically stably finite.
(i) If B C A is a hereditary subalgebra, then B has stable rank one.
(iii) A ® K has stable rank one.
@(iv) If p,q € A satisfy p ~mwN ¢, then there is a unitary u € fTsatisfying p =uqu*.

We need a technical lemma; see [35, Lemma 2.4] for the proof.

Lemma 2.15. Let A be a C*-algebra and let B C A be a hereditary subalgebra of stable
rank one. Let § > 0 and let x, y € A satisfy

xx*,yy* € B, x*x € Aysy, |x*x—y*y| <é.
Then, there is a unitary u € B such that |x — uy|| < /8.

The following is one of the basic technical results that makes the study of Cuntz com-
parison in C*-algebras of stable rank one particularly accessible. (Another one will be
given in Theorem 3.7.)

Proposition 2.16 ([35, Proposition 2.5]). Let A be a C*-algebra of stable rank one, and
let a,b € Ay. Then, a X b if and only if there exists x € A satisfying x*x = a and
xx* € Ap.

Proof. 1f there exists x € A as in the statement, then part (iv) of Corollary 2.3 gives
a=x"x ~xx* e A,

and thus, a¢ X b by Proposition 2.4.
Conversely, assume that a < b. By Rgrdam’s lemma (Theorem 2.7), for every n € N,
there exists y, € A such that

1
(a—ﬁ) =Ypyn and  y,y; € Ap.
+
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Given n € N, apply Lemma 2.15 to y, and y,4+; to obtain a unitary u, € A satisfying
Ve — unyn+1ll < an Set x, = uy---up—1yn € A. Then, ||x, — xp41]| < zl,,, and thus,
the sequence (x,),eN has a limit x € A. Moreover,

* . " . 1
x'x= lim x x, = lim [a — — =a,
n—oco n—00 22n

+

and similarly, xx* = lim, 00 Xp X, € Ap, as desired. [ ]

3. The Cuntz semigroup

The following is the object we will study in these notes.

Definition 3.1. Let A be a C *-algebra. The Cuntz semigroup of A is defined as
Cu(4) = (AQ K)+/~,

where ~ stands for the Cuntz equivalence relation. For a positive elementa € (A @ K)+,
we denote by [a] its Cuntz equivalence class, hence, Cu(A) = {[a]:a € (A ® K)+}. There
is a natural partial order defined on Cu(A), namely, [a] < [b]ifa X b. (The element 0 := [0]
is the minimal element in Cu(A).) We define an addition on Cu(A) by setting?

a+iel=[ (5 4)]

We also denote (g 2) by a & b.

Lemma 3.2. Let A be a C*-algebra, and leta,b € Ay. Then,a +b 2a @ b. Ifab =0,
thena +b ~a®b.

Proof. Note that

(aa*)n  (bb*)n (a o) (a*a)s 0 _)(a—l—b 0),
0 0 0 b)\w*p)n 0 0 0)°

hence,a + b ~ (“‘(‘)‘b 8) < a @ b. On the other hand, if ab = 0 and we let x = (41/2 p1/2),

thenxx*=a+bandx*x=(‘62). ]

It is not difficult to check that [a] 4+ [b] = [b] + [a] and that [a] 4+ 0 = [a] in Cu(A)
for all [a], [b] € Cu(A). More interestingly, addition and order are compatible in Cu(A),

2Here, just like it is done in K-theory, we are implicitly fixing an isomorphism M, ® K =~ K and
using it to identify Cu(A) with Cu(M,(A)); one can check that this identification does not depend on the
isomorphism we fixed.
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in the sense that [a1] < [b1] and [a;] < [b2] imply [a1] + [a2] < [b1] + [b2]. This gives
Cu(A) the structure of a positively ordered monoid”.
We turn to the first computation of a Cuntz semigroup.

Example 3.3. Let us compute Cu(C) =~ Cu(M,) = Cu(K). We will show that the rank

map tk: Ky — {0, 1,...,00} =: N induces an ordered semigroup isomorphism
tk: Cu(X) — N.

To show this, given a, b € K, we will prove that rk(a) < rk(d) if and only ifa < b.
Let a € K. By the spectral theorem, there are scalars A, > 0 and finite rank projec-
tions p, € K forn € N such that

o0
a= Z/\,,pn.
n=0

Moreover, rk(a) < oo if and only if there is m such that A,, = 0 for all n > m. In this case,
part (iii) of Corollary 2.3 implies that a ~ Y ,"_; pn =: pa. Note that tk(p,) = rk(a),
and recall that Murray—von Neumann subequivalence for projections in KX is determined
by the rank. Using Lemma 2.8 at the second step, for finite rank elements a,b € K, we
have

a3bh < ps 3 pp < pa IMwN Pb < 1K(pa) S 1k(pp) < 1k(a) 3 rk(b),

as desired. Now, if rk(b) = oo and a € K4 is arbitrary, we will show that a < b. By
part (ii) of Rgrdam’s lemma (Theorem 2.7), it suffices to show that (@ — )4+ < b for all
& > 0. Note that (a — &)+ has finite rank and is therefore Cuntz equivalent to a finite-rank
projection p € K, by the previous part. Since K contains projections of arbitrary large
rank, there is ¢ € K} with p ~yyN ¢. Then,

(@—¢&)y ~p3uwg Db,
which implies the result by Lemma 2.8.

We isolate the following convenient corollary. Recall that an order-embedding* ¢: S —
T between ordered sets is a map satisfying ¢ (s) < ¢(s’) if and only if s < s5’.

Corollary 3.4. Let A be a unital C*-algebra. Then, there is a natural semigroup map
1: V(A) — Cu(A). If A is stably finite, then 1 is an order embedding.

Proof. The fact that a semigroup map ¢: V(A) — Cu(A) exists is obvious since every
projection is a positive element. Moreover, if A is stably finite, then V(A) is an ordered
semigroup by Remark 2.11, and the last claim follows immediately from Lemma 2.8 and
Proposition 2.10. ]

3 A monoid is a semigroup with a neutral element, and it is said to be positively ordered if every element
dominates the neutral element. The reasons for having termed Cu(A4) a semigroup are only historical.
“This is stronger than being order-preserving and injective.
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It is also possible to describe which positive elements are Cuntz-equivalent to projec-
tions in a stably finite, unital C *-algebra.

Remark 3.5. If A is unital and stably finite, then the image of ¢ in Cu(A) is precisely the
set of the so-called compact elements of Cu(A); see Definition 4.1 and Remark 4.13.
Notation 3.6. Given a,b € A, we introduce the following notation:

* a ~y bifthereis aunitary u € A with uau* = b;

e aChbhifae Ap;

* a C, bifthereis aunitary u € A such that uau* € Ap.

The following theorem shows that Cuntz comparison in stable C *-algebras is unitarily
implemented. The result holds more generally for C *-algebras of weak stable rank one: by

definition, a C *-algebra A has weak stable rank one if A C GL(/T). By [16, Lemma 4.3.2]
every stable C *-algebra has weak stable rank one.

Theorem 3.7. Let A be a C*-algebra with weak stable rank one and let a,b € Ay. Then,
a 2 b if and only if for every ¢ > 0 we have (a — &)+ Ty, b.

Proof. Note that the “only if” implication is true in full generality: indeed, given & > 0,

~ 1
find u € U(A) as in the statement. With x = u(a —&)3 € A, we use part (iv) of Corol-
lary 2.3 at the second step, and Proposition 2.4 at the last one to get

(@a—¢e)y =x*x ~xx*=u(a—¢e);u* 3 b.

Then, a < b by Rgrdam’s lemma (Theorem 2.7).

We only sketch the proof of the converse, so assume that A has weak stable rank one.
Forc,d € A4, we write ¢ ~,, d if there is a unitary u € U(A) such that ¢ = udu*. From
this, one shows that for every x € A and every ¢ > 0 we have

(X*x — &) ~y (xx™ — &) 4. (2.2)

(Note that this is a strengthening of Lemma 2.6.) Assume now that a < b and let ¢ > 0.
By Rgrdam’s lemma (Theorem 2.7), there exists x € A such that

(a—f) =x*x and xx* € Ap.
2) 4

(a—e)y = (x*x - E) <) (xx* - f) € Ap.
2/, 2/,

Therefore, there is u € ‘L((}f) with u(a — &) u™* € Ap, as desired. |

Then,

The following theorem, originally obtained by Coward, Elliott, and Ivanescu in [37]
using Hilbert C *-modules, was the first result about the internal structure of Cuntz semi-
groups, and shows that they are rather special ordered semigroups.
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Theorem 3.8. Let A be a C*-algebra. Then, every increasing sequence in Cu(A) has a
supremum.

Proof. Let (an)neN be a sequence in (4 ® K) 4 satisfying a, < a,+1 foralln € N.

Case 1. (ap)neN is increasing in A ® K and has a limit

a = lim a,.
n—>00

Then, [a] is the supremum of ([a,])seN. In this case, [a] € Cu(A) is an upper bound for
([an])nen. Let [b] € Cu(A) be another upper bound; we want to show that [a] < [b]. By
Rgrdam’s lemma, it suffices to show that for every ¢ > 0 we have (a — )4+ =< b. For the
& > 0 given, find n € N such that |ja — a,|| < ¢ so that we have

(Cl - 8)+ X ay
by Lemma 2.5. Then,
(a—s).,. < an fb,
as desired.

Case 2. For every n € N, we have a, C a,41 (which means a, € A,,,,). In this case,
forn € N, we set

n

o0
ag ag
b, = E and b = E .
T a2k = a2

It is clear that b, < b, and that b = lim,_, ~ b,. Note that

an

ap ~ ———=<b
" llanl2n T

and hence, a, < b, by Proposition 2.4. On the other hand, since aq, ..., a, belong to
the hereditary subalgebra generated by a,, the same is true for b,. Thus, b, < a, by
Proposition 2.4, and therefore, a, ~ b,. It follows from Case 1 that [b] is the supremum

of ([an])nen-

one. For each n € N, choose u, € U(A ® K) such that u,anu; € Ag,,,,. Set by = a,
and

Case 3. Foreveryn € N, we have a,, C,, a,+1. This case is easy to reduce to the previous

* * *
by =ujus -+ Uy _qapUp_y - UU].

Then, b, ~y an, so [by] = [a,]. One readily checks that b, € A, ,, and hence, Case 2
implies the result in this case.

Case 4. The sequence (ay)neN is arbitrary. Using Rgrdam’s lemma repeatedly together
with Theorem 3.7, for every n € N, we can find a sequence (el(c")) keN Which decreases to
zero and such that

(an = ") Su (aner =)
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for all k,n € N. We represent this graphically as follows:

ai N as 3 as 3
\a \a Vi
4 4 4
(@1—e), < (a2-¢), < (a3-¢9), <
\a \a \a
(a1 — eg))+ Su (a2 — 8%2))_'_ Su (a3 — 8&3))_’_ Su
\a VI \a
(a1 — 851))+ Su (az— 852))+ Su (a3 — 8(13))+ Su

Set b, = (a, — 85,”))+. Then, b, C,, b,+1 for all n € N, and by Case 3, the supremum
of ([bx])nen exists in Cu(A), say [b]. Then, [a,] < [b], since

[@n] Casel sup[(an — 8,(:'))+] < sup[(ak — 8](€k))+] = [b].
keN keN

(To justify the second step: one can without loss of generality assume that k¥ > n. Then,
(an — 8](;1)).1_ =< (ay — 81(:)).!,_ since a, X ag, and (ay — 8,(("))+ =< (ag — Sl(ck)).l,_ because
s,(cn) > sl(ck).) Thus, [b] is an upper bound of the sequence. To see that it is the smallest, let
[c] be another upper bound. Then,

(an—8)+ Zan 3¢
for any ¢ > 0, and thus, b < ¢. We conclude that [b] is the supremum of ([b,])neN- L]
Remark 3.9. It follows from Case 1 above that for all a € (4 ® K)+ we have

[a] = sup[(a —&)+].
e>0
Remark 3.10. The proof of Theorem 3.8 shows that if (a,),eN is any sequence in (4 ®
K)4+ which is increasing in Cu(A), then there exists an increasing sequence (b, )peN in
(A ® K)4+ which converges to an element representing sup, @], and satisfies b, < a,
for all n € N. (However, one cannot in general arrange that a,, ~ b,.)

Proposition 3.11. Ler A be a C*-algebra, let (a,)neN be an increasing sequence in (A ®
Ky, leta € (A® K)4 and let e > 0. If

[a] < sup[an].
neN

then there exists n € N with [(a — &)+] < [an].
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Proof. Use Remark 3.10 to find an increasing sequence (b, )neN in (A ® K)4 with limit
b satistying [b] = sup, [an] and b, < a, foralln € N. Since a < b, by Rgrdam’s lemma
(Theorem 2.7), there exists § > 0 such that (a — &)+ =X (b — §)+. Find n € N such that
|b — by| < 8 sothat (b —8)+ = b, by Lemma 2.5. Then,

(@a—e)+ 2 (b—08)+ 3 by X an,
as desired. [

The cut-down is necessary in Proposition 3.11, for example, let a,, € C([0, 1]) be a
positive function supported on [%, 1— %], such that (a,),en converges to a function a
vanishing only on 0 and 1. Then, [a] = sup, cn[@r], but there is no n such that [a] < [a,]
by Proposition 2.2.

4. Compact containment and the category Cu

In this section, we will explore the order-theoretic aspects of Cu(A4) in more detail. For
this, some abstraction will be necessary, and we will often work with (partially) ordered
semigroups (S, <), or even just ordered sets; the example we will always have in mind
is (Cu(A4), <). A more general version of the following definition appears in [48, Defini-
tion I-1.1].

Definition 4.1. Let (S, <) be an ordered set. We define an additional relation < on S,
called (sequential) compact containment, as follows: for s, € S, we set s < ¢ if whenever
(Xn)neN is an increasing sequence in S with supremum x satisfying ¢ < x, then there
exists n € N such that s < x,,.

We say that s € S is compact if s < s.

Remark 4.2. Proposition 3.11 shows precisely that [(a — €)+] < [a] for all £ > 0 and all
a e (A 29 eK)+

It is easy to see that s < ¢ implies s <, but the converse is not true, even in Cuntz
semigroups of (commutative) C *-algebras; see Proposition 4.4. In fact, the relation < is
an example of what is called an auxiliary relation; see Definition 12.6. We now show that
compact containment in C *-algebras can be characterized using cut-downs.

Proposition 4.3. Let A be a C*-algebra and leta,b € (A ® K)+. Then, [a] < [b] if and
only if there exists ¢ > 0 such that [a] < [(b — €)+]. In particular, [a] is compact if and
only if there exists ¢ > O witha ~ (a — €) 4.

Proof. Suppose that [a] < [b]. Since sup, «n[(b — %)Jr] = [b] by Remark 3.9, it follows
that there exists n € N with [a] < [(b — ,ll)+]. The converse follows from Remark 4.2. =

Using the above proposition together with Proposition 2.2, compact containment in
commutative C *-algebras can be easily characterized in terms of open supports. We leave
the proof as an exercise.
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Proposition 4.4. Let X be a compact Hausdorff space and let a,b € C(X) 4. Then, [a] K
[p] if and only if
supp, (@) < supp, ().

In particular, for a as above, [a] is compact if and only if supp,(a) is compact in the lattice
of open sets of X.

Definition 4.5. Let (S, <) be a positively ordered monoid. We say that S is an (abstract)
Cuntz semigroup, or just a Cu-semigroup, if it satisfies the following so-called axioms:

(O1) every increasing sequence has a supremum,

(02) for every s € S, there is a sequence (s,)yen in S with 5, < sy41 and s =
SUP,eN Sns
(03) ifs<<tands' <t/ thens +5 Kt +1,

(04) if (sp)neN and (t,),eN are increasing sequences, then

sup (s, + t,) = sup s, + sup ¢,.
neN neN neN

Given Cu-semigroups S and 7', a Cu-morphism between them is a map f:S — T
preserving addition, neutral element, order <, suprema of increasing sequences, and also
the compact containment relation <. Maps that preserve all the structure except possibly
for « are called generalized Cu-morphisms. They are also relevant, as we will see in
Section 14.

We denote by Cu the category whose objects are Cu-semigroups and whose mor-
phisms are Cu-morphisms. The set of Cu-morphisms between two semigroups S and T
will be denoted by Cu(S, T'), and the set of generalized Cu-morphisms will be denoted
by Cu[S, T].

The following result, due to Coward, Elliott, and Ivanescu [37], was arguably the
beginning of the systematic study of Cuntz semigroups.

Theorem 4.6. Let A be a C*-algebra. Then, Cu(A) is a Cu-semigroup. Moreover, if
¢: A — B is a x-homomorphism between C*-algebras, then ¢ naturally induces a Cu-
morphism Cu(g): Cu(A) — Cu(B). In other words, Cu is a functor from the category C*
of C*-algebras to Cu.

Proof. Most of the work has already been done. (O1) is Theorem 3.8, while (O2) follows
from Remarks 3.9 and 4.2. To verify (03), leta,a’, b, b’ € (A ® K)4 satisfy [a] < [b]
and [a'] < [b']. Upon identifying [a] with the class of (89) € AQ K @ M, = A ® X,
and similarly for a’, b, b’, we may assume that a | a’ and b L b’. Use Proposition 4.3
to find ¢ > 0 such that [a] < [(b — &)+] and [a'] < [(b' — &)+]. Using that b L b’ at the
second step, we get

atad 3b—e)r+ 0 —e)y=0+b o).
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Note that [(b + b" — )4] < [b + b’] by Proposition 3.11. Using this at the second step,
that ¢ L a’ at the first step, and that b | b’ at the last step (both in combination with
Lemma 3.2), we get

[l +[d]=[a+d] <K [b+b]=][b]+[b]

as desired.
Finally, to verify (04), let (s,)nen and (#;)nen be increasing sequences in Cu(A).
Since s, + t;, < SUP,eN Sn + SUP,eN In, WE get

sup (s, + ty) < sup s, + sup .

neN neN neN
To show the converse inequality, use Remark 3.10 to find increasing, norm-convergent
sequences (ay)neN and (b, )pen in (A ® K)4, with limits @ and b, satisfying [a,] < s,
and [b,] < 1t, forall n € N, and such that [a] = sup,,cr S» and [b] = sup, <y #». Then,

sup s, + sup t, = [a ® b] = supla, ® by] = sup([an] + [bn]) < sup(sy + tn),
neN neN neN neN neN

as desired. This finishes the proof. ]

Remark 4.7. One can define a natural order-topology on Cu-semigroups, called the Scott
topology. A base for this topology is given by those upward-hereditary sets U (that is,
s € U and s <t imply ¢t € U) such that for every s € U there exists s’ € U with s’ «
s. With respect to this topology, an increasing sequence in Cu(A) actually converges to
its supremum. Regarding increasing sequences as the order-theoretic analogs of Cauchy
sequences, (O1) states that Cu-semigroups are complete. We will not need or use this
topology in this work.

Definition 4.8 ([103, Definition 1.3]). We say that a linear map ¢: A — B between C *-
algebras A and B is a completely positive contractive map of order-zero, in short a cpc |
map, in case the natural extensions of ¢ to matrices are all positive and contractive, and
¢ preserves orthogonality, in the sense that ¢(a)@(b) = 0 whenever a,b € A4 satisfy
ab = 0.

Just as homomorphisms are the natural models for Cu-morphisms, cpc; maps are
natural models for generalized Cu-morphisms, as the result below shows (we omit its

proof).
Proposition 4.9 (See [103, Corollary 3.5] and [8, Proposition 2.2.7]). Let ¢: A — B be

a cpc map. Then, ¢ induces a generalized Cu-morphism Cu(¢): Cu(A) — Cu(B), given
by Cu(g)([a]) = [¢(a)] forall a € (A ® K)+.

Perhaps a natural question at this point is whether every Cu-semigroup is the Cuntz
semigroup of a C*-algebra. The answer is unfortunately negative. The following, due to
Bosa and Petzka, is the smallest example.



E. Gardella and F. Perera 154

Example 4.10 ([24, Example 5.3]). Set S = {0, 1, oo} with the usual order and addition
(1 + 1 = 00). Then, there is no C *-algebra A with Cu(A4) = {0, 1, co}. This is however
surprisingly difficult to prove.

In fact, there are more axioms that Cu(A) always satisfies, and some of these will
be discussed in Section 10. Describing precisely which Cu-semigroups arise as Cu(A) is
extremely difficult and currently considered to be out of reach, although this is possible
(and usually tedious) for some specific classes of C*-algebras such as AF-algebras [8],
Al-algebras [96], certain commutative C *-algebras with 2-dimensional spectrum [75],
and simple Z-stable C *-algebras (see Theorem 9.7).

The functor Cu: C* — Cu has many nice properties and preserves a number of con-
structions, including direct limits, short exact sequences, direct sums, direct products, and
ultraproducts. These claims have to be suitably interpreted: there are categorical versions
of the above notions, which can be shown to always exist in Cu (their existence in C*
is known), and the functor Cu preserves these. The study of the category Cu in itself (or
some subcategory of it) is crucial in this setting, and allows one to better understand the
functor Cu; this is explored in detail in Section 14. Thus, and even if one is only interested
in Cu(A), studying abstract Cu-semigroups is often necessary.

Knowing that the functor Cu preserves a number of constructions is unfortunately not
very useful without understanding how to actually construct these objects in Cu. We will
only focus on direct limits in this section.

Theorem 4.11. The category Cu has direct limits, and the functor Cu satisfies
Cu(h_n)l Ap) = h_n)lCu(A,,).

Proof. We only briefly describe how to show that Cu has direct limits; a more conceptual
approach is given in Theorem 12.9 and the comments after it. Let

(¢n: Sn - Sn+1)nEN

be an inductive sequence in Cu. Denote by W the direct limit of this sequence in the cat-
egory of positively ordered monoids. (For example, take the direct limit as semigroups,
and define an order by declaring that two sequences compare if they eventually compare.)
This will in general not be a Cu-semigroup, since increasing sequences may not neces-
sarily have suprema. The correct object to consider is a certain “completion” of W; see
Remark 4.7 for a more formal interpretation of what completion means, and also Theo-
rem 12.9 and the comments after it. Intuitively speaking, we want to add the suprema of
all increasing sequences, similarly to how one adds the limits of all Cauchy sequences
when completing a metric space. Since we also want (O2) to be satisfied, we will take
sequences in W which are «-increasing.

‘We define an order on the space of «-increasing sequences in W by setting (X, )neN 3
(¥n)nen if for every n € N there is m € N with x,, < y,,,. Write ~ for the symmetrization
of this order: (x,)neN ~ (Vn)neN if (Xn)neN X (Vn)neN = (Xn)nen-. The space S of
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equivalence classes of increasing sequences in W is a Cu-semigroup, and one can show
that S = lim(Sy, ¢n). |

In retrospect, the construction of direct limits in Cu is very similar to the construc-
tion of direct limits in C*. Indeed, one first considers the algebraic direct limit, and then
suitably completes the resulting direct limit to get the desired object. The completion
procedure described in the proof of Theorem 4.11 is actually a functor from a suitable
category W to Cu, and this will be explored in detail in Section 12; see Theorems 12.8
and 12.9.

We will use the above to compute the Cuntz semigroup of the CAR-algebra.

Example 4.12. We denote by M, the UHF-algebra of type 2°°, which is the direct
limit of M»» with connecting maps of the form a — (3 2) By Example 3.3, we have
Cu(M3n) = N, and via the isomorphism given in that example (the rank), the connecting
maps are easily seen to be multiplication by 2. The algebraic direct limit is § = N [%] u
{00}, with the order inherited from [0, co]. Note that w < w for every w € S \ {oo}. It
is easy to see that S is not a Cu-semigroup, since not every increasing sequence has a
supremum’. (Note, however, that the supremum exists in [0, 00].)

Let (an)neN be an «-increasing sequence in S. Regarding it as an increasing sequence
in [0, o0], it has a limit x € [0, 1]. We claim that the ~-class of (x,),en only depends on
x € [0, co] and whether (x,),eN is constant or strictly increasing (both interpreted as
eventual behaviors). It is not difficult to see that any two strictly increasing sequences
in S whose limits in [0, co] agree are automatically equivalent, and similarly for con-
stant sequences. Finally, one also checks that a constant sequence cannot be equivalent
to a strictly increasing sequence. Since equivalent sequences must have the same limit in
[0, <], the claim follows.

Given a < -increasing sequence (a,)neN With limit x € [0, co], we will abbreviate its
~-equivalence class as

¢x if (ap)nen is constant (in which case x € S \ {00}),
[(@n)nen] =

Sx if (an)nen is strictly increasing (in which case x € (0, o0]).

It follows that

Cu(Mjz) = {cx:x e W\ {oo}} U {sx:x € (Ooo]} ~ N[%] U (0, o<].
Addition and order work as one would expect on each component. For mixed terms, we
have the following:

* sy <cyifandonlyifx < y;
* c¢x <syifandonlyifx < y;
* Cx + Sy =Sxqy.

In particular, ¢x < s but sy £ ¢y (otherwise, they would be equal).

STake, for example, any increasing sequence of dyadic numbers converging to a non-dyadic number.
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Remark 4.13. The example above shows some phenomena that can be seen in the Cuntz
semigroups of more general C *-algebras. Indeed, we have the following.

(i)  The compact elements of Cu(M,) are N[%] >~ V(M3); see Corollary 3.4 and
the comments after it, and see also Proposition 4.14 below. The fact that V(A)
can be identified with the compact elements in Cu(A) is a general fact about
stably finite C *-algebras, due to Brown—Ciuperca; see [25].

(i) The component (0, co] of Cu(M,) corresponds to the values of positive ele-
ments, not equivalent to projections, on the unique trace.

More generally, the Cuntz semigroup of a simple, unital, stably finite, Z-stable C*-
algebra A can be computed in terms of V(A) and T(A) (or rather, QT(A)) in a similar
fashion; see Theorem 9.7.

The first part of Remark 4.13 admits a somewhat more direct proof for C *-algebras
of stable rank one, which is the case that we will need in these notes. Recall from [19]
that an element z in a C *-algebra A is called a scaling element provided zz* # z*z and
(z*z)(zz*) = zz*. It was shown in [19, Theorem 4.1] and the arguments after it that if a
C *-algebra A contains a scaling element, then M,,(A) contains an infinite projection for
some n > 1.

Proposition 4.14. Let A be a C*-algebra of stable rank one, and let x € Cu(A) be a
compact element. Then, there exists a projection p € A ® K such that [p] = x.

In particular, the subsemigroup of Cu(A) consisting of compact elements is order-
isomorphic to V(A).

Proof. By part (iii) of Proposition 2.14, we may assume that A4 is stable. Write x = [a]
for some a € A4 . For each ¢ > 0, define

0 ifr <2,
ge(t) = 4 linear ifr e %,8],
1 ift > e.

Note that gz gs = g and that ge(a) ~ (a — 5)+ < a by Proposition 2.2. Since x =
Sup,-olgs(a)] and x is compact, there is ¢ > 0 such that

ar~ ge(a) ~ ge(a)

for all &’ < &. Since A has stable rank one, we can use Proposition 2.16 to find z € 4 such
that ge(a) = z*z and zz* € Ag, (q)- Thus, (z*2)(z2%) = g (a)zz™ = zz*.

Assume that zz* = z*z. Then, g (a) € Ag,(q)- Let § > 0 be such that (1 +§) < 2.
Then, there is w € A such that ||g%(a) —ge(@)wge(a)| < ‘%. It follows that ||g%(a)2 -
g ()] < %. A standard application of functional calculus allows us to find a projection
p € Ag.(a With | p — gz (a)|| < §; see, for example, [100, Lemma 5.1.6].
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By Lemma 2.5, we have (gz(a) — 8)+ < p. By our choice of &, and since (g2 (a) —

8y ~ 8 5 (a), we obtain that

g2 ()2 p=3ga)2g_=_(a),

2(1+8) 2(1+5)

and thus, a ~ p.

Assume now that zz* # z*z so that z is a scaling element. As mentioned before this
proposition, this implies that M}, (A) contains an infinite projection, in contradiction with
the fact that 4 has stable rank one.

The last statement follows from Lemma 2.8. |

5. Ideals and quotients

The goal of this and the following sections is to show how some very important informa-
tion about A is completely encoded in Cu(A). In this section, we will show how to recover
the ideal lattice of A from its Cuntz semigroup; as a byproduct, we will see that the Cuntz
semigroup of every ideal and every quotient of A can be read off of Cu(A). The upcoming
section deals with (quasi)traces on A.

Definition 5.1. Let S be a Cu-semigroup. An ideal in S is a submonoid I C S which is
closed under suprema of increasing sequences and is hereditary, in the sense that a < b
and b € I imply a € I. We denote by Lat(S) the lattice of ideals of S, which is ordered
by inclusion. We say that S is simple if Lat(S) consists only of {0} and S.

Next, we will show that ideals in A naturally induce ideals in Cu(A). For Cu-morphisms
which are order embeddings, the ordered structure of the domain and the induced structure
in the codomain agree.

Lemma 5.2. Let A be a C*-algebra and let J be an ideal in A. Denote by 1. J — A the
canonical inclusion. Then,
Cu(1): Cu(J) — Cu(A)

is an order-embedding, and its image {[x] € Cu(A):x € (J ® K)+} is an ideal in Cu(A).
Proof. Without loss of generality, assume that A and J are stable. Let x, y € J satisfy

x X yin A. Given ¢ > 0, choose r € A such that ryr* ~¢ x. Find e € J4 such that

eye Nots ¥ Then, re € J and

(re)y(re)* ~¢ ryr* ~¢ x,
showing that x X y in J. It remains to show that the image of Cu(¢) is an ideal, for which
it suffices to show that it is hereditary. Let a € A4 and b € J4 satisfy a 2 b in A, and
choose a sequence (7,)nen in A satistying a = lim,_, o r,br,. Since J is an ideal, it
follows that r,br,; € J andthusa € J. m
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In view of the lemma above, whenever J is an ideal in A, we will identify Cu(J) with
an ideal in Cu(A4). We isolate the following observations for future use.

Remark 5.3. Let A be a C*-algebra and let x, y € A. Using that (x — y)*(x —y) > 0,
one gets

(x+y)*(x +y) <2x*x +2y*y.
Thus, x*y + y*x < x*x + y*y and also [(x + y)*(x + y)] < [x*x] + [y*y] in Cu(A).

Remark 5.4. Let A be a C*-algebra and let J be an ideal in A. For a € A, one can use
the polar decomposition to show that a € J if and only if a*a € J.

The following is the main result of this section; see [36].

Theorem 5.5. Let A be a C*-algebra. Let ®:Lat(A) — Lat(Cu(A)) be given by ®(J) =
Cu(J). Then, ® is an order-isomorphism. Its inverse W: Lat(Cu(A)) — Lat(A) is given by

W(I)={x e A:[x*x] e}

Proof. We begin by showing that W is well defined, namely, that W(7) is an ideal in A.
Given x, y € W(I), by Remark 5.3, we have

[(x + ) (x + )] < [X*x]+ [y*y] € 1.

Since 1 is hereditary, it follows that [(x + y)*(x + y)] € I and thus x + y € W(/). That
W(7) is closed under scalar multiplication is clear. To show that it is a left and right ideal,
let x € ¥(/) and leta € A. Since

(ax)*(ax) = x*a*ax < |la|*x*x,

it follows from Proposition 2.4 that (ax)*(ax) 2 x*x. Also, (xa)*(xa) =a*x*xa 2 x*x.
Since [ is hereditary, it follows as before that ax, xa € W(I).

It remains to show that W([7) is closed. Let (x,),eN be a sequence in W(/) converging
toa € A. Then, (x,; x,)nen converges to a*a. Given ¢ > 0, find n € N such that ||x}; x, —
a*a| < e. By Proposition 3.11, we have [(¢*a —¢)+] < [x,;x,] € . Since I is hereditary,
we deduce that [(a*a — €)4] € I. Since [a*a] = sup,,-o[(a*a — %)J,—] and [ is closed
under suprema, we conclude that [a*a] € I and hence a € W([I).

It is also clear that both @ and W are order-preserving. To show that they are mutual
inverses, let I € Lat(Cu(A)). Given x € A4, we have [x] € ®(W(/)) if and only if x €
W(1), if and only if [x*x] = [x] € I. Thus, I = ®(¥(])). For the converse, given J &
Lat(A) we want to show that J = W (P(J)). Fora € A, we have a € ¥(P(J)) if and only if
[a*a] € ®(J), if and only if [a*a] € Cu(J). Using the definition of Cuntz equivalence, it is
clear that the above is equivalent to a*a € J, which is equivalent to a € J by Remark 5.4.
Thus, J = W(P(J)) and the proof is complete. |

Notation 5.6. Let S be a Cu-semigroup. Given a € S, write oo, for the supremum of
(na)nen.

It is easy to see that the ideal generated by a is precisely {x € S:x < co,}.
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Corollary 5.7. Let S be a Cu-semigroup. Then, S is simple if and only if co, = ooy for
alla,b € S\ {0}. Equivalently, for all nonzero a,b € S, we have a < oop.

In view of the above corollary, there is a unique infinity in every simple Cu-semigroup,
which we will denote simply by oco.

In the remainder of this section, we explain how to detect the Cuntz semigroups of all
quotients of a given C *-algebra in its own Cuntz semigroup.

Definition 5.8. Let S be a Cu-semigroup and let / be an ideal. Given a,b € S, we set
a <y bifthereexistsc € I suchthata <b +c. Weseta ~y bifa <y bandalsob <j a.

It is easy to see that ~; is an equivalence relation; we write S// for the associated
quotient. For a € S, we write ay for its equivalence class. We define an addition on S/1 by
setting ay + by = (a + b)y, and an order by declaring ay < by if a <; b. It can be shown
that this gives S /I the structure of a Cu-semigroup. The following is proved in [36].

Theorem 5.9. Let A be a C*-algebra, let J be an ideal, and let w: A — A/ J denote the
quotient map. Given a,b € Cu(A), we have

Cu(m)(a) < Cu(m)(d) inCu(A/J) ifandonlyifa <cuy) b in Cu(A).
In particular, Cu(rr): Cu(A) — Cu(A/J) induces an order-isomorphism
Cu(A)/Cu(J) = Cu(4/J).

Proof. Leta,b € Cu(A) satisfy a <cy(s) b, and choose ¢ € Cu(J) witha < b + c. Since
Cu(m)(c) = 0, we get

Cu(m)(a) < Cu(m)(b + ¢) = Cu(x)(b),
as desired. The converse is somewhat more involved, and we omit it. n

The results of this section should be compared to similar statements in K -theory, while
Cu(A) encodes the lattice of ideals of A4, as well as the Cuntz semigroups of all ideals, in
general K-theory does not contain any of this information. (There is one notable excep-
tion: the ordered Ko-group of an AF-algebra encodes the ideal structure and the Ko-groups
of all ideals and quotients. This helps explain why the classification of AF-algebras works
also in the non-simple case, without a larger invariant.)

6. Functionals, quasitraces, and Cuntz’s theorem

In this section, we will show that there is a natural bijective correspondence between
(quasi)traces on A and functionals on Cu(A); see Theorem 6.9. We will then present
Cuntz’s theorem, stating that a simple, unital, stably finite C *-algebra always admits a
quasitrace; see Theorem 6.11.

The motivating observation for this section comes from Riesz’s theorem.
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Theorem 6.1 (Riesz). Let X be a compact Hausdorff space. Then, there is a natural
bijection between the set of all Radon Borel probability measures on X and all tracial
states on C(X). Given a Radon probability measure ju on X, the corresponding tracial
state t,: C(X) — C is given by

ru(f) = /X £ dp(x) = /0 jllx € X: f(x) > 1)) dr

for all non-negative functions f € C(X)+, and extended linearly.

We want to express the trace 7, in a different manner. Note that

{x € X: f(x) > 1} = supp,((f —1)+),

which only depends on the Cuntz class of (f* — ). By writing 7, as

(f) = /0 p(suppo((f — 1)) dt.

we have expressed 7,,(f) entirely in terms of Cuntz classes in Cu(C(X)).
Hence, if we are given a “nice” map A: Cu(A4) — [0, co], we may attempt to define a
trace on A4 via

a(a) = /0 A(supp, (@ — 1)) di

for all a € A. This is the essential idea behind the correspondence between traces on A
and functionals on Cu(A). There is, however, one problem: even for nice maps A, it is not
at all clear whether the map t), defined above is additive. We are therefore led to consider
non-linear maps, which brings us to the definition of a quasitrace.

Definition 6.2. Let A be a unital C *-algebra. A 1-quasitracial state (or just 1-quasitrace)
is a function 7: A — C such that the following hold:

1) t@+ib)=1(a)+it()foralla,b e Agy;

(i)  t is linear on commutative subalgebras of A;

(iii)) t(a*a) = t(aa™*) = 0 for all A;

iv) (1) =1
We say that t is a quasitracial state (or just a quasitrace) if it extends to a 1-quasitrace on

M, (A) for all n € N°. We denote by QT(A) the space of all quasitraces on A.

There exist 1-quasitraces that are not quasitraces; such examples were first constructed
by Kirchberg.

6Tt was shown by Blackadar and Handelman that, in order for a 1-quasitrace to be a quasitrace, it is
enough for it to extend to M, (A); see [15, Proposition I1.4.1].
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Remark 6.3. Note that a quasitrace is a trace if and only if it is additive on all positive
elements of A, not just on commuting ones.

It is a major open problem in C*-algebra theory whether every quasitrace is auto-
matically a trace. By a very deep result of Haagerup [53], this is the case whenever the
C *-algebra in question is exact. In particular, this is always the case for nuclear C*-
algebras.

We now define the dimension function (or functional) associated with a quasitrace.

Definition 6.4. Let A be a unital C*-algebra. Given © € QT(A), we define its associated
dimension function d,: Cu(A) — [0, co] by

do([a]) = lim t(a7)
n—>o0
foralla € My, (A),, and extended to (4 ® K), by taking suprema’.

. .. 1 .
Remark 6.5. Given a positive element a € A, the sequence (ar),en converges in A**
in the weak-* topology to the support projection p, of a; this is the smallest projection
which acts as a unit on a. Since quasitraces are weak-* continuous on A**, we have

de(@) = lim 7(ar) = 7(pa).

Implicit in Definition 6.4 is the fact that d;([a]) only depends on [a]. This is indeed
the case. In fact, more is true.

Proposition 6.6. Let A be a unital C*-algebra. Given 1 € QT(A), the map d is well
defined on Cu(A). Moreover, we have the following:

@) de(0) =0

() de([1]) = 1;

(iii) dc(s +1t) =d.(s) + d(t) forall s,t € Cu(A);

(iv) d.(s) < d.(t) whenever s <t in Cu(A);

(v)  d; preserves suprema of increasing sequences.

The above proposition is not hard to prove (maybe with the exception of (iv) and (v)),

and we will omit the argument. Instead, we will show a particular case, which connects
back to the motivation we gave after Theorem 6.1.

Proposition 6.7. Let X be a compact Hausdorff space, let L be a Radon Borel probability
measure, and let T,: C(X) — C be the trace it induces. Given a € C(X)4, we have

dr,([a]) = p(supp,(a)).

"Explicitly, for a general element @ € (4 ® K )4, one defines d;([a]) to be the supremum in [0, 00]
over ¢ > 0 of d([(@¢ — €)+]), which is well defined since (a — €)+ belongs to Moo (A)+.



E. Gardella and F. Perera 162

. . 1 .
Proof. Without loss of generality, we may assume that ||a|| < 1. Note that (@ )ueN is
an increasing sequence which converges pointwise to the indicator function of supp,(a).
Applying the dominated convergence theorem at the third step, we get

de(al) = Jim e(at) = lim [ @t o) = [ tim at () dnto) = pisupp,fa)

as desired. [

Proposition 6.6 shows that the map d; is a normalized functional on Cu(A) in the
sense of the following definition.

Definition 6.8. Let S be a Cu-semigroup. A functional on S is a map f:S — [0, co]
which preserves the zero element, addition, order, and suprema of increasing sequences.
We denote by F(S) the set of all functionals on S.

If e € S is a distinguished compact element in S, a functional A € F(S) is said to be
normalized (at e) if A(e) = 1. We write F,(S) for the set of all normalized functionals on
S.

In this section, we will mostly focus on normalized functionals, but we will come back
to non-normalized ones in Section 13.

We write d: QT(A) — FJ17(Cu(A)) for the map given by d(t) = d for T € QT(A);
see Proposition 6.6. Both QT(A4) and Fj;;(Cu(A)) are convex sets, and it is easy to see
that d is an affine map®.

Theorem 6.9. Let A be a unital C*-algebra. Then, d:QT(A) — F11(Cu(A)) is an affine
bijection.

Proof. Given A € F[;1(Cu(A)), define 73 € QT(A) by

(@) = fo Al(a — )4 ]ds

for all a € A4, and extended T-linearly to A using real and imaginary parts, and pos-
itive and negative parts. We claim that 7, is a quasitracial state on A. Condition (i) in
Definition 6.2 is satisfied by construction, while (iv) is clear. For (ii), let B be a commu-
tative unital C *-subalgebra, and let X denote the maximal ideal space of B. Note that
the restriction of t) to B induces an assignment po: @(X) — [0, 1], defined on the open
subsets 9 (X) of X, which is o-additive on disjoint sets’. By Carathéodory’s theorem, 11

8The sets QT(A) and Fj;3(Cu(A)) also admit natural topologies with respect to which they are com-
pact and Hausdorff: for QT(A) the topology is induced by pointwise convergence, while the topology on
F17(Cu(A)) is described at the beginning of Section 13. One can check that d is continuous with respect
to these topologies, and hence a homeomorphism. This is worked out in detail in [40].

°In order to define 119, given an open set U find a continuous function f € C(X) whose open support
is exactly U. Then, set uo(U) = A([f]).
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extends to a Radon Borel probability measure p on X. It follows that (t;)|p = 7, and
thus, 7, is additive on B.
For (iii), let a € A. Using Lemma 2.6 at the second step, we have

Ty (a*a) = /000 AMla*a —t]4)dr = /:o)k([aa* —t]4)dt = ty(aa™) > 0,

as desired.

Finally, in order to show that the two assignments t — d; and A — 7, are mutual
inverses, it suffices to check this on commutative subalgebras, which follows from Propo-
sition 6.7. [

Remark 6.10. Note that the fact that t, is additive on commutative subalgebras is ulti-
mately a consequence of Carathéodory’s theorem. Thus, the question of whether all qua-
sitraces are traces can be reinterpreted as asking whether there is a noncommutative
version of Carathéodory’s Theorem for C *-algebras.

We have stated and proved Theorem 6.9 only for quasitracial states on A and nor-
malized functionals on Cu(A), but the bijective correspondence also extends to lower-
semicontinuous [0, oo]-valued quasitraces on A and functionals on Cu(A4), with the same
formulas; see [40, Theorem 4.4].

Having established the correspondence between quasitraces on A and functionals
on Cu(A), we are ready to prove Cuntz’s theorem [38]: a simple, unital, stably finite
C *-algebra always admits a quasitrace. This was historically the first use of the Cuntz
semigroup, and the reason why it receives its name. (It should be mentioned that Cuntz
used a slightly different semigroup, which is discussed at length in Section 12, using pos-
itive elements taken from My, (A) instead of A ® K, and considering its Grothendieck
enveloping group.)

We will use, without proof, that if ¢ € QT(A), then

ker(t) := {x € A:t(x*x) = 0}

is an ideal in A. In particular, if A is simple and a € A4 satisfies t(a) = 0, then a = 0.
This follows, for example, from part (3) of [53, Lemma 3.5].

Theorem 6.11 (Cuntz). Let A be a simple, unital C*-algebra. Then, A is stably finite if
and only if it admits a quasitracial state.

Proof. Suppose that A admits a quasitracial state t. Without loss of generality, it suffices
to show that A is finite (otherwise consider the quasitracial state t & tr,, on M, (A) instead
of 7). Let v € A be an isometry. Then, t(vv*) = t(v*v) = 7(14) = 14, and hence, t(14 —
vv*) = 0. Since 14 — vv™ is a projection, it follows from the above that it belongs to the
set

{a € A:t(a*a) = 0},

which is readily seen to be an ideal in A. By simplicity, we must have vv™* = 14, so that
v is a unitary.
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We turn to the converse, so assume that A is stably finite.

Claim. Forn,m e N, ifn[14] <m[l4] then n < m. Suppose that n[14] = m[14] for some
n <m € N. Then, 17, (4) 3 1nm,(4)- By Lemma 2.8, we deduce that

1a,,(4) IMvN 1, (4)

so there is an isometry v € M, (A) such that vv* = ( 1M6‘A) 0 07 ) This contradicts stable

finiteness of A and proves the claim.
Set So = {n[l4]:n € N} € Cu(A). Define an additive map A¢: So — [0, oo] by

Ao(n[l4]) =n foralln € N.

Note that A is order-preserving by the previous claim. Since [0, oo] is an injective object
in the category of positively ordered monoids, we can extend it to a map A Cu(4) —
[0, o] which preserves the zero, addition and order, but not necessarily suprema of increas-
ing sequences. We fix this by taking its “regularization” A: Cu(4) — [0, oo] given by

A(a) = sup {I(a’):a/ <L a}
for all a € Cu(A). One can check that A preserves suprema of increasing sequences, so it

is a functional. Since [14] < [14], we have A([14]) = I([IA]) = 1, so A is normalized. By
Theorem 6.9, A induces a quasitracial state on A, as desired. [

7. A construction of the Jiang—Su algebra Z using the Cuntz
semigroup

In this section, we use the Cuntz semigroup to define the Jiang—Su algebra Z via general-
ized dimension drop algebras, and we compute its Cuntz semigroup.

Recall that a function f: X — S from a topological space X into an Cu-semigroup S
is said to be lower semicontinuous if for every s € S, the set

fl{t e Sis « 1))

isopen in X. We write Lsc(X, ) for the set of all lower-semicontinuous functions X — S.
In some relevant cases, Lsc(X, §) is a Cu-semigroup; see [7].

Definition 7.1. We define the generalized dimension drop algebra (of type 2, 3) by

a(0) € Mro ® 1 0 s
2200,300 = {a [S C([O, 1],M200 ® M30<>)Z ( ) 2 Ms }
(l(l) € 1Mzoo &® M3°°

The Cuntz semigroup of Z,e 300 can be computed using [7, Corollary 3.5]:

£(0) € N[%] U (0, 00]

Cu(Zowosoe) = 4 f € Lsc([O, 1],N[é] U (0,00]): :

(1) e N[%] U (0, 0c]
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with pointwise order and addition (see, essentially, [7, Example 4.3]). Using these identi-
fications, we define a Cu-morphism

¢: Cu(Za 300) = Cu(Zoe 300),

by setting
$(f) = / £y di
[0,1]

for f € Cu(Zy=,3). This integral has to be interpreted appropriately: if f is compact,
then ¢ (/') is the constant function with the corresponding compact element as its value,
and otherwise, it is the constant function with the corresponding non-compact element
with that value. The main feature of this map is that it is trace-collapsing: this means that
if A, 1": Cu(Zz 30) — [0, 00] are normalized functionals, then X o ¢p = 1’ 0 ¢b.

By a deep result of Robert [73, Theorem 1.0.1], there exists a unital homomorphism

[OX Zzoo,g,oo — Zzoo,g,oo with Cu(q)) = ¢.
Definition 7.2. The Jiang—Su algebra Z is defined to be the stationary direct limit
zZ = lign(Zzoo’g,OO, q))

This definition of Z is not the original one by Jiang and Su [57], and this presentation
of Z was essentially obtained by Rgrdam and Winter [82].

The type of the generalized dimension drop algebra is actually irrelevant, and the only
crucial ingredient is that 2 and 3 are coprime. Indeed, coprimeness implies that N [%] N
N [%] = N and guarantees that the direct limit does not have any projections; see the proof
of Theorem 7.3.

The tools developed in the previous sections allow us to compute the Cuntz semigroup
of Z. The computation of this semigroup was first carried out in [68, Theorem 3.1].

Theorem 7.3. The Cuntz semigroup of Z can be described as follows. As sets, we have
Cu(Z) = N U (0, o0].

Addition and order are the expected ones on each component. For n € N, let ¢, € N
be the corresponding compact element, and for x € (0, 00|, let sy be the corresponding
non-compact element in (0, co]. Forn € N and x € (0, 00], we have

e Sy <cpifandonlyifx <n;

* ¢ <sxifandonlyifn < x;

* Cn+Sx = Sntx-

Proof. This is similar to Example 4.12. We first want to understand the algebraic direct

limit of the Cuntz semigroups. One can check that the compact elements in Cu(Zy 300)
are the constant functions

c:[0,1] —» N[é] U (0, o0]
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whose constant value is compact (and thus in N[%]). The endpoint conditions on ¢ give
c(0) e N[%] and c(1) € N[%] Since ¢(0) = ¢(1) and N[%] N N[%] = N, we deduce that
the function ¢ must have constant value in N.

It follows that the direct limit of (Cu(Z, 3), ¢) in the category of partially ordered
monoids is N U (0, oo], with order and addition matching the ones in the statement. In
principle, one would need to complete, as was done in Example 4.12, but one can check
that this is already a Cu-semigroup. ]

Remark 7.4. From the description above, it follows that for every n € N there exists
z € (Z ® K)4+ with
nlz] < [1z] < (n + 1[z].

One can take z to be, for example, any representative of 1.
n

Corollary 7.5. The Jiang—Su algebra Z is simple, nuclear, has a unique trace, and has
no projections other than 0 and 1.

Proof. ltis easy to see that Cu(Z) is a simple Cu-semigroup (for example, since cos = 0o,
for all nonzero s,t € Cu(Z)). Hence, Z is simple by Corollary 5.7. Moreover, it has
a unique normalized functional (given by A(c,) = n for n € N and A(sy) = x for all
x € (0, 00]). Thus, Z has a unique quasitracial state by Theorem 6.9, and since Z is exact
(being nuclear), it follows that QT (Z) = T(Z), as desired. Finally, a projection in Z other
than 0 and 1 would yield a compact element in Cu(Z) strictly between 0 and 1, which
does not exist. |

It was an old question of Kaplansky whether all simple C*-algebras must contain
nontrivial projections, and Blackadar answered this question negatively in [17, 18]. The
algebra Z constructed by Jiang and Su in [57] is a further example of a simple, nuclear,
unital C*-algebra without nontrivial projections, and it attracted a great deal of attention
due to its prominent role in the classification program. For example, since (the current
version of) the Elliott invariant cannot distinguish between A and A ® Z (see Remark 9.2,
and note that this is only the case because we are not including the order on K as part
of the Elliott invariant), only Z-stable C *-algebras can be expected to be classified using
exclusively the invariant Ell.

8. Z-stability and strict comparison; the Toms—Winter conjecture

The goal of this section is to prove a theorem of Rgrdam [81], relating two notions that do
not in principle seem to be related: Z-stability on the one hand and almost unperforation
of the Cuntz semigroup on the other hand. We will also show that almost unperforation
in the Cuntz semigroup is equivalent to strict comparison and make connections to the
Toms—Winter conjecture.

Definition 8.1. Let A be a C *-algebra. We say that A is Z-stable if A @ Z =~ A.
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For most practical purposes, just knowing that an isomorphism exists will not be of
much help. As it turns out, Z has some remarkable properties that allow one to show that,
whenever an isomorphism A ® Z = A exists, then a nice isomorphism exists, in the sense
of the following result.

Theorem 8.2 (Jiang—Su [57]). Let A be a separable C*-algebra. If A ® Z =~ A, then
there exists an isomorphism ¢: A — A ® Z which is approximately unitarily equivalent to
the map a v~ a ® lz. In particular, ¢ satisfies [p(a)] = [a ® 1z] foralla € (A @ K)+.

We will begin by relating Z-stability to the following notion.

Definition 8.3. Let S be a Cu-semigroup. We say that S is almost unperforated if whenever
s,t € S andn € N satisfy (n + 1)s < nt, thens <zt.

The following is the main result of this section. For @ € A4 and n € N, recall that
nla] = [a ® 1,] in Cu(A4).

Theorem 8.4 (Rgrdam [81]). Let A be a simple, separable, Z-stable unital C*-algebra.
Then, Cu(A) is almost unperforated.

Proof. Letn € Nanda,b € (A ® K) satisfy
(n + D[a] <n[p] inCu(A). (7.1)

Use Remark 7.4 to find z € (Z ® K)4 such that
nz] <[lz] < (m + 1[z] inCu(2Z). (7.2)

Working in (the stabilization of) A ® Z, we get

(7.2) (7.1) (7.2)
a®lz 2a®@(EQ1i1)~@®1,11)Qz 2 bR1)®z 2 b® 1z,

Use Theorem 8.2 to choose an isomorphism ¢: A — A ® Z satisfying [p(a)] = [a ® 1z]
foralla € (A ® K)4+. Applying ¢ to the subequivalence above, we deduce that [p(a)] <
[¢(b)]. Since ¢ is an isomorphism, this finishes the proof. (]

We put Theorem 8.4 into context by relating it to the notion of strict comparison.

Definition 8.5. Let A be a simple unital C *-algebra. We say that A has strict comparison
(of positive elements by quasitraces) if whenever a,b € (A ® K) are nonzero and satisfy
d-(a) < d;(b) for all T € QT(A), thena 3 b.

Strict comparison is essentially a property of Cu(A4). Using Theorem 6.9, one can show
that A has strict comparison if and only if whenever s,¢ € Cu(A) are nonzero and satisfy
A(s) < A(¢) for all A € F}17(Cu(A)), then s < ¢. Less obvious is the fact that strict com-
parison is equivalent to almost unperforation; see [81, Proposition 3.2]. (One direction is
easy, namely, almost unperforation implies strict comparison, while the converse requires
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an order-semigroup theoretic version of the Hahn—-Banach theorem, similar to what was
used in the proof of Theorem 6.11.)

In particular, Theorem 8.4 asserts that Z-stable C*-algebras have strict comparison.
Perhaps surprisingly, it is conjectured that the converse is true in the simple, nuclear set-
ting.

Conjecture 8.6 (Toms—Winter regularity conjecture, see [95] and see also [102, Conjec-
ture 5.2]). Let A be a simple, separable, unital, and nuclear C *-algebra. The following
are equivalent:

1) dimnuc(A) < Q]
(ii) A is Z-stable;

(iii)) A has strict comparison.

Nuclear dimension for C*-algebras is a noncommutative version of the covering di-
mension for topological spaces which was introduced by Winter and Zacharias [104], and
we will not define this notion here.

We state the conjecture in this form for historical reasons, but the fact that (i) and
(i1) are equivalent is by now a theorem: that (i) implies (ii) is an impressive result of
Winter [101], while the implication from (ii) to (i) has recently been obtained in an equally
outstanding work by Castillejos, Evington, Tikuisis, White, and Winter [33]. The fact
that (ii) implies (iii) is precisely Theorem 8.4. The converse implication remains open,
although it is known in some cases, such as whenever 9,7 (A) is compact and finite-
dimensional thanks to the independent works of Kirchberg—Rgrdam [61], Toms—White—
Winter [93], and Sato [83]; or whenever A has stable rank one and locally finite nuclear
dimension thanks to the work of Thiel [86]; or whenever A has uniform property I', by
the work of Castillejos, Evington, Tikuisis, and White [32].

9. Toms’ example and the relation with the Elliott invariant

In this section, we present an example, due to Andrew Toms [92], of two C *-algebras
that agree on the Elliott invariant (and more), yet they are distinguished by their Cuntz
semigroup. This example shows the importance of the Cuntz semigroup outside the class
of Z-stable C*-algebras, as a key ingredient for classification. We also relate the Cuntz
semigroup with the Elliott invariant.

Definition 9.1. Let A be a unital C*-algebra. The Elliott invariant of A, denoted by
Ell(A), consists of the 4-tuple

Ell(4) = ((Ko(A4). [14]). K1(4), T(A), r4),

where r4: Ko(A4) x T(A) — R is the pairing between K-theory and traces, defined as
ra([p], ©) = t(p) for all projections [p] € Ko(A) and all T € T(A).
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It should be pointed out that Elliott’s original formulation also included the positive
cone Ko(A)T of Ko(A) as part of the invariant. The modification we make here is inspired
by the most recent approach to classification [31], and has the following convenient con-
sequence.

Remark 9.2. Let A be a unital C *-algebra. Then, Ell(4) =~ Ell(4 ® Z).

For Z-stable C*-algebras, Ko(A4)" can be recovered from the remaining parts of
Ell(A) as follows:

Ko(A)T = {x € Ko(A):r4(x,7) > Oforallt € T(A)} U {0}.

Thus, for Z-stable C *-algebras, there is no loss of information when dropping Ko(4)™
from the invariant. For the sake of this discussion, denote by ﬁﬁ(A) the invariant obtained
from ElI(A) by adding the positive cone Ko(A4)™" of K¢(A) as part of the invariant. While
Ell(A) = Ell(A ® Z) for every unital C *-algebra A, this is no longer true if one considers
Ell instead, as Z-stable C *-algebras have weakly unperforated Ko-groups; see [49].

The Elliott conjecture originally predicted that Ell would be a complete invariant for
the class of simple, separable, unital, nuclear C*-algebras. The counterexamples to this
conjecture were obtained by Rgrdam first, and later by Toms, which is the one we present
below. These examples showed that Z-stability is not automatic for simple, separable,
nuclear C*-algebras, and this strongly suggested the need to add this condition as an
assumption in the conjecture. After many years of work by many researchers, which cul-
minated in [39, 50, 51, 59, 69, 91], the following impressive classification theorem was
obtained; see also [102, Theorem D]. Note that, since Z-stability is assumed, Ell can be
replaced by Ell in the following statement.

Theorem 9.3. Let A and B be simple, separable, unital, nuclear, Z-stable C*-algebras
satisfying the UCT. Then, A = B if and only if EIl(A) = Ell(B).

Here, the UCT stands for the so-called Universal Coefficient Theorem and, in the
theorem above, its assumption is potentially vacuous. This is one of the most important
open problems in the area.

Let us turn the attention now to the construction offered by Toms. This was in turn
based on previous work of Villadsen; see [98,99]. Let (k;);en and (n;);eNn be sequences
of natural numbers, to be specified later. For eachi € N, set N; =[] j<i My and

Ai = My, ® C([0, 1]%).
Identify [0, 1]°¥ with ([0, 1]®¥i-1)" and for each i and [ such that 1 <[ < n;, let
n,l(i): [0’ 1]6N,'+1 — [0, I]GN,'

be the coordinate projection, given by nl(i)(xl, ceoy Xp) = xp for all (x1,...,x,;) €
[0, 1]%¥i. For ease of notation, write X; = [0, 1]°Vi. For each i € N, choose a dense
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sequence (zl(i)) in X;, and choose points xii), . ,xi(i) € X; by setting D = zl.(i) and, if

i
1 <j <i-—1,choose x_l(.’) such that nf])nl(]'H) ---ﬂi_zn{_l(xj(.l)) = Zi(Qlij.

Let us define ¢;—1: Aj—1 — A; as follows. Given f € A;_; and x € [0, 1]6N", set

$im1(f)(x) = diag(f (7)), .o, £ (7D @), L)L £ (D).

We now choose n; in such a way that n; is much larger than i as i — oo and such that for
each r € N, there is ip with r|(n;, + ip). Setny =1, ky = 4 and k; 1 = ki (i + 6V;),
andlet A = 1i_n)1(A,-,¢>,~).

Proposition 9.4. The C*-algebra A just constructed is simple, separable, unital, nuclear,
satisfies the UCT, has real rank one and stable rank one, and A ® Z is isomorphic to an
Al algebra.

Proof. The choice of the points x(j), for 1 < j <i and for each i, ensures that A4 is simple,
as the arguments in [98] show. That A is separable, unital, nuclear and that it satisfies the
UCT are clear by construction.

Since X; is contractible for all i € N, we have

(Ko(A4;), [14,1, K1 (4;)) = (Z, ki, {0}).

This, coupled with the fact that K-theory is continuous and the choice of (n;);eN, ensures
that (Ko(A), [14], K1(4)) = (Q, 1, {0}). It follows that there is a simple Al-algebra B
whose Elliott invariant is that of A. Moreover, both A ® Z and B satisfy the assumptions
of Theorem 9.3, so they are isomorphic.

By the results in [98], the real rank and the stable rank of A are both equal to one, and
thus, the same is true for B. [ ]

Proposition 9.5. The Cuntz semigroup of the C*-algebra A in Proposition 9.4 is not
almost unperforated.

Proof. 1t is enough to find positive elements x, y € Ay such that for all i € N and some
§ > 0, we have 11[¢1,; (x)] < 10[¢1,;(¥)] in Cu(4;), but [|[ré1,; (¥)r* — ¢1,i(x)[| > & for
all r € A;.

To give the idea, we do this for i = 1; that is, we show that Cu(A;) is not almost
unperforated and partly reproduce the argument in Proof of [92, Theorem 1.1]. Notice
that A; = C([0,1]® x [0, 1]3, My). Set

1 111 3
S=3xel0, 1= <dist{x,[=.=.= ) ) <=
8 222 8

so that M4(Cy(S x §)) is a hereditary subalgebra of A;.

Let £ be a line bundle over S 2 with nonzero Euler class, and use 6; to denote the
trivial line bundle. Since § x § does not have zero Euler class, 0; is not a sub-bundle
of £ x £ over S x S? (see [98, Lemma 1]). Considering £ x £ and 6; as projections
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in M4(Co(S? x S?)), we have || x(£ x £)x* — ;] > % for all x € M4(Co(S? x §?)).
Stability properties of vector bundles yield, on the other hand, that 11[6;] < 10[£ x &]. Set

111 1
S'={xeS:dst{x,[=.=,= ))<=} S,
222 4

and let /' € A; be a positive scalar function supported on S x S which equals one on
S’ x §'. Let p denote the projection of S onto S’. One has, by restricting from S x S to
S’ x S, that

lxf (0™ (§) x p"(E)x™ = fOull =

for any x € A, where p* is the pullback of £ via p, and also

H[f61] = 10[f (0" (§) x p*(§))]

N =

in Cu(A1). This shows that Cu(A1) is not almost unperforated. [ ]

Theorem 9.6. The C*-algebras A and B = A ® Z from Proposition 9.4 are not iso-
morphic, yet they have the same stable and real rank and satisfy EIl(A) =~ Ell(B) (see
footnote').

Proof. We know from Proposition 9.5 that Cu(A) is not almost unperforated. On the other
hand, Cu(B) is almost unperforated as B is Z-stable, by Theorem 8.4. Hence, A and B
cannot be isomorphic.

The argument in Proposition 9.4 shows that A and B have stable rank and real rank
one, and they have the same Elliott invariant by Remark 9.2. ]

We now proceed to discuss the connection of the Cuntz semigroup with the Elliott
invariant for classifiable C *-algebras. The first connection is given by the following com-
putation of the Cuntz semigroup of a Z-stable C *-algebra, obtained in [26,27]. For each
element x = [p] € V(A), we denote by X: QT(A) — R4 the continuous function defined
by X(r) = ©(p) for t € QT(A). We also denote by LAff(QT(A4))++ the semigroup of
lower semicontinuous, affine functions defined on QT(A) with values on (0, co].

Theorem 9.7. Let A be a simple, separable, unital, stably finite Z-stable C*-algebra.
Then,
Cu(A) =~ V(A) ULAF(QT(A))++,
——
compacts
with addition and order defined as follows:
(i)  the addition in V(A) is the usual addition and in LAff(QT(A))++ is given by
pointwise addition of functions. If x € V(A) and f € LAff(QT(A))++, then
x+f=x+f.

107n fact, they even satisfy ]:ffl(A) ~ Igfl(B), which is a stronger statement since A is not Z-stable.
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For x € V(A) and f € LAff(QT(A))++, we have
(i) x < fifx(r) < f(7) forevery t € QT(A),
(iii) f <xif f(zr) < X(z) for every T € QT(A).

Remark 9.8. For stably finite, nuclear Z-stable C*-algebras, the above allows one to
recover Ko (A4) as Grothendieck group of V(A4) = Cu(A4),, as well as QT(A) = F(Cu(A)).
The pairing r4 can be recovered then by evaluation of a functional on a compact element.
In particular, the pair (Cu(A), K;(A)) is equivalent to Ell(A).

In contrast to Theorem 9.7, the Cuntz semigroup records essentially no information in
the purely infinite case. Indeed, if A4 is simple and purely infinite, then Cu(A4) = {0, oo}
regardless of the Ko-group of A. This is easy to see: given a, b € A4 nonzero, find r € A
such that rbr* = a, which implies a < b. It follows that all nonzero positive elements in
(matrices over) A are Cuntz-equivalent.

As we see from Theorem 9.7, the Cuntz semigroup of A does not in general contain
any information about its K;-group. We remark that, in the nonunital case, it is not even
obvious that Ky is encoded. One may have, for example, a simple stably projectionless
C*-algebra A; hence, V(A4) = 0, yet Ko(A) # 0. In this case, we would consider Cu(/T)
and recover K¢o(A) from V(;f).

We may also recover K;(A4), but using the Cuntz semigroup of a different algebra,
namely, A ® C(T)'". We will need the following construction.

Let S be a Cu-semigroup. Assume that the subset S,. of non-compact elements is an
absorbing subsemigroup, in the sense that S, + S € Syc. (This is always the case if S =
Cu(A) for a simple, separable, unital, stably finite Z-stable C *-algebra by Theorem 9.7.)
Denote by S, the subsemigroup of compact elements and S’ = S. \ {0}. Let G be an
abelian group and consider the semigroup

S¢ = ({0} U (G x 57)) U S,
with natural operations in both components, and (g, x) + y = x + y whenever x € S},
Yy € Sie, and g € G. This semigroup can be ordered as follows:

(i) forx,ye Sf andg,h € G, we have (g,x) < (h, y) if and only if x = y and
g=h,orelse x <y,

(ii) forx e S,y € Su. g € G, (g.x)is comparable with y if x is comparable with
y.
The proof of the following is left as an exercise.

Lemma 9.9. Ler S be an object of Cu such that Sy is an absorbing subsemigroup. If G
is an abelian group, then Sg is also an object of Cu.

For a C*-algebra A, let us denote Cut (A4) = Cu(4 ® C(T)).

'Thinking of the Cuntz semigroup as a refined version of Ko, the idea behind this is that Ko(4 ®
C(T)) = Ko(4) & Ky (A).
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Theorem 9.10 ([3, Theorem 3.8]). Let A be a separable, unital, stably finite, Z-stable
C*-algebra. Then, there is an order-isomorphism

Cur (A4) = ({0} U (K1 (A)) x V(A)®) U Lscye (T, Cu(A4)),
where V(A)* = V(A) \ {0}, and where the right-hand side is ordered as above.

Let us interpret this in terms of the theory of classification. To this end, let us write Ell
to denote the category whose objects are 4-tuples of the form

((Go,u),G1, X, 1),

where Gy is a (countable) abelian group with distinguished element u, G is a (countable)
abelian group, X is a (metrizable) Choquet simplex, r: X — St(Gy, u) is an affine map,
where St(Gy, u) denotes the state space of (Gy, ©) such that, if we set

Gs ={g € Go:r(x)(g) >0forall x € X} U{0},

then (Go, GJ ,u) is a simple, partially ordered group with order unit u.

The morphisms in Ell between ((Gg, u), Gy, X, r) and ((Hy, v), Hy, Y, s) are given
by triples (6, 01, v), where 6y: Go — Hy is a morphism of groups with 6y(u) = v, the
map 61: G; — H; is a morphism of groups, and y: Y — X is an affine and continuous
map such that 7 o y = 6§ o s, where 65: St(Hy, v) — St(Go, u) is the naturally induced
map at the level of states.

Let sz denote the class of simple, separable, unital, nuclear, and finite Z-stable C *-
algebras. The Elliott invariant then naturally defines a functor

Ell: C% — EII.

‘We now define
F:Ell — Cu

as follows. If & = ((Go,u), G1, X, r) is an object of Ell and G(‘)" is defined as above, then
notice first that Ggr L LAff(X)++ is an object of Cu (see, for example, [1, Lemma 6.3]).
Set G(‘)H' = GS' \ {0} and

F(€) = ({0} U (G1 x GF 1)) U Lscoe(T, G ULAFE(X)44),

with addition given by (g + f)(x) = r(x)(g) + f(x) for all g € G, f € LAff(X) and
x € X. It follows from Lemma 9.9 that F(&) is also an object of Cu.

Lemma 9.11. F is a functor, and its corestriction F: El — F(EN) is full, faithful, and
dense.

Proof. We only check that if

(6o, 61,7): ((Go,u),G1, X, r) = ((Ho,v), H1,Y,5)
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is a morphism in Ell and f: T — G; L LAff(X) 4+ is non-compact, then (6p LI y*) o
T — HJ U LAff(Y) 44+ is also non-compact. Here,

o Uy*: G ULAFF(X) 14 — Hy" ULAFF(Y) 44

is defined as 6y on G(;" and y* on LAff(X)44.

By way of contradiction, if (6p LU y*) o f is compact, then there is & € H(;r such that
Oo(f(T))={h}and f(T) C G;r . As f is non-compact and lower semicontinuous, there
are s,¢t € T with f(t) < f(s), whence f(s) — f(t) € GO++ is an order-unit. Thus, there
exists n € N with f(s) <n(f(s) — f(¢)). After applying 6y, we obtain that & < 0; hence,
h = 0. But this is not possible since, as f is not constant, it takes some nonzero value a,
which will be an order-unit with 6y(a) = 0, contradicting that 8y (u) = v. L]

Remarks 9.12. In Lemma 9.11, we have considered F(EIl). We note that the image of
a functor G is a category when G is faithful, in the sense that G(f) = G(g) implies
f = g. The reason for this is that if G(f): G(X) — G(Y) and G(g): G(Z) — G(V), with
G(Y) = G(Z), then one has to verify that G(g)G( f): G(X) — G(V) has the form G(h)
for some A. Assuming G is faithful, from G(Y') = G(Z), one has

G(idy) = idg(r) = idg(z) = G(idz),

and thus, idy = idz. Therefore, Y = Z, and in this way, we may choose h = g f.
The fact that F in Lemma 9.11 is faithful was established in [3].

As a consequence, we get the following.

Theorem 9.13 ([90]). Upon restriction to the class of unital, simple, separable, and stably
finite Z-stable algebras, Ell is a classifying functor if, and only if, so is Cur.

Proof. Since F: Ell — F(Ell) is a full, faithful and dense functor by Lemma 9.11, it is
a general fact in category theory that it yields an equivalence of categories, so that there
exists another functor G: F(Ell) — Ell such that F o G and G o F are naturally equivalent to
the respective identities. This, together with Theorem 9.10 and [26, Corollary 5.7] implies
that there are natural equivalences of functors

FoEll Cur and Ell >~ GoCur,
which implies the result. u

We have chosen the algebra C(T) to be tensored with our target algebra A above
since the compact part of A ® C(T) contains, for the class under scrutiny, the relevant
information on Ky and K;. It would also be interesting to explore what would happen
under tensoring instead with the unique classifiable simple unital C *-algebra B with a
unique trace and Ko(B) = K;(B) = Z with [1p] corresponding to 1. An advantage of
this approach is that one would stay within the classifiable class for an already classifiable
algebra A.
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10. Additional axioms and properties

In this section, we introduce two important new axioms and a property for Cu-semigroups.
As it turns out, the axioms are satisfied by the Cuntz semigroup of any C *-algebra,
whereas the property, which measures cancellation in the Cuntz semigroup, holds for C *-
algebras of stable rank one.

Definition 10.1. Let S be a Cu-semigroup. We say that S has weak cancellation provided
X+z<KLy+zinS impliesx <« y forall x,y,z € S.

Not every Cuntz semigroup is weakly cancellative. If, for example, A is a purely infi-
nite simple C *-algebra, then Cu(A4) = {0, co}, where necessarily oo is compact. Hence,
00 4+ 00 K 0+ oo, but it is not true that co < 0. It is easy to show that weak cancel-
lation passes to quotients, hence, another example where weak cancellation fails in the
non purely infinite setting may be obtained by taking a stably finite C*-algebra A with
a purely infinite simple quotient, for example, the cone over ;. An example with finite
stable rank is the Toeplitz algebra 77, since it contains a non-unitary isometry s, so that
p = ss* is a projection satisfying p @ (1 —p) =p+ (1 —p) =1~ p with p # 1.

We record below an equivalent formulation for weak cancellation that is repeatedly
used in the literature. The proof is left as an exercise; see [5, Lemma 2.5] for the argument.

Lemma 10.2. Let S be a Cu-semigroup. The following conditions are equivalent.
(i) S has weak cancellation.
(1) Ifx,y,zeSsatisfyx+z KLy+z thenx < y.
(i) Ifx,y,z,z € Ssatisfyx +z <y +z andz < z, then x < y.

The following theorem is due to Rgrdam and Winter [82].

Theorem 10.3. Ler A be a C*-algebra of stable rank one. Then, Cu(A) has weak cancel-
lation.

Proof. By part (iii) of Proposition 2.14, we may assume that A is stable. Let x, y, z in
Cu(A) satisfy x + z < y + z. Assume first that z is compact, that is, z < z. Choose
elements a,b € Ay with x = [a], y = [b], and use Proposition 4.14 to choose a projection
p € A with z = [p]. We may assume that a, b are both orthogonal to p. Let ¢ > 0. Using
Theorem 3.7, choose a unitary ¥ (in the unitization of A) such that u((a — &)+ + p)u* €
Ap+p. Then, p and upu™ are projections in A, , whose Cuntz classes in A agree. Using
that Ap4 , is a hereditary subalgebra of A, one readily checks that their Cuntz classes in
Apyp also agree (this is almost identical to the proof of Lemma 5.2). Note that Apy
has stable rank by part (ii) of Proposition 2.14, and hence is stably finite by part (i) of
the same lemma. By Lemma 2.8 and the comments after it, we deduce that p ~yyN ¢ in
Apy p. Using again that A, , has stable rank one, part (iv) of Proposition 2.14 gives us a
unitary v in the unitization of A , such that vpv* = upu™.
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Observe now that v*u(a — &) u™v belongs to Ay, and is orthogonal to p. Thus,

viula —e)yu*v e (1 —p)Apip(l — p) = Ap.

This shows that (¢ — ¢)+ = b and since ¢ is arbitrary, we conclude that a < b, that is,
x <y.

For the general case, choose z’ < z such that x + z < y + z’. Choose representatives

as before x = [a], y = [b], z = [c]. We may assume that z/ = [(¢c — €)4] for some ¢ > 0,
and so,

adcIbd(c—8)t. (10.1)

Upon rescaling ¢, which does not change Cuntz classes by Corollary 2.3, we may assume
that ||c|| = 1. Define

1 ift =0,
he(t) = 4 linear ift € [0, ¢],
0 ift > e¢.

Then, ¢ < ¢ + he(c) < 1. Using part (i) of Corollary 2.3 at the second step and using
Lemma 3.2 at the third, we get

(c—8)y +he(c) <c+he(c) ~1Zc@helc). (10.2)
On the other hand, (¢ — ¢)+ L h(c) and thus Lemma 3.2 implies that
(¢ — &)+ ®he(c) ~ (c — &)+ + he(c). (10.3)

Combining these things, we get

(10.2)
a®dl 2 a®cdhc)

(10.1)
X bd(c—e)t B helc)

(103)
S b@(c—e)y +helo)

(10.2)
=<

~ ’

and therefore, a < b by the first part of the proof. ]

Remark 10.4. Notice that if S is a Cu-semigroup with weak cancellation, then S has
cancellation of compact elements. In particular, if 4 is a C*-algebra of stable rank one,
then its Cuntz semigroup Cu(A) has cancellation of compact elements (in fact, a close
inspection of the proof of Theorem 10.3 reveals one proves this first before concluding
weak cancellation).

An abelian monoid S is said to be algebraically ordered provided x < y in S exactly
when there is z € § with x 4+ z = y. The order in a Cu-semigroup is in general not
algebraic (consider, for example, the Cuntz semigroup of Z; see Theorem 7.3), and the
axiom below measures how far this is from being the case.
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Definition 10.5. Let S be a Cu-semigroup. We say that S satisfies (O5) (or has almost
algebraic order) if, whenever x + z < y and x’ K< x, z’ < z, there is w € S such that

X4+w<y<x+w and z <w.

The formulation above is taken from [8], and has the advantage that it behaves well
with respect to inductive limits of Cu-semigroups; see [8, Theorem 4.5].

This axiom appears in a different form in other papers, namely, by taking z = 0. In
fact, this was the original formulation in [82], which therefore reads: whenever x < y and
x" & x, there is w € S such that x’ + w < y < x + w. Let us temporarily refer to this
version as axiom (65/).

Lemma 10.6. Let S be a Cu-semigroup. Then, (O5) implies (65) and, in the presence of
weak cancellation, the converse holds.

Proof. The first part of the statement is trivial. Assume, for the converse, that S is a Cu-
semigroup that has weak cancellation and satisfies (O5). We are to show that S satisfies
(05). To thisend, let x’, x,z’,z, y € S satisfy x + z < y and x’ < x, z/ < z. First, choose
X «x"«x,z €z <z, and y' K« y suchthat x” + z” <« y’. Since X’ € x" < y,
by (O5) there is w € S such that x’ + w < y < x” 4+ w. Using weak cancellation on the
inequality
" 4 !/ 4
X+ Ly Ly =x +w,

we obtain z” <« w. Thus, z/ < w. On the other hand, x’ + w <y <x”" + w < x + w, as
desired. [

Remark 10.7. Suppose that S satisfies (0O5), and let x € S, and y € § satisfy x < y.
Applying (05) to x < x < y, we find w € S with x + w = y. This shows that com-
pact elements can always be complemented, and thus, the subsemigroup S, of compact
elements is algebraically ordered. The same is true if one assumes the weaker (65).

The reason why (O5) is significant is recorded in the following proposition.

Proposition 10.8. Let A be a C*-algebra. Then, Cu(A) satisfies (O5).

Proof. We prove the simpler version (6\5/), mostly following the original proof in [82].
(For the general argument, see [8, Proposition 4.6].) Thus, assume that x’ < x < y in
Cu(A), and set x = [a], y = [b]. For simplicity, we assume that x’ = [(a — 2¢)+] for
some & > 0.

By Theorem 2.7, there is v € A such that (@ — &)1 = v*v and vv* € Ap. Let ki, be
defined as in the proof of Theorem 10.3, so that hg(vv*) L (vv* — &)+ and ¢ < vv* +
he(vv*). The latter inequality implies that

eb < bz (vv* + he(vv*))b2,

and thus, 1 )
b 3 b2(vv* 4 he(vv™))b2. (10.4)
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Letc = he(vv*)bhe(vv*) and set w = [c] € Cu(A). Note that
¢ ~ b2he(vv*)2h2 (10.5)
by part (iv) of Corollary 2.3. Since both (vv* — ¢)4 and ¢ belong to Ap, we have
(w*—¢e)y+c3h (10.6)

by Proposition 2.4. Using Lemma 2.6 at the second step, and using Lemma 3.2 at the third
step, we get

(10.6)
(@a—28)1+@c=0Wv—8s+Pc~ W' —e)r ®c~@Wv* —e)r+c 2 b

sothat x" +w < y.

It remains to show that b < a & ¢, which gives y < x + w. Using Lemma 3.2 at the
fourth step, and using v*v = (a — &)+ and part (iv) of Corollary 2.3 at the fifth step, we
get

(10.4)
< b2 (v + hy(vv*)?)b3
= b2vv*b2 + b2he(vv*)2h3
(10.5)
2wt e 3t de

~ (a—¢e)y+PcZadc. |

An abelian monoid S is said to have Riesz decomposition if, whenever x < y + z
in S, there are elements x1,x, € S with x = x; + x2 and x; < y, x, < z. Again, Cu-
semigroups do not in general have Riesz decomposition (and Cu(Z) is an example). The
following axiom measures a certain degree of Riesz decomposition in a Cu-semigroup.

Definition 10.9. Let S be a Cu-semigroup. We say that S satisfies (O6), or that it has
almost Riesz decomposition, if whenever x’, x, y,z € § satisfy x’ < x <y + z, then
there are s, € S with

xX'<s+t, s<x,y, t<x,z.

Again, (00) is satisfied by the Cuntz semigroup of every C *-algebra; see [74, Propo-
sition 5.1.1].

Proposition 10.10. Let A be a C*-algebra. Then, Cu(A) satisfies (06).

Proof. We may assume that A is stable. Suppose that x < y + z in Cu(4), and x’ < x.
Choose representatives a, b, ¢ € A such that x = [a], y = [b], and z = [c]. We may assume
that b L ¢ and for simplicity, we also assume that x’ = [(a — ¢)4] for some ¢ > 0.
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By Theorem 2.7, there are v € A and § > 0 such that (¢ — ¢)+ = v*v and vv* €
A(p+c—s), - Define a continuous function by

0 ift =0,
gs(t) = 4 linear ifr € 0,4],
1 ift > 6.

Then, gs (b + c)vv* = vv*. Using at the first step that g5 (b + ¢) = g5 (b) + gs(c), which
holds because b L ¢, and using Remark 5.3 at the second step, we have

gs(b + c)vv*gs(b + c)
= gs(b)vv*gs(b) + gs(b)vv*gs(c) + gs(c)vv*gs(b) + gs(c)vv*gs(c)
< 2(gs(b)vv*gs(b) + gs(c)vv*gs(c)).

Using this at the third step and that b L ¢ again at the fourth step, we obtain

[(@ —e)4] = [vv*] = [gs(b + c)vv*gs (b + ¢)]
< [gs(b)vv*gs(b) + gs(c)vv*gs(c)]
= [gs(b)vv*gs(D)] + [gs(c)vv*gs(c)].

The proof is finished by setting s := [gs(b)vv*gs(h)] = [v*gs(h)*v] < [(a — &)+]. [b]
and 7 := [gs(c)vv*gs(o)] < [(a —&)+]. [c]. u

11. C*-algebras with stable rank one

In this section, we explore some properties satisfied by the Cuntz semigroups of C*-
algebras with stable rank one. One obtains in particular solutions to three open problems
on the Cuntz semigroup that, at the same time, reflect on the structure of such algebras. In
these notes, we will discuss two of the three problems mentioned (see Sections 12 and 13).
Large portions of this section are taken from [5].

We will need the following variation of the axiom (O6), introduced by Thiel in [86].

Definition 11.1. Let S be a Cu-semigroup. We say that S satisfies (O6+) if whenever
x,y,z € Ssatisfyx <y+zandu',u,v’,v € Saresuchthatu’ K u < x,y,and v’ K
v < Xx, z, then there are elements s, ¢ € S such that

x<s+1, W <LKs<xy VLr<xz.

It was shown in the proof of [86, Lemma 6.3] that (O6+) has a simpler equivalent
formulation. We reproduce the argument below for convenience, since we will use this
later.
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Lemma 11.2. Let S be a Cu-semigroup. Then, S satisfies (O6+) if and only if the fol-
lowing (one-sided) property holds: whenever x,y,z € S satisfy x <y + zandvu',u € S
are such thatu’ < u < x,y, then there is s € S suchthatx <s +zandu K s <Xx,y.

Proof. Tt is clear that (O6+) implies the property in the statement. Conversely, assume
the above property and let x, y, z,u’,u,v’,v € § satisfy x <y + z, ' < u < x, and
v < v < x, z. Applying the property in the statementto x < y +zand v’ < u < x, y,
we obtain s € S such that x < s + z and ¥/ < s < x, y. A second application of said
property to x < s + z and v/ < v < x, z yields an element ¢ € S with x < s + ¢ and
v Kt < x,z,as desired. n

The proof of the following is rather involved, hence, we omit the details.

Theorem 11.3 ([86, Theorem 6.4]). Let A be a C*-algebra of stable rank one. Then,
Cu(A) satisfies (06+).

Next, we observe that the assumption of stable rank one is necessary in Theorem 11.3.
The following is [86, Example 6.7].

Example 11.4. The Cuntz semigroup of the C*-algebra C(S?) does not satisfy (06+),
and it is well known that sr(C(5?)) = 2.

Proof. Denote by Lsc(S2, N) the monoid of lower semicontinuous functions from S2
with values in N, equipped with pointwise order and addition. For any open subset U C
S2, we use 1y to denote the characteristic function of U, which is an element of Lsc(S 2
N). Note that the non-compact elements of Lsc(S2, N) are given by

Lsc(S2, N)pe = Lsc(S%, N) \ {nlg2:n > 1}.
Using [74, Theorem 1.2], it is possible to show that
Cu(C(5?)) = (Nxg x Z) U Lsc(S?, N)pe.

Addition and order may be described as follows. Elements in each one of the components
of the disjoint union are added as usual and ordered also as usual. If (n,m) € N5g x Z
and f € Lsc(S2, N)ye, then (n,m) + f =nlg2 + f.
Next, (n,m) < f ifand only if nlg2 < f,and f < (n,m) if and only if f < nlg>.
Choose open subsets of U,V C S 2 with U C V. Then, 1y < 1y, and they are non-
constant functions. We have

(1,0) < (I,1) +nly and 1y < 1y < (1,0), (1, 1).

To reach a contradiction, assume that Cu(C(S?)) satisfies (O6+). Then, there is s €
Cu(C(S?)) such that (1,0) <s + 1y and 1y <s < (1,0),(1,1).

Since s < (1,0), (1, 1), we see that s € Lsc(S2, N), and thus there is x € S2 such
that s(x) = 0. But since 1y < s, we see that x ¢ U, which implies that (s + 1y7)(x) = 0.
Therefore, (1, 0) is not dominated by s + 1y, which is impossible. [
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Remark 11.5. It is natural to ask whether (O6+) follows from (O6) and weak cancel-
lation (the latter, as we have shown in Theorem 10.3, holds for C *-algebras of stable
rank one). That is, however not the case. Again, C(S?) is a counterexample, since by the
computation above one can show its Cuntz semigroup is weakly cancellative.

Our next goal is to show that Cuntz semigroups of C*-algebras of stable rank one
admit infima which are compatible with addition, in the sense of the definition below.
This will have important consequences later on.

Definition 11.6. A partially ordered set S is an inf-semilattice provided the order-theoretic
infimum x A y exists for any elements x, y € S. We say that an ordered semigroup is inf-
semilattice ordered if it is an inf-semilattice and, for any x, y,z € S, we have

x+2)A+2)=xAy) +z

Lemma 11.7. Let S be a Cu semigroup which is an inf-semilattice and satisfies (06+).
If x,y,z € Cu(A) satisfy x <y + z, then

XxX<(xAY)+(xA2).

Proof. Applying axiom (06+) tox <y + z withu = u’ = v = v’ = 0, we obtain x <
s 4t for some s < x,y and ¢ < x, z. The existence of infima proves the lemma. [

The lemma below shows that axiom (O6+) is automatic for inf-semilattice ordered
semigroups.

Lemma 11.8. An inf-semilattice ordered Cu-semigroup S satisfies (06+).

Proof. Assume that x, y,z € S satisfy x <y 4+ z and u’,u,v’,v € § are such that u’ <
u<x,y,andv' K v<ux,z.Lets =x Ayandt = x A z. Then, clearly u’ <« u < s and
v" « v < t. Using the inf-semilattice condition repeatedly, we get

X+X)AX+F)DAX+FIAQG+)=x+XxAY)ACZ+HXAY)=(XAY)+ (X AZ).
Using this at the second step, we conclude that
XZ2O)OAX+2)AX+FIAG+H2)=xAY)+(xAZ)=5+1. ]

As we outline in Theorem 11.17, the Cuntz semigroup of any C *-algebra of stable
rank one is inf-semilattice ordered. Given the argument above, one would get a different
proof that (O6+) is verified for the Cuntz semigroup of C*-algebras of stable rank one.
However, (O6+) is used to show the inf-semilattice ordered property, so that raises the
question of whether one can show that C *-algebras of stable rank one have inf-semilattice
ordered Cuntz semigroups without using (O6+).

In preparation for Proposition 11.12 below, we need to briefly discuss a different pic-
ture of the Cuntz semigroup, as developed in [37].
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Definition 11.9. A (right) Hilbert module over a C *-algebra A is a (right) A-module X
together with a map (-,-): X x X — A which is C-linear on the second entry and satisfies

@®  {x.ya) ={x,y)a,
(i) {x.y) = {r.x)"
(iii))  {x, x) > 0 and equals zero precisely when x = 0

for all x,y € X, a € A, and such that X is complete with respect to the norm ||x| =
1
(x,x)z2.

The standard example of an A-Hilbert module is the C *-algebra A itself, with structure
given by (x,y) = x*y. More generally, if a € Ay, then aA is naturally a Hilbert A-
module. We denote by £2(A) the so-called standard Hilbert A-module, which is given
as

?(A) = {(xn)neN € l_[ A: Z X, Xn converges in the norm of A},
neN neN
with inner product defined as (x,y) = >, cn Xnyn forx,y € P, ey 4.

Definition 11.10. A Hilbert A-module X is said to be countably generated if there is a
countable set {x,:n € N} C X suchthat X = ) 2| x,A.

A fundamental result in the theory of Hilbert modules is Kasparov’s absorption theo-
rem; see [64, Theorem 1.4.2].

Theorem 11.11 (Kasparov’s theorem). Let X be a countably generated Hilbert A-module.
Then, X @ (2(A) = (2(A).

In [37], a notion of subequivalence between countably generated Hilbert A-modules,
weaker than isomorphism, was introduced. By antisymmetrizing this subequivalence, a
partially ordered semigroup was built, and it was shown that this semigroup is isomorphic
to Cu(A). Under this isomorphism, a positive element a € (A ® K)4 corresponds to
a(A® X).

Further, in the stable rank one case, it was proved that equivalence of A-modules is the
same as isomorphism, and a Hilbert A-module X is subequivalent to a Hilbert A-module
Y precisely when X =~ X’ C Y; see also [12, Section 4] for further details.

One of the key results in this and coming sections is the following result, proved
in [5, Proposition 2.8].

Proposition 11.12. Let A be a stable C*-algebra of stable rank one, and let a € A.
Then, there are a C*-algebra B, also of stable rank one, that contains A as closed, two-
sided ideal, and a projection p, € B such that the following property holds:

For x € Cu(A), we have x < [a] in Cu(A) if and only if x < [p,] in Cu(B).

Proof. We sketch the construction. Consider the Hilbert module H = aA, which by Kas-
parov’s theorem is isomorphic to a direct summand of £2(A), thatis, H & H’ = {?(A) for
some Hilbert module H’. Also, since A is stable, we have £2(A4) = A as Hilbert modules.
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Let M(A) be the multiplier algebra of A, identified with the algebra of adjointable
operators on A, and let p, € M(A) be the projection that corresponds, under the previous
identification, to the projection onto aA,sothataA =~ paA.Set B=C*(pa, A) S M(A).
By construction then, A is a closed, two-sided ideal of B and, since B/A = C, we see
that B also has stable rank one.

To prove the stated property, let b € A4 and set x = [b] € Cu(A).Ifb X p, in B and
& > 0is given, then by Lemma 2.5 there is an element d € B suchthat (b —&)1 =d* p,d.
Setting v = p,d € p, B, we have (b — &)1 = v*v.

Observe also that v*v € A; hence, v € A by Remark 5.4, since A4 is an ideal of B.
Thus, v € p, BN A = py A = aA. Altogether, we have that

(b—e)1 A =v*vA = vv*A C p,A ~aA

as Hilbert A-modules. This implies, by using the Hilbert module picture of Cu(A), that
(b — &)+ = a and, since ¢ > 0 is arbitrary, we obtain » < a.

For the converse, it suffices to show that [a] < [p,] in Cu(B). This follows from a B =
aA =~ PaA S pg B, as Hilbert B-modules. n

Definition 11.13. We say that an ordered semigroup S satisfies the Riesz interpolation
propertyif given x,y,z,t € S with x, y < z,¢, there exists w € S suchthat x,y <w < z,t.

A partially ordered group is called an interpolation group if it satisfies the Riesz inter-
polation property.

If S is algebraically ordered and cancellative, it is well known that the Riesz interpo-
lation property is equivalent to the Riesz decomposition property, and also to the Riesz
refinement property. This is due to the Grothendieck group construction; see [52, Propo-
sition 2.1].

It was shown in [67] that, for C *-algebras of real rank zero and stable rank one, Cu(A4)
enjoys the three Riesz properties. This is largely due to the fact that the Murray—von
Neumann semigroup is cancellative and has Riesz decomposition; see [15, 105]. However,
this is no longer true if one drops the real rank zero assumption, even if one assumes
stable rank one. An example of this is given by the Jiang—Su algebra Z, as was observed
in [86, Remark 6.9]. Indeed, we have seen in Theorem 7.3 that

Cu(Z) = {cp:n € N} U{s;:t € (0,00]} = N U (0, o0].
compacts

Letx =c; € N,andlety =z = 52 € (0, 00]. We clearly have that x = ¢; < se =y +z.
Since c; is compact and there are no other compact elements below c; except ¢y and ¢,
we see that if x = u + v, we must have u = ¢ and v = ¢y, or reversed. Clearly, u, v £ 52.

However, as we will prove below, Riesz interpolation persists if one drops the assump-
tion of real rank zero and keeps the stable rank one condition.

In the lemma below, we use axiom (fO\SJ), since the Cu-semigroup is assumed to be
weakly cancellative; see Definition 10.5. We also use the one-sided version of (O6+); see
Definition 11.1.
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Lemma 11.14. Let S be a weakly cancellative Cu-semigroup satisfying (05) and (O6+),
and lete,x € S. If e is compact, the set

{Z eS:z< e,x}
is upward directed.

Proof. We first notice that the set {z € S : z < e, x} is order-hereditary and closed under
suprema of increasing sequences. To prove the lemma, it suffices to show that the set

{z’ € S :thereisz € S suchthatz’ « z < e,x}

is upward directed. (We leave the proof of this claim as an exercise.) Take elements
Z1,22,27, 25 € S that satisfy

71Kz <ex, and z) Kzp <e,x.

Apply (05)to z{ < z; <etofind w € § suchthat z] +w <e <z; + w. Since z; < x, we
obtain e < x + w. We now apply (O6+) to this inequality together with z, < z; < e, x.
Thus, we find y € S suchthate <y + w and z;, < y < e, x. Putting together the left-hand
side of the inequality coming from (O5), the one coming from (O6+-), and using that e is
compact, we get

itw<e<Ke<y+w.

Weak cancellation in S implies z; < y. Hence, z7,z, < y < e, x. Now, choose y' € §
with 21, z), < y’ < y, and check that y’ has the desired properties. [

Theorem 11.15. Let A be a C*-algebra of stable rank one. Then, Cu(A) has the Riesz
interpolation property.

Proof. Let x,y € Cu(A). We must show that the set {z € Cu(A) : z < x, y} is upward
directed. If x is compact, this follows from Lemma 11.14. We now use Proposition 11.12
to reduce the general case to this case.

By part (iii) of Proposition 2.14, we may assume that A is stable. Choose a € A such
that x = [a]. Applying Proposition 11.12 to A and a, we obtain a C *-algebra B with stable
rank one that contains A as a closed, two-sided ideal, and a projection p, € B such that
z € Cu(A) satisfies z < x if and only if z < [p,]. Since [p,] is compact in Cu(B), and since
B has stable rank one, it follows from Lemma 11.14 that the set {z € Cu(B) : z < [pa], y}
is upward directed. The inclusion A C B identifies Cu(A) with an ideal in Cu(B) by
Lemma 5.2. The result follows once we show that

{zeCu(A):z<x,y} ={z€Cu(B):z <|[pa,y}

One inclusion follows using that x < [p,]. For the converse inclusion, take z € Cu(B)
such that z < [p,], y. Since Cu(A) is an ideal of Cu(B) and y € Cu(A4), we have z €
Cu(A). Since also z < [pg], Proposition 11.12 implies that z < x. |



The modern theory of Cuntz semigroups of C *-algebras 185

We close this section showing that Theorem 11.15 can be used to prove that the Cuntz
semigroup of a separable C *-algebra with stable rank one is inf-semilattice ordered. The
existence of infima follows easily from the Riesz interpolation property.

Definition 11.16. A Cu-semigroup S is said to be countably based provided there is a
countable set 8 C S such that for all 5,7 € S satisfying s < ¢, there is u € B such that
s<K<uKLt.

It is known that the Cuntz semigroup Cu(A) of a separable C *-algebra A is always
countably based. For example, one can take a countable dense subset F' of A and then

$={Ka—%k}aeRnEN}

Theorem 11.17. Let A be a separable C*-algebra of stable rank one. Then, Cu(A) is an
inf-semilattice ordered semigroup.

consider the set

Proof. (Outline) Without loss of generality, we may assume that A is stable.

Since A is separable, as observed above Cu(A) is countably based. It follows from
this that every upward directed set has a supremum. Given x, y € Cu(A), this applies in
particular to the set {z € Cu(4) : z < x, y}, which is upward directed since Cu(A) has
the Riesz interpolation property by Theorem 11.15. Notice that the supremum of the set
{z € Cu(A) : z < x, y} is precisely x A y. Thus, Cu(A) is an inf-semilattice.

In order to prove the distributivity of A over addition, note that we always have x A
y+z <x+2z,y+ z. Thus, we need to show that

x+2)A(y+2)=(xAy) +:2

for all x, y, z € Cu(A). To indicate the flavor of the argument, we give a proof in the case
that both x and z are compact elements. The general case is obtained through successive
generalizations.

Letw = (x + z) A (y + z). Choose w’ € Cu(A4) such that w’ <« w. Applying (O5) (or
rather, (65)) to the inequality w’ < w < x + z, we find v € Cu(4) such that w’ + v < x +
z<w+v.Wegetx +z <y + z+ v. As A4 has stable rank one, Cu(A4) has cancellation
of compact elements (see Remark 10.4), and since z is compact by assumption, we obtain
x <y+v.ByLemma 1.7, x < (x A y)+ v. Adding z to both sides, we get

xX+z<(xAy)+v+z.
Since both x and z are compact, so is x + z, and thus,
wHv<x+zLx+z<(XAy)+z+0v.

Now, weak cancellation implies w’ < (x A y) + z and, since w’ is arbitrary satisfying
w’ < w, the inequality (x + z) A (y + z) < (x A ¥) + z holds. |
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12. The classical Cuntz semigroup, its relation to Cu(A), and the
Blackadar—-Handelman conjecture

In the previous section, we studied the basic structural properties of the Cuntz semi-
group of any separable C*-algebra with stable rank one. We will obtain now an easy
consequence of Theorem 11.15, which allows us to solve, in the stable rank one case, a
conjecture due to Blackadar and Handelman on the structure of dimension functions.

Definition 12.1 ([38]). Let A be a unital C *-algebra. Set

Moo(A) = | ] Mu(4),
neN

identifying each M, (A) inside M, ;1(A) as the upper left corner. Then, My, (A) is a
local C*-algebra, and the relation of Cuntz (sub)equivalence from Definition 2.1 can be
restricted to it. Define

W(A) = Mo(A) 4/~
the so-called classical Cuntz semigroup of A.

A dimension function on A is a map d: M (A)+ — [0, co) satisfying the following

properties:
e da®b)=d(a)+db)foralla,b € My(A)4;
e d(a) < d(b) whenever a = b;
o d(ly) =1
Denote the set of dimension functions of A by DF(A). If we also denote by K§(A4) the
Grothendieck group of W(A), it is not hard to verify that there is a bijection between
DF(A) and St(K§(A), [14]), the state space of the group K§ (A). Indeed, given a dimension
function d on A, one sets sg([a] — [b]) = d(a) — d(b), which defines a state on K (A).

The following first appeared in [15].

Conjecture 12.2 (Blackadar—-Handelman). Let A be a unital C *-algebra. Then, DF(A) is
a Choquet simplex.

The above conjecture was verified for C *-algebras with real rank zero and stable rank
one [67], for certain C*-algebras of stable rank 2 [2], and for C *-algebras with finite
radius of comparison and finitely many extremal quasitraces [84]. It was also asked in [2,
Problem 3.13] for which unital C*-algebras does it hold that K{(A) is an interpolation
group.

Note that we also have

W(A4) = {x € Cu(A): x = [a] for some a € Moo (A)4}.

In the case that A has stable rank one, we show below that W(A) is a hereditary subset
of Cu(A); see [1, Lemma 3.4]. This means that, if x < y in Cu(A4) and y € W(A), then
x € W(A).
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Lemma 12.3. Let A be a C*-algebra of stable rank one. Then, W(A) is hereditary in
Cu(A). In particular,

W(A4) = {x € Cu(A):x < nla] for somea € Ay,n € N}.

Proof. Leta € (A® K)y,b € Mo (A)4+, and assume that a X b. We need to show that
there is ¢ € Moo (A)+ such that ¢ ~ a.
Since A ® K is the completion of My, (A) anda € (4 ® K) 4, there exists a sequence
1

an)neN In Moo (A)+ with a = lim,— 0 a, and ||a — a,|| < . By Lemma 2.5, for each
7+ DY

n € N, there exists d, € A ® K such that (a — %)+ = dya,d,; and then

(a - l) = dypand, ~ a,%d:dnaé.
nJ+
Put b, := a,%d,fdna,% € My (A)+. We have [a] = sup, c[bn] in Cu(A), and ([by])nen
is <-increasing in Cu(A).
Now, the sequence ([h,])nen is bounded above in W(A) by [b]. Therefore, it also has
a supremum [c] in W(A), by [26, Lemma 4.3]. In fact, the arguments in [26] show that
for each n there exist m and §, > 0 with (¢ — %)4_ = (bm — 6n)+, and such that (8;)nen
strictly decreases to zero. Therefore,

1
(c——) < (b —8)4 Sbm < a
njy

in A ® KX, and thus, ¢ S a.
On the other hand, since also b, < ¢ for all n, and [a] = sup,, [bs] in Cu(A4), we see
that a =X c¢. Thus, ¢ ~ a, as desired. [

Lemma 12.4. Let S be a positively ordered semigroup that has the Riesz interpolation
property. Then, its Grothendieck group G(S) is an interpolation group.

Proof. Letay, az, by, by be elements in G(S) such thata; < b; foralli, j = 1,2. There
existelements z, x;, y; € S such thata; = [x;] —[z] and b; = [y;] — [z]. Af a; = [x;] — [vi]
and b; = [y;] — [w;], then one may take z = v; + vy + wy + w,.) Therefore, by adding
[z] to the inequality, we get [x;] < [y;] for all i, j = 1, 2. Thus, there exists ¢t € S such
that

Xi +1=y; +1

for all i, j = 1, 2. By assumption, there exists x € S interpolating the above inequality.
Consider the element e = [x] — [z + ¢] € G(S). Then, it is easy to check that e satisfies
a; <e<bjforalli,j =1,2. n

Theorem 12.5. Let A be a C*-algebra of stable rank one. Then, K (A) is an interpola-
tion group, and thus, DF(A) is a Choquet simplex. In particular, Conjecture 12.2 holds if
A has stable rank one.
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Proof. We know from Lemma 12.3 that W(A) is hereditary. We use this to show that
W (A) has the Riesz interpolation property. By Theorem 11.15, this is the case for Cu(A4).
Let x, y,z,t € W(A) be such that x, y < z,¢. Then, this also holds in Cu(A), and thus,
there is w € Cu(A) such that x, y <w <z,t. Since W(A) is hereditary, we have w e W(A).

By Lemma 12.4, K§(A) is an interpolation group, and using [52, Theorem 10.17], we
obtain that its state space, that is, DF(A), is a Choquet simplex. n

One of the reasons for introducing Cu(A) was the need of a continuous invariant.
Regarding W as a functor from C*-algebras to the category of positively ordered semi-
groups, it is clear that W is not continuous. (This already fails for X = 1£>n M,.)

As it turns out, Cu(A) can be regarded as the completion of W(A), just as A ® K
is the completion of My, (A). In order to outline the exact relationship between these
two semigroups, we need some additional concepts. The following is inspired by [48,
Definition I-1.11, p. 57].

Definition 12.6. Let (X, <) be a partially ordered set. A binary relation < on X is called
an auxiliary relation if the following properties are satisfied.

@1) Ifx <y ,thenx <yforallx,y e X.
() Hfw<x=<y<zthenw<:zforallw,x,y,zeX.

If, further, X is a monoid, then an auxiliary relation < is said to be additive if it is com-
patible with addition and 0 < x for every x € X.

Observe that an auxiliary relation as defined above is transitive. To see this, if x < y
and y < z, then x < y by condition (i) and applying condition (ii)tox <y <z <z, we
obtain x < z. In the case of a Cu-semigroup S, the compact containment relation < is an
example of an auxiliary relation on S. If 4 is a C *-algebra, then W(A4) may be equipped
with the following auxiliary relation: [a] < [b] if and only if [a] < [(b — &)4] for some
& > 0; see [8, Proposition 2.2.5]. Equivalently, by Remark 4.2, [a] < [b] in W(A) if and
only if [a] <« [b] in Cu(A).

Definition 12.7. A W-semigroup is a positively ordered semigroup S together with an
auxiliary relation < such that the following axioms hold.

(W1) For each a € S, the set a= = {b € S:b < a} has a <-increasing countable

cofinal subset (with respect to <).

(W3) <is additive.

(W4) Ifa < b + ¢ in S, then there are b’ < b and ¢’ < ¢ such thata < b’ + ¢’.

A positively ordered semigroup morphism f:S — T between two W-semigroups
is a W-morphism provided it preserves < and that is also continuous, in the sense that
if b < f(a) in T, then there is ¢’ < a in S such that b < f(a’). We will denote by
W the category whose objects are the W-semigroups and whose morphisms are the W-

morphisms. The set of W-morphisms between W-semigroups S and 7" will be denoted by
W(S,T).
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We remark that the terminology has evolved so that initially a W-semigroup was also
required to satisfy (W2): for each a € S, we have a = supa™, but this is not relevant for
the theory. It is not even relevant, for many purposes, to require that a W-semigroup is
positively ordered (and only that it is equipped with a transitive relation < satisfying the
axioms above).

Again, if A is a C*-algebra, it was shown in [8, Proposition 2.2.5] that W(A) is a
W-semigroup with the auxiliary relation defined above. Moreover, if ¢: A — B is a homo-
morphism of C *-algebras, then the restriction W(¢) of Cu(A) to W(A) is a W-morphism
W(p): W(A) — W(B).

It is easy to verify that Cu is a full subcategory of W and that W has limits; see [8,
Theorem 2.2.9]. It turns out it is also a reflective category, which follows from the theorem
below; see [8].

Theorem 12.8. Given a W-semigroup (S, <), there are a Cu-semigroup y(S) and a W-
morphism a: S — y(S) such that the following statements hold:

(1) a' < ain S whenever a(a’) K afa),

(i1) if b’ K biny(S), then there is a € S such that b’ K a(a) K b.

Proof. (Outline) We just show how to construct y(S). One considers the set S« of <-
increasing sequences in S. Any two such sequences are added pointwise, and one declares
(an)neN 2 (bp)nen if for every k € N there is n € N such that ag < by,. This defines a
translation invariant preorder that yields an equivalence relation by setting (a,)neN ~
(bn)nen if and only if (an)neN = (bn)nen and (by) 2 (an)nen. We then define y(S) to
be S</~. Addition is induced by addition of sequences and the order is induced by <.
It is possible to prove that [(a;)nen] <K [(brn)nen] precisely if there is k € N such that
a, < by foralln € N.

In order to define «: S — y(S), leta € S and apply (W1) to find (a5 )nen € S™ which
is cofinal in a=. Then, set «(a) = [(an)nen]. We omit the details. L]

The construction just outlined defines a functor y: W — Cu which is a reflector for
the inclusion. Applied to C*-algebras, this yields the following theorem.

Theorem 12.9 ([8, Theorem 3.2.8]). The compositions y o W and Cu are naturally iso-
morphic as functors from C* to Cu. In other words, if A is a C*-algebra, then Cu(A) is
naturally isomorphic to y(W(A)).

The result above is extremely useful when constructing objects in the category Cu
as certain “completions” of objects in W. We already saw an example of this in Theo-
rem 4.11, when we constructed inductive limits in Cu. Indeed, what we did there was
to consider the inductive limit of Cu-semigroups in the category W, and then apply the
functor y. The same strategy can be used to construct other objects, such as (infinite)
direct sums. On the other hand, many other constructions (such as products) will require
a different treatment, since these constructions do not obviously exist in W either. This is



E. Gardella and F. Perera 190

done in Section 14, where we consider an even larger category Q and a natural functor
7:Q — Cu; see Theorem 14.5.

13. Functionals and the realization of ranks

In this section, we formulate the problem of realization of ranks and sketch the solution
for C*-algebras of stable rank one. The inf-semilattice ordered structure of the Cuntz
semigroup for such algebras is a key element for the solution. Another ingredient that is
needed in this setting is an additional axiom for Cu-semigroups, called Edward’s condi-
tion; see [4]. Since we will omit the proofs where this axiom is needed, we will also not
discuss this condition here.

Recall from Definition 6.8 that a functional on a Cu-semigroup S is an additive func-
tion A: S — [0, oo] satisfying A(0) = 0, that preserves order and suprema of increasing
sequences. We equip the set F(S) of functionals on S with operations of addition and
scalar multiplication by nonzero, positive real numbers, defined pointwise. Moreover,
F(S) is a topological cone with respect to the topology whose subbase is given by the
collection of all sets

Ver ={A € F(S):A(x) >r} and Wy, ={A € F(S):A(x') <rforall x’ < x},

for x € S and r € (0, 00); see [58] and also [40]. With respect to this topology, given
A € F(S)and anet (A;);er in F(S), we have A; — A if and only if

msupA;(x') < A(x) < limint A; (x orall x', x € 5 such that x’ < x.
limsup A; (x") < A(x) < liminfA;(x) for all x’ S such that x’

It was shown in [58, Theorem 3.17] (see also [40, Theorem 4.8]) that, with this topology,
F(S) is a compact Hausdorff-ordered topological cone.

By Theorem 6.9 and the comments after it, for any C *-algebra A, there is a nat-
ural bijection between F(Cu(A)) and the set of [0, oo]-valued, lower semicontinuous
2-quasitraces on A.

A significant difference when considering non-normalized functionals on Cu-semi-
groups is that these naturally arise from the ideal structure of the semigroup, as follows.

Lemma 13.1. Let S be a Cu-semigroup, let I € S be an ideal, and let A: I — [0, 0o] be
a functional. Define A: S — [0, oo] by

T = {)t(x) ifxel,

00 otherwise.

Then, X is a functional on S.

Proof. Let us show that 1 is order-preserving. If x < y in S and y ¢ I, then A(y) = oo,
and clearly, A(x) < A(y).If y € I, then x € I as well, since [ is an ideal of S, and thus,

A(x) = A(x) < A(y) = A(»).
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Next, let x,y € S. Clearly, x + y € I ifand only if both x,y € I.If x, y € I, then
Ax +y) =Alx +y) = A(x) + A(y) = A(x) + A(y).

Ifeitherx ¢ [ ory ¢ I,then x + y ¢ I; hence, I(x +y)=o00= z(x) + X(y). That A
preserves suprema of increasing sequences follows in a similar manner. ]

For a Cu-semigroup S that satisfies (O5), we give below the appropriate notion of dual
for the cone F(S). Denote by Lsc(F(S)) the set of functions f: F'(S) — [0, oo] that are
additive, order-preserving, homogeneous (with respect to nonzero, positive scalars), lower
semicontinuous, and satisfy f(0) = 0. This set is equipped with pointwise order, addition,
and scalar multiplication by nonzero positive scalars.

Definition 13.2. Let S be a Cu-semigroup and let x € S. Given x € S, the rank of x is
the function x: F(S) — [0, 0o] given by evaluation, namely,

2N = A(x)

for all A € F(S). One can check that X belongs to Lsc(F(S)).
The rank map tk: S — Lsc(F(S)) of S is defined by rk(x) = x forall x € S.

It is easy to check that the rank map preserves addition, order, and suprema of increas-
ing sequences.

The realification of S, denoted by Sg, was introduced in [74] as the smallest subsemi-
group of Lsc(F(S)) that is closed under suprema of increasing sequences and contains all
elements of the form %)2 for x € S and n > 1. It can be shown that Sg =~ S ®cy [0, 00],
thus justifying the term “realification”; see the proof of Theorem 14.7 for the definition
of tensor products in Cu. Moreover, it was proved in [74, Proposition 3.1.1] that Sg is a
Cu-semigroup satisfying (O5); see also [8, Proposition 7.5.6].

Given f, g € Lsc(F(S)), we write f <1 g if f < (1 — ¢)g for some ¢ > 0 and if
f is continuous at each A € F(S) satisfying g(1) < co. We denote by L(F(S)) the
subsemigroup of Lsc(F(S)) consisting of those f € Lsc(F(S)) that can be written as the
pointwise supremum of a sequence (f,)nen in Lsc(F(S)) such that f;, < fr4q for all
n € N.

One has that in fact Sg = L(F'(S)), as was shown in [74, Theorem 3.2.1]. It was also
proved in [74, Theorem 4.2.2] that L(F(S)) is inf-semilattice ordered. The semigroup
L(F(S)) is thought of as the dual of F(S), since F(L(F(S))) = F(S), although it is not
known whether L(F(S)) = Lsc(F(S)).

Problem 13.3 (The problem of realizing functions as ranks). Let S be a Cu-semigroup
satisfying (O5). The problem of realizing functions on F(S) as ranks of elements in S
consists of finding necessary and sufficient conditions for the map x — X to be a surjection
from S to L(F(S)).
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The following notion is crucial to solve the problem of realization of ranks in the stable
rank one setting. The motivation for the terminology can be found in [89]. Recall that by
an ideal in a C*-algebra we always mean a closed, two-sided ideal.

Definition 13.4. An ideal-quotient in a C*-algebra A is a quotient of the form //J,
where J C [ are ideals of A. A C*-algebra is nowhere scattered if it has no nonzero
elementary'” ideal quotients.

Nowhere scatteredness can be nicely characterized in terms of Cuntz semigroups and
functionals. To this end we need the lemma below, which is a nice application of the
axioms (O5) and (O6) of independent interest. Recall the notation ooy from Notation 5.6.

Lemma 13.5. Let S be a Cu-semigroup satisfying axioms (05) and (06), let A € F(S)
satisfying the following:

i AS) =N,

(i) A(s) =0ifandonlyifs =0,

and fix sg € S with A(sg) = 1. Then, I = {s € S:5 < 004, } is an ideal in S, and A restricts
to an isomorphism I = N of Cu-semigroups.

Proof. Let s € S satisfy A(s) = k < 0o. We claim that s is compact. To see this, write
§ = SUp,eN tn With t, < ty41. Since k = A(s) = sup, cy A(fn) and A(#,) € N for all n,
there exists ng € N such that for all n > ny we have A(t,) = k. For such n > ny, apply
(05 toty, K tyyr <stofindc € Ssuchthatt, + ¢ <s < t,41 + c. Applying A yields
A(c) = 0, which implies ¢ = 0 by (i). This shows that s is compact.

Fix m € N and t € S. We claim that 1 < msy if and only if there exists k < m with
t = kso. One implication is obvious, so we prove the other one. The inequality ¢ < msg
implies that A(z) < mA(sg) < oo, and thus, ¢ is compact by the previous claim. In order
to establish the claim, we may clearly assume that ¢ # 0 and proceed by induction on m.
Suppose that m = 1. Use Remark 10.7 to find ¢’ € S with ¢t + ¢/ = s5¢. Applying A, we
get A(t") = 0, which again by (i) implies that ¢’ = 0, showing that ¢ = s¢. This proves the
case m = 1 of the induction.

Assume now that t < msg = (m — 1)so + so- Apply (O6) to find elements t1,1, € S
such that t; < (m — 1)sg,¢ and t, <, s¢. Notice that #; and ¢, are compact elements as
well, since they are dominated by the compact element ¢. By the induction assumption,
thereis k <m — 1 suchthatt; = ksg.If 1, = 0, thenksg =11 <t <t; +t» = ksg, and
hence, t = ksg. If t, # 0, then t, = s since 1, < sg. Now, 11 = ksg <t <t; +1, = (k +
1)sg, and we may find elements ¢,d € S such that ksg + ¢ =t andfr + d = (k + 1)so.
Putting these equalities together, we obtain ksg + ¢ + d = (k + 1)s¢, and applying A,

12Recall that a C *-algebra is said to be elementary if it is isomorphic to the compact operators on some
Hilbert space. Equivalently, a C *-algebra A is elementary if it is simple and there exists a projection p € A4
satisfying pAp =~ C.
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we get A(c + d) = 1. Thus, one of ¢ or d must be zero, and hence, ¢ equals either ksg or
(k + 1)so, as desired. This proves the claim.
Let t € S\ {0} satisfy t < coy,. Find a «-increasing sequence (f,)zeN in S with
t = sup,cy fn- Fixn € N. Since
tp, <t = sup msop,
meN
there exists k € N with ¢, < m,,s¢. By the second claim, there exists k,, < m, such that
t, = kySo. Thus, we must have either = ks for some k € N, or else t = o0y,

Set I = {s € S:s < 004}, and observe that / is an ideal in S. In particular, / is a
Cu-semigroup. The paragraph above shows that I = {msg € S:m € N}. Furthermore, by
applying A we see that ksg < msg precisely when k < m. In other words, this shows that
A restricts to a Cu-semigroup isomorphism / = N. ]

Proposition 13.6. Let A be a C*-algebra. Then, the following are equivalent:
(i) A is not nowhere scattered,
(ii)  there exists a functional A € F(Cu(A)) such that A(Cu(A)) = N.

Proof. Assume that (i) holds, and find closed, two-sided ideals I, J in A with J C [
such that 7/J is elementary. Then, Cu(//J) = N by Example 3.3. Moreover, by The-
orem 5.9, the quotient 7r: I — [/J induces a surjective Cu-morphism Cu(x): Cu(/) —
Cu(//J) = Nj; in particular, Cu(r) is a functional on Cu([/). Let A: Cu(A4) — [0, 0o] be
the functional obtained by extending Cu(rr) to Cu(A4) as in Lemma 13.1. It is then clear
from the definition of A that A(Cu(A)) = N.

Conversely, write S = Cu(A) and let A: S — [0, 0o] be a functional satisfying A(S) =
N. Consider the ideal K =171(0). It is easy to check that A induces a functional A S /K —
[0, 00] such that A(S/K) = N. We may now apply Lemma 13.5 to obtain an ideal L of
S/ K which is isomorphic to N. Thus, there is an ideal L of S that contains K such that
L/K = N. This implies that A has an ideal-quotient whose Cuntz semigroup is isomor-
phic to N, and thus, this ideal-quotient is elementary by [89, Lemma 8.2]'". Therefore, 4
is not nowhere scattered. ]

The key to solve the problem posed in Problem 13.3 in the stable rank one case relies
on the following.

Definition 13.7 (The map «). Let A be a separable C *-algebra with stable rank one.
Define
a: L(F(Cu(A))) — Cu(A)

by setting «( /) = sup{x € Cu(4):x < f}.

BIndeed, if a C*-algebra B satisfies Cu(B) = N, then B must be elementary. The basic idea is this:
Since Cu(B) is simple, so is B. Now, using [25, Theorem 5.8], choose a projection ¢ € B ® K that
corresponds to 1. If a € B4 \ {0}, then ¢ < a, hence, there is a projection p € B with p ~ g. Now, p is
minimal, so pBp = C p, which is known to imply that B is elementary.
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It is not at all obvious that the set {x € Cu(A): x < f} has a supremum—this follows
from the fact that A is assumed to have stable rank one, and is shown in [5, Theorem 7.2,
Proposition 7.3].

Lemma 13.8. The map o from Definition 13.7 preserves order, suprema of increasing
sequences, and infima of pairs of elements.

Proof. The core of the argument consists of proving that in fact a( /') = sup I, where
Iy = {x € Cu(A): § < f forall y < x}.

We will not prove this, and instead we will only explain how to prove the lemma using it.
To see that o preserves the order, let f* < g in L(F(Cu(A))). Then, Iy C I, and thus,
a(f) = a(g).

To check that « preserves suprema, let ( f;),eN be an increasing sequence of elements
in L(F(Cu(A))), and set f = sup, < fn- Since, as observed, « is order-preserving, the
sequence (c( f,))nen is increasing in Cu(A), thus it has a supremum x = sup,,cny &( f2)-
Since a( f) <a(f)foralln € N, we have x < a(f). Now, let z € Cu(A) satisfy Z < f.
Using that, by definition, a( /') is the supremum of all such z, it suffices to show that z < x.
AsZ < f,wehaveZ < f, forsome n € N, and then z € I,. Therefore, z < «( f,) < x.

Finally, to prove that o preserves infima, let f, g € L(F(Cu(A))). Since « is order-
preserving, we geta( f A g) <a(f) A a(g). To show the converse inequality, let 0 <& < 1
and suppose that z < «((1 — &) f) A a((1 —&)g). Then,

== frd-gg=~10=-8(fAg),

whence z < a(f A g). This implies «((1 — &) f) Aa((1 —¢&)g) < a(f A g). Finally, let
& — 0 and use that o preserves suprema of increasing sequences to obtain a( f) A a(g) <
alf ~g). "

In general, the map « defined above is superadditive, in the sense that a( f) + a(g) <
a(f + g). Furthermore, if A is separable and nowhere scattered, then it is additive; see [5,
Proposition 7.4 (iv), Corollary 8.5 (ii)]. In general, however, « is not additive. The simplest
(not nowhere scattered) example is A = C. In this case, Cu(4) = N, and, identifying A €
F(Cu(C)) with A(1) we have F(Cu(C))=]0, co]. Thus (L(F(Cu(A4))), K)=([0, c¢], <),

again identifying a function f with f(1). Now, the map
a: [0, 00] = L(F(Cu(A4))) — Cu(4) = N

is given by a(z) = sup{n € N:n < z} = |z| for all z € [0, oo], which is clearly not
additive.
Recall the definition of oo, from Notation 5.6.

Theorem 13.9. Let A be a separable, nowhere scattered C*-algebra of stable rank one.
Then, for all f € L(F(Cu(A))), we have

f=a(f).
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Proof. (Outline) The set {x € Cu(A4): X < ooy} is an ideal of Cu(4), and thus has the
form Cu([/) for a closed two-sided ideal I of A. Note that / is automatically separable,
nowhere scattered, and has stable rank one.

Using that L(F(Cu(A))) = Cu(A)R,Aone can choose a sequence (xj)eN in Cu(A4)

and (kp)nen in N such that f = sup, <y z—: Notice that x,, € [ for all n € N. Considering

i—z € L(F(Cu([))), denote by fjp its supremum, so that f(A) = fo(A|cur))-

One now checks that f is full in L(F (Cu([/))). By letting ay: L(F (Cu(/))) — Cu({)
be the map as in Definition 13.7, it is possible to show, with considerable effort, that
fo= m; see [5, Theorem 7.10].

Next, we claim that «( /) = a( fp). To see this, let

L ={x €Cu(A4): %X < (1—¢)f in L(F(Cu(A))) for some & > 0}.

Using the definition of «, we have that «( f') is the supremum of L in Cu(A). If x € Cu(A)
and & > 0 satisfy X < (1 —¢) f in L(F(Cu(A))), then x belongs to Cu(/) and hence x <
(1 —¢) foin L(F(Cu(1))). This implies that L < Cu([), and so, «( fp) is the supremum
of L in Cu([/). Using that Cu(/) € Cu(A) is hereditary, we see that the supremum of L
in Cu(/) and in Cu(A) agree. Therefore, a( f) = a( fo), as was claimed.

Finally, if A € F(Cu(A)), we have

a(/)A) = A@(f)) = Aeun@(fo)) = fo(rleuny) = f ),
and thus, @(f) = f in L(F(Cu(A))). -

14. Structure of the category Cu

This section will be devoted to discussing the following result, which combines results
from a number of papers; see [8,9, 11].

Theorem 14.1. The category Cu of abstract Cuntz semigroups is a closed, symmetric,
monoidal, bicomplete category.

Below we will present the constructions that are used in order to prove the above
theorem; see Theorems 14.7, 14.9, and 14.11. We will also give the relevant definitions of
the concepts that appear in its statement.

Definition 14.2. A @-semigroup is a positively ordered monoid satisfying axioms (O1)
and (O4) from Definition 4.5, together with an additive auxiliary relation < as in Defini-
tion 12.6. A @-morphism is a morphism of positively ordered monoids that preserves the
auxiliary relation and suprema of increasing sequences. Given @-semigroups S and T,
we denote by Q(S, T') the set of all @-morphisms from S to 7.

Given a Cu-semigroup S, then S together with the relation < is a @-semigroup.
Moreover, given two Cu-semigroups S and 7', amap ¢: S — T is a Cu-morphism if and



E. Gardella and F. Perera 196

only if it is a @-morphism when considered as a map from (S, <) to (7, <). We obtain a
functor ¢: Cu — Q that sends a Cu-semigroup S to the @-semigroup (S, <), and embeds
Cu as a full subcategory of Q.

Definition 14.3 (The t-construction). Let S = (S, <) be a @-semigroup. A pathin S is an
order-preserving map f: (—oo,0] — S such that f(¢) = sup, ., f(¢) forallt € (—o0,0],
and such that f(¢') < f(¢) whenever ¢’ < ¢t. We denote the set of paths in S by Paths(S).

Pointwise addition, together with the constant zero path, give Paths(S) the structure
of a commutative monoid. Given f, g € Paths(S), we write f < g if, for every ¢t < 0,
there is t’ < O such that f(z) < g(¢’). Set f ~ gif f X gand g X f. It follows from [9,
Lemma 3.4] that the relation 3 is reflexive, transitive, and compatible with addition of
paths. We set

7(S) := Paths(S)/ ~ .

Given f € Paths(S), its equivalence class in 7(S) is denoted by [ f]. Equip 7(S) with an
addition and order by setting [ f] + [g] :=[f + gl and [f] < [g]if f 2 g.

The construction just outlined will be referred to as the t-construction, and it has a
number of features that we now describe.

Theorem 14.4 ([9, Theorem 3.15]). Retaining the notation in Definition 14.2, if S is a
Q-semigroup, then t(S) is a Cu-semigroup.

Proof. (Outline) Let ([ f,])nen be an increasing sequence of paths in S. An inductive
process allows one to construct a strictly increasing sequence (¢, )meN in (—oo, 0] and a
path f in S satisfying the following:

(1) SUP;eN ty = 0,

()  fu(tm) < fi(t;) whenevern,m <[,

(iii) fu(tn) = f(G35) foralln > 1.
Then, one can verify that [ f] = sup,cn[fn], and thus, ©(S) satisfies (O1). In order to
verify (02), given f € Paths(S) and ¢ > 0, define f;: (—o00,0] — S by

f@) ift <—e,

0 otherwise.

fa(t) = {

It follows by construction that [ f] = sup,. o[ f:]. We need to check that [ f;] < [f]. To
this end, let ([gx])nen be an increasing sequence in 7(S) such that [ /] < sup,cn[gn]-
By the construction outlined at the beginning of the proof, there are a path g in S and an
increasing sequence (¢ )menN in (—oo, 0] with supremum O such that [g] = sup, cx[gn]
and g(%) = gm(ty) forallm € N.

Choose mg > 1 such that —e < —mio. Since f X g, thereis r > 0 such that f(—mio) <

1 .
g(r). Now, choose m such that r < e Then, if t < —¢, we have

mp + 1

A1) = £0) < f(%) <g() < g(

) = gm; (tmy)»
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which shows that f; < gy, . This implies that 7(S) satisfies (O2). Axioms (O3) and (O4)
are more routine to verify. ]

We define e5:7(S) — S by es([f]) = f(0) for f € Paths(S). One can check that
es is a well-defined @-morphism. Since for a path f € Paths(.S), we think of f(0) as the
endpoint of f, we call e5 the endpoint map.

Given a @-morphism ¢: S — T, we define 7(¢): 7(S) = ©(T) by t(@)([f]) =[¢ o f]
for f € Paths(S). One can show that 7(¢) is a Cu-morphism. This defines a covariant
functor 7: Q — Cu. We omit the proof of the following result.

Theorem 14.5 ([9, Theorem 4.12]). The category Cu is a full, coreflective subcategory of
Q. The functor v: Q — Cu is a right adjoint to the inclusion functor i: Cu — Q. Moreover,
given a @-semigroup S, the endpoint map es:t(S) — S is a universal @-morphism, in
the sense that for every Cu-semigroup T, there is a natural bijection

Cu(T, z(S)) = Q(T). S).

implemented by sending a Cu-morphism : T — t(S) to es o .
We now define what is meant by a monoidal category; see also [63].

Definition 14.6. A monoidal category is a category C together with a bifunctor ®: C x
C — C, a unit object /, and natural isomorphisms

XRY)®Z2X®(Y ®Z) and I®X=2X==X®I,

whenever X, Y, Z are objects in C. (Other coherence axioms are also required.) We say
that C is moreover symmetricif X ® Y =2 Y ® X forany X,Y € C.

Theorem 14.7. The category Cu is monoidal.

Proof. To show that Cu is monoidal, we need to construct the tensor product of any two
Cu-semigroups S and 7. We only sketch here how to proceed and refer the reader to the
material in [8, Chapter 6].

Given Cu-semigroups S, T', we first form the algebraic tensor product S © T as posi-
tively ordered monoids, based on expressions on the free abelian monoid N[S™ x 7] so
thatifa’ <ainSand b <binT,onehasa’ ©b' <a © b. For f,g € N[S* x T*],
we set f < gprovidedg =} ;c;a; ©bjand f <}, a; ©b}, where J' C J and
a; K aj,b; L bjforeach j € J'.

With this structure one can show, after considerable effort, that (S © T, <) is a W-
semigroup and it follows that y(S ® T) is the tensor product S ®c, T of S and T in the
category Cu, where y is as in the proof of Theorem 12.8. The unit for the tensor product
is N. ]

We now focus on the adjoint of the tensor product.
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Definition 14.8. We say that a monoidal category C is closed if, for each object Y € C,
the functor — ® Y: C — C has a right adjoint, that we denote by [Y, —].

In a closed, monoidal category C, we thus have a natural bijection (in X and Z)
CX®Y,Z2)=CX,[Y, Z]).

Unlike in the category of abelian groups, the adjoint of the tensor product in Cu does
not merely consist of the usual hom-set in the category. The reason for this is that, for Cu-
semigroups S and 7', the set Cu(S, 7)) may be too small, and not even a Cu-semigroup.
Indeed, for any Cu-semigroup S we have Cu(N, S) = S, so in particular Cu(N, N) ~ N
is not a Cu-semigroup. Instead, one has to consider the set of generalized Cu-semigroups,
as in Definition 4.5. Notice that, given Cu-semigroups S and 7, the set Cu[S, T'] is a pos-
itively ordered monoid, when equipped with pointwise order and addition. It also satisfies
axioms (O1) and (O4): the supremum of a sequence of generalized Cu-morphisms is just
the pointwise supremum.

Define a binary relation on Cu[S, T'] by setting f < g if, whenever s’ < s in S, we
have f(s') < g(s) in T. With this relation, a generalized Cu-morphism f:S — T is a
Cu-morphism precisely when f < f.1Itis an easy exercise to verify that < is an auxiliary
relation for the pointwise order in Cu[S, 7] which makes the latter into a @-semigroup,
although not necessarily a Cu-semigroup.

For example, write P = [0, co], which is known to be the Cuntz semigroup of the
Jacelon—Razak algebra ‘W (see [56,71]). One can show that (Cu[P, IP], <) is isomorphic
to (P, <1), where < is defined as follows: a <; b if and only if ¢ < oo and a < b;
see [9, Examples 4.14 and 5.13]. With this structure, (IP, <) is a @-semigroup, and the
T-construction applied to it yields [0, oo) U (0, oo], where the compact elements are the
ones in the first component. Let us denote these elements by ¢, for a € [0, 00), and the
elements in the second component by s, for a € (0, oo]. Addition and order are given by

* Ca+Ch = CatbsSa+ Sp = Satp,and ¢z + 5p = Sgb,

54 <cpifandonlyifa < b;c, < spifand onlyifa < b.
Theorem 14.9. The category Cu is closed.

Proof. We define [S, T] = t(Cu[S, T], <), which by Theorem 14.4 is a Cu-semigroup,
and refer to this as the internal-hom functor for S and T'.

The internal-hom functor is the adjoint of the tensor product as defined in Theorem
14.7. In fact, it was shown in [9, Theorem 5.10] that there is a natural isomorphism of
positively ordered monoids

Cu(S. [T. P]) = Cu(S ®c, T. P). -

In these notes, we will only discuss completeness (and not cocompleteness), as it is
what will be used below in the construction of ultraproducts. We now recall the basic
notions.
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Definition 14.10. Let C be a category, let I be a small category, and let F:I — C be a
functor. A cone to F is a pair (L, ¢), where L is an object in C and ¢ = (¢;)ier is a
collection of morphisms ¢;: L — F(i) in C such that F(f) o ¢; = ¢; for any morphism
fii— jinL

A small limit of F is a universal cone (L, ¢), that is, if (L', ¢’) is another cone, there
exists a unique C-morphism «: L" — L such that ¢ = ¢; o « for every i € L. This is
summarized in the diagrams below:

[
s F(i) /:/N (i)
L ~ lF(f) L —25L ~ lF(f)
7 TFRG), \LF(/')-
¢

If a limit of F exists, then it is unique up to natural isomorphism, and we denote it by
(C—l(i_T F, 7r) or just by C—l(ir_n F.

The category C is said to be complete if all functors from small categories into it have
limits. (Cocompleteness is defined dually.)

The following is proved in [11, Theorem 3.8].
Theorem 14.11. The category Cu is complete.

Proof. Let F:1 — Cu be a functor from a small category I. The basic strategy consists of
completing, via the T-construction, the limit of the composition I — Cu < Q. We outline
the procedure below.

Denote by PoM the category of positively ordered monoids. Let (S;); ey be a collection
of objects in PoM. The product of this family in PoM is given by

PoM-l—[S,- = {(s,-),-elzs,- € S; foralli € I},

i€l

with componentwise addition and order. Regarding F as a functor F: I — PoM, set

S = {(s,-),-EI € PoM- [ [ F()):F(f)(si) = s; forall f:i — j inI}.
iel
It is straightforward to verify that 0 € S and that S is closed under addition in PoM-
[1;er F(i), hence S is also a positively ordered monoid.

For each i € I, the projection map m:PoM-]_[jeJ F(j) — F(i) restricts to a PoM-
morphism 7;: S — F(i). Set m = (7;);e1. It is also straightforward to verify that (S, )
is the limit of F in PoM. If further F(i) satisfies (O1) and (O4) for each i € I, then this is
also the case for S.

Also, since the range of F is contained in Q (in fact, in Cu), we may define an auxiliary
relation <, on § by stating (s;) <pw () precisely when s; < ¢; in F(i) for each i € 1. This
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construction shows that (S, <py) is the limit of F in the category Q. In fact, the argument
just outlined shows that Q is complete.

Let (S, (7;)ie1) be the limit of F in Q as outlined, and let 7(S) be the T-completion of
S. Set S; := t(F(i)), which we identify with F(i), and set

Y = ‘[(ﬂi)Z‘[(S) — ‘E(S,') ~ ;.
Then, 7(S) together with (¥;);¢y is the limit of F in Cu, that is
Cll-l(ElF = T(Q-l(ElF) = ‘C(POM-](ElF, Lpw)- |
As an immediate consequence, we have the following corollary.

Corollary 14.12. The category Cu has arbitrary products, arbitrary inverse limits, and
finite pullbacks. In particular, if (S;)ie is a family of Cu-semigroups, then

cu-[]Si = r(Q—HSi> - t(PoM—l_[ Si. Kpw )
iel iel iel
Since we are mostly interested in the category Cu, we will from now on denote the

product in Cu simply by [], instead of Cu-[]. (The notation should not be confused with
the product of C*-algebras.)

15. Applications to products and ultraproducts of C *-algebras

In this section, we explore the extent to which the Cuntz semigroup functor preserves
products and ultraproducts of C *-algebras. We begin with a simple observation, which is
a consequence of the universal property of the product.

Remark 15.1. Let (4;);es be a family of C *-algebras, and set A = Hje] Aj;. For each
J € J, the natural projection r;: A — A; induces a Cu-morphism 7;: Cu(4) — Cu(4;).
Then, by the universal property of the product, there is a unique Cu-morphism

®: Cu(4) — ]‘[ Cu(4;)
JjeJ

such that 7; = 0; o ® forall j € J, where 0;: ]—[jEJ Cu(A;) — Cu(A;) denotes the natural
Cu-morphism associated with the product in the category Cu.

Lemma 15.2. Let (Aj)jes be a family of C*-algebras, and set A = l_[jeJ Aj. Leta =
(@j)jes and b = (bj)jes € As. Then, a X b in A if. and only if, ®([a]) < B([b]) in
1_[]- ey Cu(4;).

Proof. We show that the conditions in the statement are equivalent to the following.

(x) Forevery ¢ > 0 there exists § > 0 such that (a; — &)+ < (bj — §)4 in A; for every
jeld.
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To see this, set ¢;(a) = ([(a; + t)+]);, and ¢,(b) = ([(bj + t)4]);, for any ¢ €

(=00, 0], whence ®([a]) = [(pt(ﬂ)te(—oo,O]], and ®([b]) = [¢r (ll)te(—oo,O]]~
As shown in Theorem 14.11, we have

[[cu)) = I(POM- [ ] Cu4)). <pu )

jeJ jeJ

and thus, ®([g]) < ®([b]) if and only if for every ¢ < 0, there exists ¢’ < 0 such that
@i(a) Kpw @ (D). That is, given & > 0 there exists § > 0 such that ¢_.(a) <pw ¢—5(b).
Thus, the second condition in the statement is equivalent to ().

Rgrdam’s lemma (Theorem 2.7) shows that the first condition of the statement implies
(). For the converse, assume (*) and let £ > 0. Again, by Rgrdam’s lemma, we need
to find s in A such that ss* = (@ — ¢)+ and s*sAp. By assumption, for each j € J
there is § > O such that (a; — 5)+ < (b; — §)+ in A;. By Rgrdam’s lemma applied to
(aj — 5)+ 3 (bj — &)+ and 5, we obtain s; € A; such that

& g
(aj — &)+ = ((aj - 5) - 5) =587, 878; € (A)p;-8), -
+ +

Since ||s;| < ||aj||% for all j € J, we see that (s;);es is bounded, and thus, s :=
(sj)jes € A satisfies ss* = (@ — €) 4. Now, let f5:R — [0, 1] be continuous with f(t) =0
fors <Oand f(t) = 1fort > 8. Then, f5(b;)s]s; f5(bj) = s_;"sj for each j, and therefore,
fs(b)s*s f5(b) = s*s, which implies that s*s belongs to the hereditary algebra generated
by b. L]

Proposition 15.3. Let (A;)jes be a family of stable C*-algebras. Then, the canonical
map ® from Remark 15.1 is a Cu-isomorphism.

Proof. Recall first that a C*-algebra A is said to have property (S) if for every a € A+
and every ¢ > 0 there exist b € A4 and x € A such thata = x*x, b = xx™* and |lab| < e.
It is known that any stable C*-algebra has property (S), and the converse holds in the
separable case; see [55].

Set A =] jes Aj. We claim that if all A; are stable, then A has property (S). To
show this, leta = (a;);es € A4 and & > 0, and use that each A; has property (S) to find
bj € (Aj)4 and x; € A; such that

aj = xjx;, by =x;x7, |lajb;| <e.
Seth:=(bj)jes and x := (x;)jes. Note that || x|| = sup; ||x;|| < oo since ||x; || = ||a; ||% <
||a||% for each j. Similarly, ||b|| < co. Hence, b, x belongto A,soa = x*x, b = xx* and
lab|l < e.

Since A has property (S), it is possible to compute its Cuntz semigroup by just looking
at Cuntz classes of its positive elements (withouth need to go to matrices). The basic idea
is that if a is a positive element in the stabilisation of 4, then one may choose a separable
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subalgebra of A with property (S) that contains a, and such subalgebra will then be stable.
This is used to show that Cuntz equivalence on 4 and on A ® K agree.

We now prove that the natural map ® from Remark 15.1 is an isomorphism. We
already know from Lemma 15.2 that ® is an order-embedding. Therefore, to see it is
surjective it is enough to verify, using that Cu(A4) has suprema of increasing sequences
preserved by @, that the image of ® is order-dense.

Letx,y € ]_[jej Cu(4;) satisfy x < y. We will find b € A4 such that x < O([b]) K
y. Choose < py-increasing paths

(X1)re(=00,01- (V)re(—o0.0) € POM- | | Cu(4))
jeJ

representing x and y, respectively. By [9, Lemma 3.16], we may choose ¢t < 0 such that
Xo <Lpw ¥;-

For each j € J, choose xo,; € Cu(A4;) such that Xo = (x¢,;)jes, and choose a; €
(Aj)+ such that y, = ([a;]);es. Then, x¢,; < [a;]. Using functional calculus (see [11,
Lemma 5.8]), one can find a contraction b; € (A;)+ such that xo ; < [(b; — %)Jr], and
[bj] = [a;]. Set b := (bj)jes, which is a contraction in A;. We have x¢g <,w ([(bj —
$+Djer = ¢_1(b), and

9o(b) = ((bj])jes = ([ajDjer =¥: <pw ¥y

Therefore, x = [(x/):<0] < [(¢1(b))i<0] = P([b]) K [(¥;)r<0] = y- This shows that b
has the desired properties. ]

Example 15.4. The above result does not hold if the algebras are not stable. Set A; := C
for each j € N, and set 4 := ]—[jGN A; = £*°(N). We have Cu(4;) = N for each j,
and the product [] jen N is defined as the equivalence classes of <py-increasing paths
(—00,0] = PoM-[] jen N, so that I1 jen N may be identified with equivalence classes
of componentwise increasing paths (—oo, 0) — PoM-[] jen N. In particular, compact
elements in [ [; ¢y N naturally correspond to functions N — N.

We claim that the natural order-embedding ®: Cu(A) — [] jen N is not surjective.
To see this, note that ® maps the Cuntz class of the unit of A to the compact element in
]_[jeN N corresponding to the function f: N — N with f(j) = 1 for all j. Let x be the
compact element in [ jen N that corresponds to the function g: N — N with g(j) =/
forall j. Since g £ nf forevery n € N, we have x £ 0og((1,])- In particular, ®([14]) is
not full, and Cu(A) is isomorphic to a proper ideal of || jen Cu(4;); see Notation 5.6 and
the comments after it.

In order to capture the Cuntz semigroup of the product of C*-algebras in the non-
stable case, we need to keep track of the position of the algebra and to this end the invariant
needs to be modified.
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Definition 15.5. A scale for a Cu-semigroup S is a downward hereditary subset ¥ € S
that is closed under suprema of increasing sequences in S, and that generates S as an
ideal. The pair (S, ) will be referred to as a scaled Cu-semigroup.

Given scaled Cu-semigroups (S, X) and (7, ®), a scaled Cu-morphism is a Cu-mor-
phism «: S — T satisfying «(X) € ©. We let Cuy. denote the category of scaled Cu-
semigroups and scaled Cu-morphisms.

For a C*-algebra A, note that
34 := {x € Cu(A): there exists a € A4 such that x < [a]}

is a scale for Cu(A4). We call Cuy.(A) := (Cu(A), X4) the scaled Cuntz semigroup of
A. Given a homomorphism ¢: A — B of C *-algebras, the induced Cu-morphism Cu(gp):
Cu(A) — Cu(B) maps X4 into X p, and thus Cuy. defines a functor from the category C*
of C *-algebras to Cug.. The following is [11, Theorem 4.6].

Theorem 15.6. The category Cuy. is complete.

Proof. Let I be a small category, and let F: I — Cug. be a functor, written i +— F(i) =
(S;, %;). Considering the underlying functor I - PoM given by i — S;, we let (S, (77 );e1)
be the limit of F in PoM with S as in the proof of Theorem 14.11. We have that

Yo:=8nN 1_[21' = {(Si)iel € nEiZF(f)(Si) =g; forall f:i — j inI}.
i€l i€l

Then, Xy is a downward hereditary subset of S satisfying 7;(X¢) € ¥; foralli € L.
Composing with the forgetful functor (that forgets the scaled structure), we get as limit
7(S, Kpw) together with maps

Vi = 1(m;): 7(S, Lpw) = T(85;, L) = S;
for all i € I; see the proof of Theorem 14.11. Set
T = {[(X¢)r=0] € T(S. Kpw) : X; € g forall 1 < 0}.

Then, X is a downward hereditary subset of 7(S, <,y ) that is closed under passing to
suprema of increasing sequences. Let (X) denote the ideal of 7(S, <,w) generated by X.
Then, ((X£), X) is a scaled Cu-semigroup. Moreover, for each i € I, we have y; (¥) C ¥;,
which shows that ¥;: ((X), ) — (S;, ¥;) is a scaled Cu-morphism. One can show that
this defines a limit for F in Cu,.. We omit the details. [

Theorem 15.7. The scaled Cuntz semigroup functor preserves products.

Proof. We first show how to construct the product in the category Cus.. This uses as an
ingredient the proof of Theorem 15.6.
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Let (Sj)jes be a family of Cu-semigroups and let (S, X) be their scaled product in
Cu,.. To get a concrete description of this object, we first take the set-theoretic product
[1jes X, which is a downward hereditary subset of POM-[];; S;, and set

Y= {[(x,),fo] € l_[ Siix; € 1_[ X; forevery t < 0}.
jeJ jeJ
Then, S is the ideal of [];.; S; generated by X. Given [(x;):<o] € [[;c; Sj, we have
[(X¢)¢<0] € S if and only if for every ¢ < 0 there exist oW, ..., oM e ]_[l-ej >, such
that X, pw 0D + o+ ),

If now (A4;);es is a family of C*-algebras, we use again (S, X) to denote the scaled
product of (Cusc(4;))jes with ECS C[];c; Cu(4;) as defined above. Set A =[] ¢ ; 4;.
Then, the map ®: Cu(4) — [] jes Cu(4;) defined in Remark 15.1 is an order-embedding
by Lemma 15.2. Using the strategy in the proof of Proposition 15.3 with additional care,
one can show that the image of @ is S, and moreover, it identifies the scale of Cu(A4) with
pI¥

Cuye(A4) = (Cu(A). Z4) = [ [(Cu(4)). Z4,) = (S.3). .
jeJ

To close this section, we turn our attention to ultraproducts. First, we give a categorical
definition.

Definition 15.8. Let C be a category that has products and inductive limits, let J be a set,
let U be an ultrafilter on J, and let (X;);es be a family of objects in C. Given a subset
K C Jand j € K, we write 7j k: [ [ycx Xx — X, for the canonical quotient map. Given
subsets G € K C J, the universal property of the product gives a morphism

vox: [[Xi = [ X
jeK jeG
such that m; k = 7 G © ¢g,k foreach j € G.
Ordering the elements of U by reversed inclusion, we have that U is upward directed,
and thus the objects ]_[jeK X; for K € U, and morphisms ¢g,k for K,G € Uwith K 2 G,

define an inductive system indexed over U. The inductive limit of this system is called the
(categorical) ultraproduct of (X;);jes along U:

[1% = tim [ X;.
u K?i(je[(

We let wou: [ [y Xj — [y X; denote the natural morphism to the inductive limit.

Let C and D be categories with products and inductive limits, and let F: C — D be a
functor that preserves inductive limits and products. Then, for any set J, any ultrafilter U
on J, and any family (X;);es of objects in C, there is a natural isomorphism

cpu:F(]_[ Xj) - [F&x).
Uu Uu
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Let (Aj)jes be a family of C*-algebras and let U be an ultrafilter on J. Set 4 =
[y 4;. The discussion above, combined with the properties of the categories Cu and
Cuy, as well as the functors Cu and Cuy, yield natural (scaled) Cu-morphisms

®q:Cu(4) > [ Cu(4)) and @y i Cue(d) — [ ] Cusc(4)).
U U
Applying Proposition 15.3 and Theorem 15.7, we obtain the following results.

Proposition 15.9. Given an ultrafilter U on a set J and a family (Aj)jey of stable C*-
algebras, the map ®q: Cu([ oy A7) — [1q Cu(4;) is an isomorphism.

Theorem 15.10. The scaled Cuntz semigroup functor preserves ultraproducts. In other
words, given an ultrafilter U on a set J and a family (A;);ey of C*-algebras, the map
Dy se: Cuse([ Ty 47) = [y Cusc(4)) is an isomorphism.

A different view on ultraproducts, more akin to the usual construction for C *-algebras,
can also be given in this setting. We give the statement without proof, and refer the reader
to [11, Section 7] for further details.

Theorem 15.11. Let U be an ultrafilter on a set J, and let (S;j)jey be a family of Cu-
semigroups. Set

cul(8))y) = {[(x»,so] & T[] 8 suppe:) ¢ U for each t < 0}.
JjeJ

Then, cy((Sj)jer) is an ideal in ]_[jej S;, and there is a natural isomorphism

[1s = (H Sj) / cu((S))jer)-
U jeJ
If now (Aj)jes is a family of C*-algebras and (S, X) is the scaled product of
(Cusc(A)))jes withZ € S C I—[jEJ Cu(Aj) as in Theorem 15.6, we have a natural iso-
morphism

cu([T45) = S/ N eul(Cu(4));en).
U

In particular, the map ®q; from Definition 15.8 is an order-embedding that identifies
Cu([ [y A;) with the image of S under the map wy from Theorem 15.11.

The computation of the Cuntz semigroup of ultraproducts of C *-algebras in terms of
the semigroups of the individual algebras (by means of the scaled product as described
above) will be important in studying when the completion of the so-called limit traces is
dense in the trace simplex of an ultraproduct; see [6].

16. Outlook

In this final section, we give a sample of problems in the area of Cuntz semigroups which
we think are likely to guide the research in this field in the upcoming years. Some of the
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problems are very difficult and should be regarded as long-term goals, while other ones
are more tangible. Also, some of the problems are stated in rather vague terms, while
other ones are fairly concrete. Some of the problems below were suggested in the Cuntz
semigroup workshop which took place in September 2022 in Kiel, Germany.

As explained in Theorem 9.6, Toms used the Cuntz semigroup to distinguish two sim-
ple, separable, unital, nuclear C *-algebras with identical Elliott invariants, thus providing
a counterexample to the original formulation of the Elliott conjecture. The following is
thus a natural task.

Problem 16.1. For the non Z-stable C *-algebra A constructed by Toms (see Theorem 9.6)
compute Cu(A).

Since Toms’ construction is based on that of Villadsen, one should also attempt the
following.

Problem 16.2. For a Villadsen algebra A of the first type as in [98], compute Cu(A).

Some Villadsen algebras of the first type are Z-stable, and in those cases the com-
putation of the Cuntz semigroup is given by Theorem 9.7. Both Problems 16.1 and 16.2
are rather vague, and one concrete problem one should attempt is the computation of the
dimensions of these Cuntz semigroups, in the sense of [87, 88].

It was shown in [94] that any two unital homomorphisms from Z into a Z-stable C*-
algebra are approximately unitarily equivalent, and in particular, they must agree at the
level of the functor Cu. It would be interesting to find an explicit example showing that
this fails in the non Z-stable case. Therefore, we suggest the following problem.

Problem 16.3. Let A be a non Z-stable C *-algebra as in either Problems 16.1 or 16.2.
Are there two distinct Cu-morphisms Cu(Z) — Cu(A) preserving unit classes?

Another class of C*-algebras for which it would be very interesting to compute the
Cuntz semigroup is that of reduced group C *-algebras, particularly for C *-simple groups.
While obtaining an explicit computation may be out of reach, it should be possible to
obtain some structural information. As a first step, we propose the following problem,
which is a Cuntz semigroup version of Blackadar’s fundamental comparison property [13]
for projections in C*(IF,,).

Problem 16.4. Compute Cu(C*(F,)) for n > 2, or at least determine whether it is almost
unperforated.

As it turns out, it is not easy to find examples of stably finite C *-algebras whose Cuntz
semigroups fail to be weakly cancellative. There exist commutative examples, but we do
not know if simple ones exist as well.

Question 16.5. Does there exist a simple, unital, stably finite C*-algebra whose Cuntz
semigroup does not have weak cancellation?

If a C *-algebra as above exists, then its stable rank will necessarily be greater than 1
by Theorem 10.3.
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A Cu-semigroup is said to be almost divisible if, given x, x’ € S with x’ < x, then
foralln € N there is y € S suchthatny < x and x’ < (n + 1)y. If A is a Z-stable C*-
algebra, then Cu(A) is almost divisible, as was shown by Rgrdam in [81]; this is proved
very similar to Theorem 8.4. The question above is related to the following algebraic
question, raised in [8].

Question 16.6. Under what additional axioms (besides (O5) and (06)) is a simple Cu-
semigroup which is also almost unperforated and almost divisible necessarily weakly
cancellative?

‘We now turn to connections to classification. As mentioned in the introduction, the
Cuntz semigroup has been successfully used to classify interesting classes of nonsimple
C *-algebras. The latest and most general result in this direction is due to Leonel Robert
[73], and there is reason to believe that the class of C *-algebras that Robert considered is
the largest that can be classified solely in terms of Cu.

Question 16.7. Are there variations of the Cuntz semigroup that can be used to classify
larger classes of non-simple C *-algebras?

The question above is very vague, but it is motivated by the invariant Cu™ considered
by Robert in [73] and by Robert—Santiago in [78], which is necessary to obtain classifica-
tion in the nonunital setting. Another direction in which this question can be interpreted
is by trying to incorporate K;-information into the invariant. Some steps in this direction
have been made by Cantier in [28] (see also [29]).

As we saw in Theorem 9.7, in the simple, separable, nuclear, finite Z-stable setting,
the Elliott invariant Ell contains the same information as the pair (Cu, K;). In particular,
two simple, separable, unital, nuclear, finite Z-stable C *-algebras A and B satisfying the
UCT are isomorphic if and only if Cu(4) = Cu(B) and K;(A) = K;(B). The modern
approach to classification focuses on the classification of homomorphisms, and it would
thus be interesting to know to what extent the Cuntz semigroup can be used in this set-
ting (for some results in this direction, see [30]). Since the invariant needed to classify
homomorphisms is larger than Ell, in particular including algebraic K;-data, the follow-
ing seems like a natural question.

Question 16.8. To what extent can the algebraic K;-group be recovered from the Cuntz
semigroup?

The Cuntz semigroup is expected to be useful for classification also beyond the Z-
stable setting. A positive answer to the following question would be a significant break-
through in the area.

Question 16.9. Can one use (Cu(A4), K;(A)) to classify a class of simple, nuclear C *-
algebras bigger than the one in Theorem 9.3?

The study of group actions on C *-algebras is a very fruitful one. Some of the most
recent research in the area has shown that Cuntz semigroup techniques are extremely
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powerful in this setting (as proved in [20, 21, 43-45]), thus suggesting that the theory
of group actions on Cuntz semigroups (as developed in [22,23]) may lead to interesting
constructions.

Problem 16.10. Develop the theory of crossed products and Rokhlin properties for group
actions on Cu-semigroups.

For actions of compact groups, an equivariant version of the Cuntz semigroup, resem-
bling equivariant K-theory, has been studied in [47]. For actions with the Rokhlin prop-
erty, the induced dynamical system on Cu has been explored in [41,42,46].

KK-theory is a bivariant joint generalization of K-theory and K-homology: for two
C *-algebras A and B, the KK-group KK(4, B) is a natural homotopy equivalence class
of (A, B)-Hilbert bimodules, and it behaves as K-homology in the first coordinate and
as K-theory in the second. KK-theory provides a strong link between operator algebras,
noncommutative geometry and index theory.

Problem 16.11. Use the bivariant version of Cu introduced in [9, 10] to establish more
connections with noncommutative geometry.

Disclosure. This manuscript is an expanded version of the lectures notes which were
prepared as supporting material for the minicourse An introduction to the modern theory
of Cuntz semigroups, which took place at the University of Kiel in September 2022, as
part of the workshop Cuntz semigroups.
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